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MINIMIZING MOVEMENTS FOR NONLINEAR MEAN CURVATURE FLOWS

DANIELE DE GENNARO

ABSTRACT. In this note we prove existence for level-set solutions to a nonlinear variant of the
mean curvature flow via the minimizing movements scheme & la Almgren-Taylor-Wang.

1. INTRODUCTION

In this note we study a nonlinear version of the anisotropic mean curvature flow (MCF in short)
with forcing and mobility. In particular, given a continuous non decreasing function G : R — R,
we consider the flow of sets ¢t — FE; formally governed by the evolution law

(1.1) V(z,t) =9¢(vg, (2)G (—Ii%t (x) + f(t)) , for all x € O*E,, t > 0,

where 1), ¢ are two anisotropies (with ¢ usually called the mobility), n%t denotes the ¢-curvature of
the set of finite perimeter Fy, vg, denotes the outer normal vector and f is a forcing term constant in
space. We are interested in showing that the mimizing movement approximation scheme produces
discrete-in-time solutions that converge to the unique viscosity solution to (1.1) as the time-step
parameter tends to 0.

The evolution law (1.1) is relevant from a numerical point of view, as suggested e.g. in [11,
Remark 3.5]. For example, a truncation of the evolution speed is usually encoded in algorithms for
the MCF, which would correspond to choosing G(s) = (—M)V s A M in (1.1). Another interesting
choice could be G(s) = —s~, which amounts to consider a purely shrinking evolution. Moreover,
evolution by powers of the mean curvature have been previously studied in the smooth or convex
setting [12, 21, 3] and have been used to prove isoperimetric inequalities [22], or considered in the
setting of image processing algorithms [2, 20]. In particular, in [2, Section 4.5] it is remarked that
the evolution law (1.1) with G(s) = s3 and ¢ = ¢ = | -| is particularly interesting as it is invariant
under affine motions (isometries and rescalings). We refer also to [13] for interesting links between
a time-fractional Allen-Cahn equation and motion by powers of the mean curvature.

In the present nonlinear setting, only two concept of solutions are currently available: smooth so-
lutions (starting from smooth sets, in general existing only in a finite time span) and viscosity/level-
set solutions, which are weak solutions of (1.1) defined globally in time and starting from any initial
compact set. On the other hand, it is not clear whether a notion of “BV-solutions” in the spirit of
[1, 18] can be properly defined.

Inspired by the techniques developed in [10], and the recent study [6], we will show that the
mimizing movement scheme & la Almgren-Taylor-Wang or Luckhaus-Sturzenhecker [1, 18] provides
existence by approximation of a level set solution to the nonlinear MCF, under suitable smoothness
assumptions on the quantities involved. This work is an extension and an improvement of the
unpublished (and unfinished) preprint [5], and is essentially based on techniques introduced in
[10]. In [10], the authors prove the convergence of the minimizing movements scheme to viscosity
solutions to a very general class of curvature flows of the form V' = —x, with x being a ”variational”
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curvature. We will also use some refinements of the techniques of [10] that we developed in [6],
where we focused on similar evolutions driven by inhomogeneous curvatures (i.e. non translationally
invariant). We want to point out that our result is more general than those of [5], as the authors
work in the isotropic setting without mobility (¢ = ¢ = | - |), require further regularity on the
function G and assume that

lim G(s) = oo,

s—+oo

which simplifies many arguments. From a technical point of view, the main difficulties arise in
the case where G is bounded from above or below, as some tools heavily employed in the linear
setting are no longer available (see e.g. the commonly used reformulation (2.12)). Anyhow, by
an approximation approach we can recover all the necessary results, which we then pair with the
variational approach of [10] in order to prove our main result.

To conclude, it would be interesting to study the much more challenging case where ¢ is non
smooth, i.e. the so-called crystalline case. In this setting the availability of the viscosity solutions
of [15, 16] and the development of distribution solutions of [9, 8, 7] may suggest the possibility of
a future investigation in this direction.

Shortly after this preprint was uploaded, the work [4] appeared in preprint. Here, the authors
address a similar problem, showing consistency of the minimizing movement scheme with smooth
solutions, and continuity in L' of the limiting flat flows, which are defined as L'—limit points of
the minimizing movements when A — 0.

2. THE MINIMIZING MOVEMENTS SCHEME

2.1. Preliminaries. We start introducing some notations. We will use both B,.(z) and B(z,r)
to denote the Euclidean ball in RV centered in 2 and of radius r; with SV we denote the sphere
0B1(0) € RY. If the ball is centered in zero, we simply write B,.. In the following, we will always
speak about measurable sets and refer to a set as the union of all the points of density 1 of that
set i.e. E = EM. Moreover, if not otherwise stated, we implicitly assume that the function spaces
considered are defined on RY, e.g L>® = L>°(R¥Y). Moreover, we often drop the measure with
respect to which we are integrating, if clear from the context. For 6 € R we denote

BEs={z cRY : sd(x) <4},
and use the notation E_., := (), E, . := RV,

Definition 2.1. We define anisotropy a function 1 : RY — [0, +00) which is continuous, convex,
even and positively 1-homogeneous. Moreover, there exists ¢, > 0 such that Vp € RY it holds

1
(2.1) —|pl < ¢¥(p) < cylpl.
Cp
Definition 2.2. Given an anisotropy ¢, we define the ¢-perimeter (P, in short) as follows

PoE) = | olvp(z)) aH¥ " (x),

where 0*E' denotes the reduced boundary of E.

