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Abstract

This paper aims to present physical friction-damage coupled models and derive macroscopic
nonlinear strength criteria for ice-saturated frozen silt. Two material scales are considered here.
The material at the mesoscale is composed of a frozen silt matrix and embedded mesocracks. At
the microscale, the frozen silt matrix is composed of elastic mineral grains and elastic ice crystals.
Considering this microstructure, for the ice-saturated frozen silt, the plastic deformation is related
to frictional sliding along the mesocracks, and damage is due to the propagation of mesocracks.
We obtain the effective elastic properties with a two-step linear Mori-Tanaka homogenization pro-
cedure. For the second homogenization step, we deduce the macroscopic stress-strain relations and
local thermodynamic forces associated with damage and plasticity. Then, an energy release-based
damage criterion is developed to capture the evolution of damage, and a friction sliding criterion
with an associated/nonassociated local plastic flow rule is introduced to describe the rate of plastic-
ity. The friction sliding criterion considers the variation of surface asperities of mesocracks as a re-
sult of pressure melting and damage evolution. In this context, associated/nonassociated multiscale
friction-damage models are established. Furthermore, associated/nonassociated macroscopic non-
linear strength criteria as inherent parts of the corresponding multiscale models are derived under
a large range of compressive stresses. For application, a semi-implicit local numerical algorithm
of the multiscale models is developed. The accuracy of associated/nonassociated multiscale mod-
els is assessed by comparing their numerical simulations with conventional triaxial compression
(CTC) tests. Although the associated multiscale model correctly predicts the nonlinear strength
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behavior and axial deformation of the Lanzhou frozen silt under CTC tests with different tem-
peratures, it fails to quantitatively reproduce volumetric deformation. Nonassociated multiscale
model predictions with experimental data of volumetric deformation are significantly improved
compared to the associated multiscale model.

Keywords: Frozen silt, Permafrost area, Friction-damage modeling, Strength criteria,
Homogenization techniques

1. Introduction1

The permafrost area in the world is 3.576 × 107 km2, which constitutes 24% of the world’s2

land surface(French, 2017). Frozen soil refers to the soil and rocks under temperatures below3

0◦C and contain some ice crystals (Lai et al., 2013, Zhang et al., 2001); they are typical het-4

erogeneous materials including ice crystals, mineral grains, unfrozen water, and gases (Ander-5

son and Morgenstern, 1973, Zhu et al., 2016b). Due to the highly rheological, temperature- and6

pressure-sensitive of ice crystals, frozen soil has more complex mechanical behaviors than un-7

frozen soil(Parameswaran, 1985, 1987, Zhu et al., 2016b, Lai et al., 2014). Recently, various types8

of infrastructure such as high-speed railways and roads are built in the cold region, which requires9

an in-depth study of the deformation and strength behavior of frozen soil. In addition, with the10

wide application of the artificial freezing method in subway engineering, tunnels, and other under-11

ground engineering activities(Russo et al., 2015, Tounsi et al., 2019), the stability of frozen soil12

engineering under high confining pressure plays a critical part in engineering construction. To this13

end, constitutive modeling and strength criteria under a wide range of compression stresses play14

an increasingly important role.15

Experimental and theoretical investigations indicate that the macroscopic complex mechani-16

cal properties (e.g., nonlinear elastoplastic, anisotropic, rheological, and stress path influence) of17

frozen soil are directly reflected by its microscopic mechanical properties (Chang et al., 2008,18

Yang et al., 2010, Ma et al., 1999). Effective elastic properties of the frozen soil are connected19

with the elastic properties of each constituent phase and the volume fraction of each phase (Ning20

et al., 2005, Zhu et al., 2010b, Chang et al., 2019). In addition, the pores in the frozen soil and21

the weak interface between the phases are collectively referred to as cracks in the frozen soil(Lai22

et al., 2009, Zhu et al., 2016b, 2010b). Under the action of external loading and/or temperature,23

the variation of internal stress distribution in frozen soil will cause the initiation and propagation24

of cracks, which degrade the mechanical properties and eventually destroy the bearing capacity.25
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Therefore, the strength and nonlinear mechanical behaviors of frozen soil are closely related to26

the damage caused by the propagation of cracks (Ma et al., 1999, Zhao et al., 2017, Liu, 2005). In27

this context, one of the basic tasks of establishing the constitutive model and deriving the strength28

criterion of frozen soil is to accurately describe and simulate the heterogeneous system of ice29

crystals, mineral grains, unfrozen water and cracks.30

Over the past few decades, researchers have developed various macroscopic models of the me-31

chanical behaviors of frozen soil with nonlinear elasticity(Wang et al., 2004, Yang et al., 2010),32

plasticity(Lai et al., 2010, 2016), damage mechanics(Zhu et al., 2010b, Zhang et al., 2018c) and33

plastic-damage coupled theory(Lai et al., 2009), which are some representative studies. Several34

affecting factors on the mechanical properties of frozen soil have been considered in these models,35

such as the confining pressure, temperature, and strain rate. For example, Lai et al. (2009) de-36

veloped a yield function that considered the hardening and softening effects of frozen sandy soil,37

and they proposed an elasto-plastic model based on generalized plasticity theory. Furthermore,38

Lai et al. (2016) established a new constitutive model of frozen saline sandy soil with rotational39

hardening multiple yield surface, which considered the initial and stress-induced anisotropy. In40

addition, Loria et al. (2017) proposed an elasto-plastic constitutive model with an elliptical and a41

parabolic yield surface and the associated flow rule to describe the nonlinear mechanical behavior42

of frozen soil. More recently, Zhao et al. (2020) proposed a bounding surface constitutive model43

for frozen saline soil, which considered the rotation of principal stress axes (RPSA). In these mod-44

els, the frozen soil was usually regarded as a deformable solid, while the microstructure, local45

mechanical behavior and physical interactions of each phase were less emphasized, as discussed46

in Liu et al. (2018), Zhang et al. (2019b), Chang et al. (2019).47

To date, most existing frozen soil strength criteria are basically obtained by fitting the re-48

sults of laboratory tests. With the deepening of experimental research, the strength criterion has49

been developed from a linear criterion such as Drucker-Prager and Mohr-Comlomb to a nonlinear50

criterion. To describe the phenomenon where the frozen soil strength first increases and subse-51

quently decreases with increasing confining pressure, various scholars have successively proposed52

the parabolic strength criteria(Ma et al., 1995, Fish, 1991), modified Mohr strength criteria(Yang53

et al., 2010, Qi and Ma, 2007), modified Hoek-Brown strength criteria(Zhang et al., 2018c), crit-54

ical state strength criteria (Liao et al., 2016, Lai et al., 2016) and elliptic strength criteria(Zhang55

et al., 2017). Although these criteria can generally provide a good description of the frozen soil56

strength, few studied focus on deriving the nonlinear strength criterion of frozen soil from the57

micro- and (or) mesoscale to the macroscale.58

Currently, considerable development has been made in establishing micromechanical-based59

models and deriving macroscopic strength criteria using different homogenization techniques for60

geomaterials at room temperature, such as soil, rock, and concrete (Zhao et al., 2018b,a, 2019,61
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Zhang et al., 2019b, Damiani and Sun, 2017, Dejaloud and Jafarian, 2017, Jin and Arson, 2018,62

