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APPROXIMATION OF THE INVARIANT DISTRIBUTION FOR
A CLASS OF ERGODIC JUMP DIFFUSIONS

A. GLOTER, I. HONORE" AND D. LOUKIANOVA

Abstract. In this article, we approximate the invariant distribution v of an ergodic Jump Diffusion
driven by the sum of a Brownian motion and a Compound Poisson process with sub-Gaussian jumps.
We first construct an Euler discretization scheme with decreasing time steps. This scheme is similar
to those introduced in Lamberton and Pages Bernoulli 8 (2002) 367-405. for a Brownian diffusion
and extended in F. Panloup, Ann. Appl. Probab. 18 (2008) 379-426. to a diffusion with Lévy jumps.
We obtain a non-asymptotic quasi Gaussian (asymptotically Gaussian) concentration bound for the
difference between the invariant distribution and the empirical distribution computed with the scheme
of decreasing time step along appropriate test functions f such that f — v(f) is a coboundary of the
infinitesimal generator.
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1. INTRODUCTION
1.1. Setting

Let (X¢)¢>0 be a d-dimensional cadlag process solution of the stochastic differential equation:
dXt = b(Xt)dt + O'(Xt)th + K,(Xt— )dZt, (E)

where b: R? - R? o : R - RY@R" and  : R? — R? ® R" are Lipschitz continuous, (W;);>o is a Wiener
process of dimension r, and (Z;);>o is a R” -valued compound Poisson process (CPP), Z; = Zi\il Y, where
(Yk)ken are i.i.d. r -dimensional random vectors with common distribution 7 on B(R") and (N¢);>¢ is a Poisson
process, independent of (Yy)ken. The processes (Wy)i>o and (Z;);>o are assumed to have the same dimension
for the sake of simplicity. Moreover, (N;);>0, (Yk)ren and (Wy)i>o are independent and defined on a given
filtered probability space (2,7, (Gi)i>0,P). We assume that b, o, and & satisfy a suitable Lyapunov condition
(assumption (Lv) in Sect. 1.3) which ensures the existence of an invariant distribution v of (X;)¢>o (see [11]).
For the sake of simplicity we also assume the uniqueness of the invariant distribution. We refer to [8] under
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irreducibility and Lyapunov conditions for the existence and uniqueness of the invariant distribution for a
diffusion driven by Lévy process.

Generally, the invariant distribution v of (X;);>0 is not explicitly known. Its approximation is then an
important issue. The aim of this paper is to construct an appropriate algorithm v, such that lim,, . v, (f) =
v(f) a.s. for all suitable test functions f, and to establish a non-asymptotic concentration bound for the
probability of the deviation v, (f) — v(f).

The algorithm that we define in this article is based on an Euler-like discretization scheme with decreasing
time step (yn)n>1 8.t. lim, v, = 0. Lamberton and Pages developed such a scheme in [7] for a Brownian diffusion.
They showed that the empirical measure of their scheme converges to the invariant measure of the diffusion
and that it satisfies the Central Limit Theorem. The decreasing steps allow the empirical measure to directly
converge towards the invariant one. If we choose a constant time step v, = h > 0 in the scheme, the expected
ergodic theorem is v, (f) % v"(f) = Jga f(z)r"(dz), where v" is the invariant distribution of the scheme which

is supposed to converge toward the invariant measure of the diffusion (E) when h — 0 (for more details about
this approach we refer to [14], [13] and [9]).

Next, Panloup [11], [10], adapted the algorithm of [7] to diffusions driven by Lévy processes, he established
the convergence and the Central Limit Theorem for the empirical measure in this case.

In the same way as the questions of the convergence of the empirical measure v, or of its limiting distribution,
the natural question is that of the nature of the deviations v, (f) — v(f) along appropriate test functions f.
In the case of the Brownian diffusion this question was considered in [4] and [5]. Note that in the Brownian
diffusion case the innovations of the Euler scheme are designed in order to “mimic” Brownian increments, hence
it is natural to assume that they satisfy some Gaussian Concentration property (assumption (GC) in Sect. 1.3).
In particular this Gaussian Concentration property is satisfied by Gaussian or symmetric Bernoulli law. Taken
as an assumption on the Brownian innovations of the scheme, it allows to show a non-asymptotic Gaussian
Concentration bound for the probability of the deviations of v, (f) from v(f). The deviation v, (f) — v(f) is
evaluated along the functions f such that f —v(f) is a coboundary of the infinitesimal generator of the diffusion.

When the diffusion contains Lévy jumps, it is not generally expected that these deviations are Gaussian like
which is not in accordance with the CLT from [10]. But such a behavior seems natural if we suppose that the
driving Lévy process is a Compound Poisson process and the jump size vectors (Y )ren satisfy a Gaussian
Concentration property (GC). In this paper, we focus on this situation which is simple but relevant from the
point of view of application.

Some specific stochastic diffusions with Gaussian jumps have already been used in finance, in stochastic
volatility models, see e.g. [15], and in interest rate models, see e.g. [6].

In general, for a Euler scheme corresponding to a Jump Diffusion with Lévy jumps, one has to define
numerically computable jump vectors designed to “mimic” the increments of the driving Lévy process. In most
cases, the increments of a Lévy process are not numerically computable, that is why it is important to propose
different ways to approximate these increments according to the nature of the driving Lévy process. In this
paper we introduce a scheme (S) particularly suitable in the case where a driven Lévy process is a Compound
Poisson. Note that our scheme is close to the scheme (C) of [11]. Like in the previously mentioned articles, we
denote time steps (yx)r>1, and for any n > 0, we define:

Xn+1 = Xn + f)/n-l—lb(Xn) + vV 'Yn-l-lO'(Xn)Un—Q—l + K(Xn)Zn-‘rl; (S)

where X is an R? valued random variables such that Xo € L2(Q, Fo,P), (Uyn)n>1 is an i.i.d. sequence of centered
random variables matching the moments of the standard Gaussian law on R" up to order three and independent
of Xg. Furthermore, for every n > 1 we put

Zn i= BnYo, (1.1)
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where (B,,),>1 are one-dimensional independent Bernoulli random variables, independent of Xy, (Up,)n>1 and

(Yo)n>1, s.t. By (faw) Bern(pys), where p is the intensity of the Poisson process driving the CPP (Z;);>¢. The
choice (1.1) of the innovations Z,,,n € N is motivated by the following heuristic reasoning: Z, has to “mimic”
the increment of the CPP Z; = ij;l Y} on the small-time interval of the length ~,.

The probability that the Poisson process (N¢)>o jumps on this interval is equal to 1 — exp(—7,) = Yn + 0(Vn),
and in this case, it will most probably have only one jump. Hence we approximate the increment AN, of the
Poisson process by a {0,1} random variable with the probability of 1 equal to 7, and the increment Z,, of the
CPP by this jump-detecting Bernoulli variable, multiplied by the size of the jump.

We also introduce the empirical (random) measure of the scheme: for any A € B(R%)

n: ~ 5 " A n
Un(A) == vy (w, A) = Lzt kFXk (! ), T, := Z'yk. (1.2)
" k=1

Obviously, to study long time behavior, we have to consider steps (yx)k>1 such that the current time of the
scheme I',, — +o00.

n
We recall as well that vy | 0. We suppose that both jump amplitudes (Y},),>1 and Brownian innovations
k

(Un)n>1 satisfy a Gaussian concentration (see further the assumption (GC)). As we already mentioned, the
aim of the paper is to show that this assumption implies a non-asymptotic (quasi) Gaussian Concentration
inequality for the probability of the deviations of v, (f) from v(f) (see Thm. 2.1, Sect. 2 below).

The main argument in the proof of Theorem 2.1 is the fact that the (GC) property of jumps’ sizes Yy, k € N,
permits to show a similar Gaussian Concentration property for the jump innovations Z, k € N. This result is
given in Proposition 1.5. However the Concentration property of jump innovations depends on the dimension
of the jump heights. This dependence survives in the main Theorem 2.1 giving a quasi-Gaussian Concentration
of the deviation of v,, from v.

The paper is organized as follows. In Section 1.2, we introduce some useful notations. The assumptions
required for our main results are outlined in Section 1.3. In this part, we formulate a quasi-Gaussian concen-
tration property of the jump innovation Z,, the proof is given in Section 2.4. We state in Section 1.4 some
already known results connected with the approximation scheme. Our main results are in Section 2, and the
proof is located in Section 2.3. Section 3 is dedicated to the analysis of the exponential integrability of Lyapunov
function. Technical lemmas are stated in Section 2.2, but their proofs are postponed to Section 4. Eventually,
we propose a numerical illustration of our main result in Section 5.

1.2. General notations

For two sequences (up)nen, (Un)nen the notation w, < v, means that Ing € N, 3C > 1 s.t. Vn >
ng, C v, < u, < Cup.

Henceforth, C' will be a non negative constant, and (e)n>1, (%n)n>1 Will be deterministic sequences s.t.
en —n 0 and Z,, —,, 1, that may change from line to line.

We denote by I,,,, m € {d,r} the identity matrix of dimension m.

Through the article, for any smooth enough function f : R? — R, for & € N we will denote D* f the tensor of
the k'I' derivatives of f. Namely D¥f = (8;, ...0;, f)1<iy....in<da- Yet, for a multi-index o € N¢ := (N U {0})¢,
we set DYf = Ogl ... 0%

For a 3-Hélder continuous function f : R? — R, [f]5 stands for the standard Hélder modulus.

We define for (p,d,m) € N3, CP(R¢,R™) the space of p-times continuously differentiable functions from R?
to R™ and for f € CP(R,R™), p € N,[fP)]5 := SUP|q|=p[D g, Where a € N¢ such that |a| := Z?:l a; =Dp.

We will also use the notation [n, p], (n,p) € (Ng)?,n < p, for the set of integers being between n and p.



