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Local stabilization conditions for discrete-time switched
affine systems

Ghania Khodja?®, Christophe Fiter® Laurentiu Hetel * Thierry Floquet®

Univ. Lille, CNRS, Centrale Lille, UMR 9189 CRIStAL, F-59000 Lille, France.

Abstract

This paper deals with the switching law design problem for discrete-time switched affine systems. While the existing literature
addresses the case of globally stabilizing switching laws, in discrete time, many switched affine systems can only be stabilized
locally. In this work, methods are proposed for the design of switching control laws ensuring the local uniform ultimate
boundedness of the equilibrium. The approach is based on the existence of a stabilizing continuous state feedback for a
bilinear system. Estimates of the domain of attraction and of the invariant attractive neighborhood of the equilibrium are
given. Numerical methods that allows a simple implementation of the proposed results are given.

Key words: Discrete-time switched affine systems; local stability; uniform ultimate boundedness; bilinear systems.

1 Introduction

Switched systems [17] represent a class of hybrid systems [11]. They consist of a family of subsystems and a switching
law that selects the subsystem to be activated. A very common problem when studying switching systems is the
switching control law design. This problem is particularly challenging for the case of switched affine systems [18], [4],
[13] that have many practical applications, for example in the domain of power converters [7], [5], [1], [21]. This paper
deals with the problem of the switching control law design for the local stabilization of discrete-time switched affine
systems. State dependent switching laws are considered. This means finding conditions to select the subsystem to be
activated according to the system’s state in order to steer the trajectories towards a neighborhood of an equilibrium.
An important challenge related to this stabilization objective is that the equilibrium is generally different from the
ones of the subsystems. In addition, in discrete-time [6], [2], for switched affine systems generally only practical
stabilization is possible: the stabilization cannot be addressed to the equilibrium point but only to a neighborhood
containing it or to a limit cycle [9] (this is usually called chattering). Results concerning the practical stabilization of
discrete-time switched affine systems can be found in [8], [10], [19], [20]. Various design methods and characterizations
of the practical stability domain are proposed. In [8], a stabilizing min-type switching state feedback function and
an ellipsoidal characterization of the attractive invariant domain are provided based on general quadratic Lyapunov
functions. An improvement of the estimate of the attractive invariant domain can be found in [10], where switching
control law design conditions are given based on Lyapunov-Metzler inequalities. In [20], the positive invariant set
is characterized by the union of several potentially disjoint ellipsoids. The estimate of the invariant set and the
stabilizing switching law are given based on the existence of multiple shifted Lyapunov functions. In [9], conditions
for stabilization towards a limit cycle are given. The results are based on the existence of a Schur product of system
matrices. The extension to the case of uncertain switched affine systems has been recently proposed in [19]. All the
existing results provide global stabilization conditions. However, there exist classes of switched affine systems that
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Fig. 1. Behavior of the system trajectories

can be only locally stabilized. Let us recall the following motivating example that we have presented in a preliminary
version of this paper in [16]. Consider the scalar system

Tp+1 = Qo (xp,) Tk + ba(zk)a O'(il?k) € {17 2}

where a; = 1.02, by = —0.05, as = 1.03, by = 0.05. Clearly, since all the values of the state coefficient are greater
than 1, the system cannot be globally stabilized. No matter what the switching law is, if |zx|> max{g, %} then
|zk4+1]> |zk|. Now, the following switching law is considered: o(x) = 1 when x; > 0 and o(z)) = 2, otherwise.

One may easily check in simulations that when |2o|< min {%, g} the solutions of the system are bounded (see Figure

1 for an illustration). By simple computations, one may show that if |z;|< 1.666 and |zx|> 0.024 then |z11|< |2/,
that is the system can be locally practically stabilized. The existing literature cannot address the example under
study. For this reason, in this work, we are interested in the local practical stabilization problem.

A switching control law design that ensures the local practical stability is provided based on the existence of a
stabilizing state feedback controller for a bilinear system. Estimates of the domain of attraction and of the attractive
invariant set are given as ellipsoids. The approach is based on tools related to the study of systems with input
constraints [14], [22],[3]. With respect to the preliminary version of the article in [16], the approach is generalized
in several directions. First, in this article we take into account switched systems with state matrices and affine
terms that switch in the same way, while in the conference version independent switching laws have been considered.
Second, the assumptions considered here are less restrictive. Third, numerically tractable methods are presented
here.

The paper is organized as follows: In Section 2, the system under study is presented. In Section 3, preliminaries
are given. Then, the main results are presented in Section 4, followed by numerically implementable conditions in
Section 5. In Section 6, numerical examples that illustrate the results are provided. The paper ends with a conclusion
in Section 7.

