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Ergodic theorem for branching Markov chains indexed by
trees with arbitrary shape®

Julien Weibel!
March 4, 2026

Abstract

We prove an ergodic theorem for Markov chains indexed by the Ulam-Harris-Neveu tree
over large subsets with arbitrary shape under two assumptions: (i) with high probability,
two vertices in the large subset are far from each other and (ii) with high probability, those
two vertices have their common ancestor close to the root. The assumption on the common
ancestor can be replaced by some regularity assumption on the Markov transition kernel.
We verify that those assumptions are satisfied for some usual trees. Finally, with Markov
Chain Monte Carlo considerations in mind, we prove when the underlying Markov chain
is stationary and reversible that the Markov chain, that is the line graph, yields minimal
variance for the empirical average estimator among trees with a given number of nodes. In
doing so, we prove that the Hosoya-Wiener polynomial is minimized over [—1, 1] by the line
graph among trees of a given size.

Keywords: Tree indexed Markov chain; ergodic theorem; Bienaymé-Galton-Watson trees;
minimal variance; Hosoya-Wiener polynomial
2020 Mathematics Subject Classification: Primary 60J05; 60J80, Secondary 60F25

1 Introduction

Branching Markov processes, which are a generalization of Markov chains where processes are
indexed by trees, are useful to describe the evolution and growth of a population. Limit theorems,
such as the law of large numbers (sometimes also called ergodic theorem in markovian contexts),
are important tools to study properties of a population such as the distribution of traits. The
law of large numbers for branching Markov processes has been studied with both a discrete
or continuous state space [4, 5] for set indicator functions, and thus for continuous bounded
functions by Portmanteau theorem. To study cellular aging, a more general version of the strong
law of large numbers for a wider class of test functions and for non-independent daughter cells was
proved in [10]. This wider class of admissible test functions depends on the transition kernel of
the branching Markov process considered, e.g. [10] focuses on one example with an autoregressive
Gaussian transition kernel and with continuous and polynomially growing functions. See also [9]
for an extension of [10] to bounded degree Bienaymé-Galton-Watson trees and [7] for an extension
to time-varying environnement and trait-dependent offspring distribution. In this article, we
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present an ergodic theorem for a wide class of test functions as in [10], and for branching Markov
processes where reproduction is independent from individual traits but where the genealogical
tree of the population can have an arbitrary shape.

A branching Markov process X = (X,,u € T) with values in a metric space X is a random
process indexed by a rooted tree T" with the Markov property: sibling nodes take independent
and identically distributed values that depend only on the value of their parent node. Without
loss of generality, we may choose T' to be the rooted Ulam-Harris-Neveu tree T = U, en(N*)™.
See Definition 2.1 below for a complete formal definition.

For simplicity, in this introduction we restrict ourselves to the case where the transition kernel
Q of the branching Markov process X is ergodic (resp. uniformly ergodic), that is @ has a unique
invariant measure p and for any continuous bounded function f on X, we have for all z € X
that Tim,, o0 |Q" F(2) — {11, £)] = 0 (resp. lim, o sup, ey |Q" () — (1, f)] = 0).

For a finite (non-empty) subset A C T* and some function f on X, we define the normalized
empirical average:

Ma(f) = A7) F(Xw).
u€A
Our goal is to study the asymptotic behavior of the normalized empirical average when the
averages are performed on a sequence (A, )nen of finite subsets of T whose size goes to infinity.
For instance, the averaging set A, can be the n-th generation G,, of a tree T', or T}, the tree T
up to generation n. In the following of the article, we will always use this definition for G,, and
T,.

To this end, we need a geometrical assumption on the sequence of finite subsets (A, )nen,

which states that vertices are far away from each other with high probability.

Assumption 1 (Geometrical). Let A, C T® forn € N be finite (non-empty) subsets, and let U,
and V;, be independent and uniformly sampled elements of A,,. Denoting by d the graph distance
on T, for all k € N, we have:

P(d(Un, Vn) < k) = ‘Anl_z Z Tiacu,v)<ky n:; 0.

u,vEA,

Let us stress that Assumption 1 implies that lim, . |Ay| = co.

We either need to assume that @) is uniformly ergodic, or that @ is ergodic and the sequence
(A,)nen satisfies the following condition stating that the last common ancestor of two vertices
is near the root with high probability. Denote by h(u) the height of a vertex u and by uw A v the
common ancestor of two vertices v and v (see Section 2.1).

Assumption 2 (Ancestral). For alln € N, let U,, and V,, be independent and uniformly sampled
elements of A,.

The sequence of random wvariables (h(U, A Vi) nen is tight, that is, for every e > 0, there
exists k € N such that P(h(Up, AV,,) > k) < € for n large enough.

Note that Assumptions 1 and 2 are similar to Assumptions 2.(b) and 2.(a), respectively,
considered in [7] in the case where A,, is the n-th generation of the tree.

Remark 1.1 (Some sufficient conditions for Assumptions 1 and 2, see Section 3). Assumption 1
is always satisfied for Cayley and Bethe trees and for bounded degree trees (see Lemma 3.1) as
long as lim, o |An| = co. Assumptions 1 and 2 are satisfied for spherically symmetric trees
when A4,, = G,, (see Lemma 3.4). In Lemma 3.5, we prove that Assumptions 1 and 2 are satisfied
for super-critical Bienaymé-Galton-Watson trees conditioned on non-extinction when A4, = G,
or T,,.



We can now formulate the ergodic theorem for branching Markov processes on trees with
arbitrary shape. In Section 2, we prove Theorem 2.2, a more general version of this theorem.