We refer to [19] for all the basic references on sets of finite perimeter. By the bounds of (2.1)
we immediately see that P(E)/cy < Py(E) < ¢y P(E). Furthermore, one can see that the following
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variational characterization of the ¢-perimeter holds

(2.2) P,(E) = sup {/ dive : ve CHRN;RY), ¢°(v) < 1} ,
E
where the polar function ¢° of an anisotropy ¢ is defined by

¢°(v) := sup &-wv.
#(6)<1

We recall the following identities holding for smooth anisotropies: Vo, £ € RY it holds
P)o°(§) Zv-&,  °(Vo(v)) =v, Vo) -v=0(v)
Definition 2.3. Given an anisotropy ¢ and a set E, we define the i-distance from F as
dist% () = inf °(z —
istp(x) = inf ¢°(z ),
and the signed v-distance from E as
sd¥(z) = dist? () — dist. (z).
Note that (2.1) implies that
1
(2.3) —distg(z) < dist%(m) < cydistp(x),
Cy
where distg denotes the Euclidean distance from the set E.
We focus on the following nonlinear evolution by anisotropic mean curvature with mobility of

a family of sets {F;};>o starting from a set Ey C RY which is either bounded or has bounded
complement

(2.4) V(z,t) = (s, ()G (—n%t (z) + f(t)) x €0 Et >0,

where vg, (x) is the outer normal vector to F; at x and ¢, are two anisotropies, and under the
following hypotheses on the quantity involved:

e G:R — R is a continuous, non-decreasing function, with G(0) = 0;

o fc CE(R);
e ¢ € C? and it is strictly convex.
We then set
Sggloo G(s) = —a € [—00,0], SEIEOO G(s) =b € [0, +o0].
Consider a function u : RN x [0,+00) — R whose superlevel sets Ey := {u(-,t) > s} evolve

according to the nonlinear mean curvature equation (2.4). By classical computations (see e.g.
[14]), the function u satisfies the equation

du = |VulV(z,t) = (Vu)G (—=V?¢(Vu) : VPu+£) = —H(t, Vu, V?u)
where we defined the Hamiltonian H : [0,4+00) x RV \ {0} x SV — R as
(2.5) H(t,p, X) = =4 (p) G(=&"(p, X) + £(1)),

and x?(p, X) is defined as k%(p, X) = V2¢(p) : X. Therefore, one is let to solve the parabolic
Cauchy problem in bounded time intervals [0, 7], for T > 0, given by

(2.6) Owu+ H(t,Vu,V?u) =0 on RN x [0,7]
‘ u(-,0) =ug on RV,
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Existence and uniqueness to (2.6) can be proved in the framework of viscosity solutions as done
in [17]. Let us recall the notion of viscosity solution used in [17], starting by a family of auxiliary
functions.

Definition 2.4. The family F is composed of smooth functions ¢ € C2°(]0, +00)) satisfying £(0) =
(0) = ¢"(0) = 0,¢"(r) > 0 in a neighborhood of 0, ¢ constant in (0, M )¢ for some M > 0
(depending on ¢), and such that
gl
(D

p—0 |p|

H(t,p,£I) =0

holds uniformly in time.
Remark. We note that F # (). Since for all ¢ € [0, +00),p € RY it holds
G(=c/lpl = Iflloc) < H(t,p, 1) < H(t,p,—1I) < G(c/lp| + [|£]lo0)

for a suitable positive constant ¢ = ¢(¢), one can repeat the construction used in [17, page 229] to
show that F # (.

With a slight abuse of notation, in the following we will say that a function is spatially constant
outside a compact set even if the value of such constant is time-dependent.
Definition 2.5. Let 2 = (2,1) € RN x (0,T) and let A C (0,T) be any open interval containing t.
We will say that n € C°(RY x A) is admissible at the point 2 if it is of class C? in a neighborhood
of Z, it is spatially constant outside a compact set, and, in case Vn(2) = 0, the following holds:
there exists £ € F and w € C*°([0,00)) with w’(0) = 0,w(r) > 0 for r # 0 and such that

n(z,t) = n(2) = ne(2)(t — )| < |l — 2]) + w (|t — 1)),

for all (z,t) € RN x A.

The notion of viscosity solution used in [17] is the following one.
Definition 2.6. An upper semicontinuous function u : RY x [0,7] — R, constant outside a
compact set, is a viscosity subsolution of the Cauchy problem (2.6) if u(-,0) < ug and, for all

z:= (z,t) € RN x [0,T] and all C*°-test functions 5 such that 7 is admissible at 2z and u — 1 has a
maximum at z, the following holds:

i) If Vn(z) =0, then
(2.7) n(z) <0
ii) If Vn(z) # 0, then
(2.8) dun(z) + H(Vn(2), V(=) < 0.

A lower semicontinuous function u : RY x [0,7] — R, constant outside a compact set, is a viscosity
supersolution of the Cauchy problem (2.6) if —u is a viscosity supersolution to (2.6), with —uq
replacing ug. Finally, a function u is a viscosity solution for the Cauchy problem (2.6) if it is both
a subsolution and a supersolution of (2.6).

Remark. By classical arguments, one could assume that the maximum of v — 7 is strict in the
definition of subsolution above (an analogous remark holds for supersolutions).

We thus recall the existence and uniqueness result proved in [17].