Notations: For a given matrix P € R**™ P = 0 (resp. P < 0, P »= 0, P < 0) indicates it is positive definite
(resp. negative definite, positive semi-definite, negative semi-definite). For a symmetric positive definite matrix P
and a positive scalar 7, £(P,v) denotes the ellipsoid £(P,v) = {z € R" : 2T Pz < ~}. [u]; denotes the i-th element
of the vector u. conv(S) denotes the convex hull of a set S and int(S) its interior. For N € N, Ay is the set

Ay = {5 €eRN:6, >0,Vie{l,---,N}, Zjvzl 0; = 1}. For a scalar x, [z] denotes the smallest integer larger
than or equal to x.

2 System description

Consider the following switched affine system



where u € R™ is a switching input taking values in the finite set of vectors V = {vi,---,vn} C R™. The matrix
AV — R™ ™ and the affine term b : V — R" are switching according to the values of the input u. Here, they take
the following form

Alu) = Ao + Z Njlulj,  b(w) = bjlulj, (2)

j=1

where Ag € R™*”, and for j € {1,---,m}, N; € R"™*", b; € R”, are known matrices. Moreover, we assume that
0 € int(conv(V)).
Objective: find a switching control ks : R™ — V such that system (1),(2) with

u = Kg(x) (3)

is locally uniformly ultimately bounded in a neighborhood of the origin. The precise mathematical notion of local
uniform ultimate boundedness that we consider will be formalized later in the paper.

System description (1),(2) is very general in the sense that, even though in the existing literature switched affine
systems are formulated differently, they can be transformed to the form (1),(2) by an adequate change of coordinates.

Consider for example the case of systems [12] of the form

2t = A()z + b(9), 4)
with A(0) = Ao+ 1", 0:;A;, b(0) = Y21, 0;b;. and 0; € {0,1},i € {1,2,...,m}. Assume that there exists (2*,0*) €
R" x (0,1)™ such that (I — A(6*)) z* = b(6*). Then, by performing the change of variable, z = z — z*, v = 6 — 6",
system (4) can be transformed to a system of the form (1) with

V= {v eR™: [u]; € {-67,1 —9;}}.

The problem of stabilizing (4) to a neighborhood of z* becomes a problem of stabilization of system (1) to a
neighborhood of the origin. The approach presented in this paper can also be used for switched affine systems in the
classical form

N
2= "0 (Aiz+b), (5)
1=1
with

N
fe{deRY:5;€{0,1}, ie{l, .- N} =1
j=1

Following similar arguments to the ones used for the continuous-time case in [13], system (5) can be written in the
form (1).

3 Preliminaries

In this section, we present some preliminary definitions and basic assumptions.

Definition 1 A sequence {¢r}, oy is called a solution to (1), (3) originating from ¢o € R™ if

Orr1 = A(ks(Dr)) Ok + b(ks(Dr)), VEkeN. (6)

In order to study the local practical stabilization properties of the switched affine system (1),(2), the notion of local
uniform ultimate boundedness is considered.



Definition 2 (adapted from [3]) Let S and D be bounded neighborhoods of the origin such that S C D. System
(1),(3) is said to be locally uniformly ultimately bounded in S with a domain of attraction D if there exists k > 0
such that the solutions {¢x }ren of (1),(3), with initial conditions ¢pg € D satisfy ¢ € S for all k > k.

Consider the notation
G((E) = |Niz+0b - me+bm] . (7)

The results presented in this work are based on the following reformulation of system (1),(2)
T = Agz + G(x)u. (8)

This is a bilinear system with a control taking values in a finite set V. The contributions in this paper are based on
the following assumption

Assumption 3 Consider system (1), (2) and the notation G(z) given in (7). We assume that there exists two
scalars B € (0,1) and v > 0, a matriz P € R™*" such that P = PT = 0, and a continuous function r, : R" — R™
with k.(0) = 0, such that the quadratic function V(x) = 2T Pz satisfies, for all x € E(P,7)

ke(x) € conv(V),

V(Aoz + G(x)re(z)) < (1= )V (2). 9)

Remark 4 Assumption 8 implies the existence of a continuous stabilizing controller k. ensuring the decay of a
quadratic Lyapunov function along the solutions of a bilinear system of the form (8), where the input u is uncon-
strained (u may take any values in R™, it is not restricted to V). In what follows, we will show how the existence of
the continuous stabilizer k. can be used in order to derive a switching controller of the form (3).

