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Abstract: An electromagnetic model is developed to predict the thermal radiation which is
trapped in a multilayer structure and transferred to its guided modes. The theory is based on
the electromagnetic power supplied by the thermal currents given by the fluctuation-dissipation
theorem. The source of the radiation is the ambient temperature or that caused by the optical
absorption of the component subjected to spatio-temporal illumination. A numerical example is
given for a multi-dielectric mirror at thermodynamic equilibrium. It is shown that the thermal
radiation transferred to the guided modes of the multilayer can be much larger or lower than the
radiation emerging in free space outside the component.

© 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Thermal radiation [1—4] is ubiquitous in many situations, and has applications in many fields
such as defense, space and energy. This radiation may also play an essential role in optical
interference coatings [5,6], both for energy balances and for identification. These multilayer
filters absorb part of the incident light, and this absorption is transferred in the form of thermal
radiation, conduction and convection. In the space sector in particular, most heat is transferred
by radiation, and this highlights the need to have at disposal a tool for an accurate prediction of
the thermal power radiated per wavelength and per unit solid angle in each direction in space.

In this context, a great deal of work [7-10] has been devoted to modelling thermal radiation in
multilayer optical filters. Some use indirect methods, which have the advantage of simplicity, and
consist of relating the emissivity of the component to its absorption using Kirchhoff’s law [1,8,11].
Other studies use direct methods, which are more complex because they require Maxwell’s
equations to be solved in the presence of thermal currents given by the fluctuation-dissipation
theorem [2—4,7-10]. The advantage of these direct methods is that they take a more detailed
look at the energy balance associated with the thermal radiation process. For example, they
make it possible to calculate the proportion of energy transferred to evanescent waves [5] that are
likely to be decoupled. They also make it possible, and this is the main focus of this work, to
have access to the details of the thermal radiation trapped in the multilayer. We talk here of the
amount of radiation that is transferred to each of the guided modes of the interference structure,
and propagates parallel to the interfaces of the component (see Fig. 1).

There is little information in the literature on an energy balance that would include the
contribution of this trapped thermal radiation [12,13] in the modes of a multilayer. In this article,
we present an electromagnetic model giving access to this balance. This theoretical tool makes it
possible to accurately quantify the coupling efficiency in each mode of the component. Numerical
results are given for a multi-dielectric mirror structure.

Our work is based on other recent studies. Firstly, the photo-induced temperature, which
can be the source of thermal radiation, is calculated in multilayers for arbitrary spatio-temporal
illumination [14]. This calculation is based on an optical/thermal analogy [15]. We then extended
the direct methods in the case of multilayers [16] to calculate the thermal Poynting flux radiated
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Fig. 1. Schematic diagram of the coupling of thermal radiation to the guided modes of
the multilayer structure. In red is the heat source (temperature rise AT) resulting from the
absorption of external illumination. This rise is responsible for thermal radiation propagating
in the extreme media (superstrate ®( and substrate ) but also in the form of guided modes

)

by this temperature in free space, in the surrounding media which are the superstrate and the
substrate. This flux calculation is carried out by introducing thermal currents (electrical and
magnetic) into Maxwell’s equations, based on the fluctuation-dissipation theorem [2—4,7-10].
However, we will see that this flux is not a suitable quantity for calculating the energy carried by
the guided modes; for that reason we need to consider another quantity in this work, which is the
electromagnetic power radiated by the thermal currents. The spectral density of this power is
analyzed in the different frequency windows, and in particular in the modal window in which the
guided modes are located (Fig. 2).

Free space in the

superstrate Modal range
Free space in the Evanescent
substrate range "
0 Ns No max(n;)

Fig. 2. Frequency windows for free space, guided modes and evanescent waves. The
abscissa is the normalized spatial frequency [5], with ng and ny the indices of the superstrate
and substrate, and n; the indices of the layers in the stack. Case ng>n.

This article is therefore devoted to the electromagnetic modelling of the trapped (or guided)
thermal radiation in optical multilayers, whether photo-induced or not. In section 2 we briefly
review the basic modelling [16] used to calculate the radiated field in free space, based on the
tools conventionally used to design interference filters [5,6]. These bases are then extended
in section 3 to obtain the expression of the double spectral density of electromagnetic power
[5,17,18]. In section 4 this double density is shown to give access to the calculation of the



Research Article Vol. 32, No. 7/25 Mar 2024 / Optics Express 12067 |
Optics EXPRESS A N \

radiation trapped in each mode of the multilayer. Numerical results are given for a multi-dielectric
mirror at thermal equilibrium, before concluding in section 5.

