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Abstract

We study traveling wave solutions for a reaction-diffusion model, introduced in
the article Calvez et al (2023), describing the spread of the social bacterium
Myxococcus xanthus. This model describes the spatial dynamics of two different
cluster sizes: isolated bacteria and paired bacteria. Two isolated bacteria can
coagulate to form a cluster of two bacteria and conversely, a pair of bacteria can
fragment into two isolated bacteria. Coagulation and fragmentation are assumed
to occur at a certain rate denoted by k. In this article we study theoretically the
limit of fast coagulation fragmentation corresponding mathematically to the limit
when the value of the parameter k tends to +∞. For this regime, we demonstrate
the existence and uniqueness of a transition between pulled and pushed fronts for
a certain critical ratio θ⋆ between the diffusion coefficient of isolated bacteria and
the diffusion coefficient of paired bacteria. When the ratio is below θ⋆, the critical
front speed is constant and corresponds to the linear speed. Conversely, when the
ratio is above the critical threshold, the critical spreading speed becomes strictly
greater than the linear speed.

Keywords: Reaction-diffusion systems, travelling wave, pushed and pulled fronts,
fast-reaction
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1 Introduction

Recent advances in both high-throughput microscopy techniques and cell segmentation

techniques have significantly advanced our knowledge of bacterial populations, partic-

ularly in the bacterium Myxococcus xanthus (Panigrahi et al, 2021). Within a bacterial

population, individuals have regular interactions with other individuals, which can be

cooperative or competitive (Shapiro, 1998; Avery, 2006). In this article we are inter-

ested in the modeling of the propagation of the motile bacterium Myxococcus xanthus

and more particularly how the interactions between the different individuals could

influence the propagation speed of the bacterium. This family of bacteria forms mul-

ticellular biofilms with a complex structure that is highly heterogeneous in time and

space (Rombouts, 2021; Rombouts et al, 2022). They are composed of a wide variety

of bacterial cluster sizes that vary greatly with the amount of local prey. Among the

bacteria within these biolfilms, there is also a strong difference in behavior. Indeed,

bacteria have two different motility regimes: adventurous motility A and social motil-

ity S, which depend on the expression of two distinct sets of genes (Hodgkin and

Kaiser, 1979). The A cells, which move by gliding over the surface in search of prey,

tend to be isolated bacteria. On the other hand, S cells tend to form large clusters and

move thanks to the projection of pili allowing them to cling to other bacteria. These

two motilities have synergistic roles in prey predation.

The size distribution of bacterial clusters is highly heterogeneous depending on

their position in the predation front. Upstream of the front, there are mainly isolated

bacteria or groups of small sizes. The further away from the invasion front, the more

large clusters of bacteria are found in proportion to the distance (Rombouts et al,

2022). The speed of bacteria is also heterogeneous and depends on the size of the clus-

ters. Indeed the average speed of isolated bacteria tends to be slower than the average

speed of bacteria in clusters (Bloch et al, 2023; Rombouts et al, 2022). In this arti-

cle we are mathematically interested in the possible impact of the diffusion advantage
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that groups of bacteria have on the speed of invasion of the bacterium Myxococcus

xanthus. For this, we will theoretically study the model introduced in article (Calvez

et al, 2023), which models the spread of the social bacterium Myxococcus xanthus. We

briefly explain this model below.

In this model, clusters of bacteria have two possible sizes: clusters of size 1 that

we will also call isolated bacteria and clusters composed of two bacteria. The density

of isolated bacteria is denoted by p1, while the density of pairs of bacteria is denoted

by p2, both depending on space and time. These two densities satisfy the following

system of two reaction-diffusion equations


∂tp1 = θ1∆p1 − τ1p

2
1 + 2τ2p2 + αp1(1− p/K),

∂tp2 = θ2∆p2 +
τ1
2 p

2
1 − τ2p2,

(1)

where p corresponds to the total number of bacteria, p := p1 + 2p2. For simplicity,

we consider the problem in one-dimensional space x ∈ R, so the Laplacian operator

becomes ∆ = ∂xx. The coefficients θ1 and θ2 correspond to the diffusion coefficients

of isolated and paired bacteria respectively. For the biological reasons described above

(Bloch et al, 2023), we assume that θ2 > θ1, i.e. the diffusion coefficient of the groups

of bacteria is greater than the diffusion coefficient of the isolated bacteria. The coagu-

lation term is represented by the term τ1p
2
1, which models the encounter between two

isolated bacteria creating a cluster of two bacteria. The term, τ2p2, corresponds to the

fragmentation of a pair of bacteria creating two isolated bacteria. The rates τ1 and τ2

correspond to the coagulation rate and the fragmentation rate respectively. Finally, we

assume that bacteria must be isolated to divide, this term is modeled by the growth

term in the first equation of (1). This growth is assumed to be logistic, with growth

rate α > 0 and carrying capacity K. In the article Rombouts et al (2022), biological

experiments on the bacterium Myxococcus xanthus show that the coagulation rate and
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the fragmentation rate are quite similar. Therefore it is assumed that the rates τ1 and

τ2 are both equal to the same positive constant denoted by τ .