Theorem 2.7. Given an initial datum ug uniformly continuous and constant outside a compact
set, the Cauchy problem (2.6) admits a unique viscosity solution. Moreover, if u,v are, respectively,
a super- and subsolution to (2.6) satisfying u(-,0) > v(-,0), then u(-,t) > v(-,t) for everyt € [0,T].
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2.2. The minimizing movements scheme. In order to give the definition of the discrete scheme
we introduce some notations. We set g as a selection of the set-valued inverse of G, that is g(x) €
G~ 1(z) for every x € (—a,b) and extend it setting g = —oco for every x < —a, g = +oo for every
x > b. Here, we extended G to [—o0, +00] setting G(+00) = lim,_, 1+ G(z). We assume also that
g(0) = 0. Note that these definitions imply G o g = id in [—a, b]. Moreover, g is strictly increasing.
In the following we will denote for k € N;h > 0

(k+1)h
f(kh) = ]{C f(s)ds.

h
Given a bounded set of finite perimeter E and h > 0,¢t € (0,+00) we define a functional on the

measurable sets as
sd}ii
I\ "n

where [-] denotes the integer part. This functional is an extension of the one considered in [5], where
the function G was required to be coercive and more regular.

(2.9) FP(F) = P¢,(F)+/EM

— f({t/hh)|F],

Lemma 2.8. Let E be a bounded set of finite perimeter and h > 0,t € [0,400). Then, there exist
minimizers of fft and, denoting E’ one such minimizer, it has the following properties: it is a
bounded set of finite ¢-perimeter such that (up to negligible sets)

E_un, CE' C Ey,.
Moreover, there exist a mazimal and a minimal minimizer (with respect to inclusion) of FiF,.

Proof. Note that .7, (E) < 400 and that

FEAF) = Po(P) + [ o (saf /) xee = 1l

It is easy to see that the functional on the rhs admits a minimizer of finite energy by the coercivity
of g(sd% /h). Thus, by standard methods, one proves the existence of minimizers to ﬁft. Since it
has finite energy, it is straightforward to check that sd% € [—ah,bh] a.e. on E'AE. If b < 400 this
clearly implies that E’ is bounded; if b = 400 a classic contradiction argument (essentially recalled
in Lemma 2.12 below) yields the same result. Finally, by classical arguments one shows that, if
E{, EY are minimizers of ﬁft, then so are F{ N EY, B} U EY, implying the existence of a minimal
and a maximal solution (see e.g. [10, Proposition 6.1]). O

For a given bounded set E and ¢ € (0,400), we thus denote
(2.10) T}, ,E = min argmin ﬁft, T}j:tE = max argmin ﬁ}ft,

where the minimum and maximum above are made with respect to inclusion. We will often denote
Ty, := T, ,. We now prove some classical results following the lines of [18].

Lemma 2.9 (Weak comparison principle). Fiz h > 0,t € (0,+00) and assume that Fy,F» are
bounded sets with Fy CC Fy. Then, for any two minimizers E; of ﬁft for i = 1,2, we have
Ey C Esy. If, instead, Fy C F5, then we have that the minimal (respectively mazimal) minimizer of

ﬁ,ﬁ is contained in the minimal (respectively maximal) minimizer of f/",fi
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Proof. Firstly, we assume Fy CC Fy, Testing the minimality of Ey, Fo with their intersection and
union, respectively, we obtain

Sd}@l sdﬁl
PaE)+ [ g(SR) [ g (5 ) < Po(Br 0 B) 4 (/M) B\ B
(E1\E2)\F1 (E1\E2)NFy

SGI%2 Sd%2
Po(E2) < Po(BUE2) + | a(2)+ [ g ()~ 1(1e/m0) B\ Bl
(E1\E2)\F2 (E1\E2)NF>

Summing the two inequalities above and using the submodularity of the perimeter we get
(2.11)

/ g sdjﬁl +/ ; sd}@l </ ; Sd;@z +/ ; sd}{i2
(Ex\E2)\Fy h (E1\E2)NFy h ) = JenE)nR h (E1\E2)\Fs h

Assume by contradiction that |Ey \ E2| > 0. Since sd}ﬁ2 < Sd?1 and by the strict monotonicity of
g, we estimate the rhs of (2.11) by

sd? sd¥ sd? sd?
/ g2 4 / g 25 < / o280 & / Yt
(E1\E2)\F2 h (E1\E2)NF; h (B1\E2)\Fs h (B1\E2)NFy h

and plug it in (2.11) to reach the desired contradiction. The other cases follow analogously, reasoning
by approximation if F; C F5. O

Lemma 2.10. Let ¢ € R. Consider E a bounded set of finite perimeter and non-decreasing func-
tions g1, g2 : R — R such that g1 < g2 in R\ {0} and g1(0) = g2(0) = 0. Then, if E; solves

min {P¢(F) + /EM

for i = 1,2, we have that E5 C Ey. If g1 < go instead, an analogous statement holds for the
mazimal and minimal solutions.

gi(sdg(x))‘ dx+c|F|}

Proof. Denote g; = g; o sd}é for i = 1,2 and assume by contradiction that |Es \ Eq| > 0. Reasoning
as in Lemma 2.9, one gets

R e al+ [ ol
E1AE ExAE (E1UE2)AE (ElﬁEQ)AE

Simplifying! the above expression and recalling that g; > 0 on E¢, g; < 0 on E, we reach

OS/ (91—92)+/ (91—92)=/ (91 — 92),
(E2\E1)\E (E2\E1)NE B2\ Es

which implies the contradiction. The case g1 < g2 follows by approximation. O

1Noting that
FAAE = ((By \ E2) \ E) U((F1 1 B2) \ B) U ((E\ E1)\ E2) U (BN E2) \ B1)
(E1UER)AE = (E2\ Ex \ E) U ((E1NE2) \ E) U ((E1\ E2) \ E) U ((E\ E1) \ E2)
(E1 n EQ)AE = ((E2 n El) \ E) U ((E \ El) \ EQ) U ((E n El) \ EQ) ] ((E n Eg) \ E1).
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In the linear case (g = id), minimizers of yft minimize also the functional
(2.12) Fr—>P¢,(F)+/Fsd1§/h—f([t/h]h)\F\.

