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Optimal structures of crop irrigation strategies with state
constraints

Ruben Chenevat', Bruno Cheviron?, Sébastien Roux' and Alain Rapaport!#

March 28, 2025

Abstract

We investigate an optimal control problem of crop irrigation with non-autonomous and non-smooth dynamics.
Depending on contexts and objectives, several formulations associated to different constraints and criteria can be
derived. Our work aims at providing optimal feedback solutions for these problems by deriving and analyzing the
optimality necessary conditions. To this end, we assemble the different problems into a common formulation, and
we carry out a dedicated way of handling state constraints. We show that all optimal irrigation strategies belong to
a family of simple parameterized time-varying feedback controls, independently of the context and objective, and
suitable for computational purposes.
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1 Introduction

The development of agriculture plays a significant role in the worldwide management of natural resources. Among
all the consequent challenges, the management of water resources is critical especially in areas where the scarce
precipitations need to be more and more supported by irrigation. It is possible to save water through different agronomic
and technological approaches, such as selecting stress resilient species, upgrading equipment performances, improving
irrigation scheduling. Practices based on enhancing irrigation planning [24], coupled with a framework of deficit
irrigation [8, 20] show promising potential to increase efficiency.

Numerous studies tackle the agricultural water management by incorporating modeling tools, such as complex
numerical models to describe precisely the physical processes of plant growth [1, 4, 13]. They typically present a
detailed structure for predefined crop or regional context [17, 30], and contain significant constraints due to biological
requirements. Their complexity implies computational limitations, it is thus reasonable to allow a more parsimonious
description in order to improve flexibility and analytical capacity. To this end, irrigation planning is seen as a control
problem, and using advanced control theory show good potential to improve efficiency in agriculture [7, 21]. Some
studies have explored model predictive control [6, 22, 25] targeting adaptive and robust strategies regarding unknown
entries like weather or model uncertainties, through numerical simulations. In a more deterministic approach towards
analytical strategies, some studies addressed the irrigation problem using optimal control tools [2, 16, 18, 26]. These
works explore models based on simple dynamical systems and decision making through only a few variables, and re-
quire a limited number of hypotheses on the physical processes. According to their various assumptions and objectives
some models consider more or less detailed soil water balance and more or less constrained contexts.

The desired benefit of using analytical models is to aim for strategies depicting optimal irrigation thanks to time-
varying feedback controls suitable for the low number of model inputs and state variables that are related to quantities
accessible in real world. Several major agronomic objectives match with a formulation of a constrained optimization
problem : maximizing the biomass production with a water availability constraint, minimizing the consumption of
water to reach a yield target, maximizing a financial cost related to production sales and water expenses, avoiding
harmful stress due to critically low level of soil moisture. In this work, we investigate these problems with a unified
methodological point of view, and we employ a model that we call Controlled Crop Irrigation (CCI) model, inspired
from [2, 14, 19]. This model is prone to analytical optimal control techniques (even though it presents non-smooth
features) and is thought to possess enough physical sense to describe the order-1 biophysical processes, especially
for greenhouse application. The various objectives discussed previously lead to the formulation of three optimization
problems (according to three different couples of criterion and target, all fulfilling a state constraint) that we study in a
unified procedure. In order to look for a common structure of the optimal irrigation strategies in terms of feedback, we
shall establish and derive the optimality necessary conditions. There exists various ways to deal with state constraints
([11, 23]), but in our study we introduce an original ”compensation technique”, and we work out an equivalent problem
formulation without state constraint on which we can apply a standard unconstrained Pontryagin Maximum Principle
[5].

In Section 2, we provide a description of the CCI model and its hypotheses, then we present the different criteria
and targets that we will study and we formalize their associated optimal control problems. After explaining the com-
pensation technique, that we use, leading to equivalent problem formulations freed from state constraints, we show
in Section 3 some necessary properties of optimal solutions. Then we apply in Section 4 the non-smooth Pontryagin
Maximum Principle and we derive the optimality necessary conditions to finally get optimal structures of irrigation
strategies.

2 Model description and hypotheses

2.1 Basis model description

We consider the Controlled Crop Irrigation model developed by [14], inspired from [19] and simplified for control
theory purposes. A first analysis of these dynamics was made in [2] and we extend the study with targets, criteria and
constraints as discussed below. The CCI model relies on a soil moisture balance incorporating plant transpiration, soil



evaporation and water irrigation input. It also tracks biomass production and water consumed through irrigation.

$() = ki (= @()Ks(S(1)) = (1= @(1) K(S(1)) + ko)
B(r) = 9(1)Ks(S(1)) M

The system is supposed to progress over a fixed time period [0,7] corresponding to the crop season from sowing
to harvest. The soil moisture is represented by S € [0, 1], B is the production of biomass and V denotes the water
consumption. Irrigation is represented by the control u(-) which is a measurable function defined on [0, 7] and taking
values in [0, 1]. The parameters k; and k, are constants depending on agronomic and operational characteristics. The
value k; is the ratio of the daily reference evapotranspiration over the volume of water reservoir, and the value k; is the
ratio of the maximal irrigation rate over the daily reference evapotranspiration.

Hypothesis 1. The constants k| and ky satisfy :
ki>0 , k>1
The function ¢ models the radiation interception efficiency, related to the growth of plant cover.
Hypothesis 2. Assume that ¢ : [0,T] — [0, 1] is increasing and of class C".

The functions Ky and Ky respectively describe the variations of soil water content through plant transpiration and
soil evaporation.

Hypothesis 3. The functions K and Kg are defined for S € [0,1], and are non-decreasing, piecewise affine, continuous.
Typically, Ks and Ky are found in the literature ([2, 19]) as :

0 S€0,S,)
Ks(S) =14 3=¢ ,S€SwS) (2a)
1 Se[s1]
0 , $€10,S))
Kr(S) =1 s- (2b)
{fﬁ;; , S €[S 1]

where 0 < S, < S, < S* < 1 represent respectively soil water levels depending on soil and plant characteristics (resid-
ual water point, wilting point, point of incipient water stress).

Remark 1. It is possible to consider more generic shapes than Egs. (2a) and (2b) (with more non-differentiable points
for example), as long as they remain non-decreasing, piecewise affine, continuous, and verify Ks concave over [S,;, 1]
and Kg convex over [0, 1]. Notice that Ks and Kg are Lipschitz, and denote Ls > 0 and Lg > 0 their respective Lipschitz
constant.

