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GENERALIZED LANGEVIN AND NOSE-HOOVER PROCESSES ABSORBED AT
THE BOUNDARY OF A METASTABLE DOMAIN

ARNAUD GUILLIN', DI LU!, BORIS NECTOUX', AND LIMING WU

ABSTRACT. In this paper, we prove in a very weak regularity setting existence and uniqueness of quasi-
stationary distributions as well as exponential convergence towards the quasi-stationary distribution
for the generalized Langevin and the Nosé-Hoover processes, two processes which are widely used in
molecular dynamics. The case of singular potentials is considered. With the techniques used in this
work, we are also able to greatly improve existing results on quasi-stationary distributions for the
kinetic Langevin process to a weak regularity setting.

AMS 2010 Subject classifications. 37A30, 37A60, 60B10, 60J25, 60J60, 74A25.

Key words. Molecular dynamics, metastability, quasi-stationary distribution, generalized Langevin,
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1. SETTING AND MAIN RESULTS

1.1. Purpose of this work.

1.1.1. Introduction. The basic ingredient in molecular dynamics is a potential energy function V :
(RY)N — [1,+o00] which associates to a set of position coordinates of N Ré-valued particles the
energy of the system. With this function V', several continuous state space models exist. When
the system is thermostated, the time evolution of the position-velocity pair (z; = (z},...,2N),v; =
(v}, ... o)) € (RYHN x (RPN of the particles is commonly described by the so-called kinetic Langevin

process, which is the solution in (RY)" x (R?)" to the equation
dxy = vidt, dvy = =V V (x,)dt — yvdt + /2y dW,, (1.1)

where (W;,t > 0) is a standard (R¢)Y-Brownian motion and —VV is the force field. Due to energetic
barriers, the position process (z;,¢ > 0) remains trapped for very long times in a basin of attraction
By () of some local minimum z, of V for the dynamics & = —VV(z) in (R?)". The process
is therefore said to be metastable and such subdomains of (R?)", which typically describe the macro-
scopic states of the system, are the metastable regions. The move from one metastable region to
another is typically related to a macroscopic transition. The metastable phenomenon prevents to
have access to the macroscopic transitions by simulating directly the trajectories of the process
since such transitions occur over very long periods of time. In simulation in molecular dynamics, many
algorithms have been designed to have access to macroscopic transitions such as e.g. the powerful and
widely used accelerated dynamics algorithms introduced by A.F. Voter & al. |71, [75] 3, [63]. Recently,
it has been shown [39] 62, 19, 20, 45|, [66] that the notion of quasi-stationary distribution (see Defi-
nition [1.1)) is the cornerstone to analyse the mathematical foundations of these accelerated dynamics
algorithms. For that reason, the study of quasi-stationary distributions for metastable continuous
state space model has recently attracted a lot of attention, especially for the hypoelliptic and non
reversible process (L.1)), see indeed [28] 29, 47, 48], 4, 46].

In this work, we will address the question of existence, uniqueness, and exponential convergence
to the quasi-stationary distribution for two other widely used, for example in molecular dynamics,
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metastable continuous state space models which are structurally more complicated than : the
Mori-Zwanzig Markovian approximation of the generalized Langevin process (see below) and the
Nosé-Hoover process (see below), which we introduce now.

The generalized Langevin process, namely the solution (z; = (z},...,z)), v, = (v}, ..., o)), t >
0) € (RH)N x (RN to the integro-differential equation

t
dxy = vdt, dvy = —VV (zy)dt — yvdt + / K(t — s)vsds dt + Fidt + /2y dWs, (1.2)
0

has been derived to describe the evolution in time of a system of N Révalued particles interacting with
a heat bath (see [79, 80l 60} 55, [56]). Here v > 0 is the friction paramater. The diagonal square bloc
matrix K, = diag(K} [rayv, ..., K} I igayn) is the memory kernel, where K € Ry, is a characteristic of
the bath, which encodes the long memory property of the generalized Langevin process. The process
(Fy = (FY,...,FN) € (RY)N,t > 0) is a stationary zero mean Gaussian stochastic forcing and the
fluctuation-dissipation principle writes E[F! - F'] = Ki(|s — u|). The generalized Langevin process,
which is non Markovian, is one of the standard models in nonequilibrium statistical mechanics [72, 50,
57] and is widely used in many areas of science such as surface scattering [Il, 23], polymer dynamics [70],
sampling in molecular dynamics [9, [10], and global optimization using simulated annealing [26] [11].
When Kj = Y% A2je~@* (where a;, Aiy > 0 for all i € {1,...,N} and all l € {1,... &}, k; > 1),
the process is quasi-Markovian, i.e. it can be written as a Markovian process by adding a finite
number of additional variables [60] (see also [58, Section 1.2], [27], and references therein). More
precisely, for such K%s, is equivalent to a Markovian system of stochastic differential equations:

de!  =oldt
dvi ==V, V(w)dt —yvidt + 37 Ngzydt + /2y dW (1.3)
dzi’l = —auzz’ldt — A\igvidt + /20, dBZ’l,

where fori € {1,..., N} and [ € {1,...,k;}, (z}, v}, zzl) € R x R? x R%, and where the (W], t > 0)’s
and the (BZ’l,t > 0)’s are mutually independent R?-Brownian motions. We also mention that for
certain kinds of memory kernels K, can be conveniently approximated by the finite dimensional
systems , see e.g. [60], 38, 59, [57]. For ease of expository and since all our proofs extend trivially
to the case when k; > 1, we have decided in this work to only consider the case when k; = 1 for all

i€ {l,...,N}. In this case, (|1.3]) writes:

dxt = 'Utdt
dvy, = —=VV(z)dt — yudt + Az dt + /2y dW; (1.4)
dzy = —azdt — \vgdt + v/ 2a0d By,

where (24, v, 2:) € (RN x (RN x (RN, a, A > 0, v > 0, and where (W;,t > 0) and (By,t > 0)
are independent (R?)N-Brownian motions. Note that when v = 0, which is the case often used in
practice, the process is more degenerated than in the sense that the noise does not act on
the positions and on the velocities but on an auxiliary variable. With a slight abuse of language,
will be referred in this work as the generalized Langevin process.

The second process we will consider is the Nosé-Hoover process which is another extension of the
kinetic Langevin process (L.1)). The Nosé-Hoover process is the solution on (RY)N x (RY)N x R to
the following stochastic differential equation:

d$t = Utdt
dvy = =VV (xy)dt — yvdt — vy dt + /2y d By (1.5)
dy; = |ve]*dt — dNdt,

where v > 0. The process (1.5 is also sometimes referred as the adaptive Langevin process. It
has been introduced in the context of sampling in molecular dynamics [37, 4], 36] [44], where y, acts
as a thermostat. See also [22, 69] for applications in Bayesian sampling. The friction parameter in
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the kinetic Langevin process is considered in as a dynamical variable. This stochastic
correction, which is renewed according to a negative feedback loop control law (as in the Nosé-Hoover
thermostat) models random perturbations of unknown magnitude which can occur on the potential
gradient, and serves as variable which restores the canonical distribution associated with the prescribed
inverse temperature, see indeed [43].

Studying these two metastable processes, via their quasi-stationary distribution, is thus of para-
mount importance for practical applications, e.g. in molecular dynamics.

Since V might have singularities, we consider a connected component Oy of the set {z € (RN, V (x)
+00}. Then, if collisions between particles do not occur, which will be the case in this work, the two

processes ([1.4]) and ((1.5)) evolve on the state space
& = OV X ]R,m7

where m = Nd+ Nd for the generalized Langevin process and m = Nd+ 1 for the Nosé-Hoover
process ([L.5)).

In this work, we prove, for the two processes and , existence and uniqueness in some
weighted spaces of the quasi-stationary distribution on metastable domains &, which are regions of
the forms 2 = 0 x R™, where 0 is a subdomain (i.e. a nonempty, connected, and open subset) of
Oy, bounded or not, as well as the exponential convergence towards the quasi-stationary distribution.
Our main results are Theorem (and its extension to non gradient force fields, Theorem , and
Theorems [I.7, and [I.1I] We also mention Theorem for a significant extension of existing results
on the quasi-stationary distribution for the kinetic Langevin process .

The first main contribution of this work is the very weak regularity setting we consider on both
the domain 2 and the force field (see items a and b just below). One of the main novelty of this
setting, compared to previous works on quasi-stationary distributions for hypoelliptic degenerate
processes [28, 29, 47 48 [65, 46] on such domains &, is that we have managed to get rid of any
regularity assumption on the boundary of ¢. This is a paramount improvement in order to treat
the cases which are considered in practice where & is defined as a basin of attraction By (x.) (see
e.g. [64] 162] 191 [66]), or as (the interior of the closure of the) union of neighboring basins of attraction.
In this case, the properties of 00 are very arduous to infer, and even worse, it is known that in this
case 00 is far from being regularﬂ, even for smooth potentials V.

More precisely, in the weak regularity setting where:

a. 0 is any subdomain of Oy (note that there is thus no assumption on the regularity of 00,
and that 00 can also intersect the set Oy where the potential V' is infinite, due to collisions
between particles),

b. the force field —VV is only locally Lipschitz over Oy and infinite on 0Oy,

we will in particular prove that:
1. The nonkilled semigroup, defined in ([1.6)), and the killed semigroups, defined in ([1.7)), are

respectively strong Feller and weak Feller (actually it will be shown that the latter is also
strong Feller), see respectively the conditions (C1) and (C4) in Section [1.1.3]
2. The killed semigroup is topologically irreducible (see the condition (C5) in Section |1.1.3]).

In the weak regularity setting a and b, the tools used to prove Item 1 in [28 29] for the kinetic
process are not adapted anymore. We will rather rely on a different approach to prove Item 1.
This approach, which is explained in details in Section [2.1.1] is fundamentally based on the energy
splitting Equation together with the analysis of the behavior of the process at low and at high
energy H (where H denotes the Hamiltonian of the processes).

On the other hand, to ensure existence of quasi-stationary distributions and exponential convergence
to it, we also have to prove

1E.g. 00 may have corners and/or may contain points at which it does not satisfy the exterior sphere condition.
Worst geometric situations can also occur for the boundary of such domains.
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3. Enhanced exponential integrability of hitting times of larger and larget sets (see the condition
(C3) below).

The second main contribution of this work is that we consider singular potentials V' for both processes
and ensure that Item 3 still holds. To this end, we have in particular to construct Lyapunov functions
satisfying a strong return from oo (see (C3)). The Lyapunov functions we construct are bounded
from above by Cexp(cH?), for § € (0, 1], where we recall that H denotes the Hamiltonian of the
processes. It will turn out that for singular potentials V' and for the generalized Langevin process,
a right choice of Lyapunov function is ¢, where F is the modified Hamiltonian introduced in [24]
(see Section [3)). However, for the Nosé-Hoover process (1.5)), the Lyapunov function introduced in [32]
does not satisfy (C3), and for that reason we modify it to obtain the asymptotic return from oo in
the position variable x and also to obtain smaller Lyapunov functions.

The starting point of our analysis is [28, Theorem 2.2] when we will consider the generalized
Langevin process, whereas, for the Nosé-Hoover process, we will rely on a more general result, namely
Theorem (stated and proved in Section [4.3). This extension is required since the Nosé-Hoover
process does not satisfy the condition (C5) (defined at the end of Section [1.1.3]).

The approach used in this work (see Section is particularly well-suited to checking the regu-
larity conditions (C1), (C2), and (C4) on actually any kind of subdomains 2 C R! for solutions to
SDEs in R' with non smooth drifts (see also Remark . In particular, we can improve, using this
approach and the tools used in this work, the existing results on the kinetic Langevin process [29, The-
orems 2.4 and 3.2] with singular potentials, as well as those obtained [48]: they are valid without any
regularity assumption on the boundary of the subdomain 2 (see respectively Theorems and
below) and when the drift is only locally Lipschitz. As explained, such extensions are of real interest
to match with the non smooth domains, namely the basins of attraction Ay (z*) of & = —VV(x),
on which is considered the quasi-stationary distribution in practice. We also refer to Theorems 5.3
and when elliptic processes are considered.

We finally mention that the tools used in this work will be also employed in a future work to study
the existence and uniqueness of (quasi- or not) stationary distributions for SDEs with different kinds
of noises.

1.1.2. Related results. The ergodic properties of the nonkilled semigroup of the generalized Langevin
process is now well-known, see for instance [59, 58, [61], 42, 27, [24] and references therein (see also [0} [54,
34]). On the other hand, the long time behavior of nonkilled semigroup of the Nosé-Hoover process
has been studied in [32], where we also mention that the case of Lennard-Jones type potentials is
also considered there (see also [43] for a similar study for the adaptive Langevin process, through a
hypocoercivity analysis). We also refer to [5] (resp. [I7]) where the metastable behavior of the process
(1.4) (vesp. (1.5)) has been studied through the derivation of sharp asymptotic equivalents in the
small temperature regime of the smallest eigenvalues of its generator (see also [31]).

Several general criteria have been introduced in the mathematical literature to ensure existence and
uniqueness of quasi-stationary distributions, see [53] [[3] and references therein (see also the recent
works [2, [74, [68]). When dealing with biological systems, we refer e.g. to [7, 21], 8 14, B35, 12]. As
already mentioned, quasi-stationary distributions for the kinetic Langevin process have been
studied recently in [28], 29] 48| [4] (see also [73]).

1.1.3. Notation. Let (Q, F, (Fi)i>0, P) be a filtered probability space (where the filtration satisfies the
usual condition). Consider (X;,t > 0) a time homogeneous continuous strong Markov process valued
in &, where & is a nonempty open subset of R*, & > 1. Let B(&) be the Borel o-algebra of &, bB(&)
the space of all bounded and Borel measurable (real-valued) functions f on &, C®(&) the space of all
bounded and continuous (real-valued) functions on &, and P(&) as the set of probability measures
on &. We will denote by Li’ilsc(é" ) the set of functions V' : & — R such that over &, V' is differentiable
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and VV is locally Lipschitz. The transition probability semigroup is denoted by (P;, ¢t > 0), i.e.
P f(x) = Ex[f(Xy)], [ €bB(&), x€ &. (1.6)

(P;,t > 0) will be referred as the nonkilled semigroup. The space C([0, 7], &) of &-valued continuous
functions defined on [0,77] is endowed with the sup-norm over [0,7]. When & is a nonempty open
subset of &, we denote by (P7,t > 0) the semigroup of the killed process (X;,¢ > 0):

P7f(x) = Ef(Xi)lico,], f E€WB(2), x€ D, (1.7)

where 04 = inf{t > 0, X; ¢ 2} is the first exit time of the process (X;,t > 0) from 2 ((PZ,t > 0)
will be referred as the killed semigroup). For W : & — [1,+00) and when & is open subset of &, we
define the set Pw(Z) as the set of probability measures v over 2 such that v(W) < +oo. We also
define bwB(Z) the Banach space of measurable functions f : 2 — R¢ such that f/W is bounded
over Z (its norm is denoted by || f|lw = sup, | f/W|). We finally denote by (£,D.(£)) the extended
generator of (X;,t > 0) (for a definition, see |28 29] and references therein).

As already mentioned, to prove existence and uniqueness of quasi-stationary distributions for the
generalized Langevin process, we will use [28, Theorem 2.2 (for the Nosé-Hoover process, we will
use an extension of [28, Theorem 2.2], see Theorem below). To this end, we recall the conditions
introduced in [28] which ensure existence and uniqueness of the quasi-stationary distribution as well
as the exponential convergence in Py/»(Z) towards this quasi-stationary distribution:

(C1) There exists to > 0 such that for each t > to, P, is strong Feller.

(C2) For every T'> 0, x € & — Py(Xjo,r) € -) (the law of Xjo 1) := (Xi)ieo,r) is continuous from
& to the space P(C([0,T],&)) of probability measures on C([0,77], &), equipped with the weak
convergence topology.

(C3) There exist a continuous function W : & — [1, +00), with W € D, (L), two sequences of positive
constants (r,) and (b,) where r, — 400, and an increasing sequence of compact subsets (K,,)
of &, such that

—LW(x) > r,W(x) — b,1k, (x), quasi-everywhere.

(C4) For all t > 0 and all f € C>*(2), PZf € C*(2).
(C5) There exists t; > 0, for all t > ¢, x € 2 and nonempty open subset O of 2, P7(x,0) > 0. In
addition, there exists xg € Z such that Py, (04 < 4+00) > 0.

We recall also the definition of a quasi-stationary distribution (see for instance the classical text-
book [16]).