886 A. GLOTER, I. HONORE AND D. LOUKIANOVA

For k € Ny, 3 € (0,1] and m € {1,d,d x r},C*#(R% R™) and C{f’ﬁ(Rd,Rm) stand for the standard Holder
spaces!. For any function ¢ : R? — R™, m € {1,d,d x r}, we define ||(||cc := sup,era [|¢*(z)|| with || - || is the
Frobenius norm

For a given Borel function f : R* — E, where E can be R, R? R ® R",R? @ R?, we set for k € Ny:

fe = f(Xk).
Moreover, for k € Ny, we denote
Fi =0 (X0, Uy, Zj)jenry) and  Fi = o (Xo, (Us, Z;) jepng Unt1)- (1.3)

Eventually, we define the infinitesimal generator associated with the diffusion (E) which writes for all ¢ €
C%(R%) and = € R%:

Ap(x) = b(a)Vile) + 5T (00" (2) D%p(x) + 1 / (e + w(@)y) = o)) ()

=: Ap(z) + u/ (p(z + k(z)y) — @(x)) T(dy), (1.4)

Rd

where 7 stands for the distribution of Y7, and A is the infinitesimal generator of the continuous part of the
diffusion.

1.3. Hypotheses

We assume the following set of hypothesis about the coefficients of the SDE (E) and the parameters of the
scheme (S):

(C0) The functions b: R* = R% ¢ : R? - RY®@R" and & : R — R? ® R" are globally Lipschitz continuous.
(C1) The first value of the scheme Xy is sub-Gaussian: there exists Ao € R% such that

YA < No, Elexp(AXo]?)] < 4o0.
(C2) Defining for any = € RY, %(x) := o00*(x), K(x) = kr*(z), we suppose that

sup Tr(E(z)) = sup [lo(2)[|* =: [lo]|%, < 400, sup Tr(K(x)) = sup [|x(z)|]* =: [[£[|3, < +o0.
zERY zER4 zERY zER4

(GM) The sequences of random variables (U, ),>1 and (Y;,),>1 are respectively i.i.d., such that

E[U1] =E[Y1] =0; E[(UiU{)i<ij<] = E[UP?] = I,
EY?] = I; E[(U{U{Uf)1<ijin<r] = E[UP?] = 07,

Also, (Up)n>1, (Yn)n>1 and Xy are independent.

U CRART,R™) = {f € CKRLR™) : Va € N, |a| € [1,k],5up,cga D f(2)| < +o0,[fP]g < +oo}, CpF(RE,R™) =
Cck BRI, R™) (M L (RY, R™), for more details see e.g. [4].
2 Where 0 stands, here, for the tensor (R%)®3 with null entries.
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(GC) We say that a random variable G € L' satisfies the Gaussian concentration property, if for every Lipschitz
continuous function g : R™ — R and every A > 0:

Elexp0(@)] < exp (A& [o(@) + 221). (15)

We assume that U; and Y7 satisfy this Gaussian concentration property.
(Lv) We assume that there exists a non-negative function V : R* — [v*, +00) with v* > 0 s.t.

i) V is a C? continuous function s.t. || D?V s < 400, and lim|;_e V(z) = +o0.
ii) There is C|, € (0,+0c0) such that for any = € R%:

[VV (@) + [b(z)]* < C, V().
iii) There are a,, > 0, By € Rt such that for any = € RY,
AV (z) < —a, V(z) + By.

(U) There is a unique invariant distribution v to equation (E).
(S) We suppose that the step sequence (yx)g>1 is taken such that v, < k=%, 6 € (0,1]. For any ¢ > 0, we define:

4
LY =
k=1

in particular, T” =T, (see (1.2)). This polynomial choice of time step yields:
IO =n!= it 1§ <1; T <1In(n) if €0 =1; and T =<1 if (0> 1.

We assume that the sequence (7x)r>1 is small enough, namely for every k > 1,

< min (1,571, w ,
= ( a [b]lcv + \/Cv(4\/Cv[bh + 4\/Cv||D2V||oo + 20\/))

where Cy is given by the assumption (Lv).

For § € (0, 1], we introduce:
(Tp) We choose a test function ¢ such that

i) ¢ €C>(RYR),

ii)  — (Ve(x),b(x)) is Lipschitz continuous,
we further assume that there exist Cy,, > 0 s.t. for any z € R%:

iii) [p(x)] < Cvp(1 4+ /V(2)).
Remark 1.1. Under the assumption (CO) the equation (E) admits a unique non-explosive solution (cf. [1]
Thm. 6.2.9).
Remark 1.2. The assumption (GC) is central for this paper. Note that the laws A'(0, I,) and (5(8; +6-1))®",
i.e. Gaussian or symmetrized Bernoulli increments, which are the most commonly used sequences for the
sub-Gaussian innovations, satisfy (GC). Moreover, inequality (1.5) yields that for any r > 0, P[|U| > r] <
2exp(—§) (sub-Gaussian concentration of the innovation, see e.g. [2]).
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A Gaussian concentration result is natural when a CLT is available (see [10]). When the innovation does
not satisfy a Gaussian (or quasi Gaussian) concentration hypothesis, we cannot expect any non-asymptotic
Gaussian (or quasi Gaussian) concentration result for the scheme.

Remark 1.3. The assumption (Lv) together with (C2) ensure, following [10] (Prop. 1) the existence of at least
one invariant distribution associated with SDE (E). Note that this Lyapunov assumption (Lv) is equivalent to
the similar Lyapunov assumption for the continuous part of the equation (E). Indeed, using second order Taylor
expansion, the fact that 7(-) = [, y7m(dy) = 0 and «(] - |*) = [, |y[*7(dy) = r < oo, we get that

512 1DV o0

(V(z + r(x)y) — V(z))r(dy)| < )

|
R’V‘
Hence the condition iii) of (Lv) is equivalent that the generator of the diffusion without jumps satisfies

AV(I’) < —aVV(ZL') + EV? (16)

T 3. 1271 D?V ||o
with ay = ay, By = By + pr——5—=.

Moreover, it is classic to see that this assumption constrains the drift coefficient b to be under a linear map.
Indeed, this is the consequence of the fact that the Lyapunov function V' has to be lower than the square norm,
i.e. there exist constants K, ¢ > 0 such that for any |z| > K,

V()] < clzf? (1.7)

and hence using ii) of (Ly) [b(z)] < V/Cylz|.

Remark 1.4. In the assumption (Tj3), the condition iii) yields from (1.7) that |p(x)| < Cv,,(1 + ¢|z|) which
is consistent with the Lipschitz continuity of ¢.
Whilst the condition ii) is a direct consequence if ¢ is the solution of the Poisson equation:

Ap = f—v(f), (1.8)

where f € CV# (R4 R). If 0,k € C;’ﬂ(Rd7RdXT), b e CHA(RYRY) and ¢ € C3#(R?,R), then the right side of the
following identity:

(Vo.t) = 1 = () = TR(ED%) —u [ (ol + wCIy) — () n(a),

Rd
is Lipschitz continuous, and so the left side too.

From now on, we identify assumptions (C0), (C1), (C2), (GM), (GC), (Lv), (U), (S) and (Tj) for some
B € (0,1] to (A). Except when explicitly indicated, we assume throughout the paper that assumption (A) is
in force.
Example: The typical illustration of a diffusion process satisfying the above hypotheses is the Ornstein—
Uhlenbeck process with jumps. Precisely, for b(z) = —z, 0 = k = I, a corresponding Lyapunov function is a
second order polynomial function V(x) = 1 + |z|?. Then each constant appearing in (Lv) is explicitly known:
Cy =5, ay =2 and By = 1/2(d+/,&7“)||D2VHOO.

The corner stone of our analysis is the fact that the R"-valued jump innovations (Z,),en inherit a quasi-
Gaussian concentration property of (Y;,)nen:



APPROXIMATION OF THE INVARIANT DISTRIBUTION FOR A CLASS OF ERGODIC JUMP DIFFUSIONS 889

Proposition 1.5 (Quasi Gaussian concentration of the jumps innovation). Let g : R" — R be uniformly
Lipschitz continuous function, ¢ € (0,1] and

p(r) :ﬁ(3+7‘)+%—|—4exp(\/77+1+r/2). (1.9)

Then for any 0 < A < the following inequality holds for every n € N

g
6[gl1p(r)
1
Eexp(Ag(Zn)) < exp(AEg(Zn) + 5 X pym (1 +7 + £)[g]})- (1.10)

Remark 1.6. Let us point out that the concentration inequality is only valid for A\ on a compact set hence the
terminology “quasi”. This constraint is due to the difficulty to approximate a compound Poisson process which
has actually a sub-exponential tail (and not a sub-Gaussian one).

The proof of this proposition is given in Section 2.4.

1.4. Existing results

The convergence of the empirical measure v, of an appropriate Euler scheme with decreasing steps was
studied by Lamberton and Pages [7] and Panloup [11] respectively in the cases of Brownian or Lévy driven
diffusion.