In the present setting, since ng(SdE) may be infinite in the case a < 400, we can not draw this
conclusion straightforwardly. We can nonetheless recover the minimal and the maximal solution to
(2.10) by means of a sequence of minimizers of a functional similar to (2.12).

Corollary 2.11. Let E be a bounded set of finite perimeter and t € (0,+00),h > 0. Then, there
exists a sequence of uniformly bounded sets (Ep)nen such that E, T, E and for anyn €N, E,
is a minimizer of

d
(2.13) F s Py(F) + /Fg <SdhE> V (=n) = f([t/h)h)|F| = FLE(F).

Analogously, there exists a sequence of uniformly bounded sets (E,)nen such that E, \, T[:tE n
L' and for any n € N, E, is a solution to

sd¥
(2.14) min {P¢(F) +/B \Fg <hE> An— f([t/h]h)|F|: F C BR} ,

where ThitE C Bg.

Proof. We prove the statement for T}, E, the other case being analogous. Assume a < 400 (other-
wise the result follows by the boundedness of T, ). We set ¢ = f([t/h]h), gn = g(sd}ii/h) V(—n),
and £ = T, ,E. Consider the sequence of sets (E,)nen, each being the minimal minimizer of
ﬁf ;. By the same arguments recalled above, note that that there exists a constant R > 0 such
that E,, C Bp for all n € N. By Lemma 2.10, the sequence E, is increasing as ¢n > gn+1
and moreover E' O E, as g < g,. Therefore, one has that £, " E :=J, £, € E’ and also
XE, . AE = |XE., — XE'| = Xgap @€ asn — oco. By lower semicontinuity of the perimeter and
Fatou’s lemma we get

FE(B) = Py(B) — c|B| + /

lg(sd% /)| = Po(E) — | B| + / lim inf (gn x5, 55)
EAE! RN 7100

n—oo

< lim inf <P¢(En) —c|Ey| +/ |gn|) .

n
. e . En
Since E, minimizes %, ;" we get

(2.15) ﬁft(E) < lirr;inf (P¢(E’) + /E/AE |gn| — CE/|> < y,ft(E/%

where in the last inequality we used that |g,| < |g|. Since E’ is the minimal minimizer of .77, we
conclude E = E’. The functional (2.13) is obtained from (2.9) adding I gn(sd%/h). Finally, the

functional in (2.14) is obtained from functional (2.9) adding the (finite) term — fBR\E g(sd}g/h) An
and restricting the family of competitors. ]



def discrete flow |

olution bounded sets‘

ineq boundedness |

la estimates on balls‘

decay speed ba11|

def bar rho

8 DANIELE DE GENNARO

We define the discrete flow starting from the initial set Ey by setting Et(h) = Ey for ¢t € [0,h)
and iteratively

(2.16) EW =T, wEM . telh+).
We now provide an estimate on the evolution speed of balls. It is interesting to note that, in the
isotropic setting (¢ = ¢ = | -|) and under the hypothesis of strict monotonicity of G, an explicit

evolution law for the radii of evolving balls can be obtained. In our more general case we need to
employ the variational proofs of [10, 6]. By Lemma 2.8, the interesting case is when b = 4oc.

Lemma 2.12. Assume b = +oo. For every R > 0 and every t € (0,+00), h > 0 it holds

+
Ty iBr © Bry 2oa(if))-

Proof. We fix h > 0 and set ¢ := f([t/h]h) and E' = T,it,tBR. Let € > 0 and set H C RV as an
half-space containing the ball centered at 0 of radius R + CL:)G(C + ¢£). By the minimality of E’ we
get

[ ety - | 9(sd}, /)] < PolE' ) = PolB') + | B\ HI.
E'ABg (E'NH)ABg

By a simple computation, since B C H we find

(2.17) /El\Hg(sdﬁR/h) < Py(E' N H) — Py(E') + c|E'\ H| < ¢|E' \ H|

where in the last inequality we used that cutting sets of finite perimeter by half-spaces decreases
P,. Therefore, since sdﬁéR > hG(c+¢) on E'\ H, one concludes |E’ \ H| = 0. Thus the result
follows sending ¢ — 0. O

We then provide an upper bound on the evolution speed of balls in the spirit of [10, 6]. We
remark that the significant case is a = 400 as otherwise Lemma 2.8 yields

T}ftBR 2 BRfah'
Lemma 2.13. Let Ry > 0 and 0 > 1 be fixred. Assume a = +oo. Then, there exist a positive
constant ¢ such that, if h > 0 is small enough, for all R > Ry and t € (0,+00) it holds

+
(2.18) ThiBr 2 Bry oG—o -1 )

Proof. We prove the result for E := T} ;Br. Take h small enough so that Th,tBiRo # (. By
Lemma 2.12, translation invariance and taking h small, one can see that® B B C E. We set

(219) p=suplr € 0.R]: |, \ Bl = 0} € | TR+ -G(1 )

Assume wlog p < R. Let € 0B, be such that [B(Z,¢) \ E| > 0 for any € > 0. Set p € (0,p) and
T = (1 — p/p)x such that OB(r, p) N OBz = {z}. Setting B* := ((1 + ¢)7, p), consider the sets

W< = B°\ E.