One equivalent nondimensional system of equations (1) is given by


∂tp1 = ∂xxp1 − kp21 + 2kp2 + p1 (1− p) ,

∂tp2 = θ∂xxp2 +
1
2kp

2
1 − kp2.

(2)

where k = Kτ/α, and θ = θ2/θ1 are the two free parameters of the system. The

coefficient θ > 1 corresponds to the diffusion advantage of groups of bacteria compared

to isolated bacteria. This system (2) admits a unique positive equilibrium point which

we note (p⋆1, p
⋆
2), we are thus in the monostable case (Calvez et al, 2023).

In this article, we are interested in the existence of a traveling wave solution for the

system (2) and more precisely in the influence of the two free parameters k and θ on

the critical speed of the wave. Travelling waves for spatial fragmentation models with

continuous or discrete structure have been already studied theoretically by various

authors in many particular cases (See for example (Ducrot and Magal, 2009; Bouin

and Calvez, 2014; Alfaro et al, 2013; Griette, 2019)). In the numerical study of the

model (2) carried out in the article Calvez et al (2023), the authors exhibit numerically

the existence of travelling waves solution. Moreover, the numerical study of the wave

speed seems to show the presence of two possible regimes depending on the value of

the parameter θ, separated by a certain critical value θ⋆. The first regime, obtained in

the case θ < θ⋆, is a regime for which the critical speed is equal to c1 = 2. Note that

this speed, c1 = 2, corresponds to the speed of the problem (2) when only isolated

bacteria are considered, i.e. when the problem is decoupled (k = 0) and without

bacteria clusters at initial time (p02 equal to the null function). In this case the system
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of equations (2) simplifies to the following Fisher-KPP scalar equation,

∂tp1 = ∂xxp1 + p1(1− p1), (3)

This equation has been extensively studied (see (Fisher, 1937; Kolmogorov, 1937;

Aronson and Weinberger, 1978), among many others), and it has been shown that the

critical speed is equal to c1 = 2. The second regime is obtained when θ > θ⋆; in this

case the selected speed obtained numerically is strictly greater than the speed c1 = 2.

This increase in speed may be due either to the presence of a pulled front with a so-

called “anomalous” speed, or to the presence of a pushed front, i.e. a front impacted

by the non-linear terms of the system (2).

Anomalous propagation refers to a scenario, at first sight unexpected, in which the

coupling of two equations results in a critical speed faster than those of two decoupled

components. That is, in our case, a spreading speed strictly greater than c1 = 2. This

phenomenon was first observed in article (Weinberger et al, 2007), and subsequently

rigorously studied in (Holzer, 2014a,b; Faye and Peltier, 2018). In Section 2 of the

article, we briefly recall the derivation of the linear spreading speed of the system (2)

already derived in the article Holzer (2014a). In particular, when θ > 2+ k, the linear

speed becomes anomalous and is given by

canom =

√
k + 1

θ − 1
+

√
θ − 1

k + 1
. (4)

In order to estimate the propagation speed, we simulate the system with initial

conditions corresponding to Heaviside step functions,

p1(x, t = 0) = p⋆11x≤0(x), p2(x, t = 0) = p⋆21x≤0(x).
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Numerically, we observe that the propagation speed of the model (2) can be greater

than the speed c1 = 2, but in this case, it does not correspond to the anomalous

linear speed. Consequently, the system (2) is not always linearly determined. Linear

spreading speed is generally a good predictor of the nonlinear spreading speed, but

this prediction can sometimes fail, the best known example being Nagumo’s scalar

equation (Hadeler and Rothe, 1975). Contrary to the scalar equations, linear speed

is not necessarily a lower bound of the nonlinear speed. This result was shown for a

competitive Lotka-Volterra model in the article Holzer and Scheel (2012). However,

according to our numerical simulations, we note that in our case the linear spreading

speed corresponds to a lower bound of the nonlinear speed. For fronts that are not

linearly determined, we generally use the terminology “pushed fronts” (Van Saarloos,

2003), whereas for linearly determined fronts we use the term “pulled fronts”. Thus,

we propose the following conjecture

Conjecture 1. The critical nonlinear spreading speed c of the system (2) is given by

c =


2, when θ ≤ θ⋆, (Pulled case)

c̄(θ, k), when θ > θ⋆, (Pushed case)

with c̄ > clin, for k > 0, where clin is the linear critical speed.

The numerical simulations in (Calvez et al, 2023) and in this article corroborate

the conjecture 1. However, they do not allow us to conclude whether or not there really

is a pulled front. Indeed, with the help of numerical simulations we can obtain an

experimental speed which is close, to a certain accuracy, to the real speed. Thus, using

the experimental speed we cannot know for certain when we are in a pulled front regime

corresponding to a critical speed equal to the linear speed. Moreover, even assuming

that there is a pulled front regime for a sufficiently small θ, it is numerically very

complex to identify, with certainty, the location of the transition between pulled and
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pushed fronts. This reason motivates us to study theoretically, the possible transition

between pulled and pushed front for the system (2).

