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Soliton gases represent large random soliton ensembles in physical systems that display integrable
dynamics at the leading order. We report hydrodynamic experiments in which we investigate the
interaction between two “beams” or “jets” of soliton gases having nearly identical amplitudes but
opposite velocities of the same magnitude. The space-time evolution of the two interacting soliton
gas jets is recorded in a 140−m long water tank where the dynamics is described at leading order by
the focusing one-dimensional nonlinear Schrödinger equation. Varying the relative initial velocity of
the two species of soliton gas, we change their interaction strength and we measure the macroscopic
soliton gas density and velocity changes due to the interaction. Our experimental results are found
to be in good quantitative agreement with predictions of the spectral kinetic theory of soliton gas
despite the presence of perturbative higher-order effects that break the integrability of the wave
dynamics.

I. INTRODUCTION

Soliton gas (SG) is a concept in statistical mechanics
and nonlinear physics that has been originally introduced
by V. Zakharov in 1971 [1] as a large random ensemble
of interacting solitons of the Korteweg-de Vries (KdV)
equation. In the original Zakharov’s model, the KdV SG
is diluted with all solitons being individually discernible
in the physical space where they occupy random posi-
tions and have random amplitudes. The emergent dy-
namics of SG on a macroscopic (hydrodynamic) scale,
significantly larger than the characteristic soliton width,
is determined by the fundamental properties of the “el-
ementary” interaction between individual solitons. Ow-
ing to the integrable nature of the KdV equation soliton
collisions are pairwise (multi-particle effects are absent)
and elastic, so that the interaction does not change the
soliton amplitudes and velocities but produces only the
additional position (phase) shifts [2].

In ref. [1] Zakharov introduced the kinetic equation for
a non-equilibrium diluted gas of weakly interacting soli-
tons of the KdV equation. The Zakharov kinetic equation
was generalized to the case of a dense (strongly interact-
ing) KdV SG in ref. [3]. The kinetic theory of SG for the
focusing one-dimensional nonlinear Schrödinger equation
(1D-NLSE) has been developed in refs. [4, 5].

Due to the presence of an infinite number of conserved
quantities, random ensembles of nonlinear waves in in-
tegrable systems do not reach the thermodynamic equi-
librium state characterized by an equipartition of energy
leading to the so-called Rayleigh-Jeans distribution of the
modes. Consequently, the properties of SGs are very dif-
ferent compared to the properties of classical gases whose
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particle interactions are non-elastic. The question of the
thermodynamic properties of SGs is addressed by invok-
ing generalized hydrodynamics (GHD), the hydrodynamic
theory of many-body quantum and classical integrable
systems [6–9].

It is well known that a comprehensive description
of solitons and their interactions in physical systems
described by integrable equations like the KdV equa-
tion or the 1D-NLSE is achieved within the frame-
work of the celebrated inverse scattering transform (IST)
method [2, 10–13]. In the IST method, each soliton is
parametrized by a discrete eigenvalue of a linear spectral
problem associated with the nonlinear wave equation un-
der consideration [14]. The fundamental property of inte-
grable dynamics is isospectrality, i.e. the preservation of
the soliton spectrum (the eigenvalues) under evolution.

The central quantity of interest in SG theory is the den-
sity of states (DOS), which represents the statistical dis-
tribution over the spectral (IST) eigenvalues. The spec-
tral kinetic description of non-uniform (non-equilibrium)
SGs involves the continuity equation for the DOS (associ-
ated with the isospectrality condition) and the equation
of state defining the effective velocity of a tracer soliton
inside a SG, which differs from its velocity in the “vac-
uum” due to the pairwise interactions with other solitons
in the gas, accompanied by the position/phase shifts.

Despite the significant developments of the SG theory
[5, 8, 15–23], the experimental and observational results
related to SGs are quite limited [24–30]. In recent works,
it has been shown that SGs with controlled and mea-
surable DOS can be generated in laboratory experiments
made with deep-water surface gravity waves [30]. An im-
portant step towards the quantitative verification of the
spectral kinetic theory of SG has recently been made in
optical fiber experiments where the refraction of a soli-
ton by a dense soliton gas has been demonstrated [31]. In
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this experiment, the velocity change experienced by the
tracer soliton in its interaction with an optical SG has
been found to be in good quantitative agreement with
the results of the spectral kinetic theory of SG.

In this article, we report further experiments to inves-
tigate the physical validity of the kinetic theory of SG.
Instead of considering the interaction between a single
tracer soliton and a SG like in ref. [31], we examine the
interaction between two SG “beams” or “jets” in hydro-
dynamic experiments performed with deep-water surface
gravity waves. By the SG jet we mean a SG having a nar-
row distribution of the discrete IST eigenvalues around
some given point in the complex spectral plane. Some-
times such special SG’s are called monochromatic, with
the DOS modeled by the Dirac delta-function. Mathe-
matically, the introduction of a DOS in the form of a
linear superposition of several delta-functions (the “poly-
chromatic” ansatz) leads to a significant simplification of
the kinetic equation and the availability of analytical so-
lutions describing various SG interactions [4, 15, 20, 32].

In our experiments, we consider the interaction of two
monochromatic SG jets that are configured to have equal
amplitudes and opposite velocities. In physical space,
each jet has the form of a large ensemble of individual
solitons, with all the solitons having nearly the same am-
plitude and velocity. This configuration has been con-
sidered theoretically in ref. [4] by formulating an appro-
priate Riemann problem for the SG kinetic equation. In
this specific setting the DOS in the interaction region
represents a linear superposition of two delta-functions,
which reduces the SG kinetic equation to two quasilinear
partial differential equations of hydrodynamic type. As
shown in [4, 15, 22] the Riemann problem for the result-
ing two-component hydrodynamic system admits a sim-
ple weak solution consisting of three constant states (for
each component) separated by two propagating contact
discontinuities. This solution, in particular, describes the
component density and velocity changes resulting from
the nonlinear interaction between two SG jets. In this
paper, we present hydrodynamic experiments where the
theoretical predictions from the spectral kinetic theory
of SG are verified with good accuracy, further confirming
its physical validity.

