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HIGH FREQUENCY RESOLVENT ESTIMATES FOR THE MAGNETIC
LAPLACIAN ON NON COMPACT MANIFOLDS

VIVIANA GRASSELLI

ABSTRACT. We consider the Schrédinger operator with a magnetic perturbation on non
compact manifolds with infinite volume. We prove optimal estimates for the resolvent op-
erator at high frequencies in Besov-type spaces. In the general trapping case we obtain the
usual exponential blow-up, while when the resolvent is localised on the manifold end, away
from possible trapped trajectories, we obtain the optimal bound by the inverse square root
of the spectral parameter.
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1. INTRODUCTION

In this work we prove estimates for the limiting value of the resolvent of a Laplace-Beltrami
operator with lower order perturbations. This operator describes the energy of a system of
two quantum particles subject to an electric, as well as a magnetic potential. These limiting
resolvents are central objects in the study of the dynamics of the system thanks to the relation
given by Stone’s formula [15, Theorem VII.13|. Indeed, let P,, the magnetic Laplacian we
will consider. We will define precisely this operator in Section 1.2. By selfadjointness of P,,,
its resolvent (P,, — z)~! is well defined when z € C \ R. The limit at the boundary of its
domain is then

s- im (P,, — A\* +ig) 71,
e’'—0
where s-lim denotes the limit in the strong operator topology. By Stone’s formula

) 1 B
et = %/0 s lim((Pr = N +ie) ™' = (P = N —ig) 1) dA,
1
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hence we can study the dynamics of the Schrodinger evolution via the limiting resolvents.
Here, we consider a system on a non compact manifold with infinite volume which is a long
range perturbation of a conical or hyperbolic end, and we study the resolvent in the high
frequency regime, that is for A large.

The main feature of this work is that we include a perturbation of order one in the Laplce-
Beltrami operator, which models the presence of a mangetic field.

Since we are considering a singular limit for the resolvent, we can not study this quantity
in the topology of bounded L? spaces, where the norm of the limit would blow up. However,
we remark that to study the operator (P, — A\? 4 i¢’) ! is equivalent to solving the equation
(P,,—A\?*+ic’)u = f when &’ tends to zero, which is a problem linked to the Fourier transform
restriction properties, as one can see directly by solving for u in (—=A — A\?)u = f. Since the
restriction of the Fourier transform to a surface is well defined in weighted L? spaces, this
topology represents a suitable setting in which to study limiting resolvents. In this work,
by considering Besov-type spaces (defined in Section 1.3), we will be able to go beyond the
usual restrictions on the weights imposed by this approach.

The aim is to obtain estimates for large A in all generality, without assumptions on the
geodesic flow, to which the resolvent is sensitive in the case of A large. Without geodesic
information we expect an exponential loss in the estimates, contrary to the the polynomial
blowup coming from the low frequencies [16|. This is indeed what we will obtain: the resolvent
on the entire manifold has an exponential bound and the cutoff resolvent near infinity has a
polynomial decay. This is due to the fact that outside of a sufficiently large compact region
there is no trapping effect and hence no loss in the estimates.

We now give some notions to state our result. The manifold M that we consider is of the
form

M ~ KU(R,+00) xS (1.1)
diffeo
with K a compact region and an unbounded region (R,+00) X S of product form with a
product metric. The main examples one must keep in mind for (R, +00) x S are a long range
perturbation of a cone or of an hyperbolic manifold, as described in Examples 1.8 and 1.9.

On the manifold M we consider P,,, the Laplace-Beltrami operator with perturbations of

order one and zero decaying at infinity respectively like

1 1

r2t7 0t

r € (R,400). (1.2)

The main result is the following. Precise definitions are postponed to the end of this
introduction.

Theorem 1.1. Let (M, Gyr) a non compact Riemannian manifold, satisfying (1.1) and P,
the perturbed Laplace-Beltrami operator satisfying (1.2). Let || - i g2, || - 5.5 weighted
norms on the manifold end (R,+00) x S (defined in Section 1.3). Let R < Ry < Ry. For
any v € H*(M),\ > 1 and for any & > 0 there exists a constant C > 0, independent of A

and €', such that

Hquql(M\(Rl,Jroo)w) + HUH?{LB;R SO(eAC)H(Pm -+ iff/)“”%?(M\(Rg,Jroo)xs))

+ 0P — N + is’)uHQB>R.
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In the proof of the result we will see that the contribution of the exponential terms O(e*®)
is due only to norms on compact regions of the manifold. We therefore obtain a corollary for
the cutoff resolvent.

Corollary 1.2. Under the assumptions of the previous theorem, there exists Ry > R such
that for x, smooth cutoff supported on (Rs, +00) X S, and for any &' > 0, for any u € H*(M)
it holds

Ixullss ,, < ON[(Prn = A + i€l
In particular, for any pu > 0 it holds
=2 (P — A2 i) T Y271 oy 2 = O(ATY).

In these results, we notably include a magnetic potential and obtain optimal high frequency
estimates which were previously restricted to the unperturbed case: either without geometric
perturbation [7], or without the magnetic one [6]. In particular, for the cutoff resolvent we
obtain in the corollary the same behavior of the free case. Moreover, we apply to the geometric
case the Besov-type norms defined in Section 1.3, which were originally introduced in the
euclidean case [2, 3, 7]. These norms are defined with weights decaying like 7—'/2, instead of
r~1/2=1 ;1 > 0 as one needs to consider in weighted L? spaces [1, Section 4].

On top of considering a more general operator with differential perturbations and Besov-
type norms with sharper weights, in this work we revisit some of the arguments in [6] trying to
give a rather complete exposition of the whole strategy. We also remark that we combine the
Carleman approach, which is robust enough to be adapted to our perturbed case, to the use
of Besov-type norms that, as we mentioned, were introduced for more classical Hamiltonians.

In the theorem we obtain a uniform exponential bound on the resolvent of the Laplace-
Beltrami operator with an order one perturbation. Having this type of resolvent estimate
can be applied, as in [18] or [6], to prove that there is a strip of exponential size around the
positive real axis which is free of resonances. In other words, this tells us that resonances
can not accumulate exponentially fast and hence gives a lower bound on their width. For
complex resonances their imaginary part gives the rate of decay of a solution associated to
resonant initial data, hence the width of a resonance carries dynamical information. For
example, in [5] the existence of a resonance free strip is applied to prove logarithmic time
decay of solutions of the wave equation.

To treat the limiting resolvents, we will not use Mourre theory, which is more well suited for
the case of low frequencies (A < 1). Indeed, this technique can be used in the high frequency
regime under additional assumptions on the geodesic flow, which we do not make here. The
main strategy is the same as in [6] which in turn is inspired by the works of Burq ([4], [5]):
we divide the manifold in two parts, a bounded region and an infinite end, and we treat the
two separately. In the compact region we use are Carleman estimates, which are stable by
order one perturbations and hence suitable for our operator P,,. In the unbounded region
we do not use any complex theory, but we rather exploit the equation (B, — A\? + ie')u = f
and bound the solution u by the source term f. We will use simple identities like

(B, C] BC +CB )
—u,u

Im(Bu,Cu) = (u,

5 u), Re(Bu,Cu):( 5

for B, C symmetric operators.
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Remark 1.3. For the estimates on the unbounded region M \ K we use a slightly different
approach than in [6]. In particular the strateqy used to treat this region (Section 2) is frequency
independent, in the sense that the proof holds for intermediate and high frequencies. In this
section we replace the smallness of a semiclassical parameter h = \~' with the decay of the
radial variable. In the last section, when combining the two regions, we will need to assume
A> 1.

The paper is organized as follows: we conclude the Introduction with some definitions,
in Section 2 we treat the unbounded region, in Section 3 we show how to use Carleman
estimates to treat the compact region, in Section 4 we use an argument presented first in [5]
to conclude with the proofs of Theorem 1.1 and Corollary 1.2.

1.1. Definition of the geometric framework. Let S a compact n — 1 dimensional Rie-
mannian manifold, around a point w € S we will denote by # € R™! the local coordinates.
We will equip S with two different metrics (S,g) and (S, ¢g(r)). We will use the product
manifold
(R, 4+00) x S,dG) dG = dr® +1(r)2g(r)
to model the infinite ends of our manifold M.
We consider a Riemannian manifold M, a compact set K C M and a diffeomorphism (2

Q:M\K — (R,+00) xS
such that the metric on M is given by
G = QN(G) = (dr® + 1(r) 2g(r))
for some smooth function [ : (R, +00) — R verifying
I'(r) S ()

() T I(r)
Remark 1.4. Integrating the inequality in (1.3) we obtain

) < (1.4)

€ L®((R, +00) x S). (1.3)

hence l(r) — 0 as 7 — oo. Then I’ is bounded for large enough r and the L™ condition in
(1.3) implies |I'(r)|r € L*®°((R, +00) x 5).
Remark 1.5. With an abuse of notation we will write G for both the metric on the product

(R,400) x S and the manifold end M \ K.

Remark 1.6. Let k* € N. We will denote by ¢ a smooth cutoff on (R,+00) for which we
will assume supp ¢ C (28 3R, +00). Such a function can be identified via Q with a cutoff on
M\ K of the form x = ¢ o ().

We assume that g(r), the angular metric, is a long range perturbation of a fixed metric in
the following sense.
Let f a function of r with values in the space of sections I'(T(5)):

f 1 (R, +00) = I(TF(S))
r f(r),



HIGH FREQUENCY RESOLVENT OF THE MAGNETIC LAPLACIAN 5

represented, with respect to a basis of the tensor product (®T,,(S5))? ® (®T;(S))?, by the
ilfq (r,0) around a point w. We define a topology on I'(T?(S)) given by the

NPL(F) = D N0 fi ™ (e

coefﬁaents I/
seminorms
la]<m

with J a compact subset of the coordinate patch on R*~ 1.
Definition 1.7. Let f : (R, +o00) — T'(T?(S)) a smooth function and v € R, then f € S™ if
N%?J(aif(r)) < (ry™7! for any m,l € N, Jcompact set.

For fixed r, ¢g(r) is a metric on S and we have the smooth family of metrics
g9 (R, +00) = T(T3(S))
r= g(r)
where ['(T3(S)) are the sections of the tensor bundle T3 (S) = T*(S) ® T*(S) and g(r,w) is

a bilinear form on the tangent space 7T,,(.5).
Given the topology defined on I'(T¥(S)), we assume

g(r) —g € S for some v > 0. (1.5)
We point out two examples of infinite end the reader should keep in mind throughout this
work. All the assumptions we make on [ are satisfied by these two examples.
Example 1.8 (Asymptotically conical end). In the particular case of a fixred metric g(r) =g
and l(r) = r~1 we obtain on (R, +00) x S the following metric

dr? +1°g
which is an ezxact conic end. If we replace § with a perturbation of it, g(r), we obtain
dr* +1r%g(r),

which 1s an asymptotically conical end.

