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ABSTRACT

This paper is part of research aimed at reducing noise
emissions from railway infrastructures, especially rolling
noise. The track itself emits an important part of the
rolling noise and the modeling of its vibro-acoustic be-
havior is necessary to estimate its contribution. In a first
approach, the track can be considered as an infinite and
invariant structure in the longitudinal direction. For the
calculation of its vibratory behavior, wave-guide meth-
ods, like the Semi-Analytical Finite Element method or
the Wave-guide Finite Element Method, are therefore nat-
urally adapted. It couples a wave description in the lon-
gitudinal direction and a finite element discretization of
the cross section. Concerning the sound radiation, a 2.5D
approach, based on the wave decomposition of the excit-
ing vibratory field is well adapted. The fluid medium be-
ing open, the use of boundary elements methods is most
often used. However, the implementation boundary ele-
ments in 2.5D generally requires the development of ded-
icated codes. Alternatives exist such as infinite acoustic
elements or Perfectly Match Layers which are more of-
ten implemented in commercial software. In this paper,
it is shown how the sound radiation of railway tracks can
be determined by combining 2D acoustic calculations and
wave superposition. An application to tram tracks is pro-
posed.
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1. INTRODUCTION

In a wide range of running speeds, the main source of
noise when guided vehicles pass over rails is rolling
noise [1]. The track itself emits an important part of
the noise and the modeling of its vibro-acoustic behav-
ior is necessary to estimate its contribution. As a first
approach, the rail is often considered as an infinite and
invariant structure in the longitudinal dimension. Wave-
guide methods are therefore naturally adapted to the de-
termination of the vibrations. At low frequencies, the rail
section deforms little and beam assumptions can be used.
At frequencies where cross-sectional deformations ap-
pear, wave-guide finite element (WFE) or semi-analytical
finite element (SAFE) methods [2, 3], which couple a
wave description in the longitudinal dimension with a fi-
nite element discretization of the cross-section, are fre-
quently used. Using this kind of approaches, track vibra-
tions are decomposed into a finite sum of waves character-
ized by a wave-number and a cross-sectional deformation
- a mode - which depends on the frequency.

Since the fluid medium is open, other methods are
generally used for the numerical modeling of the sound
radiation, in particular the boundary element method
(BEM), but alternatives exist such as infinite elements or
perfectly matched layers (PML), which are often imple-
mented in commercial software. In all cases, acoustic sim-
ulations in 3D are very difficult due the extended length
of track to take into account. For conventional railway
tracks, the limitations of 2D radiation models have been
well studied and can be heuristically corrected [4]. In con-
trast, studies concerning tram tracks are not frequent: the
limitations of 2D models are not assessed and it seems
prudent to perform 3D simulations. In ref. [2], Nilsson
et al propose a wave-number decomposition in order to
compute the sound radiated by tram tracks from several
2D simulations. However, the method is based on an in-
house implementation of the BEM for computing the rail
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sound radiation in the wave-number domain. Generally
speaking, the use of spatial Fourier transforms to solve
infinite-dimensional vibro-acoustic problems is a widely-
used approach, for example in the investigation of envi-
ronmental ground vibrations [5].

The method proposed in this paper is very similar to
the work of Nilsson et al [2] excepted that 2D simula-
tions are performed by using finite acoustic elements com-
bined with perfectly matched layers instead of boundary
elements. Furthermore, it is shown how the use of a com-
mercial acoustic software can be used for this purpose.
The trick lies in the modification of the prescribed sound
speed in order to simulate the acoustic field correspond-
ing to different structural wave-numbers. Compared with
full 3D models, the main advantage of the method is that
the ”infinite” integration along the longitudinal dimension
of the track, which makes 3D simulation extremely costly
in terms of computing time, is replaced by a ”finite” inte-
gration over the wave-numbers. The number of 2D simu-
lations required can be significant, especially when some
structural waves have low longitudinal attenuation, but it
is shown how this can be controlled by a judicious choice
of the discrete wave-numbers. An application to realistic
tram tracks is then proposed, showing the potential of the
proposed method.