It should also be noted that the numerical simulations carried out in the article

Calvez et al (2023) can be improved. In particular, the recent results obtained by

Avery et al (2023b), based on the far field decomposition, would allow us to obtain

an experimental transition between the pulled and the pushed fronts with an extreme

accuracy compared to the previous numerical simulations.

The theoretical study of a transition between pulled front and pushed front has

already been studied for many reaction-diffusion equations. For example, the best

known result concerns the Nagumo equation (Hadeler and Rothe, 1975) or the more

recent work on the Fisher-KPP-Burgers equation (An et al, 2021). Theoretical works

on the transition between pulled and pushed fronts have also been carried out for

systems of reaction-diffusion equations, notably for a system modeling autocatalytic

reactions (Focant and Gallay, 1998; Billingham and Needham, 1991), or for a Lotka-

Volterra competition model (Lewis et al, 2002).

In this paper we are mainly interested in the fast fragmentation-coagulation limit,

which mathematically corresponds to the limit when k tends to +∞. Biologically this

corresponds to the assumption that fragmentation and coagulation occur on a faster

time scale than other interactions in the system, such as diffusion or division. Under

this assumption, we will see that the system (2) simplifies into a simple Fisher-KPP

type equation that can be studied theoretically. This regime has already been studied

numerically in the article Calvez et al (2023) using a shooting method. Moreover the

authors show numerically that the results obtained in the asymptotic case k = +∞

are similar to the numerical experiments for k assumed to be large enough. In the

literature, this kind of fast reaction limit has already been studied and justified for

models close to the system (1). For example, in the article Carrillo et al (2009), the
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authors work on the fast reaction limit for the Aizenman-Bak model of coagulation-

breakup with spatial diffusion (Desvillettes and Fellner, 2010; Aizenman and Bak,

1979).

The approximation of fast fragmentation-coagulation leads to the study of a scalar

nonlinear reaction-diffusion equation, for which we prove the existence of a unique

transition between pulled and pushed fronts which occurs at a certain θ⋆. For θ < θ⋆

the front is pulled, while for θ > θ⋆ the front is pushed. To establish the existence of

this transition, we use a change of variable, in the phase plane, introduced by Hadeler

and Rothe (1975) and independently by Engler (1985). This change of variable will

simplify the initial problem into a classical problem that can be studied theoretically

with the tools present in the literature, which allows us to show that the front is pulled

for θ ∈ [1, 2]. Concerning the proof of the pushed regime of the front for a θ assumed

large enough, we use the variational principle of Benguria and Depassier (1996a,b).

We also provide an accurate estimate of the critical value θ⋆. Moreover, still in the

fast fragmentation-coagulation regime, we derive the order of the asymptotic critical

speed, this speed is of the order c⋆ ∼ Const×
√
θ with a constant that we determine

explicitly.

According to our mathematical model, under the assumption that coagulation and

fragmentation take place at a very rapid frequency, we have the following biological

result: if the diffusion advantage that groups of bacteria have is not large enough, then

this advantage will not impact the propagation speed of the bacterium Myxococcus

xanthus. Conversely, if the diffusion advantage exceeds a certain threshold, the global

predation speed of Myxococcus xanthus will increase according to the value of the

advantage.

Main Result. For the scalar equation derived under the assumption of fast

coagulation-fragmentation, k = +∞, the linear speed is 2 and there exists θ∗ ∈ [2, 6.5],

such that :
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• When θ ∈ [1, θ⋆], the invasion speed is equal to 2, and the front is pulled. This

case corresponds to a predation speed solely governed by isolated bacteria in which

the diffusion advantage of the clusters does not affect the invasion of the bacterium

Myxococcus xanthus.

• When θ > θ⋆, the invasion speed is strictly greater than 2, and the front is pushed. In

this case, the diffusion advantage of the bacterial clusters leads to a faster invasion.

The plan of the paper is the following: In section 2, we recall the linear spreading

speed. In section 3, we study the fast fragmentation-coagulation limit. For this case,

we prove the existence and the uniqueness of a transition between pulled and pushed

fronts, as well as an estimate of it. In addition, estimates of the asymptotic critical

speed are given.

2 General case

Theoretical linear spreading speed

In this section, we briefly recall the results obtained in article Holzer (2014a), which

also apply to our system. The method is also explained in more detail in the article

Holzer and Scheel (2014). The linear spreading speed corresponds to the fastest speed

associated with the linearized form of the system around the state of equilibrium

(p1 = 0, p2 = 0). In our case, the linearized form of the system (2) around the

equilibrium state (0, 0), and in the moving frame ξ = x− ct, is rewritten as follows


∂tp1 = c∂ξp1 + ∂ξξp1 + p1 + 2kp2,

∂tp2 = c∂ξp2 + θ∂ξξp2 − kp2.