When g is the metric on the sphere S"~! we obtain a long range perturbation of the euclidean
space R™.

Example 1.9 (Asymptotically hyperbolic end). Taking [(r) = e™" and again g(r) = g, if we
equip (R, +00) x S with the metric
dr® + e*'g
we obtain an hyperbolic end. If we take a perturbed metric g(r) we have
dr? +e* g(r)
an asymptotically hyperbolic end.

Remark 1.10. The asymptotically conical end presented in Fxample 1.8 includes the so-
called scattering metrics, terminology introduced by Melrose [14] and used in several works
(for example [13], [9], [10], [17], [11]). Scattering metrics are a particular case of the metric
in Example 1.8 when g(r) is the Taylor expansion of a smooth metric around zero.
Analogously, the asymptotically hyperbolic end of Example 1.9 includes the type of non
compact manifolds modeled as the interior of a compact manifold via a boundary defining
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function, similarly to the scattering manifolds just mentioned (see for example [8, Chapter
5]). Again, a metric such as the one defined in [8] can be obtained by Example 1.9 replacing
g(r) with the Taylor expansion of a smooth metric around zero.

Remark 1.11. Let —Ay,y the Laplace-Beltrami operator on (S, g(r)), where the metric is
giwen by the matriz (g x(r,0));k, that is

g(r) = gj(r,0)db;dby.

Here we consider the Laplace-Beltrami operator defined from a quadratic form via the Friedrich
extension. We recall its expression in local coordinates

n—1

1 , 1
— > ———Dy, ¥ (r,0)D Dy, = =0y,

where |g(r,0)| == det(g"*(r,0));,/* and (¢"*(r,0)); = (g;x(r,0)); 4. We define

lg(r,0)]
9 pr— 1.6
wir. ) = Lo (16)
which 1s of the form
w(r,0) =1+ w(r,0) withw e S™". (1.7)

Since dg(r) = w(r,0)dg, we can use w to conjugate —Ayy, then w%(—Ag(T))w’% will be
symmetric with respect to the measure induced by the fized metric g.

1.2. The magnetic operator. We consider A a vector field on M, thanks to the diffeomor-
phism Q, we can identify its restriction to M \ K with a map taking values in the product

space R x T,,(5). Namely

A: M\ K — Ty (M) ~R xT(S)

p— Alp) ~ A(Qp)) = A(r,w) € R x T,,(S5).

In a coordinate patch around (r,w) we will denote the components of A as

(Ao(r,0), Ag(r,0)) = (Ao(r,0), A1 (1,0),... Ap_1(r,0)).
We assume Ay € S™" and

13 (r) Ay, P2 (r)0, 4 € L¥((R, +00) x S). (1.8)

We also introduce the notation

Ap(r,0) == Ag(r,0), fL(r, 0) :=17%(r) z_: Gi;(r,0)A;(r,0), (1.9)

hence by the previous assumption
rA; € L¥((R,+00) x )
forall j =0,...,n—1.
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Notation 1. Let Dg = (Dy, 21(r)*V ) = (30,, 21(r)?Vy(y) and (-, )¢ the scalar product,
between two vectors, induced by the metric G while (+,-)4c denotes the scalar products on
L*((R,+o0) x S,dG).

With (-, -)4ras we will denote the scalar products on L?((R, +00) x S, drdg) and || - || 12 (drdg)
will be the induced L? norm.

We will also consider the scalar product and relative L? norm on a bounded region of
(R,00) x S, in doing so we will always consider the one induced by the measure drdg and
we will specify the region by denoting them like (-, -)z2¢y and || - |[z2()-

Let V a multiplicative potential in the symbol class
VeSSV v>N0.

The perturbed Laplace-Beltrami operator on (M, G);) can be defined via a quadratic form.
On the manifold end M\ K, where we have an isometry with ((R, +00) x S, dG), it agrees with
the one defined by the following quadratic form on smooth compactly supported functions

q(u,v) =((Dg — A)u, (Dg — A)v)ag + (u, Vv)ag
_ / (Do = A, (Des — A)o)g +TVo)(r) " drdg(r). (1.10)

The operator defined by this quadratic form is symmetric with respect to the scalar product
induced by the measure dG = [(r)!""drdg(r). After integration by parts and conjugation by

¢ = |(r) 2 w2 near infinity we obtain an operator
WPy = *(Dy — Ao)* + M(r) + h*V;, (1.11)

with h = A7! for some A\ > 0 where V,, is a multiplicative potential including V' and an
effective potential and

M(r) == h**(r)(1 + T(r)), (1.12)
with T'(r) a differential operator of order two in the angular variables. More precisely,
T(r): = 1/2(_A w2 (1.13)

Ef A9 (Ja(r.0)lg™ (r.6)(D; — A,) Ju2

We underline that the operator —Ag(r) is the Laplace-Beltrami operator —A(,y in which we
have incorporated the perturbation by A.

Remark 1.12. Conjugating by e = I(r) = w2 has a double effect: with I(r)=" we pass
Jrom an operator symmetric with respect to dG to one symmetric with respect to drdg; with

w'? we pass the symmetry from drdg to drdg. In conclusion, P 1s symmetric with respect
to the scalar product induced by the measure drdg.

Remark 1.13. The operator M (r) includes the angular terms, so all the components act
differentially only on the angular variable of S, that is 6. In particular for any function s of
,

[M(r),s] = 0.
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A wuseful property we will use later on is
1
—M'(r) 2 —M(r)(1 = O(r™"))
r

which we can derive thanks to (1.3), see Lemma 2.4. Here M'(r) denotes the differential
operators obtained from M by differentiating the coefficients with respect to r.

The potential V,, is of the form
Vin(r,0) = a(r,0) + Vo(r, 6)

0= O (1) 52 (7)

and 1} has the properties

where

™Vy, 0,V € L*((R, +0)).
Moreover we make the following assumptions on a
(n—12% [1"\?
-] =A
A I + aq (7’)
with a constant A = A(l) > 0, a;(r) > 0 such that r”a;(r),r"a}(r) € L*((R, +o0)) and

(n;l) (zj’)’ ()

is such that r7ay(r), r'™a4(r) € L®((R, +00)).
With this notation

Vin = A+ ay(r) + az(r) + Vo(r,6) (1.14)
and we can conclude that
(Vi — A), 7170, V,, € L¥((R, +00)). (1.15)
We report the two typical cases of Examples 1.8 and 1.9.
Example 1.14. Ifl(r) = r=° with s > 1 then
(n—1) s (n—1)% s

y T @)=

A=0, ar)=
If i(r) = e then

CL1:(I2:O.

Notation 2. Since V,, — A is a decaying potential, without loss of generalization, we define
P, the perturbed Laplace-Beltrami operator translated by A. In this way, near infinity the
operator will be

Py =P;— A= (D, — A)* + M(r) + h*(V;, — M),

which has a decaying potential V,,, — A. We recall that A depends on [, that is on the choice
of metric, and that in the cases I[(r) = r~* or I(r) = e™" it represents the bottom of the
essential spectrum.
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1.3. Besov-type norms. Let ¢y € C3°(R) a non negative bump function with |||, < 1
and

Set ¢(s) :=1)(5) — ¥(s) which is then non negative and

1
suppp € {5 <lsl <2, Nl <2

We rescale ¢ dyadically in order to construct a partition of unity

1=1(s)+ Z ©(27%s).

k>0
Remark 1.15. The support of p(27%s) is
Dk — [2]{:—17 2k+1]7

so for fixed s there are only two non vanishing terms in the sum Zkzo ©(27%s) since the

interval [{25 — 1, {25 + 1] contains at most 2 integers.
We fix a k* € N. To partition only the half line (2¥" R, +00) we start the sum at
InR
ko = s + k42,
In2

for which [2¥=1 2k+1] C (28" R, +00) for all k > ko. For r > 28 R

o)+ 3 e ) = 3 p27hr) = {e (0.1) 1 e (21 20|

ko
= = 1 r > 2%,

We define the following norms of functions on (2¥ *'R, +00) x S

||f||B>R = Z ||r1/2f||L2(drd§,2k*1§r§2k+1) (1.16)
k>ko
and the dual quantity
] Bip = :;1]? HT_l/QQHL2(drc@,2k—1gq~g2k+1)- (1.17)
—Z R0

We also define the shorthand

HQH?{HB;R = ||g]

be T IB(Dy = Ao)gll, | + 1M (1) gl5, - (1.18)

Remark 1.16. The previous norm is well defined since M (r) is a non negative operator,
hence its square root exists. Despite M(r)Y/? being a non local operator the norm is still well
defined since it is an operator only in the angular variables, hence the non local action is only
on the manifold S and we recall that in the definition of the norm we integrate over all S.

We also define an adapted H! norm on compact regions of the manifold end, we still use
the angular operator M (r) to define the angular gradient but remove the weights, since we
are in a compact region. For U, a bounded region in (R, 400) X S, we write

1 @) = 1122y + 1(Ds = Ao) FllZ2wy + 1M ()2 Fll 72,
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where the L? norms are with respect to the measure drdg.

Remark 1.17. The definition of the norms is independent of the choice of dyadic step, in
other words the norms

11| 5o pm == Z H’”l/Qf”L2(drd§,2kfm§r§2k+7n)7 m =1
k>(m—1)+ko

are all equivalent. Given this equivalence we will drop the dependence on the index n and
denote by the same symbols || - 5., and || - [|pz ,, any norm regardless of the dyadic step in
the definition.

