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SINGULAR LIMIT OF A CHEMOTAXIS MODEL WITH INDIRECT SIGNAL
PRODUCTION AND PHENOTYPE SWITCHING

PHILIPPE LAURENCOT AND CHRISTIAN STINNER

ABSTRACT. Convergence of solutions to a partially diffusive chemotaxis system with indirect signal
production and phenotype switching is shown in a two-dimensional setting when the switching rate
increases to infinity, thereby providing a rigorous justification of formal computations performed in
the literature. The expected limit system being the classical parabolic-parabolic Keller-Segel system,
the obtained convergence is restricted to a finite time interval for general initial conditions but valid
for arbitrary bounded time intervals when the mass of the initial condition is appropriately small.
Furthermore, if the solution to the limit system blows up in finite time, then neither of the two
phenotypes in the partially diffusive system can be uniformly bounded with respect to the Ls-norm
beyond that time.

1. INTRODUCTION

The singular limit v — oo of a chemotaxis model with indirect signal production and phenotype
switching
Oy, = div(D, Vu, — u,Vw,) +v(0vy, —u,) in (0,00) x Q,
Oyvy = DyAvy + v (uy — 6v,) in (0,00) x £, (1.1)
ow, = DAw, — aw, + v, in (0,00) x Q,
supplemented with no-flux boundary conditions and initial conditions (u., v, w,)(0) = (u, vo, wo),
is studied in [20] in a bounded domain © C R™ with n < 3 and positive constants D,,, D,, D, «,
and 6, which were all set to 1 in [20]. The above model describes the dynamics of a population of
cells divided into two phenotypes with respective densities u, and v, and a chemoattractant with
concentration w,. The model is designed to account for phenotype-dependent responses of cells to
the presence of a chemoattractant [17]. While both phenotypes are diffusing with possibly different
diffusion rates D, and D,, only the motion of the phenotype with density u, features a chemotactic

bias, the chemoattractant being only secreted by the other phenotype. For more details concerning
the modeling we refer to [17,20] and the references therein.
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As pointed out in [20, Section 2], letting 7 — oo formally, one finds w., ~ v, so that, introducing
the total density n, := u, +v,, we expect that u, ~ 6n,/(1+6) and v, ~ n,/(146). Since n, solves
o, = div(D,Vu, — u,Vw,) + D,Av, in (0,00) x Q,

cluster points of (n.,,w,), as v — oo (if any) are bound to solve the following parabolic-parabolic
Keller-Segel system

D0+ D, 0

on = 50 An — 1 +9div(an) in (0,00) x €,
@w:DAw—mm7£j i (0,00) x Q,
supplemented with no-flux boundary conditions and initial conditions (n,w)(0) = (ng,wy) with

ng = ug + vg. A challenging issue in establishing the connection between these two systems is that,
while the former is globally well-posed in space dimension 2 and 3 [8,20], finite time blowup may
occur for the latter [10,23].

As the diffusion rates of the two phenotypes may be of different orders, we focus here on the limit
case where the phenotype which produces the chemoattractant is not diffusing and static (D, = 0)
and set D, = 1 for simplicity. For the corresponding system, global well-posedness and the existence
of a critical mass in a bounded domain of R? are established in [15]. Tt is a particular case of the
model from [21] for foraging ants and also is a variant of chemotaxis models for building termites
nests, mountain pine beetles, and cancer cells. For more details we refer to the introduction of [15]
and the references therein.

We therefore assume that 0 C R? is a bounded domain with smooth boundary and investigate
the singular limit v — oo of the system

Oty = div(Vu, — u, V) + v (0vy, — u,) in (0,00) x €, (1.2a)
vy = v (uy — bv,) in (0,00) x €, (1.2b)
Owy = DAw, — awy + v, in (0,00) x €, (1.2¢)

supplemented with no-flux boundary conditions
(Vuy —u,Vw,) -n=Vw, n=0 on (0,00) x 99 (1.2d)
and initial conditions
(U, vy, wy)(0) = (ug, vo, wo) in €, (1.3)

where the parameters D, «, and 6 are positive.
According to the above formal calculation, we expect that in the limit v — oo solutions to (1.2)—
(1.3) converge to that of

on = div(Vn —nVuw) in (0,00) x €, (1.4a)

1+6

@w:DAw—aw+T%5 i (0,00) x Q, (1.4b)
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supplemented with no-flux boundary conditions
(Vh—nVw) - n=Vw-n=0 on (0,00) x 99, (1.4c)

and initial conditions
(n, w)(0) = (ng, wop) in €, (1.5)

with ng = ug+wvg, and the purpose of this work is to provide a proof of this fact. Such a result supple-
ments nicely the analysis performed in [20, Lemmas 4.9 and 4.10] for the fully diffusive system (1.1),
where only a conditional convergence result is provided. As already mentioned, the first difficulty to
be faced is that, while solutions to (1.2)—(1.3) are always global in time, see [15, Theorem 1.1} and
Proposition 2.1 below, solutions to (1.4)—(1.5) may blow up in finite time when ||ng||y = ||uo + vollx
exceeds the threshold value 47 (1 + 60)D, see [11-13] and Appendix B below. This feature excludes
convergence on arbitrary time intervals and we shall thus prove only convergence on a small time
interval for arbitrary initial data. It is actually proved in [20, Theorem 1.4] that there are initial
conditions such that, for the fully diffusive system (1.1), the family (u,,v,)y>0 is not bounded in
Loo((0,7) x Q) for some T" > 0 sufficiently large and we provide a corresponding result for (1.2)—
(1.3) in Theorem 1.2 below. When ||ng||y < 47(1 + 6)D, convergence on any finite time interval is
established. The second difficulty is of a more technical nature and is due to the assumption that
one of the species does not diffuse in space [21]. As a consequence, no compactness with respect to
the space variable is available for (v,),=o.

Theorem 1.1. Assume that Q C R? is a bounded domain with smooth boundary. For M > 0, we
consider

(uo, vo, wo) € Wy () x W5 (Q) x W3 () (1.6)
satisfying
||uo + voll1 = M. (1.7)
For v > 0, we denote the solution to (1.2)—(1.3) given by Proposition 2.1 by (u,,v,,w,) and set
Ny = Uy + v,. Then there is T, € (0,00] such that, for all T € (0,T),
T

lim n.(t) —n()||? dt =0, 1.8a
tim [ o () = n(o) (1.8
lim sup ||w,(t) —w(t)|w: =0, (1.8b)
V=0 0,7 2
where (n,w) is the unique weak-strong solution to (1.4)—(1.5) with ng := wy + vy in the sense of

Definition C.1.
Moreover, Ty, = 00 if M = |jug + vo||1 € (0,47 (1 +6)D).

