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Abstract

Saturating sets are combinatorial objects in projective spaces over finite fields that have
been intensively investigated in the last three decades. They are related to the so-called
covering problem of codes in the Hamming metric. In this paper, we consider the recently
introduced linear version of such sets, which is, in turn, related to the covering problem in
the rank metric. The main questions in this context are how small the rank of a saturating
linear set can be and how to construct saturating linear sets of small rank. Recently, Bonini,
Borello, and Byrne provided a lower bound on the rank of saturating linear sets in a given
projective space, which is shown to be tight in some cases. In this paper, we provide con-
struction of saturating linear sets meeting the lower bound and we develop a link between
the saturating property and the scatteredness of linear sets. The last part of the paper is
devoted to show some parameters for which the bound is not tight.

Keywords: Linear sets, saturating sets, rank-metric codes, covering radius.
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Introduction

A set S CPG(k—1,¢™) is called p-saturating if every point of PG(k — 1,¢™) lies in a subspace
generated by p+ 1 points of S. The term saturated was coined by [33], but used with a slightly
different meaning. The above definition comes from [30] and it has been consolidated in [16].
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There is a classical correspondence between p-saturating sets and linear codes with covering
radius p 4 1, obtained by considering the vector representatives of S as the columns of a parity
check matrix of a linear code. It is natural to wonder how small a p-saturating set in PG(k—1, ¢")
can be. This is equivalent, in the coding-theoretical language, to the so-called covering problem
(see [12, Chapter 1]). Many bounds and construction of small saturating sets has been given
over the last two decades (see for example [I5], (17, 28] and references therein).

If m > 2, instead of simply considering sets of points, we may look at linear sets: a linear
set associated to an [Fg-vector space U in F';m is the set of points

Ly = {<U>qu cueU\{0}} CPG(k—1,¢™),

where (u>qu denotes the projective point corresponding to u. Such objects were introduced in
[27] in order to construct blocking sets and they have been the subject of intense research over
the last years. The F,-dimension of U is also called rank of the linear set. Intuitively, saturating
linear sets would not be the smallest ones, in fact, they would be quite large in cardinality.
However, a natural question is how small the rank of a p-saturating linear set in PG(k — 1,¢™)
can be. As shown in [§], this is equivalent to the covering problem for rank-metric codes. Let
us underline that the knowledge of the covering properties of a rank-metric code has important
consequences for applications: the covering radius is the least integer p such that every element
of the ambient space is in a ball of radius p centered in some codeword. It measures the maximum
weight of any correctable error in the ambient space and it characterizes the maximality of the
code (namely, if the code is contained in another with the same minimum distance). See [9] for
more details. In general, it is much harder to compute the covering radius than the minimum
distance of a code. While there is a wide literature on the covering problem in the Hamming
metric, there are relatively few papers on the subject in the rank-metric case [9} 10}, 18] [19].

In the current work, we continue the investigation of the geometrical approach to such prob-
lem introduced in [8]. Let sgm /q(k, p) denotes the smallest rank of a (p — 1)-saturating linear set
in PG(k —1,¢™). In [§], it is proved that

[m—k—‘—m—i—p if ¢ > 2,

p

Sqm/q(k’p) Z [mkp_ﬂ —m+p fg=2p>1, (1)
m(k—1)+1 ifg=2,p=1

and it is shown that (1) is tight for some values of ¢, m, k and p. In this paper, we first extend the
results in [8] by proving that (D) is tight whenever p divides k. Secondly, we show some covering
properties of h-scattered linear sets of large rank, which are particular linear sets introduced
first in [14]. As a byproduct, thanks to known results on the existence of maximum h-scattered
linear sets, we get other saturating linear sets of small rank and, in some cases not covered by
previous results, we get the tightness of the bound (Il). The last part of the paper is devoted to



the proof that there exist values of ¢,m, k and p for which the bound (l) is not met, clarifying
then that the bound (1) is not always tight.

Outline: Section[is devoted to define and give preliminary results about the main objects
of the paper. In Section 2 we provide constructions of small saturating linear sets showing the
tightness of the lower bound () for some parameters, whereas in Section Bl we prove that the
bound is not always tight. Finally, in Section 4] we resume our results and present some open
problems.

1 Preliminaries

Throughout this paper, ¢ is a prime power, [t] denotes the set {1,2,...,t} CZ, k € [n], m > 2,
p € [min{k, m}], F, denotes the finite field of order ¢ and V' (k, ¢"*) is a vector space of dimension
k over Fym. Also, Ngm/q(2) and Trym /4(2) denote the (standard) norm and trace from Fym to
F, of 2 € Fgm.

The projective geometry PG(k — 1, ¢) with underlying vector space F’; is

PGk —1,9) = (F5\ {0}) /.
where, for u,v € IE‘]; \ {0}, u ~ v if and only if u = Av for some X\ € F, \ {0}.

Definition 1.1. Let S C PG(k — 1,¢™).

(a) A point Q € PG(k — 1,q™) is said to be (p — 1)-saturated by S if there exist p points
Pi,...,P, €S such that Q € (Py,... ,Pp>1pqm. We also say that S p-covers Q.

(b) The set S is (p — 1)-saturating set of PG(k — 1,q™) if every point Q € PG(k — 1,¢™) is
(p — 1)-saturated by S and p is the smallest value with this property.

In order to introduce the g-analogue of the above definition, we need to introduce the notion
of linear sets. These are combinatorial objects, introduced by Lunardon in [27], which are
subject of intense research over the last two decades. A thorough presentation of linear sets can
be found in [31].

Definition 1.2. Let U be an Fy-subspace of V(k,q™) of Fy-dimension n. The Fy-linear set in
PG(k — 1,¢™) of rank n associated to U is the set

Ly = {<U>qu uelU \ {0}},

where (u)qu denotes the projective point corresponding to u. If the size of Ly is maximal, i.e.

|Ly| = q;_—_ll, then Ly is called scattered.



Definition 1.3. Let A = PG(T, ¢™) be a projective subspace of PG(k — 1,¢™) with underlying
vector space T C V(k,q™). Then Lynr = Ly N A, and the weight of A in Ly is defined as

wLU(A) = diqu(U N T).
If dimp, (U NT) =i, one shall say that A has weight i in Ly .
We are now ready to define the main object of the paper, introduced first in [g].

Definition 1.4. An F,-subspace U in V(k,q™) is a rank p-saturating system if Ly is a (p—1)-
saturating set in PG(k —1,¢"™). This last is called a (p — 1)-saturating linear set.

For an F,-subspace U in V' (k,¢™) of F,-dimension n, let us consider a k x n matrix G whose
columns are the elements of an [Fy-basis of U. The Fym-vector space C generated by its rows is
called a code associated to U. The dual code C* is the orthogonal space with respect to the
standard inner product.

Definition 1.5. The rank covering radius of a code C < Fym is the integer
prk(C) := max{min{dimp, (v1 — c1,22 — C2,...,Zn — Cp)F, : ¢ €C} : x € Fym }.
The following relation holds between the rank covering radius and rank saturating systems.

Theorem 1.6 ([8, Theorem 2.5]). Let U be an F,-subspace in V (k,q™) and C a code associated
to U. Then, U is a rank p-saturating system if and only if pu(CH) = p.