Definition 1.1. A quasi-stationary distribution of the Markov process (X, t > 0) in the domain 2
is a probability measure on 9 such that py(A) = P, (X € Alt < 09),Vt > 0, VA € B(Z), where
B(2) = {Aﬂ 2,A ¢ B(éa)}

We end this section by recalling a powerful general convergence result which will be used many
times in this work.

Proposition 1.2. (|76, Lemma 3.2]) Assume that a sequence of random variables (Y,)n>o0 defined
on a probability space (0, F,P) with values in a Polish space . converges in P-probability to Y.
Assume also that there exists a fixed probability measure p s.t. for all n > 0, the law of Y, writes
P.[Y, € dX] = p,(x)u(dx). If (pn)n is uniformly integrable w.r.t. p, then as n — +oo, f(V,) — f(Y)
in P-probability for all measurable function f: . — R.

1.2. Quasi-stationary distributions for the generalized Langevin process. In this section,
we study existence and uniqueness of the quasi-stationary distribution for the generalized Langevin
equation ([L.4). We first consider in Section [1.2.1] the case when N = 1 and V'V is locally Lipschitz on
R (see Theorem. In Sectionm we then consider the case of N > 2 particles evolving according
to the generalized Langevin equation and interacting through singular potentials (see Theorem .
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The proof of Theorem when N =1 and when VYV is locally Lipschitz over R? is very instructive,
which explains our choice to split this section.

1.2.1. Generalized Langevin process with locally Lipschitz drifts. In this section, N = 1 and V :
R? — [1,4+00) (thus Oy = R?), and we consider the process (X; = (x4, vy, 2),¢ > 0) solution in
& = R x R x R? to the generalized Langevin equation when N = 1 (see Proposition .
Recall that A\, > 0, v > 0. The basic assumption of this section is the following.

Assumption [Viec]. N =1 and V : R? — [1, +00) belongs to Li’ilsc(Rd). In addition V' is coercive
(i.e. V(z) = 400 as |z| = +00).

In the following, we simply denote R? x R% x R¢ by R3*?. We denote the Hamiltonian function of
the process by
How : (2,0,2) € B¥ o V(2) + Sof? + ]2f% (1.8)
and its infinitesimal generator
Lono=v-Vi+ (=0 =V, V+XA2) -V, +7A, — (az+ M) -V, + aA,. (1.9)

Proposition 1.3. Assume [Vioc]. For all xo € R3?, there ewists a unique strong solution (X; =
(2,04, 2),t > 0) to (1.4) such that Xo = x¢ (this process is denoted by (X¢(xo),t > 0)). In addition,
(Xt(x0),t > 0) is a strong Markov process.

Proof. Note that the coefficients in are locally Lipschitz. The proof of the non explosion is very
standard, but we write it since Equation ({1.10) will play a key role in this work. Let ¢ > 0 such
that LorHar, < cHar, over R34 Set for R > 0, 04, := inf{t > 0,X; ¢ %}, where #% = {x €
R3? Hgr(x) < R} is open and bounded (since V is coercive). Since Hqr(X,,, ) = R, it holds by the
It6 formula, for all x € %, R > O:

O AR

PX[O'(yfR S t] S HGL(X), Vit Z 0. (1.10)

ect
R
The proof is complete. ]

In addition to [Viec], we will assume the following growth condition on V', which basically implies
that V(z) behaves like |z|* as |z| — +oo, for some k > 1.

Assumption [Vpoly-zt]. In addition to [Viec|, there exist k > 1 and My, ry,cy > 0 such that for all
z € R with |z| > ry:

cylz|® < V(z) < Mylz|* and cy|z|f < 2 - VV(z).
When v = 0, we assume moreover that |VV (z)| < My |z|*~t if |z| > ry.

The first main result of this work is the following (see also its note just below).

Theorem 1.4. Assume [Vioe] and [Vpoly-2+]. Let 9 = 0 x R? x R? where O is a subdomain of
R? (not necessarily smooth neither bounded) such that R\ O is nonempty. Assume moreover that
k€ (1,2] when v = 0. For§ € (1 — B)/k,1] fized, let W; : R3*? — [1,4+00) be the Lyapunov function

defined in (2.22)) where the parameter B > 0 satisfies (2.26) if v > 0, and (2.28]) when v = 0. Then,
P,(0g < +00) =1 for allx € Z, and for all p € (1,400),

i) There exists a unique quasi-stationary distribution ug) for the process (1.4) on 2 in the space
it) There ezists )\(@p) > 0 such that for all t > 0, the spectral radius of P? equals

; (@
rSP(PtQ|bW1/pB(—@)) =e Mot
5
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In addition, for all t > 0, ,u(oj)Pt@ = e”\g)tug) and u(gf)(O) > 0 for all nonempty open subsets
O of 2. Furthermore, there is a unique continuous function ©® in by B(Z) such that
8
(»)
0P >0 0on 2, ,u(@p)(go(p)) =1, and P7¢® = e 7P on 9, Vit > 0.
i11) There exist M > 0 and C > 1 such that:

wl/p
sup |Py[Xt e Alt <og] — ,u(gp)(A)‘ < Ce—MtV( ;)

NVE>0,Yv € Poap(D).
AeB(2) v(p®) W‘s/( )

Comments on Theorem . Let us recall (see [28]) that u(gp) is independent of p, i.e. ug) = ,u((;)

and )\(9;]«)) = )\(@q) for any p,q > 1. We now discuss how to choose § > 0 depending on the values of the
growth parameter k£ > 1 of V' in [Vpoly-*], and how Ws behaves at high energy.

- When v > 0 (resp. v = 0) and holds (resp. holds), there exists ¢ > 0 such that
Ws < exp[c’E?], where E(x,v, 2) = 1+ |z|* + |v|? +|z|*>. Hence, the smaller § € ((1—3)/k, 1] is
(see ), the smaller W; is. Moreover, for any probability measure p(dx) = g(x)dx s.t. for
some k,7, K,R >0, g < K exp[—+E"] on {x € R* E(x) > R}, it holds: [ga, WP (x) u(dx) <
+o0 for any r > 9 and p > 1.

- Let us first consider the case when v > 0. In view of , when k£ > 2, one can choose any
6 € (0,1) in the definition of Wy in (2.22). Indeed, in this case min(1,k/2,k — 1) = 1 and
therefore 5 > 0 can be chosen as closed as desired (from below) to 1. Let us now consider the
case when v = 0 (recall in this case that k € (1,2]). When k£ =2, 8 = 1 and therefore one can
choose any § € (0,1) in the definition of Wy in (2.22)).

The proof of Theorem [1.4]is given in Section [2]

Extension to non gradient force fields. In several cases in molecular dynamics the force field —VV
is subject to nonequilibrium perturbations (the dynamics is then said to be out of equilibrium [67, 49,
40]), and this the setting we would like to treat here. To this end we consider the following assumption
on the force field.

Assumption [bnon-gradient]. The vector field b : RY — R? decomposes over R as b = —VV + £,
where: V' satisfies [Vpoly-2*] and £ : R? — R? is a locally Lipschitz vector field such that for all
z € R, |€(x)] < C(|x|*=V/2 + 1) for some C > 0.

Theorem 1.5. When [bnon-gradient] is satisfied, Theorem 1s still valid verbatim for the process
(Xt = (m4,v4,2),t > 0) solution to the generalized Langevin equation

d.Tt = 'Utdt
d’Ut = b(.Tt)dt — ’Y’Utdt + )\tht + 2’}/ th
dz; = —azdt — Avdt + V2o dB;.

Theorem [I.5] is proved in Section [2.4]

1.2.2. Generalized Langevin process: extension of the results to singular interaction potentials. In this
section, we extend the results of the previous section to a system of N > 2 particles X; = (4, v, 2¢) €
R x R x R whose positions x; = (z},...,2) € R¥ velocities v; = (v},...,vN) € R¥, and
noises z; = (z},...,2") € R¥ evolve in time ¢ > 0 through the generalized Langevin equation
and which interact through singular potentials (note that we simply write R for (R?)"). Let us
more precisely introduce the assumptions on the potential function V : R¥Y — R.

Assumption [Vcoercive]. The set Oy = {x € R¥ V(z) < +oo} is a subdomain of R™ and
V : Oy — [1,400) belongs to LI'°°(Oy). In addition, for all R >0, ¥4 = {y € RN V(y) < R} has

Lip
compact closure in Oy . Finally, |VV (x)| — +o00 when V(z) — +o0.
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Recall that the state space is & = Oy x R¥ x R, Note that under [Veoercive], V is coercive:
if Oy is unbounded (resp. bounded), V' — 400 if and only if 2 — {oo} U 9Oy (resp. z — 9O0y).
Without loss of generality, we can thus assume that V' > 1 over Oy and consequently Hgp, > 1 over
&. Assumption [Vcoercive] is more general than [Viec| since it allows to consider singular potentials.

To prove existence and uniqueness of quasi-stationary distributions in weighted spaces (see The-
orem below), the starting point is [28, Theorem 2.2]. The strategy will thus consists in proving
(C1)—(C5) for the process (L.4). Assumptions (C1), (C2), (C4), and (C5) will be proved for the
process when [Veoercive] holds. However, to construct a Lyapunov function satisfying (C3), we
will impose more explicit assumptions on V' than [Vcoercive] (see [Vsingi] below), that we introduce
now.

For ease of notation we simply denote by {2’ # 27} the set {x = (2!,... 2") € R¥® 2! # 27 if | #
j}. Since what matters in this section is to treat the interaction potential part of the potential V'
of the system, we will assume that the confining potential is the simple quadratic function (see also

Remark below for extensions).

Assumption [V-2]. The confining potential V. is the quadratic function on RY, ie. Vi(y) =
aolyl*/2, y € R4 ay > 0.
Assumption [V-int]. The interaction potential Vi : R® — R satisfies Vi(0) = +oo. In addition,
there ezist B, 8 > 0 and a symmetric function ® € Li’ilsC(Rd \ {0}) s.t.
B

Viy) = G +®(y), for ally € RT\ {0}.
Furthermore, there exist ro,Co,ce > 0, and 0 < qp < B + 1, such that ® and V® are bounded on
{y e R, [y > 1o}, and [VO(y)| < i + co and limy, o |y|*|®(y)| = 0.

y|®

Note that V; is a symmetric function. Assumption [V-int] covers the cases of singular potentials used
in molecular dynamics, namely: the Lennard-Jones potentials Vi(y) = c1/|y|'* — c2/|y|® as well as
Coulomb potentials Vi(y) = c3/|z|¢"? when d > 3 (¢, ¢z, c3 > 0). Note that in many applications in
molecular dynamics, d = 3.

Assumption [Vsingi]. d > 2 and the potential function V : RN — R writes

N N
Vie) =) Vel@)+ Y Wiz —2!)+ Vp(a), (1.11)
i=1 ij=15i<j
where Vy, € L (RY), supp(Vp) C {2 # a7}, Wi satisfies [V-int], and V. satisfies [V-2].

When [Vsingi] is satisfied, it holds:

(1) {V < 400} = {2* # 27} which is open and connected (since d > 2). Hence
Oy = {a' # 27},
(2) V € Li*(Oy).
(3) V is coercive on Oy, i.e. V(z) = +oo if and only if |z] — 400 or for some i # j, |x* — 27| — 0,
that we write © — {oo} U 0Oy Therefore, in this case:

Haow(x) — +oo if and only if x — {oo} or  — 90O0y.

(4) |VV| is coercive on Oy (by [33, Lemma A.1]).

Note that [Veoercive] holds when [Vsing1] is satisfied. We have assumed that d > 2 in [Vsing1] for
convenience: all the results stated under the Assumption [Vsing1] extend trivially to the case when
d = 1 provided to choose in this case Oy as a connected component of {V < +oo}.
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Proposition 1.6. Assume that V' satisfies [Vcoercive]. Then, for all xo € &, there exists a unique
strong solution (X; = (x4, v, 2¢),t > 0) to (L.4) such that Xy = %o and such that a.s. Xy € & =
Oy x RN x RN for all t > 0. In addition, (X;(xo),t > 0) is a strong Markov process.

Proof. Proposition follows from the fact that LaopHar < cHer, over & for some ¢ > 0. We also
mention that this inequality implies the key inequality Pylos, < t] < % Har(x) valid for all x € 2%
and t > 0 (04, = inf{t > 0,X; ¢ A%} is the first exit time from the open and bounded set
Hp = {X€R3dN,HGL(X) <R} Cg) OJ

The main result of this section is the extension of Theorem to the case of singular potentials V':

Theorem 1.7. Assume [Vsingl]. Let € be a subdomain of Oy such that Oy \ @ is nonempty, and
set 9 = 0 x RY x R Let also 6 € (0,1]. Then, for all p € (1,+00), Items i)—iii) in Theorem (1.4
are valid verbatim for the killed semigroup (P7,t > 0) of the process (X;,t > 0) solution to (1.4
over & = Oy x R™ x R (see Proposition [1.6) with the Lyapunov function W : & — [1,+00)
defined in (and which satisfies the upper bound (3.4)).

The proof of Theorem [1.7] is made in Section

Remark 1.8. Let us mention that when vy > 0 (resp. v = 0), with minor changes in the proof of (C3)
in Section[3, one deduces that Theorem is still valid when Vi, satisfies [Vpoly-zt] (resp. when V,

satisfies [Vpoly-2*] with k € (1,2]), and for 6 € (1 — B)/k, 1], see (2.26)) and (2.28)) for the definition
of 5.

1.3. Quasi-stationary distribution for the Nosé-Hoover process.

1.3.1. Main result. In this section, we consider a system of N > 2 particles with positions z; =

(z},...,2Y) € R™ and velocities v; = (v},...,v)) € R¥ evolving according to the Nosé-Hoover
process (|1.5)) where V' satisfies [Vcoercive]. Recall that the state space is
& =0y x R™ xR, (1.12)

The Hamiltonian function of the process (|1.5)) is denoted by
1 1
HNH : (33,1),3/) EgHV($)+§|U‘2+§‘y’2, (113>
and its infinitesimal generator by
Ly =v-Vo—(y+7)v-V,—VV -V, +9A, + (Jv|* — dN)0,. (1.14)

Proposition 1.9. Assume that V' satisfies [Vcoercive]. For all xo € &, there exists a unique strong
solution (X; = (x, v, y1),t > 0) to (1.5) such that Xog = xg. In addition, a.s. X;(xo) € & for allt > 0,
and (X¢(xo),t > 0) is a strong Markov process.

Proof. Since for some ¢ > 0, LygHxg < cHyg over &, the proof is the same as Proposition [1.3]
and thus omitted. Again, one has PyJo,, < t] < e—;f Hau(x) for all x € % and t > 0, where
ox, = inf{t > 0,X; ¢ A%} is the first exit time from the open and bounded subset % = {x €
R2dN+1, HNH(X> < R} C é&. O

As already explained in the introduction, to prove existence and uniqueness of quasi-stationary
distributions in weighted spaces (see Theorem below), the starting point is Theorem below.
Assumptions (C1), (C2), (C4), and (C5’) (defined at the beginning of Section [4.3) will be proved
when [Veoercive] holds. To prove (C3), we will rely on the work [32]. For that reason, we impose
similar extra assumptions on the potential V:

Assumption [Vsing2]. The condition [Vecoercive] holds with in addition: V € C*(Oy), and for some
Ce(1,2) andd € (1/2,1]:
2—¢
|HessV ()] 0 and IVV (x)]

V@R RS oo when Vi(a) > o0 (1.15)
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Note that if there exists such a ¢ € (1,2), then § = 1 always satisfies the second condition in (|1.15]).
As it will be clear, the better §’s are those closed to 1/2, since much smaller Lyapunov functions can
be constructed in this case.

Assumption [Veoercive| differs from Assumption normal in [32] since: (i) V' is much less regular
(ii) we have an extra condition in ([1.15)) (namely the one involving § > 0), and (iii) because we do
not assume that | p e~Mut)dx < 400 (since this will be automatically satisfied, see Remark .
The last (extra) condition involving § > 0 in (|1.15)) will be needed in order to build smaller Lyapunov
function than in [32]. Indeed, with such a 6 > 0, we will build Lyapunov function W such that
W < e<’Hu on & for some ¢ > 0 independent of § > 0.

Remark 1.10. It will be shown in this work that the nonkilled process (P, t > 0) is strong Feller
and satisfies the topological transitivity [77, Eq. (2.2)]. In addition, under [Vcoercive|, there exists a
Lyapunov function W over & such that LxgW < —c + bl (see [32]). Therefore, since the measure
Linss (dX) = e~ MNaMdx is invariant, P e~ dx s finite.