The natural next issue concerns the rate of that convergence. In a Brownian diffusion framework, a Central
Limit Theorem (CLT) was established by Lamberton and Pages [7] for functions f of the form f — v(f) = Agp,
namely f — v(f) is a coboundary for A, where A denotes the continuous part of the infinitesimal generator (see
(1.4) further). This choice of function class comes from the characterization of the invariant distribution v by a
solution in the distribution sense of the stationary Fokker-Planck equation: A*v =0 (Where A* stands for the
adjoint of .Z) In other words, for any functions ¢ € C2(R%, R), we have v .A(p Jza .A<p Jv(dz) = 0.

n [10], the author also provided the rate of convergence through a Central Limit Theorem (CLT) for the
already mentioned general scheme:

Theorem 1.7 (CLT). Under (C2), (U) and (Lv), if (Z¢)i>0 is a Lévy process with m as a Lévy measure

such that E|Z,|*" < +oo for p > 2, if E[UP?] = 0, E[|U1|?"] < 400 and lim,, \/(i = 0 then for any function
¢ € C3H(R?, R) we have the following results (with (L) denoting the weak convergence):

Vo (Ag) Eh N (0,02) (1.11)
with
o= [ (o Vel@)+ [ lole+ (o) - ola) Pa(dy)v(do) (1.12)
Rd Rd

In the Brownian diffusion context (x = 0), under some confluence and non-degeneracy or regularity assump-
tions Honoré, Menozzi and Pages [4] established suitable derivatives controls for the Poisson problem (e.g.
Schauder estimates). With a compound Poisson process, we think that a similar analysis may work. It will
be a future research. Let us mention [12] for some Schauder estimates for Poisson equation, with a potential,
associated with a SDE purely driven by stable processes but with a constant drift.

In [4], the authors have established a non-asymptotic Gaussian concentration with x = 0. Namely, they
showed that for any ¢ satisfying the condition (Tg), 8 € (0,1], there are sequences (¢,,) and (C,,) converging
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to 1, ¢, <1< C,, suchthat foralln € N, a>0and v, < k% 0 ¢ (ﬁ,l],
Vn(Ag) > al < C. - (113)
Pl/Thvn(Ap) > a]l < Cpexp <—cn>. 1.13
2o 3 IVellso

Remark that, in [5], a non-asymptotic Gaussian concentration was established with the asymptotically best
constants for a particular large deviation called “Gaussian deviations” therein. In other words, for a = o(y/I'y,):

2

P[\/T,vn(Ap) > a] < C, exp <_cn21/(06:V<p|2)) . (1.14)

In this present work, we aim to obtain Gaussian deviations bounds like (1.13) for the scheme (S). To do
so, we will perform the so-called martingales increments method which was exploited successfully by Frikha
and Menozzi [3]. It was also the backbone of the analysis in [4] and [5]. Here, we adapt their techniques for
the stochastic differential equation (E) driven by the compound Poisson with jump sizes satisfying Gaussian
concentration.

Our techniques do not provide the sharp constant as in [5], this restriction comes from the deteriorating
constants (depending on the dimension r) in the quasi Gaussian concentration property of the jump innovation
(Zy)n>1 stated in Proposition 1.5. In other words, we cannot expect from our techniques to restore sharpness
thanks to a suitable annex Poisson equation as in [5].

2. MAIN RESULTS
2.1. Result of non-asymptotic quasi-Gaussian concentration

Our main result is stated below.

Theorem 2.1. Let 8 € (0,1], 6 € (ﬁ, 1]. Assume that (A) is in force. Let v, defined in (1.2). For every
positive sequence (Xn)n>1 with lim, o xn = 0, there are two non-negative sequences (¢p)pn>1 and (Cp)p>1, with
lim,, C,, = lim,, ¢, = 1 such that for alln € N, a > 0, satisfying a < xn%, the following bound holds:

FW,

2

P[|\/Tuvn(Ap)| > a] <2C, exp (cna> , (2.1)

202,
where
0% = (n(1+1)|I6l% + lol%) Vel (2.2)
The proof of Theorem 2.1 is given in Section 2.3.
n*T, iff e (715, 2),
1 —1 . 1
| fo=+
s (n), 1 19 2 — +00. Then we can
n=,if 0 € (3,1), n—00
In'/2(n), if 0 =1

choose x, —n 0, s.t. xnr—vg) — 400, and a = a(n) —, +oo. Hence, when n goes to 400, the concentration
n n

Remark 2.2. Note that for any 6 € (ﬁ, 1], ‘1{(—1?? =

result is Gaussian.

We have unsurprisingly that ai < 02, where ai is the asymptotic variance of v/T', v, (Ayp) defined in (1.12).
Moreover, the difficulty to adapt a Gaussian Concentration result to compound Poisson process yields that the
upper-bound variance o2, depends on the dimension.
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Similarly to [5], we have from the proof of Theorem 2.1 that

[D3ls o3BT, P2 T F ) o
QAR BG+E Wi TPyr

Cy =

for p, > 1 s.t. p, —n +00 and pnr —, 0. We recall that F( 2 )/\/I"TL —, 0 for any 0 € (1/(2+ 6),1]. If

B < 1 then sup,, In( n)ﬁ/Fn ) < 00, and if 8 =1 then lim, ln(Cn)\/ﬁ/F;#) = +oo arbitrary slowly.

Corollary 2.3. Under the assumptions of Theorem 2.1, for any f € L'(v) such that f — v(f) = A(p), for any

0 e (ﬁ7 1) it holds that v, (f) —n v(f) a.s.. If 6 = 1, then vy, (f) —n v(f) in probability.
The proof of this corollary is standard, we give it however for the completeness.

Proof. Fix e € QN (0,1) and denote
An(e) = {TPX  vn (Ap)| = €}

Using the inequality (2.1), for any 6 € (ﬁ, 1), > en P(An(e)) < oo, the Borel-Cantelli lemma implies that
]P’(Elno(w,s) €N s.t. Vn >no(w,e), Ty, ra(Ag|) < 5) =1.
And finally,

IF’( m {Ino(w,€) s.t.Yn > no(w,e),  TPxn Hn(Ap)| < 5})
e€QnN(0,1)
i.e. F%Q)Xn’lun(.Ago) —, 0 a.s.. Since F%Q)xn’l —n 00, Un(Ap)=vn(f) —v(f) —n 0 as..
If § =1, Ve > 0, using the bound (2.1) we get that P(A,(¢)) =, 0. The convergence in probability of
Un (Ap) = v, (f) — v(f) —» 0 then follows from Py, = . O

2.2. Strategy

For the analysis of v, (Ap), we will first perform an appropriate Taylor expansion (Eq. (2.5)). An expansion of
this kind is standard in this context, and analogous decompositions were already used in [4], [5] in continuous
setting and [11], [10] with a jump component. It can be viewed as a kind of It6 formula for Euler scheme,
because it permits to write the difference p(X,) — ¢(Xo) as a sum of a martingale, a term involving the
generator and a remainder term. Recall that Fj = O'(XO, (U;, Zj)je[l,k]])v k € N. Let us define the contributions
of the decomposition of v, (Ayp) in the following lemma.

Y (Xk—1,Uk) == V760k-1Uk - Voo(Xi—1 + Yibr—1)

+Yk /01(1 - t)Tr(D2(P(Xk—1 + Yibr—1 + t/VkOk—1Uk ) 0k—1U @ Ugoy_4

—D2p(Xp1 + Wb 1) Tk ), (2.3)
AL (Xip—1,Up) =7 (Xp—1,Us) — E[0f (Xi—1, Ug)| Fi-1],

Ei(Xk_l, Zi) = @(Xk—1 + kp—1Zk) — p(Xk—1) ”ykﬂ/ O( X1+ Kr—1y) — o(Xp—1)]7(dy).

s
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Moreover, we define the remainder contributions in the decomposition of v, (Ayp).

1
Dy (Xjm1) = %/ (Vo(Xk—1 + tybr—1) — Ve(Xg—1), bp—1)dt, (2.4)
0

Dlzc,’g(kal) = %ka((DQW(XkA + Yibp—1) — DQ(P(kal))qu),

DY (X1, Ur, Zi) = @(Xi) — (Xi—1 + Wbi—1 + VAkok—1Uk) — (9(Xio1 + r—12Z1) — o(Xp—1)) -

Lemma 2.4 (Local decomposition of the empirical measure). For all ¢ € C3(R%,R), k € N the following
decomposition holds:

P(Xp) — @(Xpo1) = WAP(Xp—1) + AL (Xi—1, Ur) + AL (Xp—1, Zi) + R (X—1, Uk, Zi), (2.5)
where
R{ (Xp—1, Uk, Zi) := Dy (Xp—1) + DyE(Xpo1) + DY #(Xeo1, Ur, Zi) + E[Yf (Xe—1, Up) [ Feca]. (26)

Furthermore, we have the following properties:

i) The functions u — A} (Xp—1,u) and z — ﬁ}g(Xk,l, z) are Lipschitz continuous s.t.

(A (Xk—1, )1 < Vkllor-1lll[Velloo < vARllollcol Vel
[A (Xk—1, )1 < [[Er-1lIVelloo < K]0 IVl

i) A7 (Xyk-1,Ux) and Af(Xk_l, Zy,) are martingale increments with respect to Fy, namely:
E[Af (Xk—1,Us)|[Fr-1] =0, ]E[ﬁf(Xk,l,Zkﬂ}'k,l] =0

The proof of Lemma, 2.4 is given in Section 4. Now we introduce the martingales associated to these martingale
increments:

M¢ ::ZA (Xp—1,Up), : Z AL (Xy—1, Z). (2.7)
k=1 k=1

Summing (2.5) over k we obtain the following global decomposition of the empirical measure:

valAg) = — - (M + MIf +9%), (28)

n

where we denoted

NE = R (Xeo1, Uk, Zi) — (9(Xn) — 0(X0)). (2.9)
k=1
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Using the definition (2.4) we can write R¢ = —L + D5, + D3, + D7, + G¢, with

LY == o(Xn) — ¢(Xo), 2bn' ZDzb Xp-1) 22n- ZDszk 1
DY, =" "DV(Xp1, U, Z), Gf = ZE [ (Xg—1, Up) | Fral- (2.10)
k=1 k=1

In the proof of Theorem 2.1, we need some key results stated below. The proofs of all these statements are
postponed to Sections 3 and 4. .