(5)

Holzer proved in the article Holzer (2014a) that the linear propagation speed can be

deduced from the analyticity, or lack of analyticity, of the pointwise Green’s function
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associated with the system (5). The dispersion relation for the (5) system is given by,

Dc(ν, λ) =
(
ν2 + cν + 1− λ

) [
θν2 + cν − k − λ

]
, (6)

which corresponds, by the skew-product nature of the coupling, to the product of the

two dispersion relations D1 and D2 given by

D1(ν) := ν2 + cν + 1− λ = 0,

D2(ν) := θν2 + cν − k − λ = 0.

The roots of these dispersion relations are denoted by ν±1 and ν±2 respectively. The

singularities of Green’s function correspond to pairs (s⋆, λ⋆) such that the dispersion

relation (6) admits a pinched double root, i.e. when (s⋆, λ⋆) satisfies,

Dc(λ
⋆, ν⋆) = 0, ∂νDc(λ

⋆, ν⋆) = 0, Re ν±(λ) → ±∞ as Re (λ) → ∞.

This happens when one of these relations is satisfied

ν+1 (s, λ) = ν−1 (s, λ), (7)

and

ν±1 (s, λ) = ν∓2 (s, λ). (8)

Equality (7) gives us the expected speed, denoted by c1,

c1 = 2,

10



while the second equality gives us the anomalous speed,

canom =

√
k + 1

θ − 1
+

√
θ − 1

k + 1
.

This anomalous speed exists when the parameter value θ > 2 + k, therefore the

linear propagation speed clin is given by

clin =


2, when θ ≤ 2 + k,

canom, when θ > 2 + k.

(9)

Linear spreading speed versus Nonlinear spreading speed

First, we compare the linear threshold θlin = 2+k with the threshold of the non-linear

system. In figure 1, we illustrate, the separation between the two possible regimes of

the linear problem. The grey area corresponds to the zone of parameter values (k, θ)

for which the linear speed is strictly greater than the expected speed c1 = 2.

In the article Calvez et al (2023), the authors illustrate an equivalent figure for

the general system (2). For the nonlinear system, a large part of this zone is not

predicted by the linear analysis. Consequently, for the spreading speed of the system

(2), the theoretical linear threshold θlin is not adequate to predict the nonlinear speed

behavior. On the other hand, the numerical simulations carried out in the article

Calvez et al (2023), show a notable difference concerning the exponential decay rate

of the wave of p = p1 + 2p2 between the two zones separated by θlin (See Fig. 2 of

(Calvez et al, 2023)). Note that the theoretical linear threshold, in the asymptotic

case k → ∞, corresponds to θlin → +∞. However, as we will see in the next section,

we can theoretically prove that the speed c of the system (2) is strictly greater than

the speed c1 = 2 for 2 < θ < 6.6, which theoretically demonstrates that in our case

the linear speed is not a good predictor of the nonlinear speed.
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Fig. 1 The gray zones correspond to the zones for which the spreading speed is strictly greater than
c1 = 2. For the linear spreading speed, the threshold corresponds to the line θ 7→ θ−2. The horizontal
dotted line, at k = 3, represents the choice of parameter value made for figure 2. (Figure changed)

We also compare the anomalous linear spreading speed given by (4) with the speed

of the system (2), determined using numerical simulations. In figure 2 we plot the

theoretical “normal” (in red) and anomalous (in blue) linear spreading speed given

by the formula (9) as well as the nonlinear speed of the general system (in black),

for different values of θ. For θ large enough, the linear speed differs greatly from the

nonlinear speed. Moreover, we notice, numerically, that this linear speed is always a

lower bound of the nonlinear speed. We can thus conclude from figure 2 that for θ

large enough, the problem is not linearly determined.
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Fig. 2 Comparison of the linear spreading speed clin with the experimental speed of the system
(2) for k = 3 and different values of θ. We notice that for θ large enough, the numerically derived
spreading speeds, represented in black, are strictly greater than linear spreading speeds.

Note that in the asymptotic case k → 0, the nonlinear speed seems to tend towards

the linear speed. In figure 3, we represent the speed obtained using numerical exper-

iments for the general system (black ×) and we compare it to the theoretical linear

speed (red ·) for a chosen very small k (k = 1e − 6) and for different values of θ. We

notice that these two speeds are very close to each other. From this figure we propose

the following conjecture:

Conjecture 2. In the asymptotic case k → 0+, the nonlinear speed is predicted by

the linear speed, i.e.

lim
k→0+

c(k, θ) = clin(0, θ).
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Fig. 3 Comparison of the linear spreading speed clin with the experimental speed of the system (2)
for a very low parameter value k, k = 1e− 6. The × in black represent numerically derived spreading
speeds of the the system (2) and the red · represent the linear spreading speeds given by (9). In the
asymptotic case k → 0+, the linear spreading speed seems to be an accurate prediction of the critical
speed of the general system.