This article is organized as follows. In Sec. II, we
present the theoretical background from kinetic theory
of SGs, which is necessary to describe the interaction
between SG jets in the framework of the focusing 1D-
NLSE. We illustrate the theoretical results with numer-
ical simulations of the reduced kinetic equation describ-
ing the evolution in space and time of the densities of
the two SG components. In Sec. III, we show how the
IST method can be used to realize the implementation of
two interacting SG jets in direct numerical simulations
of the 1D-NLSE. In Sec. IV, we report our experimen-
tal results and compare them with the predictions of the
kinetic theory.

II. THEORETICAL BACKGROUND

In this section, we provide a brief summary of the the-
oretical results from the SG theory that are relevant to
the description of the interaction between two spectrally
“monochromatic” SG jets. More details about this spe-
cial class of SGs can be found in refs. [4, 15, 20, 23, 33].
We also illustrate the main theoretical results from the
kinetic theory of SGs with some numerical simulations of
the simplified SG kinetic equation describing the “two-
jet” interactions.

A. Analytical results from the spectral kinetic
theory of SG

We consider nonlinear wave systems described by the
integrable focusing 1D-NLSE that reads

iψt + ψxx + 2|ψ|2ψ = 0. (1)

The fundamental soliton solution of Eq. (1) parameter-
ized by the the complex IST eigenvalue λ = α+iγ (α ∈ R,
γ ∈ R+) reads

ψ(x, t) = 2γ
exp[−2iαx− 4i(α2 − γ2)t− iϕ0]

cosh[2γ(x+ 4αt− x0)]
, (2)

where x0 and ϕ0 represent the initial position and phase
parameters. The real part of the eigenvalue λ encodes the
velocity −4α of the soliton in the (x, t) plane, while the
imaginary part determines its amplitude 2γ (as a matter
of fact, the IST spectrum of (2) also includes the complex
conjugate λ∗ = α− iγ).
In the spectral kinetic theory of 1D-NLSE SG, the

DOS represents the distribution f(λ;x, t) over the spec-
tral eigenvalues, so that fdαdγdx is the number of soli-
ton states found at time t in the element of the 3D
phase space [α, α + dα] × [γ, γ + dγ] × [x, x + dx]. Due
to the isospectrality condition associated with the inte-
grable nature of Eq. (2), the space-time evolution of the
DOS f(λ;x, t) is governed by the continuity equation

∂f

∂t
+
∂(sf)

∂x
= 0, (3)

where s = s(λ;x, t) represents the transport velocity of a
tracer soliton inside a SG. For the focusing 1D-NLSE, the
equation of state connecting the SG transport velocity
with the DOS f(λ;x, t) reads

s(λ;x, t) = −4ℜ(λ) +
1

ℑ(λ)

∫∫
Λ+

ln

∣∣∣∣µ− λ∗

µ− λ

∣∣∣∣
[s(λ;x, t)− s(µ;x, t)] f(µ;x, t)dξdζ

(4)

where µ = ξ + iζ and Λ+ ⊂ C+ \ iR+ represents the 2D
compact domain or 1D curve in the upper complex half-
plane where the discrete eigenvalues parametrizing the
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SG of interest are located (it is sufficient to consider only
the upper half-plane due to the c.c. (Schwarz) symmetry
of the soliton spectrum).

Eqs. (3), (4) form the general kinetic equation for
the focusing 1D-NLSE SG (see [4, 5]). It is a nonlinear
integro-differential equation describing the evolution in
space and time of the SG DOS f(λ, x, t). The system (3),
(4) can be considerably simplified if it is assumed that the
SG is composed of a finite number of “monochromatic”
components, or SG jets, each characterized by a DOS in
the form of a Dirac delta-function. Here we concentrate
on the two-component case involving two species of soli-
tons with identical amplitudes and opposite velocities.
The corresponding DOS has the form

f(λ;x, t) = ρ1(x, t) δ(λ− λ1) + ρ2(x, t) δ(λ− λ2) (5)

with λ1 = −α + iγ and λ2 = α + iγ. Here ρ1,2(x, t) are
the SG component densities.

Under the ansatz (5) Eqs. (3), (4) reduce to the fol-
lowing “two-jet” hydrodynamic system [4]

∂ρ1(x, t)

∂t
+
∂(s1(x, t) ρ1(x, t))

∂x
= 0,

∂ρ2(x, t)

∂t
+
∂(s2(x, t) ρ2(x, t))

∂x
= 0,

(6)

with the component transport velocities given by

s1 = 4α
1− κ(ρ1 − ρ2)

1− κ(ρ1 + ρ2)
,

s2 = −4α
1 + κ(ρ1 − ρ2)

1− κ(ρ1 + ρ2)
.

(7)

Here κ is the interaction parameter

κ =
1

2γ
ln

(
1 +

γ2

α2

)
, (8)

which represents the space shift due to the collision be-
tween two individual solitons with spectral parameters
λ1 and λ2 [34].
As observed in [4] (see also [33]) system (6), (7) is

equivalent to the so-called Chaplygin gas equations, the
system of isentropic gas dynamics with the equation of
state p = −A/ρ, where p is the pressure, ρ is the gas den-
sity and A > 0 is a constant. The Chaplygin gas equa-
tions occur in certain theories of cosmology (see e.g. [35])
and are also equivalent to the 1D Born-Infeld equation
arising in nonlinear electromagnetic field theory [36, 37].
The fundamental property of system (6), (7) is its lin-
ear degeneracy. Indeed, upon introducing the dependent
variables s1,2(x, t) instead of ρ1,2(x, t) in (6) one arrives
at the diagonal system

∂s1
∂t

+ s2
∂s1
∂x

= 0,
∂s2
∂t

+ s1
∂s2
∂x

= 0, (9)

with the characteristic velocities not depending on the
corresponding Riemann invariants. Linear degeneracy of

x

(a)

(b)

FIG. 1. (a) Initial condition (Eq. 10) for the Riemann prob-
lem for the two-jet hydrodynamic system (Eqs. (6), (7)) and
(b) schematic of the solution given by Eq. (11).

system (6), (7) implies the principal absence of wave-
breaking effects accompanied by the classical shock for-
mation with the only admissible singularities being con-
tact discontinuities [38].