2. DESCRIPTION OF THE METHOD

The railway track is modeled by a linear elastic structure,
infinite and invariant along its length. A reference frame
(x, y, z) is defined such that the coordinate x refers to
the longitudinal axis of the track and coordinates (y, z)
refer to the plane of its section. The objective is to de-
termine the radiated noise resulting from the track vibra-
tory response to a harmonic point excitation at pulsation
ω. Equations are derived in the frequency domain by us-
ing a complex formalism. The method needs no further
assumptions.

2.1 Track vibration

2.1.1 Spatial domain

Given the above assumptions, the vibratory response to
an excitation field δ(x)f(y, z) applied to the abscissa x =
0 on the track can be expressed using a superposition of
N waves i characterized by sectional shapes vi(y, z) and

complex spatial wave-numbers κ̂i varying with frequency:

v(x, y, z) =

N∑
i=1

vi(y, z)e
−jκ̂i|x| (1)

This expression is general and independent of the mod-
eling level of the track section. For instance, in the case
of analytical models based on a vertical or lateral bending
beam for representing the rail, only two waves with un-
deformed cross-sectional shape are obtained. When the
deformation of the rail section is taken into account, for
instant by using SAFE or WFE models, a larger number
of waves may be determined and kept.

2.1.2 Wave-number domain

The track vibratory response can be expressed in the
wave-number domain using a spatial Fourier transform:

ṽ(κ, y, z) =

∫ +∞

−∞
v(x, y, z)e−jκxdx

=

N∑
i=1

vi(y, z)

∫ +∞

−∞
e−jκ̂i|x|e−jκxdx

=

N∑
i=1

vi(y, z)
2jκ̂i

κ2 − κ̂2
i

(2)

where ”resonances” may occur at the complex poles cor-
responding to wave-numbers κ̂i, with a magnitude de-
pending on the excitation but also on the imaginary part
of the pole which is related to the longitudinal attenuation
of the wave.

2.2 Track sound radiation

2.2.1 Spatial domain

The pressure p(x, y, z) radiated by the track verifies the
Helmholtz equation in unbounded acoustic space:

∆p+ k2p = 0

with
∂p

∂n
= jωρvn on S

(3)

where ∆ refers to the spatial Laplacian, k = ω
c represents

the acoustic wave-number, c denotes the sound speed and
the normal velocity vn = v.n on the exterior surface S
of the track radiating into the fluid is taken as a boundary
condition of the 3D problem.
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2.2.2 Wave-number domain

In the wave-number domain, the Helmholtz equation re-
duces to a set of 2D equations in the plane of the track sec-
tion. For each wave-number κ, the spatial Fourier trans-
form of the pressure p̃(κ, y, z) =

∫ +∞
−∞ p(x, y, z)e−jκxdx

verifies:

∆2Dp̃+ (k2 − κ2)p̃ = 0

with
∂p̃

∂n
= jωρṽn on Γ

(4)

where the boundary condition of the problem is here given
by the normal velocity ṽn = ṽ.n on the exterior perime-
ter Γ of the track section and where the effective acoustic
wave-number depends on the structural wave-number. An
important point is that wave-numbers κ such that κ > k
give rise to evanescent acoustic waves and can be ne-
glected.

2.2.3 Radiated power

Furthermore, the total power radiated by the track can
be determined by integration in the wave-number domain
rather than by integration along the track length:

P =
1

2
ℜ
(∫ +∞

−∞

∫
Γ

p∗(x, y, z)vn(x, y, z)dΓdx

)
=

1

2π

∫ +k

−k

1

2
ℜ
(∫

Γ

p̃∗(κ, y, z)ṽn(κ, y, z)dΓ

)
dκ

=
1

π

∫ +k

0

P̃ (κ)dκ

(5)

where P̃ (κ) is the power radiated by the track at wave-
number κ for the 2D transformed problem (cf. Eqn. (4)).

2.3 Numerical implementation

The numerical implementation of the formulation can be
achieved simply using a calculation software dedicated to
2D exterior acoustic problems. The process described be-
low must be performed for each considered pulsation ω.

2.3.1 Vibrations on the track perimeter

The first step consists in extracting a mesh of the perime-
ter of the track section and then determining the vector
Vi of velocities corresponding to the magnitudes of the
different waves vi(y, z) at the degrees of freedom of the
mesh, resulting from the considered excitation.

