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Abstract In a real Hilbert space domain setting, we study the convergence properties of the
stochastic Ravine accelerated gradient method for convex differentiable optimization. We con-
sider the general form of this algorithm where the extrapolation coefficients can vary with each
iteration, and where the evaluation of the gradient is subject to random errors. This general
treatment models a breadth of practical algorithms and numerical implementations. We show
that, under a proper tuning of the extrapolation parameters, and when the error variance associ-
ated with the gradient evaluations or the step-size sequences vanish sufficiently fast, the Ravine
method provides fast convergence of the values both in expectation and almost surely. We also
improve the convergence rates from O(-) to o(-) in expectation and almost sure sense. Moreover,
we show almost sure summability property of the gradients, which implies the fast convergence
of the gradients towards zero. This property reflects the fact that the high-resolution ODE of the
Ravine method includes a Hessian-driven damping term. When the space is also separable, our
analysis allows to establish almost sure weak convergence of the sequence of iterates provided by
the algorithm. We finally specialize the analysis to consider different parameter choices, includ-
ing vanishing and constant (heavy ball method with friction) damping parameter, and present a
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other authors are fortunate to have worked with him on this topic, and hope that the polished manuscript is a
valuable step in honoring his legacy.
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comprehensive landscape of the tradeoffs in speed and accuracy associated with these parameter
choices and statistical properties on the sequence of errors in the gradient computations. We
provide a thorough discussion of the similarities and differences with the Nesterov accelerated
gradient which satisfies similar asymptotic convergence rates.

Keywords Ravine method - Nesterov accelerated gradient method - general extrapolation
coefficient - stochastic errors - Hessian driven damping - convergence rates - Lyapunov analysis

Mathematics Subject Classification (2020) 37N40 - 46N10 - 49M30 - 65B99 - 65K05 -
65K10 - 90B50 - 90C25

1 Introduction

Given a real Hilbert space H, our work concerns is concerned with fast numerical resolution of
the convex minimization problem

min{f(x): z € H}, (P)

where we make the following standing assumptions:

{f :H — R is differentiable, V f is L — Lipschitz continuous, S = argmin f # 0. )

(5k)pen is a positive sequence with s; L €]0, 1].

To solve (P)), we consider the Ravine Accelerated Gradient algorithm 1 for short),
which generates iterates (yx, wi),cy satisfying

wi = Yk — SV (Yr) ((RAG), )

Y1 = Wk + Vi (W — w—1) .

Let us indicate the role of the different parameters involved in the above algorithm:

a) The positive parameter sequence (s),cy is the step-size sequence applied to the gradient
based update.

b) The non-negative extrapolation coefficients (yx), <y are linked to the inertial character of the
algorithm. They can be viewed as control parameters for optimization purposes.

¢) In order to inform about the practical performance of algorithms realizing this method in
common applications, we will analyze the convergence properties when the gradient terms
are calculated with stochastic errors. Formally, we consider V f(yi) + ex instead of V f(yx) in

where ey, is a zero-mean stochastic noise term.

One of the motivations for this additive perturbation model comes comes from stochastic
optimization problems of the form

fa) = / Fla,)du(€) == E[F(z,6)], F: H x Z = R 1)

where (Z, F, j1) is a probability space, F(x,-) is u-integrable for any x € H, and F(-,£) € C*(H)
for any £. Problem is very popular in many applications including machine learning and
signal processing. As computing V f(z) is computationally very expensive or even impossible,
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the popular alternative is to draw m independent samples of &, say (&;)1<i<m, and compute the

empirical average estimate
m

Vi) = - > VF( &) )
i=1
The stochastic error at iteration k of an algorithm based on the first-order information V f(xy)
is then ey = Vf(xg) — ﬂ”(xk) Observe that conditioned on z, and by independent sampling,
ey has indeed zero-mean and variance that scales as O(1/m). Thus, to make this variance verify
appropriate summability assumptions in k, that will be made clear in our analysis, one has to
take m depend on k such that it increases fast enough.

1.1 Historical aspects

The Ravine method was introduced by Gelfand and Tsetlin [19] in 1961 in the case of a fixed
positive extrapolation coefficient v, = v > 0. This method mimics the flow of water in the
mountains which first flows rapidly downhill through small, steep ravines and then flows along
the main river in the valley, hence its name. A geometric view of the Ravine Accelerated Gradient
method is given in Figure [T}

= sV (yr-1)

i

S = argmin f

Fig. 1 (RAG): Ravine Accelerated Gradient method

The Ravine method was a precursor of the accelerated gradient methods. It has long been
ignored but has recently appeared at the forefront of current research in numerical optimization,
see for example Polyak [34], Attouch and Fadili [I0], Shi, Du, Jordan and Su [38]. It comes
naturally into the picture when considering the optimized first-order methods for smooth convex
minimization, see [1624.32].

When v = 1 — ¢, which, for « > 3, the Ravine method is also closely related with the
Nesterov accelerated gradient method [31L30], with which it has often been confused. In fact, the
Ravine and Nesterov acceleration methods are both based on the operations of extrapolation and
gradient descent, but in a reverse order. Furthermore, up to a slight change in the extrapolation

coefficients, the two algorithms are associated with the same equations, each of them describing
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the evolution of different variables, explaining how the two methods have been casually confused
in some of the literature.

However, recent research concerning the understanding of accelerated first-order optimization
methods, seen as temporal discretized dynamic systems, has made it possible to clarify the link
between these two methods; see the recent work by some of the authors in [I0J1]. In particular,
these works have shown that while both algorithms share the same low-resolution ODE (i.e.
of order 0 in the step-size), their super-resolution ODEs (i.e. of order 2 in the step-size) are
fundamentally distinct. This was also confirmed by numerical experiments. This link will be
further investigated for the discrete algorithms in Section

1.2 Inertial stochastic gradient algorithms

Due to the importance of the subject in optimization, several works have been devoted to the
study of perturbations in second-order dissipative inertial systems and in the corresponding first
order algorithms (aka momentum methods). For deterministic perturbations, the subject was
first considered for the case of a fixed viscous damping (aka heavy ball method with friction [33]
39]) in [9.22], then for the accelerated gradient method of Nesterov, and of the corresponding
inertial dynamics with vanishing viscous damping, see [61[8[I3}3740].

