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A SMOOTHING EFFECT FOR THE FRACTIONAL SCHRODINGER
EQUATIONS ON THE CIRCLE AND OBSERVABILITY

PAUL ALPHONSE AND NIKOLAY TZVETKOV

ABSTRACT. We show that, after a renormalisation, one can define the square of the
modulus of the solution of the fractional Schrodinger equations on the circle with data
in Sobolev spaces of arbitrary negative index. As an application, we obtain observability
estimates with rough controls.

1. INTRODUCTION AND MAIN RESULTS

We consider the fractional Schrodinger equation on the circle
(Sa) i0u+ |Dy|u =0, (t,z) € RxT,

where T = R/27Z and « > 1 is a positive real number. In this equation, the operator
|D,|* is the Fourier multiplier defined on &/(T) = (C*°(T))’ by

~

|Dz|*f(n) = [n|*f(n), neZ, feIS(T),
where ~ denotes the Fourier transform on &/(T), given by
fn) = @m) U, e guim) ooo(ry, 1 E L.

When « is an even integer |D,|* is simply the differential operator (—1)®/29%. For every
ug € S'(T), the unique solution in C(R,#’(T)) of the equation (S,) with initial datum

U’t:O = Uo,
naturally denoted e*1P="y, is given by the exponential sum
(1.1) (1P ) () = Y _ig(m) 11" e,
neZ

Our goal in this work is to describe a remarkable smoothing property enjoyed by (1.1) and
its application to observability estimates.

1.1. Smoothing effect. For every function ug € ¥/(T) and every N > 1, we denote by
IInyug the truncation of the function ug at the energy level N, that is,

(1.2) (Myuo)(x) = Y Tg(n)e™.
In|<N
Of course IIyug € C°(T). For o € R, we define the operator (D)7 on &'(T) as
(D:)7 f(n) = ()" f(n), e fe(D)
where (n) = (1 4+ n?)'/2. We can therefore define the Sobolev spaces H?(T) via the norm
[f 17 (ry = [{Dz)° fll 22y -
Let ug € L?(T). Then, ignoring the time oscillations, it follows directly from (1.1) that
(Dy)? (P ug) € C(R, H~7(T)),
and that

(1.3) (D)7 (1P 4y0) = Jim (D)7 (eMP=I* T yug)  in L°(R, H°(T)).
—+00
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2 PAUL ALPHONSE AND NIKOLAY TZVETKOV

Suppose that ¢ > 0. Then, the convergence (1.3) is too weak to imply a convergence
of nonlinear expressions of (D,)? (e/P=|"Iyug). For instance, there is no hope to make
converge the sequence of C*°(R x T) functions

(1-4) |<Dx>a(eit\Dx‘aHNu0)‘27
simply because their zero Fourier coefficients (in ) equal the numbers
Iy uolFo (r).

which is a sequence of positive numbers which diverges as soon as ug € L?(T) is such that
uog ¢ H?(T). Remarkably, this is the only obstruction to the convergence of (1.4), as shown
by the next statement which is the first main result in this paper.

Theorem 1.1. Let o > 1 be a positive real number and ug € L?(T). For every o > 0, the
following limit exists in &' (R x T)

| (D2)7 (€10 )| *: = lim (|<Dm>0(€it‘Dz|aHNuO)|2—HHNuollfof(T))'

N—+o0

Moreover,

(D2} (1P ) [*: € W10 (R, H*(T)),
with

9% 20 whena>%—ﬁ,

51 = and s3 =14 1 20 -
a—1 5 1 when o < 3 — 4=
a p—

We refer to Remark 2.2 where the functional space W™*1"°°(R, H~%2(T)) is defined.

The result of Theorem 1.1 says that the sequence (1.4) converges after a renormalization.
Let us mention that a renormalization of similar spirit is used in the study of nonlinear
PDE in the presence of singular randomness (see [9]) or in the classical work in quantum
field theory (see [6]). The key difference between Theorem 1.1 and [6, 9] is that in the proof
of Theorem 1.1, we pass into the limit in a singular nonlinear expression thanks to time
oscillation effects while in 6, 9] one passes to the limit in a singular nonlinear expression
thanks to random oscillation effects. Interestingly, for quadratic expressions in both cases
(random or time oscillations), the only obstruction comes from the zero Fourier coefficient.