2.3.2 Fourier transform

In a second step, the vectors Vi are to be expressed in the
discretized wave-number domain according to Eqn. (2):

Ṽq = Ṽ(κq) =

N∑
i=1

Vi
2jκ̂i

κ2
q − κ̂2

i

(6)

The choice of κq values for the discretization must be
carefully made on the basis of the complex poles κ̂i. In
particular, a fine step is recommended around the poles
with low attenuation, i.e. with low imaginary parts, for
which ”resonance” may occur.

2.3.3 2D acoustic simulations

For each κq value, a 2D acoustic simulation is then
launched from the Ṽq vector allowing the calculation of
radiated acoustic power P̃q = P̃ (κq). In order to use
external acoustic software to solve the transformed 2D
problem (cf. Eqn. (4)), the transformation of the acous-
tic wave-number is carried out indirectly by specifying a
specific sound speed for each simulation:

cq =
ω√

k2 − κ2
q

(7)

2.3.4 Summation of acoustic powers

Finally, the total radiated power is determined by inte-
grating the power values corresponding to the different
simulations according to Eqn. (5). A simple trapezoidal
method is implemented:

P =
1

π

Nq−1∑
q=1

(κq+1 − κq)
(
P̃q + P̃q+1

)
(8)

3. VALIDATION OF THE METHOD

Two comparisons are carrying out to validate the method.
The calculation of the 2D sound radiation is performed us-
ing a commercial calculation software (ActranTM) based
on the acoustic finite element method (FE) combined with
perfectly match layers (PML) for the treatment of the un-
bounded exterior domain.

3.1 Sound radiated by a pulsating cylinder

First, the validation of the modification of the acoustic
wave-number by means of the correction of the sound
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speed is achieved by considering the case of a radially os-
cillating cylinder of radius R, characterized by a radial
velocity vr(x) = v0 exp

−jκx on its surface. On the one
hand, the sound power P̃ (κ) radiated by the cylinder can
be obtained analytically [6]:

P̃ (κ) =
πRρωv20

krℜ(jH(1)
0 (krR))

(9)

where kr =
√
k2 − κ2 and H

(1)
0 (·) represents the Han-

kel function of the first kind and order 0. On the other
hand, the radiated sound power is determined with the
help of 2D numerical simulations with ṽr = v0, ∀κ on
the perimeter of the cylinder section and correction of the
sound speed according to Eqn. (7).

Fig. 1 shows the results obtained at 5000 Hz. The two
curves are very close. It can also be noted that the sound
power tends to infinity for large structural wave-numbers
κ approaching the acoustic wave-number k = 92.4 rad/m,
which might cause some problems for the integration
stage. However, this is due to the vibration magnitude
ṽr, which is here imposed constant for all wave-numbers.
This is not the case for the specific vibration fields given
in Eqn. (2).

Figure 1. Comparison between sound powers P̃ (κ)
obtained analytically and computed with the pro-
posed numerical method for a pulsating cylinder at
5000 Hz

3.2 Sound radiated by an open rail

The second validation is carried out on the basis of the
track model proposed by Nilsson et al [2]. The track is
composed of a 40E1 light rail laying on a very soft rail-
pad. The authors propose a method very similar to the one

presented in this paper but with an in-house implementa-
tion of the boundary element method (BEM) for comput-
ing the rail sound radiation in the wave-number domain.
The BEM is modified directly to take into account the
change in acoustic wave-number. All the details are given
in reference [2]. The rail is not baffled in this simulation.
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Figure 2. Comparison between radiation efficiencies
σ given in reference [2] and obtained with the pro-
posed implementation

Fig. 2 shows the comparison between the sound radia-
tion efficiency given in [2] and obtained with the proposed
method, e.g. based on the FE/PML method implemented
in an external commercial software. As a reminder, the
radiation efficiency is determined from the sound radiated
power and the normal vibration velocity integrated on the
radiating surface of the track:

σ =
P

1
2ρc

∫ +∞
−∞

∫
Γ
|vn|2dΓdx

(10)

Both methods give very similar and expected results.
The open un-baffled rail behaves like a dipole (with a vari-
ation in 30 log f

f0
) before the critical frequency f0 and ex-

hibits interference effects related to its geometry at higher
frequencies causing oscillations in the radiation efficiency
[2, 4].