Stochastic gradient descent methods with inertia are widely used in applications and at the
core of optimization subroutines in many applications such as machine learning. Such algorithms
are the subject of an active research work to understand their convergence behaviour and were
studied in several works, focusing exclusively on stochastic versions of Nesterov’s method and
the heavy ball method; see [26,28]17, 20,211 2313 241118, 29,25 27, 1415).

1.3 Contributions

In this work, we propose and analyse both the stochastic Nesterov and Ravine methods with
general extrapolation coefficient 7y for solving infinite-dimensional optimization problems of the
form in a real separable Hilbertian setting. In addition to the fact that this has not been
done in the literature before—and in fact not for the Nesterov method as well, we are motivated
by understanding the role of extrapolation on the convergence and stability properties of inertial
systems. As we will explain in more detail later, not only taking a general coefficient v gives a
broad picture of the convergence properties of this class of algorithms, but also reveals the precise
role of v for balancing the trade-off between stability and fast convergence. Our contributions
are the following;:

e Comprehensive convergence analysis for the Stochastic Ravine method with gen-
eral extrapolation parameters: we provide a unified analysis of the convergence properties
of the Ravine method subject to noise in the gradient computation over a large class of the
extrapolation sequence parameter. Previous analyses studied the setting of Nesterov’s method
where 7, = 1 — £. While we take inspiration from the work of [6] in the deterministic case, the
extension from deterministic to stochastic errors requires a careful and comprehensive analysis.

e Complexity estimates in expectation and almost sure sense: we will establish fast
convergence rates in expectation and in almost sure sense on the objective values (both in
O(-) and o(+)) and on the gradient.

e Weak convergence guarantees for the iterate sequence: we will prove that the sequence
of iterates provided by the Ravine method converges weakly almost surely to a random variable
valued in the set of minimizers.
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e The discovery of what the influence of the extrapolation parameter is on the
convergence properties.: our results will highlight the trade-off between the decrease of the
error variance and fast convergence of the values and gradients. In particular, some choices of
the extrapolation parameter (and step-size sequences) will entail less stringent summability
conditions on the error variance for convergence, but will result in slower a convergence rate,
and vice-versa. We will see that a specific parametrization of the extrapolation parameters
provides fast convergence properties of the Ravine algorithm resembling those of the Nesterov
method. Moreover, our results show the flexibility of the method, the results being unchanged
taking for example v, = - instead of 7, = 1 — as two of the many variations of the

a
k+a k>
method.

1.4 Relation to prior work

We are not aware of any such a work for inertial algorithms (neither Nesterov nor Ravine) with
general extrapolation coefficients applied to an infinite dimensional domain. Our complexity
results are valid in expectation and almost surely. While the former is the standard in the
literature, the latter is much less common, and the analysis less straightforward. Our results
in expectation also cover some of those obtained by the works reviewed above (see the list in
Section as special cases when the extrapolation coefficients are those proposed by Nesterov
(i.e., v = 1— %) and the heavy ball method (v, constant). In fact, even for these special cases, we
complement the results of the literature with new ones. The almost sure weak convergence of the
iterates is generally overlooked by most existing works (see Section which focus exclusively
on complexity estimates (except for the simple case of strongly convex objective functions).

1.5 A model result

Taking v, = 1 — ¢ yields optimal convergence rate of the values and fast convergence of the
gradients towards zero. Specifically, let the sequence (yx), oy generated by the stochastic Ravine
method with constant step-size

wi = yr — S(Vf(yr) + €x)
Yerr = wi + (1= %) (wp — wi—1),

where s €]0,1/L], (ex),cy is a zero-mean stochastic noise. Let F}, be the sub-o-algebra generated

by yo and (w;)i<k—1. If o > 3, E[ey, | Fix] = 0 and E:j KE [[lex]]|? | fk]1/2 < 400 almost surely,
then according to Theorem [3.2 and [3:3] the following convergence properties hold:

: 1 2 2
flye) — n%nf =0 <k:2> and zk:k IV f(ye)||* < +oo almost surely.

In addition, if H is also separableﬂ then the sequence (yi),cy converges weakly almost surely
to a random variable valued in argmin(f). Our results in Section {4| will be established for a
much larger lass of the extrapolation sequence beyond 1 — «/k. In particular, these results will
emphasize the trade-off between the decrease of the error variance and fast convergence of the
values and gradients.

1 Separability is crucial for proving almost sure weak convergence of the sequence of iterates.
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1.6 Contents

In Section [2] we start by making the link between the Ravine and the Nesterov method. This is
instrumental because it makes it possible to transfer some known results of the Nesterov method.
Section [3]is devoted to the study of the convergence properties of the stochastic Ravine method,
with as an important result the fast convergence in mean of the gradients towards zero. Section
contains illustration and discussion of our results for various special choices of the extrapolation
sequence 7. Finally we provide some conclusions.

2 Comparison of the Nesterov and Ravine methods

Let us first recall some basic facts concerning the Nesterov method.

2.1 Nesterov accelerated gradient method

The Nesterov Accelerated Gradient (NAG for short) method with general extrapolation coeffi-
cients (a),cn, as studied in [6], reads

{yk =) + ap(Tp — Tp—1) (NAG),)

Tr+1 = Yk — SEV [ (yr).

Its central role in optimization is due to the fact that a wise choice of the coefficients (au.);cy
provides an optimal convergence rate of the values (in the worst case).

Specifically, taking ap = 1 — ¢ gives a scheme which, for o > 3, generates iterates (x1);cy
satisfying

f(xk)—rr%_ilnf:(’)(klz) as k — 400, (3)

and the fast convergence towards zero of the gradients (see [10])

> KV @) < +oo.
k
In addition, when o > 3,
. . 1 i E )
f(xk)*lr%nf—o =) & — +00, Zk: (f(:ck)—n}rllnf)<+oo (4)

and there is weak convergence of the iterates (z),cy to optimal solutions, see [84}[5,12}39].