Following ref. [4], we use system (6), (7) to describe
the collision between two SG jets with spatially uniform
DOS’s: ρ10δ(λ−λ1) and ρ20δ(λ−λ2)—that are spatially
separated at initial time. The corresponding initial con-
dition for Eq. (6) has the form

ρ1(x, 0) = ρ10, ρ2(x, 0) = 0 for x < 0,

ρ1(x, 0) = 0, ρ2(x, 0) = ρ20 for x > 0,
(10)

and it is schematically shown in Fig. 1(a).

This is a Riemann or “shock-tube” problem for the
system of hydrodynamic conservation laws (6). Its solu-
tion, schematically shown in Fig. 1(b), consists of three
constant states for (ρ1, ρ2) separated by two contact dis-
continuities [4]:

(ρ1(x, t), ρ2(x, t)) =


(ρ10, 0) x < c−t,

(ρ1c, ρ2c) c−t ≤ x < c+t

(0, ρ20) c+t ≤ x,

(11)
where the values of the component densities ρ1c, ρ2c in
the interaction region and the velocities c− and c+ of
the contact discontinuities are found from the Rankine-
Hugoniot conditions to be (see [4] for details)

ρ1c =
ρ10(1− κρ20)

1− κ2ρ10ρ20
,

ρ2c =
ρ20(1− κρ10)

1− κ2ρ10ρ20
.

(12)
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FIG. 2. Evolution of the densities ρ1,2c and of the velocities
s1,2c of the interacting SG jets as a function of α, the pa-
rameter determining the relative velocity of the two jets. The
plots in the left (resp. right) column are computed from Eq.
(12) and Eq. (13) with parameters that describe the densi-
ties of the non-interacting SGs being ρ10 = ρ20 = 0.4 (resp.
ρ10 = ρ20 = 0.16) and γ = 1. The red dashed lines represent
the free velocities ±4α of the non-interacting SGs (κ = 0).

c− = s2c = −4α
1 + κ(ρ1c − ρ2c)

1− κ(ρ1c + ρ2c)
,

c+ = s1c = 4α
1− κ(ρ1c − ρ2c)

1− κ(ρ1c + ρ2c)
.

(13)

One should note that the denominators in (12), (13)
never vanish due to fundamental restriction related to the
notion of critical, or condensate, DOS (see [5]). More-
over, it is not difficult to show that the interaction be-
tween the two SGs results in a “dilution” of each of the
two species, i.e. ρ1c < ρ10, ρ2c < ρ20.
Fig. 2 shows the densities ρ1,2c and the velocities s1,2c

in the interaction region as functions of α, which is the
parameter that determines the relative velocities of the
two SG species. The parameter γ determining the ampli-
tude of the solitons has been fixed to unity. The initial
densities are taken to be ρ10 = ρ20 = 0.4 in the left col-
umn and ρ10 = ρ20 = 0.16 in the right column. For
the values of α that are large enough (α ≳ 0.7), the in-
teraction parameter κ is relatively small (κ ≲ 1) and
the kinetic theory predicts that the density changes in
the interaction region are relatively small (ρ1,2c ∼ ρ1,20).
On the other hand, the interaction between the two
species increases when their initial relative velocity is
small (α ≲ 0.5). This results in the density changes that
are more significant for smaller values of α.

The dashed red lines with slopes ±4α in Fig. 2 rep-
resent the velocities that each species of SG would have
in the (x, t) plane without any interaction with the other

one (κ = 0 in Eq. (13)). The black lines in the bottom
row of Fig. 2 indicate the velocities s1,2c that are taken by
each species as the result of the interaction with the other
one. The comparison between the right and left columns
shows that the velocity changes are more important when
the initial density of the SGs is large. One of the goals of
this paper is to compare the theoretical curves presented
in Fig. 2 with results of physical experiments, see Sec.
IV.
We now present two series of numerical simulations

where we verify the weak solution (11) by (i) numerically
solving the two-jet kinetic equation (6) and (ii) perform-
ing direct simulations of the 1D-NLSE (1). Both simu-
lations are performed for the initial data relevant to the
physical experiments to be discussed in Section IV.

B. Numerical simulations of the kinetic equations

Fig. 3 shows numerical simulations of the kinetic equa-
tion illustrating the theoretical results presented in Sec.
IIA. We consider two SG jets with the DOS being given
by Eq. (5) and λ1,2 = ∓0.5 + i (α = 0.5, γ = 1), as
shown in Fig. 3(a). We have numerically integrated the
“two-jet” kinetic equations (6) using a standard pseudo-
spectral method where the space derivatives are com-
puted in Fourier space. To avoid numerical problems
associated with the finite size of the numerical box and
the discontinuities of the initial condition used in the
analytical calculations of ref. [4] (Eq. (10)), the initial
condition taken in our numerical simulations is composed
of two boxes of large extents and uniform initial densities
ρ10 = ρ20 = 0.4, as shown in Fig. 3(b).
Fig. 3(d)(e) show the space-time evolutions of the den-

sities ρ1,2(x, t) of the two SG jets that are initially sep-
arated and start interacting from t ∼ 5. As a result
of the interaction the density of each species falls from
ρ10 = ρ20 = 0.4 to ∼ 0.302, see the color scale that
changes from yellow to green in Fig. 3(d)(e). The numer-
ical value of the densities computed in the interaction re-
gion is in perfect agreement with theoretical predictions,
as shown in Fig. 3(c) where the green dashed line repre-
sents the densities ρ1c = ρ2c that are computed using the
analytical expressions given by Eq. (12).