2. Free-space electromagnetic modelling of photo-induced thermal radiation in
multilayers

In this section we briefly review the main results from the modelling [16] of the flux carried by
thermal radiation in free space. This is necessary as we will need some expressions to move
on to the power calculation in section 3. The component studied is a multilayer interference
filter [5,6] made of materials assumed to be linear, homogeneous, isotropic and non-magnetic.
These assumptions are typical of interference filters manufactured today using optical thin-film
technologies [6,19,20]. Figure 3 shows the geometry of the multilayer system studied. The
complex indices and thicknesses of the layers are given as n; and e; for each thin layer.

The approach can be summarized as follows. It is based on the electromagnetic modelling
of thermal radiation introduced by Rytov in [2] and widely developed subsequently [7—11].
Molecular agitation is modelled by volume current densities which are related to temperature in
accordance with the fluctuation-dissipation theorem [2—4]. The temperature can be the ambient
temperature, or the photo-induced temperature following optical illumination of the component
[14]. The thermal currents are then introduced into Maxwell’s equations, which are solved to
obtain the electromagnetic field characteristic of thermal radiation. This makes it possible to
extract the value of the electromagnetic field for each temporal and spatial frequency, as well as
the Poynting flux through a plane of altitude z in the far field. For simplicity, we will restrict
ourselves to the S or TE polarization of the thermal radiation. This first step, which leads to
the calculation of the thermal flux propagating in free space (outside the component, i.e. in the
substrate and superstrate) through a z-altitude plane, is essential before tackling section 3, which
deals with electromagnetic power and guided modes.

2.1. Thermal currents

The incident optical source is assumed to be quasi-monochromatic and collimated. It may
be a pulsed source (single pulse or repeating), or a continuous source. When the multilayer
component is illuminated by this source, part of the incident power is absorbed in the volume
of the component and causes a photo-induced temperature rise AT(7,z,t), where 7 = (x,y)
designates the transverse variable and z the depth (see Fig. 3), with t the time variable. To
calculate this temperature, we use the classical heat equation in the presence of a volume source
given by the absorption volume density dA/dz in the multilayer [14]. The temperature field then
defines a current density that is introduced into Maxwell’s equations [2—4,7—11]. We restrict
ourselves to non-magnetic materials as most often in optical interference coatings. Under these
conditions, the current is electrical in nature and its analytical expression is obtained, on each
axis and in each layer numbered (i), by the fluctuation-dissipation theorem [2,3]. We obtain, for
an element of volume &V in each layer i:

Vu e {x,y.2}, Jui(f.7.2) VoV = &ulf ’?’Z)\/47rf exf, T(# 2)IE (f) (1)
with: i
O(w =2xf,T) = -2 2)
ekBT —1

In these expressions (1) and (2), h and kg are the reduced Planck and Boltzmann constants
respectively, and €;’ denotes the imaginary part of the Fourier Transform (FT) of the dielectric
permittivity of the medium i. The electric current density J,; is given in the first Fourier plane,
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Fig. 3. General structure of a planar multilayer stack

i.e. after FT with respect to the time variable t. The time frequency is f, the Fourier variable
conjugate to t. With a time dependence in e /2" | this FT is chosen as :

X(f) = [ X dit & X(1) = p((f)e*ﬂ”ﬂ df 3)

Note that the temperature in (1) and (2) writes as T; = T, + AT, with T, the ambient temperature.
Finally, the quantity <p£ ;in (1) represents the spectral phase of the electric current volume density

Jui- This phase is a random variable that reflects the stochastic behaviour of the molecular
agitation inside the component [3]. The statistical nature of its distribution makes it possible
to take into account the independence of currents between two points in space or at different
frequencies [3]. Another way of taking this independence into account is to consider Dirac
distributions in the fluctuation-dissipation theorem [2,3].

It must be stressed that we here consider pulsed optical illumination with a pulse duration greater
than one nanosecond, in order to guarantee local thermodynamic equilibrium [11]. Under these
conditions, the spatio-temporal variations in temperature are much greater than the thermalization
time (temporal aspect) and the mean free path (spatial aspect) of the diffusion process [4,21].
Thus, a temperature can be defined at each instant and at each location, and expression (1)
remains valid in the space-time regime. This is why time is a dummy variable in equations (1,2).
Indeed we are working on the assumption of linearity, so that the coating emissivity does not
depend on the temperature. Furthermore, the coating properties are achromatic over the narrow
bandwidth of the quasi-monochromatic incident beam. Consequently, the time response of the
thermal radiation is simply proportional to that of the temperature [16]. In other words, for a
transient response, it will suffice to multiply the results given in this work by the normalized time
response of the temperature.