The final statement of Theorem 1.1 is valid for all masses below the critical mass and this property
can be established thanks to the construction of a Liapunov functional [15]. The latter does not seem
to be available for the fully diffusive system (1.1) and it is yet unclear whether Theorem 1.1 extends
to that case.

We next establish the analogue of [20, Theorem 1.4] for the partially diffusive system (1.2)—(1.3).
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Theorem 1.2. Consider (ug, v, wo) satisfying (1.6) and set ng := ug + wy. Assume that the cor-
responding classical solution (n,w) to (1.4)—(1.5) blows up at some finite time Ty, € (0,00); that
18,

lim sup () o0 = oo. (1.9)
t—)Tbu
Then, for all T > T,,
SUP {1t || oo (0,1 L2(2)) } = 00 and sup {[|vy | e (0.7).L2(2)) } = 00, (1.10)
v>1 v=>1

where (uy, vy, w,) denotes the solution to (1.2)—(1.3) with initial condition (ug, vy, wy) given by Propo-
sition 2.1.

Before we start to prove the above results, we recall in Section 2 the global well-posedness for
(1.2)—(1.3) which is established in [15]. The proof of Theorem 1.1 involves two steps: the derivation
of estimates on (u., v, w,), which do not depend on =, eventually leading to compactness, and after-
wards the convergence of (u.,,v,, w,),. The proofs of the former in Section 4 bear some similarities
with computations performed to establish the local or global existence of solutions to the Keller-Segel
system (1.4)—(1.5) and are divided into small time estimates for arbitrary masses M > 0 and global
estimates for M € (0,47 (1 + #)D). The convergence proof is more involved and we shall deal with
it in Section 3. One important step in the proof is the strong convergence of (v,), which does not
follow from classical compact embeddings due to the non-diffusive character of (1.2b). The proof of
Theorem 1.1 is completed in Section 5. The final Section 6 is devoted to the proof of Theorem 1.2,
where we show that uniform bounds on the Ly-norm of either v, or w, imply the validity of the
estimates which are required for the convergence proof of Theorem 1.1 and contradict the assumed
blowup in view of the uniqueness of the weak-strong solution to (1.4)—(1.5). We collect in three ap-
pendices some results used in the proofs. In Appendix A we recall the well-known Moser-Trudinger
inequality, while the rescaling performed in Appendix B shows the optimality of the mass constraint
from Theorem 1.1. In Appendix C we give the definition of the weak-strong solution to (1.4)—(1.5)
and prove its uniqueness, adapting an argument from [14].

2. WELL-POSEDNESS

In this section we recall the global well-posedness for (1.2)—(1.3) established in [15, Theorem 1.1]
in an appropriate functional setting and give the notation of the involved function spaces. More
precisely, for r € (1, 00), we set

1
() ={zeW™(Q) :Vz-n=0o0n00Q} if 1+;<m§2,
1 1
o) = Wr(Q) if —1+;<m<1+;, (2.1)

1 1
m — -m o
T’,B(Q> = T/(T—l)(Q) lf - 2 + ; <m S —1 —+ ;7



Singular limit of a chemotaxis model 5

and

T () ={zeW(Q) :2>0in Q}, (2.2)
where W (Q2), m € [0,00), r € [1,00), denote the usual Sobolev spaces, see [3, Section 5].
Proposition 2.1. Let M > 0, v > 0, and (ug, v, wo) € Wy (Q;R?) satisfying (1.7). Then the

system (1.2)~(1.3) has a unique non-negative weak solution (u., vy, w.) in W3 (Q) defined on [0, c0)
satisfying

€ € ((0,50), W (€)) N1 € ([0,00), Wi (, B2))
vy € CH([0,00), Wy (),
wy € C([0,50), WL, (2) 1 C1 ([0, ), Wha(2 B?)
and
[(uy +vy) () =M, t=>0. (2.3)
Moreover,
uy € C'((0,00), Wy5(Q)) N CT((0,00), Ls(Q))
w, € C ((0, 00), WgB(Q)) N C* ((0,00), L3()) .
The local well-posedness of (1.2)—(1.3) relies on the abstract theory developed in [1,2] for partially
diffusive parabolic systems. It is however likely that a larger set of initial data may be handled as

well, in light of the recent result in [18, Section 5.2]. Global existence is a consequence from several
estimates and makes in particular use of the following Gagliardo-Nirenberg inequality

1/2 1/2
Izl < alll2IE2 = e Wh), (2.4)

which is also an important tool in the forthcoming analysis.

3. CONVERGENCE

We begin with the convergence issue and assume that we have already obtained several bounds on
the family (u,, vy, wy)y>1, which do not depend on v > 1 and are valid on a time interval [0, 7. We
shall devote the next sections to the derivation of these bounds.

Proposition 3.1. Let M > 0 and consider (ug, vy, wy) € W31,+(Q;]R3) satisfying (1.7). For v > 0,
we denote the solution to (1.2)(1.3) given by Proposition 2.1 by (u, vy, w,) and set

Ny 1= Uy + Vs (3.1)
Assume that there are T € (0,00) and ¢; > 0 such that, for any v > 1,
S {lus @)ll2 + l[os @)ll2 + oy (Ollwg } < e, (3.2a)
€10,

T
/0 IV @015 + 11000, (D115 + vlles 03] dt < e, (3.2b)
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with
ey 1= v, — U,. (3.3)
Then there are a sequence (V;j);>1, 7; — 00, and non-negative functions
n € Wy((0,T), W5 (Q)') N Lo ((0,T), La(2)) N La((0,T), W (),
w € Wy((0,T), La(€2)) N Loo((0, T), Wy (2)) N La((0,T), W3()),

such that
tim sup {(ns, — m)(O)llgy + l(wy, — w)(B)2} =0, (3.4
I (0,7
T
Jim i [l (wn,; = w)(O)[Fpx + (e, =) (@®)]3 + lles; ()]3] dt = 0. (3.5)
In addition,
T On 2 n 2
]li)n;lo ; (u,yj — 1——|—0) (t) , + ‘ (U«/j — 1—4—0) (t) ) dt = 0 (36)
and
' T 0 4/3
glggo i (uVijyj - man) (1) 2 dt = 0. (3.7)

Remark 3.2. At first glance, the estimate on (w,)>1 i Loo((0,T), W3(2)) in (3.2a) is a straight-
forward consequence of (1.2¢), parabolic reqularity, and the estimate on (vy),>1 n Leo((0,T"), La(£2))
in (3.2a), and could thus be removed from the assumption (3.2a). We have however chosen to include
it in (3.2a), since it is actually (a part of ) the first step of the proof of the validity of (3.2a) per-
formed in Proposition 4.1, see Lemma 4.2 and Lemma 4.5. The boundedness of (ty)y>1 and (vy)y>1
in Loo((0,T), La(Q)) is actually derived afterwards, see the proof of Proposition 4.1.