3 Fast fragmentation-coagulation regime

3.1 Derivation of an equivalent equation for travelling wave in

the limit.

In the limit case k → +∞, we necessarily have 2p2 = p21. Using the definition of p,

this gives us the following relation

p− p1 − p21 = 0. (10)
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Therefore there is a function f such that p1 = f(p), with f : p → (
√
1 + 4p − 1)/2.

Under the assumption k = +∞, the system (2) becomes a single nonlinear equation

defined by

∂tp = ∂xx(ϕθ(p)) + F (p), (11)

with

F (p) = f(p)(1− p), ϕθ(p) = f(p) + θf(p)2. (12)

We express equation (11) in the following more conventional equivalent form

∂tp = ∂x [ψθ(p)∂xp] + F (p), (13)

with ψθ defined by

ψθ(p) := ϕ′θ(p) = f ′(p) + 2θf ′(p)f(p) =
1√

1 + 4p

(
1 + θ

[√
1 + 4p− 1

])
.

We are interested in the existence of traveling waves for the equation (13). To inves-

tigate this, we study the equation in the moving reference frame ξ = x − ct. The

equation (13) becomes

cp′ + (ψθ(p)p
′)′ + F (p) = 0. (14)

The nonlinear diffusion term complicates the study of the equation (14). The existence

of traveling waves in the context of nonlinear diffusion has already been extensively

studied. There are multiple theories based on different cases depending on the nonlin-

ear diffusion term, ψθ, and the reaction term, F . In our case, to simplify the nonlinear

diffusion term, we satisfy the assumptions to apply the change of variable initially

proposed by Hadeler in the article Hadeler (1983) and independently by Engler in the

article Engler (1985). Indeed we have the following conditions satisfied, ψθ(0) = 1 and,

for all p ∈ [0, 1], the function ψθ is positive. The reaction term F satisfies the follow-

ing properties, F (0) = F (1) = 0 and the function F is positive on ]0, 1[ and negative
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for p > 1. The derivative of the function F is given by the following relation

F ′(p) = f ′(p)(1− p)− f(p), (15)

And applied to p = 0, we have F ′(0) = 1 > 0.

In the phase plane, the equation (14) becomes the following system


p′ = q,

cq + (ψθ(p)q)
′ + F (p) = 0.

(16)

We perform the change of variables introduced in the article Hadeler (1983). Rescaling

the time by

η =

∫ ξ

0

ds

ψθ(p(s))
.

Setting ρ(η) = p(ξ) and q̃(η) = q(ξ)ψθ(p(ξ)), we have


ρ′ = q̃,

cq̃ + q̃′ + F (ρ)ψθ(ρ) = 0.

Thus, we obtain the following equation

cρ′ + ρ′′ + F (ρ)ψθ(ρ) = 0, (17)

without nonlinear diffusion, equivalent to the problem (14).

3.2 Pulled case for 1 ≤ θ ≤ 2

The theoretical study of the equation (17) is much simpler than the study of the

previous equation (13). In particular, it is possible to easily estimate the critical speed,
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c⋆, by the following classical estimate

2 ≤ c⋆ ≤ 2

√
sup

s∈]0,1[

ψθ(s)F (s)

s
. (18)

Subsequently, many authors have proposed possible improvements for the estimate of

the critical speed c⋆ (See for example (Arias et al, 2004; Marcelli and Papalini, 2018)).

For our study, we will use the following inequality, proved in (Marcelli and Papalini,

2018),

c⋆ ≤ 2

√
sup

u∈(0,1]

1

u

∫ u

0

ψθ(s)F (s)

s
ds. (19)

Numerically, in the article Calvez et al (2023), the authors noticed that a transition

between pulled and pushed fronts will certainly occur when θ becomes large enough.

The speed of the linearized problem, for the equation (17), is clin = 2. The front is

pulled if the critical speed is equal to the linear speed clin and is pushed if it is greater.

First, we will show theoretically that the front is pulled for a θ assumed small enough.

We are therefore interested in the upper bound of the estimate (18). In particular, one

can inject the following bound in (18) or (19)

Lemma 3. For 1 ≤ θ ≤ 2 the following inequality holds

ψθ(s)F (s) ≤ s(ψθF )
′(0) = s. (20)

Proof. The function ψθF is given by the following relation

(ψθF )(s) =
(1− s)

(√
1 + 4s− 1

)
4
√
1 + 4s

[
2 + 2θ(

√
1 + 4s− 1)

]
.
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The derivative of the function ψθF applied at s = 0 gives us (ψθF )
′(0) = 1. By

definition of F and ψθ, the inequality (ψθF )(s) ≤ s is equivalent to

(1− s)
(√

1 + 4s− 1
)

4
√
1 + 4s

[
2 + 2θ(

√
1 + 4s− 1)

]
≤s.

Isolating the term θ, the condition is given by

θ≤ 2s
√
1 + 4s

(1− s)
(√

1 + 4s− 1
)2 − 1√

1 + 4s− 1
:= U(s).