The main contribution in the decomposition (2.8) is given by the martingales M and M. Their analysis is
given with the help of the Gaussian Concentration inequality (1.5 and (1.10)), trough the following lemma:

Lemma 2.5 (Concentration of the martingale increments). Let A? and A? given by (2.3).
i) For any A > 0 we have

A, A2
E |owp (5 A7 (Xn1,Un) ) [Fact | < e (allo Vel g )

ii) Forall0<e<l,neNandA>0st £ < where p(r) is defined in (1.9), we have

I
6l[xllc IVeelloop(r) 2

A~ A2
B |oxp (- o201, 2) ) [Fics | < 00 (sl TR0+ ) )

The proof of this result is postponed in Section 4.
Now we formulate several propositions and lemmas that are used to control the components of the remainder
term R¥. The following proposition is the counterpart to the jumps diffusion of the useful Proposition 1 in [4].

Proposition 2.6. Under (A), there is a constant ¢y := cy ((A)) > 0 such that for any X € [0, cy]:

Ié ;= sup E[exp ()\\/V(Xn))] < +o0. (2.11)
n>0

The analysis of the crucial Proposition 2.6 is in Section 3.
Remark 2.7. In particular, we easily see that for all A € [0, cy] and € € [0, %]

1‘5/ = supE[exp (\V(X,)*)] < +oc. (2.12)
n>0

Note that for kK = 0 (purely continuous case), the integrability of exp ()\V(Xn)ﬁ) is available until £ = 1 (see
Proposition 1 in [4]). The loss of integrability is the consequence of the bound condition over A in the Gaussian
Concentration result of Proposition 1.5.

The initial term appearing in (2.5) is handled thanks to the result bellow.

Lemma 2.8 (Initial term). For any A >0 s.t. £ < GTenwl
n P

Eexp (A%) < exp (QCVW%)(I‘%) R
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1
with cy, Iy given in Proposition 2.6.

The detailed computations to get this result are in Section 4.
Next the last remainders are controlled as following;:

Lemma 2.9 (Remainders). For any A >0 s.t. & < 2oy

(IV el [l +[(Ve,0)]1) /Ty, ek

12 A(I9elloo bl +1(Ve )1 ) Ty TR
Eexp (—‘D bn|) (I,)7) 2evTn . (2.13)

Moreover, for any A > 0 s.t. A

- HUII2 I\D%Hm\/ F<2)

1
‘ bl 2
o121 D3¢ llooC 2 AT

A
Bexp (- |Dfy, ) < (427w (214)

Inequalities (2.13) and (2.14) are established in Section 4.

Lemma 2.10 (Bounds for the Conditional expectations). With the notations (2.10), and for 6 € (ﬁ, 1], we
have that
A (3+8) 348
Gl oz, 2 OBl B L (2.15)
v, ~ (1+8)2+8B+B) VI, =
The proof of this statement is also in Section 4.
(3£
Remark 2.11. The strongest condition over 6 comes from this remainder term. Indeed, for 6 < 3 + 355 % =
n =52 which goes to 0 if and only if 0 > 5 + Pl Whilst for the other remainders, for 6 < 7, we need to have
)
571% =n'7" —,, 0 which is implied by 6 > g.
Now, let us deal with the remainder term D) ,, relying on the jump vector (Zx)g>1.
Lemma 2.12 (Remainder term due to the jumps). If
A . 1 \/Cv 1 Cy
— < min ( , , , ) (2.16)
Iy 12]|Kllso|Veplloop(r) " 8Cy (T$P)1/2 4V/ Ty geT ()

with

3 3
Cri= p(r + HEIEAV OV IVelllID?¢lloo, Co 1= nlr + )8l D0l o5,
€ = pllo |3 [1D*¢lloo(v) 72 + uCY (2 Velloo + [IVlloo b1 + [(Vep, 0)]1 + llolloo | D 0lls),

and p(r) defined in (1.9), then we have:

oo (207, <o (12 + D). o

where we recall that e, = e, ((A)), n > 1, is a sequence such that e, —, 0.
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The proof of this lemma being one of the most intricate of this article, we postpone it to the end of
Section 4.

2.3. Proof of our main result
Proof of Theorem 2.1. Through the following analysis, we deal with P[vT,v(Ap) > a]. The term
P[vThvn(Ap) < —a| can be handled readily by symmetry.

From notations introduced in (2.8), v, (Ap) = —F%(S)f{ﬁ + M? + M?). The idea is now to write for a, A > 0:

P[VTavn(Ag) 2 a] < exp (~ \;%)E[exp (— 208+ Mg+ 37))]
A A —~ 1/q A 1/p
<exp(-— %)E[exp(— I(i—n(M,‘f—&—M,f))} E[exp (%Dﬁﬂ)} ) (2.18)

for % + % =1, p,q > 1. We will choose later p = p(n) —,, +00 slowly enough, which implies that ¢ = g(n) — 1.
Let A > 0. Recall from (2.4) that

% :7L¢+D2bn+D;E,n+Dﬁn+éﬁ

By Cauchy-Schwarz inequality, we obtain:

]E[exp (%Imm)}l/z) < <IEexp (I?|L<p|>> (Eexp (|Gﬂ)>41p o10)
(Eexp(gp/\’D b”‘)>;p<EeXp (% D;Z,nD)lép (Eexp(lfsp)\‘D n|)>1ép

We recall that all the long of our analysis, C' > 0 denotes a generic constant, (%, )n,>1 and (e, ),>1 are generic
non-negative sequences, (%, )n>1 and (e,)n>1 are generic non-negative sequences, depending on the coefficients
of the assumption (A), which may change from line to line, such that lim,, ., %Z, = 1, lim,_, €, = 0. For the
term associated with L¥ in (2.19), if % < by Lemma 2.8 we can write:

2C

2Cy, oA

A 1 A
(Eexp (2p)\|F"|)> < exp (2CV<PF )(I{‘}) vTn = exp(CF—). (2.20)

n n

From Lemma 2.10, with «,, defined in (2.15) and by Young inequality we obtain:

A2 22

an) < exp (Fn2 + %p) = R, exp (F—nen). (2.21)

A
(Eexp (—|G“’|)) < exp (\/FTL
In the last equality, R = exp(aZp,/2) and e, = 1/2p,. Recall that a,, —, 0. We choose p = p,, —, +00
such that p,a2 —, 0, to obtain %, —, 1.
For the term involving Dy, . from (2.19),

if 16pA 2cy

<
= TP NolIZID3 ¢l /Ty,

using Lemma 2.9, we can write

1
o112, 1 D3¢ lloo 02 ATD) Ar®

_1
(IE exp (1?71?)\ D;z,n‘)) o < (I‘l/Q) vTn = exp(C Fn
n n

en), (2.22)

(2)
where in the last equality we take e, = \F/% and recall that for any 6 € (3,

1
37
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For the remainder depending on DY from (2.19), if 222 < Zey , thanks to
pename 2bm (2.19) Do ™ 1@ (190l b1+ (T ,b)]1) /Ty
(2)

. r
Lemma 2.9 we have again for e, = Nk

ApA £ NN A N AT A
(EGXP (Tn‘D;b’” )) v < (1\1//2) ZeyTn = exp(C T )= exp(Cﬁen). (2.23)
Finally, Lemma 2.12 yields that if
16pA . 1 ey 1 cy
—— < min s , R .
Iy <12Hf<c||oo||V</>Hoop(r) 8C, (T)1/2 4V Cy 8@53))
with
3 3
Cr = p(r + DIEIEAV OV IVl [D*¢llc, Co = ulr + D8I ID* el o 1%,
. 1
¢ = pllol5 1 D*@lloo(v*) 2 + pCE (21 Vlloo + IVelloo b1 + [V, B)]1 + llo oo [ D¢l o),
1
p(r) =+vr(3+r)+ gt dexp(v/r+1+71/2),
then:
o
16pA i A PAZ A A2
E P2 e < 2P ) < e ), 2.24
el ()]} <ol B0) somfih ).

for p —,, +00 chosen such that pe, =: &, —, 0. We gather (2.20), (2.21), (2.22), (2.23) and (2.24) into (2.19);
finally from (2.18) we obtain:

qA 1 A A2

P[y/Tovn(Ap) > a] < exp (— ;%)E[exp (= R rg + 30)) P exp (= + F)e) B (229

Now, let us control the martingale terms thanks to Lemma 2.5. We take 0 < e < 1, and A > 0 s.t. ¢A\/T,, <
W, we recall that p(r) is defined in (1.9).
Thanks to Lemma 2.5 and the independence of Z,, and U,, conditionally to F,,_1 we can write

E exp ( - %(M;f +]T4:f))

A ~ A ~
(M, + DME)E  exp (= 22 (AS(Xo-1,Un) + A:f(an,Zn))\fan

:E[exp(—lg

<E LV v X 12, Vo 2 Vel 2 (1
<B|exp (~ L7, + M) exp (T (o2 9l + 812Vl + 7 +2)) ) |-
n n
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By induction we obtain

qA © ng q2)\2 2 2 2 2 S
Eexp (= 1= (Mg + 7)) < exp | (35 (K12 N VelZn( +7+2) + o2 Vel%) ) 3o
T, or2 p

212
q°A
= exp (S0 (I I Vel + 7+ 2) 4 ol 1) ).

Plugging this inequality into (2.25) yields:

P[\/Fnyn(.Ago) > a]
A A2 A A\?
< exp (= =) e (G (IRl Velon(1 + 7 +2) + 021 961%) ) exp (= + Fen) 7o

(2.26)

Next, we optimize the polynomial *\%\7 + %(HHHEOHV@Hgou(l +r+e)+|lo|%||VelA) over A which leads
to consider:

a1y,
a(ll6l2 IVl Zon(l + 1+ ) + [lol%IVelld)

We check first the assumptions over A in all lemmas that we used in this proof. In (2.20) and (2.24) we need
pAn/Tn < C. And for (2.22), (2.23) and (2.24) we need pA, /T, < % Finally ¢\, /T, < Ce, is required to
apply Lemma 2.5. We recall that we choose p — oo and ¢ — 1 and ¢ — 0.