2.2 Passing from Nesterov method to Ravine method and vice versa

To avoid confusion between the two algorithms|(RAG)_ |and [(NAG), | we use the subscript vy
for the extrapolation coefficient in the Ravine method, and «;, for the extrapolation coefficient
in the Nesterov method. A remarkable fact is that the variable g, which enters the definition
of % follows the algorithm, with v = ajy1. This generalizes the observation
already made in [10] for the specific choice oy, = 1 — ¢. Although this is an elementary result,
we give a detailed account of it in the following theorem, due to its importance.
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Theorem 2.1 (i) Let (zy),cy be the sequence generated by the Nesterov algorithm |[(NAG), |

Then the associated sequence (yi),cn also follows the equations of the Ravine algorit
with v, = Q41

(ii) Conversely, if (yx),en 5 the sequence associated to the Ravine methodﬁmm then the
sequence (Tr), ey defined by vy 1 = yr—5kV f(yr) follows the Nesterov algorithm|(NAG),,
with o = Yg—1-

Proof (i) Suppose that (zy),cy follows According to the definition of yj
Yrt1 = Tha1 + Qg1 (Teg1 — o)
= yr — stV (Yr) + rt1 (yk — sV f(yr) = (Ye—1 — Skflvf(ykfl)))

Set wr := yr — sk Vf(yx) (which is nothing but zx;1). We obtain that (yz),y follows
(RAG) i.e.

gy’

(RAQ) Wi = Yk — 5k V.f(Yr)

Q1
Yet1 = Wk + g1 (W — we—1) .

(ii) Conversely, suppose that (yx),cy follows the Ravine method According to the
definition of yx11 and wy, we have

Yet1 = Yk — Sk V[ (Yr) + (yk = 56V (k) = (Yr—1 — Skflvf(ykfl)))-
By definition of zp+1 = yr — sV f(yx), we deduce that

Y1 = Tht1 + Ve (Th1 — Tk) -

Equivalently
Yk = Tk + Vh—1 (Th — Tp—1) -

Putting together the above relations and the definition of zj11, we obtain that (xy) keN
follows (NAG) i.e.

Ye—1"

Yk = Tk + Ye—1(Tk — Tp—1)

Thy1 = Y — V. (Ur)-

(NAG),, | {

This completes the proof. 0O

Though the two methods are intimately linked as we have just seen, it is only recent advances
in the dynamical system interpretation of the two methods that revealed their close relationship
and also their differences. This is explained in the next section, where we consider the case of
the Ravine method with general extrapolation coefficients, hence generalizing the work of [10]
beyond the case ay, = 1 — a/k.

3 Convergence properties of the stochastic Ravine method

In this section, we analyze the convergence properties of the Ravine method with stochastic
errors in the evaluation of the gradients. We first examine the fast convergence of the values and
the convergence of iterates, then we show the fast convergence of the gradients towards zero. This
section considers the algorithmic and stochastic version of the results obtained by the authors
for the corresponding continuous dynamical systems with deterministic errors [11].
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3.1 Values convergence rates and convergence of the iterates

We first start by proving the results for the Nesterov method before transferring them to the
Ravine method thanks to Theorem In [6], the Nesterov accelerated gradient method with
a general extrapolation coefficient oy and deterministic terms was studied. Here, we consider a
stochastic version which reads for £ > 1

Y = T + ap(Tr — Tp—1)
((SNAG),, )

Trr1 = yr — se(Vf(yx) +ex)

where 55, €]0,1/L] is a sequence of step-sizes, (ex), ¢y is a sequence of H-valued random variables.
SNAG),, |is initialized with xo = 21, where xy a H-valued, squared integrable random variable.

Taking the objective function f = 0 and e = 0 in [[SNAG .| already reveals insights for
choosing the best parameters. In this case, the algorithm m ecomes Tp1 — Tk — k(T —

Zk—1) = 0. This implies that for every k > 1,

k—1 4

Tp =1+ ZHO‘j (x1 — z0).

i=1j=1

Therefore, (), converges if and only if ;;Of H;Zl o < +o00. We are naturally led to intro-

duce the sequence (1), defined by

400 1
tr ::1+ZHOLJ'. (5)

i=k j=k

The above formula may seem complicated at a first glance. In fact, the inverse transform, which
makes it possible to pass from t; to ay has the following, simpler form
ot —1

ap = t . (6)
k+1

Formula @ will ease the path of the analysis and we shall make regular use of it in the sequel.

From now on, we denote by (2, F,P) a probability space. We assume that # is a real sepa-
rable Hilbert space endowed with its Borel o-algebra, B (H). We denote a filtration on (£2, F,P)
by F = (Fi),en Where Fy is a sub-o-algebra satisfying, for each k € N, 7, C Fpy1 C F. Fur-
thermore, given a set of random variables {ao, ..., ar} we denote by o (ag, ..., ax) the o-algebra
generated by ag, ..., a. Finally, a statement (P) is said to hold (P-a.s.) if

P({w € 2:(P) holds}) = 1.

Using the above notation, we denote the canonical filtration associated to the iterates of algorithm

SNAG),, |as .# with, for all k € N,

Fr =0 (xo,...,2%)

such that all iterates up to zj are completely determined by Fy.
For the remainder of the paper, all equalities and inequalities involving random quantities
should be understood as holding (P-a.s.) even if it is not explicitly written.
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Definition 3.1 Given a filtration ., we denote by £ (%) the set of sequences of [0, +oo[-valued
random variables (a ),y such that, for each k € N, ay, is Fj-measurable. Then, for p €]0, +o0],
we also define the following set of p-summable random variables,

o (F) :—{(ak)keN€€+ Zak<+oo (Pas)}

keN

The set of non-negative p-summable (deterministic) sequences is denoted éﬂ’_.

The following theorem is a generalization of [6, Theorems 3.1, 3.2 and 3.4] to the stochastic
setting.

