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Generalised core partitions and Diophantine equations

Olivier Brunat® Nathan Chape/ier—Laget]L Thomas Gerber*

Abstract

We study generalised core partitions arising from affine Grassmannian elements in arbitrary Dynkin type. The corre-
sponding notion of size is given by the atomic length in the sense of [CLG22]. In this paper, we first develop the theory
for extended affine Weyl groups. In a series of applications, we give some remarkable parametrisations of the solutions of
certain Diophantine equations resembling Pell’s equation, by refining the results of [BN22] and [Alp14], and generalising
them to further types.
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Introduction

The ubiquity of core partitions

The study of core partitions, those integer partitions with no hooks of a given size, is a recurring theme in
algebraic combinatorics. Over the years, it has provided striking links between different fields of mathematics
such as

. representation theory, originally via the Nakayama conjecture [Brad7, dBR47] which paved the way to
investigating block theory for symmetric groups [JK84] and related algebraic structures such as Hecke
algebras [GP00, Fay06, GJ11], finite groups of Lie type [FS82, Ols86],

. enumerative combinatorics, for instance via the various generalisations and interpretations of the Rogers-
Ramanujan identities [AE04, Gor61, And74, Bre79, GKS90, HS96a, Chel3]; or via some famous enumer-
ation results [GO96, And02, Han10, HO11, Joh18]

. number theory, via the study of certain modular forms arising from the generating series of core partitions
[GO96, HS96b, HS99] and relationships with certain Diophantine equations [OS97, HN13, Alp14].

Recently, there has been some exciting developments in all of these directions, for instance with the study
of blocks for cyclotomic Hecke algebras [J1.21, CJ23]; generalisations of classical enumeration results [Fay19,
STW23]; or the explicit parametrisation of the solutions of certain Pell-type equations [BN22], see also [MS23].
All of these results rely on a careful study of the combinatorics of cores, either in their classical definition or as
a natural generalisation. In particular, the notion of (generalised) size of a (generalised) core plays an essential
role.
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The atomic length: a new approach to core partitions

In previous work, the last two authors have introduced a statistic, called the atomic length, defined on the Weyl
group attached to a Kac-Moody algebra of given finite or affine type [CLG22]. This approach, representation-
theoretic by nature, enables us to define "cores" and their corresponding "size" in great generality and in a
very natural fashion. Moreover, it was shown that these notions recover previous constructions in the literature
[GKS90, Las01, STW23] by specialising the parameters appropriately. For instance, one recovers the usual

(n + 1)-core partitions and their size by simply considering the type AY and the fundamental weight Ag.

In arbitrary type, specialising at Ay gives the so-called affine Grassmannian elements, which we will therefore
call "generalised cores" in what follows. This follows the philosophy of [STW23]. Actually, we will catch a

glimpse of the relevance of the general A-atomic length by focusing, in type Cél), on the other fundamental case
A=A

In [CLG22], much of the study focused on Kac-Moody algebras of finite types. This culminated in an analogue
of the famous Granville-Ono theorem [GO96] for all finite Dynkin types. The case of affine Kac-Moody algebras
was initiated, but not extensively investigated.

The first main objective of this paper is to give a definition of the atomic length on the extended affine Weyl
group, which we will call extended atomic length (this the subject of Section 2.3). Using both the decomposition
of the extended affine Weyl group as the semidirect product of the finite Weyl group with the coweight lattice

and as the semidirect product of the fundamental group with the affine Weyl group, we show that in types AS)
and C,(LD, which are thoroughly investigated in this paper, the atomic length admits the following remarkable
property (see resp. Theorem 4.7 and Theorem 4.11).

The fundamental group is the set of extended affine Grassmannian elements with
Ap-atomic length equal to 0.

It would be very interesting to establish this property in other types too.

Labelling solutions of Pell-type equations by generalised cores

The second goal of this paper is to demonstrate a striking application of this theory: in several Dynkin types of
small rank, the generalised cores parametrise the solutions of certain Pell-type Diophantine equations, namely

. in type Agl), this was proved in [BN22], which we recall in Theorem 8.2,
. in type 02(1)’ see Theorem 8.8,

. in type 02(1) for a second, complementary equation, see Theorem 8.12,

. in type Dz(f), see Theorem 8.17,

. in type Df'), see Theorem 8.27.

These results, all in rank 2, rely on the same following mechanism.

Step 1 Consider the Diophantine equation of the form
a? +dy? =k (1)

where d € {1,3} and k has a certain fixed residue class (these will depend on the
Dynkin type).

Step 2 Endow the solution set of (1) with a free action of an appropriate finite group G.

Step 3 Find an explicit map ¢ that sends (extended) affine Grassmannian elements to
solutions of (1).

Step 4 Show that Im (¢) is a complete set of representatives of the G-orbits.

Let us focus more closely on Equation (1) in the case d = 1. First, considering the affine Grassmannian elements
in type 02(1) of atomic length equal to N (which are naturally in bijection with the self-conjugate 4-cores of



size N), we obtain a description of the solutions of the Diophantine equation 2% + y? = 8N + 5 by the above
process (see Theorem 8.8). In particular, this gives a simple bijective proof of an identity due to Alpoge [Alpl4,
Theorem 7]. Moreover, in contrast with Alpoge’s approach, that requires involved number-theoretic methods,
our proofs are quite elementary once the machinery of the atomic length is properly established. Secondly,
using the atomic length associated with the fundamental weight A; in type Cél), we obtain a description of
the solutions of the Diophantine equation 22 + y* = 8N + 1 in terms of extended Grassmannian elements (see

Theorem 8.12). Combining these two results, we obtain the following.

For any odd k, the solutions of 22 + y? = k are in correspondence with the (extended)
affine Grassmannian elements of type 02(1).

Note that, by Lemma 7.1, this gives a way to describe the solutions of x? + y? = k for any positive integer k,
which is of independent interest.

In addition, we can use the combinatorial description of the affine Grassmannian elements in terms of integer
partitions of [STW23] and [LW24] to obtain neat enumeration corollaries in further Dynkin types: Corollary 8.18,
Corollary 8.28. For Corollary 8.13, we ask for a similar combinatorial model.

Moreover, in type ASP of small rank, we shed some light on the crank phenomenons revealed in [BN22| by
using the extended atomic length on the extended affine Weyl group (Theorem 8.6). This gives a completely
natural refinement of the parametrisation of the solutions of the associated Diophantine equations by using more
involved group actions. In type Agl), this culminates in the combination of Propositions 8.41, 8.43, 8.44 where
the structure of the integral solutions of the equation 22 +2y?+32% = 48N +10 arising from affine Grassmannian
elements is elucidated. In fact, we expect to recover all the integral solutions by using an adequate group action
on these elements, see Conjecture 8.45. We also expect this to be a fruitful approach in other Dynkin types, at
least in small ranks.

Structure of the paper

In Section 1, we recall the starting point of our theory, namely the construction of Weyl groups associated to
an affine Kac-Moody algebra (or equivalently, a generalised Cartan matrix of affine type). We take advantage
of this section to explain in detail which conventions and constructions are necessary in our setting, by referring
mainly to Carter’s book [Car05]. We also recall the definition and structure of the extended affine Weyl group.

Section 2 is concerned with the general study of the affine atomic length [CLG22] and its extended version,
which we introduce here. This statistic depends on a parameter A which is a dominant weight, but we will
mainly focus on the case A = Ag (and sometimes on the fundamental weight A = A;, i > 1.) We establish new
results that will be reinvested in subsequent sections, as the extended atomic length will naturally appear in
some of our main results. We show in Theorem 2.4 that the extended affine atomic length is compatible with
the semidirect decomposition of the extended affine Weyl group.

We devote Section 3 to the definition and properties of (extended) affine Grassmannian elements. In particular,
we give some explicit bijections which will provide us with different ways to think about (extended) affine
Grassmannian elements.

With this combinatorial picture in the back of our mind, we proceed in Section 4 to the study of the extended

affine atomic length in types A;” and C,(LD. Using detailed computations, we give explicit formulas which will
be useful in the last part of the paper, in particular in Theorem 4.7 and Theorem 4.11.

In Section 5, we take a breath and summarise well-known results on the combinatorics of (n + 1)-cores using

their interpretation in the context of Kac-Moody algebras of type AS), following essentially Lascoux’s approach
[Las01]. Though short, this section is important as it legitimises the definition of the generalised cores as the
affine Grassmannian elements in arbitrary affine type.

We quickly explain in Section 6 how combinatorial models for generalised cores can be constructed by reviewing
the recent results of [STW23] and [LW24]. These constructions are reminiscent of the type Ag,l) combinatorics,
but looking at certain self-conjugate core partitions instead.

In Section 7, we temporarily forget about generalised cores and focus solely on the Pell-type equations that will
naturally arise in Section & in the rank 2 cases, namely

> +y> =k and 2%+ 3y° =k,

where k has a fixed congruence class modulo a certain integer (which depends on the type). We first focus on
the first equation and explain how this can be reduced to the case where kK =1 mod 4. Then, we observe that
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the solutions sets of these Diophantine equations are endowed with certain finite group actions, which turn out
to be free under favourable arithmetic conditions. This is similar to the philosophy of cranks [GKS90] used
recently in [BN22].

Finally, Section &, which is by far the longest part of the paper, contains the majority of the main results.
There, using the universal approach given by the atomic length on (extended) affine Weyl groups, we are
able to label the solutions of families of Pell-type Diophantine equations by affine Grassmannians elements
(of appropriate Dynkin type). In these favourable cases, we are even able to use the combinatorial models

of Section 6 to give elegant analogues of [BN22, Alpl4]. This is achieved in type Aél) (Theorem 8.2), 2(1)
3)

(for two different Diophantine equations, Theorem 8.8 and Theorem 8.12), D:(f) (Theorem 8.17) and Df1
(Theorem 8.27). Moreover, we use the theory of the extended atomic length developed in the previous sections

to establish new results in types Aél) and Agl) (Theorem 8.6, Corollary 8.39) and formulate a conjecture for

solving the Aél) case (Conjecture 8.45). For completeness, we finish with general considerations in cases where
the underlying finite type is B,, or C,, (there are 5 such families), where the action of the hyperoctahedral group
in dimension n is considered.

Perspectives

One can expect to get analogous parametrisations for further Diophantine equations, by playing around with
the other degrees of freedom, namely by

. investigating the other Dynkin types of small rank, as initiated in Section 8.7 and Section 8.8,

. considering more general weights A. Indeed, our first try (in type 02(1) for A = A1) was very successful,
see Section 8.2,

. using the extended atomic length, which has already paid off in Sections 8.1, 8.2, 8.7.

In turn, in order to get the most complete picture, it would be interesting to obtain combinatorial models (using
partitions/abaci) for (extended) affine Grassmannian elements in the favourable cases.

1 Kac-Moody algebras, Weyl groups and other generalities

Let A = (a;j)o<i,j<n be a generalised (symmetrisable) Cartan matrix such that the corresponding Kac-Moody
algebra g is of affine type. In particular, the rank of A is n. There is a classification of these matrices into
different Dynkin types, which we recall in Figure 1, alongside other important data whose definition we will
recall below. The types with a superscript "(1)" are called untwisted (as opposed to the other twisted types),
and coincide with the classic geometrical construction of affine Weyl groups, see for instance [Bou68§].

Let b be a real vector space of dimension n + 2 with dual space b* and A = {ag,...,an,} C b*, AV =
{ag,...,a} C b be a realisation of g (see [Kac84] for details), so that (a;,a;’) = a;j, where (.,.) denotes
the natural pairing between h* and h. Moreover, to each type, one associates positive integers aq, . ..,a, and
ay,...,ay (given by the unique integer vector with no common factor in the kernel of A and A* respectively).
Note that in untwisted types, a1, ..., a, are the coefficients of the highest root in the basis of the simple roots
aq,...,ap [Car05, Definitions p. 252 and p. 485]. In almost each situation ag = 1, except for Agl) where
ag = 2.

Remark 1.1. In Figure 1, we have used a renormalisation of Bourbaki’s standard realisation of finite root
systems and of the corresponding lattices [Bou68, Car05]. This ensures that the norm of elements in M
(computed by the formula of Remark 1.2) coincides with the Euclidean norm.

Write Vo = @), Ra; and V =V @ Ray together with Vi = @7, Ray and V* = Vj @ Rag. The space V is
equipped with a symmetric bilinear form (. | .) determined by the formulas

(i | aj) =afa; a;jfori,j#£0, (6|a;)=0fori#0 and (5|d)=0.

Remark 1.2. Note that the formulas above completely determine the values of (o; | a;). In particular, the

Vv
squared norm of a simple root is given by |a;|? = 2%

We now introduce the following important elements. The Coxeter number is
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We set

n n
6:Zaiai €V and c:Za;/aiv eV

i=0 i=0

and we define N
0 =6 — apag :Zaiai e V.
i=1

Depending on the Dynkin type, 6 is either the highest root or the highest short root of the underlying finite
root system, see [Car05, Proposition 17.18] for details.

1.1 Weyl group associated to a Kac-Moody algebra
For 0 < i < n, the reflections s; : h* — bh* given by the formula
si(r) =2 — (x, o) Yo

generate a subgroup W of GL(h*) called the Weyl group of g, more commonly called the affine Weyl group of
g. The subgroup of W generated by si,..., s, is called the finite Weyl group of g and we denote it by Wy. In
other words, Wy is the Weyl group of the Cartan matrix Ag obtained from A by deleting the first row and the
first column. The groups W and Wy are Coxeter groups with sets of generators respectively S = {sg, s1,...,8n}
and Sy = {s1,...,8,}. The group Wy acts on Ay and we denote ® = Wy(Ap). The elements of ¢ are called
roots and each root 8 decomposes uniquely as 8 = Y., a;o; with a; € Z. The height of 8 is the integer

ht(8) = >0, a,.
Let Ow, be the Wy-orbit of the element i@. Following [Car05, Section 17.3, page 413]', we define now the
lattice M C Vg by

M = ZOWO- (2)
In the setting of non-twisted affine Weyl groups M is nothing but the coroot lattice.

For any element @ € V we define the linear map ¢, € Hom(h*) (called the translation of x) by the formula

1
t:(v) :=v+ (v,c)x — ((v | ) + §|x|2<v, c)) 8. (3)
Let T'(M) be the group of translations ¢, with ¢ € M. A convenient characterization of W is given by
W ~ T(M) D! Wo.

Therefore any element w € W decomposes uniquely as w = t,w where ¢ € M and w € Wj. In other words we
have the following short split exact sequence

1 — = T(M) W Wo 1. (4)

1.2 Alcoves

Consider the alcove geometry of W in the sense in [Car05, Section 17.3]. Let us color the walls of all the alcoves
as follows. First, color the walls of the fundamental alcove according to the hyperplanes defining it. Then, color
the rest of the other alcove walls by successively reflecting the fundamental walls along all possible hyperplanes.
It is clear that each alcove as a unique wall of color ¢, called an i-wall. The group W acts regularly on the set
of alcoves, giving therefore a bijection between W and this set as follows

w— A,

where A, := wA, and A, is the fundamental alcove, see Figure 4. We have the following important property:
for w € W and 0 < i < n, (ws;)A. is the alcove obtained by reflecting the alcove w.A, along its i-wall. This
leads us to define a right action on the set of alcoves (which is the geometrical interpretation of the right weak
order) by setting

Awsi = Awsi = (’LUS,').Ae.

We see that with this new action, we also have A, = A.w. Finally, we will need the fundamental chamber Cy,
which is defined by

COZ{£E€V0 | (!L‘|Ozi)>0Vi=17...,n}.

I In [Car05], the notation used is M*. We choose M to simplify notation.
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/

/012012
\ 01201
0120 012101
012 01210
// 01 0121 021020
0 021 02102
e 02 0210 021021

Fig. 2: Alcoves in the fundamental chamber in type A;l). To shorten the notation, an element s;,s;, ...s;, is
simply denoted by 415 . ..1,, for example 0121 = sys152571-

1.3 Weight, coweight lattice and affine weight lattice

1.3.1 Finite setting

Before proceeding to the further study of W, let us briefly recall some classical constructions related to the
(finite) Weyl group Wy. The set {w1,...,w,} of fundamental weights is defined as the dual basis of Ay, that is
the elements w; € V; verify <o.12-, a]V> = 0;;.
Let Py be the weight lattice of W, that is

Py:={zxeVy | {(x,f) €Z forany f € Vj}.

Then Py decomposes as follows
n
P() = @ Zwi.
i=1

The set P0+ =@, | Nw; is called the set of integral dominant weights associated to Fy.

The set {wy,...,w, } of fundamental coweights is defined as the dual basis of A, that is the elements w,” € V
verify
(wi',05) = 0ij.

Let Py be the coweight lattice of Wy, that is
Py ={feVy | {x f)€Z for any x € Vy}.

Then Py’ decomposes as follows

POv = EnB Zwiv.
i=1

1.3.2 Affine setting

The set {Ag, A1, ..., An} of affine fundamental weights is defined as the dual basis of AV, that is the elements
A; € V verify (A;, a)) = ;5. Moreover, for 1 <4 < n we have the following decomposition

ay
Ai = 72\/1\0 + wj.
g

Similarly, the set of affine fundamental coweigths {AY,AY,..., A/} is defined as the dual basis of A. Finally
we let p¥ be p¥ ="  AY. The affine weight lattice is defined by

P::G}Zwﬁ%Zé@ZAm

i=1
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and the lattice of affine dominant weights is given by Pt = @ NA; & Z6. Therefore, any dominant weight

A € P* writes A =31 (m;A; + 26 for some m; € N,z € Z. Alternatlvely, any A € PT decomposes as

A= X+/1Ay+ 20. (5)
1.4 Extended affine Weyl group W
1.4.1 Definition of F and W
) . . . . 20, =) af
The inner product ( | ) on V; induces an isomorphism between Vg and Vi, by sending o — ———= = —~q

(ailai)  a;
see [Kac84, Formula (6.2.3)]. Therefore one can identify the lattice Py with a lattice in V5. We denote this new
lattice by L. It turns out that M C L. In the non-twisted cases L is precisely given by

L={zeVy|(z|o)€Z fori=1,...,n}.
The fundamental group associated to W, denoted F, is the group
F="L4,.
The extended (affine) Weyl group associated to W is defined by

—

W :=T(L) x Wy. (6)

In other words we have the following short split exact sequence

o~

1——=T(L) W W 1. (7)

1.4.2 Definition of

It is also possible to give a more concrete description of F' in terms of the elements of W. For w € W let Ay
be the corresponding alcove. We denote

S = Stabg(Aw) = {f € W | f(Aw) = Au}.