2Indeed7 by translation invariance and Lemma 2.12 it holds

Th,tB% + B%R C Th,tBr C BRych-
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Notice that by construction, for e small, W€ has positive measure and it converges to {z} as e — 0.
By (2.2) with v = V¢(x/|x|) and by submodularity, we obtain

(2.20) / ve (I > P = /RN ve (@) ' (DXBE - DXBEnTﬁBJ

< Py(B° NTy Br) — Py(B*) < Py(T; Br) — Ps(B° UT),Bg).

Since F minimizes (2.12) (as a = +00), we use its minimality on the rhs of (2.20) and the divergence
theorem on the lhs of (2.20) to arrive at

(2.21) f/ Edww(' > Sf([t/h]h)ws|+/wgg<5d§3>.

By the regularity assumptions on ¢ we remark that it holds

|divVe(p)| = [tr(V2¢(p))| <

We plug the estimate above in (2.21), divide by |W¢| and send € — 0 to conclude

c .
—= —|Ifllec £ limsup g(s).
P s—cy(p—R)/h

Applying G to both sides and letting p — p, we conclude

_ h c h 4c
(2.22) p2 R+ 26 (Lo ifln) 2 R 26 (< -l ).
Cy p Cy R
where in the last inequality we recalled that p > R/4. Using again the previous analysis with the
bound (2.22), we show (2.18) by taking h small enough. O

2.3. The scheme for unbounded sets. We now define the discrete evolution scheme for un-
bounded sets having compact boundary. For every compact set K and h > 0,¢ > 0, we will
denote by ThitK the maximal and the minimal minimizer of /h +» which corresponds to (2.9) with

G(s) := —g(—s) instead of g(s) and —f instead of f. By changing variable F' := F¢ in (2.9), we see
that (7}, . K)¢ is the maximal solution to

(2.23) min{P¢(ﬁ')+ /F . g(sd}b(c/h)’ + f([t/h]h)|]:“c|}.

Therefore, for every unbounded set E with compact boundary we define®

(2.24) T B = (TTE)
As in the case of compact sets, we set T}, ;I := T, ,E. Given an unbounded set Ey having compact
boundary, we define the discrete flow {Et(h)}tzo as follows: Et(h) := Ey for t € [0,h) and
EW =T, B | it € [h,+00).
Since g has the same properties of g, one easily checks that analogous results to Lemmas 2.12, 2.9

and 2.13 hold also for (2.24).

3To justify this, one can check that if a set E is moving according to (2.4), its complement moves according to
V(z,t) = —¢(vge(z))G(kge(x) + £) in the direction vge,

from which the incremental problem follows.
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Lemma 2.14. Let t,h > 0. The following statements hold.
o Let Iy C Fy be unbounded sets with compact boundary. Then, Ty, F C T}, ¢ F5.
o There exists ¢ > 0 such that for every R > 0,h > 0 it holds T,ffth2 2 Biioh
o Let Ry >0 and o > 1 be fixed. Then, if a = +oo there exist ¢ > 0 such that for h > 0 small
enough and for all R > Ry, it holds

+ pc c
(2.25) ThiBR € Bry (oot -I171)’

If instead a < 400 it holds
(2.26) TEBS, C By -
Furthermore, Corollary 2.11 implies straightforwardly the following approximation result.

Corollary 2.15. Set t,h > 0 and let E be an unbounded set of finite perimeter with bounded
complement. Then, there exists two sequences of sets (En)nen, (El)nen with uniformly bounded
complement with the following property. Each (E,)¢ is a minimizer of (2.23) with gV (—n) substi-
tuting g, and (E},)° is a minimizer of (2.23) with g An substituting g. Moreover E,, /T, E and

E, N\ T, E.
We now deduce an equivalent version of (2.23), which will be used in the final proof, following
[10]. Let us consider E such that E° C Br and assume a = +00. Recall that T}ftE D B}C%+ch for
. . . . ¥
some ¢ > 0 by Lemma 2.14. Adding to the functional in (2.23) the term fBR+ch\(T;:tE)c g(sdi/h)

and restricting the family of competitors, we note that 7} ,E is the minimal solution to

(2.27) min {P¢(F) +/ g (sd;{;/h) + f([t/R]R)|Fe| : Fe C BR+Ch} :
FNBRr4ch

The case a < +00 needs to be treated by approximation using Corollary 2.15. Lastly, we state

a comparison principle between bounded and unbounded sets. Its proof follows the one of [10,

Lemma 6.10], up to employing Corollary 2.15.

Lemma 2.16. Let Ey be a compact set and let E5 be an open, unbounded set with compact bound-
ary, and such that Ey C Ey. Then, for every h € (0,1),t > 0 it holds T,ftEl - Thi)tEg.

3. MAIN RESULT

We now describe the discrete-in-time approximation of the viscosity solution based on the op-
erators T,ft previously defined. In this section is essentially based on the techniques introduced in
[10].

Given a continuous function v : RN — R which is constant outside a compact set, we define the
transformation

(3.1) Thv(z) =sup{s € R : z €Ty {v>s}},
which defines a new function on RY x [0, 4+00) by setting v, (z,t) = v(z) for t € [0, h) and
(3.2) vp(z,t) == (The—nvn(-,t — h)) (z).