The current densities given by (1) and (2) are finally introduced into Maxwell’s equations
to calculate the radiated flux in free space. In the following section 2.2, we briefly review the
calculation procedure developed in [16].

2.2. Electromagnetic field radiated by the thermal currents

This calculation requires to consider the second Fourier plane and therefore to introduce a second
Fourier transform, namely the spatial FT (with respect to the variable 7) of the fields and sources.
This step is necessary to take into account the transverse distribution (with limited support) of
the incident beam, as well as to use the concepts of complex admittance and effective index [5],
which are defined for a given temporal frequency and spatial frequency. The spatial FT is chosen
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as:

X(.9.2) = [X(.F.0e ™7 dF & X(f.F.2) = [ X(f.V.2)e> " dv “)

where ¥ is the spatial frequency, i.e. the conjugate Fourier variable of the space transverse
variable 7.

The calculation of the S-polarized electromagnetic field created by an arbitrary volume density
of electric current in a multilayer is detailed in [22]. Here we recall the expression for the field
created by the volume of layer i of thickness e; limited by interfaces z;_; and z;. This field is
expressed at the upper (z = z;) and at the lower (z = z;—) interfaces, that is:

ry L [0 8 0 78
Eumr = m[Gli_)Ei (zi) + Gz,f,- (zi-1)] )
Ey; = ALn[Giiﬁf(Zi) + G5, E8(zin))

with AY; = ¥; - Y/, GY, = (%, — Y;_1)e¥®, GY, = it + Vi1, G, = it — Y] et G}, = (7t + Y])e ™/,

6 = e, a; = 1/kl.2 - (27117)2, k; = 2’;”" , where A is the wavelength of thermal radiation.

In these expressions the admittances and effective indices are denoted by Y; and 7; respectively.
Y; denotes the admittance at interface i calculated by recurrence from the effective index 7, of
the substrate, while ¥/ denotes the admittance at interface i calculated by recurrence from the
effective index —7ig of the superstrate [5]:

Y, = g

ot sins 6.2
Vi€ {1,~--,P},Yi—1 Y; cos &;—jii; sin O; ) ( )

Yo
cos 8;—j ﬁ sin &;

Y() —ip

Vl c {1 p} Yr erl €08 8;+jii; sin §; b) (6b)

Y
i~1
i

cos Oj+j

sin &;

H
Furthermore, in expression (5), the electric field £ f is a particular solution of the Helmholtz

=
equation in the second Fourier plane, in the case of a volume electric current density J; in layer
i. To recall, Helmholtz equation comes from Maxwell equations in the first Fourier plane (after a
FT with respect to the time variable):

— 2 -2
rot(E;) = jou;H; - 2 —ki
I'Ot(Hl') = —ja)eiEi + J;
where the source term is written as:
=k =4 o T
S =—jouJi+ jwﬁgrad[div Ji ®

H
This solution £ f of Eq. (7) is the result of the convolution product on the space variable z
between the source term and the Green’s function G; associated with the Helmholtz equation. It
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is written in the second Fourier plane as:

= =k :
E$ =Gy S with G; = 5h-eik! ®)

1

Then the spatial FT of this term in the basis (¥, y) gives, in the second Fourier plane:

AN 00y A4 .oy 00
—E; ) - k—ﬁ) Jyi— i Jy,l' +]k_? 3.
S = —jwu;

i

(10)

2 R

Oy g oy | 4 .oy OJi

i + (1 - —k?y)Jy,i +i5 5
i i i -

with & = 27 the spatial pulsation. In the following we will note :

3 (11

Remember that, because of the S polarization to which we are limiting ourselves here, the
electric field is tangential at the interfaces of the layers, so that it is continuous in the presence of
volume sources. Note also that in the case of thermal radiation, it is the currents given by (1)
that are involved in (11). Finally, the expression for the electric source term in (11), combined

-

with (9), yields the particular solutions £ f?’ of the electric field involved in expression (5), giving

- -
access to the electric field produced by layer i on the upper (E ;i) and lower (fi ji—1) interfaces
of layer i. From this field, it is then easy to calculate the flux of the Poynting vector in the
emerging media (substrate and superstrate), using traversal coefficients [5] which depend on the
admittances and effective indices.

To conclude this section, it should be noted that we do not use dyadic Green’s functions [23]
but work with Green’s functions in the second Fourier plane. The two approaches give identical
results with a similar level of complexity. Our choice to work in the second Fourier plane is due
to the fact that it allows us to benefit from all the tools already developed for the synthesis [5] of
thin film stacks, in particular complex admittances and effective indices.