For the same reason, defining

Dy 1= 287 < p < 2R

we will drop the index m in the notation for Dy, and simply write Dy, and || - || L2(d4rdg,py)-

Remark 1.18. We just defined norms with respect to the measure drdg, while on the man-
ifold end, the operator as defined in (1.10) is symmetric with respect to the measure dG =
[(r)*"drdg(r). We can do this since it is equivalent to bound the norms in which we take
the measure drdg or the corresponding ones defined with respect to the measure dG. Indeed,
the two are linked by the relation

[0llz2(acy = €™ vl r2(arag) (1.19)

with
L |g(r,0)'2
g(O)'/2
Notation 3. For the reasons presented in the above remark, all L? norms and scalar products

considered in Section 2, which treats the manifold end M \ K, will be with respect to the
measure drdg. Likewise, the operator Py, given by,

et = l(r)lanwl/2 =1(r)

P;=P;— A=h*(D, — Ag)*> + M(r) + h*(V,, — A),
will be the one used in the computations of Section 2.
Remark 1.19 (B.y, B%y duality). In the computations of the following sections we will

exploit the duality of || - |5, and || - [z, in the following way. Let x € C§°(R) a cutoff in
the interval (3,4) and such that x =1 on (%,2). Define x(r) = x(27"r), then

Xk =1 onsuppp(27*),  suppxi C [2°7%,2"77). (1.20)
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Let ¢ supported in (2 TR, +00) = (28T 4+00), which in turn implies suppp(27-) N
suppp =0 and

(09 f)arag = Z (00(27%)9, Farag

k>ko+1
= D T b2 g Xk f v
k>ko+1
< Z ||7"_1/29HL2(drcr,Dk)\|7’1/2fHL2(drd§,Dk)
k2k0+1
<llgllzz I fll B2 s
<2gl2 Ly 1.21
<35 l9ll5: , + 55115, (1.21)

for some § € (0,1).

2. ESTIMATES ON M \ K

In this section we bound the resolvent on the manifold end. We recall that K C M is the
compact region and the manifold end M \ K is diffeomorphic to the product (R, +00) x S.

From Remark 1.18, we know that in the region M \ K we can equivalently consider the
operator

P; = h*(D, — Ag)* + M(r) + h*(V;, — A),
which is symmetric with respect to the scalar product induced by the measure drdg and with
a potential V,, — A = O(r™") as r — 00. So in this section we will be interested in solutions
of the equation (P; — A\* +ic")u = f, where we consider A > )¢ for a fixed positive \g. After
factorizing \? we set
P =h*P; — 1 +ie. (2.1)

The aim of this section is to bound ||u|z p:, by [[Pulls., uniformly in A and ¢ and up
to some compactly supported remainder terms which will be treated in Section 3. More
precisely we obtain

Proposition 2.1. Fiz Ay > 0. Let u € H*(M), A\ > X\g > 0 and h = \™'. For any
5 € (0,X) N(0,1) there exist c¢,c(§) > 0 and K(J§) C (R,00) x S bounded such that

c
el bz, < eOllullin s, + 551 Pulls. , + (O ullzn sy

Since the || - [z g, norm contains the contributions of the L? norm of the function, of
the radial derivative and of the angular derivatives we will proceed in the following way:

e in Section 2.1 we bound the norm || M (r)'/2u] Bl

e in Section 2.2 we bound the norm [|h(D, — Ap)ul

e finally in Section 2.3 we bound the norm ||u

«
B>R7

Bl
Notation 4. In all of this chapter ¢,C' and ¢(d) are constants that are allowed to change
from line to line. If an integral norm is denoted with the symbol r ~ R it means that the

integral is supported in a compact sub interval of (2%" R, 4+00) which may vary but does not
depend on any parameter. On the contrary K () will be a bounded region of (R,00) x S
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depending on the parameter 0. The symbols <, 2> will denote inequalities holding up to a
positive multiplicative constant which is independent of the parameters d, A or . With the
symbol O(a) we mean that there exists a positive constant ¢ such that O(a) = ¢ - a.

We will use the following elementary identity that holds between two symmetric operators
B,C
[B,C]
21

Im(Bu, Cu) = (u, u). (2.2)

2.1. Estimating the angular gradient. In this section we evaluate the norm || M (r)
more precisely we obtain

*
>R’

Proposition 2.2. Let \g > 0 fived. Let ¢(r) a smooth cutoff on the interval (2¥+! +o00),
A> X >0and h =Xt Forany § € (0,\) N (0,1) there exist c,c(d) > 0 and K(8) C
(R,00) x S bounded such that

/

1M (r) 2 oullh, | <dellullip p: 5h2||P(¢u)||B>R + (@) lullzr xs))

with ¢, > 0 constants independent of 9.

Remark 2.3. The support of the H' norm ||u| gk K(3)) Bs @ compact interval contained in
(R, +00) with upper bound depending on 6 and growing as 0 approaches 0. This will not
cause any particular problem since, when applying the results of this section we will fix the
parameter § and this will determine a fized (potentially large but bounded) interval for r.

We start by applying (2.2) to Py and (D, — Ap) which are symmetric with respect to the
measure drdg. By definition of P = h?P; — 1 + ie

Im((D, — Ao)(@), P(60))arag =e((Dr — Ag)bt, ou)arag + Im((D, — Ao)u, 1* Pybu)aray
(D, — Ay), h2Py)

:5((Dr — AO)Qbua gbu)drdﬁ + (¢u> 2% ¢U)drd§
(2.3)
where
(D~ g WPy = = SM(r) — - [Ao, M(r)] + - h2D (Vi) (24)
22 - 0 , gl = 2 22 0’ 22 T m ) .

From Remark 1.13 we recall that (—M'(r)(¢u), pu)arag can be bounded from below by
(M(r)(¢u), pu)arag = [|M (r)"/*(¢1)[|72(4pag) (up to some additional terms). More precisely,
we have

Lemma 2.4. Let (-,-)4g the scalar product on L*(S,g) and ¢ € L*(S,dg), then

1 —UV
(0, =0, M(r)p)ag Z ;||M(7’)1/290||2L2(dg)(1 = 0(r™)).
Recall the definition of M(r)
M(r) = h*P(r)1+T(r)), T(r)= wl/Q(—Ag(r))w’l/z.

We can prove Lemma 2.4 thanks to the following equivalence of norms.
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Lemma 2.5. Let ¢ € L*(S,dg), then forr > R
1L+ T ()20l 2agy = (1 = Bgr) >0l r2(ag)

that is the quotient between the right and left hand sides is bounded from above and from
below.

Proof. We can rewrite T'(r) as
1+ T(r) =1 = Agy + w' [ Ay, w7 (2.5)
=(1 = Ay) 2L+ S(1))(1 = Ay

where

S(r)=(1- Ag(?‘))il/zwl/z[_Ag(T)v wil/Z](l - Ag(?‘))il/? (2.6)
We have seen in Remark 1.13 that —Ag(r) is a differential operator of order two in the
angular variables and is indeed a perturbation of —A,y by lower order terms. In particular
it has an elliptic principal symbol and lower order terms with decaying coefficients. One
can then construct its resolvent via a parametrix with a standard procedure, obtaining that
(1—=Aymy)~ 1/2 is a pseudodifferential operator of order minus one in the angular variables.
Moreover, we have

n—1
WAy, 0 =0 Ay, wT P 1) YA ww
n—1
w2 A Ag,w1/? V2 —Agw P 417 e
= o) T Agyw ] w = Ag wn () ) A
=1

where all the terms are differential in the angular variables, of order one or zero and with
O(r™) coefficients. This is due to the fact that w=' is bounded and

wl/QDm(w_lm) c S—V’ wl/QDi(w_1/2) 9
together with the boundedness of r”I7%(r)A; in (1.8). We have obtained

1S () eez(s.agn =7

Since S(r) is a bounded operator we have

Hﬂ+ﬂﬂW%ﬁw@#ﬂ+ﬂﬂW=AWW@pQ—Amwww

§H1+S( eyl = Bg) 0l
S = Agr) 0 Z2ag)-
We conclude using the lower bound (S(T’)U,U)@ > — ISl cz2(s,49)) HUHL2 (dg) 1D
0+ 710D i =10~ Bl + (S0 = By 00~ Bl
2[|(1 = Agr) 20l 2 gag) (1 = 1Sl 2 cs.a)

and recalling that for large enough r
L= (ISl c(z2(s.dg) > ¢ >0

with ¢ independent of r.
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0
Proof of Lemma 2.4. By definition of M
M(r) =220 (r)i(r) (L + T(r) + B2 (T ()
) e o
=25 M) + WP (1)
Thanks to —I'(r)/l(r) 2 r~! then
(=0 M (r)o)ag =i, 25 I M)y + (4, LT )i
221N iy + (RO (1)) 1)

Using the expression in (2.5) to compute 7"(r) we have
T’(T) = 87,(—Ag(7«)) + &(wl/Q[—Ag(r), w_1/2]).

From the arguments in the proof of the previous lemma, differentiating in r the coefficients
of w'/ 2[—Agw), w™'/?] yields a differential operator of order one in the angular variables with

coefficients of order O(r~*~'). Moreover (—A() has coefficients whose expressions contain
g% (r,0) and A;. By definition of A; we compute

- o, A(r _
O, A; = — 21 %)% > 0 0)A; +172(r) Y Drgii(r,0)A;
i, 12

+172(r)> gis(r, 0)0,4;,

]
where
1) Ay, r 0. (r,0), rTITA(r)0,A;
are bounded functions. Then, thanks again to —'(r)/I(r) 2 r~" we can bound from below
the derivative of A;

1
TV+1

__éhfii;z'_

bo(r,Q)

for some by € L®((R, +00) x S). Since 9,g"7(r,0) € S~ we can conclude that —,(—A )
is a differential operator of order two whose coefficients can be bounded from below by
—r7*71b(r, 0) for some bounded b. We can then lower bound the scalar product

, 1
(0, =P P(NT'(M)¢)ag 2 =7 (0, TR ()0 ag,

where T3 is a differential operator of order two in the angular variables with bounded co-
efficients. It contains the contributions of r"™19,(—A)) and 710, (w2 [— Ay, w™1/2).
Then from

(1- Ag(?"))_1/2T2(1 - Ag(?"))_l/2 < E(LQ(S, dg)) (2.8)
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we obtain
1 -
—(i0, P2 (")T' (r)Q)ag = — T | hl(r)(1 — Ag(r))1/2<p||%2(s,@

1
v+l HM(T)UZ‘PH%?(@)

12

up to some constant given by the norm of the operator in (2.8) and thanks to Lemma 2.5. The
norm of (2.8) depends on r, however we can obtain a fixed constant by taking the supremum
over all r; since the coefficients of T3 are bounded in this variable. We conclude by using this
lower bound in (2.7) which yields

(QO, _6T‘M<7n>90>d§ Z/

S| =

1M (1) 2017245 (1 = O ).