The result of Theorem 1.1 also says that the sequence (9](D.)? (e’!P=I*TIxug)|?) N
converges in /(R x T). In other words, for ug € L*(T), we may give a sense of the
distribution 8, |(D)? (e*P=1"uy)|? for every o € R.

In Theorem 1.1 we only deal with a quadratic expression of (1.1). It would be interesting
to understand how the result extends to higher degree polynomials. In the case of random
oscillations, such an analysis is performed in [6].

1.2. Observability. The second main result in this paper is the following one, dealing
with the observability properties of the equation (S,).

Theorem 1.2. Let a > 1, T > 0 be a positive time and b € L*(T) \ {0} be a non-negative
function. There exists a positive constant C, 1 > 0 such that for every ug € L*(T),

T
(1.5) luollF2(my < Cb,T/O /Tb(x)ueww“uo)(x)fdxdt.

The observability properties of type (1.5) of Schrédinger equations on tori T¢ have been
widely studied, mostly in the non-fractional case & = 2 when b = 1,, and w C T% is an open
set. Among all this literature, the two articles |2, 4] are exceptions, since they consider
more general controls b € L!(T) as in the present paper. Theorem 1.2 is in particular a
generalization of |2, Lemma 2.4] to the fractional case @ > 1. On the other hand, the
paper [2] allows to treat the two-dimensional case. Our proof basically follows the strategy
of [2]. However, the techniques used in order to prove Lemma 3.2 are different from [2].
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Indeed, the article [2] relies on an approach based on results of propagation of singularities
via the notion of semiclassical defect measure. The present paper, as for it, combines the
smoothing effect stated in Theorem 1.1 (not in its full strength) with an ergodic argument,
which is simplified to a projection argument when b € L?(T) (including the interesting case
where b = 1, and w C T is a measurable set with positive measure). Besides, we hope
that our approach will allow us to deal with dispersive equations on higher dimensional
tori T9.

It should also be mentioned that the observability properties of fractional Schrodinger
equations have been studied in a very general geometric setting in the paper [5], with
localized functions of the form b = 1,, with w an open subset of the ambient manifold. In
the particular case d = 1 of the circle T and when « > 1, which is the context of the present
article, [5, Theorem 1] states an observability estimate for the equation (S,) in any positive
time 7' > 0. In addition, let us mention that the assumption > 1 in Theorem 1.2 cannot
be relaxed. Indeed, we know from [5, Theorem 1] that on the one hand, in the situation
where a = 1, the observability properties of the equation (57) are linked to the so-called
Geometric Control Condition on w C T. On the other hand, in the setting 0 < o < 1,
the very same result [5, Theorem 1| states that the set w C T has to be dense so that an
observability estimate holds.

Acknowledgements. We are grateful to Sebastian Herr for an interesting discussion on
the smoothing properties of fractional Schréodinger equations. N.T. was partially supported
by the ANR project Smooth ANR-22-CE40-0017.

2. SMOOTHING ESTIMATES

In this section, we give the proof of Theorem 1.1.

2.1. Prolegomena. We therefore consider @ > 1 a positive real number, ¢ > 0 and
ug € L?(T). Recall that the projectors Iy are defined in (1.2). First notice that the
conservation of mass property of the equation (S, ) implies

HO(‘<D{L'>o-(6it|Dx|aHNu0){2) _ H<Dx>a(6it|Dx|aHNu0)Hi2(,]r) = HHNU(]H%{U(’]I‘)'

As a consequence, the elements of the sequence

(2.1) (1027 (1P o) |* ~ Mol oy )

can be written in the following way
. «@ 2 ; a 2
(D)7 (1P TTvug) |* = Mo ||37o py = Ty (| (D) (171 o) ).