From both a geometric and a coding theoretical point of view, it is meaningful to ask how
small the F,-dimension of a rank p-saturating system in V'(k, ¢") can be. Hence, let us introduce
the following notation.

Definition 1.7 ([8]). For fived p,q,k,m, sqm/q(k, p) denotes the minimal Fy-dimension of a rank
p-saturating system in V (k,q"™), or, equivalently, smallest rank of a (p —1)-saturating linear set
in PG(k —1,4™).

In [8], the following bounds are proved.

Theorem 1.8 ([8, Theorems 3.3 and 3.4]). The function sym4(k, p) satisfies the bounds

[m?ﬂ—erp ifq> 2,
Sqm/Q(kvp)Z lrmk_l—‘ —m+p Z'fq=2,p>1, (2)
p
m(k—1)+1 ifq=2,p=1
Sqm/q(kap) <m(k—p)+p. (3)
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Remark 1.9. Let us resume here all other known properties of sqm/q(k;,p). By [8, Theorem
3.6] and [8, Theorem 3.8], the following holds, for all positive integers m,k, k', p € [min{k, m}],
P € [min{k’, m}].

(a) If p < min{k,m}, then sgm/q(k,p+1) < sqm/q(k, p).
(b) symsaksp) < sgm gl + 1,p).

(c) If p<m, then sgm/q(k+1,p+1) < s4m/q(k,p) + 1.

(d) If p+p <min{k + K, m}, sgmg(k+ K, p+p') < sgm gk, p) + 5gm1q(K', 0').
Using linear cutting blocking sets, introduced in [1|], one gets

Sqr-(kﬂ)/q(k, k—1)<2k+r—2,

(see [8, Corollary 4.7.]) and sgr/q(3,2) < 7+ 3 for all 1 > 4 (an easy consequence of [22,
Theorem 7.16]).
Using subgeometries (see [8, Theorem 4.14.]), one gets

Sqrjg(t(r = 1) + 1+ ht(r = 1) +1) <th+t(r—1) +1,

fort,s>2, h > 0.
Finally, sqm q(k, p) is determined in the following case (see [8, Section 5]):

Sqm/q(k, 1) =m(k —1) + 1, for all m,k > 2,
sqmyq(k, k) =k, for all m,k > 2,
Sq2r/q(3,2) =1+ 2, for r # 3,5 mod 6 and r > 4,
Sq2r/q(3,2) =1+ 2, for ged(r, (¢*° —¢° +1)!) = 1,7 0dd,1 < s < r,ged(r,s) = 1 (see [25]),
8q10/4(3,2) =17, for q =p™®" p e {2,3},gcd(s, 15) = 1 (see[4]),
Sq10/4(3,2) = 7, for q = 5" (seeld)),
$q10/4(3,2) =17, for q odd,q = 2,3 mod 5 and for g = 22" h > 1, (see[23]),
Sqer/q(2r,2r — 1) =2r +1, for all r > 2.

2 Saturating systems meeting the lower bound

In this section we aim to present saturating systems of minimal [F,-dimension.

The first construction is based essentially on the notion of Moore matrix. Let us recall
that a square matrix over IF, is a Moore matrix if it has successive powers of the Frobenius
automorphism applied to its columns. It is invertible if and only if the elements in the left hand
column are linearly independent over F,.



Theorem 2.1. Let k = pt for some integer t > 1. Then

— q gt q g" ! q g ! T.
U:={(z1,27,...,2] ,22,23,...,25 ..., T—1,2 ..., 241 ,01,02,...,0p)" :T; € Fgm,a; € Fg}.
is rank p-saturating. Therefore

)
sqm/q(pt, p) = m(t — 1) + p.
Proof. Let r =t — 1 and consider the F,-vector space

o q g1 q gt p—1 T .

U:={(x1,27,...,2] ,xo,23,...,25 ,...,xp, 2k ...,x] Lai,092,...,0,)" 1 x; € Fgm,a; € Fy}.

Let

v=" YOy Y@y Y AL AT € Vik ™).

We want to determine

u; = (xgi), ce (xgi))qpil,xgi), .

()"

T Lz ...,(:L'(i))qpi1 al?, al? Lo e U

P r sy H»Wg 9.

such that
v E <U1, e ,up>Fm.

Let s € {0,..., p} be the Fy-rank of Ay,..., A,.
Without loss of generality we can suppose that Aj,..., A are Fy-linear independent and

A=Y a4,
h=1

forje{s+1,...,p} and oM e [F,. Set \; = A;, for i € [s] and choose

J
01 --- 0
1 1) 1) gy Ogyo Qp
ayp Gy vt Gp Do : : :
2 2 (2 - ) ) y
agﬂ agf) agﬂ 00 --- 0 0 0O -~ 0
o0 --- 0 O o - 0
Consider Agy1,...,A, such that Aq,..., Ag, Ae1,..., A, are Fy-linear independent.

Thus for each j € [r] there exists a unique (:Eg-l), e ,:Eg-p))T € F/.. such that
YRS VIS VAV
(@, .., 2 Ao \q//\_g qp*x'l/E _ <Y1(j), {z/@ q”@) ,
);p \ ')‘p qpii/)‘_p
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i.e.

azgl) (xg.l))q (xg.l))q“l
(2) (2) (2)\gr—1
a1 . = ().
x(ﬁ) (x(ﬁ))q (x(ﬁ))q”’l
j j

J

This, together with ({l), provides a choice for w;, i € [p] such that v € (uy,...,up)p,~ and
shows that any vector v € V (k, ¢™) is p-saturated.
Such a p is minimal since

m
sqm/q(PtaP—l)Zﬁ~m(t—l)+ﬁ+p—l>m(t—l)+p,

for ¢ > 2, and similarly for ¢ = 2. O

Remark 2.2. Observe that in Theorem [21] one can also consider the set
. q°1 qsl(Pfl) qsr qsr(pfl) T.
U:={(z1,2] ,...,2] ooy Tyt ,a1,02,...,0,)" 1 x; € Fgm,aj € Fy},

with ged(m, sj) =1 and prove with the same arguments that U is rank p-saturating.

The second construction is based on the following generalization of scattered linear sets,
introduced first in [14].

Definition 2.3. Let U be an Fy-subspace of V(k,q™) and h < k be a positive integer. Then
U is called h-scattered if (U}qu =V and for every Fyn-subspace W of V of dimension h,
dimp, (W NU) < h.

The F4-dimension of an h-scattered subspace is upper bounded as follows.

Theorem 2.4 ([14, Theorem 2.3.]). Let U be an h-scattered Fq-subspace of V(k,q™). Then
either

h+1
or dimp, U = k and U defines a subgeometry of PG(k —1,¢™) and it is (k — 1)-scattered.

dimg, U < { fom J , (5)

Definition 2.5. An h-scattered Fy-subspace of V (k,q™) whose F-dimension meets the bound ()
is called maximum h-scattered.