Therefore the condition (20) holds for all θ≤mins∈[0,1] U(s). The function U is an

increasing function, whose derivative is given by the following relation

U ′(s) =
6s+ 5

√
4s+ 1 + 9

4(s− 1)2
√
4s+ 1

.

This function is positive for s ∈ (0, 1). Therefore, thanks to the growth of U the

minimum of U is reached at s = 0. To derive lims→0 U(s), we perform a Taylor series,

this gives us

lim
s→0

U(s) = lim
s→0

8s2

4s2
+ o(1) = 2.

In conclusion, we have shown that the condition (20) holds for θ ≤ U(s) = 2.

Thanks to lemma 3 we directly obtain the following result

Corollary 3.1 (Pulled case for θ ≤ 2 ). For 1 ≤ θ ≤ 2 the critical speed is equal to

the linear speed

c⋆ = 2.

This result is illustrated in figure 4 (Green and red areas). To prove the existence

of a transition between a pulled front and a pushed front, we will use the variational
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principle of Benguria and Depassier (1996b,a), which we will present in the next

section.

3.3 Pushed case: Application of the variational principle of

Benguria and Depassier

To obtain a lower bound of the critical speed we will use the following variational

principle.

Theorem 4 (Variational principle of Benguria and Depassier (1996b,a)). We consider

the following one-dimensional problem

∂tu(x, t) = ∂xxu(x, t) + h(u(x, t)), x ∈ R, t ≥ 0.

Assume h ∈ C1([0, 1],R) and verify h(0) = h(1) = 0. We assume to be in the

monostable case, i.e. h(u) > 0 for all u ∈]0, 1[.

Then the critical speed c⋆ is given by

(c⋆)2 = sup
g∈G

(
2
∫ 1

0
gh du∫ 1

0
(−g2/g′) du

)
,

where

G = {g ∈ C1(]0, 1[)| g(u) > 0 and g′(u) < 0 ∀u ∈]0, 1[;
∫ 1

0

u2g′(u)du > −∞}.

We characterize the threshold for transition to pushed front. Let θ⋆ be defined as

follows

θ⋆ = inf{θ : c⋆(θ) > 2}. (21)

We start with
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Lemma 5. Define θ∗ as in (21) then the following property holds true

2 ≤ θ∗ < +∞.

Proof. To prove lemma 5 , we denote ψ0 = f ′ and ψ1 = 2f ′f , so that we can write

ψ = ψ0+θψ1. The functions ψ0 and ψ1 are independent of θ. This allows us to separate

the part of ψ that is independent of θ and the part linearly dependent on it. Thereafter,

we will denote dµg the measure Fg/
∫
(−g2/g′). Under these notations, the equality

(4) of the variational principle of Benguria and Depassier becomes for our case

(c⋆)2 = 2 sup
g∈G

(∫ 1

0

(ψ0 + θψ1) dµg

)
. (22)

Therefore, since ψ0 ≥ 0, we have the following estimate

θ sup
g∈G

∫ 1

0

ψ1dµg ≤ (c⋆)2

2
≤ sup

g∈G

∫ 1

0

ψ0dµg + θ sup
g∈G

∫ 1

0

ψ1dµg. (23)

We define K as follows

K = sup
g∈G

∫ 1

0

ψ1dµg, (24)

by definition of µg and ψ1, this constant is positive, finite and independent of θ.

Therefore we get the following lower bound

2Kθ ≤ (c⋆)2. (25)

A first result, deriving from the estimate (25) and from the positivity of K, is that the

transition between pulled front and pushed front, θ⋆, exists and we have this following

upper bound,

θ⋆ ≤ 2

K
< +∞.
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which ends the proof of lemma 5

The following lemma shows that θ∗ corresponds indeed to a transition.

Lemma 6. The function θ 7→ (c∗)2(θ) is a continuous, nondecreasing convex function

on [1,+∞[. In particular, it is increasing on [θ∗,+∞[.

Proof. The fact that θ 7→ (c⋆)2(θ) is nondecreasing is immediate. The convexity is a

direct consequence of the fact that for any admissible g, θ 7→
∫
(ψ0+θψ1) is linear and

thereby convex. As a byproduct, we establish that {θ : (c⋆)2(θ) > 4} is an interval,

which is necessarily ]θ∗,+∞[. Finally, by convexity, for any θ1 > θ2 > θ∗, we have

(c⋆)2(θ2) > (c⋆)2(θ∗) = 4

(c⋆)2(θ1)− (c⋆)2(θ2)

θ1 − θ2
≥ (c⋆)2(θ2)− (c⋆)2(θ∗)

θ2 − θ∗
> 0.