Zhu et al., 2010a, Shen and Shao, 2018, Wu and Ju, 2017, Shen et al., 2018, Zhou and Meschke,63

2018). These existing models and strength criteria consider the constitutive relationships and64

strength behaviors of constituent phases and take them to reproduce the existing test data of65

the heterogeneous materials. For example, Shen et al. (2018) established an approximate ana-66

lytical macroscopic strength criterion of porous materials with a pressure-sensitive and tension-67

compression asymmetry solid matrix using the stress variational homogenization method (SVH).68

Wu and Ju (2017) developed an elasto-plastic damage micromechanical framework, which consid-69

ered the fiber breakage to describe the macroscopic behaviors of continuous fiber-reinforced com-70

posites. Zhou and Meschke (2018) proposed a multiscale homogenization framework to predict71

the strength of fully and partially frozen soil using the linear comparison composite approach. Re-72

cently, Zhao et al. (2018b) established a micromechanical friction damage model for quasi-brittle73

material in the framework of thermodynamic and with Mori-Tanaka homogenization method. Af-74

terward, a micromechanical friction-damage model(Zhao et al., 2018a) was developed to analyze75

the localized cracking in quasi-brittle materials. Generally, most of these constitutive models and76

strength criteria are suitable for reproducing the behaviors of unfrozen composites; however, few77

works account for the interactions with the multiple phases and the plastic and/or damage evolution78

caused by the growth of cracks in frozen soil.79

In this work, physical associated and nonassociated multiscale friction-damage coupled mod-80

els are developed, and corresponding strength criteria as an inherent part of the multiscale mod-81

els are derived for the ice-saturated frozen silt. In contrast to existing models, the frozen silt in82

mesoscale is considered to be several families of mesocracks embedded in a frozen soil matrix,83

which is composed of elastic mineral grains and elastic ice crystals in microscale. For the investi-84

gated ice-saturated frozen silt, the particle size breakdown will not be taken into account, and the85

unfrozen water content will be neglected. For clarity, the outline of this paper is as follows: after a86

brief description of the ice-saturated frozen silt microstructure, the representative volume element87

(RVE) in each scale is chosen, and we estimate the effective elastic behavior using a two-step lin-88

ear homogenization procedure (Section 2). In Section 3, using the thermodynamic framework and89

Mori-Tanaka homogenization scheme, the plastic and damage evolution is described by the as-90

sociated/nonassociated multiscale friction-damage coupled models. Friction sliding criteria with91

associated/nonassociated local plastic flow rules are adopted. These models enable one to con-92

sider the effect of damage evolution and pressure melting on the change in surface asperity of93

mesocracks. Then, in Section 4, associated/nonassociated macroscopic strength criteria are de-94

rived. Finally, the numerical implementation of the associated/nonassociated multiscale models95

is developed, and the associated/nonassociated multiscale models and associated/nonassociated96

macroscopic strength criteria are validated on Lanzhou frozen silt in Section 5.97
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2. Microstructure and effective elastic properties of ice-saturated frozen silt98

2.1. Description of the representative volume element (RVE)99

The microstructure of ice-saturated frozen silt has been largely investigated in literature (Ma100

et al., 1999, Yershov, 2004). A scale separation is proposed based on the microtests with the101

scanning electronic microscope. Generally, three relevant scales are considered102

• The macroscale (≥ 10−1m), where frozen silt can be considered a homogeneous continuum103

(Yershov, 2004).104

• The mesoscale (10−4 ∼ 10−1m), where mesocracks are embedded in the frozen silt ma-105

trix(Ma et al., 1999).106

• The microscale (≤ 10−4m), where the frozen silt matrix is composed of mineral grains and107

ice crystals, which are arbitrarily distributed inside the mineral grains (Yershov, 2004).108

-1 -6

Microscale

-4

Macroscale Mesoscale

（a） （b） （c）

Figure 1: Microstructure and representative volume element of ice-saturated frozen silt in each scale

With this microstructure and scale separation, the representative volume element (RVE) in each109

scale can be defined, as shown in Figure 1. For clarity, the total volume of studied RVE (Figure 1b)110

is denoted by Ω, the volume of mesocracks is Ωc, the volume of the frozen silt matrix is Ωm + Ωi,111

Ωm is the volume of mineral grains, and Ωi is the volume of ice crystals. In this case, the volume112

fraction of mesocracks φc at mesoscale and volume fraction of ice crystals ϕi at microscale can be113

defined as follows:114

φc =
Ωc

Ω
, ϕi =

Ωi

Ωi + Ωm
(1)
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The distribution of mesocracks is generally not isotropic but in certain privileged directions,115

which implies that an anisotropic description is necessary. The present theoretical framework can116

be used to describe such anisotropic cracking process by considering a spatial crack density distri-117

bution. However, for the sake of computational simplicity, an isotropic distribution of mesocracks118

is considered in this work. In the viewpoint of isotropic assumption, we define each penny-shaped119

mesocrack characterized by its aspect ratio ε (ε = c/a, where a is the average radius, and c is the120

half opening) and unit normal vector n. Then, the volume fraction φr
c of the rth family of mesoc-121

racks is defined as φr
c = 4

3πa2cN = 4
3πεd, where N is the mesocrack density, referring to the122

number of mesocracks per unit volume, and d = Na3 is the damage density variable (Budiansky123

and O’connell, 1976). In this case, one has φc =
∑

r φ
r
c. Furthermore, to obtain an analytical so-124

lution of Eshelby’s tensor for a penny-shaped mesocrack in an isotropic elastic solid matrix, we125

assume the mesocrack with a vanished aspect ratio.126

2.2. Estimation of effective elastic properties with two-step Mori-Tanaka homogenization scheme127

With the above assumption, the effective elastic properties of frozen silt are estimated using the128

homogenization scheme. Assume that the ice crystals and mineral grains obey a linear isotropic129

elastic behavior with elastic stiffness tensor Ci = 2µiK+3kiJ and Cm = 2µmK+3kmJ, respectively.130

Here, ki(m) =
Ei(m)

3(1−2νi(m))
and µi(m) =

Ei(m)