Theorem 3.1 Assume that holds and the sequence (ou),cy Satisfies

+oco 1

=13 [[a < oo (Ko)
i=k j=k

VE>1, t2.4 —t7 <tpr (K1)

Consider the algorithm [(SNAG),, | where sp €]0,1/L] is a non-increasing sequence and (ex); oy

is a sequence of stochastic errors such that
Eler | Fi] =0 (P-a.s) and  (sptpow)zen € CL(F), (K2)
where o ;== E {Hek||2 | ]-"k]. Then,
(i) we have the following rate of convergence in almost sure and mean sense:

) (P-a.5.),

1
Skt2

f(zy) —minf = O (
and

SI3E [f(wo) — min f] + 3B [dist(w0, $)°] + 4 75 s22E [[les]]

Skt%

E[f(zx) —min f] <

(it) Assume in addition that, for m € [0,1],
the1 —th <mteyr  for every k> 1, (K{)
then

Z Spti+1(f(zr) —min f) < 400 and Ztk |2k — zk—1])® < +00 (P-a.s.).
keN keN

t
If moreover ), o "3+ = +o0, then
k

. 1 1
flzg) —min f =o (2) and ||z — zp_1|| =0 () (P-a.s.).
Sktk ti
(iii) If ax € [0,1] for every k > 1, infy, s, > 0, (K;|) holds and (K3) is strengthened to

Elex | Fi] =0 (P-a.s.) and (sitiok)ey € L4 (F), (K3

then the sequence (Tr),cn converges weakly (P-a.s.) to an argmin(f)-valued random vari-
able.
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Before delving into the proof, some remarks are in order.

Remark 3.1 From claim , we have, for s; constant and bounded away from 0, convergence
at the rate O(1/k?) in the objective if (tpop), ey € 3 (F). If just (o%),cy € (3 (F), then the
step-size must anneal at the rate si ~ 1/¢; for an objective value convergence rate O(1/ty).

Now consider non-vanishing noise with bounded variance (i.e. limsupoy > 0, P — a.s. and
E[o?]—E[og]? < B, 0 < B < o0). For the choice of tj, = (k—1)/(a—1), setting the step-size to be
sp = 1/k'T0 with § > 0, results in convergence with a rate is O(1/k%). If sy = 1/k and the noise
does not asymptotically vanish (a.s.), convergence can only be ensured to a noise dominated
region. On the other hand, if t, = (k% —1)/(a — 1) with § < 0, then s, = 1/k achieves a
convergence rate of O(1/k?) if there is vanishing noise. Continuing, we see that the O(1/k?) rate
is achieved for vanishing noise and s = 1/k(~9).

The last statement of claim can be modified to get the same rate as in the deterministic
case in 6, Theorem 3.4] but only at the price of a stronger summability assumption on the noise.

Proof Our proof is based on a (stochastic) Lyapunov analysis with appropriately chosen energy
functionals.
Denote fi(z) := f(x) + {(ex, =) and recall S = argmin(f). Define the sequence

L.
Vi = spta(f(zg) — f(z*)) + §dlSt(2k, S)? and zp = xp_1 +tg (2 — Th_1) -

Since f is convex and L-smooth, so is f. Let us apply in Lemma on fj successively at
y =1yr and T = xy, then at y = y; and z = z* € S. We get

Fil@ren) < fulen) + (Ve v — o) = 5 1V i)l (7)
Filaien) < ful@*) + (Vilyn), v —a*) = 2 [V Fuln) [ 8)

Multiplying @ by tg+1 — 1 (which is non-negative by definition), then adding the , we derive
that
thr 1 i (@rg1) < (trr — 1) fr(zr) + fr(@™) + (Vie(yr), (e — 1) (g — 2x) + yr — 27)

- Sten VAT )

It is immediate to see, using @ and the definitions of yj and zj, that
(thr1 — V)(yr — ) + yp = Tk + b1 (Yp — 2x) = Tp—1 + (L + thprop) (o — ox—1)
= Tp—1 + te(Tp — Tho1) = 2k
Inserting this into @D and rearranging, we get

Sk

5 trrt IV i (yr) || -

(10)

trpr (fr(znin) = fo(27)) < (brpr = D(fulzr) = (@) + (Vilyr), 26 — 27)

Straightforward computation, using again (@ and the definition of y, and zj, can yield the
expression,

Zpr1 — 2k = —Sktkr1 Vi (Yr)- (11)
Thus

lzker = 21 = Nz = 2*1* = 2snt1 (Vfulyn)s 20 — &%) + sita IV frlyn) |



The Stochastic Ravine Accelerated Gradient Method with General Extrapolation Coefficients 11

Dividing this by 2 and adding to , after multiplying the latter by sitr41, cancels all terms
containing V f(yx) and we arrive at

1 1
sktir (fr(whi) — fr(a™)) + 5 2 = 2|1 < sitir (tren — D) (fu(an) — fu(@®)) + 5 2 = ol
(12)
Let us take z* as the closest point to zj in S. Thus is equivalent to
1 .. 1.
skth 1 (fr(@rgn) — fr(@™)) + o dist (21, 8)? < sptipr(thyr — 1)(falan) — fa(e™)) + 5 dist(z, S)?.
(13)

Let us now isolate the error terms. Inequality is then equivalent to

. 1. . 1.,
skt (F(wran) = min f) + Sdist(2x11, 9)* < st (tepr — 1) (f(wn) — min f) + Sdist (2, 5)°
— 81 (s g1 (Trg1 — %) = trpa (ter — (e —27%)) . (14)

‘We have
thir (Thyr — %) =t (brr — D)z — 2%) = teya (2p41 — 27).

In turn, using also that s is non-increasing, (|14) becomes

Skt (f(Thr1) — min f) + %diSt(szrl, S)? + skt — thyr + te1)(f(zx) —min f) <
B3 (F (o) — min f) + Sdlist(zh, S)2 — st (eps 2h1 — ).
In view of the definition of Vj, this is equivalent to
Vitr < Vi + sk (6 — trn — 1) (f(2r) — min f) + sptppr (en, 2001 — 27) (15)
Taking the expectation conditionally on Fj in , we obtain
E Vi1 | Fi] < Vi se(thgr — terr — 1) (f(2x) —min f) = sptia B [(ex, 261 — %) | Fi] . (16)
We have

E (e, zk1 — %) | Tl = El(en; zk1 — 26) | Fil + (Elex | Fi], 21 — 27)
= —sitp1E [(en, VIfi(yr)) | Fil = —suturaE [(ex, VI (yr) + ex) | Fi
= —sptp 1 E {||€1c||2 | ]:k} = —Sktpt107,
where we used in the second equality, and conditional unbiasedness (first part of (Ks)) in

both the second and last inequalities, together with the fact that y, zx and z* are deterministic
conditionally on Fj. Plugging this into yields

E[Vig1 | Fil < Vie+ se(tpiy — tipr — t3)(f(zx) — min f) + spth, 0%
< Vi + sk(tisg — tepr — 1) (f(zx) — min f) + 4s3t307, (17)

where we used that assumption (K| implies tj1 < 2tx; see [0, Remark 3.3]. Using again (/]),
the second term in the rhs of (17)) is non-positive and can then be dropped. Now, thanks to the

second part of (Ks|), we are in position to apply Lemma to to see that Vi converges
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(P-a.s.), and consequently it is bounded (P-a.s.). Thus, there exists a [0, +oo[-valued random
variable & such that sup,cy Vi < & < 400 (P-a.s.). Therefore, for all k > 1,

spta(f(op) —min f) < Vp <€ < 400 (P-as.).