In the following, ¢ and (¢;);>2 denote positive constants depending only on €2, 8, D, «, (uo, v, wp),
and c¢;. The dependence upon additional parameters will be indicated explicitly.
Several additional estimates can be derived from (3.2).

Lemma 3.3. Assume (3.2). There is co(T) > 0 such that, for all v > 1,
T
/0 [l )1z + sy )1l + Vs O3 + [l (s Vo )@0)5] dt < (T, (3.8)

T
| 100y < ), (3.9)

recalling that n, = u, + v, see (3.1).

Proof. 1t first readily follows from (1.2¢), (3.2), and parabolic regularity that

| 0l ae < (), (3.10)
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We next combine (2.4) with (3.2a) and (3.10) to find
T T
| vt < e [ 19w 0l 190,01 a

T
<t [l (Olfg at < o) (3.11)

Similarly, we infer from (2.4) and (3.2) that
T T
Gy R TR A TAOIER
T
< cyed <C§T—i—/ [V, ()3 dt) < (T). (3.12)
0

Gathering (3.10), (3.11), and (3.12) and using Hoélder’s inequality lead us to (3.8).
We next consider ¢ € W3 () and deduce from (1.2a), (1.2b), (1.2d), and Holder’s inequality that

‘<6tn“/790>(w21)',w21} = ‘/QVSO' (vu'y - u«,Vw,y) dr| < ||VSOHZ(||VU“/H2 + ||u'va“/H2>a

so that
10y | way < Vg lle + [luy Vo, [[2

by a duality argument. Combining the above inequality with (3.2b) and (3.8) readily gives (3.9) and
completes the proof. O

We are now ready to investigate the compactness properties of the family (u.,v,,wy),>1. At
this point, we emphasize that we are not in a position to apply directly Aubin-Lions’ lemma [22,
Corollary 4] to either (n,),>1 or (v,),>1, as no compactness with respect to the space variable is
available, according to (3.2a) and (3.9). Furthermore, in light of (3.2a) and (3.2b), there is no
information on the behaviour with respect to time of (u.),>1, which also prevents us from a direct
use of [22, Corollary 4]. In order to exploit the above mentioned “partial” compactness properties,
we make use of the following lemma [16, Chapitre I, Lemme 5.2], also known as Ehrling’s lemma [7,
Eq. (7)], which is a consequence of the compactness of the embedding of W3 (2) in Ly(Q2) and the
continuity of that of Ly(Q) in W} (), see also [22, Lemma 8].

Lemma 3.4. Given n > 0, there is c3(n) > 0 such that
Izl < nllzllwy + csMlizllwyy, =z € Wy ().
Proposition 3.5. Assume (3.2). There are a sequence (7;)j>1, 7; — 00, and non-negative functions
n € Wy ((0,7), Wy (Q)') N Loo((0,T), La()) N L2((0, T), W5 (),
w € Wy ((0,T), La()) N Lo (0, T), W5 (2)) N Lo ((0,T), W3(Q)),
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such that the convergences (3.4), (3.5), and (3.6) hold true; that is,
lim  sup {I|% t) = n(®)llayy + llws, () —w(t)]2} =0,

J=% ¢efo,T
T

lim [ [flwy, (8) = w5y + 0y, (8) = n(0)3 + [les, ()I2] dt =

j—o00 0

T 2
i . . =0.
o [ {1 i) 0+ (- ) ]| -0

Proof. We first observe that a straightforward consequence of (3.2b) is that

T
lim e, (t)]|3 dt = 0. (3.13)

Y— 00 0

Next, since (n.),>1 is bounded in L ((0,7"), Lo(€2)) by (3.1) and (3.2a) and Ly(2) is compactly
embedded in W, (Q)', we deduce from (3.9) and [22, Corollary 4] that

(n,),>1 is relatively compact in C([0,T7], W (Q)').

A similar argument based on (3.2), (3.8), and the compactness of the embeddings of W, () in Ly(£2)
and of WZ(Q) in W} (Q) entails that

(w,),>1 is relatively compact in C([0, 7], L2(2)) and in Ly((0,T), Wy (£2)).
Consequently, there are a sequence (7;);>1, 7; — 00, and non-negative functions
n € Wy ((0,T7), W5 (92)') N Lao((0, T), Lo (),
w € Wy ((0,T), L2(2)) N Lo (0, T), Wy () N L2 ((0,T), W5(€))

such that the convergences (3.4) hold true, along with

T
lim [, (1) = w(t)|[5y; dt = 0. (3.14)

j—o0 0

and

Moreover, it readily follows from (3.2) and (3.8) that there are non-negative functions

u € Loo((0,T), Ly(R)) N Ly((0,T), W5 (Q)) and v € Loo((0,T), Lo(2)) (3.15)
such that, up to the extraction of a further subsequence,
(Uyy, 0s,) = (u,0) in Log((0,T), Lo R?)), (3.16a)
(uy,); = uw in Ly((0,T), W3 () N Ly((0,T) x Q), (3.16b)
(wo,); = w in Ly((0,T), W3(€2)). (3.16¢)
Since
wy, = " gy =Tty

! 1+0 1+6
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by (3.1) and (3.3), a first consequence of (3.4) and (3.13) is that

_Hn
140 1+0

In particular, it follows from (3.15), (3.17), and the positivity of 6 that n € Ly((0,T), W} (Q)) and
we have thus established the regularity properties of (n,w) listed in Proposition 3.5.

We next turn to the proof of (3.5) and first recall that the convergences of (w,;);>1 and (e,;);>1
stated therein are already shown in (3.13) and (3.14). We are thus left with the strong convergence
of (n,,)j>1 which will follow from Lemma 3.4. Indeed, for n > 0, we infer from (3.1), (3.3), and
Lemma 3.4 that

u and v = a.e. in (0,7) x Q. (3.17)

1+46 €
I72; = nll2 = [Juq; + 0y = nll2 = || ——uy, =+ —=
0 ||,
SR Y I
0 7140, 0
(14+0)n on (14 0)e3(n) On e, [l2
S 0 T T 0
L0y L+ 01wy
After integration with respect to time, we deduce from (3.1), (3.2), and (3.3) that

(1+0)n 0
||7% - ”||L2((0,T)xﬂ) < 0 ||Uw||L2((0,T),W21(Q)) + 11 9||n||L2((0,T),W21(Q))

c3(n)
+ 03(77)||7% - nHLz((O,T),Wzl(Q)’) + 0 ||6’Yj ||L2((0,T),W21(Q)/)

N e, Lo 0,7y x )