Hypothesis 4. The system has the following initial conditions :
S(0)=Soe(s,1] , B(0)=0 , V(0)=0

Remark 2. It is reasonable to consider a quite high initial soil moisture, since the crop season begins after the year
period with usually wet weather.

Remark 3. The condition ky > 1 ensures local controllability of the S variable, in the sense that it is possible to select
controls in order to chose the sign of S over [0, T]. Moerover, the control keeping soil moisture constant at a fixed value
is locally admissible.

Definition 2.1. Under Hypothesis 1, the following control :

s §) = PR+ (L0l .

belongs to [0, 1], for any S € [0, 1].



2.2 Framework and constraints

According to the context of deficit irrigation, we restrict our study to (optimal) trajectories inducing water stress.
In other words, avoiding water stress means keeping the term Ks(S(¢)) equal to 1, i.e. maintaining the soil moisture S
above the threshold §*. Denote by S, s, () (+) the trajectory of S that takes the value S; at the time #; and is controlled
by u(-). Let us introduce t* = sup{r € [0,T], So,s,,0(t) > S*}, and define :

N K , 1 €10,1%)
u(r) = {Msmg(l,S*) el T “)

where ug,, is defined in Eq. (3). This control thus induces a limit trajectory where no water stress is encountered. We
introduce the corresponding limit values for biomass production and water consumption in this context.

Definition 2.2. Using the control u* defined above, the associated biomass production and water consumption are :
T
B* = / o(t)dt (52)
0

T
1% :/0 u*(r)de (5b)

In addition to the context of deficit irrigation, we consider a state constraint on the soil moisture, representing the
biological need to prevent critically low levels of soil water content. More precisely, the system is subject to :

Vi €[0,T], Stor < S(2) <1 6)

where S,,; is called tolerance threshold, and verifies S,, < S;,; < S*.
Similarly as above, we introduce f,,; = sup{r € [0,T], So.5,0(¢) > Sio1}, and we define the control inducing the
limit trajectory where soil moisture merely fulfills the tolerance threshold constraint.

0 1t € 10,t01)

Uzol (t) = ’ e (N
using(tvstol) S [ttolvT}

As previously we introduce the corresponding limit values for biomass production and water consumption.

Definition 2.3. Using the control u,,; defined above, the associated biomass production and water consumption are :
T
Biot = /O (1) Ks(So.50.,() (1))dt (8a)

T
Vit = /0 lror (1) dt (8b)

As a consequence, we set our study gathering deficit irrigation and biological constraint : each biomass target ¥
considered will satisfy B;,; <Y < B*, and each water consumption target Q considered must fulfill V;,; < Q < V*.

2.3 Problems formulation

The problem of optimizing crop irrigation might be seen in various ways according to classical agronomic objec-
tives. We introduce three optimization problems corresponding to three natural points of view about the operational
targets and the criteria to be optimized.

* (P1) : maximizing the biomass production at the end of the season, when using a limited quota of water, i.e.
maximizing B(T) under the terminal condition V (T) < Q where Q is the initial available water.

* (P2) : minimizing the water consumption to reach a certain target of biomass, i.e. minimizing V(7T') under the
terminal condition B(T) > Y where Y is the objective of biomass production at the end of the season.

* (P3) : maximizing a financial balance between biomass sales and water consumption expenses, i.e. maximizing
the value g(B(T)) — c(V(T)) where g and c are functions representing the earnings and spendings, with g(0) =
c(0)=0,¢ >0and > 0.



We introduce the associated sets of admissible controls for each problem.

Definition 2.4. For any control u(-), consider its associated solution to Eq. (1) denoted by (S(-),B(+),V(+)), and define

w = {ue L'([0,T],[0,1)); S(-) verifies (6), V(T) < Q, Viy < Q < V*}
" ={ueL'([0,T],[0,1]); S(-) verifies (6), B(T) > Y, By <Y < B*}
" = {ueL'([0,T],[0,1]); S(-) verifies (6)}

Consequently, the three considered problems are formally written as the following optimal control problems.

Definition 2.5.
(P1): sup B(T)
u(-)eu ™!
P2): inf V(T
(P2) i (T)
(P3): sup g(B(T))—c(V(T)) g >0,d>0
u(-yew 3

Remark 4. From the theory of optimal control (see [15, 29] for instance), our problems satisfy the usual assumptions
that guarantee that the above supremum and infimum are reached.

As mentioned in the introduction, these optimal control problems present several levels of difficulty. Indeed the
model dynamics are non-autonomous and non-smooth, trajectories are subject to running state constraints and admis-
sible controls are constrained to additional terminal conditions.

2.4 Preliminaries about the trajectory of S
2.4.1 First lemmas

Lemma 2.1. Consider a control u € %"/ and denote S(-) its associated solution of Eq. (1). Then :
Vi €[0,T], S(¢) > Sp

Proof Denote S°(-) the solution of the system Eq. (1) using the constant control u° = 0. Since u > 0, we have
S(t) > S9(¢) for all ¢ € [to, T], and then S(t) > S°(¢) for all ¢ € [to, T].

Moreover the trajectory S.(-) such that S.(¢) = S}, for all # € [0, 7] is a solution of the differential equation of the
state variable S using the constant control x°. By Cauchy-Lipschitz Theorem, we know that two trajectories of the
same equation with different initial conditions don’t coincide at any time. Thus for all ¢ € [0, 7] one has S°(7) > S.(¢).
As a consequence, one gets (1) > Sy, forallt € [0,T]. O

Lemma 2.2. Let Si(-) and Sy (-) be two solutions of the system Eq. (1) and 0 <t; <ty <T such that :
Si(t1) =82(r1) and  Si(t) > S2(2) forallt € [t),12]

Let uy,uy be their corresponding controls. Then :
! t
Vi€ [0, / ui (7)dt > / u>(7)de

| |

In addition, if the controls uy and uy belong to %"/, then this inequality is strict unless the trajectories of Sy and S»
are identical.