Notice that ¥, = wE¥.w™'. In the rest of the paper we will write ¥ := ¥.. We also denote A; = {a; €
A such that j # i}. Let W; be the parabolic subgroup of Wy generated by the s, with a € A;. Let ®; = <I>j|_|<1)i_
be the corresponding root system. There exists a unique element wg,; € W; such that woﬁi(CI);r) = &, This

element is the maximal element of the group W;. Let I = {1,...,n} and let us decompose the root 6 as
0= Z a; 0.
i€l

Let J be the subset of I defined by J :={i €I | a; = 1}. For j € J we denote
05 1= twjvwoijo (8)
Then we have (see [Bou68] Ch. VI, § 2, no 3, Prop. 6)

S ={o;|jeJ}u{e} (9)

Moreover each j € J defines a unique element in X. Notice that in [Bou68] the twisted cases are not considered
but one can still extend the above result to the twisted cases. The elements of Coxeter-length 0 are exactly those
in ¥, that is for any w € W and any o € ¥ one has ¢{(w) = {(ocw) = {(wo). We define by M, the matrix in the
canonical basis of Vj associated to the element wg jwog, so that wy jwe(q) = M;(g) for any ¢ € M. Combining
[Bou68, Ch. VI, § 2, no 3, Prop. 6] and [Bou68, Ch. VI, § 2, no 3, Corr.] with the conventions that wy = 0
and o = e, the following map is an isomorphism of groups:

F — X
(10)
[l — oy

The following proposition is well known and useful to compute reduced expressions in W

Proposition 1.3. For any j € J and any i € {0} U I we have crjs,-aj_1

permutation of {0} U I that we also denote o, that is stiaj_l = Sg,(i)- 1t follows that 3 and F' are isomorphic
to a subgroup of the group of automorphisms of the affine Coxeter-Dynkin diagram of W.

€ S. In particular o; defines a
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1.4.3 X in type AS})

The longest root 6 in type AS) is

0= En:ai.
i=1

Moreover it turns out that w}/ =wj for any j =1,2,...,n, so with the convention oy = e one has
Y={oj1j=0,1,...,n} ={e, tu,wojwo | j=1,...,n}. (11)
where wy ; is the longest element of W, = (s1,...,5j-1) X (Sj41,..., Sn) and wp the longest element of A,,.

Example 1.4. Let us take W = Aél) with I = {1,2}. Then Ay = {as}, Ay = {a1} and Wy = (s3), Wa = (s1).
The highest root is ag = a3 + a2 so J = {1,2}. In type A one has w, = w;, therefore o1 = t,, wo 1wy =
Ly, © 52 - 528182 =y, 5182 and o9 = t, W 2Wo = tu, - 51 - 515251 = ly,5251. Hence

Y ={e, tw, 5152, tw,5251}- (12)

An easy computation shows that o7 = 09 and 03 = oy and o3 = 0 = e. Hence ¥ = (o) ~ Z/37Z.

Example 1.5. We continue example 1.4 in order to illustrate Proposition 1.3. We have
-1
015007 = = ty, 8152 - 13513 - S251—w; = tw, S152 - 113515251 - S2818—w; = wy—a; S1t—w; = twy—ay—(wy—a1)S1 = S1

—1
0'18101 = twlslsg 81 Sgslt_wl = twlsgt_wl = S92
018207 " =1y, 5182 83+ S281t_y = tu, S18281 0y = Ly —s1 5081 (w1)515251 = Loy 40, 515251 = So.

Then the permutation associated to o; is (012). The same kind of computations would show that the permu-
tation associated to o2 is (021). Notice that we do not have all the automorphisms of the Dynkin diagram of

AV Indeed Aut(AY) = {e, (12), (20), (01), (120), (021)}.

1.4.4 X in type oM

The longest root 6 in type 07(11) is
n—1
0= Z 20 + o
i=1

Moreover it turns out that w) = w, in this case, so
Y ={e,on} = {e,tw,wo,nwo} (13)

where wy ,, is the longest element of W,, = (s1,82,...,8,-1) ~ A,_1 and wy the longest element of C,,. It

follows that F' = {1, [wy]}. The corresponding automorphism of the Dynkin diagram of cV, that we also
denote by oy, is the permutation of 7 U {0} defined when n + 1 is even by 0, (k) =n—kfor0 <k < 5 —1 and

when n + 1 is odd it is defined by o, (k) =n — k for 0 <k < 221 — 1 and 0, (25%) = 252,

1.4.5 Another characterization of TV

The group F' acts on W by

FxW — w
(14)

(wY],w) +— ajwajfl.
Let ¢ be the corresponding structural map, that is ¢ : F' — Aut(W) is defined by ¢([w}])(w) = ajwajfl. We
may then define the outer semidirect product W, F. As F' ~ ¥ via the isomorphism (10) it is more convenient
to think of W x, F' as the inner semidirect product W x Y. Therefore we drop the the ¢ in W x F' and we
write any element of this group by wf where w € W and f € F' (with in mind that if f = [w}] then wf in the
outer product means wo; in the inner product). This decomposition is of course unique.
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Let w = s;,8;, ...5;, € W. For j € JU{0} we define

p p
IT orj_lsikaj =11 S (ix) it j#0
k=1 k=1 (15)
w if j=0.

mi(w) =

We have then the following formula
woy; = ojwj(w). (16)

For an element v = ¢,0 € W we denote v(w) := g. As 7;(w) € W one can decompose it as 7 (w) = te(x; (w))Tj (W)
For j =0 we set zj(w) = v(w) and 0;(w) = w, and for j € J (where J is defined in Section 1.4.2)

zj(w) = wo jwo(v(mj(w)) € M

_ 17
0]('[1}) = w(),]‘wo’fl’j(’w) e Wp.
The following map is a group isomorphism
V : WxF — T(Po) X WO
(18)
ww]  — omi(w) =ty w) 05 (W)

Any element ¢ € W x F' can be expressed uniquely as ¢ = wo for w € W and o € F, but it can also be

expressed the other way around: g = ow’ for a unique w' € W and the same o (with w’ = 7;(w) if o = [w]).

By expressing any element in W x F' as ow with o = [wjv}, the expression of V becomes much more easier:
V(ow) = ojw =ty fuy jwo(q)Wo,; WO (19)

In particular V([w)]) = o; and for w € W one has V(w[0]) = w with again the convention wy = 0.

Example 1.6. We continue Examples 1.4 and 1.5. Let w = s182808281. We know that [wi] — o1 and oy
defines the automorphism o = (012) € Aut(Agl)). First of all we have
m(w) = Som1(1)5071(2) S (0) S0 (2)50 (1) = S051528150 = toa;+202515251

and then
wop = 0111 (W) = by, 51528201 4205515251 = tw,—2a, S2-

So we want to send w[wi] — tw, —24,52. But some easy verifications show that z;(w) = —2aq and 61 (w) = sa.

1
11— T(M) W Wy 1
J id
1——=1T(L) w Wy 1
F
1

Fig. 3: The sequences involved in the extended affine Weyl group w.
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1.5 Generalities on transverse sets

Let (W, S) be a Coxeter system with lenght function £. Let ® = ®* L1 ®~ be the root system of W with simple
system A. Let I,J C S and let (W;,S;) and (W, S;) be the corresponding parabolic subgroups of W. Let T'
be the set of reflections of W, that is T' = {wsw™! | s € S,w € W}.

The left-inversion set and right-inversion set of an element w € W are defined respectively by

Np(w) = {t € T | £(tw) < f(w)} and Np(w) = {t € T | f(wt) < £(w)}.

We denote by
TW = {w e W | £(sw) > l(w) Vs € J}

and
W ={we W | l(ws) > l(w) Vs € T}.

The set /W is called the J-left transverse set of W and W is called the I-right transverse set of W. Let T
(resp. Ty) be the set of reflections of Wy (resp. W) that is T = TN Wy (resp. Ty = T NW7). It is known (see
[DH16, Section 2.5] for more details) that

JW:{’LUEW|NL(’LU)QTJ:@}:{WGW|NL(w)mSJ:®}

and
W!={weW | Ng(w)NT; =0} = {weW | Ng(w)nS; =0}

When W is finite, a well known property of W is the fact that it describes an interval in W for <, in particular
it has a unique element of maximal length, denoted ’z := wop,jwo wWhere wy is the element of maximal lenght
in W and wo,; in Wj.

Each element w € W has unique decomposition w = w;”/w with w; € Wy, 7w € W called the left .J-
decomposition of w, and has also a unique decomposition w = w!w; with w; € Wy, w! € W called the right
I-decomposition of w. These decompositions satisfy £(w) = £(wy) + £('w) = £(w!) + ¢(wr). The element w
is the unique element of minimal length in W w and w’ is the unique element of minimal length in wW;.
Therefore the following maps are natural bijections

W _ JW
W (20)

[w] —  Jw

(21)

2 Extending the atomic length

In [CLG22|, a new statistic on finite and affine Weyl groups, the atomic length, was introduced and studied.
In this section we recall the general definition of this statistic and we extend it to the extended affine Weyl
group. We then generalise some results obtained in [CLG22] (Lemma 2.3 and Proposition 2.6) and we give a new
theorem that will be of importance in the following sections, namely Theorem 2.4. Finally, the quadratic formula
established in Section 2.2 is one of the main characters of this paper, and we will investigate it significantly in
Sections 7 and 8.

2.1 Atomic length on the Weyl group W
Let W be an affine Weyl group of rank n and let A be a dominant weight. We set, for all w € W,
Lr(w) = (A —wA, pY). (22)

Recall that any w € W decomposes uniquely as w = ¢,w, where ¢ € M,w € Wy. Recall also that ht(g) is the
height of gq. The following result is Theorem 2.1.

Theorem 2.1. For all w =t,w € W, we have
h o
Lo (w) = 5 lqI” — ht(q). (23)

In particular L), (w) = Ln, (W) = L, (tg).
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Note that Z),(w) depends only on ¢. It turns out that this coincides with the formula established independently
by Stucky, Thiel and Williams in their study of generalised cores [STW23].

We will also need a similar formula for .Z,. Recall that

\
A=Ay +w,

2
Qg

where w; is the i-th fundamental weight of the corresponding finite root system.

Proposition 2.2. For all w=t,w € W, we have

Zaulw) = % (1ol = (@) + h(E(es) | 0) + s — ().

In particular, we have
CL'L

20,0t = % (5107 = 1t(@)) + A )

Qa

Proof. We have

= éAo+wz w((]é/AO+W1)7p >
= é (<A0 - w(AO)’pV>) + <wi - w(wi)vp\/>
= —.ZA (w) + {w; — [W(w:) — @) |9)3], p¥)

= ag ZLno(w) + h(w(wi) [q) +ht(wi — W(w;))
where the penultimate identity is obtained by applying Formula (3) to expand w(w;) = t,(w(w;)). We conclude
using Theorem 2.1. O

Writing ¢ = g161 + ¢262 + - - -, we obtain in Theorem 2.1 Proposition 2.2 an expression of the atomic length as
a degree two polynomial in the variables ¢;.

2.2 Gaussian reduction and a quadratic Diophantine equation

We now observe the following key phenomenon. Write ¢ = (g1, .. ., ¢n)- The right-hand side of (23) is the sum
of a quadratic form and a linear form in the variables ¢, ..., ¢, with integer coefficients. Therefore, we can
perform a Gaussian reduction and obtain an equivalent identity of the form

n
aLn(ty) +b =" dix}, (24)
i=1
where a, b, d; € Z and where the x;’s are linearly independent linear forms in the variables ¢, . . ., g, with integer
coefficients. This can be thought of as a quadratic Diophantine equation in the variables z1,...,x,. A more

detailed expression of the right-hand side is given in Section 5.2 for the type AS). In the following sections, we

will denote
i=1

2.3 Atomic length on the extended Weyl group 1%
Let A be a dominant weight. (22) also makes sense for any element g € GL(h*):
Za(g) = (A —gA, p").

We will be particularly interested in studying the atomic length on the extended Weyl group W GL(h*) and
to give explicit formulas of XA(twiv). In the simply laced cases w;
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For an element wf € W x F with f = [w;] we extend the A-atomic length on wo by (where V is defined in (18))
Lh(wf) = Ly(V(wf)) = Zn(ojmj(w)) (25)
and similarly

LA (fw) == ZLh(ojw). (26)

In the following sections, we will focus on the particular case A = A; and we will denote equivalently

L =%\, and L =% for1<i<n and ZL(q)=ZL(t,) forge M.

Usually we define the height of any element of the root lattice, but we can also define in the same way the
height for any element of L. The only difference, for y € L, is that ht(y) € Q.
Let A € P* that we decompose as follows

A= X+ 0lAg + 26, (27)

where A\ € PO+ , £ is the level of A and is also equal to (A, c). Recall that h is the Coxeter number of W. For a
vector £ = x10q + - - - + Ty, we define, for 0 < j < n, the rational number ch;(z) as follows

aY
2l i #0
ch;(x) := = (28)
0 if j=0.

For xz,y € V, u € Wy we define the following map

Dy W0><V2 — R
(w,z,y)  +— h-l(z]|y)—La(u)

Write b; = a) /ay. We see directly, with the convention wy = 0, that for any 0 < i < n one has

DAi(u’xay) =h- bZ(z ‘ y) - Dipw@(u)
=h-bi(z | y) — ((wi —ulwi),p"))
=h-bi(z | y) = ((wi, p’) = (w(wi), p”))
=h-bi(z | y) + ht(u(w;)) — ht(w;).
In particular for Ay we get
Doy (u,2,) = - 28 | 9) + ht(u(en) ~ bi(ao) = h- (2| 9) (20)

0
The following Lemma is the extended version of [CLG22, Lemma 8.1].

Lemma 2.3. Letx € L, w € Wy and set w =t,w € W. We have
1
Lp(w) = L (W) — £ ht(z) + h ((/\ | w1 (x)) + 2|:1:|2€) .

Proof. The proof is exactly the same as that of [CLG22, Lemma 8.1]. The only difference is that « € L instead
of M but this does not affect the properties used. O

The following result shows that up to a defect term Dx(1, z,y), the A-atomic length .Z, restricted to M is a
group morphism from M to Z. Notice that it is not a quasimorphism as D (1, z,y) is not bounded.

Theorem 2.4. Let z,y € V and u € Wy. We have
DA (tatyu) = La(tau) + ZLa(tyuw) + Dalu, z,y).

In particular for any 0 < i <n one has

aY
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Proof. This follows from the following computation, starting with Lemma 2.3.

Dn(taryu) = Lr(u) — £ ht(z +y) + h(()\ | oz +y)) + % e+ y|2>
= 23(u) ~ ()~ £b(y) + R3] @7 @) + AT @) + 5 Ll +E ([ 9)+ 5 L)
= Za(tau) — Ohi(y) +A((A T @) + 5 L) +h L (| )
= Zaltau) + (L) — £ bi(y) + [N T @) + 5 LIoP]) — Al +hl @ | y)

= L\ (tyu) + La(tyu) + h L (z | y) — A (u)
= L\ (tyu) + La(tyu) + Da(u, z,y).

The second equality is obtained from the first one by setting u = 1. O

Proposition 2.5. Let A € PT be a dominant weight of level £, and x € b*. We have
Lalts) = h(A | 2) + %m?e h— 0 ht(z).
Proof. We have
Da(tz) = (A =tz (A), p")
—(A- (A T - ((A | 2)+ ;|$|2<A,c>> 5) )
= (0ot (0] )+ glePiae)) 8.6
— (o <()\ | 2) + ;|x|2€> 5, p¥)
thopy+ (8] 0) + 3lo6) 6,
=t e+ (41 0+ gloPe) 0

— 0 ht(z) + ((A | 2) + ;Iw%) h.

The following proposition is the extended version of Theorem 2.1.

Proposition 2.6. Let w =t,w € W. We have
Py (w) = 2ol — hi(z).

In particular Ly, (w) = 2L, (tz) for any x € L. Moreover, writing w = o;v with o; € ¥ and v € W, one has
Dn, (0jv) = Ln, (0,0°).

Proof. The first part is a straightforward consequence of Proposition 2.5. Let us prove now Za,(o;v) =
Lh, (ajvo). Write v = v with vg € Wy, v° = t, where ¢ € M. One has ojv = 0jtqvo = tw, Wo jWolgVo =
tuw,+M;,(q)Wo,jwovo. Then by the first part of the statement one has .Zx,(0;v) = L, (tw, 0, (q))- Moreover we
also have £, (0;0°) = L, (0tq) = Lny (b, +01, () W0,jW0) = ZLno (tw, +01,(q)) (as the first point shows that the
finite part on the right does not contribute). This ends the proof. ]

3 Affine and extended affine Grassmannian

In this section we recall the notion of affine Grassmannian, a well-studied subset of the affine Weyl group which
turns out to be naturally in bijection with the (n + 1)-cores in type A (see Section 5). Therefore, for an
arbitrary affine Weyl group, affine Grassmannian elements give a natural generalisation of cores, and we will
therefore sometimes use the terminology "generalised cores". Moreover, in this section, we will introduce the
notion of extended affine Grassmannian. This notion will be of particular interest in Section & in order to

parametrise integral solutions of the Pell-type equations introduced in Section 2.2.
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3.1 Affine Grassmannian

Let W be an affine Weyl group with S = {sg, s1, ..., s,} and let Wy be its finite part with Iy = {s1,...,s,} so
that Wy = Wi,. The (right) affine Grassmannian is by definition the set

w /Wo'

We also have the analogous notion of left affine Grassmannian, and a similar notion for any I C S instead of
Iy. Using the identification (21) the elements of the affine Grassmannian are identified with

WO =Wl ={weW | l(ws) > l(w) Yk =1,...,n}.

It follows directly that w cannot have a reduced expression ending with s; for £k = 1,...,n. Hence w must end
with so. Similarly, as (W°)~! = °W, any reduced expression of °W must start with s.

Now let us connect this with the fundamental chamber Cj defined in Section 1.2. Let us define Co(W) = {w €
W | Aw C Co}. Then it is easy to see that Co(W) = "W,

We want now to express the bijections (20) and (21) in terms of the lattice M. For an element w = t,w € W
we recall the notation v(w) := = (see Section 1.4.5). The following proposition is well known but we give
the proof for completeness. For w € W we denote by wo w its left Iy-decomposition and by w®wyq its right
Ip-decomposition.