Remark 2.6. The upper bound (B) is known to be achieved in the following cases:
(a) h =1 and mk is even, see [2, [, [0, [13];
(b) h=1, k=3, m=3, see [{;



(c) h=1, k=3, m=0>5, q=p" with p € {2,3} and ged(s,15) =1 or ¢ = 551 see [J|];
(d) h=1,k=3, m=25, q odd and ¢ = 2,3 mod 5 or ¢ = 2%+ with t > 1, see [25];

() h=m—3 and m > 4 is even and k = r(m — 2)/2 where r > 3 is odd, see [I], Theorem
3.6];

(f) h=k—1 and k < m, see [1], Lemma 2.2];
(g) (h+1)|k and m > h+1, see [T, [29].
Theorem 2.7. Let m > h+1. If U is an h-scattered Fq-subspace of V(k,q™) of Fq-dimension

(at least) Lm}(ﬁ_ll)J + 1, then U is rank p-saturating, with p < h + 1.

Proof. Let P := (v)p,,, with P ¢ Ly and project U from P to a hyperplane H of V(k,¢™) not
containing <U>qu. Let U be such a projection. Then U is a subspace of H of F,-dimension

| e

2.4 Hence there exists an Fym-subspace M of H of Fym-dimension h such that dimg, (M N
U) > h+1. Let N = (v, M)p,,, which is clearly of Fym-dimension h + 1 and such that
dimp, (N NU) > h+ 1. Let uy,...,up41 € NNU be h 4 1 linearly independent vectors over

J + 1 which is not h-scattered since its dimension exceeds the upper bound in Theorem

F,. The Fym-vector space (ul,...,uhH)qu must have dimension h + 1, since otherwise we
would get a contradiction with U being h-scattered. So N = (uq,. .. ,uh+1>qu. Hence v € N is
(h + 1)-saturated by U. O

Corollary 2.8. Let m > 4 be an even integer. For q > 2, if r =3 and m < 12 or r > 3 odd,

then ( 2
mr rim — mr
7—2§Sqm/q<T,m—2><7—l

For q = 2, the same holds if r =3 and m < 10 or r > 3 odd.

Proof. If r > 3 is odd and m > 4 is even, as recalled in Remark 2.6] there exists a maximum
(m—3)-scattered subspace, say W, in V(r(m—2)/2,¢™). Let U be a subspace of W of dimension

\‘MJ_Fl:m_l
5 .

m — 2

By Theorem 27 U is p-saturating with p < m —2. We have that U cannot be rank h-saturating
with h < m — 2, because otherwise its F,-dimension would be smaller than the lower bound ().

Actually, for ¢ > 2,
m__ rm=2)] 5, mr
m—2—t 2 2
for all 0 < t < m — 2, when either r > 4 or r = 3 and m < 12.

For ¢ = 2, exactly the same arguments, with the slightly different lower bound, lead to the
stated result. O




Corollary 2.9. If mk is even, then

In particular sqz/q(k:, 2) = k. Moreover,

5q/4(3,2) € {5,6}

for q = p* with p € {2,3,5} and
SqS/q(3, 2) = 4.

Proof. The proof works exactly as for Corollary 2.8 in the case stated in Remark for h = 1.
Proving that p = 2 it is much easier here, with simple inequalities. [l

Remark 2.10. Note that Theorem [2.7 does not give stronger results in the case p|k.

3 Non-tightness of the lower bound

In this section we will show that the lower bound () is not tight in general. In order to do it,
we will consider sq4/,(3,2). The lower bound states that
Sqt/q(3,2) > 4

and it is easy to realize that
Sq1/q(3,2) <5,

because an example of rank 2-saturating system of rank 5 is obtained considering an F,-linear
sets of rank 5 with a line of weight 4 (with a scattered underlying space) and a point outside it.
MAGMA computational results show that si6/2(3,2) = sg1/3(3,2) = 5, so that the lower bound
is not tight in the binary and ternary case. In the rest of the section we aim to generalize this
result for infinitely many values of ¢q. We will prove the following.

Theorem 3.1. If q is even and large enough, then sg,,(3,2) = 5.

Since most of the calculations and results will be based on the parity of g, let us suppose,
from now on, that q is even.

We want to show that for any [Fy-linear set Ly of rank 4 in PG(2, q*), there exists a point
P ¢ Ly for which do not pass any secant line to Ly. The proof of the theorem will be divided
into four lemmas. The proof of the last three is very technical and it is left to the Appendix.

Let X, X1, X2 be homogeneous projective coordinates in PG(2,¢*) and let (ag : a; : ao)
denote the coordinates of a point of the plane. We will use frequently the following general
result.



Remark 3.2. Let Ly be a linear set in PG(k — 1,¢™), H a hyperplane and P a point not
belonging to Ly mor to H. If the projection of Ly from P to H is scattered, then the point is
not 1-saturated, because otherwise in the projection we would find a point of weight at least 2.

Lemma 3.3. Let Ly be an Fy-linear set of rank 4 in PG(2, qb). If U is rank 2-saturating, then,
up to GL(3, ¢*)-equivalence,

U=Uyp= {(a;,a;q + aa:q3,xq2 +qu3)T ix € Fq4} ,

with o € F2, B € Fya such that o™ =1 and B@+1(a-1) = 1,

Proof. Note that we can always assume that U = {(z, f(z),g(z))? : @ € Fu}, with f, g two
IF4-linear maps of Fy4. Up to GL(3, q*)-equivalence, one of the following cases occur

1) U= {(a;,a:q,xqz)T T EFq4};
2) Ua:{(:E,:Eq—l-(quz,xqg)T:$€Fq4},WithaGFZ4;
3) Uy = {(:E,:Eq+()éﬂjq3,ﬂjq2)T 1z € Fq4} with o € F;4;

4) Upp = {(a;,a:q +az®,2? + fz)T iz € Fq4} with o, 8 € Fy;

(resp. ) By projecting Ly (resp. Ly, ) from the point (0 : 0 : 1) (resp.

(0:1:0)) to the line with equation X3 = 0 (resp. X; = 0), we obtain the set
{(z:29):2e€Fu},

(resp. {(z:27):x € [F,4}) which is scattered and thus the point (0:0: 1) (resp. (0:1:0)) is
not saturated, since through such a point there does not pass any secant line to Ly (resp. Ly, ).

First, by substituting = by Az with A € F;4 and dividing by A, the F,-subspace
U, is equivalent to

{(a;,a:q + a)\qg_qxqg,xqz) tx € Fq4}
and since ,
IF;; = {az: € IF;Q,Z €Fp, 21 o 1},

we have that o can be chosen in F’;Q.

If a4t £ 1 then by projecting Ly (resp. Ly, ) from the point (0 : 0 : 1) to the line with
equation Xy = 0, we obtain the set

{(x cal+ oz)\q_qsxqs) tx € Fq4} ,
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which is scattered and thus the point (0: 0 : 1) is not saturated.
Consider the case &« = 1. Note that the point (1 : 0 : 1) is of weight 2. By projecting Ly
from the point (1:0:0) to the line with equation Xy = 0, we obtain the set

A= {(mq—i-a:qB :xqz) :a:EIF'q4} = {(mq+xq3 :x):azqu4}.

Now, (0 : 1) is the unique point of A of weight 2 and this means that all the lines through
(1:0:0) intersect Ly in a unique point and thus Ly is not saturating.

Suppose now at! =1 and a # 1. Let w € g2 such that w? +w + a # 0. By projecting Ly
from the point (1:0: w) to the line with equation Xy = 0, we obtain the set

A= {(xq+a;pq3 g +wz):x GFq4}.