0
(14+0)n 0
< — cl\/T +c1 + m||n||L2((o,T),W§(Q))

c3(n)
+ 03(77)”7% - n||Lz((0,T),W21(Q)') + TH‘% ||Lz((0,T),W21(Q)/)

e, 12207y x )
)

Owing to (3.4), (3.13), and the continuous embedding of Ly(£2) in W5 (Q), we may take the limit
7 — o0 in the above inequality to obtain

_l_

) 1+6
limsup (|1, — 1| Lo (0.1)x0) < 7( 0
j—o0 9

0
(clﬁ +c1 + mHnHLQ((o,n,wgmn) :

The above inequality being valid for any n > 0, we conclude that

lim |y, = nllzo0m)xe) =0,
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which completes the proof of (3.5). Finally, the convergences (3.6) are immediate consequences
of (3.1), (3.3), (3.5), and (3.13). O

Corollary 3.6. Assume (3.2). There holds
lim

T 0
Jim | (u%Vwﬁ,j 173 ean) (t)

Proof. We first recall that On/(1 + 60) = u by (3.17).
On the one hand, thanks to (2.4), (3.2), the regularity of u, and Holder’s inequality, we obtain

/0 (s, — )OI dt < & / 1ty — ) () (g — W) (D)2

<c

4/3
dt = 0.

2

(N, o,y @) + 16l ooy wi o) 1, — ll oo,y <)

[l V) o

< (e + VT + lullpaomwiian ) sy = oo

Hence, by (3.6),
T

lim [ ||(u,, —w)(®)| dt = 0. (3.18)

Jj—00 0

On the other hand, we deduce from (2.4), (3.8), and Holder’s inequality that

/0 [V, — ) (8)]2 dt

IN

& [ 17w, = T Oyl (Vur, = Vo)l dt

< & (o) + Jll ooz ) I = wlleagom wie):

and we use (3.5) to conclude that
T
lim [
J—=> Jg

(Vw,, — Vw)(t)|; dt = 0. (3.19)

Now, using Holder’s inequality, along with (3.8) and (3.16b), gives

| e, Ve, —wvwyol” ar
<ec / [, = w) Vs, J®) 157 dt + / |[w( Ve, = Vw)](B)]l5 dt

T T
<c / (s, — ) ()] |V, (]| dt + ¢ / a1 1(Vew,, — Vw)(@)]|3 dt

<(| oy — )OI ) B (/ I, 0l )

1/3
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+e </0T u(t)]4 dt) 13 (/OT I(Vaw,, — V)0 dt)
</ o dt) E (/ I(Vien, = V) (Ol dt) 2/3]

and we may pass to the limit j — oo in the above inequality with the help of (3.18) and (3.19) to
obtain Corollary 3.6. O

2/3

< (T)

Proof of Proposition 3.1. Gathering the outcome of Proposition 3.5 and Corollary 3.6 gives Propo-
sition 3.1. 0

4. UNIFORM ESTIMATES

This section is devoted to the derivation of estimates on solutions to (1.2)—(1.3) which do not
depend on v and allow us to apply Proposition 3.1 to prove Theorem 1.1 in Section 5. In the
following, C' and (C;);>¢ denote positive constants depending only on 2, 6, D, «, and (ug, vo, wo).
The dependence upon additional parameters will be indicated explicitly.

Two different cases are handled: first, no constraint is placed on M = ||ug+ vg||; and the estimates
we derive are only valid on a finite time interval, a feature which complies with the possible finite
time blowup of solutions to (1.4)—(1.5). We next assume that M = |Jug+vgll1 < 47 D(1+6) and show
that estimates are available on any finite time interval, which is again consistent with the properties
of (1.4)—(1.5), as global solutions to (1.4)—(1.5) exist in that case. Specifically, we prove the following
result.

Proposition 4.1. Let M > 0 and consider (ug, vy, wo) satisfying (1.6) and (1.7). For v > 1, we
denote the corresponding solution to (1.2)-(1.3) provided by Proposition 2.1 by (., v, w-).
(a) There is Ty, € (0,00) depending only on 2, 0, D, «, and (ug, vy, wy) with the following
property: for any T € (0,Ty), there is C(T) > 0 depending only on 2, 0, D, «a, (ug, vy, wp),
and T such that, for any v > 1,

[y D2 + 1oy (D2 + lwy (D)llwy < C(T), ¢ €0,T], (4.1a)

/0 IV, (013 + 100, (D112 + vlle; (03] dt < C(T), (4.1b)

recalling that e, is defined in (3.3).
(b) Assume further that M € (0,47 D(1+ 0)). Then, for all T > 0, there is C(T) > 0 depending
only on Q, 0, D, a, (ug,vo, wy), and T such that the estimates (4.1) are valid for all v > 1.

4.1. Small time estimates. We begin with the following estimate which is valid whatever the value
of M but only on a finite time interval.

Lemma 4.2. There is T, € (0,00) (defined in (4.9) below) depending only on 2, 0, D, «, and
(wo, vo, wo) with the following property: for any T € (0,T.,), there is Co(T) > 0 depending only on
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Q,0, D, a, (ug,vy,wy), and T such that, for any v > 1,
[L(uy ()11 + Lo (oy (011 + [y () lwy < Co(T), € (0,T),
T
| o018 ae < o),
0
where
L(0r)

1
L(r):=rlnr—r+12>0, Ly(r) := 7 :rln(ﬁr)—r+520, r>0.

Proof. On the one hand, it follows from (1.2a), (1.2¢c), and (1.2d) that

d
(uv) dz = /VlnuV (Vu, — u,Vw,) dz +7/ Inu, (0v, — u,) da

dt
= —4HV\/ufyH2—/u7va dz+7/lnu7(6’vV—UV) dx
Q Q

= —4HV\/U7A/H§+%/(;U»Y(’UW—Oéwm/—ﬁtwpy) dx+7/lnu7(evﬁ,—uﬁ,) dz.