We therefore deduce that for every test function ¢ € (R x T), we have
o1 « 2
/R/Tgp(t,x)(‘(Dl«) (1P Tyvu) ()] — [T tg|[3 ) ) vl
= / / o(t, ) H&(‘(Dx>‘7(eit|Dz\a1‘[Nu0)‘2)(x) dx dt
RJT

= //(Héso)(t,w)!<Dm>”(e”'Dﬂc'“HNuo)(x)|2dxdt.
RJT

The convergence of the sequence (2.1) in #'(R x T) and the regularity of the limit
(D)7 (e1P=1" )| : will therefore be a consequence of the following bilinear smooth-
ing estimates.
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Proposition 2.1. For every o > 0, there exists a positive constant c, > 0 such that for
every test function p € (R x T) and for every initial data ug,vo € H°(T),

/ / (I ) (£, ) (€171 ug) () (@D ) () it
RJT

< COHQDHWSIJ(]R,H%(T))HUOHH*U(T)HUOHH*U(T)a
with

o
Q
AN,
B
Q

Remark 2.2. The functional space W*t:1(R, H*2(T)) appearing in the above statement
is defined by

WY R, H*(T)) = {p € 'R x T) : (Dy)* ¢ € L'(R, H**(T))},
and is endowed with the following norm
lelbyeraerscry = [ Dot e .
For every s € R, the operator (D;)® is defined on ¥'(R) by
F((De) (1) = () F(f)(7), TER,feIR),

where % denotes the Fourier transform with respect to the time variable ¢ € R. Moreover,
let us introduce the following space

W(R, H*2(T)) = {<p €S (RxT): (D)) *rp € LR, H_SQ("]I‘))}7
equipped with the norm
lpllw—s100 @, -22 (1)) = b {Do) ™ o (t, ) =52 ()

By classical arguments, we have the following duality in norm

/ o(t, 2)(t, r) de dt|.
RxT

Il —an.0 i pr=o2m)) = oup
¥l 511 g, mrs2 (m)) St

Before proving Proposition 2.1, let us check that Theorem 1.1 is a consequence of this
result. Let ug € L?(T) and ¢ € (R x T). In order to simplify the writing, we set

un(t,2) = (D) (P TIyug) (), (t,2) e R x T,

and also

en(uo) = /R /T (g ) (t, 2) [ (D)7 (1P Ty ug) ()| * dar it

://(Hégp)(t,x)|uN(t,x)|2dxdt.
RJT

Recall that we first aim at proving that the sequence (cy(up))n converges. By combining
the following decomposition
un, |2 — un; |2 = UN,UN; — UN;UN; = UN, (TN, — UN,) + UN, (UN, — UNs),

and the bilinear estimate given by Proposition 2.1, we get that for every Ny, No > 0,
ey (uo) — ey (uo)| S (TN woll 2¢ry + [Tvy w0l 2 ¢my) TNy o — TNy uol| 22y

S lluollpaemy M uo — s uollp2ry | = 0.

This proves that the sequence (c¢y(ug))n is a numerical Cauchy sequence, which therefore
converges. As a consequence, the sequence (2.1) converges in #'(R x T). Moreover, by
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Proposition 2.1, its weak limit :|(D, )7 (e®IP=|"u4)|?: satisfies the following bound for every
test function ¢ € (R x ’IF)

| D)7 (P

2
)| :’30>y/7y S HSDHWSLl(R,Hw(T))-

This immediately shows that
(1) (1P o) [P € W (R, H(T)),
as explained in Remark 2.2.

2.2. Bilinear estimates. We now give the proof of Proposition 2.1. Let us consider o > 0,
0 € SR xT), ug,vg € L*(T) be fixed functions, and write

x) = Zaneim, vo(z) = Z bpe™,  z €T,
nez neL
and
(Mge)(t,z) = Y ca)e™, (tz) eRxT.
neZ\{0}
A straightforward integration in space first shows that

I3 o) (¢, 2) (1P ug) (@) (et1P=1* v ) () dz = (), by, e HIm1l%=In2l®)
T 0 1 2
n+ni—n2=0,

n#0
The integration in time then makes the Fourier transform of the coefficients ¢, appear as
follows

/ Cn(t)eit(\n1|a_\n2|a) dt = C/;L(|n2|a _ |n1|oz).
R

Thus, the term we aim at estimating is given by

| [@oea)e > )@ T de = 3 G linel® )b

n+ni—n2=0,
n#0

Notice that since n # 0 in the above sum, we have nj # ng. There are then two cases to
consider for the integers ny and ns.