. 3, o . . 2 3 .
The function x — ¢ + ax? is a bijection, whose inverse is x — H—aagxq + =% 7. This means

1+«
that the set A is equivalent to

2 2
(% 3 (0% « « 3
{<x: T2 TTrat TTrat TTr e > ;xqu4},

and so ,
A~ {(:17 a4+ 1D)z? + (w4 a)x?):x GIE‘q4},

which is scattered if and only if Nga /o ((w + @) /(wa + 1)) # 1.
Since both o and w belong to FF 2, the previous condition is equivalent to

(w4 a)(w?+1/a)
(wa+1)(wi/a+1)

# 1,
that is
wl+w+a#0.

Thus (1 : 0 : w) is not saturated.
By substituting « by Az with A\ € F’[}l and dividing by A9, the F,-subspace U, g is
equivalent to
{(x, x? + a)\qa_qa;q3, 27+ B)\qg_qzxqa) ix € Fq4}

and since
2
Fiy = {az: € Fpyy 2 € Fua, 21 g 1},

we have that « can be chosen in IF'ZQ. Also, substituting x by Az with A € IF'ZQ and dividing by
A, the Fy-subspace U, g, with a € 2 is equivalent to

{(m,xq + a$q3,xq2 + ﬁ)\q_lxqs) (T € Fq4}

11



and since ,
Fyo = {B2: B € Fys,z € Fpo, DD =1 o1 =1},

we have that 8 can be chosen in Fg 4 such that 5(‘12“)(‘1_1) = 1. Finally, by projecting Ly, ,
from the point (0:0: 1) to the line with equation Xy = 0, we have that the set

{(:EZ:Eq—I—Oél‘qS) 1 X GIE‘q4}

is scattered if and only if N4 /q(a) # 1. This means that if « € Fj2 and a?tl =£ 1, then the
point (0 :0: 1) is not 1-saturated. Hence we can reduce to the study of the Fy-subspace U, g

with o € F 2, 8 € Fu such that 7™ =1 and Bl@+ha-1) = 1, O

Lemma 3.4. Let o971 =1, B@+D@=D) = 1, with o # 1. If q is large enough, then Ua,p is not
2-saturating.

Lemma 3.5. Let a =1, B € F}. If ¢ > 64 then U, g is not 2-saturating.
Lemma 3.6. Let a =1, f ¢ F,. If ¢ > 64 then U, g is not 2-saturating.

Theorem Bl now follows from the above three lemmas, whose proofs are in the Appendix.

4 Conclusion and open problems

In this paper we continued the investigation of saturating linear sets of small rank introduced
in [§]. In the following remark we resume all the parameters for which we know the exact value

of sgmq(k, p).

Remark 4.1. The lower bound () is met in the following cases:

sqm/q(pt, p) = m(t — 1) + p, forallt>1,m > 2,
sq2/q(k,2) =k, for all k > 2,
595/4(3,2) = 4,

Sqr/q(3,2) =1+ 2, for r # 3,5 mod 6 and r > 4,
Sqr/q(3,2) =1+ 2, for ged(r, (¢** —¢* + 1)) = 1,7 odd,1 < s < r,ged(r,s) = 1,
$q10/4(3,2) =7, for q=p™hts pe {2,3},gcd(s,15) =1 and for g = 5lontt
$q10/4(3,2) =17, for q odd,q = 2,3 mod 5 and for ¢ = 22" h>1,
Sqr/q(3,2) =7+ 2, for q odd,q = 2,3 mod 5 and for ¢ = 2*"1 h > 1,r odd,

Sqr/q(2r,2r — 1) = 2r + 1, for all r > 2.

As shown in Section[3, there are some parameters for which () is not tight: for q even and
large enough, sq1/4(3,2) =5 > 4.
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The theory of saturating linear sets of small rank needs surely further investigations. We
propose some open questions.

Question 4.2. In Section [ we showed that sg4(3,2) =5 for q even and large enough. Can
we prove the same result for q odd?

The answer to the above question would need to adapt all results and calculations to the
odd characteristic. A more ambitious result would be a general answer to the following.

Question 4.3. Is is possible to characterize the parameters for which the bound is not tight?

A generalized version of Remark would probably help in finding an answer, at least for
some (small) dimensions.

About the constructions, a classification of saturating linear sets meeting the bound would
be interesting. A possible step towards such classification would be the following.

Question 4.4. Can we find examples of rank p-saturating sets in V(pt,q™) of minimal F,-
dimension non-equivalent to those in Theorem [21] and Remark [2.97
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A Appendix

In this Appendix we will make use of algebraic varieties over finite fields; see [3] for a survey on
links between algebraic varieties over finite fields and relevant combinatorial objects.

A variety and more specifically a curve, i.e. a variety of dimension 1, are described by a
certain set of equations with coefficients in a finite field F,. A variety defined by a unique
equation is called a hypersurface. We say that a variety V is absolutely irreducible if there are
no varieties V' and V" defined over the algebraic closure of F, and different from V such that
YV =V UV’ If avariety V C PG(k — 1,q) is defined by F;(Xo,...,Xg) = 0, for i € [s], an

[F,-rational point of V is a point (xg : ... : z) € PG(k — 1,q) such that F(xo,...,z;) = 0, for
i € [s]. A point is affine if zg # 0. The set of the F -rational points of V is usually denoted by
V(F,).

In what follows, we mainly focus on algebraic hypersurfaces, i.e. algebraic varieties that
may be defined by a single implicit equation. An algebraic hypersurface defined over a finite
field F, is absolutely irreducible if the associated polynomial is irreducible over every algebraic
extension of F;. An absolutely irreducible F,-rational component of a hypersurface S, defined
by the polynomial F', is simply an absolutely irreducible hypersurface such that the associated
polynomial has coefficients in IF, and it is a factor of F. For a deeper introduction to algebraic
varieties we refer the interested reader to [23].

In the small-degree regime (usually when max{deg(f),deg(g9)} < /q), the existence of an
absolutely irreducible component in a hypersurface (or more in general a variety) yields the
existence of suitable [F -rational points of the hypersurface itself, due to estimates on the number
of F,-rational points of an algebraic variety such as the Lang-Weil bound [24] and its genera-
lizations.

Theorem A.1 (Lang-Weil Theorem). Let V C PG(k —1,q) be an absolutely irreducible variety
of dimension n and degree d. Then there exists a constant C depending only on k, n, and d
such that

'#(V(Fq)) - Zn: ¢'| < (d-1)(d-2)q" " +Cq" .
=0

Although the constant C' was not computed in [24], explicit estimates have been provided
for instance in [7, 11} 20, 21, 26, 32] and they have the general shape C' = r(d) provided that
q > s(n,d), where r and s are polynomials of (usually) small degree. We refer to [11] for a
survey on these bounds. In the following we will make use of Theorem [A.J] in small degree
regime. Actually, for a variety having an absolutely irreducible component defined over F,,
when the the degree of the variety is nondepending on ¢ and for ¢ large enough, Theorem [A 1]
yields the existence of roughly ¢" — O(q”_l/ %) F,-rational points.