The main result of this section is the following and provides existence, uniqueness of the quasi-
stationary distribution of the Nosé-Hoover process (1.5) in a domain 2 = ¢ x R¥ x R (as well as
the exponential convergence towards this quasi-stationary distribution).

Theorem 1.11. Assume that V' satisfies [Vsing2]. Let § € (1/2,1] be as in the last condition in (1.15)).
Let 2 = 0 x R¥™N x R where O is a subdomain of Oy such that Oy \ € is nonempty. Then, for all
p € (1,400), Items i)—iii) in Theorem are valid verbatim for the killed semigroup (PZ,t > 0)
of the process (X;,t > 0) solution to (1.5 over & = Oy x R¥™ x R (see Proposition , with the
Lyapunov function Ws : & — [1,400) defined in (and which satisfies the upper bound ([4.18))).

Theorem [[.11] is proved in Section [

1.3.2. On Assumption [Vsing2]. In this section, we provide some examples of singular potential func-
tions used in molecular dynamics which satisfy [Vsing2]. To this end, let us consider a potential V' of
the form (|1.11)) where:

- The perturbation potential V;, € C%(Oy).
- The confining potential V. is C? over R? and behaves at infinity as |z|* with k > 1.
- Either 1§ = 0 over R (in this case, Oy = R) or V; satisfies [Vint] with ® € C2(R?\ {0})
(in this case, Oy is given by {z' # 27}).
As already seen, Assumption [Vecoercive| is satisfied. Since in addition (kK —2)/(k — 1) < 1 and
1 < (B+2)/(B+1) < 2, the first condition in ([1.15]) is also always satisfied for any ¢ € (1+ ﬁ, 2) (use
also [33, Lemma A.1]). The last condition in (L.15]) writes § > max[1/2,1—%2(2—(),1- %(2 —Q)]-

Note that 2 — ¢ € (0 i) The best choice of ( is to take it small enough such that 2 — ( is closed

» BF1
(from below) to % In conclusion, [Vsing2] holds in this case if
k=1 8
1/2,1- =] <d<1.
max[/Q, B <6<

If 8 > 1, by choosing the external potential V, such that & > 1, this previous condition simply
becomes empty, i.e. one can choose any 6 € (1/2,1].

2. GENERALIZED LANGEVIN PROCESS: PROOF OF THEOREM [L.4]

This section is dedicated to the proof of Theorem (see also Subsection for the proof of
Theorem . We recall that we will rely on |28, Theorem 2.2] and, the strategy thus consists to show
that (C1)—(C5) hold.

In all this section, we assume that [Vioc] holds.
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2.1. On the conditions (C1), (C2), and (C4). Assumption (C2) is proved in Section [2.1.2] and
(C1) and (C4) are proved in Section [2.1.3] (see Proposition [2.3] Theorem 2.6, and Proposition [2.7).
We first provide in Section [2.1.1|explanations of the method we use in this work to check the regularity
conditions (C1), (C2), and (C4) for the process as well as for the process (L.F)).

2.1.1. The energy splitting approach to prove the reqularity conditions. In this section, we explain the
strategy developed in this work to prove (C1), (C2), and (C4) in a weak regularity setting.

On condition (C1). We first observe that if V € C*(R), using the Hormander’s theory, it is
straightforward to deduce (C1). When VV is only locally Lipschitz, one must argue differently.
When v > 0, thanks to the global Girsanov formula , we can make the non smooth term VV
appear only in the so-called Doléans-Dade exponential. With this formula, the proof of (C1) relies
on tools from the theory of SDEs. When v = 0, we cannot argue as previously. This is because there
is no Brownian motion anymore in the velocity variable v; in . As explained in the introduction
above, we will thus adopt a different approach to prove (C1) (and also (C4)).

This approach is based on a rather natural strategy which can be summarized as the study of the
behavior of the process at low and at high energy Hgr, w.r.t. initial conditions in the compact sets.
To explain this approach, the starting point consists in splitting the measure P,[X; € -] as follows:

P X, €| =PuX; €00, <t]+Py[X; €t <o) = pl()+05(). (2.1)

The asymptotic behavior of the function R + pZ(-) as R — +oo uniformly w.r.t the initial conditions
in the compact sets provides the behavior of the process w.r.t high energies Hgy,, while the continuity
property of x — 0£(-) at fixed R > 0 describes the behavior of the process at low energy w.r.t the
initial conditions. The approach then relies on the observation that (C1) holds if

RhT pE(-) = 0 uniformly w.r.t. x in the compact sets (2.2)
— 400
and if for all R > 0,

x + 0(-) is continuous for the 7-topology over .#%, (2.3)

i.e. for the topology corresponding to convergence against test functions f € bB(#%). Equation
is in our setting a consequence of which we recall, follows from the fact that Lo Har < cHgr.
The behavior of the process at low energy (namely ) is trickier to deduce. It will be obtained
combining mainly two general ingredients: the powerful convergence result Proposition which,
we recall, requires in particular uniform integrability of the transition probabilities, and the uniform
continuity of the distribution functions near 0% of exit times from R3?balls uniformly w.r.t the initial
conditions (see Lemma . The Markov property of the process will be also fully exploited.

On condition (C4). The proof of the continuity of the mapping x — Py[X; € -, < 04| (i.e. the
proof of (C4)), where Z = & x R™, requires extra analysis since it involves to study the continuity
property of x — o4(x). The techniques developed for the kinetic Langevin process in [28, 29]
(see also [47, 148]) to prove (C4) require & N Oy to be C?. These techniques cannot longer be used
without regularity assumption on 9d&. To prove (C4), we will use the energy splitting approach
(so-called because based on the energy splitting Equation (2.1))) described previously. However, we
mention that to check (C4), we have to study the distribution functions near 0" of exit times from
R?-balls uniformly w.r.t the initial conditions, which is the purpose of Lemma

We mention that the energy splitting approach is also used at many other places in this work, and
in particular it is the starting point for the proofs of:

- Lemma [2.4] as well as in the proof of (C2) (see the proof of Proposition [2.2)).
- Conditions (C1), (C2), and (C4) for both the generalized Langevin process (|1.4) and the
Nosé-Hoover process (1.5) when V' is a singular potential (see the proofs of Proposition ,

Theorem , and Proposition .
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Remark 2.1. Finally, we mention that the energy splitting approach can be also applied to solutions
of other SDEs as soon as there is a Lyapunov function V such that LV < ¢V (¢ > 0, and L being the
extended generator of the process). What replaces H in this case is the energy V.

2.1.2. On Assumption (C2). In this section, we check Assumption (C2).

Proposition 2.2. Assume [Vioc]. Let t > 0 and (x,), in R3® such that x, — x € R as n — +oo.
Then, for all e > 0, Plsupseioy | Xs(xn) — Xs(x)| > €] = 0 as n — +oo. In particular, Assumption
(C2) is satisfied.

Proof. We denote by a the drift of the equation ([1.4]), namely for x = (z,v, z) € R3,

v
a(x)= [ —-VV(z) —yv+ Az
—az — v

Note that a is a locally Lipschitz vector field over R3?. Let Ry > 0 such that x,,,x € 5 = {x, Hgr(x) <
R} for all R > Ry and n > 0. In the following we assume that R > Ry. By Gronwall’s inequality, we
have for all R > Ry, when t < 0.4,(X) A 06, (Xn),

sup | X,(x) — Xo(x0)] < [x — X, |28,

s€[0,t]
for some agr > 0. Thus, one has for all ¢ > 0 and R > Ry, as n — o0,

pn(R) == P[ Sl[lp} | Xs(x) — Xs(%n)| > €, < 0,(x) A U%)R(xn)] — 0.
s€(0,t
Consequently, it holds:
P[ sup |XS(X) - Xs(xn)| = E:|
s€[0,t]

=p.(R)+ P[ Sl[lp] | Xs(X) = Xs(xn)| = €, > 0p,(x) A J%R(xn)}
s€l0,t

< Pa(R) + Pt > 05, (%) A 0r (%))
< Pu(R) + Pt > 0, (x)] + Pt > 0,(x0)]

ct

< Pu(R) +2R0 .

where we have used (1.10]) to get the last inequality together with the fact that Hgp(x,) < R and
Haorn(x) < Ry. Let us now consider § > 0 and € > 0. Pick Rs > 0 such that 2R0;% < ¢/2. For this fixed

Rs, pn(Rs) — 0 as n — 400, and thus, there exists Ny > 1 such that for all n > Nj, p,(Rs) < /2.
The proof of the proposition is complete. OJ

2.1.3. On Assumptions (C1) and (C4). In this section, we prove that (C1) and (C4) are satisfied
for the process (1.4) when [Viec] holds.

On Assumption (C1). In this section, we prove (C1).
Assumption (C1) when v > 0.

Proposition 2.3. Assume [Vioc] and v > 0. Then, the nonkilled semigroup P; of the solution to the
generalized Langevin equation (1.4)) is strong Feller for every t > 0.

The proof of Proposition we give below actually only requires that V' is coercive and is differ-
entiable, and that VV is just continuous (and in this case, one rather considers the weak solution to

().
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Proof. Let (X? = (29,09, 29),¢ > 0) in R?*® be the strong solution to the stochastic differential equation

dz? = vdt, dv) = \/2vdW;, dz) = V2« dB;. (2.4)

We denote by F the following vector field over R?*® and by X the following square constant matrix of

size 2d:
[V V(z) = v+ Az (V27 IR 0
F(x)-( e ) andE—( 0 V2a I )

Arguing as in [(7, Lemma 1.1], the following Girsanov’s formula holds for all T > 0,
dP,
_ 2.5
Tl =1, (2.5
where P, (resp. P?) is the law of (X;(x),t > 0) (resp. of (X?(x),t > 0)), and for ¢t > 0,

My(x) = exp [/Otg—lp(xg(x)) - dw, — %/Ot \g—lF(XS(X))pds},

is the Doléans-Dade exponential (true) martingale, and w, = (B, W,)7.

Fix t > 0. By (2.5)), P, is strong Feller if z € R* — E,[f(X?).#,] is continuous, which we shall
prove now. Note that a.s. sup,cq|XJ(z) — XJ(x)] = 0 as z — x € R*. Note also that (X7, > 0)
has a smooth density w.r.t. the Lebesgue measure. Then, using Proposition [1.2] we deduce that for
any f € bB(R3Y), z € R3* — f(X?(z)) is continuous in P-probability.

On the other hand, z € R3*! +— .#,(z) is continuous in P-probability. Since F is unbounded and
not globally Lipschitz, we provide the proof of this claim. Set for R > 1,

ag(oﬁ)(z) = inf{s > 0, X%(z) ¢ B(0, R)},

where B(0, R) := {y € R*,|y| < R}. If |z| < VR, P.logor < 1] < h(R) = Plsup,y [Zw,| >
R — VR + P27 [y [Wi|ds > R—tVR —VR| = 0 as R — +c0. Let z, = z € R*, and R, > 1
such that |z,| + |z] < V/R,, ¥n > 0. Pick ¢ > 0. Let ¢ > 0 and R. > R, such that h(R,) < ¢/4.
Consider also a continuous bounded vector field Fg, : R3¢ — R*@ such that Fr, = F on B(0, R, + 1).
Set 8,(F) := | [} 7' [F(¢%(z.)) — F(q%(2))] - daw,|. Then, for all n > 0, the quantity P[d,(F) > ] is
bounded by

P[Ug(QRe)(Zn) N Jg(O,RE)(Z) <t +Po.(F) >¢c, t < Jg(O,RE)(Z) N Ug(QRe)(Zn)]

< Plogo,r,)(zn) < t] + Ploor)(2) < 1]+ P[6a(Fr,) > ¢, t < 0p(r,)(2) A Too.r,)(20)]

< 5 +Pl8.(Fr) > .

Since P[d,,(Fg.) > ¢] — 0 as n — +oo by well-known convergence properties of stochastic integrals,
we finally get that there exists N, > 0, for all n > N,, P[d,,(F) > ¢] < e. With similar arguments, we
also prove that the mapping x € R3? f; |F(¢°(x)))|?ds is continuous in P-probability. The claim
then follows applying the continuous mapping theorem.

Since in addition, E[.#;(x)] = 1 for all x, using the Vitali convergence theorem, z € R3*?
E,[f(X?).#,] is continuous. The proof of (C1) is complete when v > 0. O

Assumption (C1) when v = 0.

For x = (x,v,2) € R*, we denote by
Op)(X) = inf{t > 0,2,(x) & B(z,0)}, (2.6)

the first exit time for the process (z;(x), > 0) from the open ball %(z,d) in R? centered at z € R?
and of radius 0 > 0. When there is no confusion, we simply write it 04, ).

We start with two crucial lemmata which hold for any v > 0 and which will be fundamental to
prove (C1) when 7 = 0 and (C4) when v >0 .
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Lemma 2.4. Assume [Vioc] and v > 0. It holds for all compact subset K of R3** and § > 0,

lim  sup Pyloges < s]=0.
=0 o= (z,v,2)EK

We will perform the proof when v = 0 but, it is straightforward to adapt the proof to the case
v > 0.

Proof. Assume v = 0. Fix 6 > 0 and let Rx > 0 such that K C #%,. Let x = (z,v,2) € K and
R > Rg. We have using (1.10)), for all s € [0, 1],

Py 05ws < 5| < Pilosws) < 8.8 <o) + —=supHau(y).
R yeEK
In addition, it holds
Puosws) < 5.8 < 0] < Pulogws <8, |ws — 2] <8/2,5 < 0]
+ Pyflzs — x| > 0/2,5 < 0.,
Note that when Xo = x, 0545 < s, and |v, — x| < §/2, it holds |z, — 2, ;| > /2. Then, by the
strong Markov property:
P, [ng(w) <s lzs—x] < /2,8 < U%k}
|: PB(x,8) < S, |$s 370@(%5)‘ > 5/2a s < O—K}fR}
[ B(z0) < SFN{|xs — 5’70@(1,5)| >0/2yN{s < o} N{X, € IR, Vu € [O,Jgg(m)]}]

U,@(z 5) <81Xu€ /LdR VuG[O U@(z 5)}

X PXU‘%( 5) () () st T B(2,5) (X LC()’ > 5/2 S — 0B(z,6 )(X) < 0.(7KR}:| = p(X757R)'

Let us now consider € > 0. We choose R, x = 3e“sup,cx Haer(y)/e + Rg. Then, using (1.10), one
has for all x € K and s € [0, 1],

P, [agg(x,(;) < s] <p(x,$, Rer) + PXHxS —z|>9/2,s < J%REK} + % (2.7)

Let us now study the term p(x,s, R k). To this end, let s € [0,1] and let us consider an initial
condition z = (z,v,, 2,) such that ¥, € 0%(x,0), z € H%_,, and u € [0, s]. We now study the term
Pollos—u— 2 26/2,8s —u <o |

Note that z,_, =z, + [, " v, dt, and thus,

S—u t
Loy — Ty = / [UZ — / VV(xa)da] dt
0 0
sS—u t a
+ / [/ )\(zz + / [—az, — Avg]dh + \/%Ba)da} dt
0 0 0

Assume now that s —u < o, (2), ie.
Xn(z) € Hrp,_ for all h € (0,5 — ul. (2.8)

Let c.x > 0 be such that for all x = (v,v, 2) € Hg_,, [VV(2)| + x| < cx. We then have |z| < c. x
and, from (2.8)), |VV (x)|+ | Xwn(z)| < cex for all h € [0, s —u]. In what follows c. x > 0 is a constant
which only depends on € > 0 and K, which can change from occurence to another. Hence, when
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Xo=12 |25y — 2] > 2, and s —u < O, . (2), it holds since 0 < s —u < s <1
) s—u t
<oy — 2| < / o +/ YV (2,)]da] di
0 0
s—u t a
—I—/ [/ )\(|zz|+/ (o] 2| +/\|vh|]dh+\/2a|Ba|)da}dt
0 0 0
s t
< Cegs+ \/204/ / | B,|da dt,
0 Jo

and consequently v/2a fos fg |B,|da dt > % — CeiS. Set Scrs = 0/(4cek). For s € [0, s k5], one has
by Markov’s inequality,

s t
PZ[|xs_u—xZ| Z5/2,S—U<O%R€K} SP[\/Z&/ / | B, |du dt > zél] < m,,
’ 0 Jo

where m; = 2s%v/2a /§. Hence, we deduce that for any s € [0, s k.5,
p(X, S, RE,K) S ms.