4. APPLICATION TO TRAM TRACKS

The proposed method is then used to study the sound ra-
diated by two tram tracks.
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4.1 Description of the track models

The first track is a classic ballasted track composed of
a 50E6 Vignole rail, laying on a mono-block concrete
sleeper by means of a rail-pad of medium stiffness. Fig. 3
shows the developed FE model for this track. Support-
ing components are modeled through elastic layers in the
model. Low density values are chosen for the ballast
and the rail-pad whereas a high Young modulus is cho-
sen for the assumed rigid sleeper. Other structural pa-
rameters, including sleeper density, pad and ballast Young
moduli as well as damping factors, have been updated
on the basis of vibration measurement performed on an
existing tram track (cf. track D in reference [7]). For
the acoustic computation, the rail is baffled at foot level
with an uniform impedance condition varying with fre-
quency. The impedance value is determined by means of
a Delany-Bazley model [8] assuming an air flow resistiv-
ity of 50× 103 Pa.s.m−1 for the ballast.

Figure 3. Model for the ballasted tram track with
open rail

The second track is a slab track composed of a 41GPU
grooved rail laying on a mono-block concrete sleeper
through a soft rail-pad. The rail is embedded in a thin
layer of grassy soil above the slab through ”fill” elastic
materials (some kind of polyethylene foam) of rather low
density. The sleeper itself is rigidly embedded in the con-
crete slab. Fig. 4 shows the developed FE model for this
track. The slab and the sleeper are assumed to be rigid
whereas the mechanical effect of the grass cover is par-

tially neglected: only the low part of the fill elastic mate-
rial is considered as solidly fixed by the soil. Low den-
sity value is chosen for the elastic layer representing the
rail-pad. Other structural parameters, including fill ma-
terial density and damping factors, have been updated on
the basis of vibration measurement performed on an ex-
isting tram track (cf. track B in reference [7]). For the
acoustic computation, the rail is baffled at the edge of the
rail running surface with an uniform impedance condition
also determined by a Delany-Bazley model but with an air
flow resistivity of 200× 103 Pa.s.m−1 for the grass cover.

Figure 4. Model for the slab tram track with embed-
ded rail

4.2 Vibration results

Wave shapes and wave-numbers have been determined
for both tracks in the range 100 − 5000 Hz by means
of the wave-guide finite element method proposed in [2].
The results are briefly presented for a vertical point force
δ(x)f(y0, z0) applied on the rail-head (cf. Fig. 3 and
Fig. 4) in terms of point mobility and track decay rate.

4.2.1 Point mobility

Fig. 5 shows the variation of the magnitude of the verti-
cal point mobility Yzz = vz(0, y0, z0)/f(y0, z0) with fre-
quency for both tracks.

For the ballasted track, three peaks are observed. The
two resonances below 1000 Hz are caused by the beam-
like vertical bending wave of the rail. Around 200 Hz, the
sleeper/rail mass oscillates on the ballast stiffness while
around 700 Hz, the rail mass oscillates on the rail-pad
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Figure 5. Magnitude of the vertical point mobility
Yzz as a function of frequency for both tracks

stiffness. The ”resonance” located around 5000 Hz in-
volves waves with deformation of the rail section, mainly
web bending.

Generally speaking, the slab track with embedded rail
is more flexible than the ballasted track. A pronounced
rail/rail-pad resonance can also be observed but around
500 Hz. Due to the specific rail geometry and the location
of the excitation, other peaks can be observed between
500 and 3000 Hz which are mainly related to beam-like
waves characterized by coupled movements of torsion and
lateral bending of the rail. Unlike the case of the ballasted
track, these waves contribute significantly to the vertical
response. At higher frequencies, several resonances in-
volving waves with deformation of the rail section can
also been observed.