Proof Let t € [t1,1]. One has :

ot

1) —$2(8) =kt /lh(r,SQ(r)) —H(E,81()) +kike [ w(5) —w()de ©)

| 3



where h(z,S) = @(¢)Ks(S) + (1 — ¢(2))Kr(S)S is an non-decreasing function with respect to the variable S. Since
S| > S, over the interval [f],1,], we get from Eq. (9) :

Vt € [ll,lz], 0<81(r)—82(r) < klsztul(f) —up(t)dt

n
Hence one has :

Vi € [t1,1], /tul(f)dr > /t up(t)dt (10)

I I
Moreover, if uj,ur € %%/, we know from Lemma 2.1 that their associated trajectories are above S,. Since the
function £ is increasing w.r.t. S € [Sy, 1], then the inequality Eq. (10) is strict unless S;(-) and S(+) are identical. O

2.4.2 Most Rapid Approach Path

In this section, we introduce the notion of Most Rapid Approach Path (MRAP, as in [9, 10, 12]), which entail
particular trajectories similar to exact turnpike ([27, 28]). They are useful when building a control to be compared to
another, as in Propositions 3.1 and 3.3. We illustrate their definition in Fig. 1.

Definition 2.6. Let0 < S < 1.

For any (6,0) € [0,T) x [S,1], we define :

(+(5.6.0) = T , if Sp.5.0(¢) > Sforallz € [6,T]
VT Vinf{r > 6, Seo0(t) =S}, otherwise

For any (6,0) € (0,T] x [S, 1], we define :

t,(S,0,0)=

— 0 , if Sp.5,1(¢) > S for all z € [0, 6]
sup{t < 0, Sg5.1(t) =S} , otherwise

Definition 2.7 (MRAP from above). Let0 <S<1.

For any (61,01) € [0,T) x [S, 1] and (62, 02) € (0,T] x [S, 1] such that o, is attainable at the time 6, from (6, 01) with
some admissible control u(-), we call "MRAP to the value S from above” the control i (-) defined on [, 6,] by the
following :

@) Ift\j(g, 01,01) < t;(g, 6,,07) :

B 0 7ifte[91,t§“(§,61,01))
ﬁf/(t) = using(tvg) ) ift e [t\J/r(gv 6176])7t\7(§a 92762)]
1 Jift € (1, (g, 0,,0),6:]

(i1) Ifl;(g, 6,,00) < l\_/'—(a 61,01) :

S ()= 0 ,ifr€[6),i(01,01,6,,02))
1 ,if[E [f\/(@],G],ez,Gz),ez]
where the time 7, (61, 01, 6, 62) is defined as the unique 7 € [}, 6] such that Sg, &, 0(F) = Se,.6,,1(F) > S. Indeed

the function /(1) = Sg, 5,,0(t) — Se,.0,.1(?) is decreasing on [0y, 6], and one has /(6;) > 0 and /(6,) < 0, hence
the existence and uniqueness of 7, (0;, 071,62, 0,).

Definition 2.8. Let 0 < S < 1.
For any (6,0) € [0,T) x [0,S], we define :

(+(5.0.0) = T I if Sp.5,1 (1) < Sforallz € [6,T]
inf{r > 0, S¢ 5.1(t) =S} , otherwise

For any (0,0) € (0,T] x [0,S], we define :

(- (5.0,0) 0 , if Sp.60(¢) < S forallz € [0, 6]
AT L sup{r < 0, Sp.s0(t) =S}, otherwise



Definition 2.9 (MRAP from below). Let 0 < S < 1. B

For any (61,01) € [0,T) x [0,S5] and (62, 02) € (0,7] x [0,S] such that o, is attainable at the time 6, from (6, 01) with
some admissible control u(-), we call "MRAP to the value S from below” the control i3 (-) defined on [}, 6,] by the
following :

() If (S, 61,01) <t (S,0,,07) :

B 1 7ifte[91,tﬁ(§,61,al))
(1) = < tsing(1,5) ,if 1 € [}5(S,01,01),15 (S, 62,02)]
0 ,ift € (I/T (g, 92,62), 92]

§(z): 1, ift€[0),i7(01,01,6,,02))
0 aiftE[fA(91,61,92762),92]

where the time 75 (61, 01, 6>, 02) is defined as the unique 7 € [, 6>] such that Sg, ¢, 1 (F) = S, .5,.0(f) < S. Indeed

the function I(¢) = S, ,,1(¢) — Se,,5,,0(¢) is increasing on [0y, 6,], and one has 1(6;) < 0 and I1(6,) > 0, hence
the existence and uniqueness of 75 (01, 01,62, 02).
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tQ(Si, 62,02) E t\j(si, elvol)
£:(S*,01,01) t1(S7,61,01,0,02) 1(S*,02,02)

Figure 1: Example of a reference S(-) trajectory (in blue), with its induced MRAP trajectories associated to the MRAP
controls ’from below” i A+ (case (i), in red), and "’from above” ﬁ{ (case (i), in green).

With the above definitions and Lemma 2.2, we easily deduce the following property about comparing trajectories
associated to MRAP control, and their respective water consumption.

Proposition 2.3. Let S, < S<S< 1.
Let S(-) be a solution to Eq. (11) on [t],t2] (with 0 <1 <ty < T) for an admissible control u(-) such that S < S(t) < S
Sfor all t € [t1,t]. We denote S1 = S(t1) and Sy = S(t2). Then, the respective MRAP controls ﬁ\%() and i.(+) over
[t1,12], and their respective trajectory $3(-) and S5 () with initial conditions (1) = 85 (11) = Sy, satisfy the following
properties : B

§0(n) =8} (n) = 5,

Vi€ n,0], §(1) < S(1) < SN (1)

/tza%(t)dtg/tzu(t)dtg /tzﬁi(t)dt

5] I3} JH

Moreover the last inequalities are strict unless S(-) is identical to S%() or identical to S5 ().



3 Equivalent formulation and preliminary properties

3.1 Compensation technique

We aim at deriving optimality necessary conditions through the use of a Pontryagin Maximum Principle, and we
need to overcome the difficulty of analysis resulting from the presence of running state constraints Eq. (6). To this
end, we deal with the lower inequality S;,; < S(¢) by introducing in this section a slightly modified formulation of the
dynamical system Eq. (1). We replace this running state constraint by a mere terminal condition, and more importantly
we follow an idea discussed in [11] by defining the function f(S) = max(0,S;,; — S), that we add in the dynamics of
the water consumption as follows, with some C > 0.

$(0) = ki (= 9(OKs(S(1)) — (1= @(1) Kr(S(1)) +kau(1))
B(1) = ¢(t)Ks( ()) (11
W(6) = u(o) + C(S(0))

This system keeps the same initial conditions, adapted to the variable W :
S(0)=Spe(s,1] , BO)=0 , W(0)=0

Let us define the three new problems corresponding to this formulation, recalling that this formulation now allows
a wider range of trajectories and bigger sets of admissible controls.