By lemmas 2.9 and 2.14, one can see that the operator T}, ; maps functions into functions. Moreover,
the following holds.

Lemma 3.1. Given t,h > 0, the operator T}, ; defined in (3.1) satisfies the following properties:
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o T}, is monotone, meaning that ug < vy tmplies T}, yug < Th, 1vo;

o T} is translation invariant, as for any z € RY, setting Tup(x) = uo(x — z), it holds
Th,t(T2u0) = T2(Th,tuo0);

o T}, . commutes with constants, meaning Ty, .(u + ¢) = (T} 1u) + ¢ for every c € R.

Proof. The first assertion follows from Lemma 2.9 and 2.14. The second one follows easily em-
ploying the definition (3.1), recalling the fact that the functional defined in (2.9) is invariant under
translations and that {r,ug > A} = {ug > A} + z for all A € R. The last result follows analo-
gously. O

The previous properties satisfied by the operator, in turn, preserve the continuity in space of the
initial function. Indeed, assume ug is uniformly continuous and let w : Ry — R, be an increasing,
continuous modulus of continuity for ug. Then, for any s > s’ we have

{u > S} + Bw—l(sfsl) - {u > S/},
thus, by translation invariance we deduce
Thyt{u > 8} + Bw—l(s_sl) - Thyt{u > S,}.

This inclusion implies that the function T} ;uo is uniformly continuous in space, with the same
modulus of continuity w of ug. The following lemma provides an estimate on the continuity in time
of uy. Here, equality between sets must be understood up to negligible sets.

Lemma 3.2. Fizt,h >0 and ug a uniformly continuous function. For all X\ € R it holds
Th{un(-,t) > A} = {un(-,t + h) > A}, T,tt{uh(~,t) > A} ={up(-,t+h) > A}
Proof. Given ¢ > 0, by definition it is easy to see that
{Thoup >A+¢e} C T,f(){uo > A} C{Thouo > A —e}.
Passing to the limit € — 0, we deduce
{un(-,h) > A} C Ty g{uo > A} C {un(-,h) = A}
Finally, since up (-, k) is a continuous function, the equalities {up (-, h) > A} = int{up (-, h) > A} and

{up(,h) > A} = {un(-,h) > A} holds and we prove the result for ¢ = h. The other cases follow by
iteration. 0

With the previous results and reasoning exactly as in [10, Lemma 6.13], we can prove that the
functions wy, are uniformly continuous in time.

Lemma 3.3. For any ¢ > 0, there exists 7 > 0 and ho = ho(e) > 0 such that for all |t —t'| < T
and h < hy we have |up(-,t) —up(-, )] <e.

Thus, the family {up}n>0 is equicontinuous and uniformly bounded as implied by Lemma 2.12.
By the Ascoli-Arzela theorem we can pass to the limit A — 0 (up to subsequences) to conclude
that u; — u uniformly in any compact in time subset of RY x [0, +00), with u being a uniformly
continuous function. Moreover, the function v is bounded and constant outside a compact set.

Proposition 3.4. Let T > 0. Up to a subsequence, the family {up}tnr~o converges uniformly on
RN x [0,T] to a uniformly continuous function u, which is bounded and constant out of a compact
set.

We can thus state our main result.
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Theorem 3.5. The function u defined in Proposition 5.4 coincides with the unique continuous
viscosity solution of the Cauchy problem (2.6).

We finally recall the notion of a level-set solution to the evolution equation (2.4) (cp. e.g. [14]).

Definition 3.6. Given an initial bounded set Ey (or unbounded set with bounded complement)
define an uniformly continuous function ug : RY — R such that {ug > 0} = Ey. Then, setting u as
the solution to (2.6) with initial datum wug given by Theorem 3.5, we define the level-set solution to
the nonlinear mean curvature evolution (2.4) of Ey as

Et = {u(,t) > 0}
Our main result, Theorem 3.5 amounts thus in showing that the discrete flow converges to the

unique level set solution to equation (1.1).

3.1. Proof of the main result. We start by an estimate on the evolution speed. For every r > 0,
using the notation of Lemma 2.13, we set

i) = min {1, -6 (~£ - ) }

and, given ro > 0, we set r(¢) as the unique solution to

7(t) = R(r(t))
(3.3) {T 0 —»

Note that, in general, the solution r(¢) will exist in a finite time interval [0,7*(r¢)], where T™*(r¢)
denotes the extinction time of the solution starting from g i.e. the first time ¢ such that r(¢) = 0.

Lemma 3.7. Let u be the function given by Proposition 5.4 and assume that there exists A € R
such that B(zg,ro) C {u(-,to) > A\}. Then, if a = +o0, it holds
B(zg, r(t —t9)) C {u(-,t) > A}

for every t < T*(rg) + to, where r(t) is the solution to (3.3) with extinction time T*(rg). If instead
a < +oo it holds

B(zo,7m0 — a(t —t0)) C {u(-t) > A}

for allt such that ro —a(t —tg) > 0. The same result holds for sublevels substituting superlevel sets.