Q
On the other hand, we infer from (1.2b), (1.2c), and (1.2d) that

d Lg(v,y) dz = —fy/ In (Av,)(6vy — u,) dz,
at 0

1d
sl = [ e, do =603

and
- - 010w, 13
535 (19018 + Sl 2) D/u@% LA
Ll nvaw|| B3
%—DEH&WH% /8tv,yﬁtw,y V2 VDA, 2
Introducing
af 10w |13 ||vs]I3
P’y(uwvww’y) = ||L(U’y)||1 + ’|L9(U7)||1 + — ||Vw7]|2 _'_ H 7H2 275 5 27/72’

we sum up the above five identities and use (1.2b) to obtain

d
T P, (wy, vy, w05) ——4HV\/7H2 D /uwv dz — /UﬂUV dx

0 |V o,w. ||
~ (5 + 55 ot - L2220 gy

Ov 1 1
- 7/9(6’1)7 —u,)In (u—:) do + D /Q (;&vv + 6v, — uy) Oywy dw

(4.4)
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2 D+1 a 0 «
- _4HV\/QT“/H2+T Q“W“f dz — 5/9“7“’7 dz — <5+7—D) 10w |

2
_ VO, |5 0v, |2 — 7/(3% —u)In (%) de.
v Q u

Y

13

2
2

Since both u, and w, are non-negative and the logarithm is an increasing function on (0, 00), we

infer from Young’s inequality that

d (D+1)? , 0 , 0

Hence,
d (D+1)? 6 0
dtP“/(u%U%ww < 4HV\/7H2 90D ||u'yH2 H%H% - EHﬁtwng-

Now, let K > 1 to be determined later. By the Gaghardo-Nlrenberg inequality (2.4),
a3 = Iyl = /S)(W—K+K)41<K2,oo>(uw) dx+/ﬂ“31[o,w1(uw) dx

< [ (= K), + K)o ) do ot K [ i) da
/ (vir — K)', dx+8K4/

Q

< s (IIV (v = K) 3l (Vi = K) s + 1 (v = K)_ly)
+ 8K2/S;u'y]-(K2,oo)(u'y) dx + KQ/qul[QKQ}(uV) dx

< 8ep|[s Loz () [ [V /2 [ + 8efllas 17+ 82 s 1.

Since
1 L Cu )1 + [l [l
iy 152,00y ()], < 21nK/Q% Inuy 1 (g2 o0y () dz < 721;(1[( T

we combine the above two inequalities and (2.3) to obtain

2 < A0 + )
Tz = In K
At this point, we choose

[V /|2 + 8M (chM + K2).

- (D +1)
K =exp {T(HL(uv)Hl + M)}

in the above inequality and end up with

[ |15 < %HV\/TV}E +8M <CéM—|—exp {%(HL(%)M + M)})

P (1, 0y, 0,) < —4|V 5 + o e B+ Sl 1B — Ol 18 — 10w

1(k2 o00)(uy) do + K2/uvl[07Kz](uV) dz
Q

(4.5)

(4.6)
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Since ||L(uy)||1 < Py(uy, vy, w,), it follows from (4.5) and (4.6) that there is C; > 0 such that

d 2 0 ‘9 Uny Uy , W
g P vy w) < =2V, = llvs 3 = 5510w, 3 + Cre ), (4.7)
We first infer from (4.7) that
d
&P'Y(U’Ya Uy, Wy) < Cy 1P v ) t>0;
hence, after integration with respect to time,
1 t
Py (uqy(t), vy(), wy(t)) < Py(ug, vo, wp) — =—In [ 1 — — |, tel0,1,), (4.8)
Ch T,
where
e—CHP«,(uo,Uo,wo)
TV = 0—12 c (0,00)

Now, in view of v > 1,

0 af
P, (uo, vo, wo) < Py(ug, vo,wo) := || L(uo)|[1 + || Le(vo) 1 + §vaof|§ + @Hwoﬂg

1 1
+ —HDAUJ() — Wy + ’U()Hg + 5”1)0”%,

2D
so that
e—C1P1(uo,vo,wo)
T, > Th = o (4.9)
and the estimates (4.2) readily follow from (4.8), while (4.3) is a consequence of (4.7) and (4.8) after
integrating the former with respect to time. 0J

4.2. Global estimates. We next show that the outcome of Lemma 4.2 is valid for any T" > 0
provided M = ||ug||1 + ||vo||1 is appropriately small. The building block of the proof, which is actually
one of the main contributions of [15], is the construction of a Liapunov function for (1.2)—(1.3), which
we recall now. We set

L, (u,v,w) = /Q (L(u) + Lo(v) — (u+v)w) dz + IT_I_Q (DHVwH% + oszH%)

' (4.10)
+ —||DAw — aw +v||3 ,
2y

where L and Ly are defined in (4.4). Adapting the computation performed in [15, Lemma 2.1] to (1.2)
leads to the following differential inequality.

Proposition 4.3. Let M > 0 and v > 0. Consider (ug, vy, wy) satisfying (1.6) and (1.7) and denote
the corresponding solution to (1.2)-(1.3) given by Proposition 2.1 by (u, v, w,). Then
d

Ecv(uw Uy, Wy) + Doy(ty, vy, wy) =0, t>0, (4.11)
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where D, is non-negative and given by

D, (u,v,w) := / u|V(Inu —w)|? d:E—l—v/(Hv —u)(In (0v) —Inu) dz
“ 5 ¢ . (4.12)
+ ;HV(DAw —aw + )3 + <1 +60+ ;) | DAw — aw + v .

From now on, we fix
M € (0,47(1 + 6)D) (4.13)
and consider (ug, vo, wo) € Wy (€ R?) with wy € W3 () satisfying (1.7). For v > 0, we denote the
corresponding solution to (1.2)—(1.3) provided by Proposition 2.1 by (u, v, w,) and set n,, := u,+v,,.
By (2.3), there holds

In,(O)h =M,  t>0. (4.14)

We begin with a lower bound on £, (u, vy, w,) which is obtained as in [15, Lemma 4.3] with the
help of the Moser-Trudinger inequality recalled in Proposition A.1.

Lemma 4.4. For~vy >0 andt >0,

£y (1) v (0), (1) = TP =My a1 O Dy
a8,

2

From Lemma 4.4, we derive the same estimates as in Lemma 4.2 but valid for arbitrary positive
times.

Lemma 4.5. Fory>1 andt > 0,
L (uy ()11 + [[Lo(oy ()11 + [Jwy (D) [[wy < Cs,

/ 100, (s)]3 ds < Cs.
0

Proof. We argue as in [15, Lemma 4.4]. Let ¢ > 0. On the one hand, it follows from Proposition 4.3
that

Lo (ty (1), (), wy (1)) +/0 D, (uy(s), vy(s), wy(s)) ds < L, (uo, vo, wo) < L1(ug, vo, wo).

On the other hand, we infer from Lemma 4.4 that

_ (1 +6)D - M

Lo (uy (£), 04 (), w5 (1)) > - a(l +96)

7w, (1) + S

Jw (£)]13 — Cs
and

Dy (uy(s), 04(s), wy(s)) 2 (L + O)[(DAwy — awy +v3)(s)ll; = (1 + O)l|0nw,(s)]5, s = 0.
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Combining the above inequalities gives

o Ol + [ o)1 s < € (115)
Next, by (4.10), Proposition 4.3, and Young’s inequality ab < L(a) + e* — 1,
L Cuy ()11 + [ Lo (0 (£))[]2
< Lo 00,0 03 (6) + [ (14 0,) 0y 1) o

< L (ug, vo, wo) +/Q {L (U“VT@) + %L (91}72@) + 1;9(&”“) — 1)] dx
[L(uy(t)) £1 L) +1 1+ eewﬂ} N

S EI(UO,UO,'LU(]) _'_/ 2 29 9

Q
< Ot [ @) + 2o, )L] + 2 e,

We now use the Moser-Trudinger inequality recalled in Proposition A.1, along with (4.15), to estimate
the last term on the right-hand side of the above inequality and conclude that

[ Cuy ()1 + N[ Lo(oy (8] < C,
thereby completing the proof of Lemma 4.5. U
4.3. Proof of Proposition 4.1.