Proposition 3.1. The following maps are bijection and satisfy f, = g-' and f, = gfl.

fro: W/WO — M g M — W/WO
[w]  — r(w?) r o [t].
fi WO\W — M g M — WO\W
[w]  — (Cw) (t(w)) r — [t

Proof. Notice first of all that the maps f, and f; are well defined since they only depend on w® or %w, which only
depend on their respective class. The first case follows from two easy computations: g, (f-([w])) = g-(x(w®)) =
[tewoy] = [teoywOwo] = [w] and fr(gr(2)) = fr([tz]) = t((t2)°). Moreover as t, = (t;)°(tz)o, there is no
translation involved in (¢ )o as it belongs to Wy. Therefore t((t,)") = z and then f.(g,(z)) = .

Let us show now the other case. To simplify the notation we set u = %w.

g (fi(lw]) = g (x(u))) = [tafl(t(u))] = [ﬂ_ltt(u)ﬂ] = [tt(u)ﬂ} = [u] = [wou] = [w].

For the other direction let us write ¢, = uv where u = (t5)o and v = °(t;). Therefore we have t, = ut, ()0 =
tu(e(oyyut. It follows that z = u(x(v)), and uv = e, that is 7' = u. Thus fi(g:(z)) = fi([tz])) =7 ' (x(v)) =
u(e(v)) = . O
Definition 3.2. We define Q4, » and Qa,, so that the following diagrams commute. We refer to Section 5.2
where a concrete description of @4, » is given in type Ag). In general, Theorem 2.1 implies that

h
Qao.r(9) = 5lal* = ht(g)- (30)
W/Wo - we WO\W — oW
fr gf\o fl ng
M N M N
Qag,r Qo

Remark 3.3.

(1) While the map Q4 is well-understood, the map Q4,,; is somehow trickier and we do not have an explicit
formula. However, it should be invariant by conjugacy under Wj.
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(2) We define Q4, » in a similar fashion, by replacing .Zx, by Zha,.

(3) In the rest of this paper, we will often abuse notation and write %, (g), or even simpler .%;(q), instead of
'i’ﬂ/\i (tq) = QAuT(q)'
The following set will be of importance in Section 8.

Definition 3.4. Let N € N. We define the set B(N) as follows
B(N) ={we W | %, (w) = N}. (31)

/

tfal —20p

t*al +Ué22

t2a,21
t201 +as 12 202

ton,+2a, 121
t,()@l 200 +2az

/' ta,21 t oy —an toq, 12

tor o121 too |

e ta, 12
ta1+2u221 t,2a1,a2

Fig. 4: Affine Grassmannian elements of Agl). Each alcove A,, is filled with the decomposition w™! = t,v. To
shorten the notation, an element s;,s;, ... s;, is simply denoted by 145 . ..4,, for example 121 = sy5953.

3.2 Extended affine Grassmannian

We define here a natural notion of extended affine Grassmannian. We would like to define it as W° X ¥ but
unfortunately W does not enjoy a group structure. However one can extend the quotient W/Wy to W /Wj.
Therefore the (right) extended affine Grassmannian is defined by

o~

"y (32)

Recall that any element in W x F' can be expressed uniquely as g = ow for w € W and o € ¥. As ¥ is the set
of elements o of length /(o) = 0, the following map is a natural bijection

(W X E)/WO s Y x W/Wo

(33)
[ow] — (o, [w]).
Moreover we know by (21) that W/Wy ~ WP, Thus from (33) one deduce the following bijections
WHE) i — SxW° — S -
[ow] —  (o,w?) —  ouwd.
We have by definition (6) that W= T(L) x Wy. It follows that the following map is a bijection
R
ol — L
f W (35)

[t,w] +— =

For instance, for ojw € W with w = t,w one has 0w =t 4 a1, (q)wo,jwow and then

o~

fr(lojw]) = wj + M;(q). (36)
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Definition 3.5. We define Q\Aoﬂ“ (where “r” stands for “right”) by requiring that the following diagram com-
mutes.

= (34)
w 0
/W0 W
Fr 2
N

QA(},T

The elements cw € YW are called extended affine Grassmannian elements and will be of great interest in the
rest of the paper. Finally, we give the analogue of Definition 3.4 for extended affine Grassmannian elements.

Definition 3.6. Let N € N. We define the extended version of B(N) by
B(N) :={w e SW° | %, (w) = N}. (37)

4 Extended atomic length in type A and ¢V

In this section, we establish some important properties the atomic length in its extended version. We focus on
types A%l) and Cle), which will be particularly relevant in Section 8.

4.1 Extended atomic length in type AS)

Proposition 4.1. In type AV we have forany0<j<n
L, (tw,) = h chj(w;)

where we emphasize that in the above equality that £a,(t,,) = 0. Moreover for 1 < i <mn we have
D, (tw,) = i(h —1).

Proof. We claim that |w;|? = i(h};i) and ht(w;) = @ Having these claims we see that they cancel each other

in the formula of %} (t.,), indeed in type ASP all the coefficients a}/ and a; are equal to 1. It follows then that

1
L, (tw;) = h chj(w;) + §|wi\2ajvh — a;ht(w;)
Li(h—i), _i(h—i)
2 h 2

= h chj(wi) —+
=h chj(wi)
= (n + l)chj(wi).

Let us prove now the claims.
It is well know that the decomposition of w; in the canonical basis is given by
i
(n+1)

=(1- —— 1— i — ———Eial — — ——Epa1.
< n+1)51+ * n—l—l)g n+15+1 n—&—l(E i

wi=(e1+-+ei)— (e1+ -+ +ent1)

Therefore

=1
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It is also well know that the decomposition of w; in the basis of simple roots is given by

1 . . . .
w; = [(n+1—z)a1+2(n+l—z)ag—i—---—i—z(n—i—l—z)ai}
n+1
" 1 i ) +i i~ 1) n n
i(n—1)oy i(n—1— 1) co iy,
1 +1 +2
Then we can rewrite it as

m e 2an + i)+ — o + 20 1+ 4 (0= D]

w; = o o 100 — |y, (o7 n—1)o; .

nt1 1 2 nt1 1 +1

Therefore one has
n+1—14 i(i+1) i (n—i)(n—i+1) in+1—19)

ht(w;) = : : - i+ 14n—i
i) == > Thri 2 Sy Ctitn—i)
Cin1—4)  i(h—i)
2 2

For the second equality this comes from the fact that

() = z-(nn++11—i) _ i(hh— i)

and then

Example 4.2. For Aél). We have w; = %al + %O[z and wy = %al + %ag. Hence
gf\o(twl) = gf\o(th) =0.

Dp, (twy) =2 and &, (we) =3 = =1.

1

3
1

Dra(twy) =35 =1 and Ly, (lu,) =2.

1
Example 4.3. For Ag ). We have w1 = %al + %Oég + %ag and wo = %al + a9+ %ag and w3 = ial + %0&2 + %ag.
Hence

fAO(twl) = jf\o (tw2) = ng (tws) 0.
1

1
Zr, (tw,) =3 and $A1(tw2):4'§:2 and gAl(tws):Zl'Z:l'
1 1
fAQ(twl)=4~§=2 and %, (t,,) =4 and gAg(tw3):4'§:2-
1 1
f/\s(twl)zll-z:l and gAg(twg):4'§:2 and Zp,(t,,) = 3.

Lemma 4.4. Write f = [w1]. For any j € J one has [w;] = f7 and 0; = ol

Proof. To prove it is enough to show that w; = jwi + 2 where x5 € M. Indeed going to the quotient we will
get [w;] = [jw1] = [w1)? = f7. We know that for any j € I one has

wj = Ll_] a1+2a2+...+jaj:| +L[an+2an_1+"'+(n*j)06j+1:|
n+1 n+1
and then
n 1
w) = n+1a1+ n+1[an—|—2an_1+~--+(n—1)a2}.
Therefore
i = (S i) G S T e B (001w T

= (1= o+ Sk e

= Zz:(k —j)oek.
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j—1
Hence, by setting xpr = > (k —j)ak we do have x); € M such that w; = jw;, + ). The second equality is a
k=1

direct consequence of the first one and of the fact that f = [w1] = o1 and |w;] — o; via the group isomorphism
(10). O

Lemma 4.5. Let W = AS). The matriz M; (for 1 < i < n) corresponding to wo,wo € W (in the canonical
basis) is the square matriz of size n + 1 given by M{ where M, is the following matriz

0 0 01
1 0 0]0
My=10 1 0]0
00 --- 110

Proof. For i = 1 it can be checked without difficulty by induction on n. For ¢ # 1 it follows from the the case
M; and from Lemma 4.4. O

Upcoming Lemma 4.6 and Theorem 4.7 are particularly important. Indeed, it has been observed that the
atomic length, when considered on the Weyl group W, enjoys some striking similarities with the usual Coxeter
length ¢ [CLG22]. Now, the Coxeter length ¢ is not affected while going to the extended affine Weyl group
W Section 1.4.1. This feature is straightforward by definition. On the contrary, it is a priori not clear that a
similar behaviour should hold for the A-atomic length.

We already explained that the atomic length specialised to Ay was of particular interest. Theorem 4.7 shows
that %), is invariant by multiplication by any element of the extended affine Weyl group.

For the following key lemma, recall that we had defined J in Section 1.4.2, and that J = {1,2,...,n} in type

As). Recall also that the elements o; are defined in (8) and the maps Qa,,», @ Ao, are introduced in Definitions
3.2 and 3.5.

Lemma 4.6. Let j € J and ¢ € M. One has @AO’T(wj + M;(q)) = Quao.r(q).

Proof. We proof separately the case j = 1 with an approach that uses the canonical basis and the action of the
matrix M;. We could make all the remaining cases with the same approach but it would be longer. We prove
then the general case via a theoretic Coxeter approach.

Any element in W /W, decomposes uniquely as [o;w] for j € J and w = t, € W°. We know by (36) that this
element is sent to w; +M;(q) € L and to o;w € SWY. By definition of Q\Aoﬂ” it follows that QAO’T(%— +M;(q)) =
Zh, (0jw). Therefore we need to compute ), (o;w) and show that it is equal to Qa,.r(q).

(1) Case j =1. We have

Do (o1w) = Ly, (tw, wo,1wolq) by (8)
= ff\o (tw1+w0,1wo(Q)w0a1w0)

= ”S’ﬂ/\o (tw1+’LU0,1’wo(q)> by Prop. 2.6

= Zh, (tw1+M1(q)) by Lemma 4.5

= Ln(tw,) + Lao (tar () + h(wl | My (q)) by Theorem 2.4 and (29)

= Zno(tar(g) + h(wl | Ml(Q)) by Prop. 4.1

h ~

= §\M1(CI)|2 —ht(Mi(q)) + h(Wl | M1(q)) by Prop. 2.6.

As My acts on ¢ = (q1,--+,qn,qn+1) by Mi(q) = (¢n+1,41,---,n) it follows that [Mi(q)]* = |q>. We
claim now that ht(M;(q)) — h(w1 | My (q)) = ht(q). First of all, with this claim and Proposition 2.6 the
proof of the first point is complete.

Let us prove the claim. We know that for ¢ € M (with g,+1 = —(q1 +- -+ ¢n)) expressed in the canonical
n
basis, its height is given by ht(¢) = > (n+ 1 — k)qx (42). Moreover, expressing w; in the canonical basis
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(2)

yields easily that h(w1 | M, (q)) =(n+1)gyy1 (as h=n+1 in type AS)). Therefore

Be(Mi (@) = (w1 | Mi(@)) = ndass + D (0= K)ae = (0 + Danga = ~guss + (0~ k

k=1
“ 3= Y1 b
k=1 k=1
= ht(q)~
Case j € J. It is well known that wy(Ag) = —Ag. An easy induction on n shows that wy ;(c;) is the

highest root, that is wo j(a;) = >, @, implying among others that ht(wp ;(e;)) = n. Moreover we also
have wo ;(—A;) = A;. Doing the same computation as in the point (1) yields

Zay(ow) = M @) W(M;(0)) + (s | My (o)

= Da —ne (M) + (o | My(a)).

Write X = {k € J | wo(ax) # —a;} =: J\ {m} and let ¢ = > apoy. We have

k=1
n
M;(q) = wo jwo ( Z akak)
k=1
= wO,j( > aka(ak)) + amwo,j(—ay)
kex
n
= wo,j( Z ak(—ak/)) — am Zai
Oék/EAj =1
n
= E ApQpr — Qm E Qg
ak//EAJ‘ =1

The above equality shows in particular that the j-th coeffecient of M;(¢) in the simple basis (see also
(28)) is equal to —a,,, hence (wj | M; (q)) = —a;,. It follows that

) = Z G — NGy, = Zak — Qm — Nay, = ht(q) — (1 4+ n)a,, = ht(q) +h(wj | Mj(q)).

keX kel

Thus
Zn(ou) = 2ol — (hi(0) + b | M5(0))) +h(wy | M;(0))

h o
— 2192 =nh
2IqI t(q)

= QAO,T(q) by (‘30)

Theorem 4.7. Let W = Ag), let we W and let j € J. One has

(1)
(2)

ng(w) = "S’ﬂAO (ij) = 3/\0 (O’{U))
Lno(wf?) = L, (m(w)) where f = [wi].

Proof.

(1)

Write w = wwy with w® := ¢, € W° and wy € Wy. By Theorem 2.1 we have £y, (w) = £, (ty)-
Moreover by Proposition 2.6 we also have Zy,(o,w) = .ZAO (o;wY). By Section 3.2 we know that the
element [ojw] = [a] w?] = [twﬁMJ(q)wOJwO] is sent to o;w’ € LW and to w; + M;(¢) € L. But then
by definition of QAO ~ we have QAO » O f,«([ w;+M, () Wo,;Wo]) = L, (o;w’), that is QAO r(w; + M;(q) =
Lo (ojw?) = L), (0;w). By Lemma 4.6 we also have @AU’T(wj + M;(q)) = Qa,.r(¢) and combining (30)
and Theorem 2.1 we get Qa,,r(¢) = ZLa,(tq) = ZLa,(w). This shows the first equality. With respect to
the second one this is a direct consequence of Lemma 4.4.
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(2) This is a direct consequence of (16) and the point (1) above.
O

To conclude this section, we prove a general fact in type A%l) which will be illustrated in Section 8.1 and
Section 8.7. Recall that we have established the identity (24), considered as a Diophantine equation in the

variables z1,...,x,. Recall also that the set E(N) was introduced in Definition 3.6.
Corollary 4.8. Let N € N. The number of elements in B(N) is divisible by n + 1.
Proof. This is a direct consequence of Theorem 4.7. If g(N) = () then there is nothing to do. Assume that
there exists w = t,w € W such that £, (w) = N. First, the elements o;w with j = 1,2,...,n are all distinct

by design. But then by Theorem 4.7 we have that o;w € E(N) Now the only thing missing is to be sure that

for another o;u € B(N) the sets {ojw | j € J} and {ojw | j € J} have no intersection. But this is obvious
because o;w = o;v implies that o; = 0; and w = v. O

4.2 Extended atomic length in type 07(11)

In type C,(Abl), with the realisation of M given in Table 1, we have M = /2Ze, & - - - ® /2Ze,,, that is any ¢ € M
decomposes in the canonical basis as ¢ = (v/2q1, . .., v2¢,) with ¢; € Z. Expressing ¢ in the simple roots basis
(see also Table 1) we get

q=2q00+2(q1 + @)oo+ +2(q1 + - F Gno1)n—1 + (@1 + -+ Gn) . (38)

Thus the height of ¢ in terms of the ¢;’s, which is the analogue of Formula (42) but in type C’,Sl), is given by

n

ht(q) =2

™

1 n
(n—k)gx + > a. (39)
1 k=1

IN

Proposition 4.9. In type 07(}) we have for any 0 < j <n

n—1

ZLh, (tw,) = 2n chj(w;) — i 5

where we emphasize in the above equality that Ly, (tw, ) = 0. In particular for 1 < i < n we have

n—1

D, (b)) = 2ni — i

i i

and Ly, (t,,) = n>

Proof. In type C), all the ajV are equal to 1 and h = 2n, so by Proposition 2.5 we have

L, (tw;) = 2n - chy(w;) + nfw;|* — ht(w;).
We know that in type C,, the weight w; decomposes in the canonical basis as follows
2
wi=§(€1+82+"'+6i). (40)

Hence |w;|? = i/2. Moreover in the simple basis it decomposes as

1
wi:(a1+2a2+~~+iai)+i~(ai+1+~~~+an_1+§an),

and it follows that

ht(w) = D gy gy Lo TR 20
2 2
Therefore
2
- 2
Ln, (tw;) = 2n - chyj(w;) + n% _ %
. ) - 2 .
= 2n - chy(w;) + w
i2 —ni
=2n - Chj(wi) + 5

=2n - chj(w;) — z?
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Recall that in type C5") the group X is given by ¥ = {e, 0,,} = {e, tw, wWonwo} (see Section 1.4.4). The following
theorem is the analogue of Theorem 4.7 in type V. We first need the following straightforward lemma.

Lemma 4.10. The matriz M,, corresponding to wo ,wo (in the canonical basis) is the square matriz of size n
given by

0 0 -1
0 -1 0
M, =
-1 0 O
Proof. Tt can be checked without difficulty by induction on n. O

Theorem 4.11. Let w=t,w € W = ctM. One has Lp, (opw) = Ly, (w).

Proof. We need to carry out the same computation as in Lemma 4.6. One has

Lo (onw) = L, (tw, wo,nwot W) by (8)
= ng( Wa W0, 7nwo ( )womwow)
=2, (t W0, nwo ( q)) by Prop. 2.6
= Lh (tw,+M, (q)) by Lemma 4.10
= Lay(tun) + Zno (tar, () + h(wn | My (q )) by Theorem 2.4 and (29)
= Lho(tm,(q) + h(wn | M, (q )) by Prop. 4.9
= 2@ = B 0)) + b (0 | Ma(0)) by Prop. 2.6.

As M, acts on ¢ = (V2q1,...,v2¢,) by M,(q) = —(V2Gn, V2¢n_1,...,V2q) it follows that |M, (q)|? = |q|?.
We claim now that ht(M,(q)) — h(wn | Mn(q)) = ht(g). First of all, with this claim and Proposition 2.6 the

proof is complete. Using (38) for M,,(¢q) with the change of variables ¢ : k — n — k + 1 (coming from M,,) we
get

Mn(Q) = —2qpay — Q(Qn + Qn—l)OQ — Q(Qn + -+ q2)an—1 - (Qn +-- q1)an7
and then
ht(Mn(Q)) = —2qn — 2((]71 + anl) — 2((]n + -+ (J2) - (qn + -+ Q1)
_(Q(n - 1) + 1)(]71 - (2(’[7, - 2) + 1)Qn—1 — =302 —q1
—(2n—1)gn — (20 = 3)gn-—1 — - — 32 — 1.