We recall identities (2.3) and (2.4), which yield
Im((D, — A0)(6u), P(6w)arag ==((Dr — A0)6t, 0y + 3 (611, ~ M’ (1))

(611 [Ao, M)@0) vtz + (60,12 Dy (Vi) ).
(2.9)

1
21

The function M (r)'/2¢u is supported in supp ¢ C (2¥+! +00), we apply Lemma 2.4 in this
region

S| .
(=M )y 2 [ 1= 06 IM) P oulfs e
0+1
M) ul i, — O YM Gl iy
For any k£ > kg
I ) Gl ) 2 ™M) Gl

where we recall Dy = [2871 2] (in particular [2F0—1 2kt N (2M0F1 4 o0) = (), [2k0 2R0H+2]
(2R0F1 4 00) # () and [2F71 28] C (2%0F! 400) for all k > ko +2 ). We have then obtained

(Gu, =M'(r)pu)arag Z sup =72 M (1) pul| Z2(arag.
- ||T_I/QO(T_V/Z)M(T)I/QQWH%2(drd§)
=||M(r) P oullfe  — lr 2002 M ()2 dul 2 grag)
which implies, thanks to (2.9),
1M () 2gullh: < Im((Dr — Ao)(¢u), P($u))ardg — €((Dy — Ao)$u, ¢t)arag
1 1
+ 510w, [Ao, M(r)]¢u)arag| + 5($u, h* Dy (Vin) ) arag

+ e 2002 M () P dul o grag). (2.10)

In order to prove Proposition 2.1 we will need a series of intermediate lemmas to bound each
term in (2.10). Notably, Proposition 2.1 is obtained directly from the following inequalities.
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Lemma 2.6. Let \g > 0 fized. Let ¢(r) a smooth cutoff on the interval (2*+ +00),
A> X >0and h=X"1. Let 6 € (0,\) N(0,1). The following inequalities hold

)

Im((D: — 40)(6), P(6u))avag| < 3l 5z, + 55 PG,
i)
(D, — A0)ou, dwhag| < delluly, + =5 P(6u) [,
iii)
(60, (Ao, MO owharag] < Sellulfn s, + (Ol
iv)

|(du, 1 Dr (Vi) $t)arag| < dcllullfpn p: , + c(O)lullZ2(xs))
We postpone the proofs of the present inequalities to the next section.

Proof of Proposition 2.2. Let § < )¢ as in the statement of Proposition 2.2. Thanks to

Lemma 2.6

c/

B, Scdllullfp pe, + W‘|P(¢U>HZB>R +c(0) lullF s s))
+ ||7“_V/27’_1/2M(7’)1/2¢U||2L2(drcrg)'

1M ()2

We use the partition of unity ¢(27%-) to decompose the following L? norm

||7“_”/27“_1/2M(7‘)1/2¢U||L2(drdg) < Z ||T_V/2r_1/2XkM(T)1/2¢U||L2(dnrg)
k>ko+1

where we recall y; = 1 on the support of p(27%.). We can write k in the form k = ky+m+1
with m > 0, then on the support of y; we have r = O(2™) (i.e. r = ¢2™ for a positive
constant ¢) and hence
7,71//2 _ O<2fum/2).
We choose m* = m*(§) > 0 such that Y _ .27™/2 < § we can then conclude the proof
since
r 200 M) 2 ul ey S 0 2 M) 200 B

m>0
k=ko+14+m

m*

SJ Z Qimy’|7’71/2M(7’)1/2¢UH%Q(drd@Dk)

m=0
k=ko+14+m

+ > 2 Y 2M () P hul 2 gragony

m>m*
k:k0+1+m

S (BIM () Poullf:  + ()M () 2ol arag i s))
S C(SHUH%-P,B;R + C(&H“H?{l(}((a))a

where the norm on the compact set K (d) contains all the contributions of the sum for m
from zero to m*. O
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The following lemma allows us to evaluate the commutator between P and ¢ which will
yield our final bound.

Lemma 2.7. Let \g > 0 fized. Let ¢(r) a smooth cutoff on the interval (2¥+1 +00),
A> X >0 and h= X"t Then

1Pl 5.r <IPullp.r + ch®[lullmar),
for a constant ¢ depending on R and on the size of the interval {r : ¢(r) € (0,1)}.

We recall that M (r)'/? commutes with functions of r. Applying the previous result and
Proposition 2.2 we find that for any § € (0, Ag) there exists ¢(d) > 1 such that
C/

M) 2l <)

[Pulls, , + dcllullin g+ c@)lullfn i) (2.11)
for constants ¢, ¢ > 0 independent of §.
Proof of Lemma 2.7. Since ¢ is a function of r only
[P, ¢l = [W*Py, ¢] = [W*(Dr = Ao)*, 6] = h*(D}(¢) + 2Dr(¢) Dy — 240 Dr(6))
with D,(¢), D?(¢) € C5°((2"T!, +00)). In particular in the norm
IP(¢w)llb.r <IPulls.r + I[P, lullb, r
<|[Pullp,p + |+ X 1R 2(DX(¢) = 240 D0 (8))u]l r2(araz,ny)

k>ko
+ Z |B?r' /22D, (¢) Dyt 12 (drag. y)
k>ko

the sums only have a finite number on non vanishing terms, since the supports of D, (¢) and
D?(¢) intersect only a finite number of intervals [2¥71, 21]. There exists a > 0 (depending
on the fixed size of the interval {r: ¢(r) € (0,1)}) such that in the above L? norms

r < ghotetl — okttep
Hence bounding r'/2 by R'/? and the functions D, (¢), D?(¢), Ag by their L> norms, we have
the statement:
IP(ow)l 5. r SIPullpor + R (lull2gr) + | Drtull2rmm))-
O

2.1.1. Auziliary lemmas. In this subsection we prove the inequalities stated in Lemma 2.6.
We recall that everywhere in this section ¢ is a smooth cutoff on the interval (2¥+1 0o) and
which is equal to one on (2*%2 00), where kq is a fixed integer (see Section 1.3).

We start with the first result which we obtain simply by duality of the norms.

Lemma 2.8. Let 6 € (0,1),
1

Proof. We multiply and divide by h?r'/? and since supp (D, — Ag)(¢u) C supp du we can
reason by duality as in (1.21). O

)
[ Im((Dy = Ao)(¢u), P(¢u))ardg| SgHUH?p,B;R +
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For e((D,—Ao)pu, pu) 445 we will bound separately e||dul| 12 (arag) and || h(Dy—Ao) (dw)|| 12 (drdg)-
We consider

(¢, P(ou))arag = ie (P, pu)arag — |0u)|Z2(grag) + (S, h* Py(dU)) drdg,

where (¢u, h?P;(¢u))ardg is real since P; is symmetric with respect to the measure drdg.
Hence from

Im(du, P(¢u))arag = €ll0ullL2(arag)
we can prove again by duality of the norms

Lemma 2.9. Let § € (0,1), then

o 1
5”¢u”%2(drd§) < _HUHQB;R + 2_5”7D(¢U)||ZB>R-
Proof. The proof is analogous to Lemma 2.8. U

On the other hand, taking the real part we use the relation
(u, h* Py(ou))arag = Re(du, P(du))ardg + |06l 2 (grag) (2.12)

to prove the following.

Lemma 2.10. For any ¢ € (0,1), then
1
el|P(Dy = Ao) (S22 (arag) <Ocllullps,, + 5ellP(Su)llz, ,
with ¢ > 0 independent of 9.
Proof. By definition of Py = h*(D, — Ag)* + M(r) + h*(Vi, — A)
(¢u, h* Py($u))arag =1(Dy — A0) (S |22 (arag) + 1M ()2 (60) |72 drag)
+ (¢u, B2 (Vi = A)(¢1))arag-

hence from (2.12)
ellh(D; — Ao) (@)l 12(arag) <eRe(du, P($u))arag + ellSulL2(arag)
— e, (Vi — M) avay (2.13)
Again by the duality in (1.21)
e Re(ou, P(6u)aagl < Nl + o P (o),
while 5||¢u||%2(drd§) can be bounded via Lemma 2.9, which we also use in

le(gu, h* (Vin = N)d)arag) <h*e||Vin — Allso | $ull 7 (drag)-

With Lemmas 2.9 and 2.10 we bound the term e((D, — Ag)pu, du)4rdg-
Lemma 2.11. For any p € (0,1) such that i < Ao

C
|e((Dr — Ao)pu, p)arag| <pc|lulls , + WI\P(¢U)IIZB>R

for some ¢ > 0 independent of h and p.
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Proof. Applying Lemmas 2.9 and 2.10 with § = hu € (0,1) we have
(D~ A0)u, ouang] < 1Dy — A0) (00) iy + o 160 By
<pclully:,, + -5 IP@WIE.,
where ¢, given by the previous lemmas, is bounded uniformly in A. O

We now need to bound the term
(du, [Ao, M (r)]¢w)arag = (pu, B*1(r)[Ao, T(r)]dw) arag
In the proof of Lemma 2.5 we remarked some useful properties on 7°(r) in particular that
T(r) = _Ag(r) + wl/g[—Ag(r), w_1/2]

where —A, () is the sum of —A,(,y with lower order perturbations, and w'/?[—A ), w™"/?|
is a differential operator of order one with coefficients decaying like O(r™").

Lemma 2.12. For any 6 € (0,1) there ezist ¢,c(5) > 0 such that
[(¢u, [Ag, M(r)]¢u)arag| <oclullin p: , + c(O)lulli sy

Proof. We need to evaluate the commutator of Ay with —A,y and with differential operators
of order one in the angular variables whose coefficients decay radially. First of all

[A0, =Dy ()]

is a differential operator of order one with coefficients in 5™, since Ay € S7".
As we pointed out in the proof of Lemma 2.5, (1 —Ag(r))_l/ 2 is a pseudodifferential operator
of order minus one in the angular variables. Then

17 [Ao, = Ay (1 = Dyir) ™2 || c(22(aragy) = O(1). (2.14)

Moreover, the commutator of Ay with a differential operator of order one with bounded
coefficients is going to be a function in S™ and hence

|7 [A0, = Ay + Ayl (22 (aragy) = O(1) (2.15)

and

17 [Ag, w2 [= A gy, w )| (22 (dragy) = O(1). (2.16)
Recalling [(r) < rt
[($u, B21%(r)[Ao, = Ay ] ) aragl < (™71 2¢u, h2r =121 [Ag, = Ag()]I(r) $u)aragl

S Z (lr_l/Q_V90(2_kT)Xk¢u|7 |h2r_1/2TV[AO7_Ag(r)]l(T)Xk¢u|)d7‘d§

k>ko+1

where we introduce 3, functions which are equal to one on the support of ¢(27%-). Write
k > ko in the form

k=ky+m+1 m=m(k)>0
recalling that supp i = [2572, 28+2], inequality

rt < g kogTml (2.17)
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holds on the support of . Inserting (1 — Ag(m)*l/Q and recalling (2.14)

(G, 2P (r)[Ag, = Ay oW arag| S 1D (2my+UHr1/2U’HL2(de§,Dk)

m>0
k=k0+1+m

. ||7'_1/2hl<1 — Ag(r))1/2¢u||L2(drd§7Dk))

S h Z (2my+yHr1/2“‘|L2(drd§,Dk)

m>0
k=ko+1+m

- ||r-l/QMm%u||Lz<dr@,nk>)

where we used Lemma 2.5 in the last inequality. We can choose m* = m*(J) such that
Yomeme 27 < 60 in order to bound the tail of the series by the BZj norms, while the
remaining terms will be norms supported on compact intervals (depending on m*(§))

(@, RP1P(r)[Ao, =g dt)aragl ShO(lullBe  + 1M (1) 2dulZ: )
+hc<5)(”u”%2(K(6))+ ||M(7")1/2¢U||%2(K(5)))
§h5||u||12L11,B;R
+ hC@)(HUH%?(K(a)) + ||M(T)1/2¢UH%2(K(6))>

Here the constant ¢(d) includes the sum ZZ;O 27™ hence it is a constant which grows as §
approaches 0.
Thanks to (2.15) and (2.16) we can proceed analogously to bound

[(Gu, W*1(r)[Ag, = Ay + Ay 1) drag]

and
(¢, W21 (r)[Ag, w'*[= Ay (), w2 $t0) drag]

—-1/2

where this time we do not need to insert (1 — Ag(r)) since the commutators are of order

zero. This yields
[($u, *1(r)[Ao, = Agry + Ay aragl SRR (0]luls  + c(0)llull 71 s)))
and
[(¢u, W2 (r)[Ag, w! [~ Ay(r), ™ | $u)aragl SRR (6l|ull: , + c(O)|ullf2(x(s)))

which conclude the proof.