2.3. Results from the stochastic properties of currents

Before calculating the power supplied by thermal currents, it is necessary to explain how their
stochastic properties make it possible to simplify calculations of energy quantities (power, flux,
absorption). These quantities are expressed using products between fields, or between fields and
currents [5]. As the fields are expressed as a linear combination of spatial convolution products
between the currents and Green’s function (see expressions (5,9,11)), calculations of energy
quantities give rise to expressions of the type:

fz/ /z/, Li(v, 7, Z")jz’i(l_/', iV, 27)dZ dz” with a,b € {x,y,z} (12)

In this expression, J,,; represents the a-axis component of the double spatial TF of the thermal
current in layer (i) expressed in (1), and j;"l. is its complex congugate. L; is a function depending
on the integration variables z’ and z”’ as well as the modulus v of the spatial frequency (v = |V]).

The phase terms of the currents are assumed to be independent and uniformly distributed.
This means that the thermal agitation at one point and along one axis is decorrelated from that at
another point or along another axis. This property makes it possible to recover Dirac distributions
in the expression of thermal currents [1—4]. In our case, it imposes quantity (12) to be zero for
a # b. Moreover, in the case a = b, expression (12) reveals a difference between the phases of
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the currents taken at two different altitudes z” and z”/. As a result, expression (12) only integrates
on the path defined by z’ = 7’/ where the phases of the currents are identical, giving :

o [ Ly, 22725, 2V aiGo 2 = [, Ly, @ Wai(3.2) de! (13)

To go further, we need to use the expressions for thermal currents which are given in the first
Fourier plane (see Eq. (1)). To do this, we use the inverse TF of the current ja,,-, which gives a
double integral over the transverse spatial variables 7 and 7’ in expression (13). We then use the
same reasoning as before to reduce this integration on the path 7 = 7. This gives us:

NI T SN ’ 7 oo ’
L Liv, DWeiG 2N de = [, Li(v, 2) f1JaiP )| didz 14
Finally, using expression (1) of the currents we get the following result :

Ya,b € {x,y,z},
L L Ly, 220 (5, 09, 2)de dz =
0 if a£b
4nf&;(f) [ Li(v, 2)dz [ O©Qxf, T,(7,z))dr else

s)

3. Calculation of the power supplied by thermal currents and application to
guided modes

Once the expressions for the sources and fields are known for thermal radiation, the power F'
supplied by these sources in the far field can be calculated in a similar way to that used for optical
micro-cavities [5,17,18] or trapped light scattering [24]. If absorption A could be neglected, this
power could be written as F' = & + &, with ® the flux radiated in free space in the surrounding
media and &, the guided flux transported by the modes parallel to the interfaces of the structure.
However, the presence of thermal radiation implies the presence of absorption, so the power
balance in the far field must be written as F = ¢ + A, since the modes are absorbed during their
propagation. Strictly speaking, this balance could be broken down into three components of
absorption, i.e. A = A, +Ag + Aey, Where Ay, designates the absorption corresponding to
the low spatial frequencies of the field characteristic of free space, A, the absorption due to the
attenuation of guided modes in the modal window (Fig. 2), and A,, the dissipative part linked
to evanescent waves in an absorbing medium. It should be remembered that while evanescent
waves do not transport energy in a transparent medium, they do contribute to the absorption
budget in a dissipative medium [5].

In the end, this means that it will be necessary to work with the double spectral density of
power in order to distinguish the different frequency windows [5,17,18,24]. The aim of this
section 3 is to demonstrate the analytical expression of this density. This double power density
will then be used in section 4 to calculate to the coupling efficiency, analytically and numerically.

It should also be emphasized that our previous work [16] on the thermal radiation emerging
from the component towards the superstrate and substrate was based on the calculation of the far
field flux of the Poynting vector in free space, through a plane of normal +Z and at altitude +z.
This type of calculation is no longer appropriate here, as the modes transport energy through
azimuthal (or polar) planes whose normals lie is in the xy plane. Under these conditions, a similar
Poynting flux calculation would be tricky because of the discontinuity in the physical properties
of the different media. Conversely, calculating the power density supplied by the sources makes
it possible to simplify and solve this problem (as in the case of trapped scattering [24]), while
taking account of the coupling efficiency in the modes.
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3.1.  Power density supplied by a bulk distribution of electric current

We take as our starting point results from the field of optical micro-cavities [5,17,18,25], which
give the expression for the power F supplied by a bulk electrical current distribution in a multilayer
component. In terms of spectral density, or per unit of temporal and spatial frequency, this can
be written for all-dielectric multilayers as [5]:

oF 2o ra _A>* N =
aow = 2 2 Jee | RU (7.2 Eilf 7. 2} (16)

- — —
where J ; is the electric volume current of layer i, J 1 its conjugate and E; the field radiated by
this current. To obtain (16), it has been assumed that the currents in the different layers (j # i) do
not interfere (see Section 2.3), which is consistent with the thermal radiation framework [1]. We
also note in (16) that the quantities are given in the second Fourier plane (after a double FT).