Theorem 1.2 (Ergodic theorem for Markov processes on trees with arbitrary shape). Let
(Ap)nen be a sequence of finite subsets of T that satisfies Assumption 1. Let X be a branching
Markov process indexed by T with values in X whose transition kernel Q) is ergodic. Assume
that either @ is uniformly ergodic or that (Ap)nen satisfies Assumption 2. Then, for every
continuous bounded function f on X, we have:

Ma, () = [Aal ™0 30 £ 25 (),

u€Ay,

Remark 1.3. We discuss the main difference between Theorem 1.2 and the law of large numbers
for branching Markov process found in [10]. The results in [10] apply to Markov processes
where daughter nodes can have non-independent distributions when conditioning on their mother,
whereas in our case they must be independent. In exchange, our results allow for more flexibility
on the shape of the population’s genealogical tree: for instance more flexibility on the number
of children of each node (including Bienaymé-Galton-Watson trees with unbounded degree),
or even allowing the number of children of a node to grow over time (e.g. the degree of the
root can increase as logn, i.e. slow condensation). Our results could also be applied to random
trees with population-wise interactions (e.g. competition where reproduction rate decreases when
population size increases). Moreover, in our results, the empirical average can be performed on
a wide variety of (possibly random) subsets of the tree, and not only to the n-th generation. As
an example, our results could be applied to a random subset of size logn of the n-th generation
G, of a super-critical Bienaymé-Galton-Watson tree chosen uniformly at random. Also note
that in our results, assumptions can be verified separately for the transition kernel ) and the
population’s genealogical tree.

Lastly, motivated by Markov Chain Monte Carlo considerations, we study in Section 4 the
variance of the empirical average estimator M4 (f) and its dependence on the shape of A. We
perform exact variance computation in the case where the transition kernel ) induces a self-
adjoint compact operator on L?(u), which proves the following proposition about non-asymptotic
variance comparison.

Proposition 1.4 (The line graph has minimal variance). Let u be an invariant measure for Q,
and assume that the transition kernel Q induces a self-adjoint compact operator on L?(u). Let
X be a branching Markov process on T with transition kernel Q and initial distribution v. Let
f be a non-constant function in L?(u).

When v = p, we have that E [Ma(f)] = (i, f) for any finite subset A C T, and thus the
empirical average estimator has no bias. Moreover, the minimum of the map A — Var(Ma(f))
among subtrees of T with a given cardinal n is achieved by the line graph tree (i.e. the Markov
chain).

Furthermore, when n > 5, the line graph is the only subtree of size n achieving this minimum
if and only if f & Ker(Q) ® Ker(Q —I) ® Ker(Q + I).

Remark that as @ is a Markov kernel, its spectrum as an L?(u)-operator is a subset of [—1, 1].
Note that when f € Ker(Q) @ Ker(Q — I), then the value of Var(Ma(f)) does not depend on
the shape of the tree A. Also note that when f € Ker(Q + I), then the value of Var(M4(f)) is
minimal among subtrees of size n when A has a balanced bipartite 2-coloring, and for n > 5, the
line graph is not the only tree with a balance bipartite 2-coloring.



Hence, if we want to approximate (u, f), using a branching Markov chain does not improve
the rate of convergence compared to a standard Markov chain.

The proof of Proposition 1.4 relies on decomposing the function f on a basis of eigenvectors
of @, the problem then reduces to minimization among trees of a given size of the Hosoya-Wiener
polynomial Ha(a) =3, e ™) for some a € [-1,1]. This leads us to prove the following
lemma stating that the line graph tree achieves this minimum.

Lemma 1.5 (The line graph minimizes the Hosoya-Wiener polynomial). Let o € [—1,1] and
n € N*. Then, the minimum of the map A — Ha(a) among trees with given cardinal n is
achieved by the line graph tree.

Furthermore, when o € (—1,0)U (0, 1), the line graph tree of size n is the only tree achieving
this minimum.

Note that this result was already proved for a € [0,1] in [8, Theorem 9] where the proof
relies heavily on the monotonicity of the function d ~ a? (and more general results were
proved in [12, Theorem 2| and [13, Corollary 2.8] for Wiener-type indices of the form W;(A) =
> uwwea f(d(u,v)) where f is a monotonic function). Hence, the novelty of Lemma 1.5 is for
the case of a € [~1,0) where the function d + a“ is non-monotonic, and our proof relies on
considering several cases depending on the tree structure.

2 Main theorem

2.1 Notations

Let T = Upen(N*)™ denote the Ulam-Harris-Neveu tree, and denote by 0 its root, that is the
empty word.

Let u € T be a vertex. If u is distinct from the root, we denote by p(u) its parent
vertex. We denote by h(u) its height, i.e. the number of edges separating w from the root 0.
(The height of the root 0 is zero.) For two vertices u,v € T, we denote by u A v the latest
common ancestor of u and v, and by d(u,v) the graph-distance between u and v in T, that is
d(u,v) = h(u) + h(v) — 2h(u A v).

Let X = (X,,u € T*) be a stochastic process with values in a metric space X.

Definition 2.1 (Markov process). The stochastic process X is called a (branching) Markov
process with transition kernel Q and initial distribution v if for any finite subtree T C T°° with
0 €T, we have:

P (ﬂ {X, € dxu}> = v(dzy) H Q(wpu); day).

weT weT\{8}

We denote by vQ™ the distribution of a vertex in the n-th generation. For a (Borel) function
f, define the function Qf : z € X — [ f(y) Q(x;dy) when the expression makes sens. For a
measure p and a Borel function f on X, we denote uf = (u, f) = fx fdu. Through the rest of
this section, we fix v and Q.