Consider
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dop(C) = ((@"+1)C" + afa+1)*Tru/,(B)C° + (@*BH 4 2 Tr o(BT) + BrH 2
+a(a?(BUHTH 4 BUHCEY) o Trya )y (8) + BT T 4 BUHCTNC 1 02 (Nyayy(B) + 1)),

fap(C) = a35q30q2+q+1 + a5q2 cr+atl 4 a50q3+q2+q + a35q0q3+q2+1 +(®+ a25q3+q2)0q+1
+a46q3+q0q2+1 + (a25q2+q + a)0q3+1 +(a®+ a2ﬁq+10q3+q2 + (a2ﬁq3+1 + a)0q2+q
+ﬂq2+1c«q3+q + (a3ﬂq3+q2+q + a2ﬂq3)C + (a?B + a5q3+q2+1)0q + (a35q3+q+1 + a2ﬁq)cq2
+(a287 4 apT N 1 02Ny, (8),

and

9ap(C) = Nyi/p(aCit 4 aCT* 4 Q2310 + BCT + aftt!)
(0 + DOTHPHI 1 (0% 4 02 4 ) g7 CTHI 4t CT 071 4
+(a® 4 a?BCHT)CH 4 B1(0P 4 o + ) CTTCH 4 (o + 0 + o) T )T !
F(BTH 4+ 1)a2CTH 4 o3 (beta? T 4 B°YC 4 aCT T
—1—042(5‘13“ + 1)Cq2+q + 5q2+10q3+q + (2B + a5q3+q2+1)0q
+(a® + a25q+l)cq3+q2 + a3(ﬂq3+q+1 + Bq)Cq2 + (a25q2 +
aﬂq2+q+1)C‘13 T ad 4 a2prtet el a2> .
<(a4 b a2)or Oé?’Trq4/q(ﬁq30q2+q+1) + (02874 4 q)CrH
+a4ﬂq3+ch2+1 + a25q2+10q3+q(a25q2+q + a)Cq3+1 + (a2ﬂq3+1 + a)cq2+q
F(@2BITL 4 )CTHT 4 (aPBTTT 4 02B9°)C + (BT T 4 B)CT
+(a3ﬁq3+q+1 + 0425‘1)0‘12 + (aﬂq2+q+1 + ﬂqz)ctf 12Tt o2 1)_

Let
Fhp:={ce Iﬁ‘é fap(c) =0, (Fa? + BH (P20 + 182 4+ 1 )dy p(c)gap(c) # 0}
Lemma A.2. Let o9t =1, B@+D@=Y = 1 with a # 1. If q is large enough then Lo p # 0.

Proof. First observe that the polynomials f, g(C), da,g(C), ga,s(C) are nonvanishing.

To prove that I', g is not empty, we will make use the following approach. Set X := C,
Y =09 7 := qu, T := ng, let {{,{q,ng,qu} be a normal basis of F 4 over Fy, and write
C = Cob+C1E9+Cot T +C3¢9”  where Cy, Cy, Oy, Cs € Fy. Also, let @ = g€+ £9+anf? + e’
and 8 = o + Br1&7 + B267" + BrE”.
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Write fo(C) as fop5(X,Y,Z,T). Since a9 = 1, (fas(C))? = fas(C) and thus the
hypersurface defined by Y : f, 5(Co&+ C1&7+ T + Cgqu) = 0 is Fy-rational and projectively
IF 4-isomorphic to the hypersurface X : f, 3(X,Y, Z,T) = 0 and of degree 3.

Note that X is of degree one in T" and thus is reducible only if f, g(X,Y, Z,T) = (1(X,Y, Z)T+
l5(X,Y, Z) possesses a factor depending only on X,Y, Z, which should be a common factor of
the coefficient ¢1(X,Y,Z) and ¢5(X,Y,Z). That is to say, the resultant between ¢;(X,Y,7)
and l5(X,Y, Z) with respect to Y should vanish. This is not possible since a5 # 0, as easy
computations show.

The argument above yields the absolutely irreducibility of X and thus of ), since the ab-
solutely irreducibility is preserved by projectivity. Because ) is defined over F, and absolutely
irreducible, it has dimension 3 and it contains roughly at least ¢> — O(q5/ 2) [F,-rational points
(20, Yo, 20, to) which correspond to values C' = zp§ + yo&? + 2269 + 1569 satisfying fa,8(C) =0.

In order to show the existence of values C' € Fp4 in I'y g it is enough to show that the
hypersurface

q

Z: (X2 + B) (XY 20?4+ B2Y? + 1 )dap(X, Y, Z,T)gap(X, Y, Z,T) =0

does not contain X, so that Z N X is subvariety of codimension one in X. We have only to
check that this actually holds for the hypersurface g, s(X,Y,Z,T) = 0, being trivial for the
other components of Z. The four factors of degree 3 in g, 3(X,Y,Z,T) cannot be factors of
fap(X,Y, Z,T), being this polynomial irriducible. It can be easily checked that the resultants
of each of two other factors of g, (X,Y,Z,T) and f, 3(X,Y,Z,T) with respect to T" are non-
vanishing polynomials and thus X and Z do not share any component. Thus Z N X is of
dimension 2 and there are at most O(q?) [F,-rational points (xo, Yo, 20, to) Wwhose corresponding
value C' = zo& + yo&? + :E2£q2 + :E3£q3 satisfies f, 5(C) = 0 and (C?a? + 82)(C?7T2a2 + C%132 +
1)dy 5(C)gas(C) = 0. This yields T4 5] = ¢> — O(¢°/?) and the claim follows. O

Proof of Lemma[37. We will prove that each point Po := (0:1: C) € PG(2,q¢%), C € T3, is
not 1-saturated by Ly, ,. Since by Lemmal[A2T, g # 0, this will prove the claim.

Since Uy, is 2-saturating if and only if U,z g is 2-saturating, in the following, for the seek
of convenience we will consider this latter case.

The point Po does not belong to Ly , ., for any C' € Fp.

Recall that P¢ is saturated if and only if

r 294 22?27+ B2
det |y y7+a%y” ¢y +p%7 | =0
0 1 C
for some z,y € Fpu with zy? — 2% # 0. By direct checking, the above determinant reads
Fo(x,y) == C?xyd + xyq2 + 02a2:1:yq3 + 5%@/‘13 + C?xly + :L"q2y + C’2a2xq3y + ﬁQ:L"qSy.
Denote by F(z,y) := (Fo(z,y))?, i =1,2,3.
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Let G1(x,y),Ga(x,y),Gs(x,y) be the polynomials

Gi(z,y) = (CPyl+y? + C??y? + B2y )Fi(z,y) + (C¥y1 + o252y Fy(z, y),
2 3 3 2

Ga(z,y) = (C*y?+yT + C%*yT + B2yT ) Fa(z,y) + y? Fo(z,y),

Gs(z,y) = (CPy%+y7 + C2*y?” + B2y ) Fy(z,y) + C2 ay? Fy(z,y).