With the same arguments, up to choosing s.xs > 0 smaller, for every s € [0,s. k], it holds
SUDye e Pul|zs — 2| > 6/2,8 < O_(}fREK] < m,. Coming back to (2.7, we have thus proved that

for all compact set K C R3?, § > 0, € > 0, there exists s. x5 > 0, for all s € [0, s. k5], and all x € K,
P, [0':@(%5) < 3} < e. The proof of Lemma is complete. O

Let b : R? — RY be a globally Lipschitz vector field. Introduce the unique strong solution (X; =
(Z¢, 0y, Z¢),t > 0) to (1.4) when VV replaced by b, i.e. the solution to:

di‘t - @tdt
dvy = b(Zy)dt — YOdt + Az dt 4 /2y dW; (2.9)
dgt = —Odgtdt — )\'I_Jtdt + vV 200 dBt

For x € R*!, we now denote by

Ta(xs) (x) = inf{t > 0, X,(x) & B(x,4)},
the first exit time for the process (X;(x),t > 0) from the ball B(x,d) = {y € R, |y — x| < §}. We
have the following result which will be used in the proof (C1).

Lemma 2.5. Assume [Vioc] and v > 0. Then, it holds for all compact subset K of R3¢ and 6 > 0,

lim sup Py, [0B(x,0 < 5] =0.
s—0t xo€K

Proof. Let r > 0 be such that the d-neighborhood Kj; of K is included in B(0,r). Since the drift
in is globally Lipschitz, there exists ¢ > 0, for all s € [0,1] and x € B(0,7), | X,(x)| <7+ (1 +
Jo 1 Xu(X)|du) + Y, where Y := sup,co1(|Bul + [W.|). Hence, by Gronwall’s inequality, [X,(x)| <
C(1+Y). We have Py, [0g(xy5) < 8] < Py, [x0.0) < 5, | Xs — Xo| < 6/2] + P, [| X, — Xo| > /2], and

PXO [5B(X075) S 87 |Xs - X(]’ < (5/2:|

<E, [1 ~ Xl > 5/2]]

58<xo,a>(Xo)SSP)_(&B(XO,a(xo)(Xo) “XS*'?B(xo,a)(Xo)
Let xg € K, x = (z,v,2) € 0B(x0,0) (= x € Ks), and u € [0,s]. It holds P,[|X,_, — x| > §/2] <
Pu[|Zsmu — ] > §/2] + Py[|0s—u — v| > 6/2] + Py[|Z,—y — 2| > §/2]. Moreover, there exists C' > 0,
Py[|Z—u — 2| > 0/2] < d, :=P[V2a SUPsefo,q |Bel + Cs(Y +1) > 6/2] — 0 when s — 0F. The other
terms are treated similarly to deduce the expected result. 0

We are now ready to prove the following result.
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Theorem 2.6. Assume [Vioc]. Let v = 0. Then, for everyt > 0, the nonkilled semigroup P; of the
generalized Langevin process (1.4)) is strong Feller over R3¢,

Proof. Let f € bB(R3?) and t > 0 be fixed. We want to prove that z — E,[f(X})] is continuous over
R
We write for x € R3 and R > 0 (see (2.1)):

E[f(X0)] = B (Xi)Lico,p, ] + Bl f (X)) 11z 0, |-

Since the open set 7z = {y € R% V(y) < R} is relatively compact and VV is locally Lipschitz, we
can considerﬂ a globally Lipschitz vector field by : R? — R? such that by = —VV in a neighborhood
of # . Let us then introduce the unique strong solution (X = (zf,of, zF),t > 0) to when
b replaced by bg and v = 0. Note that (z,v,z) € H#r = x € Pi. Therefore, the processes
(X;,t > 0) and (X[t > 0) coincides in law up to their first exit time from %%, and thus, denoting
by G, == inf{t > 0, X' ¢ H#%}, we deduce that:

E[f(X0)] = B[ f(X{)Lico ) + Exlf (X)) 10, |- (2.10)

Let us now assume that x, — x € R3?. Let Ry > 0 such that x,,x € Ry -
Let us now prove (2.3)), i.e. that for all R > 0, as n — 400,

E [f(X{)Lico ] = Exlf(X)Licoy, ] (2.11)
To prove , we first prove that the nonkilled semigroup of (X, ¢ > 0) is strong Feller, i.e. that
for all R >0,z € R* — E,[f(X[")] is continuous. (2.12)
Note that since by is globally Lipschitz, it holds as n — +oc:
s%p] | XE(x,) = XE(x)| = 0 in P-probability. (2.13)
sel0,t

Using again that bpg is globally Lipschitz over R, we can use [I8, Theorem 1.1] to deduce that for all
z € R*, X[(z) admits a density pf*(z,y) (w.r.t. the Lebesgue measure dy over R3?) which moreover
satisfies the following Gaussian upper bound:

pi(z,y) < Cffexp(—c{'|0/(2) — yP), (2.14)
for some CF, cf* > 0 independent of z,y € R, and where (0(z) = (x,(2), v/ (z), 2F(z)),t > 0) is the
solution for ¢t > 0 of the deterministic equation:

R _ R ;R R R 4R R R
x,' = v, v, =bp(x’) + A2/, 2 = —az, — v,

with initial condition 8{(z) = z.
On the other hand, since (x,), is bounded and z ++ 6[*(z) is continuous (because by is globally
Lipschitz), it follows that there exists K > 0 such that for all n, |87 (x,)| < K. Thus

P (s y) < Cf exp(cfK?) exp(2¢; K |y|) exp(—cily[*). (2.15)
Let pu(dy) = wexp(—|y|)dy (where =" = [exp(—|y|)dy), and set g/(z,y) = &' exp(|y|)p{(z,y). It
then follows from (2.15)) that as r — 400,

sup / G (xn, y)p(dy) — 0.
ly|>r

n

Consequently, for any f € bB(R3?), by Proposition , as n — +oo, f(XE(x,)) — f(XE(x)) in
probability, and then, because f is bounded, this convergence also holds in any rth mean (r > 1).

This proves (2.12]).

2See e.g. [52].
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We are now in position to prove Equation (2.11)). The proof is inspired from the one of [I5]
Theorem 2.2]. Let R > 0, K be a compact subset of 7%, t > 0, and ¢ := dist(K, 0.#%) > 0. Let also
0<s<t ze Ay, and f € bB(#%). Then, by the Markov property, it holds

Ez[f<XtR)1t<a%R] = Ez[ls<a3gR¢s(XsR)]a
where ¢4(2) = E,[1; 55, f(X{,)]. Therefore:

Sup (B[ (X L1, ] = Bl (X)) < /o Sup Pl < 5] < |l sup Pl < o]

which tends to 0 as s — 0T, thanks to Lemma , where
5§(z,5)(x) = inf{t > 0, X*(x) ¢ B(x,4)}.

Hence, using (2.12)), one deduces that z € 5% — E,[f(X[)1;<s ) 18 continuous.
We now conclude the proof of Theorem Consider € > 0. Thanks to ({1.10) and because Hgy, is
locally bounded, there exists R, > Ry such that

B [f(X) Lo, ]| + sup B, [f (Xi)Lizo,, 1] < €/2. (2.16)

Using ([2.11)), there exists N, € N such that for all n > N,
B [ (K Loy | — Bl (VLo || < /2.

Using (2.10) and (2.16)), for all n > N, |Ey, [f(X:)] — Ex[f(X:)]| < e. This concludes the proof of
Theorem [2.6] O

On Assumption (C4). Let us consider a subdomain 2 of R3¢ of the form
2 =0 x R x R,
where € is a subdomain of R%. Thanks to Lemma we can check (C4).

Proposition 2.7. Assume [Vioc]. Then, for all t > 0 and v > 0, P? is strong Feller. In particular
(C4) holds.

Proof. Pick a compact subset K of & and t > 0. Set § := dist(K,02) > 0 (where 0% = 00 x R® x
R9). One has for 0 < s < t, x € 2, and f € bB(2), P7f(x) = Ex[ls<0s,9s(Xs)], where g4(z) =
E,[1; s<0,, f(Xi—s)]]. By (C1), Pygs is continuous over R*!. In addition, it holds: sup,. |P7 f(x) —
Pogs(X)| < || flloo suPyer Pxlog < s] < || flloo Subyex Pxlos(zs) < 5] = 0 as s — 07, thanks to Lemma
. Thus P? f is continuous. O

2.2. On Assumption (C5). In this section, we check (C5). To do so, the well-known starting point
is the knowledge of the support of the law of the trajectories of the Brownian motion. To check (C5),
we thus construct suitable control curves. The details of the proof of (C5) will be given since VV' is
only locally Lipschitz. In all this section, Z = ¢ x R? x R? and € is a subdomain of R? such that
R\ O is nonempty.

2.2.1. The case when v = 0. To prove Assumption (C5), we will construct, for any 7" > 0 and any
two points xg, xp € 2, a so-called control curve [ € [0,T] — & joining x¢ to xp (this will be done using
local polynomial interpolations). Note here that we need to impose that the range of the control curve
7 lies in & to ensure the condition that ¢ < o4(xo) when Xjo11(xo) is sufficiently close to v on [0, T
(for the supremum norm over [0, 7).

We start with the following lemma.
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Lemma 2.8. Let us consider t, > 0, xg = (¢, Yo, 20) € Rg_d and x| = (x1,v1,21) € R3, Then, there
exists a smooth curve £ [0,t.] — R? such that £(0) = xq, £(0) = vg, £(0) = 29, £(t.) = z1, L(t,) = vy,
0(ty) = 21, and

sup [€(s) = @o| < Clzg — 1] + C(lvo] + [va))te + C(l20] + |21 ]2,
SGO,t*

where C > 0 is a universal constant.

In the following, we say that such a curve v joins xy to xr.

Proof. Choose £(s) = ZZ:O cps® where ¢y = xg, ¢1 = v1, o = 29/2, 3 = —10x0/t3 — 6vy/t2 —
Cy = —6$0/t£ — 31)0/15;1 — Zo/(th) + 6.1'1/15? — 31)1/25;1 + Zl/(Zti) O

Lemma 2.9. Let us consider T > 0, xo = (%0, Y0,20) € &, and xr = (vr,vr,2r) € P. Then, there
exists a C* and piecewise C* curve [ : [0,T] — RY, such that 1(0) = xo, [(0) = vy, {(0) = 20, (T) = xr,
(T) =vr, (T) = 27, and

Ran(l) C 0.

Proof. The set @ is path-connected since it is connected and open in R Let ¥ : [0,7] — & be
an injective curve such that ¥(0) = 2o and ¥(7T) = 7. Let § > 0 be such that the closure of the
d-neighborhood Us of Ran(V) is included in &.

Let € > 0. Take a subdivision of Ran(¥) containing N, +1 € N* points {xo, x{, ..., 2% _, zr} with
|25 — 25,4 <€ 7 €10,..., Ne — 1} (with 2§ := 29 and zy, = 27).

Note that N, — +o00 as € — 0. Set now t¢ = T'/N,. Pick two unimportant points v, z € R%. By
Lemma [2.8 we can consider N, curves £5 : [0,t5] — R joining xo to x{ = (2§, v, 2), €5 : [0,t5] — R?
joining x{ to x§ = (x§,v, 2), ..., ly _; : [0,t] = R? joining x§,_; = (2%.__, v, 2) to xp. The curve [*
is then defined on [0, 77 by:

for all ¢ € [0, T, 1€(t) = £5(t — jto) if jtS <t < (j + 1)tS,j € {0,..., N, — 1},

and [°(T") = 7. Note that by Lemma [2.§] if € is small enough (say € < €), for all j € {0,..., N, —1},
Ran({5) C Us, so that Ran(l°) C &. The proof of the lemma is complete choosing any [, with
0 <€ <e. O

We are now ready to prove that Assumption (C5) is satisfied when v = 0.

Proposition 2.10. Assume v = 0 and [Vioc]. Then, for any T > 0, xo = (x¢,v0,20) € Z and any
nonempty open subset O of &, it holds:

P, [ X7 €0, T <oy > 0. (2.17)
Moreover, (C5) holds.

Proof. Pick xr € O. Using Lemma one can consider a C? and piecewise C?curve [ : [0,T] —» O
such that [(0) = xg, [(0) = vg, [(0) = Azo — VV (z0), (T) = a7, (T) = vp, (T) = Azr — VV (zr). Let
us then define the function h : [0,7] — R by

1 d
h(f) = —— =
Q A 2a dt
Note that h € £2([0, T}, R?) since t — [[+ VV(I)](¢) belongs to the Sobolev space W>°([0, T], R%).

Recall that the support (for the supremum norm over [0, 7)) of the law of the trajectory of the standard
Brownian motion on [0, 7] is the closure of the set

i+ VVOI), t€[0,T].

£3(10,7),RY) = {u: [0,T] — R, /T u?(s)ds < +o00 and u(0) = 0}. (2.18)
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Therefore, for all n > 0, P[A,] > 0, where A, := {sup,co 1 |B: — fo s)ds| < n}. Let us consider an

open bounded neighborhood V; of Ran(I) in R? such that V; C € (note that in particular xo,xp € V).
For all € > 0 small enough (say € € (0, ¢), ¢ > 0), the following two conditions are satisfied:

a. For any ¢ : [0, 7] — R such that sup 7 [¢(s) — I(s)| <€, Ran(c) C V.
b. For any x € R* such that x € B(xp, €), x € O.

Denote by Z; = Vi x R? x RY C 9. Let us consider a globally Llpschltz vector field by : R — R?
such that by = —VV in a neighborhood of V;. Recall (X} = (#}, v}, 2}),¢ > 0) is the solution to (2.9)
when b = b;. Note that P, [Xr € O,T < 04| > Py [Xr € O,T < 0@[] = P, [Xy € O,T < 54,
(where 74, is the first exit time of the process X' from ;). To prove , it is therefore enough to
show that P, [X} € O,T < 4] > 0, which is the purpose of what follows

Let (X7 = (22,05, zt) e Rt > O) be the solution to

dxy = vdt, dv] = by(x})dt + \z[dt, dz; = V2a dB;. (2.19)

Define f;(x) = —azp(x) — Avg(x), t > 0. Recall that since by is globally Lipschitz (see the beginning
of the proof of Lemma. for all x € R3¢ and T > 0, there exists C > 0, SupP,eqo 7y X2 < C(1+Yyp)
where Y 1= sup,c(o 7y | Bs|- Hence, for € > 0 small enough, E[e AP < CE[eCYT] < 400. Therefore,
one can use [25, Theorem 3.1 in Section 7] and [25, Theorem 1.1 in Section 7], to deduce that the law
of (X}, t € [0,T]) is equivalent to the law of (X7, t € [0,7]). Let us thus prove that P, [X5 € O,T <
75,] > 0 (where 09, := inf{t > 0, X} ¢ Z}).

Set n(t) = (I(t), (t), \"2(I(t) + VV (I(t)))), for t € [0, T]. Note that for ¢t € [0,T], h(t) = /\\/1% %['[-—
b()](¢). Then, using that by is globally Lipschitz and that n(0) = xo, it is straightforward to get that
SUD,[0,7] | X2 —n(t)] < Crnon A,. Choose n > 0 such that Cy < ¢. By Item a above, T < 75,. In
addition, since n(7") = xr, by Item b above, X7 € O. Therefore, P,,[X7 € O,T < &3] > 0. This
ends the proof of ([2.17).

Since R\ & # (), we also prove with similar arguments that for all z € 2, P,[o05 < +00] > 0. This
ends the proof of Proposition [2.10} O

2.2.2. The case when v > 0. In this section we prove the following result.
Proposition 2.11. Assume v > 0 and [Vioc]. Then, (C5) holds.

Proof. In view of (2.5)), it is enough to prove (C5) for the process (Xp,t > 0) defined in (2.4)). Let
T >0, xo = (%,v0,20) € Z, O be a nonempty open subset of 2, and xr = (xr,vr,27) € O. Let
also ¢ : [0,7] — R be C! and piecewise C? such that ¢(0) = g, ¢(0) = vg, ¢(T) = z7, ¢(T) = vr,
and Ran(e) C 0. Let u : [0,7] — R be a smooth curve with u(0) = 25 and u(T) = 2z7. Define
m(t) = (e(t),e(t),u(t)) (note that m(0) = xo and m(7T") = xg). For any n > 0, the event A, :=
{sup;com V2AW,— [y §| < n} O {supepo.r [V 2aB,— [, 1| < n} has positive probability (see ([2.18)). A
straightforward computation shows that when X§ = xo, Acjc,, C {supeio ) [X? —m(s)| < €} for some
Cr > 0. Hence, Py, [sup,cpo . | Xy — m(s)| < €] > 0. This concludes the proof of Proposition 2.11, [

2.3. On Assumption (C3). In this section, we construct two Lyapunov functions W5 : R3¢ —
[1,4+00) satisfying Assumption (C3), where 6 > 0 is a parameter to be chosen later.