> Resonant case. In the case where n; = —no, we get n = —2n; and Cauchy-Schwarz’
inequality gives the following bound

Yo lalnal® = Inal®)llany [1bng] = D 16 20, (0)an, b |

n+ni—ng2=0, n1€Z
n#0,n1=—n2

b,
< sup (n1)%?|én; (0) Z |am|| m'
n1€Z

< sup (n1)*7 |én, (0)][[uo | gr-o (my lvoll o (1)
n1E€EZL

Moreover, the above supremum can be estimated by noticing that for every ny € Z,

(n1)*7|En, (0)] < (n1)* sup (7)°|en, (7)] < /(n1>2"\<Dt> cn(1)] dt

TER
/H (De)*@(ts ) arzo (ry dt = [|@llwsa g m2e (1))

where we set s = 20/(av—1) > 0. This value for s > 0 will be justified later, while studying
the non-resonant case. We therefore deduce that

> 1@n2l® = [na]*)an, [1bny] < llollwer @, m2e oy 1ol o oy lvoll - r)
n+ni—n2=0,
n#0,n1=—ng
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> Non-resonant case. In the other situation where ny # —ns, we write

~ an, ||b
22) Sl — Ol bl < Y Tyl
n+ni1—n2=0, n+n1—na=0, <|’I’L1| —|7’L2| >
n#0,n1#—n2 n#0, n1#—n2

where s = 20/(av — 1) > 0 is the same as before, and where we set
(2.3) Lo = {m)*en(T)ll ooy, €2

In order to treat the sum in the right-hand side of the estimate (2.2), we need to establish
the following lemma.

Lemma 2.3. For every real numbers x,y € R, we have

1 .
[l = 1911 = go=g (2l + D)l = Tyl

Proof. 1t sufficient to consider the case where x,y > 0. Since o > 1, we can write

1 1
-yt = /0 %(m + (1 —=t)y)*dt = /0 altz + (1 —t)y)* Hz —y) dt.

We therefore get that

uﬂ—ywz(éiwx+u—wwala)x—m

1
> </ amin(t,1 —t)*! dt> (z+y)* -y
0

= 2(1—,1@ +y)* Mo —yl.

This is the expected estimate. ]
We then deduce from Lemma 2.3 that when ny # ns, we have
ol = el | 2 (| + Inal)™ | = I,
and since ||ni| — |n2|| > 1, we get that
(1| = [n2|®)? Z || — [n2]*?

2 (Ina| + n2)* @D |na| = naf|*

2 (L[ ? + na)*H(Jna | — |naf)”

Z () Hn2)*H(|na | — |naf)®.

The parameter s > 0 is chosen in order to satisfy s(aw — 1)/2 = 0. We therefore deduce
that the sum we are studying is bounded in the following way

~ F _ a b
R e e [ e e e e o

n+ni1—n2=0, n1,n2€%L ‘nl, N ‘n2’>8 <7”L1>0 <n2>0
n#0,n1#—n2 n1#+tng

In order to alleviate the writing, let us set

T, _ . b
Koy = ni—ns in, = |an, | and by, = |bn, |

(Ina] = Inal)*’ (n1)”
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We deduce from Cauchy-Schwarz’ inequality that

Z Knl,ngdnll;ng: Z < Z Km,mam)Bm

n1,nN2€Z no€ZL n1EZL
ni1#+ns n1#+ng
2\ 1/2 1/2
~ 72
(2 (X K] ) (Z5)
no€Z ni1€Z no€ZL
n1#+ng
2\ 1/2
(S (X Fomiin) ) Il
na€Z n1€Z
n1#+ng

We need to introduce two new notations still in order to alleviate the writting

Ay = sup E Ky n, and Ay = sup E Ky,
n1€z no€Z n2€Z ni1€Z

na#+ng n1#+na

The above double sum is also controlled with Cauchy-Schwarz’ inequality as follows

> (5 Fomin) 22 (T Ko ) (T Kt

no€Z ni1€Z no€Z ni1€Z ni1€Z
n1#+ng n1#+ng n1#+tng
§ ~2 §
S A2 anl < Knl,ﬂg)
ni1€EZ no€ZL
na#+ng