Moreover by (40) we have easily that (wy | My,(q)) = — > qx. Therefore, as h = 2n it follows that
k=1

h(Ma(0)) = h(wn | Ma(0)) = = (20— 1) = (20 = 3)gu—1 — -+ = 3@2 = @1 +20(q1 + @2+ + Gn-1 + d)

=2n—-1)¢1 +(2n—3)g2 + -+ 3qn—1 + @n
~hi(g) by (39).

Corollary 4.12. Let N € N. The number of elements in E(N) 1s divisible by 2.

Proof. The proof is exactly the same as that of Corollary 4.8. O

5 Type AV core size and atomic length

In this section, we focus on type AL More precisely, let Wy = (s1,-+-, s,) be the Weyl group of type A,
and W = (sg, 81, - ,8n) = T(M) x Wy (see Figure 1). We will recall Lascoux’s recursive construction of the
(n + 1)-cores via the action of W [Las01]. Then, we will use the quadratic formula for the atomic length of
Theorem 2.1, similar to that of [GKS90], to establish the special Diophantine equation evoked in Section 2.2.
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5.1 Cores partitions via alcove geometry

Recall that we have bijections between W/Wj, affine Grassmannian elements, the lattice M, and alcoves of the
fundamental chamber. For the rest of this paper, we write C,,11(N) for the set of (n + 1)-cores of size N, and
Cny1 = |—|N€N Cn41(N). One can show that W acts transitively on C,, 41, where the generator s; acts by adding
or removing all boxes of residue 7 (it is easy to see that these are either all addable or all removable) [Las01].
This yields a bijection
-~
W/WO Cn+1 (41)

w —  wi,

where, on the left-hand side, we have identified cosets of W/W, with W0, see Section 3.1. Moreover, this bijection
intertwines the Bruhat order and the Young order (inclusion of partitions), see also [LMO05, Proposition 40].
This bijection is usually realised using the alcove geometry of W, by filling the alcoves of the fundamental
chamber by cores recursively as follows:

(1) Put the empty partition @ inside the fundamental alcove.

(2) Fill in all other alcoves of the fundamental chamber by (n + 1)-cores recursively by adding all possible
i-boxes each time a new i-wall is crossed.

Example 5.1. The case e = 3 is illustrated in Figure 5. There, 0 corresponds to the color black, 1 to blue and

2 to red.

A
i

1 o
i S

VOV

Fig. 5: The fundamental chamber in type Aél) and the 3-cores.

In [LLM ™14, Proposition 1.9], an explicit formula for the inverse map (that is, to construct an affine Grassman-
nian element from a core) is given, and relies on the notion of bounded partition.

Now, because of the formula W = T(M) x Wy, each w € W,g decomposes uniquely as w = t,w with ¢ € M,
w € Wy. Let us identify ¢ with the vector (g¢i,...,¢n+1) of its coordinates in the standard basis (¢1,...,&n41)-
To compute ¢ starting from w, one can use a reduced decomposition of w and the formula s;t, = t,,(y)si.
Alternatively, there is a more combinatorial way to figure out ¢, starting from the core partition A = wf,
let us recall this briefly. We refer to e.g. [JK84, GKS90] for the definition of the following notions. Since A
is an (n + 1)-core, the (n 4 1)-quotient of X is empty, and the position of the last bead of each row in the
corresponding (n + 1)-abacus determines a vector of size n + 1, sometimes called the (n + 1)-charge, which
coincides with (q1,...,¢n+1). The fact that these two procedures give the same vector ¢ is not hard to prove,
see for instance [Las01, LM05, LLM " 14]. We decide not to recall in detail these combinatorial constructions,
referring to the above literature instead, but we still find it useful to give below an example of computations
with (n+1)-cores. Indeed, several results of this paper will be illustrated in a similar fashion, see Example 8.10,
Example 8.19 and Example 8.29.
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Example 5.2.
(1) One checks that the partition (8,5,5,2,2,1) is a 5-cores of size 23. It is represented by the following
abacus.
000000000 -0 00 - 00 - -0
14413 412 411 <10 -9 8 -7 -6 -5 -4 3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Its 5-quotient is represented by the abacus

- 00000
o000

which in particular shows that A is a 5-core (since in each row, there are no gaps). We can read off the
5-charge: it is the index of the last bead of each row. We obtain the vector (0,—1,2,1, —2).

(2) Consider the 3-core (3,1). On the one hand, one can check that its 3-quotient has associated charge
(0,—1,1). On the other hand, from the alcove construction of cores, we see that (3,1) = wf) with
w = $28180. Indeed, in Figure 5, we have crossed walls of color 0 (black), then 1 (blue), then 2 (red) to
reach the alcove containing the partition (3,1). Now, one checks that w = s25180 = T—a,$2518q, hence
q = —ag = —eo + €3, and the proposition is verified.

5.2 Size of core partitions and link with the Garvan—Kim—-Stanton formula

Using either a representation-theoretic [CLG22] or a combinatorial [STW23] argument, we are ensured that the
formula for the atomic length given in Section 2 gives the size of the corresponding (n + 1)-core. More precisely,
if w=t,w for B € M and w € Wy is any element of W, the size of the core A = w is given by the formula

n—+1
N = Z(q) = ——la* — ht(q).

In order to compute £ (q), we can use the decomposition ¢ = q1e1 + - -+ + gn+16n+1 Of ¢ in the standard basis
of R"*!. By the discussion in Remark 1.2, we have

n+1
W= @ =g+ttt a) —2Zqz+2 >

1<i<j<n

since gpt1 = —(q1 + -+ ¢n), and

This yields the formula
Z(¢g)=(n+1) Zq, Yooag | =Y (n+1-i)g. (43)
1<i,j<n i=1

The quadratic expression on the right-hand side is the polynomial Q4, (¢) introduced in Definition 3.2.

Remark 5.3. Note that since Z?ﬁl q¢; = 0, adding n Zfﬁl ¢; to the right-hand side above yields the formula

n+1

Al =(n+1) Zqz > ag +Zl_1(h7

1<4,5<n

and we recover precisely the formula established by Garvan, Kim and Stanton [GKS90, Section 2].

Recall the procedure introduced in Section 2.2, which allows us to rewrite Identity (43) by perfoming a Gaussian
reduction. Let us detail the computations in the following essential example.
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Example 5.4.
(1) Take n = 2. Then (43) gives

L(q) = Qnrg.r (@) = 3(F + 63 + q1q2) — 2q1 — @o.

We want to perform a Gaussian reduction in order to have a sum of squares appear. This can be achieved
as follows:

1
Z(q) =3(63 + (@1 — 5)q2) + 37 — 2q1

3
B 1 1, 3 1, 1
*3(Q2+2Q1 6) +(2q1 2) 3

We can get rid of the denominators and obtain the following equivalent identity.
12.2(q) + 4 = (6g2 + 3q1 — 1)* + 3(3q1 — 1)
Setting x = 6¢2 + 3¢q1 — 1 and y = 3¢; — 1, we get a solution to the Diophantine equation
2?4+ 3y = 12N + 4

by taking N = £(q). Note that this resembles Pell’s equation, where we have allowed a negative coefficient
in front of 2.

(2) Take n = 3. In this case, we have
L(w) = 4(c3 4 5+ 5+ c1ca + cacz + cic3) — 3¢y — 2¢o — ¢,
and by a similar procedure, we find the following equivalent identity.
48.2 (w) + 30 = 2 + 2y + 322

where
r=4c1 +12cs —3, y=8c1 —3, z=4c1+ 4co+ 8csz — 1.

We will see that similar Pell-type equations can also be established in other Dynkin types. This will be
investigated in Section 8 and yield the main theorems of this paper.

6 Combinatorial models for generalised cores

By the results of the previous section, it is natural to generalise the notion of core partitions by considering affine
Grassmannian elements, or equivalently the elements of the lattice M.This is the point of view of [STW23], and
we shall use this approach in this paper.

Remark 6.1. There is an even broader generalisation of cores. Let g denote the affine Kac-Moody algebra
associated to the chosen generalised Cartan matrix. It is well-known that we have a bijection

O(Ao) <5 W/Wo,

where O(Ag) is the orbit, under the action of W, of the highest weight vertex in the g-crystal of the basic
g-representation V(Ag). Therefore, it is natural to consider a similar construction for an arbitrary dominant
weight A. This is the approach of [CLG22], and also works for Kac-Moody algebras of finite type. However, we
will not need this degree of generality in the rest of this paper.

Now, we want to have combinatorial models for these generalised cores. In classical untwisted types and in type
Ggl), this has been achieved in [STW23, Section 5], see also [HJ12, CW21], where M is put in bijection with a
certain subset of partitions (often self-conjugate with additional symmetry properties) Moreover, Stucky, Thiel
and Williams [STW23] show that the statistic £, (whose formula is given in Theorem 2.1) can be computed by
counting boxes of the corresponding partition, but using an appropriate weighting for boxes of a given residue,
hence generalising the formula of Remark 5.3. For the remaining types, namely the twisted ones, similar results
have been established by Lecouvey and Wahiche [LW24]. We quickly recall the different results in all classical

(untwisted and twisted) types and in types Gél) and Df’).

Ford € Z>5 and N > 0, denote SCC4(N) the set of self-conjugate d-cores of size N, and SCCyq = | |y SCCa(N).
For A € C4 and for all 0 < ¢ < d — 1, we denote by |A|; the number of i-boxes of A, so that |A| = Zf;ol [Al;-
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6.1 Type 07(11)

let W be the Weyl group of type CT(LI), see Figure 1. Using a folding of the type A&)_l root system, see [STW23,
Theorem 5.2] or [LW24, Section 4.2] for details, it is established that

W/Wo <<= SCCap. (44)
Moreover, for ¢ = q1v/2¢1 + - - - + ¢n V26, € M with ¢; € Z, we have
Z(q) = |Al,
where ) is the self-conjugate 2n-core corresponding to ¢ under Bijection (44).
6.2 Type D),

let W be the Weyl group of type Dfll, see Figure 1, which is the transpose of type C’T(Ll). Using a similar root
system folding, see [LW24, Section 4.3] for details, we have

W/Wo <= 8CCap. (45)

Moreover, for ¢ = q1v/2e1 + - - + ¢, V/2e, € M with ¢; € Z, we have

Z(q) = 5 (1Al = [Alo +[Aln)

N |

where ) is the self-conjugate 2n-core corresponding to ¢ under Bijection (45).

In this case, there is an alternative partition model for which the size is exactly given by the atomic length,
see [LW24]. Since we will need it in Section 8.3, we quickly recall this construction here. A bar partition is
a partition with only distinct parts (these are also called distinct or 2-reqular partitions). The combinatorics
of bar partitions and their applications in representation have been extensively studied in the literature, see
for instance the seminal work [Mor65]. To each bar partition A, we can associate a double distinct partition A,
obtained by shifting row k of the Young diagram of A k steps to the right, and completing by the transpose of
this shifted diagram, see [Mac98, Chapter III] for details.

Example 6.2. The partition (4,2,1) is a bar partition of size 7. Its Young diagram is

[T]

and its corresponding double distinct partition is

The bar partition A is called an (2n + 2)-core if X is an (2n + 2)-core. Let us denote by Dapia(N) the set of
(2n + 2)-core bar partitions of size N with no part equal to (n + 1), and Day 2 = UnenDan12(N). As showed
in [LW24], there is a bijection

W/Wo = Dapio (46)

such that we have
Z(q) = |l

where X is the bar (2n + 2)-core corresponding to ¢ under Bijection (46). In fact, this bijection is explicit,
and is essentially the same as the bijection in type AS«}) recalled in Section 5.1. More precisely, starting with
¢ = qV21 + -+ quV2e, € M, we first associate the vector ¢ = (0,q1,.-.,n,0, —qn,...,—q1). By the
procedure illustrated in Example 5.2, this element ¢ defines a (2n + 2)-core partition, which turns out to lie in

Daynto: this is the partition . We will give an illustration of this construction later, namely in Example 8.19.

Example 6.3.
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(1) Take n =2, so that 2n + 2 = 6. Let us compute Dg(N) for the first values of N.

size N Elements of Dg(N)

0 0

1 O

2 D

3 H

4 EEEE

5 EEEEfEsEEm
6 none

(2) One can show that Dg(35) = {(17,11,5,2), (16,10,5,4), (13,10, 7,4, 1)} .

6.3 Type A}”
1)

n—1

let W be the Weyl group of type Agi), see Figure 1. Using again a folding of the type Ag
[LW24, Section 4.4] for details, it is established that we once again have

root system, see

W/Wo <= SCCap. (47)
Moreover, for ¢ = q1e1 + -+ - + gnen, € M with ¢; € Z, we have
Z(q) = |Al + Ao,

where A is the self-conjugate 2n-core corresponding to ¢ under Bijection (47).

6.4 Type B7(L1)

let W be the Weyl group of type B,(ll), see Figure 1. This time, one needs to first consider an embedding into
the type D) root system, and then use the results of Section 6.2. We will need the set

n+1
S8CC3,, = {\ € SCC3, | X has an even number of diagonal boxes } .
Then we have, by [STW23, Theorem 5.3] or [LW24, Section 4.6],
W/Wy <~ SCC3,.. (48)
Moreover, for g = q1e1 + - -+ + qnen, € M with g; € Z, we have
1
2(@)= 5 (A= o+ Al

where \ € SCCJ,, corresponds to ¢ under Bijection (48).

6.5 Type Agi)fl

let W be the Weyl group of type Agi)_l, see Figure 1. This time, one needs to first consider an embedding into

the type A(;L)

root system, and then use the results of Section 6.3. By [LW24, Section 4.7], we have a bijection
W/Wy <~ SCC3. (49)
Moreover, for ¢ = q1e1 + -+ + qnen, € M with ¢; € Z, we have
1
Z(q) = 5 (Al = Ao)

where \ € SCC4,, corresponds to ¢ under Bijection (49).
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6.6 Type D

let W be the Weyl group of type D,(ll), see Figure 1. One considers again an embedding into the type D,(fll

root system. We again get the following bijection, see [STW23, Theorem 5.4] or [LW24, Section 4.8],
W/Wy <~ SCC3... (50)
Moreover, for ¢ = ¢1v/2e1 + - - + ¢, V/2e,, € M with ¢; € Z, we have
1
#(a) = 5 (= o — ),

where \ € SCCJ,, corresponds to ¢ under Bijection (50).

6.7 Type Ggl)

let W be the Weyl group of type Dy(ll), see Figure 1. By a more complicated construction, one obtains [LW24,
Section 4.11],

W/ W, <~ 8CC5, (51)

where SCC% is the subset of self-conjugate 6-cores whose corresponding 6-charge is of the form (¢1,co,¢1 —
o, Co — €1, —C2, —C1). Moreover, for ¢ = q1e1 + goe2 + qse3 € M with ¢; € Z and g3 = —q1 — ¢2, we have

2() = 5 (A1~ Mo+ I\l

where \ € SCCE3 corresponds to ¢ under Bijection (51).

Alternatively, note that the 3-cores also provide a combinatorial model for the affine Grassmannian elements in
this type, see [STW23, Section 5.4] and [CW21].

6.8 Type D

let W be the Weyl group of type DS), see Figure 1. By a similar construction as for Gél), one obtains [LW24,
Section 4.10],

W)W,y << 8CC5, (52)
where SCC’?5 is the subset of self-conjugate 6-cores whose corresponding 6-charge is of the form (¢1,co,¢1 —
Ca,Co — €1, —Cg,—c1). Moreover, for ¢ = q1&1 + q2e2 + g3e3 € M with ¢; € Z and ¢3 = —¢1 — ¢2, we have

2() =5 (A1~ Mo~ I\l

where A € SCC’, corresponds to ¢ under Bijection (52).

In this case, we will also use the alternative partition model of [LW24, Section 4.10], which we denote here
DZ(N ), in which the size of partitions is given by the atomic length. In other terms, we have

W/Wy <= D5, (53)

and,

Z(q) = ||
where A is the partition corresponding to ¢ under Bijection (53). If we call i-part a non-zero part of A which
is congruent to i modulo 4, [LW24] show that the set D’ consists of bar partitions A of size N such that X has
no 4-hook below the diagonal”, and with an extra technical condition relating the number of i-parts of \ (for

1 =0,4,2), see Formula (55) below. Instead of recalling this relationship precisely here, we prefer to give the
following construction, from which the exact formula can be easily derived.

The combinatorial recipe to construct \ € DZ from g € M is as follows. Write ¢ = ¢161 + g262 + q3e3 € M.
Recall that g3 = —¢1 — ¢2, so the knowledge of (¢1, ¢2) is enough. Then, define mg, my1,ms by

(lg2],0) if g2 <0 a1+ q ifgr+g2>0
mg = |CI2| ) (mlam—l) = and moy =
(O,|QQ|) if g2 >0 —(th +q2)—1 if q1 + q2 < 0.
(54)

Then define A to be the only partition such that

2 Note that this does not quite mean that Nisa 4-core, as there might be boxes above or on the diagonal with hook-length 4.
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« m; is the number of i-parts of A,
« kisapart of A\ = k—41isapart of A (if k —4 > 0).
Note that the relation defining mg induces a relation between the i-parts of A of the form
mo=+myy £me—3§ with § € {0,1}. (55)
Example 6.4.
(1) Let ¢ = —3e1 + &2 + €3, so that (g1, ¢2) = (—3,1). Formulas (54) yield

« mo = 3, S0 A contains the parts 2,6, 10,
« m_1 = 1, so X contains the part 3,

« mg =1, so A contains the part 4.

We get A = (10,6,4,3,2) = EEEEE

(2) Let us compute D}(N) for the first values of N.

size N Elements of D (N)

0 0

1 |

2 1]

3 H

4 none
g HH
6 Hﬂ]]
7 \HH,iH\
8 [1T1]
9 none
10 7JHH

7 Pell-type equations and group actions

In this short section, we investigate some G-set structures on the solution sets of certain Pell-like Diophantine
equations, where G is a well-chosen finite group. We will see in Section 8 that these equations will appear
naturally in the study of generalised cores.

7.1 The Diophantine equation 2> +y%> =k
Let £ > 2 be an integer. We consider the equation

Pyt =k (56)
in the variables x,y. We denote by U(k) the set of integer solutions of (56).