Assume [Vpoly-#]. We define the vector field L as follows. Let y : R — [0, 1] be a smooth function
such that y(z) = 0 if |z| < 1 and x(x) = 1 if |z| > 2. We define J(z) = z|z|*x(z), B € [0,1].
Note that J is C! and the first derivatives of J are bounded over R? (because 8 < 1), say by C} :=
supga |Jac(J)]2 > 0 (where M|y := sup{|My]|, |y| = 1}, M € My(R)). One then sets:
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so that (and this will be used in the case v = 0 below),
¢, :=sup|Jac(L)|2s < N\/2. (2.20)
Rd

For all (z,v,2z) € R* b >0, and h,a > 0, we define (see (1.8)), Fo(z,v,2) = hHar(z,v, 2) + aL(x) -
v 4 bv - z. The parameter § > 0 will be chosen such that

glgg Fo € R. (2.21)
We then set Fgr, = Fg — infrs« Fg + 1 and

b _s5<u. (2.22)

W5 = exp [F‘SGL], where !

In the following, for ease of notation we simply write F for Fqr. Since F'=% > 1, a straightforward
computation implies that over R3?,

LW < )
Wg - F1-9
where LgLF = v - V,F+ (—yv — V.V 4+ X2) - V,F + vA,F — (az + \v) - V.F + aA,F. We also have
V.F(z,v,2) = hV,V + a Jac(L)(z) v, V,F(z,v,2) = bv + aL(z) + bz, and V.F(z,v,z) = hz + bo.
Consequently, one has for all (z,v, z) € R3%:
LaLF(z,v,2) = —=AbJv|* — vb|v|* + av - Jac(L)(z)v — yaL(x) - v — aVV (2) - L(2)
—ablz|? + Ab|z]* + Aaz - L(x) —ybv -2 — bVV(2) - 2 — abz - v
+bd(y + ) (2.24)

LanF + 63|V FP? + 60l V.F?). (2:23)

and
(67|VoF|? + 0| V.F|?) (2, v, 2) = dv|bv + aL(x) + bz|* + dalhz + bu|?. (2.25)
2.3.1. The case when v > 0. In this section, v > 0,
b=0,k>1,0<p<min(l,k/2,k—1). (2.26)
Let us now check (2.21)). Let py,qo > 1 such that 1/py 4+ 1/go = 1. Then, using [Vpoly-z*], for all

(z,v,2) € R, one has if |z| > ry:

ar ar
Fol,,2) > evblaf* + olof? + 0]zl — Lfapom — Ljoje

Pick € > 0 small enough such that py = k/8 —e€ > 1 and gy = (k — €8)/(k — ¢ — ) < 2 (which is
possible since the latter quantity converges to k/(k— ) < 2 as e — 07, by (2.26))). Note that Spy < k.
Thus, for any b, a > 0, there exist C,c > 0, for all (z,v,2) € R3,

Fo(w,v,2) > e(|z]* + [v* + |2]*) - C.
Thus (2.21]) holds. Note also that for any b, a > 0, there exist ¢/ > 0, for all (z,v,z) € R3?,
Fo(z,v,2) < (|z|* 4 |v|* + |2]* + 1). (2.27)

Proposition 2.12. Assume y > 0, [Vpoly-z*], k > 1, and (2.26)). Then, for any h,a > 0 small enough
(these conditions are made explicit in the proof), (C38) is satisfied with the function Wy defined in
(12.22)).

Proof. Recall that b = 0. Let (z,v,2) € R3 with |z| > max(2,ry). Using [Vpoly-2*], and
, one gets:
(LaLF + 67|V F2 + 6a|V.F|*)(x, v, 2)
< —b[v]? + a€|v|? + yar|z||v| — akcy |z
+ 20vh%v|? + 20va?|L(x)|? + Nar|z|?|z| — ab|z|? + dab?|z|* + dh(a + 7).
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Choose b > 0 small enough such that —vh+25vh? < 0 and —ah+dah? < 0. Then, choose a > 0 small
enough such that € a—~h+25vh* < 0. Fix now such b, a > 0. Recall that |z|°|y| < piola:\ﬂpo—l—qio]y\qo =

o(|z|* + |y|?) as |z| + |y| = +oo. In addition |L(z)|* = k*|z|*® and 28 < k — 1+ B since f < k — 1
(see (2.26))). This implies that there exist C,c¢ > 0 such that

(LarF 4 67|V F|? + 0| V.F[*) (2, v, 2) < —c(|v]* + |2]* + \x|k_1+6) + C.

Using in addition (2.23)), (2.27)), and (2.26]), we deduce that Lo, Ws/Ws — —o0 as |z|+|v|+|z] — +00.
This concludes the proof of the proposition. 0

2.3.2. The case when v = 0. In this section v = 0,
b=a>0,ke(1,2,and g =k — 1. (2.28)

Let us check (2.21). Let py = k/(k—1) > 1 and ¢1 = p1/(p1 — 1) = k < 2. Using [Vpoly-2*], we have
for all (z,v,2) € R, if |z| > ry,

b—a o, boa o ax o ek
F > by 2 — |2 = =zl = =l
o(2.0.2) 2 cublalt + 252t 4 252l = el —

Then, for h > 0, choose a > 0 small enough such that

ar ak a b
— d —+4+-=-< =. 2.29
p1<cvf)an k:+2<2 ( )

Then (2.21]) holds. Note also that when (2.28)) is satisfied, Fo(z, v, 2) < d(|z|* + [v|* + |2|*) + C".

Proposition 2.13. Assume v = 0, [Vpoly-z*], k € (1,2], and (2.28). Then, for any b,a > 0 small
enough (these conditions are made explicit in the proof), (C38) is satisfied with the function Wy defined

m .
Proof. Recall b = a. In the following, (z,v, z) € R3, |z| > max(2,ry), and = v/a. Using [Vpoly-z*],
([2-24), and (2.25)), one has:
(LorF + 07| VoF]? + 6| V.F*) (z, v, 2)
< abd — Aafv]* + av - Jac(L)(2)v — aVV (z) - L(z) — ab|z|?
+ Aa|z|? + Aalz||L(z)| + a| VV (2)]]2] + aalz||v| + dalhz + av|?
< abd — \ajv]? + a€|v]? — arcy|z*FY — aplz|?
+ Aalz]? + Asa) 2|2t + aMy |z 2| + aalz|[v] + dalhz + av]?
< abd — Aa|v|? + a€y|v]* — arey |z*FY — ab|z? + Aalz* + Aak|z|?/2n + dank|z[2FY /2
+ aMyn|z** Y /2 + aMy |22 /20 + aalz? /20 + aan|v|? /2 + 26ah?|2|? + 2006 |v]?
< abd + [v]*[ = Aa + a€( + 26aa® + aa®?/2] + |2P* V[ — keya + Aka®? /2 + Mya®/? /2]
+ |2]*[ — ab + 20ab” + Asv/a/2 + Myv/a/2 + av/a/2 + Aal.
Let h > 0 such that —abh + 2dah? < 0. Using also @, it holds —Aa + a€ < —Aa/2. We then
choose a > 0 such that holds, —Aa/2+20ca? +aa®?/2 < 0, —keya-+Aka®?/2+ Mya®/?/2 < 0,
and —ah + 25ah? + ’\7”\/5 + %\/a + $v/a+ Aa < 0. With the same arguments as those used at the

end of the proof of Proposition and since § > (2 — k)/k, we obtain that Lo Ws/Ws — —o0 as
|z| + |v| 4+ |z| = 400. This concludes the proof of the proposition. O
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2.4. Proof of Theorem [1.5] To prove Theorem [L.5] one first proves (C3). This is done with a
slight adaptation of the computations made in Section and it indeed turns out that the Lyapunov
functions W; constructed in Section [2.3] (when £ = 0, see more precisely ([2.22))) still satisfy (C3) with
the generator £ = Lqr, + £ -V, when £ satisfies [bnon-gradient|. Once (C3) is proved, one shows the
conditions (C2), (C1), (C4), (C5) (in this order) with the same arguments as those used in Section 2
(which rely on the approach introduced in Section considering the coercive function W; as an
energy of the system instead of the Hamiltonian Hgp, (see Remark . The proof of Theorem is
then a consequence of [28, Theorem 2.2].

3. GENERALIZED LANGEVIN PROCESS WITH SINGULAR POTENTIALS: PROOF OF THEOREM [1.7]

In this section, we prove Theorem . Anew, we will use [28, Theorem 2.2], and the strategy
thus consists to show that (C1)—(C5) are satisfied for the process (1.4) on the state space & =
Oy x R x R given by Proposition

3.1. On Assumptions (C1), (C2), (C4), and (C5) for the generalized Langevin process
with singular potentials.

Proposition 3.1. Assume that V satisfies [Vecoercive]. Then, the nonkilled semigroup of the process
(L4) (see Proposition[1.6) satisfies (C1) and (C2). Let 2 = 6 x RN xRN where 0 is a subdomain

of Oy such that Oy \ @ is nonempty. Then, the killed process (1.4)) satisfies (C4) and (C5).

Before turning to the proof of Proposition [3.1, we briefly explain why, in the case v > 0, we have
not been able to adapt the arguments used in the proof of Proposition to prove (C1) in the
singular potential setting of Proposition . First notice that the global Girsanov formula can
be extended to the case when V' is singular by adding the condition (on its r.h.s.) that t < o¢, , where
0y, = inf{t > 0,29 ¢ Oy} (see (2.4)). Recall that VV is very large near 9Oy and the problem is
that, roughly speaking, there is no reason for the probability of the event {“the process visits
the region 00y ” } to be small. We will rather use once again the energy splitting approach introduced
in Section [2.1.1] as a starting point.

Proof. We will only focus on the proof of (C1). The conditions (C2), (C4), and (C5) are checked
with the same tools as those used in the previous section when V' satisfies [Vpoly-z*]. To prove (C1)
for any v > 0, the starting point is . Equation is then a consequence of the inequality
P,[0.s, <] < e Hear(z)/R derived in the proof of Proposition [1.6, When v = 0, is proved with
the same arguments as those used in the proof of Theorem [2.6] To this end, we recall that one begins
by introducing for R > 0 the process (X[, ¢ > 0) solution of over R** with b = by and v = 0,
where by : R®™ — R is a globally Lipschitz vector field such that b = —VV in a neighborhood
of {x € R¥ V(x) < R}.

When ~ > 0, can also be proved with the same arguments as those used in the proof Theo-
rem extending the Gaussian upper bound [I8, Theorem 1.1] to the process (X[, ¢ > 0) solution
of (2.9) over R3** with b = by and v > 0. One way to avoid such a technical extension is to actually
use the arguments which will be used to prove Theorem below for the Nosé-Hoover process and
which do not rely on a Gaussian upper bound. In this case, the starting point is to introduce for
R > 0 the process (XF = (&F, o7, 2), ¢ > 0) solution over R3 to

dif = oftdt, dgft = Fr(X[)dt + 2 dw,.

where ¢F = (67, 28)T € R™ x R¥ and where Fg : R*" — R is a bounded and globally Lipschitz
vector field such that Fr = F in a neighborhood of #%. 0

3.2. On Assumption (C3) for the generalized Langevin process with singular potentials.
In all this section, we assume that [Vsing1] holds. We will also assume without loss of generality
that V, = 0 (see ), up to restricting the following computations to x = (z,v,2) € & with
z € Oy Nsupp(Vp)©.
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3.2.1. Preliminary computations. We start by constructing two Lyapunov functions Wy : & — [1, +00)
satisfying Assumption (C3), where 0 < § < 1. Recall that Har(z,v,2) = V(2) + 3|v|* + 1|2|%, for
x = (z,v,2) € & (see (1.8))). Let ¢ >0,and h >0, b > 0, R > 0. Consider the function constructed
in [24]:

Fo(z,v,2) = bHar(z,v,2) + bRz - v + R - 2 — bn(z,v,2)v - G(z), (3.1)

where Ji : & — R is a sufficiently smooth function which depends on PR (so that LgiF below
is well defined) which will be specified later (depending on the case v > 0 or v = 0), and where
G : Oy — R was introduced in [51] and is defined by:

, , N
G(z) = (G'(x),...,GN(x))T, with Gi(z)= g;ﬂ i € {1,...,N}
The parameters will be chosen in particular such that
igf Fo € R. (3.2)
We then set Fgr, = Fg — infe Fy + 1 and we define over &:
W; = exp [F; ], where 0 <4 < 1. (3.3)

For any fixed R > 0, the function Jy will satisfy J% < CHgyp, over &, for some C' > 0. Consequently,
for any fixed parameters b, b, R > 0, there exists ¢ > 0, Fy < cHgr, over &, which implies that for all
d € (0,1] (recall that Hgr, > 1),

W; < eMer on &. (3.4)

Anew, in the following, and for ease of notation, we simply write F for Fqr..
Recall that LopF = v - V,F 4+ (—yv — V.,V + X2) - V,F + vAF — (az + Mv) - V. F + aAF and also
that over &, one has:
LarWs d 2 2
W, < F1= LcLF + 6v|V,F|* + da| V. F|*|. (3.5)
On the other hand it holds on &

0,iF =00,V + bRV — b Jxn axz(v . G) —bv-G0,ilxy,

8sz = f]l)i + biﬁx“ + C%QZi — meGl — b(v . G)@viJ{R,
A,F =bHNd —26V,Jx -G —b(v-G)A,Jn,
0.F =bh2"+ R%W' —b(v-G)DiJm,
AF =bHBNd—b(v-G)A,Jx,
where
N . . . . . .
,UZ_UJ (UZ—UJ)~(SUZ—I]) . .
Oyi(v-G) = . — — . . t—al)].
i jzlz-j#ihxl_x]‘ |z — 2d[3 @ =)

Thus, one has for all (z,v,2) € &:

LaF = hNd(y + @) + (—ab 4+ ¢R2N) |22 + (—vh — AR? + bR)|v|* — bRV, V - 2
— bRz v — YRz — acR - 2+ AR 2 — RP2 -V, V
—b(v-G)v-Vydr+ab(v-G)z- V. Juy+ Ab(v-G)v -V, In
— 296G -V, Jr — Ab(v-G) z- VyJx +7b(v - G)v -V, y + b(v-G) V.,V - V,Jn
—vb(v - G)AJx — ab(v- G)A, Jx
+9b(v -Gy + bV, V -Gl — \bz - Gl — blyv - V(v - G). (3.6)
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We conclude this section with some estimates which be used later. First notice that for all € > 0,
there exist Cy, 1 > 0, for all y € R4\ {0},

B
—CI+1—+€\y!‘5 < Vi(y) < Cr+ (1 +€)Bly| 7, (3.7)

so that V' (z) > aglz|?/2+2 Zi?;:l;i<j |2' — 27| 7P — C for x € Oy. We also recall that from [51], Section
4] (see the computation of p- V4V there), v-V,(v-G) > 0 over &. Therefore, since b > 0 and Jy > 0,
the last term in (3.6 is nonpositive, i.e.

—blpv -V, (v-G) <0 over &. (3.8)

3.2.2. The case when v > 0. In this section, v > 0,
h > max(b,b/ag), c =0, R =1, and Jy = 1. (3.9)

We mention that extra conditions will be assumed on b, b > 0 in the proof of Proposition [3.2 From
(3.1)), it holds in particular Fy = hHgp + bR x - v —bu - G. Let us first check (3.2). Using (3.7)), it holds
over &,

b by B Lhb o YL
FOZ—I >+ = Z W 5P =BV = 1) 3 |+ Gl - C

ij= lz<] i=1

Therefore, in view (3.9), the condition is satisfied when [Vsing1] holds.

Proposition 3.2. Assume v > 0, [Vsing1], and . Then, under additional conditions on the

parameters h,b > 0 (these conditions are made explicit in the proof below), Assumption (C3) is
satisfied with the function Wg defined in (3.3|) and which satisfies the upper bound (3.4)).