3.2.  Taking polarization into account

To develop the calculations further, it is necessary to analyze the polarization of the emitted
radiation, which is defined in the second Fourier plane where the wave vectors are defined. The
field is thus decomposed in the (V, z) plane using the diagram in Fig. 4, where the unit vectors u
and w are defined as :

U= 12, = (cos ¢, sin ¢) W= (}/) (%) = (—sin ¢, cos ¢) (17)
For S polarization, the electric field is perpendicular to 1. Hence we can write:
= A A
E? = (=Ey;sing + Ey; cos ¢p)w (13)

Fig. 4. Schematic representation, for S polarization, of the normal angle @ defining the wave

— —
vector B* of the retrograde electric field E in the superstrate, and the progressive field E g
in the substrate. The spatial pulsation &~ = 27V is the tangential component common to the
2 wave vectors.
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And so, in the (%, y) basis:

- Ey;sin?¢ — E, ; cos ¢ sin
E;g _ Ax,t ¢ Vol A¢ ¢ (19)
—E,;sin ¢ cos ¢ + Ey,,-coszqﬁ

Therefore, following (19) et (16), the double spectral density of power follows for S polarization:

aF__ZRifj*(E'.Z—E" )
afov — PR iSin“¢ — Ey; sin ¢ cos ¢

(20)
+ j;,-(—Ex,i sin ¢ cos ¢ + E; jcos’¢) dz}
3.3.  Homogeneous and particular contributions

In order to continue the development, the electric field must be decomposed into its particular
and homogeneous solutions, which are written as:

= =, =
E;=E"+ Ef @n
=
We have already seen that the particular solution Ef.' is expressed using Eq. (9). As for the

ﬁ
homogeneous solution £ lh it is expressed in each layer i as [5] :

B = L [Bhe)sin(arlz — zn)) + E i) sin(an(z - 2)] 22)

sin O;

— —
with the phase term §; = a;e;. Given (21), we can introduce the fields E;; and E;;_; on the
upper and lower interfaces of layer i, whose expressions are known from (5). We obtain the
analytical expression of the homogeneous solution as:

-, L2
EN2) = s [(Ei — E{(z)) sin(ai(z — zi-1))

- = (23)
+HE i1 = Ef(zio1)) sin(ai(zi — 2))]

— —

At this stage the homogeneous £"(z) and particular £4(z) fields are known at any altitude. This

makes it possible to decompose the power density given in (16) into a homogeneous contribution
and a particular contribution corresponding respectively to these components, that is:

OF  OF" . OF¢
Afoy — ofov  ofov

Ly ora - S
= —ZZ R{J:(f,V,2).E{(f,V,2)}dz (24)
i=1 Y=t

= . e o
- 22 R{J [ (f.V.2).ES(f. V. 2)}dz

p Zi
i=1 Z=Zi-1
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3.3.1. Calculation of the particular contribution

Relations (20) gives, for the particular power contribution :

OF% Sl S ro
— =2 RA{JT? (2)(EE (2)sin®¢ — E¥ (2) sin ¢ cos ¢)
afov ; =t e ™ (25)
T T . 2~ 2
+ Jy,i(z)(—Ef’i(z) sin ¢ cos ¢ + Eil.(z)cos ®) }dz
Recall that the particular solution of the field can be written, in accordance with Egs. (6) and
(11), as:

Ya € {x,y}, Yz € [zi-1, 2],

Ef (2) = ~jou /

7=z

Zi

(26)

’ 7 ’ 7 ’ aj A ’
Gi(Z -7') (aaxjx,i(z ) + aay-]y,i(Z ) + dg; 62 (z )) dz
Z

Taking into account the properties introduced in section 2.3, and the expression for the currents
given in (1,2), we then find:

P ” >
=21 % {jw,ui47rf§,~ [ ©(nf TG 2)d7

i
[axsin®e — (ayy + ayy) sin @ cos ¢ + ayycos?¢] [ Gi(0)dz
=Zi-1

} 27

Furthermore we have :

Zi

Gi0)dz = ——  (28)

A Si’ P — (ayy + Gyy) Sin ¢ COS G + ayycos’p = 1 and / 5
J @i

I=Zi-1

So that, introducing the effective index 7; = @;/wy; of layer i for S polarization [5], we get:

OF8 L 1 €; a4 -
W =2 lZ]: R {ﬁ—l} E47Tf8i ‘/;\®(27Tf, Ti(r, Zi))d? 29)
It should be noted that this formula of the particular power component does not directly
involve the optical admittances of the stack, but the effective indices, imaginary permittivities
and thicknesses. This would mean that the overall optical interference balance of the multilayer
does not come into play for that contribution, since any arrangement of the layers would give the
same result. However this is no true because the admittances still intervene via the temperature
which can follow the stationary optical field in the case of short pulses [14]. We will see that the
situation is different for the homogeneous component in the next sub-section.