First, we recall some generalities about (56). For that, we introduce some notation. We denote by P; (k) and
P3(k) the sets of prime factors of k with residue 1 and 3 modulo 4. Furthermore, we identify Z? with the ring
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of Gaussian integers Z[i] by (z,y) € Z — x +1iy € Z[i]. By abuse of notation, we will continue to write (k) for
the set of elements x + iy € Z[i] with (z,y) solution of (56).

We also recall that Z[é] is a principal ideal domain with group of units (Z[i])* = {1, —1,4, —i}, whose irreducible
elements (up to association) are described as follows.

« The element (1 + 7).
. The set of prime integers with residue 3 modulo 4.

« The set of elements of the form a + ¢b and a — ib whose product is a prime integer with residue 1 modulo
4.

Let @ € N and m be an odd integer such that k = 2%m. By the famous sum of two squares theorem, we know
that (56) has solutions if and only if v, (k) is even for all p € Ps(k). In particular, U(k) is empty if and only if
U(m) is.

From now on, we assume that Equation (56) has integer solutions. Then the product (with multiplicity) of the
prime factors with residue 3 modulo 4 is a square denoted by c2.

Lemma 7.1. The map
O :U(m) — U(k), z+— (1 +1)%z,

s a bijection.
Proof. First, we remark that if 2’ = (1 4 i)%cz with z € U(m) (that is 2z = m), then
27 = (1 +0)*(1 —9)*P*2z = 2°m = k.

Hence, @ is well-defined. Now, assume that 2z’ € U(k). For any p € Pi1(k), we fix z, € Z[j] such that p = z,Z,.

Since (1 — i) = —i(1 +4), the Z[i]-decomposition of k into irreducible elements is
k= (=) +i) J] o™ [] zr®zr®. (57)
pEP3 pEP1

Then by uniqueness of the Z[i]-decomposition into irreducible factors of k, we deduce from k = 2’z that

. there are z; € Z[i] with only irreducible factor (1 + ¢) and z € Z[i] whose irreducible factors are some z,
for p € P3(k), such that 2’ = zjcz,

. we must have z1Z; = 2% and 2z = m.

Since (141) is the only irreducible factor of z;, there is a unit element £ € Z[i] and a positive integer v such that
21 = £(1+1)*. However, 2121 = (—i)%(1+14)?*, and the uniqueness of the decomposition of 2% into irreducibles
implies that u = a. Hence z; = £(1 +¢)® and ®(£z) = 2/, with £z € U(m), proving that ® is surjective. The
injectivity of @ is immediate. O

Lemma Lemma 7.1 reduces the study of (56) to the case of odd integers k. On the other hand, considering the
quadratic residues modulo 4, if U (k) # 0, then k =1 mod 4. Note that this last condition is equivalent to

k=1 mod& or k=5 modS8.

In the following, we will put natural families of solutions of U(k) (k odd) in bijective correspondence with

)

(extended) Grassmannian elements with respect to the type 02(1 in Section 8.2. More precisely,

. using the affine Grassmannian elements in type Cél) of atomic length equal to N (that are naturally
in bijection with the elements of SCC4(N)), we obtain a description of the solutions of the Diophantine
equation x2 + y? = 8N + 5,

. similarly, but using the atomic length associated with the fundamental weight A; in type Cél), we obtain
a description of the solutions of the Diophantine equation z? + y?> = 8N + 1 in terms of the extended
Grassmannian elements.
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7.2  Group actions on the solution set of 2 + % =k

Let Dg = (r,s | r* = s = (rs)? = 1) be the dihedral group of order 8. Clearly, the formulas

r(@y) = (~v2) for all (z,y) € U(k) (58)

s(z,y) = (y, )
yield an action of Dg on U(k) when U(k) is non-empty. The Dg-orbit of (z,y) in U(k) is

DS(J:’ Z/) = {(x,y), (JZ, _y)’ (_xvy)’ (_xv _y)7 (y,x), (yv _x)’ (_yvx)a (_ya —.73)} . (59)

Remark 7.2. Through the identification (z,y) — = + iy € Z[i] used in Section 7.1, observe that the elements
r, s € Dg given in (58) act on U(k) respectively by multiplication by i and iconj, where conj is the complex
conjugation.

Now, all the subgroups of Dg also act on U(k). In Section 8, we will need the following subgroup actions.

« The action of (r) ~ C4 (the cyclic group of order 4)

r(z,y) = (—y,z) for all (z,y) € U(k). (60)
The orbit of (x,y) under this Cy-action is
04(]"73/) = {(x,y),(—y,a:),(—x, _y)a(:% —l‘)} (61)

. The action of (rs, sr) ~ V (the Klein four-group)

rs(z,y) = (—x,y) for all (z,y) € U(k). (62)

sr(m,y) = (.17, _y>
The orbit of (x,y) under this Vj-action is

Va(z,y) = {(2,9), (z, —y), (=2,9), (-2, —y)} . (63)
Lemma 7.3. Let (z,y) € U(k) \ {(0,0)}.
(1) The Cy-orbit of (x,y) described in (61) has size 4.
(2) The Dg-orbit of (x,y) described in (59) has size 8 if and only if z,y # 0 and x # +y.

Proof. Point (1) is clear by the explicit description of the orbit (61). Now, if z,y # 0 and z # +y, all the
elements listed in (59) are pairwise distinct. Conversely, if z = 0 or y = 0 or = +y, then the action of (rs),
respectively (sr), respectively (s), is not free. O

Proposition 7.4. Let k > 2. Assume that U(k) is non-empty. Then the Dg-action on U(k) is free if and only
if k is neither a perfect square nor twice a perfect square.

Proof. First, suppose that there is an integer ¢ such that k = ¢2. Then (¢,0) € U(k), and the Dg-orbit of (¢,0)
has size 4 by Lemma 7.3. Similarly, if & = 2¢2, then (¢, ¢) € U(k) and again, we conclude with Lemma 7.3. Tt
follows that Dg does not act freely on U(k) in these cases.

Now, assume that k is not a square or twice a square. Then there is an odd non-perfect square m and a non
negative integer  such that k = 2“m. As above, we identify Z? with Z[i]. As noted in Remark 7.2, the group
Ds is generated by the multiplication by ¢ and complex conjugation. Let (z,y) € U(k) and set 2z’ = z +iy. By
Lemma 7.1 there are an integer ¢ with prime factors in P3 and z € U,;,, such that z’ = (14 ¢)%cz. Suppose that
z' € (i) - 2, that is, there is 8 € N such that z’ = i?2’. Since

7 =(1—-9)%z =31 +1i)%Z,

we deduce that

:B—3a

zZ=1 Z.

Write z = u + v with u, v € Z. We remark that u # 0 and v # 0 (otherwise m = u? or m = v?) and if u = 4v,
that is z = u(1 4 7), then
m = [P 739 = 20>

is even, which is a contradiction. Thus, by Lemma 7.3, the Dg-orbit of (z,y) has size 8, as required. O
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Remark 7.5. In fact, let us show that the Dg-orbits of U}, all have size 8 except exactly one with size 4. Assume
U(k) # 0 where k is a square or twice a square. Let (z,y) € U(k) and assume that the Dg-orbit of (z,y) has
size 4.

. Suppose that k = ¢2 is a square. If x = +y, then 22 + y? = 222, and ¢? = 222 which is impossible. Hence,
by Lemma 7.3, x or y is equal to 0. Say y = 0 (the case z = 0 is analogue). Then 22 = k = ¢ and x = +/.
It follows that (z,y) and (¢,0) have the same Dg-orbit.

. Suppose now that k = 22 for some integer ¢. If y = 0 (the case z = 0 is similar) then 22 = k = 2¢2 which
is impossible. Hence, by Lemma 7.3, 2 = Fy and 222 = 2¢2 implying 2 = /. The Dg-orbits of (z,y) and
(¢,¢) are the same.

We will investigate the set U (k) in the case where k is of the form
k=aN+b
for some a,b € N, where V € N is fixed.

Corollary 7.6. Let k be as above. Assume that b is neither is neither a quadratic residue nor a twice a quadratic
residue modulo a. Then the action (58) is free.

Proof. By contraposition, suppose that the Dg-action is not free. Then by Proposition 7.4, k is either a square
or twice a square. Since k = aN + b, reducing modulo a implies that b is either a quadratic residue or twice a
quadratic residue. O

Proof. We have Dg = Vj x (s). Consider first the action of V; = (rs) x (sr) on U(k). The V,-orbit of (z,y)
consists of the elements (z,y), (—=z,y), (z, —y), (—z, —y), and by Condition (1), these are all pairwise distinct
modulo ¢, and therefore all pairwise distinct. The action of (s) (swapping components) produces the remaining
elements listed in (59), which are again all distinct modulo ¢ by Condition (2), and therefore distinct. O

Remark 7.7. In higher rank, that is for the Diophantine equation 2% + --- + 22 = k, there is an analogous
action of the hyperoctahedral group H,,. We will see in Section 8.8 that these equations naturally arise in affine
types that have an underlying finite Weyl group of type B,, or C, but that there is no hope of having a free
action in general.

7.3 The Diophantine equation 22 + 3y% = k

Let k € N and consider the equation
2 +3y =k (64)

in the variables z,y. We denote again by U (k) the set of integer solutions of (64).

In this situation, we do not have an action of Dg, but we can will consider the following actions on U(k).
« The action of V4 defined as in (62).

« If k is even, the action of the cyclic group Cg = (t) defined by

1 i3
t(z,y) = («',y') where 2’ + jy' = —j(5z+ 7\[ ), (65)

that is, (z,y) is identified with the Eisenstein integer § + z\/gg € Z[j]. Indeed, by the same argument as
[BN22], this identification makes sense and this group action is well-defined if and only if & is even.

We state the following lemma, analogous to Lemma 7.3, and whose proof is exactly the same.

Lemma 7.8. Let (x,y) € U(k). The Vi-orbit of (x,y) described in (63) has size 4 if and only if x,y # 0. In
particular, if this condition holds for all (x,y) € U(k), Vi acts freely on U(k).
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8 Solution sets via generalised cores

In this long section, we study the solutions of the Pell-type equations naturally arising from the atomic length in
different Dynkin types. This new approach is based on the study of the generalised cores (recall that these are
the (extended) affine Grassmannian elements). We will start by recalling how the results of [BN22] (involving
usual 3-cores) naturally arise in our context. Then, we will see that our approach gives a simple combinatorial
proof of [Alp14, Theorem 7] (involving self-conjugate 4-cores). The results of this section provide far-reaching
extensions of these two papers, see also [0S597] for connected results on 3 and 4-cores.

We will first treat exhaustively all types of rank 2 in the case of the Ag-atomic length, before addressing some
rank 3 types. Surprisingly, certain Dynkin types (notably Ag), C’,(ll), Dﬁ)-l and Df’)) will provide very fruitful
results, while others will not. The wide variety of results in this section illustrate the relevance of working with
both untwisted and twisted Dynkin types.

Moreover, in type 02(1), we will unsparingly use the theory developed in Section 2 and Section 2.3 as the A;-
atomic length and the extended atomic length will play a crucial role, see Section 8.2. The extended atomic
length will also be heavily reinvested in Theorem 8.6 and Section 8.7.2 to refine the parametrisation of the
solution sets investigated.

8.1 Type Agl)

Let W be the Weyl group of type Agl). Recall from Figure 1 that we have M = Zay + Zas =
{a=qie1 + quea + qzes € Zey + Zex + Zez | 1 + 2 + g3 = 0}

8.1.1 Crank and 3-cores

We denote
B(N)={qeM|Z(q)=N}. (66)

By Section 5, we have a bijection
B(N) <~ C3(N) (67)

where C3(IV) is the set of 3-core partitions of size N.

Moreover, recall that we have established in Example 5.4 that £ verifies the following equation.

Lemma 8.1. For all g € M, we have
12.2(q) + 4 = (6g2 +3q1 — 1)* +3(3¢q; — 1)*.
Therefore, we consider the Diophantine equation (64) for k4 mod 12, that is
2?2 +3y? = 12N + 4. (68)

Recall that we had denoted U (k) = {(x,y) € Z* | 2% + 3y* = k} be the set of solutions of (68). Then Lemma 8.1
ensures that the following map is well-defined

Y B(N) — U(12N +4) (69)

(q1,92,93) +—— (6g2 +3q1 —1,3q1 — 1)

In [BN22, Theorem 2.1, Theorem 3.2], the authors proved the following.
Theorem 8.2. Let N € N.

(1) The action of the cyclic group Cs on U(12N + 4) defined in (65) is free.

(2) The set Im () is a complete set of representatives of the Cg-orbits of U(12N + 4).
By Theorem 8.2 together with Bijection (67), the following identity is straightforward.
Corollary 8.3. For all N € N, we have

IC5(IV)| = é U(12N +4)].
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8.1.2 Computations with the extended atomic length

In this subsection, we illustrate Theorem 4.7. Let p be the map, similar to the map ¢ of the previous section,
defined by

p 73 — 72
(70)
(v,y,2) — (3z+6y— 1,3z —1).

Consider the extended affine Grassmannian SW0. Write ¢ := o3 so that o2 = o5.

o Let w =t,w € W. We have

"%Ao (O”LU) = "%Ao (tw15152w) by (12)
= Zh, (tw1$152tq@)
= on (tW1+3182(q)8182ﬁ)
= gf\o (tw1+3132(q)) by Prop. 2.6
= "S’ﬁAo (twl) + gf\o (tslsg(q)) + 3(“1 | 5132((])) by PI‘Op. 2.4
= Lo (tsysa(q)) + S(Wl | 8182((])) by Prop. 4.1.

The element wg 1wy = 5152 seen as element of GL(R3) has for matrix

0 0 1
Mi=1|1 0 0
0 1 0

and then acts on R{e1,eq,23) by (¢1,92,93) — (g3,491,92). Moreover we know from (42) that for any
(a,b,¢) € M one has ht((a,b,c)) = 2a + b. Hence ht(M;1(q)) =2q5 + ¢1 = —2(q1 + ¢2) + ¢1 = —q1 — 2¢o.

Finally doing the computation 3(w1 | Ml(q)> gives 3¢s. It follows that

Dno(ow) = L, (tsy55(9)) + 3<W1 \ 8182((1))
= Lo (tar (q) + 3<W1 | Ml(Q))
= 2P b)) +3(er | M)

3
= §|Q|2 +q1 + 2q2 + 3q3

=3+ +qq) Fa +2¢— 3@+ )
=3(¢i + 45 + 142) — 2¢1 — @a.

« Doing the same kind of computations as above we have
.,?AO (0-211)) = ng (ts2sl(q)) + 3(602 | 8281(q)>.
The element wg 2wy = 5251 seen as element of GL(R3) has for matrix

010
My=M{=10 0 1

1 00
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and then acts on R{e1,e2,€3) by (q1,¢2,¢3) — (g2,43,q1). We also have ht(Ma(q)) = 2¢2 +q3 = 2 — @1
and 3(w2 | Mg((])) = —3q;. It follows then that

Lo (0%w) = Ly (tay(w)) + 3(w2 | z2(w))
= Lo (tany(q) + 3(w2 | Ma(q))

_ g|M2(q)|2 — ht(Ma(q)) + 3(ws | Ma(q))

3
= §|q|2 +q1—q2 — 3@

=3(¢i + & + 1q2) — 21 — q2.

Example 8.4. Let us look at U(4) = {(z,y) € Z? | 2* + 3y*? = 4}. As usual write 0 := 01 = t,, 152 and
0y = ty,s251 = 2. Recall that p is the map defined in (70) by p(z,y,2) = (32 + 6y — 1,3z — 1).

(1) The empty 3-core corresponds to w = 1 € WO and its correspondent in M is ¢ = (0,0,0). Then

p(0,0,0) = (=1,—1) =: a (see Figure 6). Now let us look at the images of w in the extended affine
Grassmannian, that is, the elements o;w and oow.
Clearly oyw = t,, 5182 and oow = t,,8251. However wy; = (2/3,—1/3,—1/3) and w? = (1/3,1/3,-2/3).
It follows that p(w1) = (—1,1) =: e and p(w2) = (2,0) =: ¢. We have then one element coming from each
“layer” of W, namely a from W0, e from oy W? and ¢ from o2W°. Acting by Z/2Z on these 3 points by
(x,y) — (—x, —y), one recover the full orbit of a, see Figure 6.

(2) Now let us look at the 3-core with one box, which corresponds to w = sp = ta,+a,515251. The
correspondent in M is ¢ = a3 + as = (1,0,—1). The corresponding extended 3-cores are given by
ow = 10, (q)5152515281 = Ly 40, (q)S2 and o’w = byt M (q) 5251515281 = luyiMy(q)S1- Therefore,

using the map f, (see Section 3.2) ow is identified with wy + M;(q) = (2/3,-1/3,-1/3) + (—1,1,0) =
(—1/3,2/3, —1/3) and 0w is identified with ws + Ma(q) = (1/3,1/3,—2/3)+(0, —1,1) = (1/3,-2/3,1/3).
Now applying p on these three elements we get p(q) = (2,2) =: a/, p(w1 + M1(q)) = (2,—2) =: €’ and
plwa + Mi(q)) = (—4,0) =: .

Notice that Zy,(w) = 1 and Ly, (ow) = Za,(tar () + 3(w1 | Ml(q)> = 4+3(-1) = 1 (but we

already knew it from Theorem 4.7). Of course we also have %, (0?w) = 1. So the three elements:
(2,2),(2,-2),(—4,0), are solutions of the equation 2%+ 3y? = 12-1+4, that come from the extended affine
Grassmannian. A Sage verification shows that U(16) = {(2,2),(-2,2),(—4,0), (-2, -2),(2,-2), (4,0)}.

—~

Once again we recover the full orbit only by acting by Z/2Z on each layer of W, see Figure 6.

Fig. 6: Orbit in Z? of the 3-cores w = 1 (on the blue ellipse) and w = sy (on the red ellipse) via the
parametrisation p. The different colors represent the three layers of W from which the integer points
arise (blue from W9, green from oy W? and black from aoW?).
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8.1.3 The decomposition theorem for Aél)

Let W = Aél) and N € N. Using [BN22, Th. 2.1] we know that the group G = (R) C GL(R?) is cyclic and has
order 6, where

R= (71)

and acts freely on U(12L + 4). Therefore any orbit under this action provides 6 points where only one of them
comes from an affine 3-core w = t,w that is seen as a point p(q) € Z? via the parametrisation p defined in (70).
For example in Figure 6 the point «a is the only 3-core of length 0 and acting on it by G provides anticlockwise
the other points on the blue ellipse. This is the same story for the red ellipse where a’ is the only 3-core of
length 1.