2.2 Statement of the main result

Firstly, we need some assumptions on the Borel function f with which we perform the empirical
averages.

Assumption 3 (Boundedness and convergence). Let f be a Borel function on X such that:



(i) sup, ey vQ"(f?) < o0,
ii) there exists a constant c; € R such that lim, o vQF((Q™f — c¢)?) =0 for all k € N.
f f

Note that if f satisfies Assumption 3, then so does f — ¢ for any ¢ € R, thus we may assume
that ¢y = 0 when necessary. Also note, using Cauchy-Schwarz and Jensen’s inequalities, that
Assumption 3-(i) implies that Q" f, Q" f2, and Q*(Q"f x Q™f) (with n,m,k € N) are well-
defined and finite v-almost everywhere and are v-integrable.

Remark that when @ is ergodic, then Assumption 3 is satisfied by any continuous bounded
function f on X, and we get ¢y = (u, f), where p is the unique invariant measure of Q). Also
remark that if F is a subspace of Borel functions on X that satisfy Assumptions (i)-(vi) on pages
11-12 in [10], then any function f € F satisfies Assumption 3 with ¢y = (i, f).

For a finite subset A C T and a Borel function f, we define the empirical sum My (f) =
> wea f(Xy) and the empirical average:

Ma(f) = A7 F(Xu),

ucA

where |A| is the cardinal of the set A. Let (A,)nen be a sequence of finite subsets of T on
which we perform the empirical averages in the ergodic theorem on trees with arbitrary shape.
Remind the geometrical Assumptions 1 and 2.

Contrary to the case of the binary tree considered in [10], Assumption 2 is not always satisfied
for a sequence (A, )nen of finite subsets of T with arbitrary shape (e.g. in the case of the line
graph, i.e. the Markov chain). Thus, to prove the ergodic theorem for branching Markov chains,
as an alternative to the ancestral Assumption 2, we also consider the following conditions on the
ergodicity of the transition kernel Q.

Assumption 4 (Stronger ergodicity). Assume that any of the following conditions holds:
(i) v = p is an invariant measure of Q.

(#i) There is convergence in total variation lim, _,« ||[VQ™—p| v = 0 to some invariant measure
w (for Q), the function f is bounded, and we have lim, .o p(Q™f — cf)* = 0, where cy is
the same constant as in Assumption 3-(ii).

(i) The transition kernel Q satisfies a uniformly ergodic assumption (with p as its unique
invariant measure): there exists a non-negative Borel function g on X with supycy vQFg? <
oo and a sequence of positive numbers (an)nen that converges to zero, such that for all
n € N, we have |Q"f — (u, f)| < an g.

Remark (using dominated convergence with domination by g) that Assumption 4-(iii) implies
Assumption 3-(ii) with ¢y = (u, f). Also remark that when Assumption 3 holds and either
Assumption 4-(i) or 4-(ii) holds, then we have ¢y = (, f) in Assumption 3 (indeed, using Jensen’s

inequality, we have that ((u, f) —cs)? = limsup,,_, . (uQ" f —cs)? < limsup,,_, . u(Q"f —cs)? =
0).

We can now formulate the ergodic theorem for branching Markov processes on trees with
arbitrary shape.

Theorem 2.2 (Ergodic theorem for Markov processes on trees with arbitrary shape). Let
(Ap)nen be a sequence of finite subsets of T that satisfies Assumption 1. Let X be a branching
Markov process on T with transition kernel Q and initial distribution v. Let f be a Borel



function on X that satisfies Assumption 3. Furthermore assume that either Assumption 2 or 4
holds. Then, we have:

Ma, (1) = [Aal ™t S0 F(X0) 29 ¢y

n— oo
u€Ay,

In particular, when the transition kernel @) is ergodic and f is a continuous bounded function,
then remind that Assumption 3 is satisfied and ¢y = (u, f), where p is the unique invariant
measure of . If furthermore @ is uniformly ergodic, then Assumption 4-(iii) holds. Hence,
Theorem 2.2 implies Theorem 1.2.

Proof. Up to replacing f by f — cy, assume that c; = 0. For all n € N, we have:

E[Ma,(f)?] =An]7> > E[f(Xu)f(X0)). (1)

u,vEA,

Remark that for u,v € T*, we have:
ELf(Xa)F(X,)] = v@n0) (QUurva) f e @turve p). 2)

Set C' = sup, ey vQ" f? < oo which is finite by Assumption 3-(i). Hence, using Cauchy-
Schwarz and Jensen’s inequalities, for all k, ¢, m € N, we have:

1/2

PQNQ'S x QA < (vQHQME™ )2 x vQH QA )?)
< (VQk-i-min(Z,m)](Q « I/Qk(QmaX(Z,m)f)2)1/2
< \/5 % \/VQk(Qmax(E,m)f)Z. (3)

Define the distance d on T as:

d(u,v) = max(d(u,u Av),d(v,u Av)) = max(h(u), h(v)) — h(u A v).

Remark that we have d/2 < d < d, thus Assumption 1 is equivalent to: for all k¥ € N, we have

lim;, 00 P(d(Uy, Vy,) < k) = 0. Then, as a consequence of (1), (2) and (3), we get:

] 1/2
E[Ma,(f)*] < VCx |4, ) (VQh(u/\v) (Qd(u,v)f)2>

u,VEA,
1/2

<VOx (14,72 Y vhen) (de,v) f)2 ’

u,vEA,

where we used Jensen’s inequality in the last inequality. Hence, to conclude the proof it is enough
to prove that the following holds:

E [VQh(U"AV") (QJ(U"’V")JC) 2:| — ‘An|72 Z VQh(u/\v) (Q(i(u,v)f)2 —5 0. (4)

n—00
u,VEA,

As Assumption 2 (resp. Assumption 4) holds, using Lemma 2.3 (resp. Lemma 2.4) below, we
get that (4) holds, which concludes the proof. O



Remind that from Assumption 3, we know that lim,, ., vQ*(Q"f)? = 0 for all k¥ € N, and
that (4) adds some uniformity in k. In the next lemma, we check that the ancestral Assumption 2,
which allows for small values h(U,, A V,,) with high probability, implies (4).