Definition 3.1. For any control u(-), denote its associated solution to Eq. (11) by (S(-),B(:),W(+)), and define :

={ueL'([0,7],[0,1]):8(:) < 1,S(T) = So1,W(T) < Q. Vit < @ < V*}

%PNZ:{ueLl([O,TL [0,1]);S(-) < 1,S(T) > Sy01,B(T) > Y,Biy <Y < B*}
WP ={uel'([0,T],0,11);5() < 1,S(T) > Sy}
Definition 3.2.
(P1): max B(T)
u(-yew !
(P2): min_ W(T)
u(-yewr?
(P3): max_g(B(T))—c(W(T)) ,¢'>0,¢>0
() L?/PS

Remark 5. We evidently have wP' c %ﬁ, WP UP? and U 02/;5, thus any admissible control of a problem
(Pj) is admissible for (Pj).

The additional term C£(S(¢)) plays the role of a cost penalization for the problems (P2) and (P3). However for the
problem (i’vl ) it may be seen as some room of maneuver for the input u(-) which is restricted by the terminal target.
The proposed technique consists in determining a well-suited (large enough) constant C > 0 such that a variation of
a trajectory of S travelling below S;,; over some time interval /, induces a variation of the quantity Cf(S(¢)) on the
interval I that matches with the variation of correspondlng input u(¢) over I. This way, we will be able to claim that the
optimization of the new problems (P1), (P2) and (P3) is equivalent to the optimization of the initial ones (P1), (P2)
and (P3). That is the purpose of the following proposition.

Proposition 3.1. Let C = % > 0. Suppose that up; € UPT is an optimal solution of the problem (E) Denote
(ng(-),B]?j(-),ng(-)) its associated trajectory. Then :

vt €[0,T], f(SPj(t)) =0

P' . . . o e .
As a consequence, one has Uup; € v, and up; is an optimal solution of the initial problem (P j).



Proof First note that the function f is non-negative. Consider a feasible control u(-), and denote S (-),B,(-), W, (+)
the corresponding solutions. Suppose that u is optimal for the problem (f;]), and suppose that there exists an interval
[f1,22] with 0 <17 < t, < T such that f(S,(r)) > 0 for all z € (¢1,12) and f(S,(#1)) = f(Su(z2)) = 0. In other words,
one has S, (71) = Sy(t2) = S;or and S,,(¢) < Sy for all z € (11,1,). Denote S the local minimum of S, over [¢1,%,], which
is reached at the time ¢ € (f1,f). By continuity there exists 1~ € (#1,¢) and 1™ € (£,2) such that S,(r7) = S,(t1) =
(Stol +§)/2

We consider the control v(+), and its corresponding solutions S, (+), By(+), W,(+), defined by :

v(t) = u(r) ,ifre[0,17)
v(t) = @yel(r) ifrelfr it (12)
v(t) = u(t) ifr e (t1,T)

where ﬁi"” is the MRAP to the value S;,; from below, over the time interval [r~,7"]. The associated trajectory S, ()
satisfies :
Ve e [0,T]\ (t,t7), Sy(t) =Su(t) and Vre (t,t7), Sy(t) > Su(t)

with :
r+ 1+

/ Sy(¢)dt > Su(t)de
[ t—
Moreover, from the dynamics of S, we get :

‘l+

0=/ Sy(t) — S, (t)de
Jt t+

=k [ =) (Ks(5.(0) = Ks(S.(1)
— (1= (1)) (Kr(Su(0)) = Kn(Su(1)) ) +ka(v(r) — () dr

Using the definition of Ky and Kg and the fact that ¢(r) € (0,1) for all 7 € (t~,¢™), one obtains :

t t

/I v(t)—u(t)dt<LS:LR/l Sy(t) — Su(t)dt

_ ) _

Then with C = % we have :

a -t+
wum:/ m@m+/ V(1) + C(Spor — S, (1))dt
[0,T\[t~ 1] Ji=
t+

</ Wa()di+ | () +C(Spor — Sulr))dr
[0,7\[t=tF] =

Furthermore the comparison between S,(-) and S, (-) leads to :

BT = [ BOw [ ek o)

> [ But)di+ [ @(0)Ks(Su(0))dr
[0,7\[~ 1] t—

To conclude, we have :
B,(T) > B,(T) and W,(T)<W,(T)
Thus the control v(-) is admissible for (PJ), and the control u(-) is therefore non optimal for (P}). Hence one has :
Vi€ 0,T], £(S5(1) =0

As a consequence, the trajectory S;j satisfies ng(t) > S0 for all t € [0,T], and the control Up; is thus admissible for
the initial problem (Pj). O



3.2 Properties of optimal solutions
In this section, we aim at providing characteristic features of optimal solutions to the optimization problems (ﬁv])
Proposition 3.2. Let up;(-),up;(+),up;() be optimal controls of their respective problems. Denote the corresponding
solutions by (S3;(+), B;(+), Wa;(+)), (S55(+), Bz (+), Wiz (+)) and (Sg5(+), Bp3(+), Wg3(+)). Then one has :
(1) : u;;j(t) =0 ,ae 10,
(an: S <8 Vel T]

Proof (1) For any feasible control u(-), consider S,(-),B,(-), W,(+) the corresponding solutions. Suppose that u is
optimal for the problem (P,), and denote E = {r € [0,T], S,(t) < §*} and f = infE > r*. One has :

f 7
[wd< [t and Ks(Sos,ue0) =1 forallre[0,7]
0 0 ’

where u* is defined in Eq. (4). The inequality ffT u(r)dr > ffT u*(t)dt cannot be fulfilled, since it would imply :
Wu(T)=V* , Bu(T)=B" and g(By(T))—c(Wu(T)) <g(B")—c(V7)

that contradict the definition of the problems (P1) and (P2) and means that u would not be optimal for (P3).
Then the inequality jtT u(t)dr < jtT u*(¢)dt holds, and one necessarily has f < 7. We set :

E\={te[f,T], u(t) <1}

The set E| has non null measure, and the intersection £ N E; has also non null measure (otherwise we would have u = 1
a.e. in £, which would imply S, increasing over E, that prevents S,, to reach the domain below S*).