We recall also that from the statement of the theorem a = a(n) (possibly depending on n) s.t.
a a

i < % —y 0. But if ¢ — 1, for n big enough 1’5—: = 7= < % — 0. Hence, the condition

Pho P9 PXn _ cp(2) (2.28)

r, VI, 1@

has to be satisfied. Let us calibrate p = p(n) — oo depending on x, — 0 s.t. limsup,, px, < C. This pick of p
yields (2.28). We can also choose, for C' > 0 large enough ¢,, = C’FX(”;) such that all conditions over A,,p,e are

satisfied with these choices.
The inequality (2.26) yields then for A = A;:

Ena’ A
]P)[ \% FnVn(AQO) Z a] S '@n €xXp ( - “ + - en)a
2(p(1+1)[I&2IVelZ + lolZIVelL)  VTn
with &, = — #ODISIL Vel Hio I Vel S 1 and 2ee, < Cae,.
a(ptr+o) IRlIZ 1 Vel2 Hlo |12 [Vel2,) n—too VI

If a < 1, we take C,, = %, exp(Cae,,) _->i- 1, otherwise if @ > 1 then we set ¢, = 1 — C;—% — 1. In any
n—-+0oo

n—-+oo
case, we write the result:

2

CnQ
P T > < — .
[VEwn(Ae) 2 o] < Crexp (= s o o)
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2.4. Proof of the Gaussian property of the jump innovation

Proof of Proposition 1.5. Suppose first that g : R” — R is Lipschitz continuous with [g]; < 1. The case of
[g]: > 1 follows by considering A = A[g]; and § = ﬁ. We suppose w.l.o.g. that g(0) = 0. We recall that thank
to the definition (1.1) the law of Z, is the same that the law of B, Y, where B,, is a Bernoulli variable with
parameter -,, independent of the random vector Y with distribution 7 on B(R"). We establish first that for all
£€ (0,1 and 0 <A < &5 (see (1.9))

A yap(l + (Bg(Y))? +€)

5 ). (2.29)

Eexp(Ag(Z,)) < exp(AEg(Z,,) +

Denote for this proof m, := Eg(Y"). Using (GC) property of ¥ we can write
Eexp(Ag(Z,)) = mimEexp(Ag(Y)) + (1 — pyn) < pym exp(Nimg +A2/2) + (1 — ).

Let us define

. A? 1yn (L4 m2 +¢)
ARP = pym exp(Amy + ) + (1= pm) = expAynmy + A 5 ) (2.30)

Here, the second exponential corresponds to the right-hand side in (2.29). We will show that A®*P < 0. Indeed,
let us develop the difference AS*P by power series expansion:

A2 n(l+m2+¢
ATP = pyn (Mg + =) = (pymAmyg + Vw

2
1 A2 1 Pyn A2 (1 +m?2 +¢)
+§/ﬂ’n(>‘m9 + ?)2 - §(N'Yn)\mg + 9 . )2+ QM)

[yn A iy N 1
- _T(e + pymmy) + 5 (mg (1 — pym (L +m) +¢))) + g/wn)\‘*(l — (1 +ml +2)?) +Q(N),

)

where

1 22 1 A2 (1 4+ m?2 +¢)
QM) = pm Y (g + )" = 3 (wmAmg + ).
k>3 k>3

In particular, using gy, <1 from (S), and £ < 1, we can roughly estimate:

ex A2 A3 1
ASP < _¢ 5t K 5 (Img|(3 +m3)) +§WHA4+Q(A), (2.31)

Because g is 1-Lipschitz continuous and from the assumption (GM) we obtain:
m2 = [Eg(Y,)[* < Elg(Y)]> = Elg(Ya) — g(0)* < [ghE|Y,|* = (gl > [Y* <.
k=1

Using again py, <1, A <1, e <1 we get

k k k-1 -
Q) < pm Y %(\/ﬂ %)’“ +M%Z’\(“+)(\/;+ @+r)

E>3 k>3

)* < 2uy NP exp(Vi + 1+ 1/2).
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Thus combined with (2.31) gives:

n\? A
ASP < _WQ - WQ

<N 2{ — e+ AT+ 1) + é)? +dhexp(vVT+1+7/2)} < pypA?/2{ — e+ Ap(r)}

1
(Imgl(3 +mg)) + gramA" + 207 X exp(Vr + 14 7/2)

which is negative if Ap(r) < e, with p(r) defined in (1.9). This proves the (2.29). Together with the inequality
mf] < r this proves the concentration inequality in the case [g]; < 1.
O

Remark 2.13. Note that » — p(r) is increasing, hence the condition we need to put on A in order to propagate
the Gaussian concentration from Y € R" to Z became stronger if the dimension r increase.

3. EXPONENTIAL INTEGRABILITY OF THE SQUARE ROOT
OF LYAPUNOV FUNCTION

Like in [4], we control the exponential moments of the Lyapunov function to handle the remainder terms
of the decomposition of the empirical measure. But our framework yields more constraints over the analysis.
Namely, we cannot directly use exp(CV ) which is not a priori integrable here. Indeed, let us consider the
Compound Poisson process Z; := Zk 1 Y. where (Yk) ken 1s an i.i.d. sequence of a standard normal variables
independent of N, which follows a Poisson law, which is the typical jump random variables that we aim to
approximate. Conditionally to Ny, Z; ~ N (0, Nt). So, if we choose the Lyapunov function to be the standard
quadratic map, i.e. for any x € R%, V() = |x|> + 1. We obtain in fine:

dyy
) 75 Lne>1l,

Blexp(WV (2] = B[Elesp(LZ2)IN] 2 L | explf? exp(- )

2N

this is integrable if almost surely N; < % which is not true for A > 0.

Proof of Proposition 2.6. Preliminarily to the proof of this proposition, we write some useful controls thanks to
assumption (Lv), for any x € R?,

VT (@) = | ) < VO )

V() © 2
* 2
IV @)l = I - St < e G 52)
To begin we check that v/V satisfies assumption (£y) iii). We have readily that:
AT = AV~ (0" WV < (- V + ) < VT + By, (3.3)

20/V 8V 2 AVATS

with By := 2%. The first inequality is a consequence of Remark 1.3. Furthermore, for the purely jump part
of the infinitesimal generator we write:

AVV () = AV (2) = / (VT T r@) — V) Fuunnmwu D,
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using (3.1). The previous inequality and (3.3) implies that:

A\F<——\F+ﬁv, (3.4)

where 3, = By + —CV”HZ”“W("D.
Next, let us decompose the Lyapunov function vV with a Taylor expansion similarly to Lemma 2.4. We
again use a splitting between the deterministic contributions and those involving the innovation. We write for

every n € N:
\/V(Xn) - \/V(Xn—l) = \/V(Xn—l + 'ann—l + \/%Un—lUn) - \/V(Xn—l)
+\/V(Xn) - \/V(Xn—l + 'ann—l + mgn—lUn)
- [%Tr(Dz\/V(Xn—l))En—l)] + [\/%O—n—lUn : V\/V(Xn—l + ’ann—l)

1
Jr’yn/ (1- t)Tr(DZ\/V(Xn_l + Ynbn—1 + t\/ non—1Up)on-1U, ® Una;’;_1>dt}
0

+[\/V(Xn)_\/V(XTL—I‘F'ann—l"'\/%O'n—IUn)_,UfYnTr(\/V( n— 1‘|'/"€ \/V )}
= Y AVV (X 1) + Vi (Xp1) + Va(Xn1) 4+ Va(Xno1,Un) + Va(Xo1,Un, Zn),

where for any = € R?, the first term is such that:

! \VAT4 \VAT4
Vi(2) = / (o). 3 o+ 13ba)) — S ()l

L \VA%
= / (o) = bla -+ 13ub(z). 5 + 1))l

1
.y / (b, %m +09()) = (b ) @)
= V() + V2 (2). (3.6)

Because b is supposed to be Lipschitz continuous and thanks to (Ly) ii), we readily writes:

21b], \A% C
vt < 2oy [V 4 ppar < 200 ), (3.7
Whilst the next term is more subtle. Indeed, observe that thanks to (Ly) ii) the following term is bounded:

VOVt | VOVIDVs | GV 65

D2V (V) (VV)*b
‘ = 0(3.8)7

v
b’WHS‘DQ\F 2\F+| 4v3

which directly yields again thanks to (Lv) ii) that

<
- 2 2 4

v( |+ b

1 2
’ynC’-A CV V(JC)
Vile) <2 [ dbwiar < BECOVENTL,
0
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Hence plugging (3.7) and (3.9) into (3.6) implies that:

v <2 (Y e VEWV ). (3.10)

The second term is handled by (3.2):

Yy 2 1DVl | Cv
V. < = + . 3.11
The third term satisfies the following identity:
Vs(2,Un) = v/ 30(2)Un - VVV (2 + 70b(2))
—|—’yn/ (1—t)Tr<D2\/V(x+7nb(x)+t vna(x)Un)U(x)Un®Un0(x)*)dt
0

(3.2) Y 1D*V ]| oo Cy

< Vo (@)U - VVV (2 + 3,b(2)) + = - 2 U2

< Vmo(z) V(z 4 vnb(x)) 2(2\/1}—* 4\/17)”0”00\ |

= V3(2,Up) +Vi(Un), (3.12)
and the last term is:

V4(xa U’fuZn)

= \/V(x+7nb( )+ 'Vna( YUn + k(x )Zn) _ﬁ($+7nb(m>+ PYnU(x)Un)
— YT (\/V (x4 r(z)) —/V(zx )

(351) VV (@ 4 b (2) + /Ao (@)U + £(2) Zn) — VV (@ + 1nb(x) + /Ano(2)Uy)
+m\lml@@w(l 1)
2

mnllfilloo\Q/WW(l 2l (3.13)

= Vi(2,Upn, Zn) +

Hence plugging (3.4), (3.10), (3.11), (3.12) and (3.13) into (3.5):

VV(X,) = VV (X 1)
*’Yn[%/\/v(Xn—l) — Byl + 7l thy + C3.5) VOV )VV (Xpo1)

8
Yy e PVl | Cv W llEllsovVCva([-]) | 10
+— + + V3 (X, — 7(Jn + + Vi (X aU’rL
2 ||U||oo< 2\/,1? 4\/’lF) 3( 1 ) 2 4( 1 )
< —%%V\/V(Xn,l) + By 4 VX1, Un) + V(U + VE (X1, Un, Zn), (3.14)
for
ay ay

Tn <

4([b]180v +C(3g)\/@) 4([b]1SCV _’_(@[b]l _i_\/WHQZVHoc +%)m)
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which corresponds to assumption (S) and

|1D*V]w , Ov
2v/v* 4/ v*

. _ 1 oV C .