Proof. Assume v > 0. The goal is to show that one can find parameters such that Lo, Ws/Ws — —o0
as the energy Hqr(x) — +oo. We start by providing an upper bound on L F (see (3.5)), adapting
essentially the same computations as in [24, Lemma 3.5] (see also [51]). By (3.6), (3.8), and (3.9)), one
has for all x = (z,v,2) € &,
LalF < HNd(y +a) — ablzl* — o]’ (7h — b) =6V, V -2
—ybx-v4+Abz-2+9b(v-G)+bV,V-G—Abz-G.
Because CZ := sup, |G| < 400, we deduce that
LoF < HNd(y + ) — ablz|* — [v*(yh — b) — bV, V - (z — G)
—bz v+ Aoz -z +ybC|v| + CZAb|z|.
Let us now deal with the term bV,V - (z — G). Recall that since Vi(x) = Vi(—x) (see also (|1.11))
Viz) =N, Ve(ah) + 1 Zf\[] bt Vi(x? —27). Using also that for any symmetric vector field v : R? —

RY, Zgz:l;i;ﬁy vz —al) -z =2 Zu 1z v v(z' —a7) - (x; — x;), we deduce that for all 2 € Oy:
N ) N )
V(o= Ga) = O oo’ + 5 > v - Ao - ¥ =l
=1 J Lij#i J=Li#
G & RS
salel =5 3 W-allby Y VWG - )
ij=1;i#] b,j=1317#]

k

+%§:[ i (—V‘/I)(:v"—wj)} [ ﬁ: ﬁ} (3.10)

i=1  j=1;j#i k=1;k#i
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Denote by I1() the last term in the previous equality. Note that |VVi(y)-y| < C1/|y|? + 1 (for some
Ch,c1 > 0). On the other hand, with the same computations as those made to prove [51, Lemma 4.2],
for any g > 1,

i jq:| |: z_k:|— q—1 i jlg—1
=1 j=lyj#i | — &7 k=13k#i ot — | i, j=1:i =" — 2|
Therefore It(z) > %ﬁﬁ6+1($) — ¢(Ry, (z) + 1) (for some ¢ > 0). We set
B
q*:6+17 C*:Tﬁ‘

Therefore, using all the previous estimates and the inequality xb|a - b| < b3/2a? + k2b'/2b% /4, we have
for all x = (z,v,2) € &:
LarF(x) < C — (agh — 26%?)|2|> — bc* Rqe () — (ab — N20/2/4)| 2|
— [0 (v — b —7?6"/2/4) + £(x),
where £ € C°(&) and £(x) = o(|x|? + Rq«(2)) when x = {oc} or  — 9Oy, i.e. when Hgr(x) — +o0.
In addition, over &,
67|V oF|? + 0| V.F|? < 30vh2|v]? + 367b%|z|* + dab?|2|> + C.

This implies that LapF(x) + 67|V, F|? +da|V.F|> < C — (agh — 2632 — 35+b?)|z|? — bc* Ry- () — (ah —
Sabh? — X262 /4)|z|*> — |v|>(4h — b — 367h% — 42b'/2/4) + £(x). Choose h > 0 small enough such that
vh—359H% > 0 and ab — dah? > 0. Then, in addition to h > max(b, b/ag), choose b > 0 small enough
such that agbh — 26%2 — 36762 > 0, ah — Sab? — A\26'/2/4 > 0, and vh — b — 367H? — +2b61/2/4 > 0.
Then, LoLF(x) + 0v|V,F|? + da|V,F|>? < C — ¢|x|? — bc* Ry () + £(x) over &.

On the other hand, F < C(|x|* + £5(z) + 1) over &. Since 0 < 1 — 46 < 1, by (3.5), we deduce that
L Ws/Ws — —o00 as x — {oo} or £ — 00y This concludes the proof of the proposition. O

3.2.3. The case when v = 0. In this section, v = 0,
R>0, c=0, J5H(x) =Rz|* + |v]* + 2V (z) + R?, for x = (z,v,2) € &. (3.11)

The function Jy above was introduced in [24] when v = 0 to cancel the effect caused by the term
|z|/|z|P*! which comes from the term 2z - VVj in the computations of Lgr,(v - 2), see at the end of the
second line of (3.6]) (recall that this term does not exist when v > 0 because we chose ¢ = 0 in this
case).

We start by checking (3.2)). Using that va + b < v/a + /b (a,b > 0), one has:

bCe bR o (b bR bR bCT . ,
> - T _—— — — —
Foz [ = —Z]V() — el + [5 -5 = (R + V2 +2)] |
i~ h bw bR
We have [~ 2]V (@)  Pfaf? = %o — T jaf — Flof + [5 - ] T, Vila' — a/). Then,
(3-2) holds if b, b, ;% > 0 satisfy:
a bO bR
30“’_ ﬁ}—7>0, (3.12)
J_ _ G LA U G 5
2 2 >0 o - - R+ V2+2) >0, (3.13)

Proposition 3.3. Assume v = 0 and [Vsing1]. Then, for some appropriately chosen h,b,% > 0
(these conditions are made explicit in the proof), (C38) is satisfied with the function Wy defined in

B3).
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Proof. We start by providing an upper bound on the term Lo F in (3.5)), for which we need to track
the involved constants to get explicit conditions on the parameters b, b, % > 0 (the computations are
at some places similar to those made in the proof of [24, Lemma 3.6]). The following identities will
be needed:

Vol = vav Vi = - Vln = 9%2, and A, Jy = mjiN - %Ij;’2.
By and (3.8), when v = 0 and ¢ = b, we have for all x = (z,v,2) € &,
LoF < hNda + (—ab + bR*N)|z|* + (=AbR® + bR)|v|* — bRV, V -z

— abR%v - 24+ MRz - 2 — Rz -V, V

—b(v-G)v-Vydr+ab(v-G)z- V. Jy+ Ab(v-G)v- V., Iy

—Ab(v-G)z-Vydr+b(v-G)V,V-V,lr —ab(v-G)A,Jn

+ bV, V- Gly — Abz - Glx. (3.14)
We now provide upper bounds on the terms appearing in over & as follows:

e Following the computations in (3.10]), we have

—bRV,V - x——aobﬂi|x|2—— Z VVi(z' —27) - (2" — 27)
i, j=1;i#£j

< —agbR|z[* + £(x)
and V,V -Gy < —[c*Rq- (z) — £(2)] I, where £ € C°(Oy) and £(z) = o(|z|* + Kq+(2)) when
r — {00} UJOy. In particular, it holds over &
* C*
g (1)~ 8(e) 2 & g () —
In addition, since Jpy > PRf(2) (where f(z) = /R?*|2|? + 1), one deduces that:

6V V. Gy < S0

Rq (2)f(2) + CORS(2).

Roughly speaking, the term bV, V -G Jx can absorb the bad one —R26z-V,V when z — 9Oy .
Note that there exists C' > 0 such that |VVi(y)| < 9" 4+C over R\ {0} (A = B3+1). Then,
one has |R?bz-V, V| < R%bag |||z + AR?b|2| Ry () + CR2b|2| < R2bag|z||z|+Abf(2)Rq () +
CR2b|z|, so that the function bV,V - G Jy — R%bz - V,V is bounded from above over & by

3/2

b [C;R — A] g () (=) + CORA(2) + manb—W + 9%2@0[’—|g;|2

Note also that f(z) = o(|x|* + K¢+ (x)) when x — {oo} or 2 — Oy (i.e. when Hgp,(x) — +00).
e For any €y, €; > 0 to be chosen later,

2
QbR?|v - 2| + AR |7 - 2| < ab%z[l of ] \ } +)\b§)‘i[| zl 61]2|2]
2e €o 2 €1 2
e Using that G is bounded, we have:
v (aolz| + C) o ClvPRs(z)

|(v-G)v- Vx| < C&

VIET2V(@) +:2 C P+ 2V (z) + ;2
where we recall that over Oy, V(x) > ao|z|?/2 + BRs(x)/2 — C. Hence,
(v G)v -V Jn| = o(|x|* + fq: (7)) as Hgr(x) = +oo.
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With similar arguments, one also has:
(v G)z- V. Ig| +|(v-Gv- V. x| +|(v-G)z- Vydn| +|(v-G) V.V -V, Jnl
+16(v - G)AJn| = o(|x|* + Ry (7)) as Har(x) — +o0.

e Using that Jy < 9R%|2| + [v| + V2V V() + R and V(z) < aolz[>/2 + Sing(x) + C over Oy
(where Sint = 283), one has:

G
)\b‘z = Jm} < NBOR3|2[2 + Ab|z][v] + Aov2 2|V V () + AbR|2]
G

)\b«/_ b
< |z|? 3 4 — 2
< |7 [Abm 263+A\/§ + AR+ CV2)|2]

Abeyy/a /\be b
+ 22\/_0]x|2 + 5ol + 75 Sme(2)
Note that [Sint ()] = o(|x|? + Rq(z)) when Hgr,(x) — +o00.
Finally, setting Mo 1= SUp,_(, , .yes |V][2]/J5(X) < +00, one has for all x = (z,v, 2) € &-

5a|V.F|? < 3h%0alz* + 362N 5a|v|* + 3b%|C|* My 5aR2 |||
< 36 (h? + R0 CC P Moo /2) |2]* + 36ab? (R* + RZ|CC P Moo /2) 0]
We now gather all the previous upper bounds, to get over &,

c*R

LaLF + 0alV, F|2 < cZ|z|2 + cv|v|2 + c:,,,|x|2 — b[ A] Ko () (2) + 0(|x|2 + By (1)),

where
1/2

o ¢, = —abh + 35ah? + bR\ + 0469%2%0 +ABREG + AbRICL + bOZ AL + 6O 2 + R2ag vy +
350452%12|Cg°|2 Moo /2 + ANOCZ S 75

o ¢y = —bR(AR — 1) + bR 3= + bOT A2 + 36ab’ (R + |CF PR M /2),

o ¢, = —aghR + bOFAZL/0 ¥ bR + 9%2 Ay
Let g = b7Y2, ¢ = b7 Y2 ¢, = b'/2, and €3 = 51/2. Pick and fix h > 0 small enough such that
—abh + 36ah? < 0 and R > 0 large enough such that % —A > 0and MR —1 > 0. Then, one has
when b — 0%, ¢, = —ab + 30abh? + o(1), ¢, = —b[R(AR — 1) + o(1)], and ¢, = —aob[R + o(1)]. One
chooses b > 0 small enough such that ¢, ¢,, ¢, < 0 and (3.12])-(3.13]) hold. This leads to the existence
of ¢1, ¢y > 0 such that over &

LorF + 0a|V.F* < —c|x* — c2Rq (2)f(2) + o(|x|* + Rq (7)), (3.15)

as x| — 400 or x — dOy, or equivalently when Hgr,(x) — +o0o0. With the same arguments as those
used to conclude the proof of Proposition [3.2] we deduce that LaWs/Ws — —00 as |x|? + Rg«(z) —
+o00. This ends the proof of the proposition. O

4. THE NOSE-HOOVER PROCESS: PROOF OF THEOREM [1L.11|

In this section, we prove Theorem . We recall that, when V' satisfies [Vcoercive], the Nosé-Hoover
process process evolves on & = Oy x R¥ x R (see and Propositioné . As it will be
seen below, (C5) is not satisfied for this process. To this end, to prove Theorem [1.11} we will use an
extension (Theorem [4.6| below) of |28, Theorem 2.2], and we will thus prove that this process satisfies
(C1), (C2), (C3), (C4), and a new assumption, namely (C5’), which is defined at the beginning of
Section 4.3] below.
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4.1. On Assumptions (C1), (C2), (C4), and (C5’) for the process (L.5). In this section,
V satisfies [Veoercive] and we consider the solution (X; = (x4, vs,4:),t > 0) solution to (L.5), see
Proposition [I.9]

The approach we will use to prove (C1) and (C4) is the energy splitting approach introduced in
Section (see (2.1)). The uniform integrability of the transition probabilities was obtained in
Theorem with a Gaussian upper bound. However, Gaussian upper bound does not hold anymore
for the Nosé-Hoover process. Hence, the proof of relies on different arguments than those used

in Theorem 2.6
Theorem 4.1. Assume that V satisfies [Veoercive]. Then, the nonkilled semigroup (P;,t > 0) of the
process (1.5 satisfies (C1).
Proof. We want to prove that, for f € bB3(&’) and t > 0, the following function
z € & — E,[f(X,)] is continuous. (4.1)

Pick R > 0. We will start by proving ([2.3)), which is the purpose of Step 2 below. Then we will prove
(4.1) in Step 3. Before doing that, we need a local Girsanov formula (4.3]), which is the aim of Step
1.

Step 1. In this step we derive (4.3)) below. We recall that (see also ([1.13)),
Hpr = {X S Rgd, HNH(X) < R},

is an open bounded domain of &. Set ¥ = y/27. Recall also that o, is the first exit time for the
process (X;,t > 0) from %% and a.s. 0 = limp 400 O, = SUPRo O, = +00. For z = (x,,v,,y.) €
&, set also

f(z) = —VV(2,) — v, — v.y. € R™.
Let us consider a globally Lipschitz and bounded R -valued vector field f over R®Y x R¥ x R,
such that fp = f in a neighborhood of % in &. Let also X : R — R be a globally Lipschitz

C* function such that x 5(v) = |v|? if [v[>/2 < R + 1. Denote by (X/%,t > 0) the strong solutlonl H on
R x RN x R of:

dilt = oftdt, dil = fp(XF)dt + 2 dB,, djft = xp(0f)dt — dNdt. (4.2)
Let 6, = inf{t > 0, XF & #%}. When z € #% and 0 < t < 6 4, it holds x z(07(z)) = |0F(z)|? and
Fr(XE(2)) = fF(XE(z)). Therefore, one has for all g € bB(H#%), t > 0, and z = (z.,v.,1y.) € H#z,
Ez [g(Xt>1t<cr%R} = EZ [Q(XtR(Z»lK&%R] )

since the laws of the two processes coincide up to their first exit time from .#%. Let us now consider
the process (X[ = (28,9}, #F),t > 0) solution on R™ x R x R to:

dift = oftdt, dvft = X dBy, djf = xz(0f)dt — dNdt.

Set &, := inf{t > 0, X' ¢ H#4}. Since fj is bounded, SUDse(0,] E,[elfrEOP) < 400 for all t > 0.
Hence, using [25, Theorem 3.1 in Section 7] and [25, Theorem 1.1 in Section 7], one has for all
g €bB(AHR), t >0, and z = (x,,v,,y.) € Hzg,

E, [Q(XtR)lK&fR} =E,[¢g(X]) Lics 0, My r)].
where 90, (f ) is the exponential (true) martingale defined by 9, (f) = exp £,(f5) and

~ t t
St = [ SR~ g [ Pl

0
Introduce finally the process (X? = (29,0, 49),¢ > 0) solution on R¥ x R¥ x R to:

dz? = vldt, dv? =X dB;, dy) = |[v?|*dt — dNdt.