In addition to the density changes due to the interac-
tion, Fig. 3(d)(e) show that the velocity changes found
in numerical simulations are also in perfect agreement
with theoretical predictions, see white dashed lines par-
allel to the boundaries of the SGs and associated with
velocities s1c ∼ 3.898 and s2c ∼ −3.898 that are given by
Eq. (13). Finally, Fig. 3(f) shows that despite the den-
sity of each species decreases due to the interaction, the
total density ρ1c+ρ2c of the SG in the interaction region
is larger than the individual densities ρ1,2(x, t) = ρ10,20
of each gas outside the interaction region. At the same
time, [ρ1c + ρ2c] < [ρ10 + ρ20], i.e. the SG component
interaction leads to the overall dilution compared to the
non-interacting two-component gas. This feature has al-
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FIG. 3. Numerical simulations of the “two-beam” kinetic equations (Eq. 6) showing the interaction between two jets of SGs.
(a) Spectral (IST) parameters of the two interacting SGs, with the DOS being defined by Eq. (5) with λ1 = −0.5 + i and
λ2 = 0.5 + i. (b) Initial distribution of the densities ρ1,2(x, t = 0). (c) Numerically computed distribution of the densities
at t = 12. The green dashed line represents the densities in the interaction region that are computed using Eq. (12) with
ρ10 = ρ20 = 0.4 (α = 0.5, γ = 1). (d) Space-time evolution of the density ρ1(x, t). The region in green is the interaction
region where the density has decreased from ρ10 = 0.4 to ρ1c ∼ 0.302. (e) Same as (d) but for the second species ρ2(x, t). (f)
Space-time evolution of the sum of the densities ρ1(x, t)+ρ2(x, t) showing that the total density has increased in the interaction
region despite the individual densities have decreased.

ready been pointed out in ref. [4].

Summarizing, the kinetic theory of SG predicts that
the interaction between two monochromatic SG jets hav-
ing opposite mean velocities but identical mean ampli-
tudes results in density and velocity changes that are
illustrated in Figs. 2, 3. Our goal in this paper is to per-
form a hydrodynamic experiment to quantitatively verify
these theoretical predictions. Before moving to exper-
imental results, we present in Sec. III direct numerical
simulations of the 1D-NLSE corresponding to the numer-
ical simulations of the two-jet kinetic equations shown in
Fig. 3.

III. INTERACTING SOLITON GAS JETS IN
NUMERICAL SIMULATIONS OF THE 1D-NLSE

In this Section, we show how the IST method can be
used to realize the implementation of two interacting jets
of SGs not in numerical simulations of the kinetic equa-
tions but in numerical simulations of the 1D-NLSE .

A nonlinear wave field ψ(x, t) satisfying Eq. (1) can be
characterized by the so-called scattering data (the IST
spectrum). For localized wave fields decaying to zero as
x → ∞ the IST spectrum consists of a discrete part re-
lated to the soliton content and a continuous part related
to the dispersive radiation. A special class of solutions,
the N-soliton solutions (N-SSs), exhibits only a discrete
spectrum consisting of N complex-valued eigenvalues λn,
n = 1, ..., N and N complex parameters Cn = |Cn|ejϕn ,
called norming constants, defined for each λn. The com-
plex discrete eigenvalues encode the amplitudes and ve-
locities of the solitons while the norming constants en-
code their phases and “positions” in physical space [2].

Using a recursive algorithm based on the Darboux
transform [39], we have built a N-SS of Eq. (1) with
N = 100. The discrete eigenvalues associated with this
N-SS are partitioned into two random sets, each being
linked to a given SG. The first (resp. second) SG is
parameterized by 50 eigenvalues that are randomly dis-
tributed in an uniform way within a small square region
of the complex plane centered around λ1 = −0.5 + i
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FIG. 4. Numerical simulations of Eq. (1) with the initial condition being under the form of two “monochromatic” beams of
SGs with opposite velocities. At initial time, each beam of SG is composed of 50 solitons with nearly identical amplitudes and
opposite velocities (α = 0.5, γ = 1). (a) Space time plot showing velocity and density changes arising from the interaction
between the two SGs. (b) Enlarged view of the interaction region showing microscopic dynamics and multiple elastic collisions
between individual solitons. (c) Modulus |ψ(x, t = 0)| of the initial condition. (d) Modulus of the field at time t = 48. (e)
Discrete IST spectrum of the field composed of two separate clouds of 50 eigenvalues centered around λ1,2 = ∓0.5 + i.

(resp. λ2 = 0.5 + i), see Fig. 4(e). Following the ap-
proach described in ref. [40, 41], we have synthesized
the SG by implementing the Darboux recursive scheme
in high precision arithmetics, a requirement due to the
large number of solitons composing the wave field. The
wave field has been synthesized at t = 0 and a standard
NLSE solver based on a pseudo-spectral method has been
used to compute the space-time evolution at longer time,
as shown in Fig. 4(a). At initial time, the two SGs are
separated without any spatial overlap between the two
species, see Fig. 4(c). Each of the two SGs is composed
of 50 solitons having approximately the same amplitude
while being individually discernible. The random nature
of each gas can be appreciated in physical space through
the fact that the distance between neighboring solitons
is not fixed but random.

Let us emphasize that the two SGs that we have re-
alized are as dense as possible. The Darboux method
is a recursive transformation scheme where a “seeding
solution” of the focusing 1D-NLSE is used as a build-
ing block for the construction of a higher-order solution
through the addition of one discrete eigenvalue. The Dar-
boux transform machinery produces N-SS in such as way
that the smaller the distance between the eigenvalues,
the greater the physical separation between the solitons
in physical space. For our SG, the mean distance in phys-

ical space between neighboring solitons of each species is
therefore determined by the size of the square regions
where the discrete eigenvalues are located, see Fig. 4(e).
However the mean distance between solitons not only de-
pends on the distance between the eigenvalues λn but also
on the norming constants Cn. In Fig. 4, the SG has been
made as dense as possible by setting the moduli |Cn| of
the norming constants to unity and by distributing uni-
formly their phases ϕn between 0 and 2π, similarly to
what has been done in ref. [30]. The SG of Fig. 4 cannot
be denser than it is but it could be diluted by randomly
distributing the moduli of the norming constants over
some interval having a nonzero extent.