< Ay As|luol| -0 (-

It remains to study A; and A,. Since these two terms are similar, we only focus on Aj.
To that end, we consider a non-negative number A > 0 such that A+ s > 1/2. Let ny € Z
be fixed. We deduce once more from Cauchy-Schwarz’ inequality that

r. 1/2
) e— __—mTn2 - ny — 2212 >
Z 1,m2 Z <‘7”L1‘ — ‘n2‘>8 = ( Z < 1 > n1—na

no€ZL no€Z no€Z
naoF+ng no#tn noF#+n
1 1/2
(X e
oo Al = [n2)? (1 —na)
no#+ng

There are now two terms to treat. On the one hand, it follows from the definition (2.3) of
the I');, and Minkowski’s integral inequality that

<Z(n>2AFi>U2: (Zw?imrat >\\LW(R>)W

nez ne”L

< <Z<n>2)\H<Dt>san%1(R)>1/2

nez

= [(n)*(De)*calliz 1y < 1) (De) enll iz = llellwer @, maery)-

On the other hand, the second term can be bounded by noticing that ||n1]|—|na|| < |n;—ns]
and writing

1
2 <2 <27
_ 2 _ 2\ — _ 2 +A) ~ 2)\-1—
s (I = [n2f)?(n1 = n2)? = &= (Iny \n2! (s = ( °)
no ni
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Since A + s > 1/2, the above sum is finite. We therefore deduce that the term A; is
bounded as follows
A1 Sas llellwer @ mr ()

A similar estimate holds for the other term A, with a similar proof. In a nutshell, we get
that

> laInal® = Il any s Ssx llwe @, ax oy ol zr=e (ry v0 ]l = x) -
n+ni1—ngs=0,
n#0, n1#—n2

The proof of Proposition 2.1 is now ended.

3. OBSERVABILITY ESTIMATES

The aim of this section is to prove Theorem 1.2. Let o > 1 be a positive real number
and b € L'(T) \ {0} be a non-negative function. The strategy consists in four steps:

1. Proof of the following L°L? Strichartz estimate

HeitlelauOHLOO(T,LQ(O,T)) < COrlluollz2(my

2. Proof of the following weak observability estimate

o <ch( / JECIC <m>\2dwdt+uuouzam)-

3. Proof of the following unique continuation result
(bei”D“‘auo =0on (0,7)xT) = wy=0onT.

4. Removing the H ™ “-norm in the above weak observability estimate.

Steps 2,3 and 4 are now very classical and had been used to study the observability prop-
erties of Schrodinger-type equations on tori, see [3] for a review. Steps 3 and 4 are known
as the Bardos-Lebeau-Rauch uniqueness-compactness argument. The L°L? Strichartz
estimate presented in Step 1, crucial for dealing with the case b € L?(T), has been first
introduced in the paper [1] in the non-fractional case o = 2.

3.1. Step 1: Strichartz type estimate. As a preliminary, let us first prove a L°L?
estimate for the solutions of the equation (S,), which is an adaptation of [1, Proposition
2.1 to the fractional case. A key feature of this estimate is that it does not encounter
derivative losses as does e.g. the wa Strichartz estimates for e®/P=|" obtained in [8].

Lemma 3.1. For every positive time T" > 0, there exists a positive constant Cp > 0 such
that for every initial datum ug € L%(T),

HeitleuoHLoo(T,p(o,T)) = CT”UOHLQ(T)

Proof. Setting ¢, = ug(n), we begin by developing the L L? norm we aim at estimating

1| Dg | 2 zt\n|
e UOHLOO(’]I‘,LQ(O,T) sup § :C € d
nel
T . o « .
—sup 3 ( / git(ma | [z )dt>el(”1”2)xcm%.
z€T ni,no€Z 0

There are then two cases to consider for the integers ni and no in the above sum.
> Resonant case. In the situation where n; = +nsg, we directly get that

T
p S ([ e an o, g 5 = Il
0

z€T ni,n2€Z n1€Z
ni==no
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> Non-resonant case. In the case where n; # £no, we begin by writing that

sup Z </ it(\m\aﬂnﬂa) dt) ei(man):vcnl% < Z |Cn1||cn2| )

- o __ (6%

weT, =, oy, I = [n2l]
nl;é:l:ng nl;’éinQ

By using anew Lemma 2.3, we obtain the following bound for the above denominator

1] = [n2|*| Z (| + [n2))* || = Inall > [na] — [n2]|.