3Existence and uniqueness are ensured by the fact that the coefficients are globally Lipschitz.
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Anew, because the laws of (X/*,t > 0) and (X?,¢ > 0) coincide up to their first exit time from .75,
one finaly gets that for any z € J5:

B [0(X0) Licr sy ] = Bfg(X0) Licss, (£5)], (4.3
where MY (f ) = exp L2(F ), L(Fr) = [ S FR(X)dB,—1 [ 157 £ o(X0)[?ds, and 09, := inf{t >
OJ Xto ¢ %R}

Step 2. In this step we show that for all R > 0, ¢t > 0, and all f € bB(.%%), the function
ze Jr— E, {f(Xt)lt@”R} is continuous.
In view of (4.3)), let us show that
z € — E,[f(X)) Licoo, M (f )] is continuous. (4.4)
R
We first claim that
i. For t > 0 and x, — X, sup,co g [ X (%) — XJ(x)| = 0 as. as n — +o00.
ii. For all v € bB(R™ x R*™ x R) and ¢ > 0, the following function
ze R x R™Y x R ¢,(¥)(z) = E, [ezg(fR)g/)(XtO)} is continuous.
iii. For all § > 0 and all compact subset K of R x R¥ x R,

Jim, sup P, (085 < 5] =0,
where B(z, ) is the open ball of R x R x R centered at z of radius d, and 03(27 s
first exit time from B(z, §) for the process (X7t > 0).
The proof of Item i is straightforward. Let us now prove Item ii. Let z, — z € R x R¥ x R.
By Hérmander’s theory, for all ¢ > 0, X? admits a smooth density w.r.t. the Lebesgue measure over
R x R™ x R. Using also Item i and Proposition [1.2) we deduce that ¥(X(z,)) — ¥(X?(z))
in P-probability. In addition, using Ttem i and the regularity of fg, £2(fz)(z.) — £Y(fr)(z) in
P-probability. By the continuous mapping theorem, % 7)(z,) — e (Fr) (z) in P-probability. Since
E, [e5(r)] = E,[e®(F®)] = 1, one deduces using the Vitali convergence theorem, that

This ends the proof of Item ii. Let us now prove Item iii. Fix 6 > 0 and a compact subset K of
R x R x R. With the same arguments as those used at the beginning of the proof of Lemma
2.4] we have

) is the

P (0805 < 8] S Pilopps < 51X — Xl < 0/2] + P [|X] — Xg| > 6/2]
and by the strong Markov property,
P, (055 < 5 X7 — X5] < 0/2]

@ X5 ) — X0l 25/2]]

s—og(z,é)(z

< p(57 Z) =E, [103(1’6)(Z)§SPX0

o3, 5@
B(z,6)

Let us deal with p(s,z). For any z € K, x = (z,v, z) € 9B(z,0), and u € [0, s], P, [|X?_, —x| > 6/2] <
Py (|29, — x| > /2] + P [[vl_, —v] = 6/2] + Py[|y2_, — y| = 6/2]. Note that |x| < csx :=06/2+ rx,

where rx > 0 is such that K C B(0, r). First, it holds Py [|v?_, —v| > 6/2] < a, := Plsup;epo, | Be| >
§/(2%)]. On the other hand, Py[|z0_, — 2| > §/2] < b, := P[scsx + [; X|B|dt > §/2]. Finally,

P [lyd, —yl > 0/2] <Py ) [ve]dt + sdN > 6/2] < ¢, := P[2%? [ |Bi[*dt + 2s¢3 ;c + sdN > §/2].
Thus, one has as s — 0*:

supp(s,z) <a,+ by +c, — 0.
zeK

Similarly, we have sup,cx P, [|X? — X{| > §/2] — 0 as s — 0. This concludes the proof of Item iii.
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We will use the fact that Item iii implies that for all compact subset K of #%:
lim supP,[0%, <s]=0. (4.5)

s—=0t zeK

We are now in position to prove (4.4)). We have by the Markov property, for 0 < s <t and z € J#%:
EZ [f(XtO) 1t<U%; (-fR)] = [1s<a% (-fR) EXO [f(XO ) ]-t s<0 t s(fR)}} (46)

Define v, by 1(2) = B, [f(X{_,) 1i_sc0n, img J(fr)] for z € A% (we extend 1, by 0 outside ).

The function 1, is measurable and bounded (by [[fllso x E[MY (fr)] = |fllec). By Item ii,

z > ps(Us)(2) = B, [MU(f p)vs(X?)] is continuous. In addition, from ([£.6) and Doob’s martingale
inequality, one has for z € 73 and 0 < s < t:

B [£(X0) Lics, MO(F )] = 00()(2)] = [Ba[Losno, MO(fR)0u(X0)]]
guwsumwz[sﬁ (S ) 2] /P20, < 5]
< dulloo /4B [0 (£ ) P P[0, < s]. (4.7)

We claim that sup, E, [|9?(fz)]|?] < +oo. Let us prove this claim. We have
E, [|90% (£ £)|*] = Bz [ exp(2£;(£ )]
_ 0 — RY12
= B et ) e ([ 17 alXPds)]
< exp(S 2| £ plI2) X Ex | exp(£0(2 )] = exp(S7 41 f pllc).

where we have used that E,[exp(£Y(2fz))] = 1 (apply for instance [25, Theorem 1.1 in Section 7]).
This proves that E, [|9M?(fz)?] < +oo. Combining (4.7) and ([4.5), we deduce that the continuous

function z — p4(¢5)(z) converges uniformly as s — 0% to the function z — E, [ f(X}) 1t<0% M (fr)] =

E, [ f(X)1lieo %R} uniformly on the compact subsets K of #%. This ends the proof of .
Note that we actually proved that for any nonempty bounded open subset 77 of &,

z€ H — E,[f(X))li<s,,] is continuous. (4.8)

Step 3. Let us end the proof of (C1), i.e. let us prove (.1)). Fix ¢ > 0 and a compact subset K of
&. Let Rk > 0 be such that K C %, (thus K C % for all R > Rg). We have for all R > Ry and
ze K:

[E: [f(X0)] = B [f(Xi)Licoy, ]| < [ fllo sUp Pelossy < #] = 0 a5 B — o0,

since P,[o4, < t] < e—; Hxu(z). Therefore, the continuous function z — E, [ f(X)1li<o %R] converges
uniformly over K to z — E, [ f(Xy)] as R — +o00. This concludes the proof of Equation (4.1)). OJ

Proposition 4.2. Assume that V' satisfies [Vcoercive]. Then, the nonkilled semigroup (P, t > 0) of
the solution of over & = Oy x R x R satisfies (C2). Let 2 = 0 x RN x R where O is a
subdomain of Oy. Then, the killed semigroup (P7,t > 0) of the process on 9 satisfies (C4).
If Oy \ O is nonempty, (P?,t > 0) satisfies (C5’) (see Section .

Proof. Assumption (C2) is proved with the same arguments as those used to prove Proposition .
Let us now prove (C4). Let ¢t > 0 and f € bB(Z). Consider x € & and r > 0 such that B(x,r) C 2.
Set Pr = P N A% which is a bounded open subset of & and contains B(x,r) for all R > 0 large
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enough. Since o4, < 09, one has 1,.,, Licoy, = Licoo,- Consequently, one has for all z € B(x, ),

|Ez [f(Xt) 1t<0_@:| - Ez [f(Xt) 1t<0'_@R} | = |EZ [f(Xt) 1t<a@ 1t20@R] |
< ||f||00 sup Pz[t <og,t> O@R]
zeB(x,r)

<[ fllee sup Poft > 0] =0
zeB(x,r)

as R — +o0o. The proof of (C4) is complete using (4.8)). Let us now check (C5’). Fix ¢t > 0 and
Xs = (T, Vs, Yx) € Z. With the analysis led in Section it is not difficult to see that 2, ; := {x =
(z,v,9) € D,y > yu +1t71d% (2, 2,) —tdN} C supp P7(x.,dy), where dg(x, z,) is the geodesic distance
between z and z, in @ (actually 2, ; = supp P (x.,dy) thanks to [32, Proposition 2.1 (ii)]). Then,
for any open ball B = B(y,r) C 2, there exists t(x,, B) such that for all t > t(x,, B), B(y,r) C 2, ..
This ends the proof of (C5). O

4.2. On Assumption (C3) for the process (1.5). In this section, we consider a potential V'
satisfying [Vsing2]. Recall that the Hamiltonian of the process (1.5) is given by Hxu(z,v,y) = V() +
S+ 31yl ((z,v,y) € @@) and its infinitesimal generator is Lxy = vV, — (y+v)v-V,—=VV -V, +
YA, + (Jv]* = dN)9, (see (L.13)) and (L.14)). Note that

LauaHyn = —yNd — 7|v|* + vdN. (4.9)

The purpose of [32] is to show the ergodicity of the (nonkilled) Nosé-Hoover process on &. For that
purpose, and based on an extension of Harris’ ergodic theorem [30], the strategy consists in particular
in constructing a Lyapunov function w such that at high energy Hyg and on &

Lxpw/w < —a for some a > 0. (4.10)

As observed there, the natural candidate e~ does not satisfy such an estimate. In view of ,
though there exists a > 0 such that on the region Ry = {(z,v,y),y > c. or |[v]* > y/|y|> + 1},
LxuHya < —a (choosing ¢y, y, > 0 large enough), one cannot obtain in R§. Nevertheless, by
constructing a suitable perturbation ¥ of Hyy and by considering the Lyapunov function w = ef=Hxu+¥
(h. > 0), D.P. Herzog [32] managed to obtain Lygw < —a on the region R§. Nonetheless, in order to
get (C3) (i.e. to have a Lyapunov function W such that LygW/W — —o0 as Hyg — +00), we have
to introduce another perturbation ® of Hyy, especially to get that LygW/W — —o0 as V(x) — +oo.

Before building ®, we start by recalling the construction of ¥ in [32]. To this end, introduce the
Dawson’s integral D : R — R defined by D(z) = e foz ¢’ du and set Dy, := sup D. Let us consider
k. > 0 and y. > 3y + 1. Consider the following cutoff functions in C*°(R, [0, 1]):

-fo(z) =1if 2 < =1, fo(2) = 01if 2 > 0, f;, <0, and |f| < 2.
-fi(z) =1if 2z <k, and fi(z) =01if 2 > k, + 1.
- fa(z) = 1if |2| <1 and fo(2) = 0 if |2| > 2.
- f3(2) =11if |2| > 2 and f3(2) =0if |z] < 1.
-hi(z)=1if 2 < -y, — 1, h1(2) =0 if 2 > —y,, and |h}| < 2.
- bs3(z) =11if |2] <3 and h3(2) =0 if |z| > 4.

Pick now p,,u, > 0, and set for x = (x,v,y) € &, O(v,y) = |v|*/(ps/|yl? +1) and Y(z,y) =
IVV (@) /Tu(ly* + )],

91(x) = f1(y) 12(O(v,9)) F3(T(z,)) and g2(x) = b1 (y) F2(O (v, y)) bs(T (2, y)).
Define for z € R and x = (x,v,y) € &:

1 e [V ly|?
— |yl u — A
5(2) 5 r2nax/0 e /0 e dudy and Wo(x) = 0.f0(y) 5
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where §, > 0. For k € {1,...,N}, we denote by 2* = (28!, ... 28d) and by vF = (v®1, ... v*9)
the k*™-coordinate in R? of x = (z!,...,2") € Oy and of v = (v!,...,v") € R, respectively. For
x = (z,v,y) € &, one sets:

v-VV(x
\Ifl(X) = a*l{‘vv(m)‘zzu*/g}gl(x) \/ ]y|2 + 1 WV—(ZL')P) Where Qy > 0
For k€ {1,...,N} and [ € {1,...,d}, one defines
Ot V()

1
Y+ 7|2
W60 = Ly g0 (12 0
(27)2

Finally, set ¥ = ¥g + ¥y + Uy, We now briefly recall the result of [32] we will need. Let b, > 0 be
such that:

ly + |

)), and Uo(x) = 3 Wh'(x).

1
8Dz
Define on the following function on &: Lyg = h.Hxu + V. Then, from [32] item (i) in Theorem 4.1,
Eq. (4.4), and Eq. (4.8)] (see also the last equation in the proof of [32, Lemma 4.2]), for some 6y > 0
and any o, € (0,dp), there exists g > 0 such that for all e, € (0, ), there exists ¢q > 0, for all a,, > ¢
and k, > c¢g, choosing p,, u,,y, > 0 large enough, it holds over &
g2 Ndly + 72

— + (Nd + 1), (4.12)
2Dy (27)2

b, < (4.11)

|\If| S 5*HNH and |VUI—NH| S b*|U| +

and (see the equation after [32, Eq. (4.32)])

(1= )P 5dN (L~ o)yl — 2.yl o

Lnulng + ’Y|Vv|-NH’2 < -

vy dN
— (o1 + 9205 — Fo(bs + 0u + € )dN] |y| + ¢, (4.13)

2 8D2,

where ¢ > 0 is independent of x € &, which, in the following, can change from one occurence to
another.

Let us now construct ®. Let Ry > 1 such that [VV (z)| > 1if V(z) > Ry —1. Consider the following
two cutoff functions in C*(R, [0, 1]):

-h(z)=1if 2> Ry, h(2) =0if z< Ry — 1, and |b'| < 2.
-bho(z)=1if 2 >2and ho(z) =0if 2 < 1, b > 0, |hy| < 2.
Let ¢ € (1,2) be as in [Vsing2]. Define for x € &,

D) = BV (2) T -

Remark 4.3. The sign of the second term —bo(y)|y|® in the definition of ® might look strange.
However we will rather consider instead of ®, €a® (with eg > 0 small enough) as a perturbation of
Lxu (see indeed the definition of Fyy below). Hence, Hyg + W + €6 ® will stay lower bounded over &

(see the proof of (4.16) below).

Let us now provide some estimates on ®, V,®, and Lyg® which will be used later on.
On the one hand, since ¢ € (1,2), it holds over &

D] < BIolIVVIS + [y < [o] + [yl? < 2Hy and [V, @] = [TV <1 (414)
On the other hand, using [Vsing2|, there exists M > 0 such that
b(V (z))|[Hess V()|/|VV (z)|* < M.

bo(y)lyl*.

Set

cy = 3M + 2 sup |VV[*¢.
{I,V(I)E[Rl—l,Rl]}
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Note that because |[VV| > 1 on the support of hoV and since ¢ —1 > 0, we have that 1/|[VV]¢~1 < 1.
Hence, it holds:

, v-VV Hess Vv v-VV Hess VVV
ENH(I):U[hOVVVW—i_bOVW_ChOV |VV|2+C i|
VV(%) 2 / 2
- : —_— — —dN 2
_ Hess V| |Hess V|
< o2 [|5 o VIIVV] HhoVE G MoV ]
hoV VIVVI2—¢ Hul2lol? — 2 2
+(|y||v|+7|v|)|vv|<_1 — b o VIVVI™™® — boly[*[v]” — 2boy|v|

+ dN (holy|* + 2boy)
< cylv> = ho VIVVPC + (Jyllv] +~v[v)h o V — 2hoy|v]* + 2hed Ny + c.

Hence, one has:
Lan® < eyfof* = 2boy[v]” +9[v] = ho VIVV™ + [yllolh o V + 2dNboy + ¢ (4.15)
For all x € &, €p > 0, set Fo(z,v,y) = Lyu + €6®P. The parameter € > 0 will be chosen such that

inf Fo € R. (4.16)

Then, we define on &: Fyg = Fg —infs Fg + 1 and
W; = exp [FRy], where § € (1/2,1] is the parameter appearing in [Vsing2]. (4.17)
Before going through the computations of LygWs, let us deal with (4.16)). We have for all x € &,

Fo(x) > (b, — e.)Hxu(X) — €a|v| — €a|y|* which is lower bounded if € € (0, (h, —&,)/2). From now on
ep € (0, (hs — €4)/2). Note that there exists ¢ > 0 such that for all § € (1/2,1]:

W; < e’Hu on &. (4.18)

Proposition 4.4. Assume that V satisfies [Vsing2]. Then, there are parameters such that (C3) is
satisfied with the Lyapunov function Wy defined in (4.17)).

Proof. We now simply write L, H, and F for Lxy, Hyi, and Fyg respectively. From the first inequalities

in (L.12) and (113)
|F| < (f)*+€0+2€@)H—|—|iI}fFo|+1 < cH, (4.19)

for some ¢ > 0. We will reduce ¢, ay, d,, €4 > 0 and finally increase p, > 0 such that the Lyapunov
function Wy defined in (4.17)) satisfies (C3) on &. We have over &

LngWs < )
Ws = F1-¢

Using (4.12)) and (4.14)), it holds for some K > 0:

2| VoL ||Vu®| < cofi(|o] + galy +717 +1).

LauF +7\VUF|2], (4.20)
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Using in addition (4.13]), (4.14]), and (4.15)), one has over &

ENHF + ’7|VUF|2 = /CNH(I— + 6@@) + ’7|va —+ 6¢VU(I>|2
< Lanl + 7| VoL? + e Lxu® + 763 |V, @2 + 2ve5 |V, L| |V, D

< TP — BN (L~ )yl — 2.yl ol

- 2

_[ %4_ dN
912 928D§1

— 2eahoy|v|® + €a(y + R)|v| — eah o V|VV|*~¢
+ calyl([v]* + 1) + 2c0dNbo y + coRgaly + |2 + c.

- fO(b* + 04 + 5*>dN} |y| + 6<I>CV|U|2

Choose a,, > dN/(4D?) so that min(a./2,dN/(8D?)) = dN/(8D?2). Note that es(y + K)v| <
ea|v]* + ¢. Therefore, using also that eq|y||v|* < €alyg—1,9|y|[v]* + 2es|v]?, it holds

b
LnuF + ”Y’vvF‘z < _77(1 - h*)’UP + CV€<I’|'U’2 + 3€<1>|U‘2

0
= 5o lyl|v]? + ealygi—1.9|yl|v]* — 2eaboylv|®

dN
— b dN(1 — _

+ colyl + 260dNboy — €l o VIV + o Rgsly +7|7 + <.