2(1+νi(m))
represent the elastic bulk modulus and elastic shear131

modulus of ice crystals (subscript i) and mineral grains (subscript m) respectively; Ei(m) and νi(m)132

are the elastic modulus and Poisson’s ratio of ice crystals (subscript i) and mineral grains (subscript133

m).134

A matrix-inclusion system is considered in the microscale (see Figure 1(c)). Here, we assume135

that ice crystals have a smaller volume fraction than mineral grains, which implies that mineral136

grains are considered the matrix, and ice crystals are the inclusions. In this context, Mori-Tanaka137

homogenization approach (Mori and Tanaka, 1973) can be directly employed in the 1st homoge-138

nization step to obtain the frozen silt matrix elastic stiffness tensor139

Cs = 3ksJ + 2µsK (2)

where the effective elastic bulk modulus ks and elastic shear modulus µs are expressed as follows140

ks =
3kmki + 4(1 − ϕi)kmµm + 4ϕikiµm

3ϕikm + 3(1 − ϕi)ki + 4µm
(3a)

µs =
µm (km (µi (9ϕi + 6) − 9 (ϕi − 1) µm) + 4µm (µi (2ϕi + 3) − 2 (ϕi − 1) µm))

−6ϕi (µi − µm) (km + 2µm) + 6µikm + 12µiµm + 9kmµm + 8µ2
m

(3b)

Figure 2 illustrates the evolution of ks and µs of the frozen silt matrix with an increasing volume141

fraction of ice crystals ϕi. Here, we take Em = 100 MPa, νm = 0.25, and Ei = 6500 MPa νm = 0.3.142

With the increase in volume fraction of ice crystals, both ks and µs tend to increase.143
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Figure 2: Effect of the volume fraction of crystal ice on the elastic behavior of the frozen silt matrix

For the 2nd homogenization step, the RVE is a matrix-crack system (see Figure 1(b)). The144

elastic tensor Cs of frozen silt matrix has been obtained in the 1st homogenization step. The145

stiffness tensor Cr
c depends on the state of the rth family of mesocracks, which will be introduced146

later. For this RVE, the general effective elastic tensor is derived (Zaoui, 1997, Zhu et al., 2011)147

Chom = Cs +
∑

r

φr
c
(
Cr

c − Cs
)

: Ar
c = Cs + Āc : (Cc − Cs) (4)

The second equation in Eq. (4) results from the isotropic distribution of mesocracks, where Āc =148 ∑
r φ

r
cAr

c, and one assumes Cr
c = Cc. In Eq. (4), Ar

c is the average strain concentration tensor149

of rth family mesocracks. The determination of Ar
c relies on the homogenization method. Here,150

Mori-Tanaka homogenization method is employed again151

Ar
c =

[
I + H :

(
Cr

c − Cm
)]−1 :

(1 − φc)I +
∑
r=1

φr
c
[
I + H :

(
Cr

c − Cm
)]−1

−1

(5)

where the fourth-order Hill’s tensor H can be directly related to Eshelby tensor with E = H : Cs.152

For open penny-shaped mesocracks, Cc vanishes, the strain concentration tensor Āc is expressed153

as154

Āc =
Q1d

1 + Q1d
J +

Q2d
1 + Q2d

K (6)

where Q1 = 16
9

1−ν2
s

1−2νs
and Q2 = 32

45
(1−νs)(5−νs)

2−νs
are connected with the Poisson’s ratio of the frozen155

silt matrix νs (Zhao et al., 2018b, Zhu et al., 2011). By substituting Eq. (6) into Eq. (4), one can156

obtain the effective stiffness tensor Chom for ice-saturated frozen silt with opened mesocracks157

Chom = 3khomJ + 2µhomK (7)
7



where khom and µhom are the effective bulk modulus and shear modulus, respectively, which read158

khom = ks

(
1 −

Q1d
1 + Q1d

)
, µhom = µs

(
1 −

Q2d
1 + Q2d

)
(8)

Then, the effective elastic compliance tensor Mhom is159

Mhom = (Chom)−1 = Ms + Md, with Md =
Q1d
3ks

J +
Q2d
2µs

K (9)

where Ms is the elastic compliance of the frozen silt matrix, and Md is the additional compliance160

induced by mesocracks.161

Figure 3 illustrates the effective bulk modulus khom and shear modulus µhom with damage evo-162

lution. One can see that with the increase of damage, both khom and µhom rapidly decrease.163
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Figure 3: Illustration of the evolution of the effective bulk modulus and shear modulus with damage

3. Plastic and damage description with associated/nonassociated multiscale friction-damage164

models165

The damage evolution and plastic deformation of ice-saturated frozen silt under compressive166

stresses are described in this section using the associated and nonassociated multiscale friction-167

damage models, respectively. We assume all closed and elastically cemented mesocracks in this168

case, and no elastic displacement discontinuities occur along the crack surfaces. Furthermore,169

each mesocrack is a rough surface described by a local frictional coefficient. The asperity of the170

mesocrack surface varies with the crack slip and pressure melting of ice crystals. Frictional slid-171

ing occurs only when local stresses applied on the crack surfaces yield a specific friction criterion,172
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which produces plastic strains at the macroscale. Without loss of generality, both frictional cri-173

teria with associated and nonassociated local plastic flow rules are introduced. In addition, the174

damage criterion relevant to the propagation of mesocracks is proposed to describe the damage175

evolution. With the hypothesis of small strains and isothermal conditions, the total strain tensor176

can be separated into two parts:177

E = Ee + Ep. (10)

where elastic strain Ee is the deformation of the frozen silt matrix, and Ep belongs to the frictional178

sliding along closed mesocracks.179

3.1. Thermodynamics framework180

Using the strain decomposition and the results of previous works (Zhu et al., 2011, Zhao et al.,181

2018b), the free energy of cracked frozen silt is182

Π =
1
2

(E − Ep) : Cs : (E − Ep)︸                              ︷︷                              ︸
Πe

+
1
2

Ep : Cd : Ep︸            ︷︷            ︸ .
Πp

(11)

where Πe is the elastic free energy of the frozen silt matrix, and Πp is the stored energy related to183

the frictional sliding along closed mesocracks. Cd is a fourth-order tensor considering the coupling184

between the propagation and the frictional sliding of mesocracks. The expression of Cd has been185

derived in previous works (Zhu, 2016, Zhao et al., 2018b)186

Cd = (Md)−1 =
3ks

Q1d
J +

2µs

Q2d
K (12)

Considering the second law of thermodynamic, Clausius-Duhem inequality is187

Σ : Ė − Π̇ =

(
Σ −

∂Π

∂E

)
: Ė −

∂Π

∂Ep : Ėp −
∂Π

∂d
ḋ ≥ 0 (13)

Thus, the macroscopic stress-strain relationship can be derived as follows:188

Σ =
∂Π

∂E
= Cs : (E − Ep) , (14)

and the thermodynamic forces associated with Ep and d can be obtained:189

Σc = −
∂Π

∂Ep = Σ − Cd : Ep (15)

190

Yd = −
∂Π

∂d
=

1
2

Ep :
∂Cd

∂d
: Ep, (16)