One can check that G; are g-linearized polynomials in x containing only x4, 27 , 27°. We consider

now the polynomials Hy and H»

Hl(x7y) = uGl(x,y)—l—ng(x,y),
Hg(ﬂf,y) = U)G1($,y)+UG3($,y),
where
G2 2 2 ~2¢%+2 2¢2 2V, q 2 ~2q2 2¢2\, ¢
u = y? (C*y+ (a*C + BT C)yl + (a”C*T + BT )y
+(a402q2 + a2ﬁ2q202 + a2ﬁ202q2 + ﬁ2q2+2)yq3)
v o= (C% 4?2yt 4 (C2F29202 + C20* B2 4 O B2 + o2 B2H2)y 0+ 4 02220+
+C’2a2yq3+q + C2qa2y2q2 + (C*T201 4 0?0232 + ozz)yq?”rq2 + (C?%at + a262)y2q3,
w o= (O T2y 4 Oyl 4yt 4 PPy 4 B2y )y
Now, 2 3 3 2
Hi(z,y) = (C*y? +y7 + C%®y” + B%yT ) (wy? + 2%) L1 (y)
and 2 3 3 2
Hy(z,y) = (CPy? +y + C%a®y” + B%yT ) (zy? + 2y)" La(y),
where
Ll(y) — (C’2q+2oz2 + C2Oé4ﬁ2q + C2q62 + a2/82q+2)y2 + (02q2+2q+20é4 + C2q+20é2ﬁ2q2

JrC2qZ+2 ab /82(1 + 0204 B2q2+2q + 022 + C2q2+2q o ﬂ2 4+ 02 52q2+2 + C2q2 o /8211-‘:-2
+a2ﬁ2q2+2q+2)yq+l + (C2q+2a4 + C’2q2 +24 C2qa252 + C2q2a262q)yq2+1
+(02q2+2q+2a2 + C2q2+2a4/82q + 0204 + C2q2+2q/82 + C2q2a2/82q+2 + a252)yq3+1
+(C2q+2a4 + 02a2ﬁ2q2)y2q + (C2q2+2q+2a2 + C2q2 ot + a262q2)yq2+q
+(C2q2+2a6 + 02‘12+2a2 + C2a4ﬁ2q2 + C2q2 a4ﬂ2 + a252q2+2)yq3+q
—|—C’2q2+2‘1a2y2q2 + (C2q2+2q+2a4 + C2q2+2qa252 + 027 a2)yq3+q2

+(02q2+2a4 + 2 a252)y2q3
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and
Lo(y) = (C2q3+2q2 o + C2q3a462q)y2 + (C2q3+2q2+2a4 + %02 4 a462q)yq+1
+(C2q3+2qa4 + 020°+20 C2qa252q3 + C2q3a2/82q + a452q3+2q)yq2+1
+ (C2q3+2q+2 a? 4+ C2a+2,4 62‘13 + C2q3+2 ot ﬁ2q + 0208 62q3+2q + C2q3+2q ﬁ2 +
C2qa2/82q3+2 + Czq3a4 + C2q3 a252q+2 + a4/82q3+2q+2)yq3+1 + C2q+2a4y2q
+ (C2q3+2q+2 a2 4+ C2at2,4 62q3 4+ a4)yq2+q + (02q+2 ol + C2q3+2 o+ C2at ﬁ2q3
_’_C2qa452)yq3+q2 + (C2q3+2qa2 + C2qa4/82q3)yq2 + (C2q3+2q+2a4 + C2q+2a6/82q3
_|_02q3+2q o2 ﬁ2 4+ 02 52q3+2 + 02q3 a2 + ot 62q3)yq3+q2
~|—(C’2q3+20z4 + 02a652q3 + 02q3a2ﬁ2 + Oé4,62q3+2)y2q3-
Note that the determinant of the Dickson matrix of C2y¢ + y%° + C2a2y?" + B2y? is do3(C)
and thus d, g(C) # 0 for any C € T'y .
We already excluded the case xy? 4+ z%y = 0 and thus from Hp(z,y) = Hs(x,y) = 0 one
3
gets L1(y) = La(y) = 0. Let P(y) := o*C*7(C9 + )L (y) + (C9 + af?)*(Ca + B)*La(y) =
(C?+ aB)?Q(y). From Q(y) = 0 one gets y = U/V, where
U = (a®(C%y7 +y7 +C%®y? +y7 52)-
((C2q+2a4 40200282 + C20°+24% (A i C2q3a252q2)yq
+ (C2q3+2q+2 o 4 C2a+2,4 62q3 + C2q3+2q2+2q o+ C2q3+2q 52 + %2 ﬁ2q3+2) yq2

i (02q3+2 o2 + O2a4 52q3 + 203 +24° 2 + o2’ 82 + a2 52q3+2) yq3)’

Vo= (0402q3+2q ol + C2q+2C2q3+2q2 ol + C2q3+2q+2 ot 52 + C2q3+2q+2 ot /82112 4+ 20204
+C2q3+2q2+2a8ﬁ2q + C2q3+2a6ﬁ2qﬁ2q2 + C’2q3+2a4 + C2a6ﬁ2q + C2q02q3+2q2 a4ﬁ2
+ C2q3+2q o? 52 62q2 + 0242 52 + C2q3+2q2 ab /82q+2 + 02q3 ot /82q+2 62q2 + ot 62q+2) yq
+ (C2q3+2q+2 a2 4+ C2a+2,4 52q3 + C2q3+2 ot qu + 028 B2q3+2q + C2qC2q3+2q2 >
+C2q3+2q 52 + 2,2 62q3+2 + C2q3+2q2 ot /82q + C2q3 a? /82q+2 + ot 62q3+2q+2) yq2
+ (C4c2q3+2q ot + 010?08 /82(13 + C4C2q3 af /82(1 + a8 B2q3+2q + C2q+2C2q3+2q2 ot
+ C2q3+2q2+2 ab /82q + C2q02q3+2q2 o? 52 + C2q3+2q ﬁ4 + 0242 54 62q3 + C2q3+2q2 ot /82q+2
+CM? 5152 4 ot g Ry

Substituting it in L1 (y) = 0 we obtain
a?(C2a® + B2)(CH 202 + C2B% 11 )(C2yt + 4T + C2ay? + B2yT )y ' M(y) =0, (6)

where
_ 2 243 2 ¢3+q? 2 ¢+ 2, 2¢2% 2 >+ 2 .2
M(y) = agoy™" +any? T +ajoy? T+ agey™ +ayy? T+ aqey”,

20



with

a = a(CTT4CTaBl 4 a)(C a4+ Ca?BT + CTH a4 CT B 4 aBTHY)
(CT a4 CT o + Ca®BT + CIB + aft™h),

ap = (C7+af?)(CTH o+ Ca?BT + CTH a4 CT 5 4+ afT ) f, 5(C),

ay = (CTT0% 4 0T+ 4 ClaB” + T af? + a?57H9)

(CTH a4+ Ca?BT 4 CTH a4 O B+ af” )
.(Cq+1a 4 7+, + CQBQQ + Cq2a25q + aﬂq2+q)7

ailp = a(C’q+1a + Cq3+1Oé + C’ozzﬁq + Cqﬁ + a6q+1)fa,ﬁ(0)a
ail = OéCqS (C’q+1a + Cq2+qOé + Cqﬁq2 + Cq2a2ﬁq + O‘ﬁq2+q)fa,ﬁ(0)y
ap = AX(CTFTC a4 CT BT £1)(CT a4 CTF o+ C187° 4+ CF 2B + a7 )

(C o+ CTH o + Ca®BT+ CIB + afith).