Assume that 7 > t*. Then [yu*(t)dt < [ju(t)dt. We consider the control u (), and its corresponding solutions
Sui;- (), Bui}' (), Wui]- (), defined by :

uy (1) = u*(1) ,t€[0,7)

uf (1) = u(r) ,t€[f,TI\(ENEy)and S +(t) < 1

ul (1) = min(u(t), 1/ks) 1€ [1.T]\(ENE)) and S (1) = 1 (13)
u) () € [u(r),1] ,t € ENE, l

with :

Then we have :
7
W (T) = / w)di+ [l ()de+ / ! ()de
. 0 ENE, (£, TI\(ENE})

f
< / W+ [ u(r)de+ u(t)dr
0 ENE, L. TI\(ENE;)

The associated solution S (-) satisfies :
1

Vre[0,T], (1) <1 and Vre€lf,T], S () > Su(t)

ul\t =
with :
/ S+ (1)dt > / S, (t)dr
ENE, " ENE|

Moreover one has S, (¢) < S* over ENE}, and there exists J C ENE; of non null measure such that S,,(¢) < $* over J.
Then :

/ O(1)Ks(S, (1))t > / 0 (1)Ks(Su(1))di
ENE, 1 E

nE,

10



This leads to :

B () > / PKs(SU )+ [ ple)Ks(S(1))ar

ENE,
e )Ks(Su(1))d
To conclude, we have B :(T) > B,(T) and W ( ) < W, (T).
Thus the control u] ( I) is admissible for (P ) and the control u(-) is therefore non optimal for (P}). Hence one has

f=r" | ie. qu(t):O ae.t €[0,r"]

(11) For any feasible control u(-) such that u(r) = 0 over [0,¢*], we denote S,(-), B,(-), W,(-) the corresponding
trajectories. Suppose that u is optimal for the problem (Pj) and consider the sets E and E; as above. We set :

G={te[",T], S,(t) > S"}
Assume that G # 0. Then we have :
/ Using (1,87 )dt < / u(t)dr
G G

Let us consider the following control ], (-), and its associated solution S (), B (), W), defined by :
1 Uy Uy

uh(t) =0 1 €[0,17]

u;(t) = Using(1,5") tEG

u) (1) = u(t) ,t € E\E; and Sulfl(t) <1 (14)
uy(t) =min(u(t),1/ky) ,t € E\Ej and S, (0)=1

uh(t) € [u(t),1] 1€ ENE;

with :
0</ ufl(t)—u(t)dt</u(t)—us,»,,g(ns*)dt
ENE, G

Then one has :

W (T) = /Gusmg(LS*)dt—i-/ u (£)dr + u) (t)de

Uy ENE;
/ dt+/ t)dt +/

The associated solution S () satisfies :
II

vt €[0,T], S ()<1 Vt € G, S1()25*,\7:6[O,T]\G,Suﬁ(t)zsu(t)

with :
/ Sr(t)dt>/ Su(r)de
ENE; ' ENE;

Moreover one has S,(¢) < S* over E N E}, and there exists J C ENE] of non null measure such that S,,(¢) < $* over J.
Then :

L oKs(s > [ pKs(S,1)dr
ENE; n

ENE,
This leads to :

ByT)> [ GRS [ oWKs(S,)a

ENE,

[ p(Ks(S.(1))de
JE\E,

11



To conclude, we have B : (T') > B,(T) and W 1 (T) < W,(T).
Thus the control u]() is admissible for (PJ), and the control u(-) is therefore non optimal for (PJ). Hence one has
G=0 ,ie. Sz(t)<S" Vi€l T]
O

Remark 6. The upper state constraint S < 1 is then never saturated by an optimal trajectory S13~].(~) under water
scarcity assumption, except from initial time if the initial condition is S(0) = 1.

Proposition 3.3. Let uz;(-),up; () be the optimal controls of their respective problems and we denote their corre-
sponding solutions by (S5;(+), Bp;(+), W5;(+)) and (S55(-),Bp3(+), Wp5(+)). Then :

() Wg(T)=0

(v): B (T)=Y

Proof (111) Consider a feasible control u(-) such that u(r) = 0 on [0,*] and that the corresponding solution
Su(-),Bu(+), W, (-) satisfies S, (1) < S* for all € [*, T]. Suppose that u is optimal for the problem (P1), and consider
the set E; as previously.

Assume that W, (T) < Q. There exists J C [t*,T] of non null measure such that S, () < S* over J, and JNE| has
non null measure. Let us consider the control u};,(+), and its associated solution Su?n (), BMITH (), WMITH (+), defined by :

(1) = u(t) 1 e0,T]\ (JNE)
iy (1) = min(u(t), 1/ke) ,t€JNE and S, (1) =1 (15)
uin (1) € u(0), 1] A EJNE andS,; (1) <1

with :
0< / uh (1) — u(t)dt < Q — W, (T)
(.’ﬂEl)ﬂ{SuT <1}

jits

Then one has :

W s (T) :/ uI”(r)dt+/ iy (1)dt
1 (NENN{S 5 <1} WNENNLS + =1}

11 i1

+/ u(t)dr
[0.T\(JNEL)

<Q-W(T)+ /[O‘T] u(t)ds

The associated solution S ; (-) satisfies :
it

Vi€ [0,T],S,: (1) <1 and Vre[0,T], S (t) > Su(t)

jits 11

with :

Moreover one has S,(¢) < S* over JNE}, then :

POKs(S,; ()i > [ p(0)Ks(S,(0)ds

JNE| JNE|

This leads to :

B (T) > (p(t)KS(Su(t))dt"’_ (p(t)KS(Su(t))dt

I, 0.T1\UNEY)
To conclude, we have B : (T) > B,(T) and W : (T) < Q.
I

11
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Thus the control u;,(+) is admissible for (P1), and the control u(-) is therefore non optimal for (P1). Hence one
has :

W“Fi (T) =0

(1v) Consider a feasible control u(-) such that u(t) = 0 on [0,£*] and that the corresponding solution S,(-), By(-),
W, (-) satisfies S, (r) < S* for all £ € [t*,T]. Suppose that u is optimal for the problem (P2).
Assume that B, (T) > Y. We set :
Ey={re[t",T], u(t) >0}

The set E; has non null measure, and let #, = esssup E;.
Ift =T, setl = [T —¢,T], for € > 0 small enough, and consider the control ufv(~), with its associated solution
Su;{-v('), BMITV(-), Wulfv(~), defined by :
{uw =u(t) €[0T\
=0

uly (1) R A

Ifry <T,setly =[t2— 5,12+ 5], for € > 0 small enough, and consider the control ujy (), with its associated solution
S“;fv ()’ B”Fv ()’ ‘/Vu;(v ()’ defined by :

uly (1) = @' (1) tel

{um =u(t) €[0T\ I

where 125"” is the MRAP to the value S;,; from above, over the interval I;.