4 Main Result

Based on Assumption 3, the following theorem provides a switching control (3) that ensures the local uniform
ultimate boundedness of system (1),(2). Ellipsoidal estimates of the domain of attraction and of the uniform ultimate
boundedness set are also given.

Theorem 5 Consider system (1),(2) and the notation G(x) given in (7). Let there exist scalars v > 0,0 < 8 < 1,
a matriz P = PT = 0 and a function k. : R™ — R™, such that Assumption 3 holds. Given o such that 0 < a < 3,
and ¢ > 0 such that

max,ey, geg(py) V. G () PG(x)v < ¢, (10) denote p = 55— If p < v, then the closed loop system (1),(2) with the

B
switching control
ks(z) € arg miB T AL PG (x)v (11)
ve

is locally uniformly ultimately bounded in E(P, p) with a domain of attraction E(P, ). Moreover, any solution {¢y } ke
of (1),(2) with ¢ € E(P,~) with the control (11) reaches E(P, p) in at most T steps with

(%)

In(l—a)

T =

Proof of Theorem 5. Theorem 5 states that every trajectory of system (1) starting in the ellipsoid £(P, ) converges
to the ellipsoid (P, p) with a decay rate 1 — o when the control law (11) is applied. The proof of this theorem is
constructed step by step and is divided into several intermediate results (Propositions 6, 7, 8 and 9 below). First,
based on the existence of the stabilizing continuous controller k. that ensures the decay of V(z) for the bilinear
system (8), Proposition 6 proposes a control law, of the form (11) that ensures the decay of the Lyapunov function



V(x) = 2T Px in a set contained in £(P,v). Next, Proposition 7 presents an estimate of the ultimate boundedness
set, which is always reached in an interval of time less then a bound that is given by Proposition 9. Proposition 8
shows the invariance of the proposed estimate of the uniform ultimate bounded set.

Proposition 6 Suppose Assumption 8 holds for some matriz P, some scalars v, 8 and a function k.. Let a such
that 0 < a < 8. Denote

I={zecR": &' (z)G" (2)PG(x)kc(x) + (B — a)zT Pz —vT GT (x)PG(x)v < 0, Yo € V}. (12)

System (1),(2) with the switching control law given by (11)

satisfies

V(Aoz + G(2)ks(2)) — V(z) < —aV (z), (13)
whenever x € E(P,vy) and x ¢ T.
Proof: See Appendix A. O

The previous Proposition shows that the switching control (11) ensures the decay of the function V inside (P, 7)
when z is outside the region I'. An estimate of the uniform ultimate boundedness set containing I' is given as an
ellipsoid in the following proposition.

Proposition 7 Let Assumption 3 hold for some matriz P, some scalars v, B and a function k.. Let a such that
0<a<p<1l. Let ¢ > 0 such that

max ' GT(2)PG(z)v < c.
VeV, z€€(Pyy)

If 5= < v, then, system (1),(2) with the control law (11)

B—a
satisfies
V(Aoz + G(2)ks(2)) — V(z) < —aV (z), (14)
for all x such that x € E(P,~) and x ¢ E(P, ﬁfa).
Proof: See Appendix A. O

It follows from the previous propositions that trajectories starting in £(P,y) are converging to (P, p), with p = ﬁ,

if p= ﬁfa < ~. However, Proposition 7 does not say anything about the behavior of the system’s solutions inside

E(P, p). One may think that trajectories in (P, p) can leave it. The following Proposition shows that the ellipsoid
E(P, p) is positive-invariant for (1),(2) with the switching control (11).

Proposition 8 Consider system (1),(2) such that Assumption 3 holds for some matriz P, some scalars v, 8 and a
function k.. Given a such that 0 < a < 8 < 1, let ¢ > 0 such that

max v GT(2)PG(z)v < c.
veV,x€E(P,y)

and p = 5fa. If p < ~, the ellipsoid E(P, p) is positive-invariant for the trajectories of system (1) with the control
law (11).
Proof: See Appendix A. O

The following proposition shows that £(P, p) is always reached in finite time by all the trajectories of (1),(2) starting
in £(P,v) with a switching control (11). An upper bound of the convergence time is given.



Proposition 9 Suppose Assumption 3 holds for some matriz P, some scalars v, 8 and a function k.. Given a such
that 0 < o < 8 < 1. Consider ¢ > 0 such that

max v GT (2)PG(x)v < c.
veV, z€&(P,y)

£

Let p = Bfa. If p <, let 7 = [lrlln(l(jl)—‘ . Then, every solution {drtren of system (1),(2) with ¢o € E(P,~) with

the switching law ks as in (11), satisfy ¢ € E(P, p) for all k > 7.