At time t = 0 each of the two species constitutes a
uniform SG whose density ρ0 represents the number n
of solitons relative to the interval of length l they oc-
cupy: ρ0 = n/l. In Fig. 4(a)(c), the initial densities
ρ10 and ρ20 of each of the two non-interacting species
are n/l ∼ 50/320 ∼ 0.156, which is the highest possible
for the spectral parameters that have been chosen (see
Fig. 4(e)). This means that the numerical results pre-
sented in this Section and their associated experimental
results presented in Sec. IV must to be compared with
theoretical predictions of the kinetic theory that are plot-
ted in the right column of Fig. 2 where ρ10 = ρ20 = 0.16.

Fig. 4(a) shows that the interaction between the two
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species results in a “dilution” associated with a drop
in the densities. In the center of the interaction re-
gion, at time t ∼ 75, each of the two species contain-
ing n = 50 solitons now occupy a spatial domain having
an extent that has increased from l ∼ 320 to l′ ∼ 362.
This results in a decrease of the densities that fall from
ρ10 = ρ20 ∼ 0.156 to ρ1c = ρ2c = n/l′ = 50/362 ∼ 0.138,
in good quantitative agreement with the expressions (12)
obtained with the framework of the kinetic theory of SG.
In addition to density changes, Fig. 4(a) also shows that
the interaction between the two species of SG leads to
changes in their relative velocities. Simulations of the
1D-NLSE plotted in Fig. 4(a) show that the mean veloc-
ity of the first species increases from 4α ∼ 2 to s1c ∼ 2.57
due to the interaction, once again in good quantitative
agreement with the results from the kinetic theory (Eq.
13).

Recent optical fiber experiments reported in ref. [31]
have investigated the interaction between an individual
tracer soliton and a dense SG. It has been shown that
the tracer soliton experiences an effective velocity change
due to its interaction with the optical SG. The exper-
imental features observed in this optical fiber experi-
ment are qualitatively similar to the classical refraction
phenomenon observed in ray optics at the interface be-
tween two dielectric media having different refractive in-
dexes. Here, the space-time evolution shown in Fig. 4(a)
for two SG jets is also reminiscent from ray optics with
one beam/jet of SG being shifted in space but not due
to the propagation in a medium with another refrac-
tive index, but due to the nonlinear interaction with an-
other beam/jet of SG. Note that the velocity and density
changes measurable for each species of SG at the macro-
scopic scale are the emergent effects due to the numerous
elementary elastic collisions between individual solitons
occurring at the microscopic, soliton, scale, as shown in
Fig. 4(b).

IV. EXPERIMENTS

A. Experimental setup and generation of the
initial wave field

The experiments have been performed in a wave flume
at the Hydrodynamics, Energetics and Atmospheric En-
vironment Lab (LHEEA) in Ecole Centrale de Nantes
(France). The flume which is 140 m long, 5 m wide and
3 m deep is equipped with an absorbing beach that is
approximately 8 m long, see Fig. 5. With the addition
of pool lanes arranged in a W pattern in front of the
beach the measured amplitude reflection coefficient is as
low as 1%. Unidirectional waves are generated with a
computer assisted flap-type wavemaker. As in the ex-
periments reported in ref. [30, 42], the setup comprises
20 equally spaced resistive wave gauges that are installed
along the basin at distances Zj = j × 6 m, j = 1, 2, ...20
from the wavemaker located at Z = 0 m. This provides

Z

Wavemaker

Wavemaker

Wave absorber

Wave absorber

6 m
140 m

gauge

5 m 

3 m 

FIG. 5. Schematic representation of the 1D water tank used
in the experiments. 20 wave elevation gauges are placed every
6 meters, covering a measurement range of 114 meters.

an effective measuring range of 114 m.
In our experiments, the water elevation at the wave-

maker reads η(Z = 0, T ) = Re
[
A0(T )e

iω0T
]
, where

ω0 = 2πf0 is the angular frequency of the carrier wave.
In all the experiments presented in our paper, the fre-
quency of the carrier wave is set to f0 = 1.01 Hz. A0(T )
represents the complex envelope of the initial condition.
Our experiments are performed in the deep-water regime,
and they are designed in such a way that the observed
dynamics is described at leading order by the focusing
1D-NLSE

∂A

∂Z
+

1

Cg

∂A

∂T
= i

k0
ω2
0

∂2A

∂T 2
+ iβk30|A|2A, (14)

where A(Z, T ) represents the complex envelope of the
water wave that changes in space Z and in time T [43].
k0 represents the wavenumber of the propagating wave
(η(Z, T ) = Re

[
A(Z, T )ei(ω0T−k0Z)

]
), which is linked to

ω0 according to the deep water dispersion relation ω2
0 =

k0g, where g is the gravity acceleration. Cg = g/(2ω0)
represents the group velocity of the wavepackets and β ≃
0.91 is a dimensionless term describing the small finite-
depth correction to the cubic nonlinearity [42].
The first important step of the experiment consists

in generating an initial condition A0(T ) in the form of
two “monochromatic” beams of SGs, as illustrated in
Fig. 4(c). To achieve this, we have to convert the di-
mensionless fields synthesized as initial conditions (see
Sec. III) into physical units. Connections between
physical variables of Eq. (14) and dimensionless vari-
ables in Eq. (1) are given by t = Z/(2LNL), x =