Proof of Proposition 4.1. Setting T,, = oo when M € (0,47 D(1+ 0)), we consider T € (0,T,,) and
recall that Lemma 4.2 and Lemma 4.5 imply that, for v > 1,

1L () s + Lo (o, (D] + oy (Bl < Ci(T), € (0,T), (4.16)
T
| o 0] at < ey, (4.17)
0
Let t € (0,7]. On the one hand, it follows from (1.2) that

d

= (13 + 01l 1) = 2117w, | + 2 / w, Vi, - Vo, de = 29]le, |3

= =2Vu )~ 21l — [ 2du, do

1
= 2|V I} = 27lles 3 + / 2 (v, — aw, — O, ) dw.

Hence, by Holder’s inequality;,

d 1 1
G (B + 80, 1) < 21V 1 = 24l 3+ 55 [ wvy o+ Sl 0w, o
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On the other hand, we deduce from (1.2b) that

1d 3 2 3
~ el =3 [ e do = 38l
Combining the previous two inequalities and introducing
1
Y = 1 Jlug 3 + Ol )13 + ;II%II%

lead us to the differential inequality

dY-
— < =2V, |15 = 29ley |13 — 30w, |13
dt 4.18
1 2 2 1 2 (4.18)
+ 5/9%217 dz + ?)/QuwV dz + 5||uy||4||8twy||2.
We now infer from Young’s inequality that
1 0 2 ||lu, |2 20 9
5 v o3 [ ud do < Gl 572+ Tl 5+ gl
< 0o, ll5 + Clluy |15,
while the Gagliardo-Nirenberg inequality (2.4), along with Young’s inequality, entails that
1 2 < < 2
pllullallonwsllz < iy lwg [[us ll2ll Oewn |l < 5<||Vuv||2||uw||2 + ||uv||2)||atwv||2
<} Vu, |3+ C 2110, 24+ C 2110,
< SIVusllz + Cllus 2]l 8ewy Iz + Cliusy[I2] 0w, |2
1
< SlIVusll3 + Cllus 15 (1 + |90y ).
Collecting the above estimates gives
D 3 12+ 29y I+ 2000, 12 < Collu 12 + Cllus [3(1 + 1040, 12 4.19
7+ Vsl +29lles 13 + 200, ll5 < Csllus lls + Csllus [15 (1 + [19rr [2)- (4.19)

Finally, let n > 0. By [5, Equation (22)], there exists Cs(n) > 0 (depending actually only on © and
n) such that

215 < mllzln |2l lll2l5y + CoMmllzl, 2 € Wy (Q).

Since r|Ilnr| < L(r) 4+ r for r > 0, we deduce from (2.3), (4.16), and the above functional inequality
that

Csluy |3 < nCs||L(uy) + uv||1||uv||%/v21 + CsCs(n)]|uy 1
< nCs(C4(T) + M)||Vu, |12 + nCs(Co(T) + M)|u, ||z + MC5Cs(n).
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Choosing nn = 1/[2C5(C4(T") + M)] in the above inequality and inserting the outcome in (4.19), we
end up with

dy,
— T 1Vualls + 2vlley 15 + 261fvs I3 < Co(T) (1 + [|uy [15) (1 + ||(9tww||§)- (4.20)
A first consequence of (4.20) is that
dY-
TS G+ 9 |B)Y,. e (0.7,

Hence, after integrating with respect to time and using (4.17), we obtain

t
Y, (t) <Y,(0)exp {C’7( (t —i—/ 0w, (s)]]3 ds)} < CeCrMHGMIGT) < Oy(T) (4.21)
0

for t € [0, T7], from which (4.1a) follows.
We next integrate (4.20) with respect to time and use the non-negativity of Y., along with (4.17)
and (4.21), to find

/ (19 (5)1B + Al (5)1E] s < Y20) + () sup {1+ s (53} (t -/ oo, (s)1E ds)

s€[0,t]
< CH Ch(T)Cs(T)(t + Cu(T)),
and thus complete the proof. O

5. CONVERGENCE: PROOF OF THEOREM 1.1

Proof of Theorem 1.1. Let M > 0 and consider initial conditions (ug, v, wp) satisfying (1.6) and (1.7).
For v > 0, we denote the solution to (1.2)-(1.3) given by Proposition 2.1 by (u,,v,,w,) and set
n, = uy + v, and e, = v, — u,. According to Proposition 4.1, there is T,, € (0,00] such that
the estimates (4.1) hold true for all 7" € (0,7), having set T,,, = oo in Case (b). We are thus in
a position to apply Proposition 3.1 for any 7' € (0,7,,) and use a diagonal process to construct a
sequence (7;);>1, 7; — 00, and non-negative functions

€ W10, o), WA 2)) 1 Lt [0, o) £2(62) 1 Lo [0, o), W (),

w e Wzl,loc([ov Tw)a L2(Q)> N Loo,IOC([Ov Tw)v Wzl(Q)> N L27106([07 Tw)v W;(Q)),
such that the convergences (3.4), (3.5), (3.6), and (3.7) hold true for any 7" € (0, T,,).

Now, it readily follows from (1.2a), (1.2b), and (1.2d) that, for j > 1, ¢t € (0,T,), and ¢ € W4 (),

t t
/ (Oimq; (8), 0) iy wpds +/ / V- (Vuy, —uy, Vw,, ) (s) dzds = 0.
0 0 Jo

Owing to (3.4), (3.6), and (3.7), it is straightforward to pass to the limit j — oo in the above identity
and conclude that n solves

/0t<atn( ) @) wpywids + 1+9/ /Vgp (Vn —nVw)(s) dzds = 0 (5.1)
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for all t € (0,T) and ¢ € W4 (Q). Similarly, we infer from (1.2c), (3.4), (3.5), and (3.6) that
d
T wapdx+D/Vw V(pd:ﬁ#—a/(zwgodx—l_i_e

for all t € (0,T,) and ¢ € W4(Q2). Actually, the regularity of w and n, together with (5.2), implies
that w is a strong solution to

ny dz (5.2)
Q

n

Ow — DAw + aw = 50 in (0,7) x £,
Vw-n=0 on (0,7T4) x 09, (5.3)
w(0) = wy in Q.