Cauchy-Schwarz’ inequality then implies that

Z |Cn1||cn2| < Z |Cn1||cn2|

L2 Tl — Jnafe] ~ | 2= Jfnal ~ ol

ni1#+no ni#+no

_ Z |Cn1||cn2| + |C*n1||cn2| + |Cn1||C,n2| + |C*n1||0*n2|

1,20 [n1 = nal®

n1#n2
1
< ( > l_a> luolZ2r)-
leN\{0}
Notice that the above sum is finite since o > 1. This ends the proof of Lemma 3.1. O

3.2. Step 2: estimate with error term. We now derive the following weak observability
estimates from the smoothing estimates stated in Proposition 2.1.

Lemma 3.2. For every positive time T > 0, there exists a positive constant Cp 7 > 0 such
that for every ug € L*(T),

T
it| Dy | 2
luol72r) Scb,T</0 /Tb(l“){(@ 1P ) ()| d$df+\|uo||§{—a(1r)>-

Proof. Arguing by contradiction, we consider a sequence (ung), in L?(T) such that
lun,ollz2(ry = 1 and satisfying

1
(3.1) / / (P 0) () * da dt + [l —ary < -

it| Da

Setting u,(t) = e ‘aumo, we aim at proving that the sequence (u, ), satisfies that for

all ¢ € C5°(0,T)

T
(32) | 0Oy 0.

n—-+o00

This would end the proof of Lemma 3.2. Indeed, the conservation of mass of the equation
(So) would then imply that

T ) T ) T
/0 w(t)!!un(t)!!pmdt:/o w(t)Hun,oHLz(T)dt:/O w(t)dt — 0.

—+00

This convergence of course cannot hold for all functions ¢ € C§°(0,T).
> Step 2.1. First of all, let us prove that for every xg € T,

(3.3) / / V() (T 0) () [ty (¢, 2)|* dz dt e 0,
where the translation operator 7., is defined for every function in f € L!(T) by

(720 f)(2) = f(x = 20), = €T,
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To that end, we will widely use the fact that for every smooth function ¢ € C*°(T), we get
from the smoothing estimates stated in Proposition 2.1 applied with o = a, ug = v9 = un
and the tensorized test function ¥ ® ¢ that

T
[ [ e @t 0P drat] Su Bunslfy o, 3,0 by ()

Let us consider a sequence (b;); in C*°(T) that converges to the function b in L*(T), and
write

/(]T/Tw(t)(b_%o )(@)|un (t, )| dxdt‘
+‘/0 /Tiﬁ(t)(b—bj — T (b — b)) (@) [un (t, 2)|? dxdt'.

There are now two terms to treat. On the one hand, we deduce from the convergence (3.4)
with the functions ¢ = b; — 7,,b;, which satisfy g = ¢, that the following convergence
holds for every integer j > 0

/ /¢ — Tuobj) (@) |un (t, 2)|*dzdt — 0.

n—-+4o0o

— Taby) (@) [un 1, ﬂc)!2dxdt'

On the other hand, we deduce from the L°L? Strichartz estimate stated in Lemma 3.1
that

T
| [ 600t = o = b)) @t do e
0 T

since the functions uy,, o are normalized in L*(T). We therefore deduce that

limsup‘/ /1/1 — T 0) ()| un (t, )| dz dt

n—-4o0o

Sw b — bj”Ll(T)7

S - bj”Ll(T) jjoo 0.
Recalling from (3.1) that we also have

/ /1/1 () |up (t, )|* dz dt T 0,

this proves that the convergence (3.3) actually holds. Notice that in the very particular
case where b =1, and w C T is an open set, we directly conclude to the convergence (3.2)
by covering the circle T with a finite number of open sets of the form 7,,w with z¢ € T.
The L L? Strichartz estimate is in fact not necessary in this case, since it suffices to apply
the convergence (3.4) with the functions ¢ = f — 7, f, where f € C°°(T) is a smooth
function such that supp f C w.

> Step 2.2. In order to derive the convergence (3.2) from (3.3) when b € L'(T), we need
to establish the following approximation result.