Local stress Σc applied onto mesocracks is the driving force of frictional sliding. Eq. (15) shows191

that Σc relates to the damage variable d, which implies that the damage evolution inherently affects192
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the plastic deformation contribute to frictional sliding.The local stress Σc accounts for mesocracks193

interactions by introducing the fourth-order tensor Cd. Furthermore, Eq. (16) shows that the194

damage conjugated thermodynamic force Yd directly relates to the plastic strain tensor Ep. Con-195

sequently, the damage growth is directly controlled by plastic deformations. All mesocracks are196

assumed to be elastically glued due to the roughness of asperities on crack surfaces. The plastic197

frictional sliding is the unique cause of displacement discontinuity along the mesocracks and the198

driving force of crack propagation.199

3.2. Damage criterion200

To capture the damage evolution related to the propagation of mesocracks, the local damage201

criterion proposed in (Zhao et al., 2018b) is employed here:202

D(Yd, d) = Yd − R (d) ≤ 0, (17)

where R (d) is the current resistance to damage evolution (mesocrack propagation) of the frozen203

silt. According to the previous work (Zhao et al., 2018b), the specific form is followed204

R (d) = Rcg (ς) , ς =
d
dc
, g (ς) =

2ς
1 + ς2 (18)

where dc is the critical value of damage density variable when the peak strength reaches. Rc is205

the maximal value of R (d) when d = dc. Thus, the material toughness to mesocrack propagation206

reaches its maximal value Rc when the damage d reaches the critical value dc.207

With the damage criterion at hand, the evolution of damage can be determined with the fol-208

lowing normality rule:209

ḋ = λd ∂D

∂Yd
= λd, (19)

where λd is the nonnegative damage multiplier. It will be determined by the damage consistency210

condition in Section 5.1.1.211

3.3. Friction criterion with an associated local plastic flow rule212

Analogous to the macroscopic plastic theory, the plastic deformation associated with local213

frictional sliding can be controlled by a yield criterion and plastic flow rule. Because the frictional214

sliding is controlled by the local stress tensor Σc, the classical Coulomb-type friction criterion at215

the local mesoscale is adopted, i.e.,216

F (Σc) = ‖Sc
‖ + ηPc ≤ 0, (20)

where Pc = 1
3Σc : δ and Sc = K : Σc are the local mean stress and deviatoric stress, respec-217

tively. Parameter η is the local friction coefficient of mesocracks surfaces, which is related to the218

10



physical roughness of crack surfaces. Before localization, a higher degree of interlocking of as-219

perities occurs with the progress of frictional sliding of mesocracks. However, after localization,220

with the frictional sliding of localized crack, asperities of crack surfaces are gradually destroyed221

(Krabbenhoft et al., 2012, Zhao et al., 2018a). Consequently, the friction coefficient η reasonably222

increase at the pre-peak regime and subsequently decrease at post-peak regime, which implies223

that the local friction coefficient increases when d ≤ dc and decreases when d > dc. In addition,224

with the increase in mean stress Σm, the pressure melting of ice crystals and water migration pro-225

vide a lubrication process on the crack surfaces, which reduces the surface roughness(Ma et al.,226

1999, Nielsen et al., 2010). Based on the above analysis and considering the previous results in227

(Zhao et al., 2018b), we propose the following relation to capturing the change in local friction228

coefficient η with mean stress Σm and damage d. To avoid introducing additional parameters, the229

function g (ς) is adopted here230

η = αηm + (1 − α) ηmg (ς) , with ηm = ηc exp(b
Σm

Pa
) (21)

where ηc is the friction coefficient without considering the pressure melting effect and damage231

evolution, ηm is the friction coefficient that only captures the pressure melting effect, parameter α232

relates to the initial value of friction coefficient, parameter b controls the friction coefficient degra-233

dation rate with increasing mean stress Σm, and Pa = 0.10133 MPa is the standard atmospheric234

pressure. Obviously, when d reaches dc, η = ηm. For the convenience of understanding, Figure 4235

depicts the variation of friction coefficient η with damage variable d and mean Σm.236
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Figure 4: Evolution of friction coefficient η with the change in damage variable d and mean macroscopic stress Σm

Then, we adopt an associated local plastic flow rule in the thermodynamic framework to de-237
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velop an associated multiscale friction-damage coupled model. The rate of plastic strain associated238

with frictional sliding can be obtained by using the normality rule:239

Ėp
= λp ∂F

∂Σc = λpNa, (22)

where λp is the plastic multiplier, which will be determined from the consistency conditions dis-240

cussed in Section 5.1. Na is the plastic flow direction with the following expression:241

Na =
Sc

‖Sc
‖

+
η

3

(
1 +

b
Pa

)
δ = T +

η

3

(
1 +

b
Pa

)
δ. (23)

3.4. Friction criterion with a nonassociated local plastic flow rule242

Without loss of generality, we also consider a nonassociated local plastic flow rule to capture243

the flow direction of plastic strain and develop a nonassociated multiscale friction-damage coupled244

model. Here, we introduce a nonassociated plastic potential, i.e.,245

G (Σc) = ‖Sc
‖ + κPc ≤ 0, (24)

where κ is the dilation parameter. To ensure the nonassociated macroscopic strength criterion in246

the following work, κ should remain constant. In this case, the rate of plastic strain yields247

Ėp
= λp ∂G

∂Σc = λpNn, (25)

where Nn = T + κ
3 is the local plastic flow direction.248

4. Associated/nonassociated macroscopic strength criteria249

In this section, to capture the strength behavior of frozen silt, we shall derive associated/nonassociated250

macroscopic strength criteria as an inherent part of the corresponding associated/nonassociated251

multiscale friction-damage models.252

4.1. Derivation of an associated macroscopic strength criterion253

For the monotonic loading paths (e.g., conventional triaxial compression, lateral extension,254

and proportional compression), the principal stress directions will not rotate. In these cases, the255

shear flow direction T in Eq. (23) is unchanged (Zhu, 2016), and the plastic strain Ep can be256

reformulated as257

Ep =

∫
Ėp

=

∫
λpNa = ΛpT +

1
3

Ξδ (26)

where Λp =
∫
λp is the accumulated plastic multiplier, and Ξ =

∫
λpη

(
1 + b

Pa

)
=trEp. Accord-258

ingly, the thermodynamic forces (15) and (16) can be rewritten as259

Σc = Σ − κ1
Ξ

d
δ − κ2

Λp

d
T, with κ1 =

ks

Q1
,κ2 =

2µs

Q2
(27)
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260

Yd =
1
2

κ1

(
Ξ

d

)2

+ κ2

(
Λp

d

)2 (28)

Then, the friction criterion (20) and damage criterion (17) can be reformulated as261

F (Σc) = F (Σ,Ξ,Λp, d) = ‖S‖ + ηΣm −

(
κ1η

Ξ

d
+ κ2

Λp

d

)
≤ 0 (29)

262

D(Yd, d) = D(Ξ,Λp, d) =
1
2

κ1

(
Ξ

d

)2

+ κ2

(
Λp

d

)2 − R (d) ≤ 0 (30)