Using this lemma and previous result, we can summarize the pulled pushed

transition in the following

Theorem 7. For the equation (11), let 0 < K < +∞ be defined by (24), there exists

θ∗ ∈ [2, 2/K[, such that we have the following two results

1. For θ ∈ [1, θ⋆] the front is pulled and for θ > θ⋆ the front is pushed.

2. The critical speed c⋆ of the equation (11) satisfies

2Kθ ≤ (c⋆)2 ≤ 4 + 2K(θ − θ⋆). (26)

In particular

c⋆(θ) ∼
θ→+∞

√
2Kθ. (27)
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Proof. Points 1. and 2. have already been demonstrated. It remains to prove the

asymptotics on θ⋆ and K. We can denote that we have established with the proof that

c∗ > 2 for θ > 2/K. Moreover, for θ ≥ θ⋆, we can improve the estimate (23) into this

estimate

θ sup
g∈G

∫
ψ1dµg ≤ (c⋆)2

2
≤ sup

g∈G

∫
ψ0 + θ⋆ψ1dµg + (θ − θ⋆) sup

g∈G

∫
ψ1dµg.

Therefore by the definition of K, we have (26) and we obtain from this estimate the

following limit

lim
θ→+∞

(c⋆(θ))2

θ
= 2K. (28)

leading to (27).

The theorem 7 is illustrated by the figure 4. The blue region represents a lower

bound of the theoretical minimal speed, which is obtained by applying the variational

principle of Benguria and Depassier to a certain test function.

We end this section with some quantitative estimates on θ∗.

Lemma 8. The following estimates hold true

θ∗ ≤ 15
√
5 + 21

(
√
5− 1)(9−

√
5)

≈ 6.5235.

Proof. To show that the front is pushed for θ > θ⋆, we use the Benguria-Depassier

principle recalled below

(c⋆)2 = sup
g∈G

(
2
∫ 1

0
gFψθdp∫ 1

0
(−g2/g′)dp

)
.

We apply the principle of Benguria and Depassier to the following family of test func-

tions gε(p) = (
√
1 + 4p− 1)ε−2. According to the principle of Benguria and Depassier
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we obtain the following lower bound for the critical speed

(c⋆)2 ≥
2
∫ 1

0
gεFψθdp∫ 1

0
(−g2ε/g′ε)dp

=:
N(ε)

D(ε)
.

We compute numerator and denominator separately. Under our assumptions, the

denominator becomes

D(ε) =

∫ 1

0

(−g2ε/g′ε)dp,

=

∫ 1

0

(
√
1 + 4p− 1)2ε−4

(2− ε)(
√
1 + 4p− 1)ε−3. 2√

1+4p

dp,

=
1

4(2− ε)

∫ √
5

1

(u− 1)2ε−4−ε+3u2du,

=
1

4(2− ε)

∫ √
5−1

0

vε−1(v + 1)2dv,

=
1

4(2− ε)

∫ √
5−1

0

(
vε+1 + 2vε + vε−1

)
dv,

=
1

4(2− ε)

(
(
√
5− 1)ε+2

ε+ 2
+ 2

(
√
5− 1)ε+1

ε+ 1
+

(
√
5− 1)ε

ε

)
,

=
1

4(2− ε)
(
√
5− 1)ε

5ε2 + (2
√
5 + 5)ε+ 2

ε(ε+ 1)(ε+ 2)
,

leading to

D(ε) =
(
√
5− 1)ε

4ε(ε+ 1)(ε+ 2)

5ε2 + (2
√
5 + 5)ε+ 2

(2− ε)
. (29)

Still using the same change of variable u =
√
1 + 4p, we compute the numerator

N(ε) = 2

∫ 1

0

gεFψθdp,

= 2

∫ √
5

1

(u− 1)ε−2
(5−u2)

4 (u− 1)

4u
[2 + 2θ(u− 1)]

u

2
du,

=
1

8

∫ √
5

1

(u− 1)ε−1
(
5− u2

)
(1 + θ(u− 1))du,
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=
1

8

∫ √
5−1

0

vε−1
(
4− 2v − v2

)
(1 + θv)dv,

=
1

8
(I(ε− 1) + θI(ε)),

where

I(α) =

∫ √
5−1

0

vα
(
4− 2v − v2

)
dv,

= 2
(
√
5− 1)α+1

(α+ 1)(α+ 2)(α+ 3)

(
(5−

√
5)α+ 9−

√
5
)
.

So that

N(ε) =
(
√
5− 1)ε

4ε(ε+ 1)(ε+ 2)

(
(5−

√
5)(ε− 1) + 9−

√
5 +

θε(
√
5− 1)

ε+ 3

(
(5−

√
5)ε+ 9−

√
5
))

.

Finally, we can make the Taylor expansion

N(ε)

D(ε)
= 4 + ε.

(
−7− 5

√
5 +

θ

3

(
9−

√
5
)(√

5− 1
))

+ o(ε),

And therefore, for θ > 21+15
√
5

(9−
√
5)(

√
5−1)

, we have (c∗)2(θ) ≥ N(ε)
D(ε) > 4 for ε > 0 small

enough which proves the bound θ∗ ≤ 21+15
√
5

(9−
√
5)(

√
5−1)

of lemma 8.