Proof: See Appendix A. O

Remark 10 Theorem 5 provides a switching control that ensures the local uniform ultimate boundedness of system
(1),(2) with a guaranteed domain of attraction as the ellipsoid E(P,~). Every trajectory starting in E(P,~) is con-
verging, with a known decay rate, to the uniform ultimate boundedness set, which results in a finite time convergence
of this set (an upper bound of this convergence time is given). For the ellipsoidal estimation of the uniform ultimate
boundedness set E(P, p) (estimate of the chattering set), the theorem assumes the existence of a scalar ¢ such that
(5) holds. Note that such a scalar always exists. This is because the set {x € R" : 2T Px <~} is compact and G(z) is
continuous with respect to x. Then, the level set p (related to the ellipsoidal estimate of the uniform ultimate bound-
edness set) can be computed, provided that < < ~y. Note that since the approach is based on a quadratic Lyapunov

function, the estimate of the domain of attraction might be conservative.

5 Numerical Implementation

In this section, we provide numerically tractable results for control design.

Proposition 11 Consider system (1),(2) and vectors hy,- -, hy, such that

conv (V) ={y e R™: Iy <1, Vie {1,--,na}}. (15)
Denote © = {bl bm], A; :A0—|—Z§n:1 Njlvilj, Vi€ {1,---,N}, and

M, =[S0, Nyl S bl Yo ev.

Given B > 0 and R = RT € R™*" = 0, assume there exists Q € R"*", Q = QT = 0, T € R™ " and £ > 0 that
satisfy

§R 1 0, (16a)
LI Q

[ YT h,

(1-8)Q (4,Q+eT)T »0, Vje{l,---,N} (16¢)
A,Q+0r 0 7 C

For Q satisfying (16), denote P = Q™. Fori € {1,---,N}, consider positive scalars ji,, and c,, solutions to

_,U/viP 0

M} PM,, +
0 761}13 + ,U’Ui

0. (17)




For a scalar a such that 0 < o < B, if ﬁ <1, with
c=max{c, : vEV}

then system (1),(2) with the control
ks(T) € argmi‘r} 2T AT QG (x)v (18)
ve
is locally uniformly ultimately bounded in £(Q~1, Bfa) with a domain of attraction £(Q~1,1). In addition, £(R, %) -
E(Q™1,1). Moreover, any solution {¢y}ren of (1),(2) with the control (18), when ¢ € E(Q™1,1), reaches the set

E(Q7T, ﬂfa) in at most T steps with

= 112((16—Caa)) ' 1)

Proof: The proof of this Proposition follows from the results of Theorem 5. It is constructed in four steps detailed
below. Assume that conditions (16) hold true.

Step 1: We show that condition (16a) guarantees that £(R, %) C E(Q71,1). If for some & > 0 condition (16a) holds
then ER— Q7' >0 <= &R > Q. This means that 27¢Rx > 27 Q 'z, Vo € R”, thus 7 Rz < % = 2TQ 'z <
1, which means &(R, %) CEQ11).

Step 2: For matrices T and @ satisfying (16), let P = Q! and IT = YQ~!. This step consists in showing that
conditions (16b) imply that
Iz € conv(V) when z€&(P1).

Let us define the following set:
Cy(IT) = {z € R" : Tz € conv(V)}. (20)

Showing that Ilz € conv(V) when x € £(P,1) is the same as proving that £(P,1) C C,(II). We proceed, by using
the polytopic representation of conv(V) given in (15), Ilz € conv(V) is then satisfied when

RITlz <1,  Vie{l,---,nu}.

It is sufficient for £(P,1) C C,(II), that Vi € {1,---,np} the following is satisfied

eI h;hI Iz <1 whenever 27 Pz < 1. (21)

The latter is satisfied if:
7 h:h I — P <0, Vie{l,---,nu}. (22)
Using the Schur complement
P II"h,
RITT 1
. . P_l O .

Pre- and post-multiplying by 0 gives

P~ P ITh,

=0, Vie{l,---,np}.
RITIP~! 1 { J

which is the same as (16b). Therefore, when (16b) holds true, Ilz € conv(V) for all x € E(P, 1).

Step 3: This step consists in showing that conditions (16¢), guarantee that the function V(x) = x7 Pz, with
P = Q™ !, satisfies
V(Apz + G(z)Iz) < (1 — B)V (=), Vo € E(P,1).