Proof. The result in the case a < +oo follows directly by Lemma 2.8, so we assume a = +00. We
consider wlog {u(-,tg) > A} bounded, as the other case is analogous. For a fixed Ry < 19, taking
h(Rp) small enough, we can ensure that B(xg, Rg) C {un(-,t0) > A}. We then fix o > 1 and define
recursively the radii R,, by

_ h Cs
Rups = Ro+ 26 ("Rn - f||m) |

By Lemmas 2.9, 2.13 and 3.2, we see that B(xo, Ryt—t,)/n+1) € {u(-,t) > A} for every t > to such
that R;—¢)/n+1 > 0. Let then 7, be the unique solution to the ODE

{ (t) = &lro (t) /o)

(3:4) r+(0) = Ry.
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Employing the monotonicity of &, if r,(t) < R,,, then

(n—1)h (n—1)h
ro((n+ 1)h) an+/ n<7""(5)> dngn+/ (R”) ds
g n

R
nh h g
(n—1)h 1 C
an+/ —G <a‘f’ f||oo) ds = Rny1.
nh Cy R,
Therefore, B(xg, 7 (h[(t —to)/h] + h) C {un(-,t) > A} for t > to as long as the radius is positive.
We conclude sending h — 0, then Ry — rg and 0 — 1. ]

We are now in the position to prove our main result.

Proof of Theorem 3.5. Consider u as defined in (3.4): we show that u is a subsolution, as proving
that it is a supersolution is analogous. Let n(x,t) be an admissible test function in z := (z,%) and
assume that (Z,?) is a strict maximum point for u — 7. Assume furthermore that v — 7 = 0 in such
point.

Case 1: We assume that Vn(Z) # 0. Firstly, in the case a < +oo we remark that if
9 /(Vn(2)) < —a, then (2.8) is trivially satisfied, thus we can assume wlog that

am(z)

(3.5) —— i > —a.

(Vn(2))
By classical arguments (recalled in [6]) we can assume that each function wup, — n assumes a local
supremum in B,(Z) at a point zp, =: (xk,t;) and that us, (2,) = uw(Z) as k — oco. Moreover, we

can assume that Vn(zy) # 0 for k large enough.
Step 1: We define a suitable competitor for the minimality of the level sets of uj. By the previous
remarks we have that

(3.6) up(z,t) < nlx,t) + e
where ci 1= up, (Tr, tr) — n(xk, tr), with equality if (x,t) = (@, tr). Let 0 > 0 and set
- o
My, (@) 2= (2, tk) + c + 5\56 — |

Then, for all z € RV,

uny (2, tr) <, ()
with equality if and only if z = x. We set I, = up, (g, tr) = . (zr). We fix € > 0, to be chosen
later, and define E¥ := {up, (-,tr) > lx — €} = Thy .ty —ny, {un, (5t — hi) > Il — e}* and
(3.7) WE=EF\{n] () >l +¢}.
Assume that E¥ is bounded and let us define Efn as the sets constructed by Corollary 2.11 where
{un, (-, tx, — hg) >l — e}, E¥ substitute E, T, E respectively. We thus have that EF, /N EF as
n — oo and that each Efn is the minimal minimizer of a problem in the form (2.12). We define

(3.8) Wk, =ES N\ {nf () >l +e, }.

It is easy to see that, along any subsequence n(e) — co as € — 0, it holds WE’“”(E) — {z} ase = 0.

Furthermore, we check that for every €, k > 0 there exists n(e, k) large enough such that |W5kn| >0

4The choice of working with the open superlevel sets is motivated by our need to employ (2.13)
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for all n > n(e, k). Indeed, by the continuity of n° and since |Vn(Z)| # 0 there exists a positive
radius r such that

(B(zy,r) N EY) C WE.
Since xj, € E¥ and it is an open set, it holds [W*| > 0. Recalling that Efn — E¥in L, we conclude
that [WF,| > 0 for all n = n(e, k) large enough. Note also that, for every fixed k, n(e, k) — oo as

e —0.
By minimality of Efn we have

t

P+ [ o (sl @) v ema - ([ )

P
g (sd{uhk(_7tk_hk)>lk_6}(x)/hk) V (—n)dz.

Adding to both sides Py ({n,‘;k >l U Efn) and using the submodularity of the perimeter, we
obtain

(3.9) <Py (EF, n{n;, >U}) +/

EE ., 0{ng, >l}

Pollof, > o+ Y UWA) = Pl > e 2) = £ ([ o) W2

P _
—I—/Wk g <Sd{uhk_(~,tkhk)>lk,e}(x)/hk) V (—=n)dx <0.

,n

Equation (3.6) implies {un, (-,tx — hi) > lp — e} C {n(-,tx — hx) > I — ¢, — €}, therefore by
monotonicity we get

ag g t
Poll, > 1+ €} UWE,) = Polto, > ot <) = £ ([ ) 1
(3.10)
P
+/Wk g (Sd{n(-,tkfhk)>lkfckfa}(‘r)/hk) V (—=n)dx <0.

g,mn

If instead E* is an unbounded set with compact boundary, we employ (2.27) instead of (3.9) to
obtain (3.10) in the computations above. See [10, 6] for details.

Step 2: We now estimate the terms appearing in (3.10). We start with the first two perimeter
terms Py({n] > lx +e} UWE,) — Py({nf, >l +¢}). Reasoning as in Lemma 2.13, we use the
divergence theorem and (2.2) with the vector field v := V¢(Vn7/|Vn?|) to obtain

Ps({nf, >l + e} UWE) = Py({nf, >l +¢})

2/ v~1/—/ U~V:/ divw,
o({nf; >lk+euWk,) {ng, >li+e} wk

where v denotes the unit outer vector to the set we are integrating on.
The last term in (3.10) can be treated as follows. For any z € W,, we have

(3.11)

(3.12) n(z,tk)+ck+%|z—xk|2 <l +e.