3.3.2. Calculation of the homogeneous contribution
In the same way, for the homogeneous solution, we have from (20):
AF" & /z,- . . .
o = 2 R{T; )E ()sin*¢ — E} (2) sin ¢ cos ¢)
afov ; PR ’ > (30)
- A . ~h 2
+ Jy’i(z)(—EX’i(z) sin ¢ cos ¢ + Ew-(z)cos @) }dz

The expression for the homogeneous solution of the electric field is given by (5) and (23) and
can be expanded as follows:

_A)h sin(a;z) = =
E{(@) = zyams (G = AY) E{(e:) + G5, E{(0))

sin(ai(ei=2)) (0 78 0 =
+ v sine, (O L (e) +(Gy, — AYi) E(0)

€19}



Research Article Vol. 32, No. 7/25 Mar 2024 / Optics Express 12075 |

Optics EXPRESS

Then, noting that we can write,

Va € {x,y},
i ’ b ’ b ’ 19-7:,[ ’ ’
Eg (O) - ]U.)/Jl /Z =21 Gi(Zi—l —Z ) (aax-]x,i(z ) + aay-ly,i(Z ) + aazli)_z(z )) dZ (32)
—> . i ’ 7 ’ 7 ’ a:i ’ ’
ES(en = o [, Gilzr =) (audil@) + audyil@) + ae %2 ) e

and again using the properties described in section 2.3:

or _ 3 2 d7
ao =22 dnfe f®( nf, Ti(7, z:))
(33)
R {5k [5Gy, - AY) + 1By + 5= (LG, + (G, - AYi))| |
with :
hi=[2 sinar(z - zp) ol ldg = HA0=C
oz L (1-2j6; e 0% i)el%
bi= [ sin(ai(z-z-1))@rlilds = o —— (34)

L = fZZZi_I sin (a; (z; — 2)) glailzi-1=zl g — b;
Li= [, sin(ai(z-2) e ldz = Iy;

This time, in contrast to the particular component of the power given in (29), the expression
(33) of the homogeneous component of the power involves terms closely related to the multilayer
formula, in particular through the admittances and their differences. This homogeneous power
can be strongly achromatic or dispersive.

3.4. Final expression for the power spectral density

Finally, using the quantities G from Eq. (5), and summing the homogeneous and particular
contributions, we obtain the following expression for the surface power density supplied per unit
frequency f and spatial frequency v :

7ok =2 £ dnfel R { ke [t = ¥ + 1 + Y
(35)

+ﬁ(lli(ﬁi = Yi))e % + Ly(fi; + Y]_))) + e;sin 5i] } 0Q2xf, Ti(7,z))
A classical change of variable then gives the power density supplied per unit modulus of spatial
frequency v = |V| and polar angle ¢[5], i.e. :
oF OF
=v
afdvopoS afovas

It is this quantity (analogous to the radiative spectral intensity [1]) that will be calculated and
plotted in the next section. Note that it is isotropic, i.e. independent of the angle ¢.

(36)

4. Numerical calculation
4.1. Method

The double power density expressed in (35-36) will be plotted as a function of the normalized
frequency v* = Av, which is homogeneous to a refractive index. Note that for a real index medium
satisfying n;<v*, this quantity can be written as v* = n;sin6;. Different frequency windows can
then be distinguished [5] (see Fig. 2):
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B Low frequencies characteristic of plane waves emerging in free space in the superstrate
(0O<v*<ng = 1) and in the substrate (0<v*<n, = 1.52)

B The modal window (max(ng, ng)<v*<max(n;)) where the characteristic constants of the
guided modes are found when they exist, and where max(n;) is taken over all the indices of
the thin layers of the multilayer

Bl Evanescent waves (max(n;)<v*) which do not transport energy in the supposedly transparent
emergence media, but contribute to the loss balance in the dissipative multilayer.

As a reminder, in the absence of absorption the flux and power densities would be identical in
free space in the emergent media for low frequencies, which we have verified (analytically and
numerically) with decreasing imaginary indices. It is therefore essentially the modal window
that interests us here, where the power density (conversely to the flux) can be calculated so as to
highlight the coupling efficiency to the guided modes. When existing, the modal constants v},
can be found in this window. These constants are the poles of the reflection factor r(v) of the
stack [5,24] and can therefore be obtained simply from equation ﬁ =0.