Lemma 3.3. For every function f € L'(T), we have
1 evect{ryf:20€ T} <—= f(O) £ 0,
the closure being taken with respect to the L'(T) topology.

Proof. The necessary part of this statement follows from the fact that
Voo €T, 7gf(0) = [ (rf)le)do = [ fla)do = Fl0),
T T

Concerning the sufficient part, we can assume without lost of generality that f(O) = 1.
Let us consider a € R\ 27rQ. In order to simplify the writing, we will use the following
notation for every positive integer n > 1 and g € L'(T)

1 n—1
Sn(g) = o Zﬂmg € vect{7,,9 : xg € T}.

k=0
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We consider a sequence (f;); in L*(T) that converges to the function f in L!(T), and we
write

11 = Sn(Fllrery < 11 = Sulfllorry + 152 (f5) = SulH)llLr
1 n—1
< 1= Salfllezm + > Mrkati = Thaflraem
k=0

< 1= f50 4+ 11£5(0) = Su(f)llL2(ry + 15 = Fllrery-
Moreover, a classical consequence of von Neumann’s ergodic theorem |7, Theorem 5.1]
implies that for every integer j > 0,

17;(0) = Su(f3)ll 2 cmy 0.

+oo
This implies that
limsup |1 = Sy (f)llzrery < 1= 00+ 5 = fllrery < 20f = fllziay . — 0.
n—+o0o Jj—+0o0

The proof of Lemma 3.3 is therefore ended. It should be noted, however, that in the par-
ticular case where f € L?(T), the above ergodic argument can be simplified to a projection
argument. Indeed, let us introduce the following notation

F = vect{ry, f : 2o € T} C L*(T).

Let ¢ € F be the orthogonal projection of the constant function 1 onto the closed vector
space F'. Since 1 — ¢ € F-, we get in particular that

Voo € T, 0= (1—,Tuf)r2(T Zl— )etno,
nez

This formula shows that the function xg — (1 — ¢, 7z, f) 12(T) belongs to the space C(T).
We therefore deduce that L

VneZ, 1—p(n)f(n)=0.
Since f(0) # 0, we get that $(0) = 1. Moreover, lell2(ry < 1, and we conclude that
¢ = 1, implying that 1 € F' as expected. We were not able then to pass directly to the
case where f € L'(T) with an approximation argument. This is the reason why we made
use of von Neumann’s ergodic theorem. O

We can now prove (3.2). Since the assumptions on the function b imply that E)\(O) # 0,
we deduce from Lemma 3.3 that there exists a sequence (b;); with
b;j € vect{ry,b: xg € T},
satisfying that
b, — 1 in L*(T).
J—r+oo
Let us now write

t)|un (t, ©)|? dz dt' < ‘/OT/T@z)(t)(l — bj)(x)|un(t,x)|2dxdt‘

z)|un (t, ) dz dt'
The first term can be treated as follows by using anew Lemma 3.1

/ ) / Y(t) (1 = bj) (@) un (t, )* de dt| <

Moreover, as a consequence of (3.3), we get that for every j > 0,

/ /¢ ]untx)]2dxdt — 0.

n—-+o00

S ”1—b HLl (T)-
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We therefore deduce that

T
lim sup / /w(t)\un(t,x)\z dzdt| < 11— byl —> 0.
n—+oo | JO JT j—+oo
This ends the proof of Lemma 3.2. U

3.3. Step 3: unique continuation. Let us now consider the following vector space
Ny = {up € L*(T) : VoelP=1" g = 0 on (0,T) x T}.
In this subsection, we prove the following unique continuation result.

Lemma 3.4. For every positive time T > 0, we have
N@T = {0}.

Proof. Let us begin by checking that the vector space N is invariant under the action
of the operator |D,|*, with moreover

(35) 3¢ > 0% € Nz, 102 woll2r) < ellwollacr)

Let ug € ./\/bj and ¢ € (0,7). We also consider the function u. = E*I(eie‘Dz‘auo — up).
Since u, € Nb7T/2 when 0 < € < T'/2, we deduce from Lemma 3.2 applied at time 7'/2 that

(3.6) uell2(my < Cyry2lluell o (r)-
Moreover, Plancherel’s theorem and the dominated convergence theorem imply that
l[te | = () = 11 D2 (De) ™ “uoll 2y < lluollpz(ry ase— 0F.