Lemma 2.3. Let (A,)nen be a sequence of finite subsets of T that satisfies Assumption 1. Let
f be a function on X that satisfies Assumption 3. Then, Assumption 2 implies (4).

Proof. Without loss of generality, assume that ¢y = 0. Set C' = sup,¢cy v@Q’ f? < oo which is
finite by Assumption 3-(i). Thus, for k, m € N, using Jensen’s inequality, we get:

vQH(Q™f)? <vQHM P < € < oo ()
Let € > 0. Using Assumption 2, there exists K € N such that for n € N large enough, we
have P(h(U, AV,,) > K) < e. Using Assumption 3-(ii), let M € N be such that for all m > M

and for all £ < K, we have vQF(Q™ f)? < e. Using Assumption 1, for n large enough we have
P(d(U,,V,) < M) < . Hence, using (5), for n large enough we get:

~ 2
E [VQh(Un/\Vn) (Qd(U"’V")f> :| < 2C€+¥€n<al}(( SEIX/[ VQk(me)2 < (14 20)e.

This being true for all € > 0, we get that (4) holds, which concludes the proof. O

The following lemma states that the stronger ergodic Assumption 4 implies (4); its proof is
similar to the proof of Lemma 2.3 and is left to the reader.

Lemma 2.4. Let (A,)nen be a sequence of finite subsets of T that satisfies Assumption 1. Let
f be a function on X that satisfies Assumption 3. Then, Assumption 4 implies (4).

3 Examples satisfying Assumptions 1 and 2

We now give common examples of trees for which Assumptions 1 and 2 are satisfied.

We denote by T an arbitrary infinite tree rooted at some vertex d. In this section, all the
trees we consider are locally-finite (i.e. all nodes have finite degree). For n € N, we denote by G,
the n-th generation of 7', that is the set of vertices at distance n from the root, and we denote
by T,, = U}_,G the tree up to generation n. For a vertex u € T, we denote by T'(u) the subtree
of T rooted at u and composed of all descendants of w.

3.1 Some simple deterministic trees

Firstly, Assumption 1 is always satisfied on trees with bounded vertex degrees, in particular
for Cayley and Bethe trees (that is trees where each non-leaf vertex has out-degree D for some
D > 1; except for the root of a Bethe tree which has out-degree D + 1).

Lemma 3.1 (Bounded degree trees). Let D > 2, and let T be the infinite rooted complete D-ary
tree (that is the tree where each vertex has D children). Let (Ap,)nen be a sequence of finite
(non-empty) subsets of T such that lim, o |A,| = 0o. Then, the sequence (Ap)nen Satisfies
Assumption 1.

Proof. Let k € N. For every vertex u € T, the ball Br(u, k) of radius k and center « has cardinal
upper bounded by ¢, = Z?:O(D +1)7. Hence, we have:

1 1 1
w Z Liagu,vy<ky = RE Z |Br(u, k)| < |An‘0k.

u,VEA,

This implies that Assumption 1 is satisfied. O



The following counter-example shows that Assumption 2 is not always satisfied on a bounded
degree tree.

Example 3.2. Let T be the infinite tree where each vertex has out-degree D > 2. Set A, =
T(un) N Gay, the n-th descendants of u,, where u, = 1---1 (n times) is the left-most n-th
descendant of the root. Then, we have |A,| = D™ —,_ 00, and by Lemma 3.1, the sequence
(An)nen satisfies Assumption 1. However, we have P(h(U, AV,,) > n) =1 for all n € N, which
implies that the sequence (A, )nen does not satisfy Assumption 2.

When with high probability, the vertices in A, are far from the root (e.g. when 4,, = G,,)
and have their common ancestor close from the root, then Assumption 1 is satisfied.

Lemma 3.3 (A, far from the root). Let (A,)nen be a sequence of finite subsets of T°°. For
every n € N, let U, and V, be independent and uniformly sampled elements of A,,. Assume that
for every k € N, lim,, o P(h(U,) < k) = 0 and that Assumption 2 holds. Then, the sequence
(Ap)nen satisfies Assumption 1.

Proof. Remind that d(U,, V,,) = h(Uy,) + h(Vy,) — 2h(U,, A V,,). Thus, for k € N we have:
P(d(Upn, Vi) < 2k) <2P(A(U,) — (U, AV,) < k)

<2P(h(U, A V,) > k) + 2P(h(U,) < 2k),

where both terms in the upper bound go to zero as n — oo. Hence, the sequence (A, )nen

satisfies Assumption 1. O

We say a tree T is spherically symmetric (sometimes also called a generalized Bethe tree)
if for all n € N, every vertex of height n in T has the the same out-degree D,,. When we
choose A,, = G, the n-th generation for all n € N, Assumptions 1 and 2 are always satisfied on
spherically symmetric trees.

Lemma 3.4 (Spherically symmetric trees). Let T be an infinite spherically symmetric tree such
that lim,, o |Gy | = 00. Then, the sequence (Gp)nen satisfies Assumptions 1 and 2.