PO
Pre- and post-multiplying (16¢) by [ ; gives
0

(1-p)P (4; +em"

A+@H Pil EO, VJE{LvN}
J

Let 6 € Ay. Since [6]; >0, Vi€ {1,---, N},

1-pP (L4 +emT| (24)
YoiLal8)A; + en Pt B
Applying Schur complement, the latter implies that
N N
— (D 18];4; + 0" P> [8];4; + ©1TI) = (25)
j=1 j=1
Note that
L8l A5 = Ao+ X014 16); Xty Niluyli

= Ao+, N; Z] 1615 vl
Let © € £(P,1). Based on Step 2 of this proof, IIz is in conv(V). Then there exists a(z) € Ay such that Iz =

Z;-V:l[a(x)]jvj. For z € £(P, 1), we multiply (25) from left and right by #7 and x respectively. Note that, (25) holds

also for 0 = «a(z). We obtain the following
(1—B)zTPz — ( on—l—ZNxZ |; + ©Tlz)” on—i—ZNxZ ], + ©Ilz) > 0.  (26)

Consider the following partition of II:
T
=[nf mz], with T e R

Iz =SV [a(z)]jv; means that

=1
N
Uiz = Z[O‘(x)b[vj]z
j=1
Then, we can write (26) as
(1 - BT Pz — (Agx + Z N;zILiz + Ollz)" P(Agz + Z N;zll;z + ©Tlz) > 0. (27)
i=1 =1

Note that

Zinil N;xll;x + Ollz = Zgl(Nﬂ? + bZ)HZJE
= G(x)x
Thus (27) is the same as

(on + G(:U)Hx)TP(AOx + G(x)l_[x) —(1-p)tPz<o. (28)



The latter is the same as

V(Aox + G(x)llz) < (1 — B)V(x), for xe€&(P1).
To sum up, the conditions (16) imply that, in addition to (R, %) C E(P,1), whenever z € E(P,1) , Iz € conv(V)
and V(Agz + G(x)IIz) < (1 — B)V(x). Therefore, Assumption 3 holds with v = 1, P = Q~!, and k.(z) = Iz with
I=rQ "
Step 4: In what follows we show that for every v € V, when conditions (17) are satisfied , then

v GT (2) PG (x)v < ¢y, Vr e E(P,1).

Let v € V, suppose (17) is satisfied for ¢, > 0, p,, > 0. Then, the following holds for all x € £(P, 1),

T T
—uy P
€T MZPMU €T L T o 0 T <o.
1 1 1 0 —cu+ pth 1

The last inequality can be written as
z T
— ¢y + (1l — 2" Px) <0. (29)
1

T
H MTPM,
1

Note that, for all x € £(P,1), 27 Pz < 1 which means that 1 — 2?7 Pz > 0. Since, p, > 0, by S-procedure (29) gives

T

“T] MTPM, x} <e¢,, forall ze&(P1). (30)
1 1
From the definition of M, for all v € V
T
G(z)v = M, [m 1} . (31)
Then, for all v € V, one can write
T
z T z T AT
M, PM, =v' G (z)PG(z)v.
1 1

Then (30) gives that
v GT (2) PG (x)v < ¢y, Vr e E(P,1).
(17) is satisfied for all v € V. Let ¢ = max{c, : Vv € V}, then it follows that

v GT (2) PG (x)v < ¢, Yo eV, Vo e E(P,1). (32)

Assumption 3 is satisfied by conditions (16), as mentioned above, and the scalar ¢ satisfies (32), then following
Theorem 5 with some « such that 0 < a < S, the control (18) ensures the local uniform ultimate boundedness
of system (1),(2) in (P, 5%;), with £(P, 1) the domain of attraction, provided that 7<= < 1. Moreover, following
Proposition 9, £(P, B%a) is reached by all the trajectories in £(P, 1) in at most T steps with 7 given in (19). O
Proposition 11 provides simple conditions that allow to find a switching law ensuring the local uniform ultimate
boundedness of system (1),(2) with ellipsoidal characterizations of the domain of attraction and of the uniform
ultimate boundedness set. First, based on the Fundamental Theorem of Polytopes, the existence of vectors hy, - - -, hy,
such that (15) holds is guaranteed. They describe the polytope whose vertices are the control vectors V. These vectors
can either be computed analytically or using existing numerical routines. The matrix R, which is called a shape
reference set, is fixed by the designer. It is chosen in a manner to prioritize some specified directions of the domain of
attraction. For example (from details about the shape reference set choice from [14]), when R is a diagonal matrix,
the state corresponding to a smaller diagonal element is desired to have a larger range of variation in the domain