As noted in Section 3.2, when damage reaches its critical value dc, R(d) takes its maximal value263

Rc, and the failure of frozen silt occurs. In this context, the plastic deformation at peak stress state264

yields265

max
Ξ,Λp

(
κ1ηm

Ξ

dc
+ κ2

Λp

dc

)
subject toD(Ξ,Λp) =

1
2

κ1

(
Ξ

dc

)2

+ κ2

(
Λp

dc

)2 − Rc = 0 (31)

The Lagrangian associated with (31) is given by266

L (Ξ,Λp, λ) = κ1ηm
Ξ

dc
+ κ2

Λp

dc
− λ

κ1

(
Ξ

dc

)2

+ κ2

(
Λp

dc

)2

− 2Rc

 (32)

where λ is a Lagrange multiplier.267

Then, one has the following first-order Karush-Kuhn-Tucker optimality conditions:268

∇ΞL=κ1ηm − 2λκ1
Ξ

dc
= 0 (33a)

∇ΛpL=κ2 − 2λκ2
Λp

d
= 0 (33b)

∇λL= −κ1

(
Ξ

dc

)2

− κ2

(
Λp

dc

)2

+ 2Rc = 0 (33c)

By solving Eq. (33), one obtains269

Ξ

dc
= ηm

√
2Rc

κ1η2
m + κ2

,
Λp

dc
=

√
2Rc

κ1η2
m + κ2

(34)

Then, the maximum value of270

max
Ξ,Λp

(
κ1ηm

Ξ

dc
+ κ2

Λp

dc

)
=

√
2Rc

(
κ1η2

m + κ2
)

(35)
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By inserting Eq. (35) into (29), we can convert the failure criterion of frozen silt into the271

following form272

F (Σ) = ‖S‖ + ηmΣm −

√
2Rc

(
κ1η2

m + κ2
)

= 0 (36)

Under the sign convention of geomechanics, the associated macroscopic strength criterion in the273

meridian plane (Σm − Σd plane) is derived as follows274

Σd =

√
3
2
ηc exp

(
−b

Σm

Pa

)
Σm +

√
3Rc

[
κ1η2

c exp
(
−2b

Σm

Pa

)
+ κ2

]
(37)

where Σd =

√
3
2 ‖S‖ is the macroscopic deviatoric stress.275

A graphical representation of the derived nonlinear strength criterion (Eq. (37)) is given in276

Figure 5. The derived associated strength criterion exhibits apparent nonlinearity in the (Σm − Σd)277

plane. With the increase in mean stress Σm, the strength first increases and subsequently decreases.278

This result is consistent with the previous works of Liao et al. (2016), Liu et al. (2019a,b), Ma279

et al. (1999), Qi and Ma (2007)280

~d (MPa) 

~0 
d 

~d = y1TJcexp ( -b~:· ) ~m + 3Rc [xlrJ~exp ( -2b~: ) + x 2] 

~cnc 
m, 

e =arctan v1TJc 
~~ = ~d(~m = 0) = J3Rc (xlTJ~ + x2) 

~~es = limi;m-+oo ~d = y'3RcX2 

l ~m (l\IIPa) 

Figure 5: Graphical representation of the derived associated macroscopic strength criterion (37) in the merdian plane
(Σm − Σd plane)

4.2. Derivation of a nonassociated macroscopic strength criterion281

If the principal stress directions are fixed, the plastic flow direction Nn for the nonassociated282

local plastic flow rule does not change. Accordingly, one obtains the accumulated plastic strain283

Ep =

∫
Ėp

=

∫
λpNn = Λp

(
T +

1
3
κδ

)
(38)

Then, the friction criterion (20) and damage criterion (17) can be rewritten as follows284

F (Σc) = F (Σ,Λp, d) = ‖S‖ + ηΣm −

(
κ1η

κΛp

d
+ κ2

Λp

d

)
≤ 0 (39)
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D(Yd, d) = D(Ξ,Λp, d) =
1
2

κ1

(
κΛp

d

)2

+ κ2

(
Λp

d

)2 − R (d) ≤ 0, (40)

By solving Eq. (40) when the equal sign is true, one obtains285

Λp

d
=

√
2R (d)

κ1κ2 + κ2
(41)

Substituting Eq. (41) into (39) and considering peak compression strength reached when d = dc,286

one can obtain a nonassociated macroscopic strength criterion in (Σm − Σd ) plane287

Σd =

√
3
2
ηc exp

(
−b

Σm

Pa

)
Σm +

[
κ1ηc exp

(
−b

Σm

Pa

)
κ + κ2

] √
3Rc

κ1κ2 + κ2
(42)

Comparing the associated strength criterion (37) and the nonassociated strength criterion (42), one288

can see that the nonassociated strength criterion is additionally related to the dilation parameter κ.289

5. Numerical implementation and model validation290

To evaluate the performances of the proposed associated/nonassociated multiscale models and291

the derived associated/nonassociated strength criteria, we first give the numerical implementations292

of the models; then, the mechanical behaviors of Lanzhou ice-saturated frozen silt under conven-293

tional triaxial compression (CTC) tests are simulated using the models.294

5.1. Numerical aspects295

To implement the proposed associated/nonassociated multiscale friction-damage coupled mod-296

els into Abaqusr, we take advantage of the given user subroutine UMAT, where the values of297

stresses and solution-dependent state variables at the end of the increment must be updated, and298

the material Jacobian matrix must be provided for the mechanical constitutive model. For this299

purpose, one needs to ascertain the increment macroscopic stress-strain relation with the consis-300

tent tangent operator and subsequently develop the local integration algorithm of the established301

models.302

5.1.1. Consistent tangent operator303

From the computational standpoint and to model the strain-softening behavior of materials,304

plasticity-damage coupling problems have to be treated by following a strain-controlled procedure.305

The increment relationship of macroscopic stress versus macroscopic strain can be gained by306

differentiating Eq. (14) and followed307

Σ̇ = Ctan : Ė. (43)

15



where Ctan is the consistent tangent operator. The expression of Ctan can be ascertained by using308

the friction and damage consistency conditions.309

In the generalized plasticity theory, the loading/unloading conditions illustrated in Kuhn-Tucker310

form are311

λp ≥ 0, F (Σc) ≤ 0, λpḞ (Σc) = 0. (44)

It follows the condition312

λpḞ = 0. (45)

Accordingly, when material is under loading, if λp , 0, one has Ḟ = 0, i.e.,313

Ḟ =
∂F

∂E
: Ė +

∂F

∂Ep : Ėp
+
∂F

∂d
ḋ = 0. (46)

As far as damage is concerned, the consistency condition reads314

Ḋ =
D

∂Ep : Ėp
+
∂D

∂d
ḋ = 0. (47)