Recall that B(N) is given in Definition 3.4. Let Oy (w) be the orbit under G of a 3-core w of size N, that is by
expressing w = t,w with £, (¢,) = N, the orbit is

On(w) :={R*p(q) | k=1,...,6}. (72)

By [BN22, Th. 3.2] we have the following decomposition

U(12N +4) := {(x,y) € Z* | 2° + 3y* = 12N + 4}

weB(N)
A
a 1

wo + Mo (b)
wq + My (a)

wg + Mg (a)

w1 + Mq(b) 1

Fig. 7: The six black points represent the orbit Og(w) where w = ton, +4,5152 With corresponding 3-core (4, 2)
and a = p(2aq + a). Similarly the six red points represent the orbit Og(v) where v = t4, 124, 5251 With
corresponding 3-core (2,2,1,1) and b = p(a1 + 2a2). There are only two 3-cores of size 6, hence
U(76) = Og(w) U Og(v). To make the notation less cluttered in the picture we omit the symbol p, for
example p(wy + M1(2aq + az)) is w1 + My (a) and so forth.

We see in Figure 7 that the full set of integral solutions can be recovered from only knowledge of the three red
labelled points and the three blue labelled points, after applying (z,y) — (—z,—y). The following theorem
shows that we can refine the decomposition (73) using extended affine Grassmannian elements. Recall that the
set g(N) is given in Definition 3.6. For o;w = o3t w € YWY of length N let 5N (o;w) be the orbit of o;w under
(z,y) — (—xz, —y), that is

~

On (o3w) := {p(w; + M;(q)), —p(wi + M;(q))}- (74)

Lemma 8.5. One has p(w; + M1(q)) = —R(p(q)) = R3(p(q)) and p(ws + M2(q)) = R?(p(q)).
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Proof. Let ¢ = (q1,q2,93) with ¢1 + g2 + g3 = 0. Then wi + Mi(q) = (2/3,-1/3,-1/3) + (g3,q1,92) =
3(3g3 +2,3q1 — 1,32 — 1) and wy + Ma(q) = (1/3,1/3,-2/3) + (g2, 43, ¢1) = 5(3q2 + 1,3¢3 + 1,3q1 — 2).
Therefore p(wy + Mi(q)) = (3g3 +2+2(3q1 — 1) —1,3g3 +2 — 1) = (3g3 + 6q1 — 1,3¢3 + 1) = (=3(q1 + ¢2) +
6g1 —1,=3(q1 + g2) +1) = (31 —3¢2 — 1, =3q1 — 3¢2 + 1).

Similarly p(ws+Ma(q)) = (3¢24+1+2(3g3+1)—1,3¢2+1—1) = (3g2+6¢3+1,3¢2) = (32 —6(q1+q2)+1,3¢2) =
(=6q1 — 3q2 + 1, 3q2).

Now an easy computation of R(p(q)), R*(p(q)) and R3(p(q)) yields the announced statement. O

Theorem 8.6. Let w € WY such that £y, (w) = N. We have
2
(1) On(w) = || On(ow).
i=0

(2) U12N +4)= || On(w).
weB(N)

Proof.

(1) By Theorem 4.7 we know that w, oyw and oow have the same Ag-length N. Let a, b, ¢ be the corresponding
points, that is writing w = ¢, one has a = p(q), b = p(w1 + M1(q)) and ¢ = p(ws + Maz(g)). First of all
notice that these points are all distinct since p is injective and the vectors ¢, wy + M1 (q) and wy + M(q))
are by design all distinct. Using Lemma 8.5 we have that they belong to the same orbit On(w). As the
central symmetry preserves obviously the integrability of a solution (obtained after multiplying by R?) we
have then 6 integral points solution of the same equation 22 4+ 3y?> = 12N + 4 and in the same orbit. As
each orbit has 6 points we are done.

(2) This is a direct consequence of (1) above and of the definition of B(N) (37).

8.2 Type C’él)

We now turn to the simplest non simply-laced Dynkin type. We obtain here two astonishing results. Theo-
rem 8.8 simply uses the Ag-atomic length, and gives a bijective proof of Alpoge’s number-theoretic result [Alp14,
Theorem 7] on the solutions of x? +y* = 8N +5, which we recover in Corollary 8.9. Theorem 8.12 is both truly
important, as it treats the complementary equation 22 + 3% = 8N + 1, and very interesting, as it involves the
Ai-atomic length, in its extended version. As such, it relies on virtually all the preceding results of this paper.

8.2.1 Pell-type equation from the basic atomic length

Let W be the Weyl group of type Cél). By Figure 1, elements in M write ¢ = q1v/2¢1 +¢2V/2¢2 with (q1, ¢2) € Z2.
Moreover, denote B(N) = {¢ € M | £(q) = N}. By Section 6.1, we have a bijection

B(N) <~ SCC4(N) (75)

where SCC4(N) is the set of self-conjugate 4-core partitions of size N. Using the expression of the atomic length
established in Theorem 2.1, we find

L(q) =4¢; + 465 — 3q1 — 2. (76)

We now use a trick specific to this rank 2 type. Let u : R? — R? be the isomorphism whose matrix in the
standard basis {e1,£2} is

(77)

1
V2
involutive isometry and that u(ay) = €2, u(az) = €1 — 2. In particular, {u(asz),u(a1)} forms a simple root

system of type Bs. The image lattice M’ = u(M) is

Recall from Figure 1 that the simple roots are a; = (61 —e2) and ap = V/2e5. One can check that w is an

M' ={q1 +qo € Ze1 + Zes | ¢1 + qo is even},
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and we can consider the statistic £’ = Z owu : M’ — N. The map u restricts to a bijection
B(N) = B'(N) (78)

where
B'(N)=u(B(N))={q e M'| £'(¢') = N}.

Moreover, rewriting the right-hand side of (76) by setting u(q) = ¢’ = q¢je1 + ghe2 € M’ and using (77), we
obtain the formula
2'(q') = 247 + 245" — 241 — g5
We can rewrite this as ) 1
Z'(q) = §(4QQ -2)%+ §(4QQ 1) -
and we obtain the following equivalent identity

oo | Ut

)

Lemma 8.7. For all ¢ € M’, we have
8L'(d') +5 = (441 — 2)* + (4, — 1)*.
Therefore, we consider Equation (56) for a = 8 and b = 5, that is
2 +y* =8N +5 (79)

and the corresponding solution set U(8 N + 5). Lemma 8.7 ensures that the following map is well-defined

p: B(N) — UBN +5
(V) ( ) (80)
(q1,95) — (4¢1 — 2,45 — 1)
Theorem 8.8. Let N € N.
(1) The action of Dg on U(8N + 5) given in (58) is free.
(2) The set Im () is a complete set of representatives of the Dg-orbits of U(8N + 5).
Proof. Let N € N.

(1) By Corollary 7.6, it suffices to show that 5 is neither a quadratic residue nor twice a quadratic residue
modulo 8. We have 5 = —3 mod 8, and the quadratic residues modulo 8 are given in the following table.

T 0 +1 +2 +3 4

2 0 1 4 1 0

The result follows.

(2) We need to show that each orbit contains exactly one element of Im (¢). Let us prove the existence first.
Let (z',y") € U(8N + 5) and consider the associated orbit O. By the above table, one of z,y must be £2
mod 8, so it must be +2 mod 4, and the other must be +1 or 43, so it must be 1 mod 4. Therefore, O
contains an element (x, y) verifying z = —2 mod 4 and y = —1 mod 4. Write z = 4r; —2 and y = 4ro— 1.

« If 74 4+ ro is even, then (ry,72) € B'(N) and
(z,y) = ¢(r1,72).
o If r1 + 73 is odd, then (1 —r1,72) € B'(N). Moreover, the pair (—z,y) also belongs to O and we have
(—z,y) = (41 —71) = 2,412 = 1) = (1 — 11, 72).

Finally, let us prove uniqueness. Let (r1,72),(t1,t2) € B'(N) be distinct. Suppose that ¢(r1,r2) and
©(t1,t2) are in the same orbit. Then we must have 4ry — 1 = 4ts — 1 and 4r; — 2 = —4t; + 2, therefore
r9 =ty and r;{ = 1 —t1. But then 1 + 179 =1 —t1 4+ t2, so r1 4+ 72 is odd since t; + to is even, which is a
contradiction.

O
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Theorem 8.8 implies that
1
[B'(N)| = g U(BN +5)].

Combining this with Bijections (75) and (78), we get the following result. This recovers [Alp14, Theorem 7].
Corollary 8.9. For all N € N, we have

1
[SCCA(N)| = 5 U(SN +5)].

Example 8.10. Take N = 40. One can check that there are 3 self-conjugate 4-cores of size 40, namely

[TT]TT] [TT1] ]
J‘HI ’ J‘\ ’ L]

)

[HEE

T
RN
[

[

which correspond respectively to the following elements v/2(q1, ¢2) of M:
V2(1,-3) . V2(-1,3) , V2(-2,-2).
Applying u, we obtain the following corresponding elements (g}, ¢5) of M’:
(—=2,4) , (2,-4) , (-4,0).
Finally, applying ¢ yields respectively the following pairs (z,y):
(—-10,15) , (6,—-17) , (—18,—1).

These are the representatives in Im () of the three Dg-orbits on the set of solutions of 2% + y? = 325 (there
are 24 integer solutions in total).

8.2.2 Type Cél): a new Diophantine equation using the A;-atomic length

Let us now study %], that is, the Aj-atomic length. We will consider its extended version, but restricted to
T(L), that is, elements of the form ¢, for x € L. Since

1 1
L= §M = {\/5%81 + V262 | g1, 2 € 22}7

we have )
£ :T(L) — iN.
Recall that A7 = Ay + w; where w; = %51. Combining Proposition 2.2 and Proposition 2.5 (for A = A; and
x = q), we have
L1(q) = AG + 46 + @1 — q2. (81)

We now consider again % = % ou: L’ — N, where
L'=u(L) = {q1e1 + dre2 | q1. 92 € Z}.
Note that u is compatible with the decomposition L = M U (L \ M), that is,
w(L) = uw(M)Uu(L\ M).

Since M’ = u(M) is again the lattice of integer pairs of even sum, L'\ M’ = u(L \ M) is the set of integer pairs
of odd sum.

Similarly to the previous section, and in accordance with the notation of Definition 3.6, we let
Bi(N)={qeL|%(q)=N} and Bi(N)=u(Bi(N)={q € L'| Z(d) = N}.

The map u restricts to a bijection
Bi(N) — Bj(N) (82)
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Moreover, rewriting the right-hand side of (81) by setting u(q) = ¢ = ¢je1 + ghea € P’ and using (77), we
obtain the formula

L) =247 + 245 + g5 (83)
We can rewrite this as 1 )
L) =247 +2(ez + 7)* — 5

and we obtain the following equivalent identity.
Lemma 8.11. For all ¢ € L', we have
8.L(d') + 1= (441)” + (dgy + 1)*.
Therefore, we consider Equation (56) for a = 8 and b = 1, that is
2?2 4+9> =8N +1 (84)

and the corresponding solution set &/(8 N + 1). Lemma 8.11 ensures that the following map is well-defined

¢o: B(N) — UBN+1
1(V) ( ) (85)
(q1,2) +—— (441,495 +1)
Theorem 8.12. Let N € N.
(1) The action of the cyclic group Cy on U(8N + 1) given in (60) is free.

(2) The sets o(M') and o(L'\ M') are disjoint. Moreover, p(L') is a complete set of representatives of the
Cy-orbits of U(SN + 1).

Proof.

(1) Let (z,y) € U(8N + 1). In particular, 2% + y? =1 mod 4. Recall the quadratic residues modulo 8 given
in the proof of Theorem 8.8. Up to permutation, we must have, modulo 8, = € {0,4} and y € {£1, £3}.
In particular, z =0 mod 4 and y = 1 mod 4. Using (61), we see that the Cy-orbit of (0,1) and (0, —1)

are both equal to
{(07 1)’ (_17 O)v (Oa _1)a (L O)} )
and have size 4. A fortiori, the Cy-orbit of (x,y) also has size 4, that is, the action is free.

(2) If (z,y) € o(M') then (z,y) = (44}, 4¢5 + 1) for some ¢1, g2 with ¢1 + ¢2 even. Then z +y =1 mod 8.
On the contrary, if (x,y) € (L' \ M’) then (x,y) = (4¢},4¢5 + 1) for some q1, g2 with ¢; + ¢2 odd, and in
this case x +y =5 mod 8. Therefore p(M’) and ¢(L’'\ M') are disjoint.

Let us prove the second statement, by showing that each orbit contains a unique (z,y) such that ¢(q) =
(x,y) for some g € L'. Let (2/,y") € U(BN + 1) and consider its Cy-orbit O. By the same consideration
as in (1), there is a unique (z,y) € O such that z =0 mod 4 and y =1 mod 4.

e If x=0 mod 8 and y =1 mod 8, then z = 8% and y = 8k + 1. Then
(z,y) = (4(2k1),4(2k2) + 1) = @(2k1, 2k2) € (M)
e If x=0 mod 8 and y =5 mod 8, then z = 8% and y = 8k3 + 5. Then
(z,y) = (4(2k1),4(2k2 + 1) + 1) = ©(2k1, 2k2 + 1) € p(L"\ M').
e If x=4 mod 8 and y =1 mod 8, then z =8k, + 4 and y = 8ky + 1. Then
(r,y) = (4(2k1 +1),4(2ks) + 1) = @(2k1 + 1,2ks) € (L' \ M").
e If =4 mod 8 and y =5 mod 8, then x = 8k; + 4 and y = 8ky + 5. Then

(z,y) = (4(2k1 +1),4(2ka + 1) + 1) = p(2k1 + 1,2ks + 1) € o(M’).

Using (82), we obtain an analogue of Corollary 8.9 for the Diophantine equation x2? + y* = 8N + 1.
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Fig. 8: Solutions of 22 + 32 = 8N + 1 via affine Grassmannian elements of type Cél).
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Corollary 8.13. For all N € N, we have
— 1
[Bi(N) = JUSN +1)].
Example 8.14. We illustrate in Figure 8 how the solutions of 22 4+ 32 = 8N + 1 correspond to elements of M’
and L'\ M’ taken in combination.
Remark 8.15.
(1) Let 5# : M — N defined by the formula

H(q) = 4qi + 445 — 3q1 + 3¢z

for all ¢ = q1v/2¢1 + q2v/2e2 € M. Again, using the change of variables (q1,q2) — (¢}, ¢5) induced by wu,
we get the statistic " = 5 o v whose formula is

A'(q) =247 + 245 — 345.

This can be rewritten as 5 9
H'(q) =207 +2a — ) —

and we obtain the following equivalent identity:
8("(d) +1) +1 = (441)* + (4¢5 — 3)°
for all ¢ € M’'. Now, observe that
H(q) =247 + 205 — 3q5 = 247 +2(q5 — 1)* + (g — 1) + 1 =L/ ((q1, 05 — 1)) + L.

Therefore, it is equivalent to consider the combination of % and 7 on the lattice M or only £ on the
finer lattice L.

(2) We leave open the problem of finding a combinatorial model as in Section 6 in which the size of partitions
is given by the statistics .27 and 5 on M.
(2)
8.3 Type Dy

Let W be the Weyl group of type D§2). By Figure 1, elements in M write ¢ = q;v/2¢1 +q2v/2e2 with (g1, ¢2) € Z2
Moreover, denote B(N) = {qg € M | £(¢) = N}. By Section 6.2, we have a bijection

B(N) <~ Dg(N). (86)
Using the expression of the atomic length established in Theorem 2.1, we find

ZL(q) =3¢° +3¢2 — 21 — q»

2 1 5
=3(m — 3)* +3(a2 — 5)2 BT

3
We can get rid of the denominators and obtain the following equivalent identity.
Lemma 8.16. For all g € M, we have
122(q) +5 = (6q1 — 2)* + (6g2 — 1)*.
Therefore, we consider Equation (56) for a« = 12 and b = 5, that is

2 +y* =12N +5 (87)

and the corresponding solution set ¢(12N + 5). Lemma 8.16 ensures that the following map is well-defined

p: B(N) —  U(12N +5) )

(q1,92) +— (6q1 —2,6¢2 — 1)

Theorem 8.17. Let N € N.
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(1) The action of Dg on U(12N + 5) given in (58) is free.

(2) The set Im () is a complete set of representatives of the Dg-orbits of U(12N + 5).

Proof. Let N € N.

(1)

By Corollary 7.6, it suffices to show that 5 is neither a quadratic residue nor twice a quadratic residue
modulo 12. The quadratic residues modulos 12 are given in the following table.

x 0 +1 +2 +3 +4 +5 6

x? 0 1 4 -3 4 1 0

and the result follows.

We need to show that each orbit contains exactly one element of Im (¢). In order to do this, we look at
residues modulo 6. Let (z,y) € U(12N + 5), so that

2 +9%=—-1 mod 6.

The quadratic residues modulo 6 are

Therefore, we must have (x mod 6,y mod 6) € {(+1,+£2),(+1,£2)}. We now observe (see (59)) that
this set is precisely the orbit of (x mod 6,y mod 6) under the action (58) of Dg. Therefore, the pair
(—=2,—1) yields a unique element in the orbit of (z,y), that writes (6¢1 — 2,6g2 — 1), and this element
clearly lies in Im ().

O

Theorem 8.8 implies that

B(N)| = é UA2N +5)].

Combining this with Bijection (86), we get the following result.

Corollary 8.18. For all N € N, we have

[Do(N)] = 5 (2N +5)].

Example 8.19. Recall Example 6.3 (2), where we had determined Dg(35). We found the following partitions

[TTTTTTITTT]

[TTTTTTITT]
[[TTT] ’ [

L[] ’

[TTTT]
L[]

whose corresponding double distinct partitions are respectively

[TTTITTT]
[[TT] ’

[[1] ’

I

T

I I

CITTT

The corresponding vectors, computed by the abacus method illustrated in Example 5.2 are respectively

(0,-3,1,0,-1,3) , (0,-1.-3,0,3,1) , (0,3,-2,0,2,-3).
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Recall that by Section 6.2, these are of the form (0, ¢1, g2, 0, —¢2, —¢1) and we can extract the associated elements
(¢1,92) € M, which constitute the set B(35):

(=3,1) , (~1.—3) , (3,-2).
Finally, we use the map ¢ to get the corresponding solutions of 2% 4+ y? = 425, which are
(—20,5) , (-8,-19) , (16,-13).