Moreover, taking the total expectation in and iterating gives

k
SB[ (2x) — min f] < E[V] S EVi]+4 ) 22 [Jles)] <
i=1

s1t1R [f(zo) — min f] + E [dist(zo, 5)*] + 4252t2E [|ei||2} < +o0,

where we used in the last inequality that zo = x; by assumption, and that the rhs is finite thanks
to Fubini-Tonelli’s Theorem together with (K5). This proves the first claim in the theorem.

Using lj in , we get
E [Vk+1 | ]:k] < Vi — sp(1 — m)tgs (f(],‘k) — min f) + 48%7%0,26.
We can again invoke Lemma to get that
Z Sktkt1(f(zk) — min f) < +oo (P-a.s.). (18)
k>1
Let 1
Wi := si(f(zx) — min f) + 3 [T [
Combining [6, Proposition 2.1] with the fact that sy is non-increasing, we have that

2

l—«
Wig1 < Wj, — bz — 2k ||” = sk (en, Tha1 — k) -

Taking the expectation conditionally on Fj, we obtain

2

—
kg, — zp1||” — skE [(er, Trer — zi) | Fil - (19)

2

1
EWita | Fi] < Wi —
We have
E [{ers are1 = ax) | Fol = Elfew, i1 — ) | Ful = =siE[{ens V() | Fil = =i [llewl® | Fe]

where we used the algorithm update of x4 in the second inequality, and conditional unbiased-
ness (first part of (K3)) in the second and last inequalities together with xy, yx being conditionally
deterministic on Fj. Inserting this into yields

1—a?
E[Witr | Pl = Wi — —5 B ok — ze1])* + siop. (20)
Multiplying by ¢, and rearranging entails

1—a?
g =z |+ sPE 0F

2
— = ti+1(1 —a})
2
. 123
< t2Wy, + msptyy (f(x) — min f) — 5 |ap — xp_1||” + 452202, (21)

E [t%+1Wk+1 | fk} < ti+1Wk - ti+1

. i
= 3 W, + s (t3 4 — t7)(f(xx) — min f) + - lox — zpo1]|? + spth 07
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In the equality, we used the expression of Wj. In the second inequality we used (K;]) and that
ty = 1+ trpr10q and (K;)) which gives

thy =1 =t (L= aj) = (s = 1)® =1} = =2t + 1 < 1y

as tp > 1. We have already proved above (see (118) that (sgtrs1(f(zk) — mmf
Combining this with the second part of allows us to invoke again Lemma A 1 A1 on to
deduce that

Dt ok — zpoa | < +oo (Pas.). (22)
k>1

Moreover, Lemma also implies that t3 W}, converges (P-a.s.). On the other hand, we have

k+1

5 lox — 21 ]|® < suturr (f(zr) —min f)+tg |z, — zp—1 ],

thr1 Wi = sitr1(f(z) —min f)+——
and thus and imply that

D thaWi < 400 (P-as.).

k>1

In turn

t
Ztk+1Wk = Z k+1tka < 400 (P-as.)
k>1 E>1

entailing that liminfy_, | t%Wk = 0 (P-a.s.). This together with (P-a.s.) convergence of tiWk
shown just above gives that
1
e (3)

Returning to the definition of W}, proves the assertions.

(iil) The crux of the proof consists in applying Opial’s Lemma on a set of events of probability
one. Observe that implies . Thus Lemma applied to ensures also that tiWk
converges (P-a.s.). In particular, this implies that ¢ |2 — xx—1]| is bounded (P-a.s.). From the
proof of claim (i), we also know that (P-a.s.), Vi converges, hence (z),cy is bounded. In view
of the definition of zj, we obtain that (z4),y is bounded (P-a.s.). Moreover, since t; > 1 and
s = infy s, > 0, we get from (ii) that (P-a.s.)

5y (flar) —min f) <Y stera(f(w) —min f) < +oo,

k>1 k>1

and thus limy_, o f(zx) = min f (P-a.s.).

Let £2 be the set of events on which the last statement holds and £2 on which boundedness
of (x1),cy holds. Both sets are of probability one. For any w € 2N 0, let (zh; (w))j>1 be any
converging subsequence, and Z(w) its weak cluster point.

F(@(w) = Jim (o, @) = Jim () = min f.

J—00

which means that Z(w) € S. This implies that (IP-a.s.) each weak cluster point of (), belongs
to S = argmin(f). In other words, the second condition of Opial’s lemma holds (P-a.s.).
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Let 2* € S and define hy = % [y, — 2*||>. We now show that limy_, o hy exists (P-a.s.).
For this, we use a standard argument that can be found e.g. in [I2,[6]. By [0, Proposition 2.3,
we have

Ozk(]. —+ Oék)
2

|z — xk:le2 — sk (f(Tr1) —min f) — sg (ex, Tpr1 — %)

hit1 — hg — ag(he — hi—1) |k — zp1l|® — su(fr(zris) — frlz)

IN

IN

< law — zroa | = sk (er, Thys —*).

In the second inequality we used that ay € [0, 1], and the last one minimality of z*. Almost
sure boundedness of xj implies that there exists a [0, +o0o[-valued random variable 7 such that
Supgen ||2r — 2*|| <7 < 400 (P-a.s.). Thus

hies1 — hi — o (b — hi—1) < |l — 21 |* + s [lex]) - (23)

Multiplying by tr+1, taking the positive part and the conditional expectation, we end up
having

E [tes1 (bt — hi)s | Fil < torraw (b — hi—1) 4 + tir lon — zao1 || + nsetiraE lexl] | Fil
1/2
< (6 = V(e = himt)4 + b e = wa | + 205 [Jlewl® | 7]
= ti(h — hi1) g — (hie — hi—1) 4 + trp |lze — 26| + 2nsutro.

where we used that tp = 1 4 tr104, that tx11 < 2, and Jensen’s inequality. As the last two
terms in the rhs are summable (P-a.s.), we get using Lemmathat ((hie = he=1)+) ey € CL(F)
(P-a.s.). In turn, since hj is non-negative, we get by a classical argument that limg_, o, by exists.