Thus, at a temporal frequency f = c¢/A, the total power P, transferred to the guided modes is
given by the integral of the power density in the modal window, i.e. :

OF oF max() OF
P,() = ——= = //—dvd¢ = 277/ Vi———dv" 37
§ ofoS — Jy J, 0fvapas max(nony)  Of 0V S
Note that the density v* % does not present any singularity. Indeed, this quantity has the

same poles v}, as those of the reflection factor, due to the presence of terms in ﬁ and ﬁ__l in
(35). Indeed, it is known that [25]:

L =0eVi,z AYi(v,2) =0 (38)
r(v)

As a reminder, the modes in layer (i) of the multilayer are expressed in the second Fourier
plane as Eim(7, 7) = Zim(z)efz”;""?, where v,, is solution of (38) and v,, = v,,(cos ¢, sin ¢). If the
media were perfectly transparent, the poles v;, would be real and would create singularities;
in this case, we would have to use the residue theorem to calculate the integral P, at each
wavelength. However, in the case of thermal radiation, materials are necessarily dissipative
since their absorption is at the source of the radiation. Consequently, the poles of the power
density have a non-zero imaginary part and prevent it from diverging. Note also that for the
same reason the sinus term in (35) cannot be zero. There is therefore no singularity in the power
density, and we can proceed in a different way to the residue theorem. All we have to do is
numerically integrate the power density in the vicinity of the real part of the poles, where the
maxima are located. This gives the energy transferred to the guided modes. Note that given the
low absorptions of specific infrared materials (G, B,F») that we will consider, these poles are
located close to the real axis. Finally, we obtain:

m=q m=g s OF
&@:Z@W:MZ/@@v%ﬁ%m (39)
m=1 m=1Y"Vm~ 2

where q is the number of modes at wavelength A, v, the modal constant of the m-th mode at
this wavelength, and Av,, the width of the resonance around the pole v;,. For the calculation of
integrals around the modal frequencies, the bandwidth Av;, is chosen as the difference between
the two frequencies on either side of the frequency where the density is maximum, each of these
frequencies giving rise to an attenuation of a factor of 100.
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For the numerical calculations that follow, for the sake of simplicity and presentation, we will
consider the simple case of a uniform temperature in the component (T =20°C). The model
developed so far obviously remains valid in this particular case of thermal equilibrium. It should
be noted that the uniform temperature can be ambient or photo-induced using a pulsed source
with a duration greater than 1 ms.

4.2. Case of a quarter-wave multi-dielectric mirror

Consider a multi-dielectric mirror (sometimes described by some within the community as a
1D photonic crystal) designed at normal illumination for the mid-infrared range, comprising 5
quarter wave layers at the design wavelength Ay = 2um, of formula H(LH)? and deposited onto a
Z,Se substrate. In the mirror formula, H represents a layer of a high index material (G.), while L
is used for a low index material (B,F,). The real optical thicknesses of the H and L layers follow
ngey = nrey = %. Due to the high index ratio (ngy/ny) in the MIR range, a small number of
layers is sufficient to achieve high reflection (R = 99 %) at the design wavelength 1g. The optical
parameters of the media are summarized in Table 1 [26]. Note that G, B,F, and Z, S, have slight
index dispersion in the MIR range, for which reason we use their average index values. These
index values (and notably the imaginary index - here taken at 10~ for the thin films) may depend
on the deposition conditions and technology. Absorption in the Z,S, substrate is not considered.

Table 1. Optical parameters used for numerical calculation

Materials B.F» G, Air | Substrate: Z,S,
Average MIR refractive index 1.45+107% | 4.0+,107* 1.0 2.4

The results are given in Fig. 5 at a wavelength A equal to the design (or central) wavelength A
of the filter, that is, 1 = Ao = 2um. We first note the low values of the power spectral density (blue
curve), due to the low value of the imaginary indices (10*) and to the moderate value of the
ambient temperature (20°C). In the free space window (0<v*<2.4), we plotted the flux densities
for free space in reflection (solid red curve, O<v*<1) and in transmission (dashed green curve,
0<v*<2.4). The sum of these 2 flux densities is slightly less than the power density (solid blue
curve), the small difference being due to the low absorption obtained with ny; = n;’ = 1074, This
is noted to check the consistency of the results. Furthermore, in the modal window (2.4<v*<4)
shown by the black vertical bars, we can clearly see the maxima characteristic of the presence of
3 poles in the vicinity of the real axis. These maxima obviously increase as the imaginary index
decreases, at the same time as the width of the peaks. Finally, at the highest frequencies (4<v*),
we find the weight of the dissipation caused by evanescent waves, of the order of 5. 10™* of the
energy radiated in free space.