We control the contribution of Vi(X,_1,U,) and Vi(U,) (defined in (3.12)) in the exponential moment
of /V(X,) by the Gaussian concentration hypothesis (GC) and V}(X,,_1,U,, Z,) (see (3.13)) thanks to
Proposition 1.5. We define for all z € R? and A > 0:

L\ z) = E{exp (A (z, Un))], L)) = E[exp (Avg(Un))},

L\ ) = E[exp (AW (z, Un,zn))].

Indeed, by (GC), we first write:

N, |0 (2) VV/V (@ + vnb(x))lz) “D ( XmCy llolls ). (3.15)

Il()\,:r)gexp< 5 1

Next, it is well known that under (GC), for any ¢ < 1, I. := E[exp(c|U,|?)] < +o0. So we have for any

2ev/5% s o
A< ©v 2DV T o , by Jensen’s inequality:

N D2v C 2
’Y'n,(” . 1l||<><>+ ‘: el

ID*Vioo

(o= + 1ol ).

L)) < [E exp (c|Un\2)} = exp ('yn ln([c)i (3.16)

2c

Now, let us deal with the third term I3(A, ). First of all, note that from definition in (3.13) and (3.1) the
function z — V) (X,—1, Uy, 2) is ||k]|eov/Cy-Lipschitz continuous.
Furthermore, we have that

EVi (@, Un, Zu)|Un]| = 1y EV5 (2, Un, Ya)|Unll < pyn v/ Cv [[6]l o (] - ).

Hence, by the Proposition 1.5, and for any 0 < A < (see (1.9)), for the corresponding notation of

1
_ 6[xlloov/Cv p(r)
Proposition 1.5 we take € = 1, and we get:

I;(\,z) < E[E [exp (A} (z,Un, Z0)) |Un]]

12 4 7)1 A Vi (2, Un, )1 )}

E[exp (AIE[V4 (2, Un, Zn)|Un] + 5

N
< exp (MimlBlloe vV Co(l - 1) + p(2 + 1) [8lIZCv =57). (3.17)

From now on, we assume that for all

)\0 2ev/v* 1 )

A< Ay :=min (1
v ( ¢ (Cv/2+ ID*V |lso)llo 271 6]|£]loov/Crv p(r)
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Gathering identities (3.14), (3.15), (3.16), and by the Cauchy-Schwarz inequality, we obtain that for any A < Ay,

Eexp (MWV(X,))
- E[exp (MWV(X_1))E[exp AVV(X,) = VV(X0 1)) yfn,l]}
< E[exp AWVV(Xn_1)(1 — %V%) + van])h(m,Xn_1)1/212(4x)1/413(4A,Xn_l)l/ﬂ

< exp (M) E [ exp (A1 = 70y )VV (Xo-1)) |,

where we have defined:

C
R A ., |loll3 T /L)*)
By =By + 7VH2 [ + In(1,) 2vv 24 !

lol1%

+ plllloo v/ Cv2m(] - [) + 20(2 + 1) |5]|2.Cv,

and

So (1 —y,dv) € [0,1) and we deduce by Jensen inequality:

(I_Wn&V)

E exp ()\\/V(Xn)) < exp ()\’ynB(,)E[exp (A\/V(Xn_l))} . (3.18)
For any A > 0, we introduce
Cy, == max (E[e/\‘/V(XO)L eAB(//a").

In particular, we have E[e*VV (X0)] < Cyx.
Let us check by induction that for every n € N:

E[e*VV (X)) < Cyx.
We deduce from (3.18) and by induction assumption that:
E exp ()\\/V(Xn)) < exp ()\'ynﬁ(,)C‘(}’;'y"dV) < Cyx.
We pick ¢y < Ay and the proof is completed. O
Remark 3.1. Observe also that v* := inf,cga V(x) > 0, we have that for all (n,&) € N x [0, 3], A < Ay (v*)1=¢:

€
Eexp(AV?$) = Eexp ()\(U*)5 (E) ) <Eexp (Av*)*7'V,) < Cy\(vrye—1 < +00.

/U*

>1

Hence, &€ € [0,1], A < Ay (v*)1—¢ | supneNIEeXp(/\\/Vi) < 400.
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4. PROOF OF THE TECHNICAL LEMMAS
Proof of Lemma 2.4. For k € [1,n], we first write:

O(Xk) — p(Xk-1) = (p(Xk) — p(Xk—1 + Vbk—1 + V/kOk-1Uk))
F(o(Xp—1 + Vebr—1 + VVEok-1Uk) — 0(Xi—1 + Yrbr—1)) + (0(Xrk—1 + Yebr—1) — ¢(Xr-1))
= Tp_1,(¢) + Th—1,- () + Tr—1,4(e),

with

Ti-1,5(¢) = (o(X) — @(Xp—1 + Ybr—1 + VI£0k-1Uk)),
1
Tr—1,a(p) = w(Vo(Xp-1),br—1) + %/ (Vo(Xg—1 + tyibr—1) — Vip(Xk—1), bp—1)dt,
0

Ti—1,r(¢) = VV0k-1Uk - V(X1 + vibk—1)

1
""Yk/ (1- t)TI"(DQSO(Xk—l + Yebr—1 + t/VOk—1Uk)oi—1 Ui ® UkU};,l)dt-
0

Thanks to this splitting, we are able to isolate the deterministic, the sub-Gaussian random variable approximat-
ing Brownian increments, and the jump contributions. Then we proceed by Taylor expansion up to the order 2

for the function ¢ in the two last terms of the r.h.s. of (4.1),
(Xk) = o(Xi—1) = Ve Ap(Xp-1)

+o(X) — o(Xp—1 + Ybk—1 + VV60k-1Uk) — p1yi /RT (P(Xp—1 + Fr—1y) — @(Xp—1)) m(dy)
+[ vk /01<V<P(Xk—1 + tybr—1) = V(Xg—1), b—1)dt]
+[%(D2@(kal + Yebi—1) — D*0(X5—1))] + [VAKOk-1Uk - Vo(Xi—1 + Yiebr—1)
+Yk /01(1 - t)TI"(DQ@(qu + Ybr—1 + ty/VkOk—1Uk ) ok—1Up @ Urop_y
~Dp(Xim1 + Wbi—1) T ) ],
We then write

@(Xk) - @(Xk—l)
= Ve AP(Xp-1) + Dy (Xi—1) + DEE +0f (Xio1, Us)

+o(Xk) = (Xp—1 +br—1 + Vok—1Uk) — pye | (0(Xi—1 + Kx—1y) — 9(Xk—1)) 7(dy)
RT

= Y Ap(Xip—1) + Dy (Xi1) + Dy& +f (X1, Uy)
+o(Xi—1 + K£r-12Z5) — o(Xp—1) — 1 /R (p(Xk—1 + Kr—1y) — ¢(Xp-1)) m(dy)]
+p(Xk) — (X1 + Yebr—1 + V7ETk-1Ux) — (p( X1 + Kx—12Zk) — ©(Xk—-1))]
= W AP(Xp—1) + Dy (Xp—1) + D5 (Xp—1) + ¢ (Xi—1, U)
+AL (Xp—1, Zi) + D (Xi—1, Uk, Zi). (4.2)
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Note finally, that by definition of Df"p(Xk_l, Uk, Zk) in the previous expansion (4.2):

Uf (Xn-1,Ur) = 9(X5) —0(Xi-1) —1eA@(Xi—1) — AL (Xi—1, Z1)

—~(Dyf (Xx—1)+ D& (Xp—1)+ D5 # (Xi—1, Uk, Z1))

= O(Xp—1+7be—1+vV1%0k-1Uk) +0(Xp—1+Er—1Z1) =V Ae(Xp—1) —20(Xk—1)
~AL(Xi-1,Z1) — (Dyf (Xk-1) + DyE(Xe1)),

hence after differentiating, we see that u — ¢y (Xx—_1,u) and hence u — A7 (X;_1,u) are Lipschitz continuous

with a modulus bounded by \/Vk—1|lok—1|IIV¢]lco < /Th=1117|l00l| V|l 0o-
Moreover, from the definition E[A} (Xj_1,Uy)|Fr—1] = 0 and using the definition of Z,, we get

E[AE(Xi—1, Z4)| Fii] (4.3)
= E[p(Xi1 + ki1 Z1) — o(Xeon)|Fir] — i /R (X ) — (X )] n(dy) = 0.
O

Proof of Lemma 2.5. We first prove the pomt ii).
For all € € (0,1) and0<—<

every n € N:

m (p(r) set in (1.9)), thanks to Proposition 1.5, we have for
77. 1 1o(T

A ~
E {GXP <_FA£( n—1,2 ) ‘]:n 1}
2

A~ A
< oxp (~ BB Co1. Z0) o] + 1005

sz Bt B ). (1.0

By definition of A?(X,,_1, Z,) in (2.3), and from (4.3) we have:

A~ ~
E[F*Aﬁ(anl,Zn)\fnfll =0, and [AL(X,1,)]F < [I5]Z]IVellZ.