In other words, (n,w) is a weak-strong solution to (1.4)—(1.5) on (0,7") in the sense of Definition C.1
below for all T € (0, T,), which is unique according to Proposition C.2 below. A classical argument
then implies that the convergences (3.4), (3.5), (3.6), and (3.7) hold true for ally > 1 and T € (0, T).

We are left with improving the convergence of (w,),>1 from the Lo-convergence derived in Propo-
sition 3.5 to the W, -convergence (1.8b) claimed in Theorem 1.1. To this end, we infer from (1.2¢),
(1.2d), (5.3), and Holder’s and Young’s inequalities that

[0k, — ) [+ 5 S [DIV o — )3+ oy — ]
n
(o 1)t -
1 2 1 n 2
< gl = wlly 5o = 1)),
Hence,
d ) , TR
3 [PV (wy = w3 + allwy —wlf] < v, = E

from which we deduce, after integrating with respect to time, that
2
ds

DIV, ~ )0l +alw, w0l < [ | (v, - 1) )]

for t € [0,T). Consequently, for T' € (0,T),
n
(“v - m) (s)

T

sup D[V (w, — w) ()l + all (w, —w) (B3] < /
te[0,T 0

Since the right-hand side of the above inequality converges to zero as v — oo by (3.6), we readily

conclude that

2

ds.
2

lim sup [D|V(w, —w)®)|3+ all(w, —w)®)|3] =

T ¢e0,T7]
The convergence (1.8b) then follows due to the positivity of D and «, and the proof of Theorem 1.1
is complete. ]
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6. UNBOUNDEDNESS: PROOF OF THEOREM 1.2

The main step of the proof of Theorem 1.2 is the following result asserting that the estimates (3.2)
can be derived from a bound on the Ly-norm of v.,, whenever available.

Lemma 6.1. Consider (ug,vo, wo) € Wy, (Q:R?) and, for v > 0, denote the solution to (1.2)-(1.3)
giwen by Proposition 2.1 by (u., vy, w,). We assume that there are T' € (0,00) and K > 0 such that

loy(t)]]2 < K forallt € (0,T), v>1. (6.1)
Then (u, vy, wy) satisfies (3.2) with e, = v, — u,.

Proof. In the following, C' denote positive constants depending only on €2, 6, D, «, ug, v, wg, T, and
K.
It readily follows from (1.2c), (1.2d), (6.1), and Young’s inequality that

1d
10 13+ L DIV 2 + alfuws 2] = / 0,y da
2di 0
1 1 K? 1
< 5“%“3 + §H8tw,y||§ < > + §||8twy]|§.

Hence,
d
100s 13 + 5 [DIIVew, |3 + alw, 3] < K2,

from which we deduce, after integration with respect to time,

T
sup [l (0 + [ o)1 at < C. (6.2

te[0,7
We next infer from (1.2a), (1.2b), (1.2d), the Gagliardo-Nirenberg inequality (2.4), and Holder’s
inequality that
1d
3z 13+ 0ls1] = = [ V- (9, =, V10r) da = e I
1
== 5 [ A, o=

1
< =l I3y + [luq 3 + 5”“7”2”va”2 —7lle, 113
2
c
< =y Iy + [luq 3 + §0||uv||W21||uv||2||vaH2 — e, 13-
Using now (1.2¢), Young’s inequality, and (6.1), we further obtain
1d 1
53[”%”3 +0l|vs 3] < =llus Il + llus 13+ §||Uw||%v21
4

C
+ gzl ll3l190; + awy —vsll5 = e, I3
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IN

1
=5 llusllivy + Cllugll3 (1 + 10w, 15 + w15 + [losl13) = vlles 13

IN

1
=5 llusllivy = lleslls + Cliug I3 (1 + 19wy 15 + llws13) (6.3)
As this yields

d
37 Ul + 0llvsllz] < O (g3 + Ol 112) (1 + 19315 + [l [13).

Gronwall’s lemma in conjunction with (6.2) implies that, for all ¢ € [0, 7],

T
lus (112 + Ollo, (13 < Cexp {C/O (1 + 110w ()12 + [lwy ()]12) dS} <C (6.4)
Integrating (6.3) with respect to time, we deduce from (6.2) and (6.4) that
T
[ T+l 1] e < c. (6.5)
Collecting (6.1), (6.2), (6.4), and (6.5) shows that (u.,v,,w,) satisfies (3.2) on (0,7) for all v > 1,
as claimed. 0J

We further show that a corresponding bound on u., implies the bound (6.1) on v,. Here we adapt
the idea from [20, Lemma 4.11].

Lemma 6.2. Consider (ug, vo, wo) € Wy, (Q;R?) and, for v > 0, denote the solution to (1.2)(1.3)

giwen by Proposition 2.1 by (u, vy, w,). Assume that there are T' € (0,00) and K >0 such that
Jus(B)]ls < K forallt e (0,T), v>1. (6.6)

Then there is K > 0 such that (6.1) is fulfilled.

Proof. Using (1.2b), Hélder’s inequality, and (6.6), we have for ¢ € (0,7")

EHU I3 =2 wyvy dz = Olfvy |3 ) < 2 (s llallosll2 = Ollos][3) < 23 (K = 0llv, [12) [loy ]

dtv2_7 i yll2 | = 27 ([[Uyll2]|Vy]|2 vll2) = &Y +1l2 ~1l2-

In view of v,(0) = vp, this implies (6.1) with K := max {%, Hvo||2} by the comparison principle. [

Proof of Theorem 1.2. 1t first follows from (1.9) and [13, Theorem 3.6] that
lim ||n(t)|]2 = oco. (6.7)
t—Tpy

Next, let T > Tj, and assume for contradiction that there is K > 0 such that
lo,(O)|l2 < K forallt € (0,7), v > 1. (6.8)

Then (3.2) is fulfilled by Lemma 6.1. Hence, by Proposition 3.1 and the proof of Theorem 1.1, (n., w.)
converges as y — 00 to a weak-strong solution (72, w) to (1.4)—(1.5) on (0,7"). As the classical solution
(n,w) to (1.4)—(1.5) is a weak-strong solution and the latter is unique by Proposition C.2, we have
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(n,w) = (n,w). Consequently, n € Ly ((0,7T), L2(2)) which contradicts (6.7) in view of T > Ty,.
Hence, (6.8) cannot be valid. In view of Lemma 6.2, this further implies that

Ju,(t)]]s < K forallte (0,T), v>1

cannot be satisfied for some K > 0, and the proof of Theorem 1.2 is complete. 0

APPENDIX A. THE MOSER-TRUDINGER INEQUALITY

We recall here the version of the Moser-Trudinger inequality derived in [9, Corollary 2.7| and
in [19, Section 2] from [6, Proposition 2.3] and which is used in the proof of Lemma 4.5.