Note that the set of events of probability on which limg_, o hy exists depends on x*. To
make this uniform on S we use a separability argument.

Indeed, we have just shown that there exists a set of events §2,+ (that depends on z*) such
that P(£2,-) = 1 and for all w € 2+, (||zx(w) — 2*[|),cy converges. We now show that there
exists a set of events independent of z*, whose probability is one and such that the above still
holds on this set. Since # is separable, there exists a countable set U C S, such that cl(U) = S.
Let 2 = {2,,. Since U is countable, a union bound shows

IP’(fZ)zl—IE”(U Qg) >1-) P(g) =1

uelU uelU

uclU

For arbitrary z* € S, there exists a sequence (u;)jen C U such that u; converges strongly to z*.
Thus for every j € N there exists 7; : £2,; — R such that

Jim o) - ull = mw), Ve 2, (24)
Now, let w € £2. Since 2 C 2, for any j > 1, and using the triangle inequality and , we
obtain that

7j(w) = [lu; — 2*|| < liminf [lzg(w) — 2*(| < limsup [Jzg(w) — 27| < 75(w) + [lu; — 2.
k—+oo k——+o0

Passing to j — +00, we deduce

lim sup 7;(w) < liminf ||z (w) — 2*|| < limsup ||z (w) — 2| < liminf 7;(w),
j—4o0 k—+o00 k—+o00 J—+oo
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whence we deduce that lim;_, o 7j(w) exists for all w € 2. In turn, (P-a.s.), limy_, 4 oo ||z — 27|
exists and is equal to lim;_, o 7; for any z* € S.

We are now in position to apply Opial’s Lemma at any w € Qﬂf)ﬂf), since P(Qﬁf)ﬂf)) =1,
to conclude. O

Let us now return to the Ravine algorithm. A simple adaptation of the proof of Theorem

applied to [((SNAG) _ | (just replace f by f + (e, "), and follow similar algebraic manipulations)
gives that the associated sequence (yi),cy defined by

Yp = T + ox(Tk — Tp—1),

follows the stochastic Ravine accelerated gradient algorithm with v, = ag41, i.e. for all k > 1

we =y — se(Vf(ye) + ex) ((SRAG)

)
«
Yet1 = Wk + g1 (W — we—1) . o

SRAG),, . |is initialized with yo and w_1 = yo, where yo is a H-valued, squared integrable
T

andom variable. According to this relationship between the Nesterov and the Ravine method

highlighted in Theorem the results of Theorem can now be transposed to ((SRAG),,
For this, we denote the canonical filtration associated to |(SRAG),,  |as F = (Fi)pey with,
Vk >N, Fi, = o(yo, (Wi)i<k—1)-

Theorem 3.2 Assume the conditions presented in . Let (yr) ey e the sequence generated by

SRAG),, . | where s €]0,1/L] is a non-increasing sequence, (o), C [0,1] satisfies (Kqof) and
(KT with >4 cn t’;;k“ = 400, and (ex),cy S a sequence of stochastic errors satisfying (K.
Then, the sequence (yr),cy Satisfies

Z Sktka1(f(yr) —min f) < o0 and  f(yr) — mqinf =0 (8;32?,%) as k — +oo  (P-a.s.).
keN

Moreover, if infy s, > 0, then the sequence (yy),cy converges weakly (P-a.s.) to an argmin(f)-
valued random variable.

Proof According to Theorem the sequence (z1),cy defined by
Tr1 = Yk — sk(V(yr) + ex) (25)
is equivalent to Algorithm |(SNAG)_ | It then follows from Theorem 3.1)(il) that

Fen) —min f = o ( 1t2> and ||z — oxa]| = o <1> (P-as.). (26)

Sk k tk

In addition, in view of condition (K. )), we can apply Lemma with e = (8xtx0%) ey to infer
that
—+oo
Z skty |lek]] < 400 (P-as.), (27)
k=1

and thus

1

si|lexll = o (m) (P-a.s.) . (28)
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Rearrange the terms in to obtain the expression Vf(yx) = _i(l’kJ’,] — yi) — eg. Using,
successively, the convexity of f, the Cauchy-Schwartz inequality, and the triangle inequality, we
obtain
. . 1
flye) —min f < f(2p) —min f + — (Tp41 — Y + Skek, Th — Yk)
H H Sk
. 1
< flaw) —min f + - ek — yell + skllel]) llze — yrll

. 1
< flow) —nain £+ = (lowen = zell 4 llze = yell + sellexl) llox = yell. (29)

Using again the link between| (SRAG),, |and| (SNAG) I, we have

Yr = 2k + o (T — Tp—1) -
Therefore, since a4, € [0, 1],
lyk — 2kl < ok — 2p-1]l- (30)

Combining , , and we obtain

. . 1
flye) — min f < flzk) - min f + o (lzk+1 — @il + |ox — zr—1ll + skllexl) [|on — zp—1]]

o (1%) (P-a.s.

where we used that tx11 < 2tk in the last equality. In addition, using Young’s inequality, that
(k) ey is bounded (P-a.s.), (27) and the summability claims of Theorem [3.1{(ii), we get that
(P-a.s.),

t
Z spteg1(f —min f) < Z seteg1(f —min f) + Z bt [@ps1 — ]
keN keN keN
+3 Z tkak — Tr_1 ||2 + 4n Z tkskHekH < 400,
keN keN

where 7 is the [0 +oo[—valued random variable such that sup,cy ||zx|| < 7 < 400 (P-a.s.).
Now, from (26) and (30), we also have |y, — x| = 0( ) (P-a.s.). Consequently, yi — zk

converges strongly (P-a.s.) to zero. Since the sequence (), oy converges weakly, it follows that
the sequence (yx), oy converges weakly (P-a.s.) to the same limit as (x),cy, and we know from
Theorem [3.1{iii) that the latter indeed converges weakly (P-a.s.) to an argmin(f)-valued random
variable. O