• For the associated local plastic flow rule, the combinations of Eqs. (46) and (47) and by315

recalling that Ėp
= λpNa and ḋ = λd, the nonnegative multipliers

(
λp, λd

)
are determined as316 

λp = 1
Ha

∂F
∂ E : Ė

λd = −
∂D
∂Ep :Na
∂D
∂d Ha

∂F
∂E : Ė

(48)

with hardening modulus Ha = ∂F
∂d

∂D
∂Ep : Na

∂D
∂d −

∂F
∂Ep : Na.317

By substituting Eqs.(48) into the differentiated form of Eq. (14), the consistent tangent318

operator Ctan reads319

Ctan =


Cs, if F (Σc) < 0

Cs −
1

Ha
(Cs : Na) ⊗ (Na : Cs) , if F (Σc) = 0

. (49)

Ctan in this case is symmetric, which provides a sound convenience for numerical applica-320

tion.321

• For the nonassociated local plastic flow rule, using Eq. (46) and Eq. (47) and recalling that322

Ėp
= λpNn and ḋ = λd, the nonnegative multipliers

(
λp, λd

)
are obtained as323 

λp = 1
Hn

∂F
∂ E : Ė

λd = −
∂D
∂Ep :Nn
∂D
∂d Hn

∂F
∂E : Ė

(50)
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with hardening modulus Hn = ∂F
∂d

∂D
∂Ep : Na

∂D
∂d −

∂F
∂Ep : Nn .324

Similarity, by substituting Eqs.(50) into the differentiated form of Eq. (14), we obtain the325

consistent tangent operator326

Ctan =


Cs, if F (Σc) < 0

Cs −
1

Hn
(Cs : Nn) ⊗ (Na : Cs) , if F (Σc) = 0

(51)

In this case, Ctan exhibits nonsymmetry due to the nonassociated evolution laws (25).327

5.1.2. Semi-implicit local numerical algorithm328

The implicit return mapping algorithm proposed by Simo and Taylor (1985) has been ex-329

tensively applied to solve elastoplastic problems. Nevertheless, to the authors’ knowledge, this330

implicit algorithm is rarely used to solve the elastoplastic damage coupled model. Here, a semi-331

implicit return mapping method, which was proposed by Zhu et al. (2016a), has been developed332

for the associated/nonassociated multiscale models. Like the implicit return algorithm, the pro-333

posed semi-implicit return mapping algorithm has two steps. The elastic prediction and uncoupled334

plasticity-damage correction instead of the plasticity-damage coupled correction. The correction335

step is simple, and it involves freezing the damage variable when correcting the plasticity and fix-336

ing the plasticity when correcting the damage. A geometrical illustration of this algorithm, includ-337

ing strain hardening and strain softening, is depicted in Figure 6. For a strain increment Ėi+1 from338

the global iteration in Abaqusr, one can obtain the current strain tensor as Ei+1 = Ei + Ėi+1. Freez-339

ing di+1 = di and assuming that the strain increment Ėi+1 is completely elastic, i.e., Ep
i+1 = Ep

i .340

The macroscopic stress is predicted as follows:341

Σtrial
i+1 = Cs :

(
Ei+1 − Ep

i

)
. (52)

Next, check the plastic criterion F trial
i+1 (Σc). If F

trial

i+1 (Σc) ≤ 0, then Ėp
i+1 = 0 and ḋi+1 = 0; otherwise342

Ėp
i+1 , 0 and ḋi+1 , 0. In the latter case, we employ the uncoupled plasticity-damage correction343

procedure. Here, the superscript j ( j = 1, . . . ,miter with miter = 500) is used for the inner iteration344

process (related to a correction procedure). For clarity, we omit the loading subscript i + 1 during345

the correction process.346
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(a) Strain hardening (b) Strain softening

Figure 6: Geometrical illustration of the semi-implicit return mapping algorithm

First, we explicitly determine the plastic multiplier with damage frozen in its previous state.347

For a monotonic loading, whenF j
(

Ep, j
)
> 0 during elastic prediction, one should haveF j+1

(
Ep, j + δEp, j

)
=348

0. Using the first-order Taylor expansion, the friction criterion is linearized as follows:349

F j+1 = F j +
∂F j

∂Ep, j : δEp, j ≈ 0. (53)

By using the normality flow rule (22) for the associated case with N = Na or using (25) for the350

nonassociated case with N = Nn, one has351

F j+1 = F j + δλp, j ∂F
j

∂Ep, j : N j ≈ 0, (54)

from which one can derive the plastic multiplier352

δλp, j = −
F j

∂F j

∂Ep, j : N j
. (55)

Accordingly, the plastic strain is updated353

Ep, j+1 = Ep, j + δλp, j N j. (56)

Next, if damage criterion D j
(
Ep, j+1, d j

)
≤ 0, then d j+1 = d j. Otherwise, D j

(
Ep, j+1, d j

)
> 0,354

we assume thatD j
(
Ep, j+1, d j + δd j

)
= 0. Similarly, the damage criterion can be linearized as355

D j+1 = D j + δλd, j∂D
j

∂d j ≈ 0 (57)

Then, the damage multiplier is356

δλd, j = −
D j

∂D j

∂d j

. (58)
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The damage variable is updated357

d j+1 = d j + δλd, j. (59)

Finally, the macroscopic stress is updated as:358

Σ j+1 = Cs :
(
E − Ep, j+1

)
. (60)

The local iteration process ends if specific tolerances are reached (
∣∣∣F j+1

∣∣∣ ≤ εlocal.)359

For clarity, we give the flowchart for the semi-implicit local numerical algorithm, as shown in360

Algorithm 1361

5.2. Associated multiscale friction-damage model validation362

5.2.1. Parameter calibration procedure363

For numerical simulation, a crucial step is to calibrate the model parameters. The associated364

multiscale model has only nine parameters, and all of them have clear physical mechanisms:365

• Elastic modulus Ei and Poisson’s ratio νi of the ice crystals. One obtains these two material366

parameters from the pre-peak linear elastic part of stress-strain curves of ice samples un-367

der CTC tests. These two parameters are significantly affected by temperature (Zhu et al.,368

2010b), especially the elastic modulus Ei.369

• Elastic modulus Em and Poisson’s ratio νm of mineral grains. Similarly, one can obtain these370

two material parameters from the linear part of the stress-strain curves of saturated unfrozen371

silt under drained conditions (Zhang et al., 2019a).372

• Plastic and damage parameters (α, ηc, b, Rc, dc) in mesoscale controlling the strength and373

plastic deformation of frozen silt. Parameters b, ηc and Rc are associated with the stress at374

peak strength state, which can be calibrated by optimally fitting the test strength envelope375

using the strength criterion (37). Parameter α controls the initial friction coefficient η, which376

corresponds to the initial yield stress. Parameter dc is the critical damage value related to377

the peak strength state, which controls the damage kinetics for both pre-and post-peak stress378

stages. The sensitive analysis of parameters dc and α is illustrated in Section 5.2.2.379

5.2.2. Model simulation Lanzhou frozen silt380

For validation, the CTC test data for comparison were extracted from Zhang et al. (2018b).381