Proof. Thanks to Lemma 3.3, we only need to prove that Assumption 2 is true. For all n € N,
denote by D,, the out-degree for all vertices of height n. As lim,_, |G,| = oo, we have that
D,, > 1 for infinitely many values of n. Let U,, and V,, be independent random vertices uniformly
distributed over G,. Using the Ulam-Harris-Neveu tree notation, write U, = Uy)--- U,y and
Vo = V(1) -+ - V(n), where the random variables Uy, ..., Uy, V(1),-- -, V(n) are independent with
Uy and Vi;) uniformly distributed over the set {1,...,D; 1}. Thus, for all k € N and n > k, as
d(Up, Vi) = 2n — 2h(U,, A'V,,), we have:

P(R(Un AVa) 2 k) =P(Uiy = Vi Vi € {1, k}) = kﬂl B
i=0 " *

where the right hand side goes to 0 as k — co. This implies that Assumption 2 is satisfied, and
thus concludes the proof. O

3.2 Super-critical Bienaymé-Galton-Watson trees

To apply the ergodic Theorem 2.2 to a random sequence (A, )nen of subsets of T* (independent
of the Markov process indexed by T°°), we need to verify that a.s. the sequence (A4,,)nen satisfy
Assumption 1 (and possibly Assumption 2). Note that in this case, Assumptions 1 and 2 should



be considered conditionally on A,,, in particular the random vertices U,, and V,, are independent
and uniformly distributed over A,, conditionally on A,.

In this subsection, we consider the case where T is a super-critical Bienaymé-Galton-Watson
tree whose offspring distribution P on N has finite mean m > 1 and finite second moment, and is
conditioned on non-extinction. The following lemma states that a.s. both the sequences (G,)nen
and (T, )nen satisfy Assumptions 1 and 2.

Lemma 3.5 (Super-critical Bienaymé-Galton-Watson trees). Let T be a super-critical Bienaymé-
Galton-Watson tree whose offspring distribution has mean m > 1 and finite second moment and
is conditioned on non-extinction.

(i) Let (€n)nen be a sequence of integers such that 0 < ¢, < n for alln € N. For everyn € N,
let A, = Uzz(n—tzank be the subset composed of the last £, + 1 generations of T,,. Then,

the sequence (An)nen a.s. satisfies Assumptions 1 and 2.
(i) The sequences (Gp)nen and (Tp)nen a.8. satisfies Assumptions 1 and 2.

In the case of a critical Bienaymé-Galton-Watson tree, it is not possible to condition on non-
extinction, but taking A, = G,, and conditioning on non-extinction at time n, [2, Theorem 2.1]
suggests that Assumption 1 should be satisfied but not Assumption 2.

The proof of Lemma 3.5-(i) relies on the case where the sequence (¢, )nen is bounded. In this
case, we prove a stronger version of [3, Theorem 2] where individuals can have zero child and
the two random individuals are taken from the last ¢, + 1 generations instead of only the last
generation.

Before proving Lemma 3.5, we need to prove the following lemma stating that the last gen-
erations carry most of the weight of T,.

Lemma 3.6 (Last generations carry all the weight). Let T' be a super-critical Bienaymé-Galton-
Watson tree whose offspring distribution has mean m > 1, and is conditioned on non-extinction.
We have: . Gyl
. =(n—4 k 1

V¢ e N, a.s. nl;rrgo % =1- (6)
Proof. For all n € N, we write Z,, = |G,|. Using [6, Theorem 1.C.12.3|, as T is a super-critical
Bienaymé-Galton-Watson tree whose offspring distribution P has a finite mean m > 1, and is con-
ditioned on non-extinction, we know that there exists a sequence of positive constants (Cy,)nen
with lim,, s C,, = 00 and lim, yo, Cpy1/Cn = m, and such that a.s. lim, ,o, C; 12, = W
where W is a random variable on Ry, and where the event {W = 0} D {3n, Z, = 0} has
zero probability. Hence, we get that a.s. C, | Ul_) Gk = C 1 Ei:o Z,—_1 converges to
WZi:o m~" as n goes to infinity. Writing S, = >__, Ck, as we know that C, ~ mC,_1, we
have that S,1 = S, + Cpy1 = mS, + 0(S,), and thus we get that C,, ~ Cpiq/m ~ ™13, .

m
As limp, 0o C P Y00 Ck = -, using Stolz-Cesaro theorem, we get that as. C|T,| =
Cit > h—o Zk converges to W= as n goes to infinity. Consequently, we get (6). O

Proof of Lemma 8.5. Point (ii) is an immediate consequence of Point (i) taking £,, = 0 or n.
We now prove Point (i). Using Lemma 3.3 with (6), it is enough to prove that the sequence
(An)nen a.s. satisfies Assumption 2. Let U, and V,, be independent and uniformly sampled
elements of A,,. For k € N, remark that h(U, A V,,) > k is equivalent to the existence of u € Gy,
such that U,,V,, € T(u). Note that Assumption 2 for (A,)ney in the random tree T can be



reformulated as:

lim lim sup ]P’(h(Un AV,) >k ‘ T) = lim limsup ]P’(Elu € Gy, Uy, V,, € T(u) ‘ T)

k—oo n—oo k—oo n—ooco

~ 0. (7)

We divide the rest of the proof into two cases: we first consider the case when the sequence
(1) nen is bounded, and then the general case.