of attraction. The relative weightings at the diagonals of R can be determined from the physical operating range of
the states. Also a value of 8, which is related to the decay rate of the bilinear system with the continuous controller
is chosen. By having these parameters fixed, conditions (16) are Linear Matrix Inequalities with variables @, T and
&. Therefore, the provided conditions can be verified numerically with powerful convex optimization tools. Some
elements concerning the limitations in terms of applicability of the existing solvers can be found in [23]. These LMIs
guarantee that 3 is a decay rate of the quadratic Lyapunov function V(z) = 27 Q~'x that satisfies Assumption 3.
The level set of the quadratic Lyapunov function £(P,1) contains the ellipsoid E(R, %) In the next step, conditions
(17) are solved. If § < 1, with ¢ the maximum of ¢y, , -+, cyy solutions of (17), then £(P,1) is invariant and there
exists an « (at least a sufficiently small one) such that z¢- < 1. We can conclude that system (1),(2) is locally
uniformly ultimately bounded in (P, 3%;) with a domain of attraction £(P, 1) and that trajectories are converging
to £(P, z%;) with a decay rate a.

Remark 12 When solving LMIs (16) by minimizing £, the estimate of the domain of attraction E(P, 1) is mazimized.
Since minimizing & mazimizes %, this allows to mazimize the volume of the ellipsoid E(R, %) that is contained in
E(P,1). In addition, different scenarios can be executed when solving LMIs (16) in order to find an adequate trade-off
between a bigger estimate of the domain of attraction or a smaller estimate of the uniform ultimate boundedness
set. This can be shown for example by looking at the influence of the parameter 3 on both sets. Larger values of (3

allow to have better (smaller) estimates of the positive-invariant ellipsoid E(P, =) (uniform ultimate boundedness

set); however, the estimate of the domain of attraction is smaller. Moreover, ,Bia < 7y cannot be guaranteed for any
C

B. For this reason, a value of B can be found using a line search algorithm in order to find o <7 and to, deal

with the trade-off related to the sets’ volume. The parameter oo on the other hand, influences the convergence and
the volume of the uniform ultimate boundedness set. A larger value of a means a faster convergence of the uniform
ultimate boundedness set (the attractive invariant ellipsoid E(P, 5%;)) but its volume is bigger.

6 Numerical examples

FEzample 1. Consider the motivating example presented in the introduction. This example cannot be treated using
the tools in the literature, since global stabilization is not possible (as mentioned above). The system can be written
in the form (5), as

33‘+ = 91(@11‘ + b1) + (1 — 91)(&21‘ + bg),
= ((a1 — a2)x -+ (b1 — b2)) 91 “+ asx + bQ.

with 6; € {0,1}. For 87 = 0.5, we have 107 + (1 — 07)bs = 0. By taking u = 61 — 07, u € {v1,v2} with v; = —67,
vy = 1 — 07. The system can be transformed to the form of system (1) with Ag = 1.025, N; = —0.01, b, = —0.10,
V = {=0.5,0.5}. The vectors hq, ho that describe the polytope conv(V) as in (15) are hy = 2, and he = —2. Since
the domain of attraction and the uniform ultimate bounded set depend on [, a line search is used in order to find
a value of 8 that satisfies the conditions of the Proposition 11 while ensuring a trade-off between the sets’ volume
(maximization of the ratio between the two volumes). For = 0.02, R = 1, and a = 0.001, solving conditions (16)
gives P = 0.641. In addition, from conditions (17), we find ¢ = 0.002, which gives ,Bfa = 0.107. These results mean
that the closed loop system is locally uniformly ultimately bounded in £(0.641,0.107) with a domain of attraction
£(0.641,1). In other words, whenever |zo| < 1.248, the trajectory {¢x},y is converging to the chattering ball
(—0.408,0.408) (to be compared with 1.666 and 0.05 given in the introduction). On the other hand, for the same
system with § = 0.50, the value P = 41.707 and ¢ = 0.107 are found. This gives Bfa = 0.215. These results
guarantee that the system is locally uniformly ultimately bounded in £(41.707,0.215) with a domain of attraction
£(41.707,1). This means that, the trajectories starting in (—0.154,0.154) are converging to (—0.071,0.071). While
a larger domain of attraction can be guaranteed when using a smaller value of 8 , the estimate of the ultimate
boundedness set in this case, may be more conservative.