Indeed, on the one hand, the following convergence holds for every n € Z,

n —au/n\ _ ei€|"‘aﬁ5(n) —g(n) _ n) eielnl® _ o info _
()~ uz(n)] = S(nye = | e [0 o e wel

On the other hand, we have the following domination from the mean value theorem for
every € > (0 and n € Z,
()™ *uc(n)| < fuo(n)|.

In particular, the sequence (u.). is bounded in H~%(T). This fact combined with the
estimate (3.6) implies that the sequence (u.). is also bounded in L?(T) and therefore
weakly converges in this space up to extracting. Since the sequence (uc)e also converges
t0 | Dy |*ug in &’(T), the aforementionned weak limit is noting but the function | D,|*ug,
which therefore belongs to L?(T). Plancherel’s theorem and the dominated convergence
theorem then implies that

luell p2ery = [l De|uollp2(ry as e — 0F.

As a consequence, the sequence (u. ). converges strongly to the function i|D,|*uq in L?(T).
The expected estimate (3.5) is then obtained by passing to the limit as ¢ — 07 in
(3.6). Moreover, since u. € Npp_s when 0 < € < ¢ and that the strong convergence
in L?(T) implies almost everywhere pointwize convergence up to extraction, we deduce
that |D;|*uy € Ny r—s for every § € (0,7). This implies that the function |Dg|*ug also
belongs to Nb,T. Hence, the vector space ./\/b,T is invariant under the action of the linear
operator |Dy|*.

Notice that the estimate (3.5) implies that the unit ball of N} p is bounded in H*(T),
and is therefore relatively compact by Rellich’s theorem. This implies that the vector space
Ny, is finite-dimensional by Riesz’ theorem. As a consequence, since the linear operator
|Dy|* : Ny — Ny is bounded and in the situation where N, 7 # {0}, there exists A € C
and u € My \ {0} such that |D;|*u = Au. The function u not being identically equal
to zero on T, we deduce by passing to the Fourier side that there exists n € Z such that
A = |n|®, and that the function w is actually given by

u(z) = 1€ + e, z e T,
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with ¢1,co € C such that cics # 0. Moreover, since u is an eigenfunction of the operator
|Dz|* and w € Np, p, we get that the function w vanishes on {b > 0}, a measurable set with
positive measure, which is absurd. As a consequence, we have N} 7 = {0} as expected. [

3.4. Step 4: removing the H %norm. We are now in position to end the proof of
Theorem 1.2. We argue once again by contradiction by considering a sequence (uy )y in
L?(T) such that [[unollz2(r) = 1 and satisfying

T
(3.7) /0 /T b(@)| (1P u, o) () |* da dt < 1

n

The sequence (uy,), being bounded in L?(T), there exists a function ug € L%*(T) such
that, up to extracting, the sequence (uy, ), converges weakly to ug in L?(T) and strongly
in H=%(T), by Rellich’s theorem. Notice that the weak convergence

vt e [0,T], VoelP="y, o —  VpeltlP=l"
n

—+00

uno in L*(T),
is a consequence of the following computations, where ¢ € L?(T),
<\/Eeit|Dx|aun’0’S0>L2(T) _ <Un707e—it‘Dx‘a\/ggo>L2(T)
o <uo7€7it‘D”|a\/E<P>L2(1r) = (Vgeitmz‘auo’@m(m-

We therefore deduce from results on weak convergence, Fatou’s lemma and (3.7) that

T T
2)| (P10 (2 2 T imin x)| (e Py x 2 x
| sl e azar< [ timing [ @)@ ) @) drar

n—-+o00

n—-+o0o

T
< lim inf/ / b(m)|(eit‘D”|aun,o)(x)‘2 dzdt = 0.
0 T

Keeping the notations of Section 3.3, this proves that ug € ./\/b7T, and therefore ug = 0 by
Lemma 3.4. We finally deduce from Lemma 3.2 that

T
it| Dy | 2
finollocny < Cuar( [ [ 0P ) 0) Pt + fmalfy-or) )
~—_——— 0 T
=1

~—_——
— 0
— 0 n—+oco
n—-+oo

This is of course absurd, and the proof of Theorem 1.2 is ended.
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