Case 1: the sequence ({,),cn is bounded. Following [6, Section 1.D.12] (and using
the survivor/extinct vertices denomination from [1, Section 2.2.3]), the vertices of the super-
critical Bienaymé-Galton-Watson tree T' conditioned on non-extinction can be partitioned into
two categories: survivor vertices, whose descendants do not suffer extinction, and extinct vertices,
whose descendants eventually become extinct. The root of T is a survivor vertex due to the
conditioning on non-extinction. Denote by T the subtree of T' composed of survivor vertices.
From [6, Theorem 1.D.12.1], the tree T is distributed as a super-critical Bienaymé-Galton-
Watson tree whose offspring distribution Py on N* (hence no extinction) has the same mean
m > 1 as P and has finite second moment. Also, from [6, Theorem 1.D.12.3|, we know that
if w € T is an extinct vertex, then its descendant subtree T'(u) is distributed as a sub-critical
Bienaymé-Galton-Watson tree whose offspring distribution P; is explicitly known and has finite
second moment.

Foralln > ¢ and u € T, define Z,, ¢, = |(Tp \Tr—¢—1)NT'(u)|. Fix some k € N. Conditionally
on T, the unique ancestor of U, in G}, is u € Gy, with probability Z, ¢, ./ ZUEGk Zn s, v Define
Zn = |Gy|, G, = G, NT?® and Z; = |GZ|. Then, we have:

2 2
]P’(Elu € Gy, Un, Vi € T(u) ’ T) = Louety Znty — LoueGi Znty

2 27
(ZueGk, Zn,fmu) (ZuEGZ Zn,ln,u)

where the last equality holds a.s. for n large enough as for any extinct vertex u € G, \ Gj,, we
know that a.s. Z, ¢, » = 0 for n large enough (remind that the sequence (¢,,)nen is bounded).
From [6, Theorems 1.B.6.1 and 1.B.6.2], as P has finite second moment, we know that
limy, 0o m™"Z, = W a.s. and in L? where W is a random variable in R% with finite second
moment. (From [6, Theorem I.B.6.2-(iii)], we know that on the non-extinction event, that
is when the root is a survivor vertex, a.s. W is positive.) Then, remark that for all sur-
vivor vertices u € Gy, we have that a.s. lim, m_("_k)Zn,o’u = W,, where conditionally
on Gj the random variables (Wu)uEGi are independent and distributed as W (remind that the
root of T is also a survivor vertex). Thus, we get that a.s. for all £ € N and all u € Gf,

limy, oo m*(”*k)Zn,&u = (Zf‘:o m~7)W,. As the sequence ({,,)nen is bounded, this implies

that a.s. for all vertices u € G, lim,,_, m_("_k)(Z?;O m=) " Z, 0, w = Wy. Hence, we get:
2 2
ZueGi Zn,@,u ZUEG‘; Wu
2 e 2
(ZuEGi Zn,f,u) (ZuEGi Wu)

Combining what we got so far, we get:

ZuEGi WS )

a.8. Tim ]P’(h(Un AV) >k ‘ T) - (Z )2
wea; W

n—oo

10



As the left hand side in (8) is a non-increasing function of k, then so is the right hand side in
(8). Thus, taking the limit when &k — oo and then taking the expectation, we get:

S e W2
E[lim lim ]P’(h(Un/\Vn) >k ’ T)] —E | lim =G
ueGy w)o]
>uea: W
— lim E | =€ | (9)
k—o0 2
(Suea: W) |

where we used the dominated convergence theorem in the last inequality.

Let (Wp,)nen be a sequence of independent random variables distributed as W. For all
n € N, define the random variable R(n) = Y1 W2/(3."_, W;)?. Using the strong law of
large numbers, we get that the numerator of R(n) is a.s. equivalent to nE[W?], and the de-
nominator of R(n) is a.s. equivalent to n?E[W]?. This implies that R(n) is a.s. equivalent to
nIE[W?]/E[W]?, and thus a.s. lim, .o, R(n) = 0. Remark that the expectation in the last
line of (9) can be written as E[R(Z})]. As we know that a.s. limy_, . Z; = 00, we get that a.s.
limy_,oc R(Z}) = 0. Hence, using the dominated convergence theorem (with domination by 1),
we get that lim,_,., E[R(Z})] = 0, which implies that the left hand side in (9) is also null. As
a consequence, we get that a.s. (7) holds, which implies that a.s. the sequence (A, ),ecn satisfies
Assumption 2. This concludes the proof of the first case.

Case 2: general case. Let ¢ > 0, and let £ € N be such that m=‘~!' < e. Then, using

Lemma 3.6, we get that a.s. P(h(U,) < n —{¢|T) < € for n large enough. Thus, a.s. for n large
enough, for all £ € N, we have:

P(h(Up AVy) 2 k| T) <P(W(U,) <n—Lor h(V,)<n—1L|T)
+Ph(U,) >n—~Land h(V,) >n—£|T)
x P(h(Uy A V) > k| min(h(Up), h(V,))) = n — €, T)
<2 +P(h(U, AV,) > k|T), (10)

where U,, and V,, are independent and uniformly distributed over UZ:(n—nlin(Zn é))+Gk. By the
first case, we have that limy_,, limsup,,_, .o P(h(U,, A V;,) > k|T) = 0. Thus, using (10), we get
that limy_, o0 limsup,, . P(R(U, AV,) > k|T) < 2e. This being true for all € > 0, we get that
a.s. the sequence (A,,),en satisfies Assumption 2, which concludes the proof. O

4 Dependence of the variance on the shape of the tree

In this section, we briefly discuss the variance of the empirical average estimator M4 (f) (which
estimates (u, f)), that is E,, [|A[~*M4(f)?] for some Borel function f on X, and its dependence
on the geometry of the averaging set A C T. We consider the case where the transition kernel
Q induces a self-adjoint compact operator on L?(u), where p is the unique invariant measure of
Q (note that self-adjoint is equivalent to (i, Q) being reversible). This is in particular the case
when the state space X is finite and (u, Q) is reversible, or when the operator induced by @ on
L?(u) is a symmetric Hilbert-Schmidt operator.