(T − Z/Cg)
√
g/(2LNL) with the nonlinear length be-

ing defined as LNL = 1/(βk30 a
2), where a represents the

mean peak amplitude of solitons outside the interaction
region (a ≃ 2.8 cm in all our experiments).
Numerical simulations of Fig. 4(a) show that ∼ 140

units of normalized time are needed for two beams of
SGs to overlap, interact and separate. This large normal-
ized evolution time corresponds to an unrealistic physical
propagation distance over 280 nonlinear lengths, with the
nonlinear length LNL being typically around ∼ 20 m in
the experiments that we are dealing with [30, 42]. To
take account for the fact that our hydrodynamical ex-
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FIG. 6. Experiments performed in the 140-m long water tank with two interacting SG jets, each being composed of 50 solitons
with spectral (IST) parameters α = ∓0.5 and γ = 1. (a) Space-time evolution of the two “monochromatic” SG jets with
the central region being the interaction region. In the two lateral regions of the space-time diagram, the two species of SGs
propagate with opposite velocities without interacting. (b) Modulus of the envelope of the wave field measured by the first
gauge at Z = 6 m. (c) Enlarged view of the interaction region showing individual collision between solitons occurring at
random positions inside the water tank. (d) Fourier power spectra of the elevation of the wave field measured at Z = 6 m and
at Z = 120 m. (e) Discrete IST spectra of the envelope of the wave field measured at Z = 6 m and at Z = 120 m. Experiments
are made for a carrier frequency f0 = 1.01 Hz and a steepness k0a ≃ 0.115 (LNL ≃ 20.3 m).

periments cannot go beyond propagation distances longer
than ∼ 6 LNL, we have designed our initial wavefield in
such a way that it is composed of a total number of 100
solitons with one central interaction region and two lat-
eral regions where each species does not interact with the
other, see Fig. 6(b). Note that the SGs outside the inter-
action region are uniform with constant densities being
equal to ρ1,20 = 0.156.

B. Space-time evolution, measurement of the
Fourier and of the discrete IST spectra

Taking two beams of solitons with spectral (IST) pa-
rameters identical to those used to compute Fig. 4,
Fig. 6(a) shows the space-time diagram reconstructed
from the signals recorded by the 20 gauges. Note that
our experiments deal with envelope solitons. The signal

recorded by the gauges is therefore composed of a carrier
wave at a frequency f0 ∼ 1.01 Hz that is slowly modu-
lated by a solitonic envelope. The first step in processing
the experimental data consists in removing the carrier
wave and in computing the complex envelope A(Z, T ) of
the measured wavefield, which is achieved by using stan-
dard Hilbert transform techniques [43]. The space-time
diagram of Fig. 6 is plotted in a reference frame moving
at the mean group velocity Cg of the two monochromatic
SG jets. In this reference frame, the two SG jets have op-
posite velocities of the same magnitude.

Fig. 6(a) and 6(b) shows that the wavefield is com-
posed of one central interacting region and two lateral
regions where each species does not interact with the
other. Fig. 6(c) is an enlarged view into the interaction
region. It shows that, despite the relatively short prop-
agation distance (∼ 6LNL) reached in the experiment,
individual interactions occur between pairs of solitons at
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random propagation distances in the water tank. These
paired interactions occurring at microscopic level are re-
sponsible for macroscopic density and velocity changes
that are measurable and that will be discussed in Sec.
IVC.

Fig. 6(d) shows the Fourier power spectra of the el-
evation of the wave fields that are measured at Z = 6
m, close to the wavemaker and at Z = 120 m, far from
the wavemaker. The propagation of the generated SGs
is not accompanied by any significant broadening of the
Fourier power spectrum.

Fig. 6(e) shows the discrete IST spectra measured at
Z = 6 m and at Z = 120 m. The discrete IST spectrum
measured at Z = 6 m consists of two narrow clouds of
eigenvalues centered around λ1,2 = ∓0.5 + i, in accor-
dance with the initial condition we have engineered, see
Sec. III. Each cloud represents an ensemble of 50 discrete
eigenvalues, with each of these discrete eigenvalue being
associated with one of the solitons that propagates in the
water tank (see Fig. 6(a)).

The discrete IST spectrum measured at Z = 120 m
(red points in Fig. 6(e)) is not identical to the discrete
IST spectrum measured at Z = 6 m. This means that the
experiment is not perfectly described by the integrable
1D-NLSE (Eq. (14)) and that the space-time dynam-
ics is weakly perturbed by higher order effects, a feature
that we have already observed and discussed in some of
our previous experiments [30, 42, 44]. A discussion about
the higher-order effects breaking the integrability of the
wave dynamics is given in the Appendix. The impor-
tant point here is that the IST analysis reveals that two
separate clouds, each containing 50 eigenvalues, retain a
finite and limited extension in the complex plane during
the nonlinear evolution. As a result, we can now examine
the extent to which the predictions of the kinetic theory
of SG remain robust in an experiment that cannot be
inherently described by an integrable equation.

C. Measurement of the densities and velocities of
the hydrodynamic SGs

In order to verify the predictions of the kinetic theory
of SG, we carried out experiments to examine the valid-
ity of the velocity and density evolutions plotted in Fig. 2
using Eq. (12) and (13). We have made an ensemble of
9 experiments similar to the one depicted in Fig. 6 by
changing the value of α between ∼ 0.2 and ∼ 0.9. In
each of the 9 experiments, we have used the IST-based
methodology described in Sec. III to synthesize two inter-
acting SGs with the parameter α being changed between
∼ 0.2 and ∼ 0.9, the parameter γ being kept to one.
We have recorded the associated space-time evolutions
and we have checked that discrete IST spectra measured
close and far from the wavemaker consist of two separate
clouds composed of 50 eigenvalues similar to those shown
in Fig. 6(e).