We conclude the section with the proof of the last item in 2.6.
Lemma 2.13. For any 6 € (0,1) there ezists ¢,c(5) > 0 such that
|(du, 1 Dy (Vi) ) arag| <dcllullfp p= . + c(0)|ullZe(x(s))-
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Proof. We proceed similarly to the previous proof. We write k& > kg in the form k = kg+m+1
for m = m(k) > 0 and since '™ D,(V},) is bounded thanks to (1.15) we first have

|(¢u, h° Dy (Vi) puw)arag) <h* Y~ (o275 ) P, Dy (Vi)™ X))

k>ko+1
20V P—V —mv||,.—1/2, 112
Sh72"R E 2 |r UHL?(drdg,Dk)
m>0
k=ko+1+m

where we have used as in (2.17) that » < O(27™). Choosing m* = m*(d) such that
ZmZm* 27™ < § we have the statement

(¢, h* Dy (Vi) $)arag Sh*2"R™(3]|u|

QB;R + 0(5)||U||%2(K(5)))-
O

2.2. Estimating the radial derivative. In this section we give estimates on the radial
part of the H', BX z norm, that is [|h(D, — Ag)ul|p: .. More precisely we prove

Proposition 2.14. For any 6 € (0,1) there ezist ¢(6) > 0 and K(0) C (R, +00) X .S bounded
such that

1
[[P(Dr — Ag)ul

QB;R §C5||U||§11,B;R + CIWHPUHQB>R + C((S)Hu”?{l(rzl%) + ||U||12LII(K(5))-
We start again by considering the imaginary part of a scalar product. Let a a function of

r only. We apply property (2.2) to the symmetric operators P; and

a(D; — Ao) + (D, — Ag)a !

a
=a(D, — A —.
2 a(Dy = Ao) + o

This yields
Im <G(DT — Ao) + (DT - 140)(111/7 Pu) — <G(DT — Ao) + (DT - 140)(111/7 u)
drdg drdg

2 2

drdg

(2.18)

where we remark that
|:CL(DT — A()) + (Dr - Ao)a
2

is a differential operator of order two with coefficients depending on a, a’, a”,a”. In particular
|:G,(Dr - Ao) -+ (DT - Ao)a

1 1
2Dy = Ag)?| =[a, W (D, = Ag](Dr = Ao) + 5

l

[, h*(Dy = Ap)’]

/
1
WDy —Ag)?| = 2d"W3(D, — Ag) — 2L h2(D, — A)? + Sha”
7 7

2

2 2 1
= — —,Dr(a')h2(Dr — A[)) - —,(l,h2(D7» - A0)2 + ?hQCL”/
(4 ] 1

2 1
h(D, — Ao)(a'h(D, — Ap)) + ?h2a”’,
7

0
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so that if we were to integrate the commutator against u, as in (2.18),
( 1 CL(DT, - A()) + (Dr - Ao)a
u —

21 2

,hQ(Dr - A0)2 u)drdg :(u, h(DT - Ao)(a/h(DT - Ao))u)drdg

2

— Z(u, a""u) grdg

=[/(a")"*h(D, = Ao)ull72(drag)
h2
— Z(u, a""u) grag, (2.19)

provided that a’ is non negative.

Choosing a such that o’ is a cutoff on a dyadic interval the previous identity provides us
with [[h(D, — Ao)ul|r2(drg,p,) Which are the norms that constitute ||h(D, — Ao)ul 5 -

Given this remark we consider a; the primitive of x?, we recall that x; is supported on
[26=2 2%2] and equal to one on the support of ¢(27*.). Choosing a = a;, in (2.18) and using
(2.19)

(u, P = A0 £ (e = oo thg]u> =(u, h(Dy = Ao) (@ (Dy = A0)) )iy

drdg

h2
"
— (0. @)y
1
+ (=50 M (1) )arcg

— (s 550k Ao, M)t

1
+ 2—Z(u, hQakDr(Vm)u)dr@

>|Ixsh(Dy — AO)UH%Z(dr@)
h? 1

— Z(u, Xgu)drdg - (U, Z_iak [AOa M(T)]u)drd@

1
+ (u7 %hQG/kDT(Vm>u)drd§ (220)

where (u, —apM'(r)w)grqg > 0 thanks to Lemma 2.4 and the non negativity of a;. Addition-
ally

K2
0 <ag(r) = /Xi(s)ds = /j ] Xa(s)ds < %2’“ (2.21)
and without loss of generality we can assume :
supp ay C [2772, +00),
since suppxy C [2F2,28+2].
Remark 2.15. We recall that
Z ©(27'r) =1 on (2%, +00)

[>ko
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and supp ay C [2872,+00) C [2%, +00) for any k > ko + 2 on top of the fact that x; = 1 on
the support of p(27%). For all k > ko + 2 we can then write

(ar, *)ardg < Z (27" ar, Vardg < (Xko@h*s Xko)drdg + Z 27 ik, Xi)arag (2.22)
1>ko 1>ko+1
On the other hand supp a,+1 C [2%71, +00) and
d i1 on 27 400),
k>ko

hence we also have
(ak0+1'7 ')dT’d? <((Xk0 + Xko-l—l)ako-i-l'a (Xko + Xk0+1)')de§

+ E T)XkGhot1°5 Xk*)drdg
k>k0+2

since supp X C (2%, +00) for all k > ko + 2.

Remark 2.16. To obtain (2.20) we have used the following expressions for the commutators

with M(r) and V,, — A:

M'(r)
1

{a(DT — Ao) + (D, — Ap)a — a[Ag, M(r))],

. ,M(r)} -

[a(DT — Ao) + (Dr - AQ)(I

5 W2 (Vi — A)} = h*aD,(V,,).

Going back to expression (2.18) and given the contribution of (2.20) we have found

a//
30D = A0)el gy S (ax(D, — Ao+ o, Pu )
drdg

(ak<D7« — Ao) + (DT — Ao)ak )
—c U, U
2 drdg
W 1
+ —(u, Xpt)drag + (u, —ar[Ag, M(7)]u)ardg

4 "2
1
— (u, EihQQkDr(Vm)u)drdg

=Im (ak(D Ag)u + Xi u Pu) — eRe(agu, (D, — Ao)u) drdg
drdg
h2 2\ 1
+ Z(U» (X)) arag + (u, Q—Z.ak[Ao,M(T)]U)drdy
1
- (U, ZhQCLkDr(Vm>U)drd§7 (223)
where we have used the relation
B B
Re(Bu,Cu) = (%u,u) (2.24)
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for B, C' symmetric.

We recall that the BZ; norm is defined as a supremum over all dyadic intervals, hence
we need to bound the quantity hx.(D, — Ap)u uniformly in &k for all & > kg + 1. To prove
Proposition 2.14 we use a series of inequalities that we collect here and that are proven in
the following subsection.

Lemma 2.17. Let k > ko + 1 of the form k = ko +m + 1 for some m = m(k) > 1 then for
any 6 € (0,1) we have the following inequalities:

i)

2
Z Im <gp(2_l7’)Xl|(DT - Ao)u|,Xl|73u|) +|Im (&u, Pu) |
2i drdg

1>ko+1 drdg
< s lPully, , + edllulldn pe
i)
eI Re(agas, (D, — Ag)ularig] <O Gellully, + 57l Pully )
+ 02" lullmi=n).
i)
h2
lz(ua (X3)"t)arag| < dcllul QB;R + C||U||2L2(K(5))»
iv)

_ 1
> (p27'r)alul, 55 Xul[Ao, M(r)Jul)arag S(edllullin ps , + (@)l k)
1>ko+1

v)

_ 1
> (e r)alul, 57l Dr (Vi )ularag S (edllellz e, + (@)l e sy)-
1>ko+1

Proof of Proposition 2.14. Given the support of yj, we will bound the norm || - |B;R’2

and hence we will need to consider the supremum over all & > ko + 1 (see Remark 1.17).

Write
k=ky+1+m, m=m(k)>0

then on the support of i
R-L > p—lom+k*

and

RHIhxu(Dr = Ao)ullZ2(arag) = O™ lr ™ 2hxa(Dr — Ao)ullZa(arag)- (2.25)
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Dividing by R the right hand side of (2.23) we have
2
o02™)|lr Y2 hxu(D, — AO)“H%Q(drdy) <|R'm (ak(Dr — Ap)u + %u, Pu) |
drdg

+ R e Re(agu, (D, — Ao)t)grag|
2

h 1
1R (0 (06 W] + 1R s 5l Ao, M)} )aray

1
+ |R71(u7 thakDr(Vm)u)drdﬂ- (2.26)

We divide the proof in two steps.