The following arguments hold in both cases. One has :
0< / u(t) —uly (1)dr < € (16)
Ie
The associated solution S  (-) satisfies :

Vi €[0,T\Ie, S s (t) =Su(t) and Vt€le, S ; (1) < Su(t)

Uy

with :

S.(t)—S
I

(t)dr >0

¥
Uy

Moreover one has S, (1) < S* over I. Then :

PKS(S,; (1) < [ p)Ks(S. (1))t
Ie v Ie

And : ,
0< [ o) (Ks(5u0) ~ Ks(s

Let t € I;. From the dynamics of S, one has :

4, O)a
Su(t) _SMTV (t) =kiky /t:bl(f) — ij(f)df
+ky /t:(P(T)(KS(SuTV(T»_KS(Su(T))>dT
+ky /t:(l - (7)) (KR(S’A;;-V (1)) _KR(Su(T)))dT

As a consequence, one has :

t

MG 7S’43v (1] < k1k28+k1/

1*

((o)Ls+ (1= @(2))Lr ) 1Su(7) = S, (7)lde

13



By the Gronwall Lemma, we deduce that :

1Su(t) =S, (1)] < Ekikaexp ( /0 " ((p(T)LS . (p(r))LR)dr) = eK

Then :
0<B,(T)—B, (T)<e [ ¢(r)LsKdr < e’LsK
Ie

v

For £ > 0 small enough, we have :

0<B,(T)—B (T) <&LsK <B,(T)-Y

With Eq. (16), it leads to ¥ < B (T) and Wi (T) < W,(T)

To conclude, the control ujy, (-) is admissible for (P2), and the control u(-) is therefore non optimal for (P2). Hence
one has :
Bs(T)=Y

O

Remark 7. Consider an optimal solution ug to the problem (P3), with its associated trajectory (S55(1),Ba3(+), Wg3(+))
and its associated optimal cost J5z = g(Bp5(T)) — c(Wg3(T)). From properties above and Lemma 2.2 we deduce that
Wﬁ(T) € [‘/t()laV*]‘

IfW%(T) = Viol then ugy = uo), and ifW;;S(T) = V* then ugz; = u*. They correspond to trivial trajectories and
these situations will then not be considered in the rest of our analysis. .

W (T) € (Vior, V™), we can set Q = W5z (T) € (Vyo1,V*) and solve the problem (P1) associated to the quota Q.
The optimal solution uz; and its corresponding trajectory (Sz;(+),Bp; (), W5;(+)) satisfy W (T) = Q and B5;(T) >

Pl P
B55(T). To conclude, we have J5; = g(Bp; (D) —c(W5;(T)), i.e. there exists an optimal control of the problem (P3)
which is an optimal control of the problem (P1).

4 Optimal synthesis

4.1 Application of the Pontryagin Maximum Principle

In this section, we apply the non-smooth Pontryagin Maximum Principle (see for instance [5, 11]) for the optimal
control problems (Pj) (without state constraint, due to Propositions 3.1 and 3.2). We write the optimality necessary
conditions, and we show further properties about the signs of adjoint states.

4.1.1 Optimality necessary conditions

The Hamiltonian of the problem (i’v]) is written as follows :

(1,5, 247 287 ) = 2k (Ko — (90K (5) + (1 — 9(0) K (5))

N ~ an
+ A Q(0)Ks(S) + Ay (u+CF(S))
We also write the associated adjoint equations.

AP P 7
As'(1) € (1) (A (k1 — Ap”)IcKs (Sp(1))

00— @) deKR(S;(1) — Ay COcf (S5(1)) as)
Ay =0
A =0

where d¢ denotes the Clarke generalized gradient [5].

14



Denoting X = (S,B,W) ", for any optimal solution ”Fj’X B there exists an absolutely continuous solution of Eq. (18)

Pj Pj aPj 4 Pj o : .
denoted by A"/ = (Ag”, 25", A/ that maximizes Eq. (17) and satisfies for all r € [0, 7]
[4570)] + A7) + 47| #0 (19)

and the following necessary transversality condition, with l(f j >0:

API(T) € =N (X55(T)) +sgn(P)) Ay VX L™ (X55) (20)
where sgn(Pj) = 1 if the cost is to be maximized, and sgn(Pj) = —1 if it is to be minimized. We used the notations

Nk for the normal cone to the set K, K¥7 for the target sets and LPJ for the cost functions.
More precisely, from the optimality necessary conditions, one has :

(P): AN(T)>0 (21a)
(P A =2" . Al <o (21b)
(P2): AM2>0 , AP2=_aA2 (21¢)
(P3): 257 =287 (By(T)) . Ay =287 (Ws(T)) (21d)
We define the switching function as follows :
V() = 57 Okika 4+ ) (22)
Then maximizing the Hamiltonian Eq. (17) provides for an optimal solution and for a.e. t € [0,7] :
uz () =0 L ifyPi(r) <0
ug;(1) €[0,1] ,if yPi(t)=0 (23)
up;(t) =1 Jif yPi(t) >0

Remark 8. From the dynamics of S and Hypothesis 1, we get that the function S iﬁ() is decreasing when l]/Fj < 0and
increasing when l//Fj > 0.

4.1.2 Properties of adjoints

Proposition 4.1. For any optimal solution to the problem (PJ), one necessarily has l; j (t) >0 forallt €10,T).

Proof Suppose that there exists 7 € [0, T] such that /'L_éD (7 <o0.