We now prove Proposition 1.4, which is a non-asymptotic result that states that among
subtrees T' C T of a given finite size, the line graph tree (i.e. the Markov chain) is the one
minimizing the variance of the empirical average estimator.

11



(a) Double-cherry graph (b) Line graph

Figure 1: Comparison of the double-cherry graph and the line graph (n = 6); both graphs have
an exactly balanced bipartite 2-coloring, and thus satisfy Hr(—1) = 0.

Proof of Proposition 1.4. Let f € L?(u) be some function. As @ induces a self-adjoint com-
pact operator on L?(u), using [11, Theorem 12.29-(d) and Theorem 12.30] (remind that a self-
adjoint operator is normal), the spectrum of ) is composed of a (at most) countable num-
ber of eigenvalues (aj)ren, and the function f € L?(u) has a unique expansion > ken fr
where we have Qfy = apfy for all k € N, and (fy, fe)r2u) = 0 for & # £ As Q is a
Markov kernel, we have oy € [—1,1] for all £ € N (indeed, using Jensen’s inequality, we have

a2 (p, f2) = (1, (Qfi)?) < (1, Q(f?)) = (1, f7)). Remark that for all n,m € N, we have:

(1, QU x QM f) = > AQ 1, Q™ fi) Loy = D ™ (. f2). (11)
i,jEN €N
d(u,v)

Using (2) with v = p, we get that E,[f(X,)f(Xo)] = > pen oy (i, f2). In particular, we get
that B, [Ma(f)%] = > ren Eu[Ma(fr)?], and thus it is sufficient to prove the result when f = fj,
for some k € N. (Remark that there exists k € N such that f; # 0 and oy & {—1,0,1} if and
only if f & Ker(Q) @ Ker(Q —I) @ Ker(Q + I).)

Hence, let &k € N be fixed, and in the rest of the proof, we will write f = fx and o = oy, €
[—1,1]. Thus, the variance of the empirical average estimator can be written as:

A7V B [MA(f)?] = |Al7 w, 2) Ha(a),  with Ha(a) = Y a®™¥),

u,vEA

which involves the Hosoya-Wiener polynomial H4(«) of the subset A. Note that variance mini-
mization is equivalent to minimization of H4(«). Also note that we may consider unrooted trees
A =T, as the definition of Hr(«) is invariant by rerooting the tree. Hence, the proof of the
proposition is complete by applying Lemma 1.5. O

We now prove Lemma 1.5 which states that the Hosoya-Wiener polynomial is minimized by
the line graph tree among trees of a given size.

Proof of Lemma 1.5. If @« = 0 or 1, then the value of the Hosoya-Wiener polynomial Hr depends
only on the size of T, and thus is the same for every tree T of size n. If &« = —1, then we have
Hr(—1) = (|B| — |R|)? where T = BU R is the bipartite partitioning of vertices in T', that is the
value of Hr(—1) is the imbalance between the two bipartite classes of vertices in T' (2-coloring
of T'), and its minimal value is O (resp. 1) when n is even (resp. odd), and is achieved by the line
graph (but not uniquely for n > 5, e.g. the double-cherry graph in Figure la is also a minimizer
for n = 6). We now assume that o € (—1,1) \ {0}, and we are going to prove that in this case
the line graph is the unique minimizer of Hr(«). We divide the rest of the proof in two cases
depending on the sign of a.

12
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(a) The unrooted tree T' before modification (b) The unrooted tree T" after modification

Figure 2: The unrooted trees T and T’ for « € (0, 1)

Proof for a € (0,1). The case a € (0,1) was already proved in [8, Theorem 9], but as it
is a simple argument, we include it here for the sake of completeness. Let n € N*. To prove
that the line graph minimizes the function 7' +— Hyp(a) among trees of size n, Let u; be a leaf
of T, and consider the tree T' to be rooted at u;. Let £ € N* be the first generation with size
larger than 1 (which exists as T is not the line graph), and for ¢ < ¢, denote by wu;11 the only
vertex in the i-th generation. Let v be one of the children of the vertex wy, and denote by T,
the connected component of T'\ {u,} that contains v. We define the tree T' by removing the
edge (ug,v) and by adding the edge (u1,v) (see Figure 2b, where for clarity the other children

of uy have been labeled vs,- - ,v;). We now compare the distances dps(u,w) and dp(u,w) for
u,w € T: if uw and w are both in T'\ T, or both in T, then d7 (u, w) = dr(u,w); if w € Ty, then
dr(us,w) = dp(ug—iy1,w) for 1 <i <l and if u e T\ (T, U{ug, - ,us}) and w € T, then we
have:

dr(u,w) = dps(u,up) + dpr (ue, v) + dpr (w,v) = dr(u, ug) + €+ dr(w,v) > dr(u,w).
Hence, we get:

HT(OL) — HT/(O[) =2 adT(u!U) _ adT’(U:U) > 07
UET, , wET\(TyU{u1, - ,ue})

and thus T does not minimize Hp ().

Proof for a € (—1,0). We prove the statement by recurrence on the size n of the tree. For
n € {1,2,3}, there exists only one (unrooted) tree of size n, hence the statement is trivial.