The remaining solutions are obtained by letting Dg act on these particular solutions, that is by allowing sign
changes and component switching.

8.4 Type Af)

Let W be the Weyl group of type Af). By Figure 1, elements in M write ¢ = g1&1 + gog2 with (q1,q2) € Z2
Moreover, denote B(N) = {q € M | £(q) = N}. For ¢ = q161 + qae2 € M,

3 1
lo* =qf +a5 and  hi(g) = S + 50
By Theorem 2.1, we obtain
5 5 3 1
Z(q) = 54? + 5(]5 TR0 T 5%
5 3.5 b 1., 1
=5l -1 T3l -3

which is equivalent to the following identity.
Lemma 8.20. For all g € M, we have
40.2(q) + 10 = (10, — 3)? + (10g; — 1)2.
Therefore, we now consider Equation (56) for a = 40 and b = 10, that is
22 +y? = 40N + 10 (89)

and the corresponding solution set U (40N + 10). Lemma 8.20 ensures that the following map is well-defined
p: B(N) — U(40N + 10)

(q1,92) +— (10q; —3,10¢q2 — 1)

(90)

Unfortunately, here, no direct analogue of Theorems 8.2, 8.8 8.12 and 8.17, as illustrated in the following
example. However, we are able to prove the following. Recall the Dg action on /(40N + 10) given in (58)

Proposition 8.21. Let ¢ € M. Then the Dg-orbit of (q) has size 8.

Proof. Let ¢ € M and (x,y) = ¢(q). We have £ = —3 mod 10 and y = —1 mod 10. Therefore, Lemma 7.3
applies and the result follows. O

Example 8.22. We determine in Figure 9 the affine Grassmannian elements of atomic length N, give the
corresponding solution of z? + 52 = 40N + 10, and compare this to the remaining solutions of the equation.
We see that the action of Dg is not necessarily free. For instance, for N = 1, the orbit of (5,5) has size only 4.
However, the orbit of ¢(q) has size 8 for all ¢ € M, which illustrates Proposition 8.21 It is unclear how to get
the remaining solutions.

8.5 Type Ggl)

Let W be the Weyl group of type Ggl). By Figure 1, elements in M write ¢ = gi€1 + g2€2 + ¢3e3 with
(q1,q2,q3) € Z3 such that g3 = —g; — g2. One computes

lq)*> = 2¢7 4+ 2¢5 + 2q1¢2  and  ht(q) = —4¢1 — 5gq.
This yields

Z(q) = 6q} +6q5 + 6q1q2 + 4q1 + 52

1 1 9 1
—6 1 1o, 9 T
(Q1+2Q2+3) +2(Q2+3)

(2RI

which is equivalent to the following identity.
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solutions of 2 + y2 = 40N + 10
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Fig. 9: Solutions of 22 + 32 = 40N + 10 versus affine Grassmannian elements of type Af).
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N q € B(N) »(q) solutions of % + 3y2 = 6N + 7

0 (0’ O) (271) (_27_1)
(_27 1)
(2’ -1
(2,1)

1 (07_1) (_15_2) (_17_2)
(7172)
(17 _2)
(1,2)

2 (=1,0) (=4,1) (—4,-1)
(_47 1)
(4y _1)
(4,1)

3 (—5,0)
(5,0

4 (—2,-3)
(_273)
(27 73)
(2,3)

5 (17_1) (57_2) (_57_2)
(_572)
(57 _2)
(5,2)

Fig. 10: Solutions of 22 4+ 3y? = 6N + 7 versus affine Grassmannian elements of type Ggl).

Lemma 8.23.
6.L(q) + 7= (6q1 + 3q2 +2)> + 3(3q2 + 1)*.

Therefore, we now consider Equation (64) for a = 6 and b = 7, that is
22+ 3P =6N+7 (91)
and the corresponding solution set U(6/N + 7). Lemma 8.23 ensures that the following map is well-defined

v: B(N) — UBN +7) (02)

(¢1,92) +— (6¢1 +3g2 +2,3¢2+1)

Here again, we have no direct analogue of Theorems 8.2, 8.8, 8.12 and 8.17, as illustrated in the example below.
However, we are able to prove the following. Recall the V4 action on U(6/N + 7) given in (62).

Proposition 8.24. Let ¢ € M. Then the Vy-orbit of ©(q) has size 4.

Proof. Let ¢ € M, denote (z,y) = ¢(q) € U(BN + 7). Since x = 2 mod 3 and y = 1 mod 3, Lemma 7.8
applies, which proves the claim. O

Example 8.25. We determine in Figure 10 the affine Grassmannian elements of type Gél) of atomic length
N, give the corresponding solution of 22 + 3y? = 6N + 7, and compare this to the remaining solutions of the
equation. There is an action of Vj (by allowing signs in each component) which is not free. For instance, for
N = 3, the orbit of (5,0) has size only 2. As in Section 8.4, it is unclear how to get the remaining solutions.

8.6 Type D

Let W be the Weyl group of type Df). By Figure 1, elements in M write ¢ = q1€1 + ¢262 + g3e3 with
(q1,q2,q3) € Z3 such that g3 = —q; — g2. One computes

|q\2 = qu + 2q§ +2g1g2 and  ht(q) = —2¢1 — 3¢o.
This yields

Z(q) = 44 + 4¢3 + 40102 + 21 + 32

1 1 1 7
=4 - 243 )2
(q1+2q2+4) + (q2+3) 13

which is equivalent to the following identity.

Lemma 8.26.
12.2(q) + 7 = (6g2 + 2)* + 3(4q1 + 2¢2 + 1)°.



8 Solution sets via generalised cores 47

Therefore, we consider Equation (64) for a = 12 and b = 7, that is
2?4+ 3y2 = 12N + 7 (93)
and the corresponding solution set ¢(12N + 7). Lemma 8.26 ensures that the following map is well-defined

v: B(N) — U(12N +7) (04)

(q1,g2) +— (6g2 +2,4q1 + 22 + 1)
Theorem 8.27. Let N € N.
(1) The action of the Klein four-group Vi on U(12N + 7) given in (62) is free.
(2) The set Im () is a complete set of representatives of the Vy-orbits of U(12N + 7).
Proof. Let N € N.

(1) Let (z,y) € U(12N + 7). This implies that 22 = 1 mod 3, so x = &1 mod 3. Moreover, 22 — y? = 3
mod 4, so by examining the quadratic residues modulo 4, one must have 22 =0 mod 4 and 4> =1 mod 4,
therefore z = 0 mod 2. By the Chinese remainder theorem (or by a direct check), these conditions on
x imply that * = £2 mod 6. Moreover, since y> = 1 mod 4, y = £1 mod 4. We obtain z € {£1,+4}
mod 12 and y € {£1,+3,45,£7} mod 12. Therefore, Lemma 7.8 applies and the action is free.

(2) Let O be a Vj-orbit in U(12N + 7). We have seen in (1) that there exists a unique (z,y) € O such that
x =2 mod 6 and y = £1 mod 4. Write z = 6¢2 + 2 for some ¢, € Z.

« Suppose that g is even. Then we choose the element y such that y =1 mod 4, that is, y =4k + 1
for some k € Z. Thus, we have

(2,9) = (602 + 2,40k = ) +202 + 1) = p(ar,02) with @1 =k~ %

« Suppose that gs is odd. Then we choose the element y such that y = —1 mod 4, that is, y = 4k — 1
for some k € Z. Thus, we have

g2+ 1
5

+1 .
(may):(GQ2+274(/f—q22 )+2¢2+1) =¢(q1,¢q2) with ¢ =k —

Recall that we had a bijection
B(N) = Di(N),

where D}, is the combinatorial model of Section 6.8.

Corollary 8.28. For all N € N, we have
1
IDA(N)| = UA2N +T)].

Example 8.29. For each 0 < N < 7, we have recorded in Figure 11 which elements ¢ € M have atomic
length N and their image under ¢. In the last column, we have computed U(12N + 7). Comparing the last two
columns illustrates Theorem 8.27. For completeness, we illustrate Corollary 8.28 by listing the elements of DZ
in the second column, which can be computed from the third column using Formulas (54) of Section 6 (see also
Example 6.4).

8.7 Type Agl)
8.7.1 First computations

Let W be the Weyl group of type Aél). Recall from Figure 1 that we have M = Zoay + Zas + Zag =
{q = 161 + Q22 + q3€3 + quey € Zey + Leg + ZLeg + Zey | q1+q2+q3s+qq4 = O} Moreover, denote
B(N):={qe M| Z(q) = N}. (95)
By Section 5, we have a bijection
B(N) TSN C4(N) (96)
where C4(N) is the set of 4-core partitions of size N.

Recall that we have established in Example 5.4 that £ verifies the following equation.
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N elements of D}, elements ¢ € B(N) elements of p(B(N)) solutions of x2 + 3y? = 12N + 7

0 0 (0,0) (2,1) (-2,-1)
(72» 1)
(27 _1)
(2,1)
1 O (0,-1) (—4,-1) (—4,-1)
(747 1)
(47 _1)
(4,1)
2 . (_1’0) (2’ _3) (_2» _3)
(_27 3)
(27 73)
(2,3)
Bj (_4>3)
(47 _3)
. (4,3)
5 (71»1) (8a71) (78771)
EB:‘ (_87 1)
(87 71)
(81)
6 EB:D (170) (27 5) (727 75)
(_2’ 5)
(27 _5)
(2,5)
7 E}:\:‘ ( 17 1) ( 4v _5) (_87_3)
B}}j (_47 _5)
(747 5)
(47 _5)
(4,5)
(87 _3)
(8,3)
8 (1,-2) (-10,1) (—=10,-1)
(—=10,1)
(10,-1)
(10,1)
9
10 (0, —2) (—10,-3) (—10,-3)
w (—10,3)
(10, —3)
(10, 3)
11 @:\:‘j (72» 1) (87 75) (787 75)
(_87 5)
(87 75)
(8,5)
12 %EB:D (_27 0) (27 _7) (_27 _7)
(_2»7)
(2= _7)
(2,7)
13 EEEmE (2,-1) (—4,7) g—j, 7—)7)
[T —4,
- (47 _7)
(4,7)
14 maaa (2,-2) (—10,5) E—}g, 5?)5)
(] —10,
B (10, -5)
(10,5)
15
16 H (-1,2) (14,1) (—14,-1)
. (—14,1)
- (14,-1)
(14,1)
17 EEmEE (1,1) (8,7) (—8,-17)
] (—8,7)
- (87 77)
(8:7)
18 P (-2,2) (14, -3) (—14,-3)
EEE; (—14,3)
o (147 _3)
(14,3)
19

Fig. 11: Solutions of 22 + 3y2 = 12N + 7, corresponding affine Grassmannian elements of type Df), and
corresponding bar partitions in D,
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Lemma 8.30. For all g € M, we have
48.%(w) + 30 = (4q1 + 12q2 — 3)* +2(8q1 — 3)* + 3(4q1 + 4qo + 8¢q3 — 1)2.
In the section p is the map defined by
p o VA — VA

(97)
(z,y,2,t) — (12y+4z—1,82+ 1,8z + 4y + 4z — 3).

Following the spirit of the matrix R introduced in [BN22, Section 2] and recalled in (71), we define in this
section R to be the following matrix

10 0 cos(§) 0 —sin(3) 10 0 1 0 -3

1
R=1[0 1 0 0o 1 0 01 0f=5]02 0
0 0 -/ \sin(5) 0 cos(5) 00 V3 10 1

Let G be the subgroup of GL3(R) generated by R and the reflection s associated to the hyperplane z = 0, that
is

G := (R, s). (98)
We give now the matrices that allow to express for i = 1,2, 3 the points p(w;+M;(q)). Let ¢ = (q1, g2, q3,q4) € Z*
with ¢4 = —(q1 + 2 + g3)-

o ¢ = 1: First of of all one has

3 -1 -1 -1
w1 + Ml(q) = (17 R T, T) + (q47Q17q25q3)
1
= 1(—4(11 —4g2 —4q3 +3,4q1 — 1,4g2 — 1,43 — 1).

Then using (97) it follows that
plwr + Mi(q)) = (12q1 + 4g2 — 5,8¢2 — 2, —4q1 — 4g2 — 8q3 + 2)
= (12q1 + 4¢2, 8g2, —4q1 — 4g2 — 8q3) + (—5,-2,2).

We define the following matrix P;

12 4 0
Pr:=10 8 0
-4 -4 -8

so that p(LU1 + Ml(CI)) = Pl(qlqua QB) + (_57 _27 2)
« 7 =2: One has

22 =2 =2
wa + Ma(q) :(Z,Zajaj)-F(%a%»(ha%)
1
= 5(2613 +1,-2¢1 — 292 — 2g3 + 1,2¢1 — 1,2¢q2 — 1).

Then using (97) it follows that

plwz + Ma(q)) = (— 8q1 — 12¢2 — 12¢3 + 3,8q1 — 3, —4q2 + 4¢3 + 3)
= (—8q1 — 12g2 — 12¢3,8q1, —4q2 + 4q3) + (3, —3,3).

As for i = 1 we define similarly the matrix P, as follows

-8 —12 -12
P=138 0 0
0 -4 4

so that p(ws + M2(q)) = Pa(q1,92,93) + (3,-3,3).
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« 2= 3: One has

T) + (g2, 93,94, 1)
4

1
47
+

1
1(4% 1,4g5 + 1, —4q1 — 4q2 —4g3 + 1,4q1 — 3).

As above using (97) it follows that

plws + M3(q)) = (— 4q1 — 4g2 + 8q3 + 3, —8¢1 — 8q2 — 8q3 + 3, —4q1 + 42 + 1)
= (—4q1 — 4q2 + 8q3, —8q1 — 8q2 — 8qs, —4q1 + 4¢2) + (3,3, 1).

As above we define similarly the matrix P3 as follows

4 —4 8
Py:=|-8 -8 -8
-4 4 0

so that p(ws + Ms(q)) = P3(q1,q2,93) + (3,3,1).

8.7.2 The sets Xy,

We recall that U(48N + 30), as introduced in Section 2.2, is the set of integral solutions of the equation
22 4 2y? + 322 = 48N + 30. The goal of this subsection is to decompose this set into smaller sets, denoted
Xn,y(Z) for y describing the (—,y,—) € U(48N + 30), and to study the action of G on these smaller pieces.
Therefore, the first objective is to understand which y’s provide non-empty sets Xy ,(Z). We answer this
question in Theorem &8.38.

Proposition 8.31. Let (z,y,2) € U(48N +30). Theny € |—v/15+ 24N, /15 + 24N [ and y is odd.

Proof. The first statement is obvious: as (z,y,z) € U(48N + 30) one has z? + 322 = 48N + 30 — 2y* =
2(v24N + 15 — y)(V24N + 15+ y). The left term is non negative and the right term is only non negative on
[—V15424N,V/15+ 24N]|. So y € [-V15 + 24N, /15 + 24N

With respect to the second statement we know that any square a? satisfies a> = 0 mod(4) or 1 mod(4). It
follows that 2 + 3y? = 0 mod(4) or 1 mod(4) or 3 mod(4). However 48N + 30 — 2y? = 4(12N +7) 4+ 2(1 — ¢?)
so if y? = 0 mod(4) then 48N + 30 — 2y? = 2 mod(4), which is not possible. Hence y cannot be even and must
be odd.

Now we need to show that y cannot be equal to ++1/15 + 24N. Assume that this is the case, as y is odd one
has y? = 1 mod(4) but clearly 15+ 24N = 3 mod(4). This shows that y € |—v/15+ 24N, /15 + 24N | and
concludes the proof. O

Definition 8.32. Let N € N. We define the sets Iy and Cy as follows

In = } V15 + 24N, /15 + 24N | N {odd numbers}

Cn:={y’|y€In}

Lemma 8.33. We have Cy C{3p |1 <p<8N+4} U {3p+1]|0<p <8N +4}.

Proof. First of all it is easy to see that any square a? satisfies > = 0 mod(3) or 1 mod(3). Let us first write
y? = 3p. Then as y € Iy one has 0 < y? < 24N + 15, that is 0 < 3p < 24N + 15 an then 0 < p < 8N + 5,
showing that 0 < p < 8N + 4. Now if we assume that y? = 3p + 1 then again from 0 < y? < 24N + 15 we get
—1 < 3p < 24N + 15 — 1, which is equivalent to 0 < p < 8N +5 —1/3 and also to 0 < p < 8N + 4. Therefore
we have shown that C'y is included in the right set. O
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Definition 8.34. Let N € N an let y € Iy. Let Xy, be the affine variety in R? defined by the ideal
Iny = (X? +2Y? +32% — 48N —30,Y —y),

that is
Xny={g€R® | P(q) =0VP € TIn,}-

Let Xn 4(Z) be the integral points of Xy ,. We are eager to characterise which y € Iy provide a non-empty
set Xy, (Z). This is aimed in Theorem 8.38. Indeed it is not granted, a priori, that for any y € Iy one has
Xn,y(Z) # 0 and it is even false: for example take N = 121, then the y’s providing a non-empty set X121 ,(Z)
are {—49, —41,—37,—35,—-29, —25,-19, —11, -5, —1,1,5, 11, 19, 25, 29, 35, 37, 41, 49}.

Definition 8.35. Let N € N and y € Iy. We know by Lemma &.33 that either y? = 3p with 0 < p < 8N + 4
ory?=3p+1with0<p <8N +4. Let

Tny = |- [VBN+30— 22|, | VBN +30 -2 |.
We define the following sets
Iny(0) :={m € Iy, | m* =0 mod(3)}.
Iny(1):={m €Iy, | m*=1mod(3)}.

Definition 8.36. Let N € N and y € Iy. As above, y = 3p or 3p+ 1. Let us set M, = 16N + 10 — 2p. We
define the following sets

2
QN y(0) :=={m € Zn4(0) | M, — % is a perfect square}.

m? + 2

Ay y(1) :={m e In,1) | M, — —3 is a perfect square}.

Ty = {y € In | Qny(0) #0 or Quy(1) # 0},

Remark 8.37. It is known from Ramanujan’s work that the number of perfect squares and sum of two perfect

squares between a and x is
T dt
c/ +6(x)
a +/log(t)

where ¢ ~ 0.764 and 0(x) is very small compared with the integral. In particular we have a better bound for
(2,4 (0)]-

Theorem 8.38. Let N e N and y € Iy.