The previous control with (4.4) directly yield:

A~ n
B [ (850612, ) [Fuca | < o0 (220 1NV (147 +2)) (@5)

. . A e
with the constraint 0 < £ < A= o= ()

The proof of the point i), is a direct consequence of the previous analysis without using Proposition 1.5,
which yields no restriction on A. O

Proof of Lemma 2.8. By assumption (Tg), we know that there exists Cy,, > 0 such that for any z €
R, Jp(x)] < CV,@(l + \/W), so we obtain:

Eexp (A|@(Xo);n(p(Xn)|) S EeXp (AOV7<P(2 + \/V(I)\i()) + \/V(Xn)))
< exp (QC'v,@FAn) E exp (QCVWA‘;‘(nXO))] ? lEeXp (QCVWAVI‘(an)ﬂ 2

A 2Cy, ,A

1
< exp (20V,¢F—)(I;) i
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The last inequality is obtained by Jensen’s inequality for £ - < 3 CV and by Proposition 2.6. O

Proof of Lemma 2.9. From the definition (2.4) we can write:

1
D’S:Z’ = Vk/ (Vo(Xk—1 + tyebr—1) — Vo(Xi—1), bp—1)dt
0
1
=] [ (T i) by = DX + b))
0

[ (V000 + tubi) — (VB (X))
0

From the boundedness of Vg, Lipschitz property of the mapping « +— b(x) (assumption (Cp)) and Lipschitz
property of the mapping = — (Vp(x),b(z)) (assumption (Tg)), using the assumption (Lv), ii) one derives
that:

br_
\Dg,ﬂ < %%(||V<P||oo[b]1 + [<V<P»b>]1> | k2 i < Craoyiv/ Vi1, (4.6)

for Ca ) := (|Veplloo b1 + [(Vip, 0)]1)¥S¥. Hence

D3, | < 20(4.6)%@.

k=1

Next, by the Jensen inequality (for the exponential function with ﬁ > k1720, as a measure), we deduce
that: "

n—1

Eexp (F%ID“;MI) < 1“51?) ;%E{em( 0(4 G)M)}

0(4.6)AF$1,2)

= (2) ZV E{eXp (CV\/K)}W7

’I’L

A c 2¢c .. . oy . .
for . < 0(4‘6‘)’11;2) = (I\Vgo\loo[b]lJr[(V‘;,b)]l)\/WF%” < 1, and cy is introduced in Proposition 2.6 which readily
yields:

1 n—1 0 1/2 C(4.6)ATh 12 Ca G)Ar‘n)
Eexp( ‘Dzbn|> < ) Vil ") v (L,/7) evre
In =
For the second inequality, we first use a Taylor expansion:
k
ID5E] = 2T ((D2(Xaot +bi-1) = DXp(Xi-1)) Tn ) )| (4.7)

1 1
§||0|| 1D @llooVilbr—1] < *Ilfflloo||D3<P||oo\/0ﬂﬁ|Vk—1\2-
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So

1 " )
D% 5] < SIollZ D% @llaav/Cy Y vl Vieal?.
k=1

2cy

Hence, like previously, by Jensen inequality and Proposition 2.6 for FA < o107 o/ T < 1 we obtain
" 9% Plloo vin

Bexp (7-1D55,0]) < Bexp (5ol D%l v/C vak 1/?)

1 2 N
< —o Z%Eexp( o ol 1Dl Wics )

r‘”u 12,11 D3 0ll oo /Ty
<11/2) 2cy Tn
V

IA

O

Proof of Lemma 2.10. The proof is similar to the analysis of Lemma 3 in [4]. By the definition (2.3), and because
Uk, k € [1,n], has the same moments as the standard Gaussian random variable up to order three (see (GM))
we have for every k € [1,n]:

1
E[¢f (Xk—1,Up)|Fr-1] = %/(1 - t)Tr<E[D290(Xk:71 + Vibr—1 + t/VeOk—1Uk) 01U @ Upoy_4
0

~D?*o(Xp—1 + rbr—1)Zk1 |-7:k71])dt

where
E {TT<D2<P(X/€—1 + Vebk—1 + t\/AkOk—1Uk)ok—1Us, @ Upoi_1 — D*p(Xp—1 + ’kak—l)zk—l) ’]:k—1]
= t\/’Tk/Ol E{TY(([D?’SD(XICA + Vebr—1 + uty/Tkok—1Ux) — D>o(Xi—1 + Yebr—1)]ok-1Uk)
(orr U ® Uka;;_l)) ’]—'k_l} du.

Then,

1
6 (X1, UDIFeall S [ (0= B o a0 [ ] o]
0 0

s ok [FPE UL
1L+B)2+AB+5)

We sum over k to get the result. O
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Proof of Lemma 2.12. Recall that we have denoted for n € Ny, F,, := a'(Xo, (Uj,Zj)je[[l)n]]) and F, = Fp, V

E[exp (FA N DR (X1, Tk, Zk))] (4.9)
" k=1
n—1
= E[exp (FA Z D?’W(Xk_l, Uy, Zk))E{eXp (FAD}D,n(Xn—l’ Uy, Zn)) .}N"n_lﬂ.

The idea is to control the last conditional expectation using Proposition 2.6. Recall that

Df,n(anlv Un, Zn) = @(anl +'7nbn71+\/ ’VnanflUn"'ﬁnlen)_S@(anl +'7nbn71+\/ 'Vno'nflUn)
- [(P(anl + /inlen) - @(anl)] .

Moreover, we have for any z € R":

|szfn(Xn—17 Una Z)‘

= |”€:L_1(v§0(Xn—1 + ’ann—l + YrnOn—-1Un + ”fn—lz) - v‘p(Xn—l + ’fn—lz))| < 2||K||oo||v§0||oo
(4.10)

Hence for all X,,_1, U, fixed the function z — D;;f(Xn,l, U,, z) is Lipschitz continuous satisfying

[DF

Jin

(Xn-1,Un, 2)]1 < 2[[6lloc [[Vepllos-

This estimation is used to bound A for which we can apply Proposition 1.5. However, we need a more subtle
control of the last Lipschitz modulus. Namely, using Taylor expansion we can write

VD7, (Xn-1,Un, 2)|
< w1 (Vo(Xn—1 4+ Ynbn-1 + kin—12) = Vo(Xpn_1 + kn_12))|
+rt 1 (Vo(Xp—1 + b1 + VInOn-1Upn + En—12) = Vo(Xn-1 + Ynbn-1 + £n-12))|
< 1Alloo (VEIVOI IV X1+ b1 +Fn12) = Ve (X1 +hn-12)[* + A D2¢llso 0 locl Unl)

1 1 1 1
< VnlElloo (V2CE VRl S ID?)| 5V T (Xn-1) + 1D*¢llollo 0| Unl)-
(4.11)

Now for any A satisfying 0 < FA < @y We get from Proposition 1.5 (with ¢ = 1 for the

S
] i 12[[c]loo [[Veelloop
corresponding notation)

A
E [exp (FDfn(Xn_l, Uy, Zn)>

ﬁn_l} (4.12)

A ~ A?
< exp (F-E[DE, (Xo 1, Un, Z0)| Foa] + 22

= EIDS, yt2 (2 P)DL (X1, U, )

A ~ ZA2
< exp (FMWE[D;?,L(X,L1,Un,Yn)fn1] + e (VW () + 02|Un|2)),
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where we have denoted

C1 = u(2+1)[6134VCv [VellollD? ¢l Ca = 2u(2 + 1)|8]2 1 D*¢ll5 112
and used the following identities:

D? (Xn—lyUnao) =0,

J.n

and
E[Df,n(anlv Un, Zn)u?nfl} = N'Vn]E[Df,n(anh Un, Yn)‘]?nfl]v

which is a consequence of the definition of Z,, in (1.1). To control E[DY, (X,,—1,Uy, Y,,)|Fn—1] we introduce for
any (z,y) € (R%)? the function:

¢(,y) := Elp(z + r(y)Yn)] — ¢(2),
which readily implies that:
E[Dfn(Xn—h Uy, Yn)|ﬁn—1] = (,Z(Xn—l + ’ann—l + \/ryna'n—lUnan—l) — @(Xn—laXn—1)~

The idea in the following is to apply the expansion of Lemma 2.4 with k = 0 to the function z — @(x,y),
which also corresponds to the expansion of Lemma 1 in [4] for diffusion without jumps. If x = 0, then X,, =

Xn—1 + Ynbn—1+ /n0n-1U,, we can write using (2.5) and the definition (2.3) of Af with Mf = Dfn =0:

@(Xna Xn—l) - @(Xn—lv Xn—l) = 'YnJZQE(Xn—l) + Dib,n(Xn—l) + Df,z,n(Xn—l) + Q/JS(Xn—la Un)~ (4~13)

All the terms in the right have obviously the same properties as the corresponding terms in the similar expansion
of ¢ given by Lemma 2.4 with x = 0. In particular, for any y € R, the map @(-,y) is Lipschitz continuous with

IVE(,9)lloo < 20IVelle, 1D, 9)lloo < 211D%¢lloo,  1D°3(,y)lloc < 20ID°¢l|cc- (4.14)

Furthermore, D‘; b and DY - satisfy similar inequalities as (4.6) and (4.7) where ¢ is replaced by @. We

directly have thanks to the definitions (1.4), (2.4), identities (4.6), (4.7) and (4.14):

b AP(Xn1)] = Aul(bn 1, V(X)) + 5T (00" D2P(X 1))

< VNV (X )Vl + 012 1D%¢ ) < 1mCsVV (Xny),
1DZ, (Xn-1)| = ] /01<W(Xn_1 + tYnbp1) — V@(Xp1), b1 )dt]