(1) Consider ay with k > ko + 2. Thanks to Remark 2.15 for all £ > k¢ + 2 we can use
inequality (2.22). Take for example the first term in the right hand side of (2.26),
inserting the partition of unity we obtain

2
R~ 'Im (ak(D,_ — Aog)u + %U,Pu) | < Im(agXr, |(Dr — Ao)ul, Xk | PU|)drag
drdg

+ Y Im (ap(27 )l (Dr = Ag)ul, xilPul) o
1>ko+1

+ [Im (X—I,Cu,Pu> |
21 drdg

SO@™)Im(x [(Dr — Ao)ul, Xio[Pul)ardg
+ O<2m) Z Im (w(Q_lr)XlKDr - AD)u’a Xl’PuDdeg

le0+1

2
+ [Im (X—]?u,Pu> ]
2i drdg

SO@™)ulleyr pary + O™ Pully, ,
m c m
FO@) o Pully, + 0@ )eblulf e,
where we used item i) of Lemma 2.17. We can then eliminate the unbounded factor
O(2™) (coming from the bound a; < O(2%)) with the one on the left hand side of
(2.26). Doing the same with all the other terms in the right hand side of (2.26) and

applying the inequalities in Lemma 2.17 we conclude that for all & > kg + 2

B 1
7Y 2hx (D, — AO)UH%Q(drC@ SC(S”“H%{l,BgR + CW”PUHQBm

+ C((S)HUH%{l(r:R) + ||U||§{1(K(5))' (2.27)
(2) Let k = ko + 1, we recall that for ag,;; we have the following bound
(ak0+1'7 ')drd§ S((Xko + Xko-l—l)ako-i-l'a (Xko + Xk0+1)')de§

+ Z ((27%r) Xk@ko+1° X0*)drdg-
k2k0+2
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We can then repeat the same argument as in the previous step and obtain

1
7742 kg 41 (Dr = Ao)ullLz arag) <Cbllullfn g, + e [Pulli.
+ () lullz pary + 1ulli xo))- (2.28)

Thanks to (2.27) and (2.28) we have the desired bound on

sup |72 xkh(Dr = Ao)ull?2(grag)
k>ko+1

and we conclude the proof.

2.2.1. Auziliary lemmas. In this section we provide the results needed in Lemma 2.17.

Lemma 2.18. For any 6 € (0,1) there ezists ¢ > 0 such that

S (e i, ~ Al xiPul) < glPul el

[>ko+1

and
X% c 2 2
I “u, P < —||P 0 . .
‘ m<2i“ u)drdg| > 5” UHB>R+C |‘UHH1,B>R

Proof. Thanks to the duality of the norms B% 5, Bsg we can insert the weights r!/2, r=1/2

and h, h=!, then by Cauchy-Schwarz inequality

Z Im (@(QZT)XZKDr - AO)ULXHPU’) < Z HT th (D, AO)UHL2 (drdg,Dy,)

[>ko+1 drdg  [>ko+1
1
h 1712 Pl 2(ardg, 1)

SIA(Dy = Ao)ul

B;RE||7’U||B>R

SOR(Dy = Ao)ull: | + o= I1Pull.

h26
We do the same for the second inequality

2
X Xk _ ) 1
|Im <2—;u,77u)d dﬁ\ = | Re (Er 1/QU7XkT1/2Pu>drC@| < —|ul QB;R + EHPUHQBM.
rdg

Lemma 2.19. For any 6 € (0,1) there ezists ¢ > 0 such that

e|Re(aru, (Dy — Ao)w)arag] <O(2™)(d¢||ul

1
b srelPul )

ma C
+ 0@ S [l p=n
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Proof. Let qg a smooth function which is one on supp ax, we can apply Lemmas 2.9 and 2.10,
which yield

g~ ~
|R_15R€(6Lku, (DT — Ao)u)dmﬂ SO(Qm)E||¢ul|L2(drd§)Hh(Dr — Ao)(¢u)||L2(de§)
my €1 7 7
+0(2 )ﬁ||¢U||L2(drd§)||Dr(¢)u||L2(drd§)
m 1 1 / 7
0™ (ellully, , + 5 I1P(Gu)lB,)

Choosing § = hd’ and applying Lemma 2.7 we conclude

CI

R =Re(aga, (D = Aguarag] SO@™)Selullye,, + 55 PG, ,)

m CI
0@ (@ elull, , + =5 IPull,,

/

C
+ Sl )
U

Lemma 2.20. Let k > ko + 1 of the form k = ko +m + 1 for some m = m(k) > 1, then for
any 0 € (0,1) there exist ¢ > 0 and K(§) C (R, +00) x S bounded such that

h2
1, () ] < el
Proof. By definition y;, = x(27-), hence
(Xz)// _ 21—2k(X/(2—k_))2 + 21—2kaX//(2—k_)
where 27%% = O(272™) and
h? om
|7 (s O) Waragl < W20 lloo + X" o) 1l Z2(ardg, 1
Let § € (0,1), if m is large enough such that O(272™) < § then we directly have
h2
| (s () Warag| < dclul
Otherwise for all m such that 272™ > § the interval D, is a bounded one, albeit depending
on 0. Hence

2B;R + CHUH%?(KQ))‘

2
* .
Bir

h2
|7 (s 0 " Waragl < ellullZz k-
[

Lemma 2.21. For any 6 € (0,1) there exist ¢,c(6) > 0 andK(§) C (R,+00) x S bounded
such that

- 1
> (p@ ' r)alul, 57Xl Ao, M(r)]ul)arag S(edllullip ps, + c(O)lullin xey)-
I>ko+1

Proof. The proof is analogous to the one of Lemma 2.12.
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Lemma 2.22. For any 6 € (0,1) there exist ¢,c(6) > 0 andK(§) C (R,+00) x S bounded
such that

B 1
> (e r)alul, Q—ih2xl|Dr(Vm)U|)drd§ < (@llullip p: , + c@)[ulli )-

1>ko+1

Proof. The proof is analogous to the one of Lemma 2.13. O

2.3. Estimating u. In this section we give bounds on the norm |
Let xx as defined in (1.20), taking the real part in the following scalar product we have

Re(xiu, Pu)arag = —IXktll72(grag) + Re(Xiu, h? Pytt) arag-

As in the previous section we write k = ko +m + 1 for a certain m = m(k) > 0. With this
notation, on the support of xx

gko=lom <y < ghot3gm (2.29)

where ky = 11?11; + k* + 2 and k* is a fixed natural number. In particular
oF Hitmp < L QMM (2.30)

which implies that, for some ¢ > 0, it holds
2mc||r_1/2xku”%2(drd§) SR_1||Xku||2L2(drd§)
<R_1|Re(xiu hQPfu)drdﬂ (2.31)
+ R7Y (7 2 x0, 1 2 X P dragl. (2.32)
The main result of this section is:

Proposition 2.23. For all § € (0,1) there exist ¢,c(d) > 0 andK () C (R, 4+00) X .S bounded
such that

/

B, 5h2||7)u”B>R+(5C”uHHlB* + c(O)lullfn gary + Nl )

lul

Proof. For the term in (2.32) we can plainly use the duality of the norms BZ ;, B~ g. In (2.31)
we have a term made of several parts. First we consider the one involving h?(D, — Ag)?,
using (2.24)

h2
Re(xiu, hg(Dr - A0)2u>drd§ :(U, ? (Xi(Dr - A0)2 + (Dr - AO)sz) U)drd§
(u, h*(Dy = Ao) (i (Dr = Ao))tt)arag — h* (u, (X3)" 1) drag

Since (2.30) holds on the support of x; we also have for some positive constant ¢

R < e2mpt

and hence

|R™*Re(x:u, h*(D, — AQ)2U)de§| <2™||h(D, — Ao)ul QB* + h*R7Y|(u, (XZ)”U)drdﬂ

S2"(5lPuly, + Sellulli o

+c(d )Hu“Hl(r:R) + ||uHH1(K(6))) (2.33)
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thanks to Proposition 2.14 and Lemma 2.20. Applying (2.11) we also obtain
| R (o, XM (1)) arag 527 1~ 2M (1) 2] L2(arag,py)
§2m(5h2|\7’U||B>R +ocllullip e, + O lullip k@) (2:34)
Finally, we can exploit the decay of V,, — A given by (1.15) and obtain

R (ktt, x6h® (Vi — M)t arag]| 27102 xat, 7727 X h? ) |

S22 mthHT 1/2u||L2(drd§,Dk)'

Now for any 6 € (0,1) there exists an m* = m*(d) > 0 such that for all m > m* we have
27™ < §. Hence the previous inequality, if k is large enough to satisfy m(k) > m*, renders

ROk, xuh® (Vi = A)t)arag| S 27 0cul. (2.35)

Otherwise, the scalar product is bounded by the L? norm of u over a compact interval of r,
depending on 6. Thanks to (2.33) (2.34) and (2.35) we have

2" 20l By S2" (g [Pl + Ol e, + COIull3 oy + 1l o)

dh?
for any k > ko + 1 which yields the statement.

OJ
3. ESTIMATES IN THE COMPACT REGION: UNIQUE CONTINUATION
By the result of Proposition 2.1 in the previous section we have
c
el e, < dllullin pe, + 575l1Pull,  + cO)ullin g, i)
with K(J) a bounded region in (R, +00) x S. Now fix dy such that cdy < 1, then
lull 5s , < 5 hQIIPUIIB>R + () lullzr (s (3.1)

that is we can bound the H', B% ;, norm of u (which is a norm on the manifold end) by the
operator P = h?P; — 1 + ie up to a compactly supported term.

In this section we show how to bound the H' norm on a compact region of the manifold
by applying unique continuation results.

Notation 5. We define the notation
Xr:i=(R,+00) xS~ M\ K
and in general
X, = (a,+00) x S

so that K(dy) C Xg, more precisely K (dy) C Xowp Let a > R such that K(dy) C X, and
without loss of generality we can assume K (dp) C X, \ Xaio.

The main result of this section is
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Proposition 3.1. Fiz A\ > 0. Let u € H* (M), A > X\g > 0, h = \"! and a > R such that
K(80) C X, \ Xuia. There exist vy € (0,1) and U bounded region of Xow+p = (2¥ R, +00) x S
such that

lull 1 xype ) < OE ) (1P = A2 i )ull 2 an xa g + el o))
The following proposition is a direct application of unique continuation.

Proposition 3.2. Let (Mg, go) an n dimensional Riemannian manifold, T the Laplace-
Beltrami operator on My and R a differential operator of order one. Let

Uy € Vy @ My VieVoeMy, VonaM, =0,

€ (0,1/2) and z € C with Rez > zy > 0, [Imz| # 0. Then there exist c(zy) > 0 and
Yo E (0,1) such that

lull gy < e(z0)e™ (T + R = 2)ull 2 + llull p2qw)
for all u € H*(Vj).
Proof. Define

My =(-1,1) x My, &= (—142a,1—2a) x Uy,
o= (-1,1) x Uy,
U=(-1+a,1-—a)xV,
V=(-14+0a/2,1—a/2) xVj,
V=(-1,1) x Vj,
then U NOM; = (), & is an open subset of U and U € V & M,. Let us also consider
T—0}+R, vt,m)=-eulm)e H*(V)

and f such that (T'— 92 + R)v = f.