Example 2. In order to provide a graphical illustration of the method here presented, consider a two dimensional
system of the form (1) obtained using an Euler discretization of the continuous-time switched affine system in [15].
Consider the system

&= A°(u)x + b°(u)
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Fig. 2. Illustration of the domain of attraction (€(P,~), blue bold line) and of the uniform ultimate boundedness set (E€(P, ﬁfa ),
estimate of the chattering set, dotted red line) for the system in Ezample 2 with 8 = 0.03.

where A¢(u) = AS + Z?:l Nflulj, b¢(u) = 25:1 b§[ul;,

12 1 -5 -1 5
, Ni = » Ny = :
4-5 05 2 —0.5 —2

T T
b = [15 _1] , b5 = [1 —5} . The set of control vectors is given by

L ETEN

In continuous-time, each system mode is unstable (the maximum real part of the state matrix eigenvalues is always
strictly greater then 0). We use an Euler discretization with a sampling period 7' = 10~3. The discrete-time matrices
are, then, given by

Ay =

Ao = I +TAS, N; = TNE, b, =T, i € {1,2}.

The eigenvalues of the discrete-time system matrices A; = Ag + Zgnzl Njlvil;, @ € {1,---,4} are outside the unit
T T T
circle. The polytope conv(V) in (15) is described by the following vectors: hy = {1 O] , ho = {—1 0} ,hy = [O 1] ,

T
hy = [0 —1} . Proposition 11 is used in order to design a control with guaranteed domain of attraction and uniform

ultimate boundedness set. For 8 = 0.03 and R as the identity matrix, LMIs (16) are solved in combination with

an optimization constraint aiming to minimize £, such that the ball E(R, %), which is contained in the domain of

attraction, is maximized. The solution

1.919 0.991
0.991 6.306|

is found. LMIs (17) can then be solved and ¢ = 8.4916 x 10~* is found. By setting a = 0.001, the corresponding
estimate of the domain of attraction is £(P,v) with v = 1 and the attractive invariant set is £(P, Fo5) with

75 = 0.029 <1 (see Figure 2 for an illustration). In addition, the maximal R? ball that is contained in the domain

of attraction has radius 0.391. We use a line search on 3 in order to find a good trade-off between the sets’ estimates
since they are both influenced by the value of 5. For this example a larger value of 3, for instance § = 0.20, provides

11
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......... (P, 7%;) Uniform ultimate boundedness set | |

Trajectory for some random initial condition

Fig. 3. Domain of attraction (£(P,7), blue bold line) and uniform ultimate boundedness set (£(P, 5%;), estimate of the
chattering set, dotted red line) for the system in Ezample 2 with 8 = 0.2.

a smaller domain of attraction (the maximal ball contained in it has radius 0.047) with

56.720 33.784
33.784 447.636

Also, ﬁ = 0.121 is found. While the domain of attraction is smaller in this case, the estimate of the uniform
ultimate boundedness set is better (it is closer to the domain observed in simulations - see Figure 3).

7 Conclusion

In this paper, stabilization conditions ensuring the local uniform ultimate boundedness of discrete-time switched
affine systems are provided. A switching control design ensuring the attractive invariance of a set containing the
equilibrium is proposed. In addition, ellipsoidal estimates of the domain of attraction and of the attractive invariant
set are given. Moreover, Linear Matrix Inequalities that allow to find the conditions of the proposed switching control
are given. In the future, better estimates of the domain of attraction and of the ultimately bounded set can be looked
for, based on the existence of more complex classes of Lyapunov functions.
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A Proofs of Propositions
A.1  Proof of Proposition 6
When Assumption 3 is satisfied we have:
V(Apz + G(x)ke(2)) — (1 = )V (z) <0, Yz € E(P,7).

This is the same as

2T AT PAgz + 22T AT PG(2)ko(2) + (ke(2)” GT (2) PG(2)ke — (1 — B)2T Pz < 0.
When 27 Pz < v, k.(x) € conv(V), which means that there exists o;(x), i € {1,---, N}, such that Zfil ai(z) =1
and k.(z) = Zfil a;(z)v;. Therefore, for all © € E(P,~),

N
Z ai(z) (T AT PAgx + 227 AT PG (2)v; — (1 — B)aT Px + (ke(2))T GT (2)PG(z)ke(z)) < 0. (A1)

Then, the control ks(z) = arg mi\r} 27 AT PG (z)v satisfies the following relation for all z € £(P,~)
veE

2T AT P Aoz + 207 AL PG (2) ks () + (ke(2))T GT (2) PG(2)ke(2) — (1 — B)z” Pz < 0. (A.2)

By adding and subtracting
((ks(2))" GT(2) PG(2)ks(z) + az” Px)

to (A.2) we have the following, for all z € E(P, ),

A3
2T AT P Aoz 4 207 AT PG (2)ks(2) + (ks(2))T G (2) PG (2)ks(x) + ax’ Px — x Px (A.3)

+ (nc(:c))TGT(x)PG(x)nc(x) + (8- a):cTPm — (ns(x))TG’T(x)PG(x)ns(z) <0.
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This is the same as
V(Agz + G(z)rs(x)) = V() + aV(x) + (B — @)V (2) + (ke(2))" GT () PG(2)ke(2) — (ks(2))T GT (2) PG (x)ks(x) <
0, Vz € E(P,7).