The tested silt was taken from Lanzhou, and primary physical parameters were illustrated in Table382

1. Zhang et al. (2018b) prepared the test specimens with saturation greater than 95% as cylinders383

with 12.5 cm in height and 6.18 cm in diameter. To guarantee that the tested frozen silt was in384

an ice-saturated state, the specimens were quickly frozen and subsequently placed into a triaxial385
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Algorithm 1: Flowchart of the semi-implicit local numerical algorithm
Input: Ėi+1,Σi, Ei, di, Ep

i , Cm, Ci, ϕi

Output: Σi+1, Ei+1, di+1, Ep
i+1,Cs,Ctan

1 Calculate Cs using Eq. (2), and compute Q1, Q2, κ1 and κ2;
2 Elastic prediction:
3 Ei+1 = Ei + Ėi+1; Σtrial

i+1 = Cs :
(
Ei+1 − Ep

i

)
4 if Fi+1 (Σc) ≤ 0 then
5 Ėp

i+1 = 0 and ḋi+1 = 0;
6 di+1 = di; Ep

i+1 = Ep
i ; Ctan

i+1 = Cs

7 else
8 Uncoupled plasticity-damage correction:
9 for j = 1 . . .miter do

10 Calculate the plastic multiplier δλp, j by using Eq. (55) or Eq. (25);
11 Update Ep, j+1 = Ep, j + δλp, jN j;
12 if D j

(
Ep, j+1, d j

)
≥ 0 then

13 Caluclate the increment of the damage multiplier δλd, j by using Eq. (58)
14 else
15 δλd, j = 0.

16 Update d j+1 = d j + δλd, j, η j+1 and N j+1 by using Eq. (21) and (23) (or Eq. (25));
17 if

∣∣∣F j+1
∣∣∣ ≤ εlocal then

18 Return;

19 else
20 j = j + 1

21 Ctan = Cs −
1

Ha
(Cs : Na) ⊗ (Na : Cs) for the associated case,

22 and Ctan = Cs −
1

Hn
(Cs : Nn) ⊗ (Na : Cs) for the nonassociated case;

23 Σ j+1 = Cs :
(
E − Ep, j+1

)
;
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pressure cell of MTS low-temperature testing machine at a given temperature (kept constant for 24386

h). The testing confining pressures Σ3 were 0.3-15.0 MPa under temperatures -6, -10 and -15◦C.387

For more details, one can refer to the work of (Zhang et al., 2018b,a).388

Table 1: Basic physical parameters of Lanzhou silt (Zhang et al., 2018b)

Dry density ρm (g/cm3) Relative density (g/cm3) Plastic limit(%) Liquid limit (%) Saturated water content ωsa (%)

1.54 2.69 19.4 27.6 27.8

When water freezes into ice crystals, it increases in volume by one-ninth. In this case, for389

the ice-saturated frozen silt, the volume of crystal ice Ωi = Ωmρmωsa ×
(
1 + 1

9

)
, where Ωm, ρm390

and ωsa are volume of mineral grains, dry density and saturated water content of silt, respectively.391

Using the second term of Eq. (1) and physical parameters of Lanzhou silt in Table 1, one obtains392

ϕi = 0.322. Based on the works of Zhu et al. (2010b), Chang et al. (2019), Zhang et al. (2018b), the393

elastic parameters of ice crystals and mineral grains are shown in Table 2. Once elastic parameters394

(Ei, νi, Em, νm) and the volume fraction of ice crystals have been determined, the bulk modulus ks395

and shear modulus µs are estimated using Eq. (3); then, Q1, Q2, κ1 and κ2 can be easily calculated.396

Table 2: Elastic parameters of ice crystals and mineral grains

Parameters Ei (MPa) νi Em (MPa) νm

Values 7772.3|T |
1.1746+|T | 0.3 120 0.25

Now, we focus on determining the plastic and damage variables for Lanzhou frozen silt. Based397

on the test data from Zhang et al. (2018b), we can obtain the relationship between mean macro-398

scopic stress Σm and deviatoric macroscopic stress Σd under different temperatures, as illustrated in399

Figure 7(a). The nonlinear strength criterion (37) was fitted to the test data using a nonlinear min-400

imum least square subroutine Lsqcurvefit from MATLAB. Parameters ηc, b and Rc are shown in401

Table 3, and the corresponding fitting curves are illustrated in Figure 7(a). The associated macro-402

scopic strength criterion fits the test data well and can be considered suitable for Lanzhou frozen403

silt; all regression R2 coefficients exceed 0.979. The strength envelopes of Lanzhou frozen silt404
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under different temperatures are also constructed in the three-dimensional principal stress space.405

As shown in Figure 7(b), the failure surfaces are shaped as long ladles with circular cross-sections.406

(a) (b)

Figure 7: Strength prediction of Lanzhou frozen silt. (a) Comparison of the associated macroscopic strength criterion
((37)) predictions and test data of frozen silt under different temperatures in Σm − Σd plane. Solid points are test data
extracted from Zhang et al. (2018b), (b) Failure surfaces of the associated macroscopic strength criterion ((37)) in
three-dimensional principal stress space under different temperatures.

Table 3: Plastic and damage parameters for Lanzhou frozen silt under different temperatures

T (◦C) η b Rc α

-6 1.54 0.023 0.02 1
3

-10 1.92 0.017 0.024 1
2

-15 2.03 0.014 0.042 2
3

Figure 8 shows the strength envelopes in the Σm−Σd plane with the variation of ηc, b and Rc. In407

Figure 8(a), ηc controls the initial slope of the strength envelope and influences the intercept of the408

strength envelope. Specifically, with increasing ηc, Σ0
d and Σd increase, but it has no influence on409

the residual strength Σres
d . Figure 8(b) shows that parameter b controls the degradation rate friction410

coefficient η. With increasing b, the critical mean stress Σd and maximum deviatoric stress Σmax
d411

decrease. In Figure 8(c), the evolutions of strength curves are presented by varying maximum412
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damage resistance Rc from 0.005 to 0.04. Rc plays a significant role of the strength. Logically, Σ0
d,413

Σmax
d and Σres

d increase when Rc increases.414
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Figure 8: Strength curves in the meridian plane with the variation of (a)ηc, (b) b and (c)Rc

Parameter α and critical damage dc remain to be determined. The results of parametric studies415

by varying their values are presented in Figures 9 and 10. Parameter α controls the initial value416

friction coefficient and initial yield point in the stress-strain curves (Figure 9). With this rule and417

by analyzing the test data extracted from Zhang et al. (2018b), for simplicity, we take α as a418

constant for a given temperature (listed in Table 3). In Figure 10, dc plays a role in controlling419

the inelastic strains at peak stress and the evolution rate of the friction coefficient. More precisely,420

with increasing dc, the total inelastic strains at peak stress and evolution rate of friction coefficient421

increase, while dc does not affect the peak stress and maximum value of friction coefficient. To422

obtain a better fit to the test data, the critical damage dc can be considered the logistic function of423
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the confining pressure:424

dc (Σ3) =
d0

c erΣ3

1 + d0
c
(
erΣ3 − 1

) (61)

where d0
c is the initial value of dc corresponding Σ3 = 0, and r controls the evolution rate of dc.425