3.2 Fast convergence of the gradients towards zero

In this section, the previous results on the stochastic Ravine method |[(SRAG),,,  |are completed

in also showing the fast convergence towards zero of the gradients. This will necessitate a specific
and intricate Lyapunov analysisﬂ

2 Observe that embarking from — and using the refined estimate in (44) is not sufficient to get the result.
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Recall fi,(z) := f(z) + (e, ) from the proof of Theorem [3.1] The formula in Lemma
hereafter will play a key role in our Lyapunov analysis, and will serve as the constitutive formu-
lation of the algorithm. It corresponds to the Hamiltonian formulation of the algorithm involving
the discrete velocities which are defined by, for each k € N

1

Vg = E(yk - ykfl) (31)

where we recall that h = /s.
Lemma 3.1 Let (y),cy be generated by . Then, for all k € N
thr1(vk + AV fro1(yr—1)) — (b — D (vk—1 + hV fe—a(yr—2)) = —h(ty — DV fia_1(yr—1). (32)
Proof According to the algorithm recursion, we have
Yk = yk—1 — B°V fr1(yr—1) + (ykfl — h?V fr1(Ye—1) — (yk72 - h2vfk72(yk72)))
= Yk-1+ ak(Ye-1 — yr—2) — h° (ka—1(yk—1) + o, (vfk—l(yk—l) - vfk—Q(ZJk—Q))) .
Equivalently,

0= (yr — Yr-1) — (Ur—1 — Yr—2) + B2V fr_1(yr—1) + P2V fr—1(yr—1) — V fr_a(yr_2))
= (Y — Yr-1) — @ (Yr—1 — Yr—2) + (1 — ax) (v — Ya—1) + h*V frm1(y—1)
+ h2ar(Vfe—1(yp—1) — Vfe—2(yr—2)).

Let us make v appear by multiplying this equality by ﬁ We then get

1—ak

h
0=wvp —vp—1+ Vg + afkvfkq(ykq) + A(V fi1(Yr—1) — Vi—2(yr—2))

— Qg

= (v + AV fr—1(Yk—1)) — (Vk—1 + bV fre—a(yr—2)) + ! v + O%ka—l(yk—l)~

(635
1—ay?

After multiplication by we arrive at

kaq(ykq)

0= 7= o W+ AV fema(un)) = 7 (01 + DV fima(yh—2)) 0k + 3

= (1 + I Ak ) (v + AV fr—1(Yr—1)) — < (Vk—1 + AV fe—2(yr—2)) — AV fr—1(yx—1)
— O 1-— AL
+t1o o V fe-1(yk-1)-
We thus obtain
h
o (vg + RV fr—1(yr—1)) — 7 fkak (Vg—1 + AV fr_2(yr—2)) = — . —aZk V fe—1(yk—1).
Equivalently
(Ve + AV fr—1(Yk—1)) — ax(Vk—1 + AV fro—2(yr—2)) = —howV fro—1(yr—1). (33)

In view of @, the last equality is also equivalent to . This completes the proof of the Lemma.
O
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Recall the canonical filtration associated to [(SRAG),,  |as F = (Fi)pey With, VE > N,

Fr = o(yo, (wi)i<k—1)-

Theorem 3.3 Let us assume the conditions defined in . Let (yk)keN be the sequence generated
by ((SRAG),, , | where s, = s €]0,1/L], (ax),en C [0, 1] satisfy (Ko) and . Assume that

(ex)pen 18 @ sequence of stochastic errors subject to conditions . Then the sequence of
gradients (V f(yr))pen converges to zero with

Zt llVFR)? < +o0  (P-as.).
keN

Proof Our Lyapunov analysis is based on the sequence (E}), oy defined as
. 1.
E, = h2(tk+1 - 1)tk+1(f(yk—1) — mlnf) + idlst(zk, 5)2,
2k =Y + h(tkyr — 1) (”Uk + hvfk—l(yk—l))'
Let z* be the closest point to z; in S. By definition of Ej, we have
Ep1— By <h*(tkyr — Dtega (F(ur) — f(ye-1))
) 1 N 1 N
+h? ((tk+2 = Dtgto — (tht1 — 1)tk+1>(f(yk) —min f) + S llzrir — @ 1> - llek —2 1. (34)
Let us compute this last expression with the help of the elementary inequality
1
| M = (zran = 200 201 = 27) = Sllzngn — 2l (35)

o o
9 Zk+1 X 9 Zk T

Recall the constitutive equation given by that we write as follows
th2 (V1 + AV fr(yr)) — (terr — Dok + AV fre—1(yk-1)) = —h(trkr1 — DV fi(yr)- (36)

Using successively the definition of z; and , we obtain
Zht1 — 2k = (Yot1 — Yr) + h(tese — 1)(Uk+1 + hvfk(?/k)) — h(ter — 1)(vk + thk—l(yk—l))
= hvpyr — h(vk+1 + thk(yk)) = B2tk — DV fr(yr) = —h*teaV fi(yn)-

This together with the definition of zj yields

Zhy1 = 2k — PPt Vfr(yr) = yk + h(teer — 1) (Uk + hvfk—l(yk—l)) — WPt1 Vi (yk)-
Plugging this into , we deduce that

1 w2 L *112 Loapo 2

§sz+1 A §|\2k -z = —5h a1 [V fre (i) |

—h?tyia <ka(yk)7yk — & + h(trr — 1)(Uk + hvfkfl(ykfl)) - h2tk+1vfk(yk)>

h4t v IV fe(yi)l1? = Bt <ka(yk), yp — = + At — 1)(% + hvfk—l(yk—l))> .