The latter means that
V(Aox + G(2)ks(x)) — V(z) < —aV (x)

whenever
(8 — )V (2) + (ke(2))" GT(2) PG (2)re(x) — (rs(2))" GT () PG(x)rs(z) > 0.

and z € E(P,7). Since ks(z) € V, Vx € E(P,7), and by the definition of I" given (12) in Proposition 6, it follows
from the two last conditions that
V(Apz + G(2)ks(z)) — V(z) < —aV(x)

when z € £(P,v) and = ¢ T
A.2  Proof of Proposition 7

From Proposition 6, system (1),(2) with the control (11) ensures the decay of the function V(z) = 27 Pz with a
decay rate of (1 — «) for x satisfying 27 Px <« and

(ke(2))TGT (2) PG(2)ke(2) + (B — @)x’ Pz — v GT (2) PG(z)v > 0, Yv e V.
The latter holds when (8 — a)zT Pz > vT G (2) PG(z)v, Vv € V. Since c satisfies
vIGT (2)PG(x)v < ¢, Yr € E(P,y) and Yo eV,
then a sufficient condition for
V(Apz + G(x)ks(2)) < (1 — )V ()
to hold is (B — a)zT Px > c.

A.3  Proof of Proposition 8

In order to prove the invariance of the ellipsoid £(P, p) for system (1),(2) with the control (11), we show that for all
x such that x € £(P, p), we have Aoz + G(x)rs € E(P, p) with £, as in (11).
Let x € E(P,p), T = Aoz + G(x)ks(x) satisfies

()T Pzt = (Aoz + G(2)k*(2))T P(Agz + G(x)ks(2))
= 2T AT PAgz + 227 AT PG (2)ks(2)(2) + (ks(2)(2))TGT (2) PG () ks (7).

Denote
M(x) = 2T AT PAgx + 227 AT PG(2) ks (2) + (ke(2))T G (2) PG(2) ke () — (1 — B)x” Pa.

Then, we can write
()T Pat = M(z) — (5(2))” GT (@) PG(@)e() + (0(2))T G (2) PGla)ialz) + (1 — B)aT P
From Assumption 3 and following the same steps that led to (A.2), we have M (z) <0, Vz € (P, p). Note that
(ke(2)TGT (2) PG(2)ke(x) > 0, Vo € E(P, p).
Thus, we have

(D) Pt < (ko(2))" GT(2)PG(2)ks(x) — ¢+ 27 Pz — B2 P + c, Vo € E(P, p).
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Since max vl GT(2)PG(x)v < ¢ and k4(z) € V, Vo € E(P, p), we have that
veV, z€&(P,y)

(ks(2)) T GT (2) PG(z)ks(z) — c < 0.

Therefore ()T Pzt < 27 Pz — B2T Pz + ¢, Vo € E(P, p). Note that p = 5 implies ¢ < pf3 since a < . Therefore
the following inequality holds

()T Pzt < (1 - B)at Pz + pp.
Furthermore, z € &(P,p) means that 27 Px < p, and this gives (z7)T P2t < (1 — B)p + pfB, which leads to

(xF)T Pzt < p. From the last inequality, we have that ¥ € £(P, p) whenever x € E(P, p). Thus, the positive-
invariance of the ellipsoid E(P, p) for the trajectories of system (1),(2) with the control law (11) is proven.

A.4  Proof of Proposition 9
Let {¢k }ren a solution of (1),(2) with ¢g € £(P,~) subject to the control (11). Applying Proposition 7, the decrease
of the Lyapunov Function in £(P,v)\E(P, p) is guaranteed with a decay rate (1 — «). This means that V(zt) <
(1 - a)V(z) when z € E(P,v)\E(P, p). Then

Vig1) < (1 =)V (o)
It follows that V(¢2) < (1 — a)2V (¢g), which gives by iteration (as long as ¢p € E(P,Y)\E(P,p) )

V(gr) < (1= a)*V (o).
Since ¢g € (P, ), we obtain V(¢;,) < (1 — a)*y. Since (1 — a)*V(¢o) is exponentially decreasing to 0, there exists
7 > 0 such that V(¢,) € £(P, p). Consider T that satisfies 7 < min{k € N* : (1 — a)¥y < p}, that is 7 < [hlln(l(_f’z)—‘ .

Then since (P, ) is positive-invariant according to Proposition 8, ¢ € E(P, p), Yk > 7.
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