Since C € T', g and ay # 0, (@) yields M(y) = 0. Also, from f, 3(C) =0, M(y) = (agoy? +
a02yq2 + agoy?)?. We will show that M (y) has only the zero root in [Fy4. To this aim consider
the Dickson matrix associated with M (y)

0 asy  ap2 Qoo
ago? 0 ax? ap?
age® ag” 0 an? |’
an®  age® agy?” 0

whose determinant is precisely g, g(C), which is nonvanishing since C' € ', g.
This shows that Pc is not saturated by Ly, , and the claim follows. O

Let
ro(z) = (2" =2)(z = B)(ZP+ 282+ 2B+ 1) (2 + 282+ 287 + 2B+ B2+ 2+ 1)(28° + B+ 1),

and

Ay e {Z €F, : Tryp <(253 + 232 ;;4—1— 5)(24—5)) =0,70(2) # 0}.

Lemma A.3. Let 3 € F;. If ¢ > 64 then Ag # 0.

Proof. Recall that Tr, /o ((253+252Z-2F;jﬁ)(z+5)> = 0 if and only if there exists x € F, such that
22+ 7+ (263+z62z—21-;2-5)(2+5) —0.
Consider the plane IF -rational curve

(ZB+ZB%+ Z+ B)(Z + B)
7234

C:X’+ X+ =0.
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It is birationally equivalent to

1\? 1 (ZB+ZB+Z+B)(Z+P)
<X+ﬁ_Z> +X+ﬁ_Z+ Z2ﬁ4

=0,

that is Bl 1
R |}
B Z
which is clearly absolutely irreducible and of genus at most 3. This means that there are at
least ¢ — 2,/q Fy-rational points in C and thus iz*/a — 1 values z € F, for which

3 2
Trm((zﬁ +28 ;;j B)(z+ﬁ)> _o.

Among these values, at most 10 satisfy 79(z) = 0. Since ¢ > 64, Ag # 0. O

X2+ X +

Proof of Lemma[3.3. We will prove that for each § there exists z € [, such that the point
(1: 2 : ) is not l-saturated, by proving that the set

{(z? + 2?4 2z, 2t 4 B+ Bz):x € Fpu} CPG(L,q%)

is scattered.

Let us consider z € Ag # . First we prove that the point (1 :0) € PG(1,¢*) is of weight 0.
This can be readily seen as the Dickson matrix of 27 4 Bz? + Bz is non-singular.

We consider now a point (m : 1) € PG(1,q¢*) with m € F 4. Such a point is of weight at
most one if and only if the rank of

mp+ z 1 m 1+mp
1+mgB8 miB+ =z 1 md
M:: 2 2 2
m4 1+mPB mTB+z 1

3

1 m4 1+meB mTB+ 2

is at least three. Let f; = det(N7) and fo = det(N3) be the determinants of the north-right and
south-right 3 x 3 submatrix of M, respectively.

Then
o= ﬁ3mq3+q2+l+(25+52)mq2+1+(Z5+52+ﬁ+1)mq3+1
+(z+ B)m + Bma +e 4 (28 + ﬂ)qu + (28 + z)mq3 + 2%
fo = (B4 B2+ mPHET 4 (82 4 BymT L - (28 + B2)yme T

F(B+Dm+ (28%+ 2B+ BmTTT + (284 B+ 1)m? + (22 + 28)m?.
Using f1 = 0 and (fl)q3 =0 to eliminate m¢’ and m? from (fg)q3 =0, one gets

(B2+B)mIt 4 BmA4-(2+ B)mI+1) (262 + B+ 1)mIT (22 B+ 2)mI+ (22 B+ 2)m+ 22 f+22) = 0.
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e Suppose that (82 + B)mI™t + Bm + (2 + B)m4 +1 = 0. Then (mB% + mB + z + B)m? =
mB +1. Som # 0. Also, mf3% 4+ mf + z + f = 0 would imply mB + 1 = 0 and thus
z = 1, a contradiction. Since m € F_4 this yields 23(m2B% + m?B8 + mz + 1) = 0. Using

m? = P again in (f2)7 = 0 one gets

(mpB + 2)(mB%+mp+m+ z+ B)(mzB? + mzB+mpB+ 22 + 5+ 1) = 0.

Since z ¢ Fy U {5}, none of these three factors vanishes. Also, combining each of them
with m24% + m?B 4+ mz + 1 = 0, necessarily

pz(z+1) =0,

or
22428 428+ 2B+ B+ 52 +1) =0,

or
Bz(z +1)(z2 + 28° + 28 + 2B+ 8° + B> + 1) = 0,

a contradiction to z € Ag.

e Suppose that (243 + 5+ 1)miT! + (2284 2)m? + (2284 2)m + 225+ 22 = 0. Since z € Ao,
233+ B+1# 1. Then (mzB2+mB+m~+228+2)md = mz?f+mz+22B+22. Clearly m = 0
is not possible. Also mz3> +mfB +m + 228+ z = 0 yields mz28 4+ mz + 226+ 2> = 0 and

. . 2 2 2
thus 28(2% + 282+ 28 +1) = 0, a contradiction to z € Ag. From m? = m"zgg,f:l"gi‘;iﬁjﬁzﬂ’

substituting it in det(M) = 0 one gets
Bz((2B% + 2% 4 z + B)m? + 226%m + 25 + 22B) = 0.

Note that (282 4+ 282 + z + B)m? + 226%m + 22 + 223 = 0 is an equation in m defined over
Fg. Since Trg /s <(263+2522‘2F;jﬁ)(2+5)) =0, m € F, and thus

mz2B + mz + 228 + 22 B
mzf3+mB+m+ 228 +z

Together with (283 + 282 + z + B)m? + 228%m + 23 + 228 = 0, this gives
Bz(z2 4+ 262+ 28+1) =0,

a contradiction to z € Ag.
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Consider the following polynomials
m(z) = BTa(z + 1)+ (B4 8Tz 4 B+ BT);
ho(z) = 25+ (5q2+q+1 1 patl +5+5q2 —1—5‘13)24 i (5q2+q+2 1 gat2 +ﬁq2+2q+1 4 gra+l
LRIVl gL gy get 4 gy ge 4 BT 4 BT 1)z
+(5q2+q+2 + ﬁq3+2q+1 4 gl g oga+l ﬁq3+2q + 5% 4 5q2+q + ﬂq3+q 1B+ ﬁqz)zz
+(6q2+q+2 1 pat2 +5q2+2q+1 +ﬁqg-i—tﬁ-l _|_ﬁq2+1 _|_5q3+q 1 B +6QQ)Z
+ﬂq2+q+2 +ﬂq?’—i-2q—i-1 +5(12—l-q—|r1 +ﬁq3+2q;
ha(z) = Blz+ 1)(25 4 (ﬂ+5q3+q2+q +ﬁq2+q 18 +ﬂq3)z4 4 (ﬂq2+q+1 +5+ﬂq3+q2+2q
+ﬁq2+2q + 5q3+2q2+q + 62q2+q + 5q3+q 1+ B4 62(12 + ﬁqSJrq2 + ﬁq2 + ﬁqs +1)23
+(5q2+q+1 +ﬂ2q2+1 +5(12+1 +5(13+qz+2q +52q2+q _|_5q2+q +52q2 _|_5q3+q2 +ﬂq2 +ﬂq3)22
+(5q2+q+1 + ﬁq2+1 + ﬁq3+q2+2q + 6q2+2q + 6q3+2q2+q + 5q3+q + 5[12 + 5(13)2
+ﬂq2+q+l _|_ﬂ2q2+1 +ﬁq3+q2+2q +5q3+q2+q
ha(2) = Trgis(B+ B9TY)2% 4 (Trga g (BT ) + BT+ 4 84922 4 To a0 ()2 + Trga s (B7FY).
Let
Ari={z €Fy: 2(z41) (287 T4 B487) (224287 H94 287 489489 +1)hi (2)ha(2)hgs (2)ha(2) # O}