There exists € > 0 such that 7LSP /(1) < Oforallr € (f—g,f+e¢). Since A‘f/ < 0 we deduce that the switching function
l//;D7 is negative over (f — €,7 + €). Therefore Sifj(') is decreasing on (f — €,7 + €), and then S;,;.(t) € (Sto1,1) for all
t € (f—e€,f+¢€). Consequently one has for all 7 € (f—¢g,7f+¢€) :

AT (1) € o) (AT (k1 = Ag ) K (S5(1)) + Ag (1)1 (1 = @(2)) dcKr(S5;(1))
Since 0 < @ <1,k >0, lzfj >0, dcKs C RT and dcKgr C R, then one has :
Vie (f—e,i+e), )l?(t) eER™

LetA={re[0,T], Af /(1) < 0}. The function 2,5 ) (+) is then non increasing over A, which leads to a contradiction

regarding the necessary terminal condition 2,5 J (T) > 0. Hence one has :

vre(0,7], A5 (1) > 0
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Proposition 4.2. For any optimal solution to the problem (i’vj) one necessarily has )»‘;'i <0.

Proof Assume that Y Then, one has for all 7 € [0, 7] :
Ag7(6) € @(6) (A5 ()1 — Ag”)IcKs (S (1)) + Ag (1)t (1 — @(8)) A Kr(S (1))

The function l;g 7(.) is non negative, and can vanish on a time interval of non null measure only if 0 € 8CKS(SF]:(t))
on this interval. As a result, for any ¢ such that Spj(t) € (St01,5*) we have l;) /(t) > 0. Moreover one has l//F; (t) =

),SPj(t)klkz, then for any ¢ such that Sﬁ?(t) € (S1o1,S*) one has l//i)?(t) > 0 thus u;,_v].(t) =1,1ie. 5;,7(-) increases when
belonging to (S;.r,S*).

We deduce that the trajectory Sﬁ(') can not reach below S*, thus from the comparison Lemma 2.2 we get W;,;(T) >
V*, which contradicts the framework hypothesis. Hence one has :

A/ <0

Proposition 4.3. For any optimal solution to the problem (2’7), one necessarily has ﬂ,g 7> 0.

Proof Assume that AL —o. Then, one has for all r € [0,T] :
A PJ Pj
157(0) € 257 (0 (9()3cKs (S (1)) + (1= (1)) deKi(S55(1)))

—ACac(S5(1))

We know from Proposition 3.2 that the trajectory of § };;.(~) is decreasing over [0,7*) and S, < S;D;.(t) < §* for all
t € [t*,T]. As a consequence, for any #, one has either S5j () = Syo1 OF S};](t) > Stol-
Suppose that the set N = {t € [0, 7], SFj(t) = S, } has non null measure. Define 1~ = essinfN and 1™ = esssupN.

The function Sﬁj bf:ing neither decreasing nor increasing over N implies that 1//}?/' (t) =0 for a.e. r € N. Thus A;D 7 s
> Pj
equal to Y/ = _lleWTz >0 forae.t€N.
First suppose that t ™ < T. Then one has S;j(t) > S, forall z € (17, T], as a consequence the function lf J satisfies
forallz € (+*,7] :

A0 € 200k (9()2cKs(535(0)) + (1~ 9(0)dcKa(S5(0))) @9

Since l;nj(ﬁ) =77/ >0, then lfj is increasing over (¢, T], implying that l//i)?(t) >0 forallz € (+7,T], and then

Sp; Is increasing over (17, T]. As aresult, SP~j(T) > 8101, then the transversality condition Eq. (20) brings lf j (T) =0,
which is a contradiction. -

We then have +™ = T, and a similar argument as above brings that y*/(¢) < 0 for all # € [0,#). We deduce that
Spi(1) = S0,50,1,,() (1) forall . € [0,T]. Then B;(T) = Byo; Which contradicts the framework hypothesis.

Finally, the set N has null measure, and Slyj(t) > S for a.e. t € [0,T]. The equation Eq. (24) is thus satisfied

for a.e. ¢ € [0,T], and the function /15 7 is either increasing or constant equal to 0 on [0,T]. If there exists 7 € (0,T)

such that l; (1) > yFJ for all ¢ € (7,T), then the trajectory Sp; 1s increasing on (f,T]. As previously, this would imply

lf J(T) = 0 contradicting the fact that it is increasing. As a consequence, l;) (1) € [, J/PNJ ) for all t € [0,T], and the
switching function thus verifies : N

vr e [0,T], yPi(t) <0
We deduce that up; (t) =0 for a.e. t €[0,T], and then Bi’?(T) < By, Which contradicts the framework hypothesis.

Hence one has : N
Ayl >0
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Remark 9. Finally, the constants lg I l‘f/ both have strict sign (either positive or negative). As a result, all l(f 140
and there is no abnormal extremal. .

In addition we deduce from previous arguments that for an optimal control of a problem (Pj), there necessarily
exists o > 0, such that uﬁ(t) =0forae te(T—a,T).

4.2 Structures of optimal solutions

In this section, we aim at characterizing the structures of optimal solutions from the necessary optimality conditions.
To this end, we first discuss about the possible existence of singular arcs and the loci where they can exist, and then we
investigate the switching function in order to extract information about the number of switchings.

4.2.1 Singular arcs

Proposition 4.4. For any optimal solution to the problem (i’vj) a singular arc can only occur at S T Sto1 OF S;;j ="

Proof The problems (P1) and (P2) are written with piecewise affine and continuous dynamics with respect to the
state variables, and their cost can be rewritten as an integral cost with a piecewise affine continuous integrand function.
Moreover, following Remark 7, either the problem (133 ) is trivial (and presents singular arcs at Sy,; or %), or it can be
solved with an optimal control of the problem (P1).

As a consequence, the optimal control problems (ﬁ; ) fulfill the framework of [3], and we deduce that there exists an
optimal solution of (i’;) composed of a succession of bang-bang arcs over time interval when the trajectory belongs to
a region where the dynamics Eq. (11) is differentiable, and possible singular arcs located where the dynamics Eq. (11)
is non-differentiable, or when a state constraint is active.

By definition of the functions Ks and Kg, and using optimality properties of Section 3, we deduce that a singular
arc can only occur at the non-differentiable points S;,; and S*. O

Remark 10. We see that the loci of singular arcs are the non-differentiable points of the dynamics, therefore the use
of more generic shapes for the functions Ks and Kg as discussed in Remark 1 is compatible with our methodological
process. In particular, more non-differentiable points in Ks and Kr would simply generate a higher number of possible
values of singular arcs.

4.2.2 Analysis of switching function

Proposition 4.5. For any optimal solution to the problem (F}) the set I’Fj defined as follows is non-empty and con-
nected.

Iﬁj ={re[r",T], WPj(t) >0}

Proof First notice that IFj has non null measure, otherwise we would have Up; (t) =0 for a.e. t € [0,T], which
cannot be optimal.