These two parameters under different temperature are obtained using the Cftool (Curve Fitting426

Tool) toolbox in Matlab and are shown in Figure 11.427

0 5 10 15 20 25
0

1

2

3

4

5

(a) Deviatoric stress- Axial strain

0 5 10 15 20
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

(b) Friction coefficent evolution

Figure 9: Sensitivity analyses of parameter α using CTC tests with Σ3 = 10 MPa and T = −6◦C
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Figure 10: Sensitivity analyses of parameter dc using CTC tests with Σ3 = 10 MPa and T = −6◦C
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Figure 11: Describing the evolution of parameter dc with increasing confining pressure under different temperatures
by using logistic function (61)

The CTC tests under different temperatures were simulated with the determined parameters by428

utilizing the proposed associated multiscale model. Figure 12(a) shows the comparisons between429

model simulations and test data on macroscopic deviatoric stress-axial strain curves under differ-430

ent confining pressures (Σ3=0.3, 1.4, 3.0, 6.0, 10.0 and 15.0 MPa) at the temperature of −6◦C.431

The simulated results can well reproduce the axial deformation and stress features of the frozen432

silt under different confining pressures, while the volumetric strain cannot be reproduced by the433

proposed model (Figure 12(b)). The reason may be the use of the associated local plastic flow rule.434

Figure 12(c) illustrates the evolution of the friction coefficient. The friction coefficient decreases435

with the increase in confining pressure.436
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Figure 12: Associated multiscale model simulations of frozen silt mechanical behaviors with CTC tests under −6◦C
(test data extracted from Zhang et al. (2018b))

Furthermore, Figure 13 shows the associated multiscale model simulations on the stress-strain437

relation at the temperature of −10◦C and −15◦C. The model simulations and test data well coincide438

with each other under a large range of confining pressures. Thus, the proposed associated multi-439

scale model can accurately reproduce the influences of the temperature and confining pressures on440

the axial strain and stress properties of frozen silt.441
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Figure 13: Comparisons between the associated multiscale model predictions and test data on stress-axial strain
behaviors under −10◦C and −15◦C (test data extracted from Zhang et al. (2018b))

5.3. Nonassociated multiscale friction-damage model validation442

In this subsection, the accuracy of the nonassociated multiscale model is assessed. The param-443

eter identification procedure proposed in Section5.2.1 is also valid for the nonassociated model.444

Accordingly, one can calibrate ten parameters in the nonassociated multiscale model from CTC445

tests on Lanzhou frozen silt at the temperature of −6◦C (Zhang et al., 2018b). Here, we take446

κ = 0.2. The values of parameters ηc = 1.59, b = 0.025 and Rc = 0.023 are obtained by fitting447

the strength envelope with Eq. (42). Figure 14 compares the strength criterion with associated and448

nonassociated local plastic flow rule fits and test data of frozen silt at the temperature of −6◦C.449

Both strength criteria (37) and (42) well reproduce the strength properties of the frozen silt. The450

other parameters in the nonassociated multiscale model are taken to be equal to those in the asso-451

ciated multiscale model in section 5.2.2.452
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Figure 14: Comparison between the associated strength criterion (37) and the nonassociated strength criterion (42)
fits to the test data of frozen silt at the temperature of −6◦C (test data extracted from Zhang et al. (2018b))

Figure 15 shows the multiscale models simulations (associated and nonassociated) of Lanzhou453

frozen silt properties under CTC tests (Σ3 = 3, 6, 10, and 15 MPa) and compares them with test454

data. Both associated and no-associated multiscale model simulations are consistent with the test455

data for the axial strain. The nonassociated multiscale model better describes the transition from456

volumetric compressibility to dilation with the increase in deviatoric stress, which demonstrates a457

great advancement over the predictions of the associated multiscale model.458
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Figure 15: Comparisons of multiscale models (associated and nonassociated) simulations and test data of CTC tests
under different confining pressures at −6◦C
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Figure 15: (continued)

6. Conclusions459

In this work, physical multiscale friction-damage coupled models and nonlinear strength cri-460

teria of ice-saturated frozen silt have been proposed based on linear homogenization theory. The461

studied material contains mesocracks embedded in a frozen silt matrix at mesoscale. The frozen462

silt matrix itself is composed of elastic mineral practices and elastic crystal ice inclusion. With463

this microstructure, the effective elastic behaviors of frozen silt are obtained with a two-step lin-464

ear Mori-Tanaka homogenization scheme. The plastic deformation is due to the frictional slid-465

ing along mesocracks, while the damage evolution is related to the initiation and propagation of466

mesocracks. By incorporation the thermodynamics framework and Mori-Tanka homogenization467

procedure, we have derived the macroscopic stress-strain relations and thermodynamics forces as-468

sociated with plastic strain and damage. The frictional sliding is driven by the local stress tensor469

applied onto mesocracks, which is affected by the damage state. The propagation of mesocracks470

controls the damage evolution. Therefore, these two inelastic processes are inherently coupled.471

The evolution of damage and plasticity are described by an energy release damage and a frictional472

sliding criterion with an associated/nonassociated local plastic flow rule, respectively. In partic-473

ular, the effect of pressure melting and damage evolution on the variation of surface asperities474

of mesocracks has been considered. With the aid of friction-damage coupled analysis, associ-475

ated/nonassociated macroscopic nonlinear strength criteria are derived.476

For numerical implementation, a semi-implicit local numerical algorithm for the proposed as-477

sociated/nonassociated multiscale models was developed. Then, parameter calibration procedures478

from CTC tests were developed. The accuracy of associated/nonassociated multiscale models479

and associated/nonassociated strength criteria were verified through a comprehensive campaign480
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of comparisons on Lanzhou frozen silt in CTC tests under an amount of confining pressure with481

different temperatures. Remarkable consistency was obtained between predicted results and test482

axial strains and strengths for the associated multiscale model and strength criterion. Nevertheless,483

the associated multiscale model could not correctly reproduce the experimental volumetric strains.484

The nonassociated multiscale model can reproduce the primary mechanical behavior of the frozen485

silt to account for its microstructure evolution.486

Compared with most previous micro-mechanics-based models devoted to geological materi-487

als, the main advantage of the present model is to incorporate precise physical mechanisms and488

specific microstructural evolution of frozen soil. However, in the present work, we only focus on489

the time-independent mechanical behaviors of ice-saturated frozen silt. This work should be ex-490

tended to consider both instantaneous and time-dependent behaviors of fully and partially saturated491

frozen silt. Moreover, the practical application of the proposed models to permafrost engineering492

problems is also being conducted in our ongoing work.493
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