We apply [12, Theorem 9.1] to the sets , U, V and the operator T'— 02 + R. Hence there
exist ¢ > 0 and v € (0,1) for which

1
Il @y < ellvllyf, (T = 0F + R)wll 2wy + 0llz2@)™

< efloll iy, (T = 82 + R)vll 2y + [[0]l22(0)) (32)
where

(T — 0} + R)v = (T + R — 2*)u(m).
Computing the integrals with respect to ¢ in (3.2) yields

6R€Z +6—Rez
(=P llell 2 + IV gotll 2y + Nl o) ? <e

eRez(l—a) _ oc—Rez(1—a)
(INT + R = 2*)ull 2y + el r2wy) ™,

where we used the relation b'/2 —p=1/2 < (b—b~1)/2 < b!/2 1 p=1/2 which holds for b > 1. The
left hand side can be bounded from below by O(1)||u||7 i) (since min{|z|%, 1} is a strictly
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positive constant). On the other hand since Rez(1 — a) > 29/2 > 0 there exists ¢ = ¢/(2p)
such that eftez(1=a) — e=Rez(1=¢) ~ ¢/ We conclude that

96121/
[wll g1 vy <c 70o) (T + R = 2*)ull 2y + Null2w))-

O
With these result we can now prove the main result of this section.
Proof of Proposition 3.1. We apply Proposition 3.2. Choose
Up € Xato \ Xass, Vi =M\ Xogo Vo =M\ Xogs, My =M\ Xopa
and we apply Proposition 3.2 to the function you with
1 on M\ Xorp
Xo=12%€(0,1) on U= Xop\ Xot2 (3.3)
0 on Xgio
so that you = 0 on Uy and
K(ép) C U. (3.4)
Taking T+ R — 22 = P,, — \? +i¢’ results in
[l anx, e ) < O )P — A + i Yull L2 X ) + 1l m10)- (3.5)
O

Thanks to (3.4) we can bound the perturbative term in (3.1) by |[u|| g1 1), so (3.1) becomes

c
lullf p: , < WIIPUIIQB>R + c(do) lullr oy
and a combination with Proposition 3.1 yields
||u||§-11(M\X2k*R) + ||U'|I%11,B;R SO(h_Qe)\/%)||PU||%2(M\XQ+2)
+O(h2)|[Pull,,, + O ™)|ull vy (3.6)
Notation 6. In the previous section we had actually set P = h?P; — 1 +1ie. With an abuse of

notation we use the same symbol to denote the corresponding quantity on the whole manifold,
that is h2P,, — 1 + ic.

The rest of the paper will be devoted to eliminate the perturbative term of exponential
size O(eA/VO)HuH%II(U).
4. ESTIMATES ON THE EXPONENTIAL REMAINDER
In this section we consider A > 1 in
P— )+,
we recall the (slight abuse of) notation
P =h*P, —1+ic

with € = O(h?) in which now h = A™! < 1. The aim of this section is to prove the following
result, which implies Theorem 1.1.
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Theorem 4.1. Letu € H*(M), A\> 1, R < a < 2" R < a+ 3, then there exists C > 0 such
that

lullfanx,,. ) + 1l pe,, SON2EN(Bn = X +i)ulliaan x, )
+ON 2N (P — X +ig)ul|3_,.
More precisely, what we will be able to prove is
||UH%2(M\XG+3) +0(eX) |u| 2B;R <OA2)|[(Pr — X + Zf)“||%2(z\4\xa+3)
+ O\ 2 |(P, — N2+ ia)u||ZB>R, (4.1)

see Remark 4.7 for further details. By simply considering a function supported sufficiently
far at radial infinity we can then derive Corollary 1.2, that is

Corollary 4.2. Letu € H* (M), \> 1, R<a <2 R < a+3 and x a smooth cutoff such
that x =0 on M\ Xoy3, x =1 on Xoy4. Then

B, S ON(Pr = X ie)xullp .

[Ixul

In particular
[P~ Y2y (P — A2 i) "I Y2 7| a2 = O(ATY)
with > 0.
Proof. The Bor — B bound follows directly from inequality (4.1) thanks to the support
of x. To recover the norm in the weighted L? space we just remark the inclusions
Lijpsy = Bop Bip— L2,

which can be proved by direct computations. 0

As we pointed out above, the main concern is now to take care of the exponentially large
remainder in (3.6). To do so we can exploit the weight ¢ constructed in |6, Section 2|. In
particular let a > R such that

1
= > q. 4.2

o= (4.2)

Moreover, ¢ > 5+ for all 7 > R+ 2 for a parameter 75 > 0 independent of \.

¢'(r)
Remark 4.3. For r > a we have

and hence the quantity

15 independent of .

Remark 4.4. The subset U defined in (3.3) is contained in Xpyo, s0 o > 7" on U and
therefore

0 [ul3r 0y = 110D u) B ) < O(e™ M) [[eMul| v,

We will use the following properties of ¢ which are due to [6].
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Lemma 4.5 (Lemma 2.1 [6]). Let § € (0,1). There exists C' > 0 such that following
inequalities hold for A > A\(0) > 1 and r > R:

Cxlrt < o,
— o < Cor
10| < CAV2p1 (") < CAV2p=1yf
"] < CArY, P < O

’90(4)| < O)\3/27“_1§0/
We will conclude the proof of Theorem 4.1 thanks to the following proposition.

Proposition 4.6. Let v € H*(Xp\ Xoy4) such that v=0,v =0 on 0Xp, A\>1 anda > R
such that ¢’ = \='r=1 forr > a. Then

1 D03 ot ey SO AP L2y ) + OB P| 20\ X
+O(h?)||Pul3. -
The proof, being quite technical, will be postponed to the end of this section, we first show
how its application allows us to pass from (3.6) to the result in Theorem 4.1.
Let v such that the assumptions of Proposition 4.6 are satisfied and recall K(dp) C U. In

particular 7 > a on K (dp) and ¢’ > 0 implies ¢ —p(a) > 0 on K (dp). Then there is a positive
constant ¢ such that

ACHeM‘P w(a —AcHeA(@—eo(a))

o]l (ke s0)) < € Dol sy < e Ol 1 (X p\ Xay2) - (4.3)
since K (dp) C Xg \ X412 and hence

2)\<p

HUHHI K(50) = e_AC||€A¢U||%{1(XR\Xa+2) (4.4)

From Proposition 4.6 we obtain
Hew"}”fr{l(xR\XHg) §O<h72)He/\WPUH%Q(XR\Xa) + O(h™2eM )| Pl 2 (x0 Xur)
+O(h72MD) P[5 .,

nevertheless we can replace the left hand side with He/\%|’§11(xR\Xa+3) + eP¢@]v]|2, B
Indeed, applying (3.1) to v we have

A oG e < 5| PullF, + c(80)e 0l (ks

WBiR = 5 h2

and (4.4) implies we can absorb the remainder term in the left hand side. We have obtained
||6A¢U||?{1(XR\X(H3) + QQM(Q)HUH?{I,B;R SO(h_Q)He’\”PvH%Q (Xr\Xa)

+ O(h~2e?ele )||PU||L2(X,1\Xa+4)

+O(h=2e) [ Pol . (4.5)
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Proof of Theorem 4.1. We define

0 M\ X,
5(1 =4 € (0, 1) Xb1 \Xb2
1 X,

with R < by < by < R+ 1 such that ¢ < —¢ < 0 on [by, by] and apply (4.5) to Y1u, yielding
e ullFr x,\xa ) + €O Nullir 5, < O [EPullZx 0 x,)

+ O(h™2e ) || PulfFe x, x
+O(h29) [Pl
+0(e” M [[ull i x,,\x,,)-

a+4)

In this inequality we have another compactly supported remainder term that we wish to
absorb, since the pre-factor is a small one. To do so we need to add a term on the left hand
side that is supported in a region containing X;, \ Xp,, for example M \ Xy . We can now
use (3.6) and Remark 4.4 to add the contribution of this region

2/\Lp(a)||7JL“%H,B;B,/

<O(h™ )| Pul|Za(x 0 x,) + O ) Pul Loy, x, )
+O(h )@ |[Pulf_, + O(h=*)e | Pull T2 x,. )
O Ul v + O™l (x50
<O(h™ )| Pullfa(x x,) + O )P @[ Pulf_,
+ O(h™?)e*Mo 1PullZ2an x. )
+0(e™) Hu\ﬁfl(xbl\xbz) + O(B_CA)Hewu”iﬂ(xb\xaﬂ)- (4.6)
Both terms in (4.6) can be absorbed to the left hand side by ||u||§{1(M\X2k*R) and

||ewu||%{1( X, \X, ;o) TESPectively. First of all, we remark that after absorption of the remainders
2 a

||e)\<PuH?'_Il(Xb2\Xa+3) + ||u||§{1(M\X2k*R) +e

this last inequality implies (4.1). Then, thanks to the properties of ¢ we have
eMe—¢(a)) <1 on Xg\ X, 2M10=2Xp(a) <1
so dividing everything by e*¢(®
e (ullip e ) F Il g ) SOBT2)IPulG,, + O ) Pulltennx, ) (A7)
This proves the statement since we recall the rescaling
h'P =h"Y(hP*P, — 1 +ic) = \"HP, — N\ +ig).
OJ

Remark 4.7. We can obtain inequality (4.1) directly from the computations in the previous
proof. The right hand side in inequality (4.6) also bounds

Hu”%2(x2k*R\Xa+3) + Hu”%Q(M\XQk*R) + 62)‘90((1)‘



HIGH FREQUENCY RESOLVENT OF THE MAGNETIC LAPLACIAN 35

and hence we obtain

b, SOOI (P =2+ il
+ O (P — X + i) ull} o x)
+ O )X (P, = N + e ull72(x 1 x

HUH%Q(M\XE+3) te

from which (4.1) follows.

As announced earlier, we conclude the section with the proof of Proposition 4.6. We will
need first the following lemma, which is the equivalent, for a Schrodinger operator with order
one perturbation,of [6, Proposition 2.3]. We nevertheless include the proof at the end of this
section for the sake of clarity and completeness.

Lemma 4.8. Let v € H*(Xp\0X,) such that v =0,v =0 on 0XpUIX,, A\> 1 anda > R
such that ¢’ = X='r=1 forr > a. Then

102 /)20l (xvxa) < O Povll 2 xa)
where P, = AP Pe e

Proof of Proposition 4.6. Let v as in the statement of Proposition 4.6 and define

1 on M\ X3,
X1= 19 € (07 1) on Xa+3 \ Xa+47
0 on Xgiq.