The easiest macroscopic observables to measure in the
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FIG. 7. Comparison between the experiments and kinetic
theory of SG. (a) Evolution of the densities ρ1,2c as a func-
tion of α in the interaction region. Green points represent
experimental measurement points while the solid black line
is computed using Eq. (12) with ρ1,20 = 0.156 and γ = 1.
(b) Same as (a) but for the velocities s1,2c of the interacting
SGs. The red dashed lines represent the free velocities ±4α of
the non-interacting SGs. All the experiments have been made
with f0 = 1.01 Hz and for a steepness k0a ≃ 0.115. Error bars
in (a) are associated with the uncertainty in the measurement
of the space interval occupied by the SGs. Error bars in (b)
represent the standard deviations associated with the velocity
measurements, see Fig. 8(b).

experiment are the densities of each species ρ1,2c in the
interaction region. To measure ρ1,2c, we first convert
the signals recorded in physical variables into dimension-
less form by using relations given in Sec. IVA. Taking
the dimensionless wavefield measured at the last gauge,
we just count the number of solitons n that we find for
each species in the interaction region and we measure the
space interval l that these solitons occupy. As discussed
in Sec. III, the measured density of the SGs is given by
ρ1,2c = n/l.

Fig. 7(a) shows that we obtain a very good quantitative
agreement between experiments and the kinetic theory of
SG. The density of each species in the interaction region
decreases from ∼ 0.15 to ∼ 0.125 when the value of α is
changed from ∼ 0.9 to ∼ 0.2. In the experiment, there
was no meaning in trying to further increase the inter-
action between the two SGs by reducing the value of α
below ∼ 0.2. For values of α smaller than 0.2 the rel-
ative velocity of the two species is indeed so small that
there is no significant interaction/collision between the
two species over the relatively short propagation distance
(∼ 6LNL) that is accessible in the experiment.

Looking at the evolution pattern measured in the ex-
periment (see Fig. 6(a) and Fig. 6(c)), it can considered
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at first sight that it is difficult, if not impossible, to deter-
mine the velocity of the SGs inside and even outside the
interaction region. Following the approach proposed in
ref. [45] to separate right- and left-propagating solitons
in a shallow water bidirectional SG, we have found that
the Radon transform can be used to measure the veloc-
ities of the solitons in the space-time diagrams recorded
in our experiments.

The two-dimensional Radon transform is an integral
transform that maps a function to its integral over ra-
dial lines parameterized by an angle θ and by a distance
r to an origin point. The Radon transform R(r, θ) of
the normalized space-time plots |ψ(x, t)| recorded in the
experiment reads:

R(r, θ) =

∫ ∫
|ψ(x, t)| δ(x cos θ + t sin θ − r)dxdt (15)

where δ is the Dirac function. r =
√
x2 + t2 is the dis-

tance to an origin point located in the center of (x, t)
domain.

Fig. 8(a) represents the Radon transform of the exper-
imental space-time diagram of Fig. 6(a), which has been
normalized to dimensionless variables of Eq. (1) using
variable transformations given in Sec. IVA (ψ(x, t) =

A/(a/2), t = Z/(2LNL), x = (T − Z/Cg)
√
g/(2LNL)).

The Radon transform R(r, θ) immediately reveals the ex-
istence of several distinct classes of solitons being param-
eterized by their position r relatively to the origin point
and by an angle parameter θ related to their velocity in
the (x, t) plane. After applying a calibration procedure
converting the angle parameter into a velocity parame-
ter and after isolating the local maxima associated with
each soliton in the Radon transform, we end up with the
simple plot presented in Fig. 8(b).

Fig. 8(b) represents the velocities of the solitons that
have been unambiguously detected using the Radon
transform of the space-time diagram of Fig. 6. Depending
on the initial phase, position and precise velocity of each
soliton, certain interaction patterns measured in physical
space can produce signatures in the Radon transform,
such as double peaks, which do not allow us to conclude
unambiguously about the velocity taken by the solitons.
These ambiguous measurement points are ignored and we
finally obtain two sets, each containing not 50 but 35 soli-
tons, for which we have a correct velocity measurement
performed using the Radon transform.

Fig. 8(b) shows that 8 isolated (non-interacting) soli-
tons are detected with a velocity of ∼ 1.69 and 8 other
non-interacting solitons are detected with a nearly oppo-
site velocity of ∼ −1.69. In the interaction region, the
solitons with positive velocities have their mean velocity
that increases to ∼ 2.34 while the solitons with nega-
tive velocities have their mean velocity that decreases
to ∼ −2.34. Note that the dispersion of the velocities
around the mean value is significantly larger in the inter-
action region as compared with the region where solitons
do not interact. This is due to the fact that each paired
interaction occurs at different random positions in the

0 1 2 3 4

(°)

400

600

800

1000

1200

1400

20 17 13 9 6 2 -2 -6 -9

0 5 10 15 20 25 30 35

index

4

2

0

2

4

(a)

80

60

40

20

0

20

40

60

80

r R(r, )

s 1
,2
c

s1, 2c

(b)

FIG. 8. (a) Radon transform R(r, θ) of the experimental
space-time diagram of Fig. 6(a) for α = ∓0.5. The white
points indicate the positions at which a maximum of the
function R(r, θ) is found. (b) Simplified diagramatic view of
the results obtained in (a) using the Radon transform. Two
sets each containing 8 free (non-interacting) solitons are found
with mean velocities of ∼ 1.69 and ∼ −1.69 (black points).
Two other sets each containing 25 solitons are found in the
interaction region with mean velocities of ∼ 2.34 (blue points)
and ∼ −2.34 (red points).

water tank, which results in a collection of microscopic
interaction patterns associated with a larger dispersion of
the values of velocities measured using the Radon trans-
form.