As announced in Section 4.1, it is sufficient to integrate the power density in the vicinity of
each of the poles to obtain the energy transferred to each mode before attenuation. The results
are given in Table 2. In this table the values of the integrals Py'(1 = Ao) for each mode of order m
are normalized to the integral of the power in free-space, which makes it possible to highlight the
relative weight of the trapped powers compared with the emerging free-space fluxes. It can be
seen here that the modal power is globally equi-distributed between the 3 modes TE;- 23, and
that each mode is transferred a power greater than that of free space, by a factor greater than 3.

The normalized sum of the power trapped by all the modes is 12.32. This trapped power is
therefore greater than the power radiated in free space, by a factor greater than 10. This result,
which shows the importance of trapped thermal radiation, is only marginally modified when the
imaginary indices are reduced.

So far we have been interested in power transfer to modes at the design wavelength of the
mirror (4 = Ap = 2um). Note that due to the low uniform temperature of the component (20°C),
thermal radiation is very low at this wavelength. We will now analyze the radiation trapped at
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Fig. 5. Double power density supplied by thermal currents at A = Ao = 2um for a 5-layer
multi-dielectric mirror in TE polarization at thermal equilibrium (see text). The abscissa is
the normalized spatial frequency given by v* = Av. The vertical bars indicate the separation
between the different frequency windows (free space, modal, evanescent).

Table 2. Modes properties at 1 = 19 = 2um of the 5 layer mirror of
Fig.5. First line corresponds to the normalized spatial frequency of
each mode. Second line shows the normalized spectral bandwidth

around these modal frequencies. And finally, third line shows the

power of thermal radiation transferred to each mode and normalized
by the power of thermal radiation in free space.

TE, TE, TE,
Normalized spatial frequency v;,=v,, Ao 2.7852 | 2.6036 | 2.4203
Spectral normalized bandwidth Av;;,=Av,, 1o | 0.0015 | 0.0020 | 0.0022
Normalized power Pg'(do) 3.5899 | 4.3240 | 4.4028

longer mid-infrared wavelengths, i.e. A = 8um where the signal power is at its maximum, as well
as at an intermediate wavelength A = 4um. To do this, we first plot the power spectral density at
A = 4um in Fig. 6 a). The first thing to notice, as expected, is that the power density is much
higher (about 5 decades) than that at A = 2um (see Fig. 5). In addition, the number of modes is
reduced, given the lower ratio e/ A of the total thickness e of the coating at wavelength A = 4um.
A single mode is thus found at 4 = 4um, at the normalized frequency v;, = 2.4794. The
power transmitted at this mode is 47.36% of the power radiated in free space over a normalized
bandwidth of 9.46.107%.

Finally, concerning the wavelength A = 8um, Fig. 6 b) shows that the structure no longer has
any modes. In this case the energy dissipated in the modal window represents only 1.4 10~* of
that emerging in free space.
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Fig. 6. Same legend than Fig. 5, but at wavelengths A = 4um (left) and A = 8um (right)

5. Conclusion

Much work has been devoted to the spectral and angular modification of thermal radiation by
nanostructures such as diffraction gratings [27] or meta-surfaces [28], optical multilayers or
photonic crystals [8,29,30]. Other work has focused on the decoupling of evanescent waves
[12,31] in the vicinity of surfaces, resulting from thermal radiation. However, to our knowledge,
this is the first time that trapped thermal radiation, transferred to the guided modes of a multilayer
structure, has been modelled and calculated numerically.

We have presented a direct electromagnetic model based on the power supplied by the sources
of thermal radiation given by the fluctuation-dissipation theorem [2,3]. The advantage of working
with this quantity is that, unlike the Poynting flux, it gives access to the coupling efficiency of
the energy transfer to the guided modes of the multilayer structure. This modelling is valid
within the general framework of photo-induced absorption caused in the multilayer component
by spatiotemporal illumination.

For the sake of simplicity, the numerical calculation was carried out at thermodynamic
equilibrium, for a multi-dielectric mirror-type structure in the mid-infrared. It was thus possible
to quantify precisely the energy transferred to each of the structure’s modes. Generally speaking,
the amount of radiation trapped in the modal window can be greater or less than that radiated
into the free-space window, depending on the observation wavelength. We believe that these
results could be very useful to the community, in particular by providing in-depth knowledge and
understanding of loss budgets in precision systems affected by thermal radiation. It should also
appeal to those involved in subsurface applications [32].
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