(g1 + g2)[yl + (b« + 0s + .)dNTo |y

Note that 1 — fo > 1j1 400), fo = 1(—oo,—1]; fo < 1r_, and by > 13 ;). Choose €3 > 0 small enough
such that m := 2=(1 — h,) — ep(cy + 3) > 0. Then, one has for all x = (z,v,y) € &

LxuF(x) + 7|V F2(x) < B(x) := —m[v]? +N(X) — eah o VIVV[*¢ + ¢, (4.21)
where
5* 2 2 2
N(x) = _Elygfl yl[v]" + ealyg1g|yl|v]” — 2€a1y50y|v]
dN
- b*dN1y21|3/| - (gl + 92)|y| + (b* + 0, + 5*)dN1y§0|y‘

8D2
+ oly<olyl + €olyzoly| + 2€0dN1yz0y + €0 R1y<oly]-
We now study the function 9 over &. There are two cases:

A. The case when y > 0. In this case, one has
N(x) < ealysalyl|v]® — 2e01y20y|v]* — b.dN1yz1ly| + €0 (2dN + 1)1,50]yl.
Reduce €g > 0 such that b := h.dN — €p(2dN + 1) > 0. Then, in this case, one has:

N(x) < —ealyzolyllv]* — blys0ly| + ¢
B. The case when y < 0. Then,

s dN
NK) <~ S Lyet yllof + colycalyllvl = (a1 + g2l
+ (h* + (5* —+ 5*)dN1y§_1|y| + 6@(1 + ﬁ)1y§0|y\. (422)

We then distinguish between two subcases:
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- The case when |v]?/(p«+/]y[? + 1) < 1. In this case one has (g1 + g2) > 1,<_,.—1. Then,

it holds:
Ox
N = =51y yl[o]* + ealy< 1 lyllv]?
dN
_ [SD?H — (s + 0, +)dN — eg(1 4 R) [1y<_y. 1|yl + .
In view of (4.11]), we can reduce 0, > 0 and then ¢, > 0 such that ;T]g—(b*—l—é*—l—s*)d]\f > 0.
Then, anew, reduce € > 0 such that e < d,/4 and such that
dN
n:i= DT (b + 0x + .)dN — eg(1 + 8) > 0.

Hence, in this case, it holds: 91(x)

- The case when |[v|*/(p./]y]2 + 1)
holds (since €g < d,/4):

(5* *
P Lycot lyl + (b, + 0+ 2)dN + o1+ R) | Lycalyl +c.

— %1, [yl|v]* — nly<olyl + ¢

<
> 1. In this case |v|?> > p, and thus, using ([4.22)), it

N(x) < —

dN

<5z~ In this case, Oepe (s + 0x + €.)dN. Then,

Choose p, > 0 larger such that 6’% > 1

choose €5 > 0 smaller such that

6* *
= f — (he + 6. + £,)dN — ea(1 + 8) > 0.
Consequently, in this case, it holds: 91(x) < —jl,< |y| + ¢.
Recall § € (1/2,1]. Gathering the estimates obtained in Items A and B above, and using (4.21)), (4.19)),
and ([4.20), we deduce that LxgWs/Ws — —oo as H(x) — +oo (i.e. when V(x) + |v| + |y| — +00).

This concludes the proof of the proposition. 0

4.3. Extension of [28, Theorem 2.2]. In this section, we extend [28, Theorem 2.2] when (C5) is
replaced by the less stringent following assumption:

(C5’) For all x € 2 and nonempty open subset O of 2, there exists t(x,0) > 0, for all ¢ > ¢(x,0),
P7(x,0) > 0. In addition, there exists xo € Z such that P,, (04 < +00) > 0.

To this end, we first extend [28, Theorem 4.1] as follows.

Theorem 4.5. Let S be a nonempty open subset of R%, Q = Q(x,dy) be a positive bounded kernel on
S, and W : § — [1,400) a continuous function. Assume that:
(1) There exists N1 > 1 such that Q* is strong Feller for allk > Ny, i.e. Q*f € C*(S) if f € bB(S).
(2) For any x € S and nonempty open subset O of S, there exists q(x,0) € N such that for all

k> q(x,0),
Q*(x,0) > 0.
(8) For some p > 1 and constant C' > 0, it holds:
QWP < CWP.

Notice that this implies that Q is well defined and bounded on bwB(S).
(4) Q has a spectral gap in byB(S),

Fess(QowB(s)) < rop(QlowB(s))- (4.23)
Then, all the conclusions of [28, Theorem 4.1] hold true.
Proof. We adopt the same notations as those used to prove |28, Theorem 4.1]. The proof of Theo-

rem is the same as the one made to prove [28, Theorem 4.1] except the end of the second step

there. More precisely, we only have to prove that under our new Assumptions (1) and (2), it still
holds:
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(a) ©(O) > 0 for all nonempty open subset O of S,
(b) ¢(x) >0 for all x € S,

where we recall that p (resp. ¢) is nonzero and nonnegative measure which is a left eigenvector (resp.
a nonzero and nonnegative function which is a right eigenvector) of Q™ (where m € N* is the integer
chosen at the beginning of the second step of the proof of [28, Theorem 4.1]).

Let us first prove Item (a) above. We have p@Q™ = p and thus p@Q™" = p for all n € N. Let n € N*
such that n > N;/m + 1, so that, by Assumption (1), Q™" is strong Feller. In addition, since p is a
nonzero and nonnegative measure over S, its (topological) support is nonempty. Let z belong to the
support of p. By definition, u(B(z,6)) > 0 for all 6 > 0 small enough such that B(z,d) C S, where
B(z, ) is the open ball in R¢ of radius § centered at z. Assume also that n € N* is large enough such
that mn > ¢(z,O) (see Assumption (2)).

It holds for any nonempty open subset O of S:

u(0) = /S Q™ (x, 0)u(dx) > 0.

Assume that (O) = 0. Then, Q™" (-,0) = 0 p-almost surely. Consequently, there exists z2 € B(z, )
such that Q™ (z3,0) = 0. Note that 22 — z as § — 0, and since Q™" is strong Feller, it holds
Q™" (z,0) = 0. This leads to a contradiction in view of Assumption (2) and because mn > ¢(z,O).
The proof of Item (a) above is complete.

Let us now prove Item (b) above. We know that there exists xg € S such that ¢(x¢) > 0. Thus, by
continuity of ¢, there exists dp > 0 and ¢q > 0 such that B(xp,dy) C S and ¢ > ¢ on B(xg,dp). Let

x € §. Pick n € N* such that mn > ¢(x, B(xq, dy)). Since Q™"¢ = ¢, one has, by Assumption (2),

p(x) = / P(y)Q™" (x,dy) = coQ™"(x, B(xo, do)) > 0.
S
This concludes the proof of Item (b) above. O

Following exactly the same arguments as in the proof of [28, Theorem 2.2], we deduce the following
extension of [28, Theorem 2.2].

Theorem 4.6. All the conclusions of [28, Theorem 2.2| are still valid when (C5) is replaced by (C5’)
there.

5. EXTENSIONS OF EXISTING RESULTS

In this section, we extend the existing results on the existence and uniqueness of the quasi-stationary
distributions for the kinetic Langevin process as well as for elliptic processes.

5.1. Quasi-stationary distribution for the kinetic Langevin process. Consider the solution
((z¢,v:),t > 0) in R? x R? to the kinetic Langevin equation

dzy = vydt, dv, = b(ax)dt — yvdt + V2 dW,. (5.1)
Introduce the following assumption:

Assumption [Vbounded+lip]. The set € is a bounded subdomain of R and b : € — R is a Lipschitz
vector field.

In [48], existence and uniqueness of the quasi-stationary distribution of the process as well as
the exponential convergence were obtained under assumption [Vbounded+lip] and with the two extra
assumptions that b € C>(€) and 00 is C®. With the techniques used in this work, we are able to
extend this result to the very weak regularity setting where only [Vbounded+lip] is assumed. Indeed,
we have the following result.
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Theorem 5.1. Assume [Vbounded+lip] and let 9 = O x R%. Assume also that v € R. Then,
there exists a unique quasi-stationary distribution 0 for the process (5.1)) on Z in the whole space of
probability measures P(Z) over 9. Furthermore:

(1) There exists kg > 0 s.t. for all t > 0, the spectral radius of P7? on bB(2D) is e "2, where
(P7,t > 0) is the killed semigroup of the process solution to (5.1) (see (1.7)). In addition,
for allt >0, 0,P7 = e "?'05 and 04(0) > 0 for all nonempty open subsets O of Z. There
is also a unique continuous function ¥ in bB(D) such that 04(p) = 1, ¥ > 0 on &, and
P74 = e 524 on 9, ¥Vt > 0.

(2) There exist L > 0 and ¢ > 1 such that for all v € P(2),

ce It

P X,e At <og| —045(A) < ——

} [ t | @] 9( ){ V(@ZJ)

(3) For some ty > 0, P? : bB(2) — bB(2) is compact, for all t > t,.

Finally, Py(0g < +00) =1 forallx € 9.

VA€ B(2),t > 0.

Proof. We extend b outside & as a globally Lipschitz and bounded R%vector field over R%. Assump-
tion (C2) is a consequence of the fact that for all t > 0, a.s. X;(x,) — X(x) uniformly on [0,¢]
when x, — x € R*. Assumption (C1) is proved using this result, together with the Gaussian upper
bound below and Proposition . On the other hand, since b is globally Lipschitz, using similar
arguments as those used in the proof of Lemma one deduces that for all compact subset K of R?¢
and 0 > 0, it holds:
] g < sl =
g, g Poen <=0

where for x = (z,v) € R%, 04,5 (x) := inf{s > 0,24(x) ¢ #(z,0)} and where we recall that Z(z, )
is the open ball of R? of radius d > 0 centered at x € R?. Assumption (C4) is thus proved with
the same arguments as those used to prove Proposition . Assumption (C5) follows from the same
arguments as those used in Section [2.2]

The proof of the results stated up to Item (2) (included) in Theorem [5.1{ will then be a consequence
of [28, Theorem 4.1], if we prove that for some ¢ > 0, the essential spectral radius of P on bB(2) is
zero (see indeed the proof of [28, Theorem 2.2] made in [28] Section 5)), i.e.

ress(Pt-@|bB(9)) = 0. (52)

Let us recall the definition of the measure of non-w-compactness (@) of a bounded nonnegative
kernel @ = Q(x,dy) on a polish space . introduced in [78]:

Buw(Q) = 1}225;12 Qx, 7 \ K), (5.3)

where the infimum is on the set of compact subsets K of .. Since for ¢t > 0, P7 is strongly Feller, it
satisfies the assumption (A1) in [78] Section 3.2]. We can thus use [78, Theorem 3.5] to deduce that
(5.2)) is satisfied if for ¢ > 0:
Bu(P) =0, (5.4)
where (see (5.3)))
Buw(P?) = inf sup P7(x,R¥\K)= inf sup PZ(x,2\K).

KCR2d x=(z,0)eR2d KCR2d x=(z,0)ED
Choosing Kz = € x {|v| < R}, one has

Bw(P7) < inf sup P7(x,0 x {|jv| > R})
R>0 x=(z,v)EOXR?
< inf sup P,(x, 0 x {|v| > R}). (5.5)

R>0 x=(z,v)EOX R
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Let us now prove . Let t > 0 be fixed. In what follows ¢;’s are positive constants which are
independent of x = (z,v),y = (2/,v') € R?’. By [I8, Theorem 1.1], for all x € R?*? X;(x) admits
a density pi(x,y) (w.r.t. the Lebesgue measure dy over R?*?) which satisfies the following Gaussian
upper bound: for all x,y € R3,

pi(x,y) < coexp(—ci|p,(x) —y[?), (5.6)

where (,(x) = (x5(x), vs(x)),s > 0) is the deterministic solution for s > 0 of:
T = v, Vs = b(xs) — yv, with P (x) = x.
Assume that v # 0 (the case when v = 0 is treated similarly). Let us now consider the solution
(Ty(x) = (Xs(x),Vs(x)),s > 0) for s > 0 of the equation
X, =V, V,=—yV, with ¥;(x) = x,
e Vy(x) =ve and X (x) = z + vy (1 — e 7*). Since b is bounded, using Gronwall’s inequality,
it holds
sup [ih(x) — Ws(x)| < co.

s€[0,t]

This previous bounds leads to, for s € [0,], |1,(x) — y|> > |®,(x) — y|? — 22| ¥4(x) — y|. Since & is
bounded, there exists ¢5 > 0 such that |z — /| < ¢ for all 2" € 0. Setting c3 := 7 (1 —e ) >0
and ¢4 := e > 0, it thus holds for all ¢ > 0 and all x,y € Z:

[(ag, b)T (%) —y|> > |2 — 2’ + e3v)* — 2c0] — 2’ + e3v)
+ 0" = cqv]? = 2¢5|v" — ey,
> c3|vl* — 2c3(ca + c5)|v| — 2cacs

+ |U/|2

+ |v]? = 2e4v - V' — 2e2|V!| — 2¢9¢4|v],
> c3|v]? — 2¢3(co + c5)|v] — 2eac5
+ [V + cilo” = 2ealv] V] = 2e2]v'] - 2ezcqv],
> c3|v]? = 2e3(cq + c5)|v| — 2eacs
+ V]2 + civ)? — cae M| — ecy|v|? — 2e2]v!| — 2¢9c4|v)|
= [v]*(c3 + c; — € tes) — 2c3(ca + ¢5)|v] — 2cac4|v)
+ [V'[2(1 — ecq) — 2¢2|v"| — 2¢a0s.
Choose € € (0,1/cy) such that cg = ¢z + 5 — ¢ '¢y > 0 (this is indeed possible since cg — 5 > 0
82 >e< I_{d.(l /c4)”). Using the previous computations, we have since & is bounded, for all x = (z,v) €

’\2+2clcg|v’|dvl

Pt<X, 0 x {|U| > R}) < C7eclc6|v|2+csv/ e—c1(l—eca)lv

v'|=R

— _ /12 /
< 09/ e cr(I—eca)l’PH2eiealv| goy s () ag R — +o0.
[v'[>R

By (5.5)), this implies that 3,,(P7) = 0 and then ([5.2]) holds. The proof of the theorem is complete. [

We end this section by considering the case when the position domain might be unbounded and
the drift is singular: we state without proof the following extension of the main results of [29].

Theorem 5.2. [29, Theorems 2.4 and 3.2] are both still valid without any regularity assumption on
the boundary of the position domain O, where O x R? is the subdomain where the quasi-stationary
distribution s considered there.
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5.2. Elliptic processes in bounded domains. In this section, we consider the solution (Y;,t > 0)
in R? to the equation

dY; = b(Y;)dt + V2 dW,. (5.7)
When & is an open subset of R%, we denote by (P?,t > 0) the semigroup of the killed process
(Y, t > 0): PZf(y) = E)[f(Y)li<o,], for f € bB(O), y € O, and where 05 = inf{t > 0,Y; ¢ O} is
the first exit time of the process (Y;, ¢t > 0) from &. Using the same tools as those used in this work,
we are able to get the following result which holds without any regularity assumption on 00"

Theorem 5.3. Assume [Vbounded+lip]. Then, there exists a unique quasi-stationary distribution ve
for the process ((5.7) on O in the whole space of probability measures P(O) over O. Furthermore:

(1) There exists ag > 0 s.t. for all t > 0, the spectral radius of P¢ on bB(0) is e~ where
(P2t > 0) is the killed semigroup of the process solution to (see (L.7)). In addition,
for allt > 0, voP? = e *'vs and v5(0) > 0 for all nonempty open subsets O of €. There
is also a unique continuous function ¢ in bB(O) such that ve(¢) = 1, ¢ > 0 on O, and
PC¢ =e ¢ on O, Vt > 0.

(2) There exist my > 0 and my > 1 such that for all v € P(0),

mze_mlt

|PV[Y; < .A|t < O-ﬁ] — Vﬁ(A)‘ < W

VA€ B(O),t>0.

Eventually, Py(0s < +00) =1 forally € 0.
Proof. Theorem [5.3]is proved using the same arguments as those used to prove Theorem[5.1above. [

Theorem can be extended to the case where there is a uniformly elliptic and Lipschitz dif-
fusion coefficient in ((5.7). Theorem was already derived in [I3] (see Theorem 1.1 there) with
different techniques. We end this work with the following result about existence and uniqueness of
quasi-stationary distributions for elliptic processes on possible unbounded domains and with singular
potentials.

Theorem 5.4. [29] Proposition 4.2] is still valid without any reqularity assumption on the boundary
of the subdomain ® on which is considered the quasi-stationary distribution there.
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