4.2.2 Track decay rate

The structural models have also been use to determine the
vertical track decay rate (TDR) for both tracks. The track
decay rate quantifies the mean attenuation of the vibration
level along the rail. In the case of a single wave, it can
be easily determined from the complex wave-number κ̂i

by TDR= 20 log(e)κ̂i. However, in the general case, an
”experimental” TDR has to be calculated, according to the
following standard definition [9]:

TDR =
4.343∑nmax

n=1
|vz(xn,y0,z0)|2
|vz(0,y0,z0)|2 (xn+1 − xn)

(11)

where the abscissa xn are also defined in [9]. Fig. 6 shows
the variation of the TDR with frequency for both tracks.

Figure 6. Track decay rate (TDR) as a function of
frequency for both tracks

Similar variation can be observed for both tracks but
with a shift to the low frequencies for the slab track with
embedded rail due to the higher flexibility of the support.
Rather low track rates (< 3 dB/m ) are found between
1000 et 4000 Hz for the ballasted track versus 600 and
2000 Hz for the slab track. Indeed, in these ranges, the at-
tenuation values of the main contributing waves (vertical
bending for the open rail versus vertical bending and tor-
sion/lateral bending for the embedded rail) are also quite
low with the same order of magnitude.

4.3 Acoustic results

The sound power radiated by the two tracks and the corre-
sponding radiation efficiencies have been determined us-
ing the proposed numerical method in the range 100 −
5000 Hz. In the context of a rolling noise application, it
seems more appropriate to compare different tracks for a
unit velocity excitation rather than a unit force (cf ref. [2]).
Therefore, a normalized power is determined as follows:

Pv =
P

|v(0, y0, z0)|2
(12)

A first look to the radiation efficiencies (cf. Fig. 7)
shows very different behaviors for the two tracks. For
the open rail, the results compares well with those ob-
tained in ref. [2] for an un-baffled open rail (cf. Fig. 2),
excepted that the dipole-like behavior is no more found
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Figure 7. Radiation efficiency σ as a function of fre-
quency for both tracks

below 1000 Hz due to the pronounced effect of the baffle.
Above 2000 Hz, the radiation efficiency oscillates around
unity (0 dB), due interference phenomena. In contrast,
the radiation efficiency of the embedded rail reaches unity
at much lower frequencies (500 Hz), showing particularly
high values between 500 and 1000 Hz. This is rather sig-
nificant and need to be investigated. The combined influ-
ence of the specific rail geometry and the high contribu-
tions of the torsional/lateral bending waves are probably
involved.

Figure 8. Normalized radiated sound power Pv as a
function of frequency for both tracks

These observations are helpful to compare the results
in terms of normalized radiated sound power (cf. Fig. 8).
At frequencies above 2000 Hz, the normalized sound
power radiated by the embedded rail is largely lower than
the power radiated by the open rail. Since the radiation
efficiencies of both rail are rather similar in this range,
the difference may be explained by (i) a lower radiating
perimeter and (ii) a lower average squared velocity, due to
a higher track decay rate. At frequencies below 400 Hz,
the normalized sound power radiated by the embedded
rail is slightly lower than the power radiated by the open
rail. The same previous factors (i) and (ii) may explain
the difference but the effects are partially compensated
by the higher radiation efficiency of the embedded rail in
this range. At frequency between 500 and 2000 Hz, the
normalized sound power radiated by the embedded rail is
largely higher than the power radiated by the open rail. It
may be explained on the one hand by a larger radiation ef-
ficiency and on the other hand by a lower track decay rate.
The lower radiating perimeter of the embedded rail only
partially compensates for these effects. This is an impor-
tant result since the contribution of the rail sound radiation
to rolling noise is major in this range.

5. CONCLUSION

Modeling of the noise radiated by railway tracks is neces-
sary to estimate the rolling noise emitted by railway vehi-
cles in detail and to propose effective means of reduction.
In this perspective, the study of the sound radiated by tram
tracks has been little studied. In particular, the limitations
of 2D models are not well known and it is necessary to
perform 3D simulations. In this paper a method is pro-
posed to obtain 3D results by combining 2D simulations
with the help of a wave-number decomposition. In par-
ticular, it is shown how the use of commercial acoustic
software can be used for this purpose. The first results ob-
tained on tram tracks show interesting phenomena, in par-
ticular that embedded rails can generate more noise than
open rails in some frequency bands. Although these re-
sults need further investigation, they show the potential of
the proposed method.
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