Suppose that I is not connected. In other words, assume that there exists an interval (t1,t2) C [¢*,T] such that
IIIF-"(tl) = l//ﬁj(tz) =0 and l//?j(t) < 0 for all ¢ € (¢1,f,). This implies u(¢z) = 0 for a.e. ¢ € (11,t;) and thus Spj(-) is

decreasing on (#1,72), which means that S;,; < S;;].(t) < S§*forallt € (t1,1,). Therefore the function ),SP /() satisfies for
allr € (11,1) : '

A7) € @) (A (0)ky — A7 )ACKs(S5,(1)) + AL (1)ka (1 - @(0)) dcK (S5, (1))

Moreover, the function y/ attains a local minimum over (¢1,,), at a time denoted 7 € (f,t). Since y'/(r) =

),SP T (t)kika + lvl;j then the function ),;J 7 also attains its local minimum over (f,,) at the time 7. At this local minimum,
one has :

0 € o) (AL (F)ki — A47)AcKs(S5:(7)) + AL (ki (1 — (7)) dcKr (S5 (7)) (25)

First note that Eq. (25) can be fulfilled only if l;)j(f)kl - lgj <0. Since we have S;o; < S; (1) < S*forallt € (t1,5),

the quantities Kg(S ;;j(t)) and Kx(S ;;j(t)) are well defined and constant on (¢1,12), respectively equal to Kg(S;;j (f)>0
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and K,’Q(S}Tj(f)) > 0. Then one has for all ¢ € (#;,7) :

<p<r><x§’ f(r)k - A”f>1<' (s;;,-<r>> + 447 (0t (1= (1)) KR(S(1))
Pj Pj @) (26)

> <p<f><153 (P)ki A§>K§<s,?j<f>> + AT 0 (1~ (i) K(S75(0))
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The last inequality holds since ¢ takes values in [0, 1] and is s increasing. We deduce from Eq. (26) that l;) i (t)>0

for all 7 € (r,f), which contradicts the local minimality of 7L J(#) over (t1,1). Finally we conclude that the set I5; is
connected. O

4.3 Main result

__We now define a class of time-varying feedback controls, and we prove that the optimal solutions to the problems
(Pj) belong to this class of strategies.

Definition 4.1. Fort; € [t*,T], W € [V,01,V*], t. € [t4,T], we define the following time-varying feedback control :

0 (S= SNt <t)) VW =W, V>t
Using (t>Stol) S=S8andt <1y

Using(£,8%) .S =S8 and (W < W A1 <1.)

1 ,otherwise

P
Uy woa (1,8, W) =

Theorem 4.6. In the framework of Definition 3.1 for the optimal control problems given in Deﬁnition 3.2 with the
dynamics Eq. (11), there exists ty € [t*,T), W, € [Vy1,V*], tc € [t4,T] such that the feedback control U W 1 is optimal
for the problem (PJ).

Proof Let ”Fj(') be an optimal control for the problem (Pj). As seen in Proposition 4.5, the set I5; is non-empty

and connected. Since the function y*/(-) is continuous, we deduce that 113}‘ is an interval [t,,f.] where t* <1, <1, <T,
and the control “ﬁj(') is null outside this interval.

At any 1 € I5; the switching function l[/ij (¢) is non-negative, then for a.e. f € I5; one has either u;;j(t) =1lor
Up; (t) = using(t,5) where § € {S,,1,5*}. As a consequence, the quantity W~(-) is increasing on /5 and S~(-) is non-
decreasing on I 5~ More precisely the trajectory S5 ( ) is composed of one increasing part (with u~ =1 and possible
constant parts (at S = §;01 before the increasing part or at S 5 = S* after the increasing part). The increasing part is

thus over an 1nterva1 [ta,tr] witht, <15 <ty <t..
Att =t., we know that S5 (tc) < 8* and since W~ is increasing on I~] we deduce that 7. and W5 (tL) are equivalently

defined, and we set W, = W= j( .). We have either ta =ty or t, fully determined by the traJectory S0,55,0(-) such that
80.50.0(ta) = Sto1. Moreover, the time ¢4 is either equal to . or fully determined by the trajectory S, S (1)1 (+) such that
Sg;(ta),
St.5p;(1a)1 (1) = 5"
Finally, the control u}?j(~) is fully determined by the two parameters ¢4 and ¢ (or equivalently 7; and W,.). We check

that it fulfills the feedback formulation uj (1) = Utd Wi (1:85(1), W5 (1)) for ace. 1 € [0, T]. O

Remark 11. It may seem that the optimal parameterized feedback in Definition 4.1 is defined with three parameters
(ts,We,t.). The proof of Theorem 4.6 hints that we only need two of these parameters. In fact we can be more precise
Sfor each problem (P ).

For the problem (FI ), we set W, = Q, and we can posit t. = T as convention. This way, the control UtP lQ 7(t,8,W)

belongs to the admissibility set %', and it suffices to perform a one-dimensional optimization over t; € [t*,T| to find

the optimal solution ug;.
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For the problem (P2), we can posit W, = V* as convention, and for each t; we can compute t. such that the

associated trajectory (S(-),B(-),W(-)) reaches exactly B(T) =Y. This way, the control ngv*_,c (t,S,W) belongs to the

admissibility set % "2, and it suffices to perform a one-dimensional optimization over t; € [t*,T] to find the optimal

solution Ups.

For the problem (P3), we don’t have more information from its settings to help determining W, or t., so we can just
posit W, = V* as convention. This way, the control U,}?V* e (¢,S,W) belongs to the admissibility set w3, and it will be
a» 9

needed perform a two-dimensional optimization over ty € [t*,T| and t. € [tq,T] to find the optimal solution u.

5 Conclusion

We dealt with a family of optimal control problems, and we showed, using dedicated tools (in particular an applica-
tion of the extended bang-bang principle), that optimal irrigation strategies for these problems share the same structure
of optimal feedback. These strategies can be interpreted as threshold-based strategies, where the values of thresholds
correspond to non-differentiable points of the dynamics. This result allows to compute numerically the optimal solu-
tions as a simple low dimensional optimization of the parameters of the structured optimal policies, hence enabling
large numerical model exploration. Such threshold-based irrigation strategies can also be tested on more details models
(for which the analytic study of the optimal feedback strategies would not be possible), and are suited to closed-loop
experimental implementation, typically using soil moisture sensors.
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