Proof of Lemma[3.0. The proof is similar to the one of Lemma[3.5l First note that since ﬁq3+q =
ﬂq2+q, B ¢ F, yields § ¢ F,2. We will prove that for each such 3 there exists z € Ay such that
the point (1: z : ) is not 1-saturated. This holds if the set

{(z?+ 2?4 2,29 + Bt + Bz):z € Fu} CPG(L,q%)

is scattered. Arguing as in the proof of Lemma [3.5] it can be shown that the point (0 : 1) is of
weight 1. To investigate the weight of a point (1 :m), m € F 4, we consider the rank of

mp + z 1 m 14+mp
1+mip? mip + 24 1 m4
M = 2 2 2 2 2 2
md 1+m? BT ma BT + 214 1
1 mq?) 1 + quﬂqS quIBqS + ZqS

We will prove that for each choice of 3 the rank of M is at least three independently of m € Fa.
Let f1 = det(IN7) and fo = det(N2) be the determinants of the north-right and south-right 3 x 3
submatrix of M, respectively. In this case,

filz) = (BTFTCFL 4 I 4 I at et | (180 4 Bty (157 4 L)
+BImT 4 (287 4 BIHE 4 BT L N)YmT 4 (28 4 BY)md + (2 + B )mS” + 22,
folz) = (ﬁq?’—l—qz—l—q N Ui 1)mq3+q2+q + (Zﬁq2+q + 287 + 5q2)mq2+q + (ﬁqs-i-q + ﬁq)mq3+q

(287 4 BT+ 1)mT + (287" + BT )YmT e 4 (22 + 28 )m” + (87 + 1)m?".
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Using f1 = 0 and ( fl)q3 =0 to eliminate m4" and m? from ( f2)q3 = 0, one gets

(BT + BymT + Bm + (2 + 1)m? +1=0

or

(2BTHIY 4 294 4 27+ 4 BT 4 BT 4 T 4 1yt
F(Z2B+ 24 B+ B0 )m+ (2287 + 287 + 287 + 2)m? + 2287 + 22 = 0.

e Suppose that (397 4+ B)mIt 4+ Bm+ (2 +B9)mI+1 = 0. Then (MBI +mB+z+p)md =
mfB + 1. Clearly m # 0. Also, mB9T! + mB + z + 8¢ = 0 would imply mfS + 1 = 0 and
thus 2z = 1, a contradiction. Since m € F, this yields

((ﬁq—H —I—ﬁ)z?’ + (5q+2 +52 +ﬁq3+q+1 +5q+1 +5q2+1 +ﬁq3+1)z2
+(5q+2 +ﬁq2+2 +ﬁq2+1 +ﬁq3+1)z+ﬁq2+2 +ﬁq3+q+1>m2

(21 Trga g (B2 + (Trgasgl(B) + BT 4 g1IH0)22 4 g™y g’ )

+23 4+ 229 + 225‘12 + zp7+ zﬂqz =0. (7)
Using m? = mﬁﬁﬁfnzarﬁﬁq again in (fg)q3 = 0 one gets

(mB+z)(mBI +mpB+m+z+59) (mzﬁqH+mzﬁ—|—mﬁq+1+mﬁq2+1+mﬁ—|—z2—|—z6q+zﬁq2 +5741) = 0.

Since 8 ¢ F,, none of these three factors vanishes. Also, combining each of them with (),
necessarily
hl(Z)hQ(Z)hg(Z) = 0,

a contradiction to z € Aj.
e Suppose that
(Zﬁqz-i-q—l—l 1 pett 4 Zﬂqz-kl + qu-i—l + qu-i—q + B9+ 1)mat!
+(Z2B+ 2+ B8+ ﬁq2)m + (z26q2 + 2B+ zﬁq2 + 2)m9 + z26‘12 +22=0.
Then ((287° T4l 4 289+ 4 »B¢°+1 4 B+ 4 B4 B4 1)+ (2287 4 2894287 +2))m? =
(28+ 2+ B+ ﬂqz)m + 229" + 22. Clearly m = 0 is not possible.
Also (249 HaHL 2 39H1 L LB+ 1 P+ 4 B°+a 4 394 1)+ (2269 + 2894269 +2) = 0
yields (226 + z + 8+ ﬁqz)m + 2287 + 22 = 0 and thus z(zﬁq2+1 +8+ ﬁqz)(z2 + 2B+
27 + B1+ BT + 1) =0, a contradiction to z € A;.
Thus
(228 + 2+ B+ BT Ym + 2287 + 22
(2B9°Fat+1 4 2 Ba+L 4 z39°+1 4 B+ | BeP+a 4 B 1)m 4 (2269 + 29 + 239° + 2)

md =
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and since m € F 4, necessarily hy(2)(az(z)m? + ai(z)m + ao(z)) = 0, where

as(z) = (6q3+‘12+q+2 4 BT BIt 3 4 (5q2+q+2 4RI | gat+2 | g2
_|_5q2+q+1 4 gatt +5q3+q2+1 _|_5q2+1 _|_/3q3+1 +,8+ﬂq)z2
+(ﬁq3+q+2 +6q2+2 +6q3+q2+q+1 +6q2+q+1 1 gt +ﬁq3+q2+1 +5q2+1
+5q3+q2+q+5q+ﬂq3)z+ﬂq+2_|_/32+ﬂq2+q+1 +Bq3+q+1+ﬁq2+1 +
B +5q3+q2+q +5q2;

al(z) = ﬁq3+q2+q+lz4 + ﬂq4/q(/8 + ﬁq_,_l I ﬁq2+q+1)z3
~|—(Trq4/q(ﬁq+1 + ﬁq2+q+1) + 6q2+1 + 5q3+q)z2 + Trga0(8)z + Trq4/q(5q+1);
ae) = 2 (ﬁ O3 (BCH y ge | BT ,2 (B0 4 gy grtta | g,

+/3q2+q 1B+ /3q3+q2 + ﬁq3)

Since 3 ¢ F, (and thus not belonging to F2) the polynomial az(z)m? + a1(z)m + ag(2)
is nonvanishing, since as(z) # 0. Also,the resultant between az(z)m? + a1(2)m + ag(2)
and fo with respect to m is a polynomial of degree 38 in z whose leading coefficient is
B3P 27+ (ga 4 ga* 4 Ba*+a 4 BI°+a*) which is never zero, since 3 ¢ [F,. Since ¢ > 64
it is always possible to choose z € A; to be not a root of such a polynomial.

The claim follows. U
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