Since, in turn, n(z,t;) + ¢, > I, — ¢ it follows that o|z — x1|? < 4¢ and thus, for € small enough,

(3.13) WE C B, ().
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Therefore, by Hausdorff convergence it holds that for every e,k > 0 there exists n = n(e, k) large
enough such that

(3.14) WE, C By, ().
On the other hand, by a Taylor expansion, for every z € an we have
1

(3.15) (2t — hi) = n(z, te) — hOm(z, tr) + hz/ (1 — 8)0in(z, tx — shy)ds.

0
Then, we consider y € {n(-,tx — h)(y) = lx — cx — £} being a point of minimal )-distance from z,
that is, ¥(z —y) = |sd1{bn(.7trhk)(y)>lk7%76}(z)|. One can prove (see [6, eq. (4.26)] for details) that
(3.16) 12—yl = Olhy).

Moreover, it holds (see [10, eq (6.26)] for details)

gy st =) VYt = he)

with a “4+7 if z € {n(-,tx — h)(y) <l — ¢ — e} and a “-” otherwise. We get
n(z,tk — hi) =yt — hie) + (2 = y) - V(y, ti — hy)

[ =) (Pl 5(z — )t~ ki) e ) - (= ) ds
0

st ¥
dlSt{n(‘»tk‘—hk)(y):lk—Ck_s} (2),

=lg—cp—e— Sdl{/)n(~,tk—hk)(y)zlk—ck—e} ()0 (Vn(y, ty — hi))
1
(3.17) 4 / (1= ) (V2ny + 5z — 9)tr — i) (= — ) - (= — y) ds.

Note that, in view of (3.12) it holds |n(z,tx) — n(y,tx)| < ce + chy, = O(hg), provided & < hy, and
small enough. Thus, using also (3.14),(3.16) we deduce

1 4 (2) > Oz, ty) — % — O(hg) — Op, (1)
By it bea—e} ) = Sy, b — i)
 Om(k,tr) + O(VE) — 3= — O(hi) — O, (1)

O(Vn(r, tk — b)) + O(/E) + O(he)

and we apply g to both sides to conclude

atn(x X )_O k(l)
N ) ] e ey

Step 4: We conclude the proof. Combining (3.10), (3.11) and (3.18), we arrive at

i t On(xp, ty) — Op, (1)
3.19) 0> divo + |[WF, < ({}h>+ < b V(—n) ).
(3.19) /Wk Vot Weal =/ | )9 Y(Vn(xk, tr, — hi)) + O(hy) (=n)

e,n

Choosing n = n(e, k), we can divide by |W:n(€_’k)\ > 0 and apply G to both sides to get

(A, worer (]m) 20 (o (Gt s o) v ).

E;TL(E,}C)
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Let us fix £ > 0 and send € — 0 (thus also n(e, k) — 0). Thanks to the continuity of G and recalling
also that Wf’n(s’k) — {z} as e = 0, we arrive at

(Ao 1 ([5] %)) 2 St my

which finally implies the thesis by letting simultaneously ¢ — 0 and k — +oc.

Case 2: We assume V7(Z,t) = 0 and prove that 9;n(z,t) < 0. The proof follows the line of the
one in [10]. We focus on the case a = 400, the other being simpler.

Since Vn(z) = 0, there exist £ € F and w € C*°(R) with w'(0) = 0 such that

n(z,t) = n(2) = 0m(2)(t — )] < |z — 2[) + w(|t — )

thus, we can define
i(w,t) = 0 (2)(t — 1) + 26(|lz — 2[) + 2w(|t — 7])
1
k(t—t)
We remark that u — 7j achieves a strict maximum in z and the local maxima of u — 7j, in RY x [0, 7]
are in points (xy, tx) — z as k — oo, with ¢, < #. From now on, the only difference from [10] is in

the case x = Z for an (unrelabeled) subsequence. We thus assume x, = Z for all k¥ > 0 and define
by =t —t; > 0 and the radii

(2, t) = n(z,t) +

TR = E_l(akbk),
where a;, — 0 must be chosen such that the extinction time for the solution of (3.3) satisfies
T*(rx) >t — tg, for k large enough. To show that such a choice for ay, is possible, we set

(3.20) pt) = S RIETH () (s)),

where £ is as in (3.3). Note that by Definition 2.4 it holds 8(t) < &(t) for ¢ small, 3 is non decreasing
in t and ¢(¢) — 0 as t — 0. We then have

T 1o 1 et
(rs) > / —ds / —ds
T 14

be = bk Josp 805) bk Jo-1(agen 2y R(5)
ag bk 1 ap 1
3.21 :—][ _ r>% - _o
(3.21) 2 1o TN Y Z 2 B

where in the last equality we chose ay, := 45(bx) which tends to 0 as k — oc.
By definition of 7 it holds

B(Z, i) C {ik (s ) < (@, ) + 26(r) }
- {u('vtk) < u(i'vtk) + 260’]@)},

by maximality of u — 7 at z and since u(zi) = 7k (2x). Since the balls B(-, 7)) are not vanishing,
by Lemma 3.7 we have

(3.22) z € {u(-, 1) <u(z, tg) +20(ry)}
Finally, using again the maximality of u — n at z, the choice of r; and (3.22), we obtain

WD) 1) _ D) - nE ) ) w2,
t—tg b - b - b

Passing to the limit £ — oo, we conclude that 9;n(z) < 0. O
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