Proposition A.1. There is Ky > 0 depending only on ) such that, for all z € W3 (Q),
Vz|3 | llzlh
Il dr < K, IV=1lz .
/Qe r < Ko exp ( . + |Q|

APPENDIX B. RESCALING (1.4)

Let (n,w) be a solution to (1.4) with initial condition (ng,wg). Performing a simple scaling
transforms (1.4) to a version of the parabolic-parabolic chemotaxis Keller-Segel system which is
usually used in the literature. Indeed, introducing

Uls,z) = +n (#sx) C Visa)—w (1%‘9”) (s e(000)xQ  (B1)

we readily deduce from (1.4) that (U, V') solves the Keller-Segel system

o;U = div(VU — UVYV) in (0,00) x €, (B.2a)

0 o) 0 .
m&sv = Aw — EV + m(] m (0, OO) X Q, (B2b)
(VU-UVV) n=VV-n=0 on (0,00) x 09, (B.2c)
(U, V)(0) = (%,wo) n Q. (B.2d)

According to [9,19], global existence holds true for (B.2) if

Irnolly _ 4n(1+0)D

7 7 =4n(1+0)D,

[10]]1 = 0

while finite time blowup may occur when [|ng||; exceeds the above threshold [11-13].
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ApPENDIX C. UNIQUENESS OF WEAK-STRONG SOLUTIONS TO (1.4)—(1.5)

We provide here a proof of the uniqueness result of weak-strong solutions to (1.4)—(1.5) which is
used in the proof of Theorem 1.1 to obtain the convergence of the whole family (n),>;. We first
make precise the meaning of weak-strong solutions to (1.4)—(1.5).

Definition C.1. Let T € (0,00) and (ng, wo) € Lo () x Wy, (Q). A weak-strong solution to (1.4)~
(1.5) on [0,T] is a pair of functions

n € Wy((0,7), Wy(2)') N Lo ((0,T), Lo+ (2)) N La((0,T), W5 (), n(0) = no, (C.1a)
w € Wy ((0,7), Lz(Q)) N Lee (0, T), Wy, (2)) N L2((0, T), W5(9)), (C.1b)

such that t t
/0 (On(s), ) wiywrds + 1;:19/0 /QV<p - (Vn = nVuw)(s) deds =0 (C.1c)

for allt € (0,T) and o € W), while w is a strong solution to
n

8tw—DAw+ozw:1+9 in (0,T) x Q,
Vw-n=0 on (0,T) x 09, (C.1d)
w(0) = wy in Q.

Clearly, classical solutions to (1.4) are weak-strong solutions to (1.4), see [14, Theorem 3.1] for
instance for the existence of the former. Also, the weak solutions to (1.4) constructed in [4, Theorem 1]
for (ng, wo) € Lg4(Q) x W, ((Q), ¢ > 2, in [9, Theorem 3.3] for (ng, wo) € Loo +(Q2) x W, (), ¢ > 2,
in [24] for (no, wo) € W5 (4 R?), s > 1, and in [25, Chapter 12] for (ng, wo) € Lo () x W5y ,(Q)
are weak-strong solutions to (1.4). Uniqueness results are also provided in [9,14,24,25] but require
more regularity than that stated in Definition C.1. Let us also mention that well-posedness in
Ly 4+ () x W) (Q) with p > 1 and ¢ > 2 is obtained in [4]. We shall show now that the assumptions
in Definition C.1 are sufficient to guarantee uniqueness. To this end, we adapt the uniqueness
argument used in the proof of [14, Theorem 3.1] and rely heavily on the two-dimensional setting and
the Gagliardo-Nirenberg inequality (2.4).

Proposition C.2. Let T € (0,00) and (ng,wo) € Ly () x Wy ((Q), where Q C R? is a bounded
domain with smooth boundary. There is at most one weak-strong solution to (1.4)~(1.5) on [0,T7].

Proof. Let T > 0, (ng, wo) € Ly (Q2) x W3 (), and consider two weak-strong solutions (ny,w;) and
(ng,ws) to (1.4)—(1.5) on (0,T). We set N :=ny —ng, W := wy — wo, ¢ := ||n2||%,[,21 + ||w1||%4/22 and
infer from (C.la) and (C.1b) that

ko= sup | na(t)]l2 + ||w1(t)||w21] < oo and ¢ € Li((0,7)). (C.2)

te(0,T)

In the following, C' denote positive constants depending only on Q, 6, D, «a, ng, wg, T, and k.
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On the one hand, it follows from (C.1a), (C.1c), and Holder’s inequality that

2dtllNllz (ON Ny == 1+9/VN (VN = nyVw +na V) da
= 1+9||VN||2+—/NVN Vu, dx+—/n2VN VW dz
0
< - 1+QIIVNII2 T3 VIl VN2 IIVw1||4+—IIn2|| IV N[2[[VW .

We now use the Gagliardo-Nirenberg 1nequahty (2.4) to estimate the Ls-norms, along with Young’s
inequality, to obtain

1+6d
~g qIVIE + 1Ny < IV + GINI N 1V N Ve[ V5
+ et Inallyg lnalls [V N[ VW [ 1V WL
< NI + gr™ NI 2N e iz
+ cor llnallyg 3 IN sz W I 1V L
<O+ [lwnllfs) INIZ + Z||N||%V21 + Cllmalwg W [l [ [l
Hence,
1 +9 d 2 2
—— IVl + —||N||W21 < O+ ) INI3 + Cllnallw W s W [l (C.3)
On the other hand, by (C.1b), (C.1d), and Holder’s and Young’s inequalities,
L SIWy + DIV + AW3 )+a||W||W1:—/ (NW + VN - VIV) do
1
< —(||IN w —|VN .
< gy IVIE+IWID) + ||v I3+ gl VIR

Since there is d > 0 depending only on 2, D, and « such that
Sll=llfvz < D(IVzl3 + [1A2]13) +allzllf,, =€ WZ(Q),
we further obtain
d 1
SIW Iy + 26113 < 51N Ty + COINIZ + [WIy)- (C4)

Combining (C.3) and (C.4) and using once more Young’s inequality give

d [1+0
7 |7 IV + W1 | + IV + 201 Il

< CA+P)INIE + Clinallwg W lwz W llwy + CUNIEZ + W)
< OIW Il + C(1+ ) (IN12 + W [lys)-
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Consequently,
d 146 1440
|2+ IRy | < ) (SERINIE 1w,
and the integrability (C.2) of v, along with Gronwall’s lemma, entails that N = W = 0 on (0,7
and completes the proof. (]
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