<2 (19@ s + (95,80 ) 2] < 200, V(X ),
D o (Xn1)| = %"Tr((D%z(Xn_l +Yubn 1) — D2@(Xp 1)) S0 1)]

< lolZ I D3elle CEVV (X0 1),

where Cs := 2v/Cv |[V@|loo + ]2 11D 0|0 (v*) ™2, we recall that 0 < v* < inf,cpa V(2) introduced in (L)
and C.6) = ([[Velloo[bl1 + [V, b>]1)@ Therefore, from the previous controls and using (4.12) and (4.13),
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we get that there is a constant C' = C((A)) > 0 such that:
A, ~
E exp FinDj’n(Xnil’ U’ruZn) ‘]:nfl

A = A?
< exp (F’Yﬂ (Q:’Yn\/V(anl) + wrf(anla Un)) + 2F2 o179 In

S (CWVV(Xp) +C2|Un|2))7 (4.15)
with
€ = 11(Cs +2Cu6) + o]l D¢l C)
= ullo)|Z 1 D*¢lloe (v*) 72 + pCE (21| Vellso + IVelloo Bl1 + [(Vep, B)]1 + [lolloo | D3]l o0 ) - (4.16)

Next, we separate the unbounded contribution from the terms involving (\/V(Xk))ke[[l,n]]a (|Uk*)keqi,ng by 2
global Cauchy-Schwarz inequality:

E |exp (éxn zn:Df’w(kah Uk, Zk))
k=1
<E |exp <iﬁ§ {D?(p(Xk—l, Uy, Zk) = 1(€ + C1%)W(Xk—1) - 12—\12’71302|Uk|2}>] 5
[exp ( Z PR(e+ V() + “F[; RCo|UK| }) ] - T % T3 (4.17)
' k=
Again by the Cauchy-Schwarz inequality, we get:
T§/2 < ]E{exp (4%(@: + 01%) gwgﬁ()(k_l)” i[E[exp (SI‘/;; k:%%OQUkF)} 1/4. (4.18)

2.2
We control the second expected value under condition 80";; 1 < 1 using Jensen inequality:

I}E[exp(SCIV?QA2 zn:%%‘UkF)rM < (zn: Fv(k)E[ (8021/},211—‘|U | )}>1/4

o k=1 k=1

U222

< E{exp (UT)} o (4.19)

Because U, satisfies (GC), Elexp (=~ et )] < +00. We handle the first expectation in (4.18) by the same method,
AZ

using Jensen inequality under condltlon F— < SGF(Q), =

< ﬁ and Proposition 2.6 and we obtain:
1l n

NG

E[exp (4%(6 +C iA) i’Y}%ﬁ(Xk—l)ﬂ
n " k=1

< (F @ Z’V%E[exp( F(2) A (€+C1 Fﬂ)ﬁ(Xkl))})

n k=1

Bl

Al"(

< (1Y) (erer 2 (4.20)
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Gathering (4.18), (4.19) and (4.20), and recalling that — 0, we deduce that:

F
A A?
Té/z < exp ((W + F—)en). (4.21)

The first term in (4.17), Y1, is handled by identity (4.15).

2A >
Tl < E[exp (r—’ynll)f(anh Un)

n

nfl
2A
ﬁz Dkﬂ" Xk 17Uk,Zk) (Q:-Fclrn

k=1

=E [E {exp (7771"/}5()(71717 Un)|}—n*1]

)ﬁMH>@%%WW

2A

)W) - Eortcalvn])].

xexp( Z Dkg@ Xk 1,Uk,Zk) vk(¢+C1
" k=

and because U, satisfies the condition (GC):

3
o= eXp(Fﬂ” (1+B)(2+6)(3+B) 2

2
il Vel

2A

rn)W(X’H) -

LA;%%CﬂUkFD]

[exp( i DkLP Xk 1,Uk7Z}C) ’Yk<€+c1 T

The last inequality is a consequence of the inequality (4.8) in the proof of Lemma 2.10 and the Lipschitz modulus
control of ¥?(X,,_1,-) in Lemma 2.4. Hence, we iterate this procedure and with some positive constants Ch C’g
not depending on A neither n but only on the assumptions we get:

~ (5+B) ~ 9 (3) 9
CLATS 2 ) CoA?Té A A
< = — —_— .
Ti < exp ( T, 12 ) xp ((\/rj * rn)e") ’ (4.22)

where, using r — 0 for 6 > =. Eventually, inequalities (4.21) and (4.22) yields that:

n

[exp Z (Xk—1, Uy, Zk))} < exp ((\/% + Ij}i)en) .

" k=

5. NUMERICAL RESULTS

This section is a numerical illustration of the deviations results of the empirical measure v, from
Theorem 2.1. We consider the mono-dimensional case, d = r = 1. The innovations (U;);>1 and X, are Gaussian
variables. Also, a difficulty is to approximate the jump part of generator Ap, namely w(p(z + k(z)-) — p(z))
for € R. To avoid this problem, we choose (Yj)r>o to be Bernoulli variables, hence we directly get
m(p(z + K(2)) — p(2) = 2(p(z + K(2)) + p(z — K(z))) — p(x). We consider for the coefficients and the test



912 A. GLOTER, I. HONORE AND D. LOUKIANOVA

-0.5

-1.5

-2.5

-3.5

-4.5

0 0.2 0.4 0.6 0.8 1 1.2 1.4
a

FIGURE 1. Plot of a — gn(a), for 6 = §, with ¢(z) = o(x) = cos(z).

function b(x) = —F, and o(x) = k(x) = p(x) = cos(x) in (E). Note, in particular, that we have picked a degen-
erate framework. Thanks to Theorem 2.1, for (v)k>1 = (k%) g>1, 6 € [1/3,1] (corresponding to 8 = 1 therein)
the function

a € RY — g,(a) :=log (P[|v/Tnrn(Ap)| > a])

is such that for

a2

—C
“2llolZIVell% + 4llslZ1Vels

gnla) < +log(2C,,).

In Figure 1, we plot the the curves of g, for 6 = % + 1073, also we perform the simulations for n = 5 x 10,
the probability is estimated by Monte Carlo simulation with MC = 10* realizations of the random variable
[vIvn(Ap)| in the unbiased case. Let us also introduce the function

0,2

20012 IVelZ + sl I Velld,”

Sy(a) :=

such that g,(a) < ¢, S, (a) + log(2C,,).

The Figure 1 enhance the fact that g,(a) is indeed under a quadratic form in a. Nevertheless, we see that
the result of Theorem 2.1 is not sharp, to obtain such a result we have to avoid the dimension dependency and
to provide a more accurate concentration property than the one of Proposition 1.5.

REFERENCES
[1] D. Appelbaum, Lévy Processes and Stochastic Calculus. Cambridge University Press (2009).



2]

3]
(4]

5]
6]
[7
g
9
[10]
1]

(12]
(13]

(14]

(15]

APPROXIMATION OF THE INVARIANT DISTRIBUTION FOR A CLASS OF ERGODIC JUMP DIFFUSIONS 913

D. Bakry, I. Gentil and M. Ledoux, Analysis and Geometry of Markov Diffusion Operators. Vol. 348 of Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer, Cham (2014).

N. Frikha and S. Menozzi, Concentration bounds for stochastic approximations. Electron. Commun. Probab. 17 (2012) 15.

I. Honoré, S. Menozzi, and G. Pages, Non-asymptotic Gaussian estimates for the recursive approximation of the invariant
distribution of a diffusion. Ann. Inst. Henri Poincaré Probab. Stat. 56 (2020) 1559-1605.

I. Honoré. Sharp non-asymptotic concentration inequalities for the approximation of the invariant distribution of a diffusion.
Stochastic Process. Appl. 130 (2020) 2127-2158.

M. Johannes, The statistical and economic role of jumps in continuous-time interest rate models. J. Finance 59 (2004) 227-260.
D. Lamberton and G. Pages, Recursive computation of the invariant distribution of a diffusion. Bernoulli 8 (2002) 367-405.
H Masuda, Ergodicity and exponential S-mixing bounds for multidimensional diffusions with jumps. Stoch. Process. Appl.
117 (2007) 35-56.

F. Malrieu and D. Talay, Concentration Inequalities for Euler Schemes, in Monte Carlo and Quasi-Monte Carlo Methods 2004,
edited by H. Niederreiter and D. Talay. Springer, Berlin, Heidelberg (2006) 355-371.

F. Panloup, Computation of the invariant measure of a Lévy driven SDE: rate of convergence. Stoch. Process. Appl. 118
(2008) 1351-1384.

F. Panloup, Recursive computation of the invariant measure of a stochastic differential equation driven by a Lévy process.
Ann. Appl. Probab. 18 (2008) 379-426.

E. Priola. Pathwise uniqueness for singular SDEs driven by stable processes. Osaka J. Math. 49 (2012) 421-447.

D. Talay, Stochastic Hamiltonian dissipative systems: exponential convergence to the invariant measure, and discretization by
the implicit Euler scheme. Markov Processes Related Fields 8 (2002) 163-198.

D. Talay and L. Tubaro, Expansion of the global error for numerical schemes solving stochastic differential equations. Stoch.
Anal. Appl. 8 (1990) 94-120.

G. Tauchen and H. Zhou, Realized jumps on financial markets and predicting credit spreads. J. Econometrics 160 (2011)
102-118.



	Approximation of the invariant distribution fora class of ergodic jump diffusions
	1 Introduction
	1.1 Setting
	1.2 General notations
	1.3 Hypotheses
	1.4 Existing results

	2 Main results
	2.1 Result of non-asymptotic quasi-Gaussian concentration
	2.2 Strategy
	2.3 Proof of our main result
	2.4 Proof of the Gaussian property of the jump innovation

	3 Exponential integrability of the square rootof Lyapunov function
	4 Proof of the technical lemmas
	5 Numerical results

	References