We apply Lemma 4.8 to e’y v which vanishes, together with its radial derivative, on 90Xz U
0Xq14. This yields

(&' /)2 x 10 (e < OB € P(x10) | L2\ X0
where (¢ /7)Y/? > h'/2r=1 on Xy \ X,.4 thanks to the inequality ¢’ > CA~'r~1. Then
1e*0]l i1 (i Xosa) SO PO 20xp x010) + O, X1Vl 22X\ X 0)
§O<h_1)He/\SOPUHLQ(XR\X(Hcl) + O( ) Aelatd) HUHHl (Xa+3\Xa+4)

since [P, x1] = [h*(D, — Ap)?, x1] is supported on the set {x1 € (0,1)} and is an operator of
order one in the radial variable. Dividing by e*¥(*) and thanks to Remark 4.3

X203 (x5 SO TTADPOIT 0 x) + OB PO x5,
+ O(]‘)‘|UH%{1(X¢1+3\X¢1+4)'

The norm of v can be bounded by the inequality (3.1) on the region at infinity and recalling
(4.3) we obtain

0]l 1 (X s\ Xa ) SO PV|l o + €220 i1 Xy

from which the statement follows since e=*¢||e**=?@)y|| 1y, x, ,,) 18 an absorbable term.
O
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Proof of Lemma 4.8. The conjugated operator is given by

P, =P — (¢)? + h¢" +2ip'hD, — 2iApy. (4.8)
Let ¢p € C*°([R, a]) real valued, we consider the scalar product

Re(YP,ov,v) r2(xp\ x,) = Re/ /w?@v v drdg.
R Js
By integration by parts
R€(¢h2(DT — AQ)QU, ,U)LQ(XR\XQ) :RG(@Z)h(DT — Ao)v, h(DT — AO)U)L2(XR\XQ)
+ Re(h(Dy — Ao)v, hDr(¥)v) 12 (x 0\ X,) -

In this expression we notice

1 a
Re(hAgv, D, (1)v) 12(xp\X0) :Re;/ /hQAoW‘U‘Z drdg =0
R Js
and

Re(hD,v, hD,(¥)v) 12(x 5\ x.) =Re h? / /6 ' drdg

/ /(9 |U| Y drdg = ( w v U)LQ(XR\XG)-
Hence we have

Re(th(Dr — AQ)QU, ’U)L2(XR\XQ) =Re(yYh(D, — Ag)v, h(D, — Ao)U)LQ(XR\Xa)

h2
( V"0, V) L2 (xp\X,) - (4.9)

Moreover

Re(2i¢'hD,v,v) 2 (x\ x.) =Re 2h/ /8 v’ drdg

—h/ /3 (|v|* )by’ drdg
——b [ [WPwe e aag  (a10)
R Js
so if we evaluate again the scalar product Re(¢P,v,v)r2(x,\ x,) We have
R6(¢P¢U, U)L2(XR\Xa) :Re(@/)h(Dr — AO)U, h(DT — AO)U)LQ(XR\Xa)
+ (M (r)v, v) 2 (xp\x0)
— (Y + (@) = R (Vi — A) + hy'y)! Lk 1/1 )0, 0) 12X\ Xa) -
(4.11)

We define
F(r) = —=((M(r) = 1L+ W)ve, vn)r2(s) + [|M(Dr — AO)UTH%Q(S) (4.12)
where v, = v(r,-) and
W = h*(V,, — A) — (¢')* + hy'.
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By definition of P, we can write
—P, = —h*(D, — Ap)* — M(r) + (1 = W) — 2ih¢'h(D, — Ap) — ie. (4.13)
We need to compute F’, so

O, |h(Dy = Ao)ve|| 725y = 2Re(h(Dy — Ag)Brvy, h(Dy — Ao)vr) r2(s)
+ ZRe([&, h(Dr - Ao)]vm h(D,,« — A0>UT)L2 (S)
= —2Re(h(D, — Ag)hD,v,, (0, — iAo)v,)12(s) — 2Re(hAyvy, h(D, — Ag)vy) r2(s)
= — 2R€(h2(Dr — Ao)QUT», (ar — iA())’UT)LZ(S) — 2R€(h2(Dr — Ao)(onr), ((3,, — ZAO)UT)LQ(S)
— 2R€(hA6UT, h(DT — AO)UT)LZ(S)'

After commuting Ay with D, and noticing that
Re(h*Ao(D, — Ag)v,,i(D, — Ag)vr)r2s) = 0
we obtain
—2Re(h*(D, — Ag)(Aovy), (8, — 1Ag)vr) 125y =2Re(hAjvr, h(D, — Ag)v)12(s),
so that the last two terms in 0,||h(D, — Ag)v,||72 (s) cancel. This gives us the final expression
O |h(Dy — Ao)vr||72(5) = —2Re(h*(Dy — Ag)*vr, (O — iAo)vr) L2(s)-
We can now compute F’

F'(r) =2Re((—h*(D, — Ag)* — M(r) + (1 — W))v,, ,v:) 12(s)
- QRG(hZ(DT - Ao)QUT, _iAOUr>L2(S)
- ([ahM( )]Uravr‘)Lz(S (W UT,’UT) L2(S)

and adding the suitable terms

F'(r) 4 2Re(M (r)v,, iAovy) r2(s) — 2Re((1 — W)v,, iAo, ) r2(s)
= 2Re((—R3(Dy — Ao — M() + (1 — W), (0, — iAo)or)rogs
— ([0, M ()], UT)LQ(S (W, UT)LZ(S)
= — 2Re(Pyv,, (0, — iAg)vr) 12(s) + 4h™'¢'||h(D, — AO)UTH%Q(S)
+ 2eIm(vy, (Op — iAo)vr)L2(s)
= ([0, M(r)]vr, vr)r2(s) — (W', vr) 12(s), (4.14)
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where we used (4.13). Integrating against ¢ we find

a

/ O F dr =— 2Re/ (¢"Povr, (0r —iAo)vy)12(s) + 4h1/ (') [|h(D, — AO)UTH%Q(S)dr
R R R

+ 2€]m/ (@"vr, (Or — 1A0) V) p2(s)dr
R

—/ 90'([3r,M]Umvr)L2(S)d7’—/ (' W', vp) p2(sydr
R R

— 2Re/ o' (M(r)v,,iAgvr) 2(s)dr + 2Re/ ' (1 = W)y, iAoy ) r2(s)dr.
R R
(4.15)

Doing integration by parts, we can rewrite | ; ©'F" dr in terms of the integral of ¢©”F and in
this regard expression (4.11) with ¥ = ¢ gives us

a a

o"|h(D, — AO)/UTH%Q(S)CZT —/ O"F dr
R

/ Re(@"Ppvr, vr) 12(s)dr :2/

R R

a h2
o P
R

where we have used 1 — h?(V,,, — A) + (¢')? =1 — W + hg”. Using this relation we obtain

/go'F'dr:—/ O"F dr
R R

_Re / (F"Pvy. 00 sy — 2 / (D, — Ao)vy |22 ) dr

R R
a h2
+ / ((R(¢")? + he'e™ + 590(4))%, Ur) £2(5)dr- (4.16)
R

So finally, coupling (4.15) and (4.16)

2/ ((Qh_l(gd)? + gD”)h(DT — Ao)UT, h(DT — AO)UT)LQ(S) — / @/([ar, M]UT,UT)L2(S)CZT’
R R

a

= 2R€/ (QO/,])@UT, (a,« — iAo)UT)LQ(s)dT + R@/ (QON »Ur, U7«>L2(s)dT

R R
— 25Im/ (¢"vp, (0 — 1A0)vr) 12(5)dr
R
a h2
+ / (@ W' 4 h(¢")* + h' " + 3(,0(4))11” Ur) p2(s)dr (4.17)
R

a

+ ZRe/ @ (M(r)vy,iAgvy) 2(sydr — 2Re/ ' ((1 = W)v,, 1Aguy) p2s)dr-
R R
(4.18)
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With the exception of the last two terms in (4.18) all the other terms can be treated as in
[6, Proposition 2.3]. For the left hand side we have on one hand

/
o) + " > c’“’% (4.19)

thanks ¢’ = hr~! and Lemma 4.5, on the other hand

/

— ([0, Mvy, v2) 1205) 2 %(M(r)vr,vr)Lz(S) (4.20)

from Lemma 2.4 on [R,a]. Thus we have the following lower bound on the left hand side

a

5 / (2B (&) + &VA(D, — Ag)un, h(Ds — Ag)oy) pags) — / ([0, Mor, v,) g2 sy dr

R R
22 [ 160D, — Alasydr + [ /)00 2ol gy
R R
In the right hand side we use the inequality
/
|90//| S C>\1/2£
r

coming from Lemma 4.5, from which

IRe / (&' Pyvr, ) sy dr] <O(h™'67) / 1Pt 225y

+0() /R 12 /)20 2oy (4.21)

Moreover r1*W’ is bounded from the properties of Lemma 4.5 and the fact that r'*9,V,,
is also bounded. This allows to estimate (4.17) by

O(h'/?) /R 12! fr) 2] 2 gy

For (4.18) we have

|Re/ @' (M (r)vp,iAgvy ) 12(s)dr|
R

< /Ra Al (/)2 M2 (o, [(1+ T ()2, Aol 1) P0p) s |dr

< o(h) / (@' fr) 2 MY 20, |2, 6 dr + O(R) /R 1@ )20 |2 i
(4.22)

since (M'2(r)v,, iAgM"?(r)v,) 12(s) is pure complex and [(1+7T)"/2, Ay] acts as multiplication
by a bounded function. Moreover in 1 — W =1 — h*(V,, — A) + (¢')*> — h¢” the quantity
1 —h?A + (¢')* — hy” is real and V,,, Ay are bounded, hence

IRe / (1= W)oy, iAgvy) pagsydr| <I? / (' )20, |2 (4.93)
R

R
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The remaining terms can be bounded by the Cauchy-Schwarz inequality recalling that ¢ =
O(h?). From (4.19)-(4.23) we have obtained

/R (&' /1) 1(D; — AO)UTH%%S)CZT—F/R (' /)2 M 20, Lo s dr

zs<9<fv-15-1>(/; 1Pt 22, +—<><6>l/; 12 ) 20| By

for a small parameter J.
On the other hand applying (4.11) with ) = r~'¢’, thanks to Lemma 4.5 and the fact that
r(V,n — A) is a bounded function we can recover

Luwmmm@@wséwwmmmm—%mmmw

a a
+/R ||(¢//T)1/2M1/2Ur|’%2(5)d7"+/R ||7D<pvr||%2(5)d7’-

The statement follows combining the last two inequalities.
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