Before proving that this property is hereditary, first remark that if 7" is a tree of size n > 2
and uw,v € T are two vertices connected by an edge, and we let T, and T, be the two rooted
subtrees of T' obtained by removing the edge (u,v) and rooted at u and v respectively, then we
get:

Hr(a) = Hy, (o) + Hy,(a) +2 Y Y adr)

u' €T, v'eT,

= Hr,(a) + Hr, (o) + 20 Cr, (a)Cr, (av), (12)

dr(v,0")

where for convenience we write Cr, () = (Ev,eTv o ), and similarly for T,,. We also

remark that when T;, is the line graph with k vertices {u1,--- ,us} rooted at the vertex v = u;,
then we have Cr, (o) = ﬁ(l +a — ol — aF77*1) | which is maximal among rooted copies of

{uy,--- ,ux} only for j =1 or k (remind that o € (—1,0)). We denote by Ly, the line graph with
k vertices rooted at one of its extremities.
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(a) Case 1 (b) Case 2

Figure 3: The unrooted tree T' before modification

Now, consider n > 3 and assume that for all k& < n, the line graph is the unique minimizer
of T — Hyp(a) among trees of size k. Consider an unrooted tree T of size n that is not the
line graph. Let u be a leaf of the tree obtained by removing all the leaves of T' (such vertex is
sometimes called a non-protected vertex). In particular, the node u has 2 + ¢ neighbors in T
with ¢ € N, which we denote by ug, - -, upy1; and at most one of the neighbors of w is not a leaf,
say v = ug11. (All the neighbors of u are leaves if and only if T is the star graph whose center
vertex is u, in which case we still write v = ug41.) Denote by T, the subtree T'\ {u,uq," - ,us}
of T rooted at v. We consider three cases.

Case 1: ¢ = 0 (see Figure 3a). As T is not the line graph and as T, has size n — 2,
by induction hypothesis, we either have Hr, (o) > Hp, _,(«), or T, is a line graph rooted at a
non-extremal vertex (and thus Cr, (o) < Cp, _,(«)). If Cr, (o) < Cr,,_,(«), using (12) around
edge (v,u), as a1 + a) < 0 (remind that a € (—1,0)), we get:

HT(a) = HTU (a) + HL2 (Oé) + 2aCTU (a)(l + a)
>Hyp . (a)+ Hp, (o) +2aCr, ,(a)(1+ )
= HLn (Ol)

If Cr, (o) > Cp,_,(a) (thus we have Hr, () > Hp_,(a)), using (12) around edge (u,up), as
Cr,_,(a)=1+4+aCL, _,(a), we get:

Hr(a) = Hp\quey (@) + Hr, (o) + 2a(1 + aCr, (@)
> Hp, _(a)+ Hp, (@) +2a(l + aCp,_,(a))
= HLn (a)
Thus, for all values of Cr, (), we get that Hr(a) > Hy, ().
Case 2: ¢ > 1 and Cr,(«) > 0. Denote by Ty, the subtree of T' composed of the £+ 2 vertices
u, ug, - -+, ug (see Figure 3b), and consider the tree T” obtained from T by replacing T, by a copy

of Loy . By induction hypothesis, we know that Hr, (o) > Hp, ,(«). Using (12) around edge
(v,u),as 1+ ({ +1)a < Cp, (), we get:

Hr(a) = Hr, (o) + Hr, (@) + 2aCr, (@) (1 + (£+ 1)a)
> Hr, () + Hp,,, (o) + 2207, (a)CL, ., (@)
= Hr/(a),
and thus the tree T" does not minimize the Hosoya-Wiener polynomial.
Case 3: ¢ >1 and Cr, (o) < 0. As Cr, (o) # 1, we know that v is not a leaf. Denote by
vy, -+ , Uk the neighbors of v other than w, and for each i € [1, k], denote by T, the subtree of T,
rooted at v; (see Figure 3c). As Cr,(a) =1+« Zle Cr,,(a) <0, we have that Zle Cr,,(a) >

14



(a) Case 3a after moving Ty, (b) Case 3b after moving wui, - - ,ue

Figure 4: The unrooted tree T’ in Case 3 after modification

—1/a >0, and thus there exists i € [1, k] such that Cr, () > 0. Without loss of generality, we
assume for simplicity that ¢ = 1.

Case 3a: ¢ > 1 and Cr, (a) <0 and Z?:z Cr,,(a) > 0. Consider the tree 7" obtained
from T by replacing edge (v1,v) by (v1, ug), that is grafting T, on ug (see Figure 4a). Remark
that going from T to T”, the subtrees T, and T \ T, do not change, the distance between vy
and v; for i € [[2,k] goes from 2 to 4, and that vy is still at distance 1 from a leaf of the star
graph formed by vertices {v, u, ug,...,us}. Thus, as a € (—1,0), we have:

k
Hr(o) — Hy/ (o) = 2C7, () <Z Cr,, (a)) (a? —a*) >0,

and thus the tree T does not minimize the Hosoya-Wiener polynomial.

Case 3b: ¢ > 1 and Cr,(a) < 0 and 21;2 Cr,, (o) < 0. In particular, we get that
Cr,, (o) > —=1/a > 1. Consider the tree T" obtained from 7" by replacing edge (u;,u) by (u;,v1)
for all ¢ € [1,£], that is grafting leaves wuy,...,up to v1 (see Figure 4b). Remark that going
from T to T, the subtree T\ {u1,--- ,us} does not change, and for for i, j € [1,¢], the distance
between u; and u; (resp. v) does not change, and the distance between u; and vy (resp. u) goes
from 3 to 1 (resp. from 1 to 3). Thus, as @ € (—1,0), we have:

Hr(a) — Hr (o) = 20Cr,, (@)(a® — ) +20(1 + a)(a — o)
> 20(a® — a) +20(1 + a)(a — )
> 20(a? — a*) > 0,

and thus the tree T does not minimize the Hosoya-Wiener polynomial. O
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