(1) If y*> = 3p then the set Xy, (Z) is non empty if and only if Qn ,(0) is non empty.
(2) If y* = 3p+1 then the set Xy ,(Z) is non empty if and only if Qn (1) is non empty.

Proof. We know by Lemma 8.33 that either y2 = 3p or 2 = 3p + 1 for some p. We consider below these two
cases. Let us set M, = 16N 4 10 — 2p.

(1) Let assume first that y? = 3p. Let us set A := 8N + 5 — p. The equation X? + 322 = 48N + 30 — 22 is
the same as X2 + 3Z2 = 64 and then can be rewritten as follows:

X2 zZ?

5+ ;=1 (99)
(v&a)" (v24)

Therefore one has the following parameter representation of (99) with ¢ € [0, 2]

x(t) = V6A cos(t)
2(t) = v2A sin(t).

(100)

We want to find the values ¢ such that z(¢) and z(t) both belong to Z. Let us consider the potential
candidates for x(¢). Saying that x(t) € Z is equivalent to saying that there exists m € Z such that
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V6M cos(t) = m. But m satisfies the latter condition if and only if m € Zy,. Therefore for any
m € Iy, setting t,, := arccos(\/%) yields z(t,,) € Z. Now we are going to refine the conditions on m in

order to have z(t,,) € Z as well. We have

2(tm) = V24 sin(arccos(\/%)) =24 (/1= (%)2 =1/ w

Thus, in order to have z(t,,) € Z we must have % that is a perfect square. However one has

64 —m? m?2
- =M, —
3 3

and as m? = 0 mod(3) or 1 mod(3) we must have m? = 0 mod(3), because otherwise % would not be

an integer. Thus m must live in Zy ,,(0) and writing m? = 3¢ we have z(t,,,) = /M, — q with z(t,,) € N
if and only if M, — ¢ is a perfect square, that is if and only if m € Qy,(0).

Let assume now that 4% = 3p+1. Let us set B := 3(8N+5—p)—1. The equation X?+322 = 48N +30—2y>
is the same as X2 + 3Z2 = 2B and then can be rewritten as follows:

() (%)

Hence the following parameter representation of (101) with ¢ € [0, 27]

=1. (101)

x(t) = V2B cos(t)

2(t) = /22 sin(t).

(102)

As for the first case, saying that z(t) € Z is equivalent to saying that there exists m € Z such that
V2B cos(t) = m. But m can satisfy the latter condition if and only if m € Zy,. Therefore for any

m € Iy, setting t,,, := arccos( \/’;LB) yields x(tm,) € Z. Now we are also going to refine the conditions on

m in order to have z(t,,) € Z as well. We have

c(m) =22 sin(arceos( ) = /22 i () 2P

This shows that 2E gmz must be a perfect square. However

and then m must belong to Qn ,(1).

Corollary 8.39. Let N € N and y € In. We have

UMASN +30) = | | Xny(Z). (103)

yel'n

Lemma 8.40. Let N € N and let (z,y,z) € U(48N + 30). Then x and z have same parity.

Proof. The proof is almost straightforward. If 2 = 2a and z = 2b + 1 then it follows that 22 + 2y? + 322 =
4a® + 2y 4+ 12b% 4+ 12b + 3 = 2c + 1, a contradiction since x? 4 2y? + 322 = 48N + 30 is even. If z = 2a + 1 and
z = 2b then 22 + 2y? + 322 = 4a® + 4a + 1 + 2y + 12b> = 2¢ + 1, again a contradiction. O
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Proposition 8.41. Let N € N and y € I'y. Then G stabilises Xy, (Z), in other words if p € Xy ,(Z) then
the orbit of p under G satisfies Oc(p) C Xn y(Z).

Proof. Write p = (x,y, 2). Let g € G. As R has order 6 and since R* and s commute where k runs in {1,2,...,5}
(see (98)), it is enough to show it for g = R* and for g = s. For g = s it is obvious since g(p) = (v, y, —z) and
clearly (z,y,z) and (z,y, —2) both belong to Xy ,(Z). Now for R¥, we only do the computations for k = 1,2
and we leave the rest to the reader.

One has R(p) = 1(z — 32,2y, + z) and R*(p) = 1(—z — 32,2y, — ), which shows first of all that if they
belong to (48N + 30) then they belong to Xn (Z) as they all have y in second coordinate. It turns out that
their coefficients are integers because x and z have the same parity by Lemma 8.40. Since p € Xy, (Z) we have

2% 4+ 2y? + 322 = 48N + 30 and we need to show that R(p), R?(p) are also equal to 48N + 30, which we do now

(C55) + 27 4 3(555)7 = 15— 605 +95%) 4297 + 5 (o + 205 + )
:x2+2y2+3z2+(—g$2+2xz)
= 48N + 30,
—r — 322 2 r—zy2 1., 2 2, 3,2 2
() 2P +3(557) = g (0 4 6wz 4 92%) 207 4 (o — 22 4 )

6 6
=224+ 2% + 322 + (sz - sz)

=22+ 2% + 322
= 48N + 30.

Fig. 12: The black ellipse describes Xy, for a particular N € N and y € I'y. The set Xy ,(Z) has 12 points.
By acting with (R) on the red point we recover the orange points, and adding the symmetry z = 0 we
recover from the orange points the remaining black points. In other words the orbit of the red point
under G is Xy y(Z).

Notation 8.42. We make the following abuse of language: for an element @ of the extended affine Weyl group,
we say that it belongs to Xn 4(Z) (resp. to U(48N + 30)) if by writing @ = o,t,W one has p(w; + M;(q)) that
belongs to Xy ,(Z) (resp. to U(48N + 30)). We will also write indistinctly O (@) or Og(p(w; + M;(q))).
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Proposition 8.43. Let w € W° with £j,(w) = N. The four elements w,o;w with i = 1,2,3 belong to four
different Xn 4(Z) for some y € I'y.

Proof. First of all it is clear with Theorem 4.7 that w,o;w belong to U (48N + 30). Write w = t,w where
q = (q1,92,q3,q1) € Z* with ¢4 = —(q1 + q2 + g3). We need now to show that the second coordinates of
these four points cannot be equal. We write p(w)s and p(o;w)s to express their second coordinate. Using
(97) and Section 8.7.1 we have p(w)s = 8¢s + 1, p(w1 + Mi1(q))2 = 8¢2 — 2, p(wa + M2(q))2 = 8¢1 — 3 and
p(ws + M3(q))2 = —8(q1 + g2 + g3) + 3. The fact that they cannot be equal follows from: ¢; € Z and the affine
parts of each of them are all distinct.

For example if p(w)2 = p(w1 + M1(q))2 then 8gs3 + 1 = 8¢ — 2, that is (g2 — ¢3) = 3/8, a contradiction. If for
example p(w2 +M2(q))2 = p(ws + Mz(q))2 then 8¢1 —3 = —8(q1 + g2 +¢3) +3, which leads to 2q1 +g2+¢3 = 3/4,
again a contradiction. All the other cases are similar and are left to the reader. This ends the proof. O

Fig. 13: Integral solutions of the equation x% 4 2y? + 322 = 30, that is when the Ag-length is equal to 0. Each
red point comes from the unique extended Grassmannian elements of length 0, namely (from left to
I‘lght) J3,€,01,02.

Fig. 14: Integral solutions of the equation x2 + 2y? 4+ 322 = 30 4 48 - 1, that is when the Ag-length is equal to
1. There are two affine Grassmannian elements of length 1. Let us denote them u and v. Each of
them generates 3 other elements of same length, namely o;u and o;v for i = 1,2,3. The red points
represent, the elements u and o;u while the blue points represent the elements v and o;v.
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Proposition 8.44. Let 4,0 € SW° with @ # 0. Assume that U and U belong to the same Xy ,(Z).
(1) Write = o;u and U = ov. We have i = j.
(2) Og(u) N Og(v) = 0.

Proof.

(1) Write u = t,u and v = ¢,U. By assumption the second coordinate of p(2) and p(v) is y. However by Section
8.7.1 we have p(q)2 = 8¢z + 1, p(w1 + M1(q))2 = 8q2 — 2, p(w2 + M2(q))2 = 8¢1 — 3 and p(ws + M3(q))2 =
—8(q1 + g2 + g3) + 3 and similarly p(r)s = rs + 1, p(w1 + M1(r))2 = 8ra — 2, p(we + Ma(r))2 = 81 — 3 and
p(ws + M3(r))2 = —8(r1 + 12+ r3) + 3. We see then that the only situation that allows them to have the
same second coordinate is when i = j, indeed for example as y = p(wa + M2(q))2 and y = p(ws + M1 (r))2,
it follows that 8¢; — 3 = 8ry — 2 and then ¢; — ro = 1/8, a contradiction since gi,7j € Z. All the other
cases are similar and lead to a contradiction, unless i = j.

(2) We know by the first point that & = o;u and ¥ = o;v. Assume that there exists g € G such that gu = v,
that is g(p(w; + M;i(q)) = p(w; + M;(r)). We are going to show that the latter equality is impossible. As
in the proof of Proposition 8.41 it is enough to show it for g = RF with k =1,2,...,5 and for g = s.

« For g = s, using Section 8.7.1 the last coordinates of p(w; + M;(r)) are respectively —2(2¢; + 2¢2 +
4q3 — 1), —4qo +4qgs + 3, —4¢q1 +4q2 + 1. So applying s on p(w; + M;(r)) multiplies these coordinates
by —1 and we see that it cannot be equal to the third coordinate of p(w; + M;(r)). Again we illustrate
this with an example and leave the details to the reader: let us take ¢ = 2, then p(ws + M2(q))s =
—4go + 4q3 + 3 and s(p(wsz + M2(q)))s = 4q2 — 4g3 — 3, s0 s(p(wz + M2(q))) = p(wa + M(r)) implies
that 4qa — 4qgs — 3 = 4ry + 4rs + 3, that is 4(g2 — g3 — r2 — r3) = 6, a contradiction as all the ¢;’s and
r;’s belong to Z.

. For g = RF with k € {1,...,5}. Once again we find some contradictions, forbidding the equality
RE(p(w; + M;(q))) = p(w; + M;(r)). As for the above proofs, it is again a tedious verification since
there are 5 x 3 cases to check. We only treat the case i = 1 and leave the rest to the reader. By
Section 8.7.1 the first coordinate of R*(p(wy -+ M;(q))) are respectively 12q; +8qz +12¢3 — 11/2, 4g2 +
12g5 — 1/2,—12¢1 — 4qg2 + 5, —12¢1 — 4q2 — 12¢q3 + 11/2 and —4qgs — 12g5 + 1/2. As all the ¢;’s are
divisible by 4 and all the affine parts are all distinct. Therefore, if R*(p(w1 +M;(q))) = p(w1+ M (7))
then their first coordinates must be equal and we obtain an equation of the form 4K = C where
K € Z and C € Q but is non divisible by 4, a contradiction. This ends the proof.

O

In the continuation of Notation 8.42, for ¢ € G (98) and @ € LW?Y (Section 3.2) we denote by g - @ :=
9(p(w; + M;(q)) with @ = o;t,w and where we recall that the map p is defined in (97). The following conjecture
would give a natural analogue of Theorem 8.6. It has been checked for the first values of N up to N = 1000.
Conjecture 8.45. Let N € N andy € I'y. Let n € Xn,(Z). There exists © € SW° and g € G such that
g-w=1.

8.8 Underlying type B, /C, and action of the hyperoctahedral group

In this section we generalise Proposition 8.21 to Dynkin types that have underlying finite type B, or C,.
According to Figure 1, these are type Bg), C’T(Ll), Agl)_l, Df}rl, A(Qi), by considering the action of the hyperoc-

tohedral group H,, (which is nothing but the Weyl group of type BC,,). For a,b € Z, denote again U(aN + b)
the set of integer solutions of the Diophantine equation

21 +...+ 22 =aN +b. (104)

Using Theorem 2.1, it is easy to establish the general formula for .}, and to compute the corresponding Gaussian
reduction. We obtain the following results.

(1) Type By’
For all ¢ € M, we have

—”i (qi _7n—i+ 1)2 - n(n—l—l)iin+1)/6
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where the numerator of the last fraction is obtained by the formula for the sum of the first n squares.
This gives the following equivalent identity.

Lemma 8.46.
D(2n+1 =
4n$(q)+n(n+ )(2n + )22(2nqi—(n—i+l))2.
6 i=1
Therefore, if we take a = 4n and b = w, we obtain a map
v: {geM|Z(q =N} — U(aN +b)

(105)
(q1y- -Gy qn) —  (...,2ng;—(n—i+1),...).

In other terms, each ¢ € M with produces a solution of (104) with N = .Z(q).

Type Cﬁl)
For all ¢ € M, we have

n

ZL(g)=2nY ¢ —> (2n—i)+1)g
i=1

i=1

i 2n—i)+1\° n@n+1)2n—1)/3
:;Zn (qi_ 4n ) a 8n

where the numerator of the last fraction is obtained by the formula for the sum of the first n odd integers
squared. This gives the following equivalent identity.

Lemma 8.47.

8nZ(q) + 3 > (dng — (2(n—i) + 1))

i=1

n(2n+1)@2n—1) _ =

n(2n+1)(2n—1)
3

Therefore, if we take a = 8n and b = , we obtain a map

p: {geM|Z(q =N} — U(aN +b) (106)

(q17,,,7qi,,,,,qn) — (...,4nqi—(2(n—i)—|—1),...).

In other terms, by the results of Section 6.1, each self-conjugate 2n-core of size N produces a solution of
(104).

Type A$) |
For all ¢ € M, we have

f(q):_zqizfzwqi
C2n—1n(  2n—9)+1\* 2n—1n@2n+1)2n—1)/3
T2 ;(q’_ 2(2n—1)> T A(2n —1)2

This gives the following equivalent identity.
Lemma 8.48.

n

=" ((4n—2)gi — 2(n — i) +1))°.

i=1

n(2n+1)(2n —1)
3

(16n —8).Z(q) +

Therefore, if we take a = (16n — 8) and b = %, we obtain a map

p: {geM|Z(q =N} — U(aN +b) (107)

@1y s Gisenn)  — (o, (4n—2)g — (2(n — i) +1),...).

In other terms, each ¢ € M with produces a solution of (104) with N = .Z(q).
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(4)

Now,

Type D\7),
For all ¢ € M, we have

f(tz):(nJrl)ZQ?*Z(n*Hl)qi
S n—i+1\° nn+1)2n+1)/6
_;(7”1) (ql 2(n+1)) An+1)

where the numerator of the last fraction is obtained by the formula for the sum of the first n integers
squared. This gives the following equivalent identity.

Lemma 8.49.

4n+1)2(q) + Y @n+1)g—(n—i+1)>.

1

nn+1)2n+1) <
6 N =

Therefore, if we take a =4(n+ 1) and b = w, we obtain a map

p: {geM|Z(q) =N} — U(aN +b) (108)

(@, - Gis--san)  — (204 1) —(n—i+1),...).

In other terms, by the results of Section 6.2, each bar core partition in Da,12(N) produces a solution of
(104).

Type Aéi)
For all ¢ € M, we have

n+1 2n—i)+1\" (2n+1) n(2n+1)(2n—1)/3
=2 2 )(qi_ 4n +2 >_ 2 (4n + 2)2

-2+ 1 2n—i)+1\° n@2n+1)2n—-1)/3
= )<Qi_ dn + 2 >_ 8en+1)

By multiplying both sides by 8(2n + 1), This gives the following equivalent identity.
Lemma 8.50.

n

- Z ((4n+2)gi — (2(n — i) +1))*.

i=1

(2n+1)(2n —1)
3

(16n + 8).2(q) + ~

Therefore, if we take a = (16n + 8) and b = w, we obtain a map

v: {geM|ZL(q@=N} — U(aN +b) (109)
@1y s Qiyeeosqn)  +— (., (dn+2)g — 2(n—14)+1),...).

In other terms, each ¢ € M with produces a solution of (104) with N = .Z(q).

let H,, = C3§ x S, be the hyperoctahedral group in dimension n, of order 2"n!. Similarly to Section 7,

H,, acts on the solution set of

24 42 =k, (110)

where the generator of Cy acts by 1 — —x1, and S,, permutes the x;’s. Denote as usual H,(z) the H,-orbit
of a solution = = (z1,...,x,) of (110). We are able to generalise Proposition 8.21 to all of the above types.

Proposition 8.51. Let W be the one of the above Weyl groups, and consider the corresponding map p. For
allqe M,

|Hpnp(q)| = 2"n!.
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In other words, each ¢ € M with Z(¢q) = N produces 2"n! solutions of (104).

Proof. The proof is completely analogous to that of Proposition 821. Let 22 + --- + 22 = aN + b be the
associated Diophantine equation. Let ¢ € M and write x = ¢(q). The H,-orbit of z is

{(£2501)s - TTom)); 0 € Sn}.
Let ¢ be the coefficient of each ¢; in ¢(q). Now we have in all cases
« T; # *x; mod c and hence z; # +x; for all 1 <i# j <n,
ex;F#O0forall 1 <i<n.
By the direct analogue of Lemma 7.3 for H,,, the elements in the orbit above are all distinct. O

Remark 8.52. Let us focus on type Cr(Ll), where self-conjugate 2n-cores appear naturally because {q¢ € M |
Z(q) = N} <~ SCCs,,(N)(see Section 6).

(1) The case n = 3 yields, by Lemma 8.47
(12q1 — 5)% + (12¢2 — 3)* + (12¢3 — 1)* = 24.2(q) + 35.
By Proposition 8.51 each self-conjugate 6-core of size N produces 48 distinct solutions of the equation
22 +y? + 2% = 24N + 35.

In [Alp14, Theorem 7], the number of self-conjugate 6-cores of size N is proved to be equal to 1/32th of
the number of solutions of

1
|SCCs(N)| = 1 [{(z,y,2) € N* | 32® + 325> + 962" = 24N + 35}|.

It is interesting to that the quantity 24N + 35 appears naturally in both context.
(2) The case of n = 4 yields, by Lemma 8.47
32.2(w) + 84 = (16q; — 7)® + (16g2 — 5)* + (16¢3 — 3)* + (16¢4 — 1)*.

By Proposition 8.51 each self-conjugate 6-core of size N produces 384 distinct solutions of the equation
22+ y? + 22 + 12 = 32N + 21. This can also be compared to [Alp14, Theorem 4|, where it is proved that

1
|SCCs(N)| = 3 {(z,y,2,t) e N* | 2% + 9> + 22° + 2t = 8N + 21},
and we notice that 8N + 21 = (32N + 84).
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