This lower bound, coupled with the previous corollary 3.1, provides the following

estimate θ⋆ ∈ [2, 6.6]. In article Avery et al (2023b), the authors have developed a

method to approach numerically, with good precision, the transition between pulled

front and pushed front. Applying this method to the equation (17) yields the following

experimental threshold: θ̃⋆ ≈ 3.1489, which is in agreement with our estimates.
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Fig. 4 The black curve represents the evolution of the critical speed of the numerical solution of
the asymptotic problem (13) as a function of θ. It is obtained numerically using a shooting method.
The green area corresponds to the inequality c⋆ ≥ clin = 2. The area in red corresponds to the upper
bound of the estimate (19) introduced in the article Marcelli and Papalini (2018). The blue area is
obtained using the variational principle of Benguria and Depassier (4) applied to the family of test
functions g̃ε(p) = (

√
1 + 4p − 1)ε−2. For this figure the value of the parameter ε is ε = 0.09. This

value of ε is not optimal for estimating the transition between pulled and pushed front. The zone
in white corresponds theoretically to the area in which the critical speed is admissible. We observe
a transition between pulled and pushed fronts which takes place between the positions, x = 2 and
x ≈ 7.2, symbolized by the two markers. The red cross corresponds to the experimental transition
threshold between pulled front and pushed front, obtained using the theory and the codes of the
article Avery et al (2023b).

4 Conclusion

We exhibit numerically that for k ≥ 0 the linear speed of model (2) is not a good pre-

diction of the nonlinear speed. Moreover, in the asymptotic case, k = +∞, we can, with

a change of variables, simplify the system (2) into a single reaction-diffusion equation.
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Thanks to this simplification, we have demonstrated the existence of a transition

between pulled and pushed fronts, as well as an estimate of the critical threshold.

Note that if we replace the coagulation term with a linear transfer term, the result-

ing model is a special case of the general system studied in the article Elliott and

Cornell (2012). In this paper, the authors show the existence of zones for which the

speed is anomalous, and also exhibit the importance of the critical threshold θ⋆ = 2.

In their case, however, the linear speed predicts the non-linear speed; in our case, the

addition of the non-linear coagulation term disturbs this prediction when θ is large

enough.

In this article we have demonstrated the existence of a transition between pulled

and pushed fronts only in the asymptotic case k = +∞. For the case k > 0, this

result is more complex to prove. In the article Focant and Gallay (1998), the authors

theoretically prove the existence of a transition between pulled and pushed fronts for

a system of reaction-diffusion equations using phase space techniques. However, for

the system (2), the eigenvectors of the linearization around the positive equilibrium

point are explicit but highly complex, making it impossible to use these techniques.

It could be interesting to determine if and how our result for k = +∞ persists for

sufficiently large values of k. The resolution of this type of problem is generally carried

out using the implicit function theorem. However, the application of this theorem can

be complex in the context of traveling wave solutions (Volpert, 2014; Volpert et al,

1994; Banerjee et al, 2017). There are several possibilities to overcome these problems,

for example, refer to the theory presented in the book Volpert (2014). Moreover,

new methods for the persistence of pulled fronts have been recently introduced in

the articles Avery and Scheel (2022); Avery et al (2023a,b); Avery and Garénaux

(2023). Regardless of the method used, the nonlinear diffusion in the asymptotic case

of k = +∞ considerably complicates the analysis.
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There are multiple possible future directions to improve modeling of the spread of

the bacterium Myxococcus xanthus.

First of all it would be interesting to complexify the size structure of the model

(2), by including also larger clusters of bacteria. In the article Calvez et al (2023),

the authors show numerically, for a similar model structured in continuous size, the

existence of numerical results very close to those obtained for the system (2). In

particular, the authors show, numerically, the existence of a phenomenon equivalent to

a transition between pulled and pushed front. Another possibility, concerning the size

of the clusters, would be to use the classification recently introduced in biology between

3 types of families: the “scouts” which are small groups of bacteria, the “loners” the

medium-sized groups and finally the “swarms” corresponding to the largest clusters

(Rombouts et al, 2022).

Another interesting axis would be to complexify the reaction terms of the model

(1) to model as well as possible the behavior of the bacterium Myxococcus xanthus.

For example, when the bacterium divides, it remains motionless during the time of the

division. In this article we assume that this time is negligible. Nevertheless it would be

interesting to study the effect on the speed of such counterpart on the division. Such

an addition would tend to increase the area in which the front regime is pushed. From

a mathematical point of view, there already exist in the literature systems modeling

division terms close to the desired one. For these models built with a delay term,

traveling wave solutions have already been studied (see for example (Adimy et al,

2017, 2022) and the references therein).

Finally, it is necessary for the future to take into account the fact that the bacterium

Myxococcus xanthus is a predatory bacterium attacking prey bacteria such as E.Coli.

Biologically, the amount of prey and its evolution over time has a major impact on

the different motilities of Myxococcus xanthus as well as on its speed of propagation.

This will be a subject of our future study.
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