Fig. 7(b) synthesizes all the measurements of the mean
velocities that have been made in the interaction region
on our 9 experiments where the value of α has been
changed between ∼ 0.2 and ∼ 0.9. Despite the existence
of higher-order effects and the fact that the experiments
are not perfectly described by the integrable 1D-NLSE,
Fig. 7(b) shows that the theoretical predictions of the ki-
netic theory in terms of velocity changes of the SGs are
quantitatively well verified in the experiment.
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FIG. 9. Comparison between experiments, numerical simulations of the focusing 1D-NLSE and of Eq. (A.1) for the interaction
between two jets of SG, each containing 50 solitons. (a) Space-time diagram showing the space-time evolution described by
the integrable 1D-NLSE. (c) Zoomed view into the interaction region. (g) Discrete IST spectra computed at Z = 0 m and
at Z = 120 m. (b), (e) (h) Same as (a), (c), (g) but in the experiment. (c), (f), (i) Same as (a), (c), (g) but in numerical
simulations of Eq. (A.1). Parameters used in numerical simulations are f0 = 1.01 Hz, k0a = 0.115, g = 9.81 m s−2, β = 0.91.

V. CONCLUSION

In this paper, we have reported hydrodynamic experi-
ments in which we have investigated the interaction be-
tween two SG jets having identical mean amplitude but
opposite mean velocities. The two jets of interacting SGs
are synthesized using the IST method. Their IST spec-
trum is composed of two clusters of discrete eigenvalues
centered around two specific points of the complex spec-
tral plane. We have recorded the space-time evolution of
the interacting SGs in a 140−m long water tank. We have
varied the interaction strength between the two inter-
acting species by changing their relative initial velocity.
We have measured the macroscopic density and velocity
changes due to the interaction between the two SG jets.
Our experimental results are found to be in good quanti-
tative agreement with predictions of the kinetic theory of
SG despite the fact that the experiment is not perfectly
described by the integrable 1D-NLSE.

We believe that our experimental results provide an
important step towards the physical validation of the
fundamental theoretical principles behind the spectral
theory of SGs. We hope that they will stimulate new
research in the field of statistical mechanics of nonlinear
waves and integrable turbulence.

Appendix: Influence of higher-order effects

In this Appendix, we use numerical simulations of the
focusing 1D-NLSE and of a modified (non-integrable)
1D-NLSE to show the role of higher order effects on the
observed space-time dynamics and on the discrete IST
spectra of the two jets of interacting SGs.
Following the work reported in ref. [46], higher-order

effects in 1D water wave experiments can be described
by a modified NLSE written under the form of a spatial
evolution equation

∂A

∂Z
+

1

Cg

∂A

∂T
= i

k0
ω2
0

∂2A

∂T 2
+ iβk30|A|2A

−k
3
0

ω0

(
6|A|2 ∂A

∂T
+ 2A

∂|A|2

∂T
− 2iAH

[
∂|A|2

∂T

])
,

(A.1)

where A(Z, T ) represents the complex envelope of the
wave field and H is the Hilbert transform defined by

H[f ] = (1/π)
∫ +∞
−∞ f(ξ)/(ξ − T )dξ.

When the last three terms are neglected in Eq. (A.1),
the integrable 1D-NLSE (14) is recovered. Figures
9(a)(d) show space-time diagrams in which the dynamics
of interaction between the two jets of SG is governed by
the integrable focusing 1D-NLSE. Fig. 9(g) shows that
the discrete IST spectra of the two interacting SGs con-
sist of two narrow clouds centered around λ1,2 = ∓0.5+i.
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Because of the isospectrality condition underlying the in-
tegrable nature of the focusing NLSE, these IST spectra
do no change with the propagation distance.

Figures 9(c)(f) show space-time diagrams computed
from the numerical integration of Eq. (A.1) that takes
into account the influence of higher-order terms. The
space-time evolution plotted in Fig. 9(c)(f) is very simi-
lar to that observed in the experiments, see Fig. 9(b)(e).
In particular, it can be clearly seen in Fig. 9(c) and in
Fig. 9(f) that solitary waves emit some radiation, which
in not the case in Fig. 9(b). The discrete IST spectra
computed at Z = 6 m and at Z = 120 m show that the
isospectrality condition is not fulfilled in the experiment
and in the numerical simulation of Eq. (A.1), compare
Fig. 9(h)(i) with Fig. 9(g). Higher-order effects produce
some spreading (or diffusion) of the discrete eigenval-
ues, which nevertheless remain confined to two distinct
clouds.
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Experimental study of integrable turbulence in shallow
water, Phys. Rev. Fluids 6, 124801 (2021).

[30] P. Suret, A. Tikan, F. Bonnefoy, F. Copie, G. Ducrozet,
A. Gelash, G. Prabhudesai, G. Michel, A. Cazaubiel,
E. Falcon, G. El, and S. Randoux, Nonlinear spectral syn-
thesis of soliton gas in deep-water surface gravity waves,
Phys. Rev. Lett. 125, 264101 (2020).

[31] P. Suret, M. Dufour, G. Roberti, G. El, F. Copie, and
S. Randoux, Soliton refraction by an optical soliton gas,
Physical Review Research (2023).

[32] H. T. Carr, T. Congy, G. A. El, and G. Roberti, Riemann
problem for polychromatic soliton gases: a testbed for the
spectral kinetic theory, in preparation (2023).

[33] A. M. Kamchatnov and D. V. Shaykin, Dynamics of in-
teraction between two soliton clouds, Journal of Experi-
mental and Theoretical Physics 135, 769 (2022).

[34] V. E. Zakharov and A. B. Shabat, Exact theory of
two-dimensional self-focusing and one-dimensional self-
modulation of waves in nonlinear media, Sov. Phys.–

JETP 34, 62 (1972).
[35] M. C. Bento, O. Bertolami, and A. A. Sen, Generalized

Chaplygin gas, accelerated expansion, and dark-energy-
matter unification, Physical Review D 66 (2002).

[36] M. Born and L. Infeld, Foundations of a new field theory,
Proc. Roy. Soc. A 144, 425 (1934).

[37] G. B. Whitham, Linear and nonlinear waves, Vol. 42
(John Wiley & Sons, 2011).

[38] B. Rozhdestvenskii and N. Janenko,
Systems of quasilinear equations and their applications to gas dynamics
(RI: American Mathematical Society, Providence, 1983).
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