Let us arrange the above expression so as to group the products of V fi(yx). For this, we use

again, written as,
(thr — D) (v + AV from1(yk—1)) = treyo (Vi1 + AV fi(yi)) + h(tig1 — DV fr(yr)- (37)
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Therefore,
Y — &+ h(try1 — 1)(% + thkq(ykq))
=i — " + htpy2 (Vi1 + AV fu(yr)) + B (terr — 1)V fr(yx)
=y — 2" + Btppovigr + W2 (trr2 + thpr — DV fr(ye)-
Collecting the above results we obtain
1 * (|12 1 * |12 1 4,2 2
Sllekar = 217 = Sllak = 2 = SH4EE 4 IV fun)]

— Bt (V fi(Yr), yi — @ 4 htpgovpsr + B2 (e + tesr — DV fi(yr) ) -
Inserting this in we get

Epg1 — Er < B (tgga — Dt (F (i) — f(ye—1))
+ hz((tk+2 — Dthg2 — (thg1 — 1)tk+1)(f(yk) —min f) + %h4ti+l||vfk(yk)”2
— B tey1 (V fi(yr), yk — @ + htegovirr + W2 (tege + terr — DV () - (38)

In view of the basic gradient inequality for convex differentiable functions whose gradient is
L-Lipschitz continuous, we have

Flnm) = F0) + (V7). s — ) + 597 s) — )|

. . 1
min f > f(ye) + (V). 2" = v) + 57 V@)
Combining the above inequalities with , and using V fir(yx) = Vf(yx) + ek, we get

Epy1 — By < —=h*(tie1 — Dt ( (Vf(yr)s ye—1 — yr) + %”Vf(yk) - Vf(yk:71>||2)
+ h2<(tk+2 = Dtpgo — (thtr — l)tk-i-l)(f(yk) —min f) — A*tgq1 (f(yx) — min f)

1
+ §h4ti+1||vfk(yk)||2 — hPtpyq <ka(yk), Ptgyovist + B2 (teao + ther — 1)ka(yk)>
— h2tk+1 <yk — SIJ*, €k> . (39)

Next rearrange the last inequality by grouping terms on the right hand side with common ex-
pressions. To begin with, rewrite the second and third summand as follows:

B2 ({2 = Ditira = (trgn = Dt ) (F(9) = min £) = Wb (f (i) = min f) =

—h? (ti+1 —thg+ tk+2) (f(yx) — min f).

For the following expression grouping two of the summands above, we use the definition of vy
for the first equality, and the constitutive equation for the third,

— B (tr1 — Do (VI (Wr) s Yr—1 — Yi) — B2t (V fi(Ur), Atrrovigt)
= B3 (tes1 — Dtwr (VF (), k) — hB3tepitera (V e(Yr)s vit1)
= hPtig1 (Vf (), (te1 — 1ok — trgovrs1) — BPtiatign (U1, €x)

= h3tp ( (VI(yr), —h(tks1 — D)V from1(yp—1) + A(trs1 + thgo — 1)ka(yk)>) — W3tk atire (Vktt, ex)

= Wt ((VFR), — (s = DVF@eor) + (e + bz = DV () )
= WP tiprtige (et ew) + W (born + trae = 1D (VF(ur), er) = Btera(tier — 1) (VF (ye), en-1)-
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In addition
1 1
PRl fe (i) 1P =R e (Bt = DIV fie () [* = =5 041ttt =2) |V felye) 1>
Collecting the last three estimates and applying the inequalities to , we obtain

Eis1 — By + h? (tiﬂ — o+ tk+2) (f(yx) — min f)
h2
< —ﬁ(’fkﬂ = DtraIVf(r) = VI (gr—1)II”

+ htia ( (VI(yr)s =t — DV f(yr—1) + (thrr + oo — 1)Vf(yk)>)
1
- §h4tk+1(2tk+2 +trr1 — 2|V (ye) + el
— W2t (eny yp — %) — D3tpp1tira (Vigt, ex)
+ Bt (tesr + trre — 1) (VF(yr), en) — Wi (b — 1) (Vf (yk), en—1) -
After developing the expression ||V f(yx) + ex|?, we arrive at

Eiy1— Ex + 1° (ti-&-l — i+ tk+2> (f(yr) — min f)

2
< _%(t’““ = Dtrs [V F () = Vf (ye-1)I”

g (V) —(en = DV (o) + (B + bz = DV ) )

— St @tnsa + tier = 2 (IVF@I +lerl? +2 (). en) )

— W2t (e, Y — ) — B3t yatiae (Vki1, ex)
+ It (b1 + trge — 1) (VF(yr), ex) — Bpr (brr — 1) (Vf (Yk), en—1) -

Taking the expectation conditionally on F; and using conditional unbiasedness in , we get
that (P-a.s.)

E [Birr | Fil = B+ 02 (10— 5 + tisa ) () — min f)

2
< I b = Dt |V Fw) — V)2

- 2L
+ Bt ( (VF(yr), —(tke1 — DV f(ye—1) + (trgr +thgo — 1)Vf(yk)>>
1 1
- §h4tk+1(2tk+2 + tror1 — 2V (we) I — §h4tk+1(2tk+2 + tpp1 — 2)0;
5 ) 1/2
+ WtpatigaE [foenl* | Fe] o,

where we used Cauchy-Schwartz inequality in the last term. Now we rely on Theorem [3.1] and
in particular on and to infer that

v+l 1|| | < 1|| |I+1|| ||+1|| |
v = — — — —x —||lx —x —||lxp —
k+1 A Ye+1 — Ykl = n Yk+1 k+1 h k+1 k h E— Yk

2) I+ 1 || L) o2 L) (pas)
— | — X — || — Lp_ =0 e [0} —_— =0 —_— -a.sS.) .
< 5 1%k k L k-1 et t e

N
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In the last equality we used again that (K ) implies ;1 < 2t). Therefore, there exists a non-

1/2
negative random variable ) with esssupn < +oo such that E [||vk+1||2 | Fi < n/tg+1, and in
turn

E [Burr | Fil = B+ 02 (10— 5 + tisa ) () — min f)
h2
< —ﬁ(tkﬂ — Dtes1 IV F(yr) = Vf (yr—1)|?

+ Bt 4 ( (Vf(yr), —h(tr+1 — DV F(Yr—1) + h(thr1 + trtz — 1)Vf(yk)>)
1
— §h4tk+1(2tk+2 +thy1 — 2)\|Vf(yk)||2 + 477h3tk0'k,

where we used again that t;4o < 4t; and we discarded the term involving a,% since t;, > 1 and
thus 2t;49 + tk+1 — 2 > 1. Equivalently,

E[Bri | Fil = B+ h2 (80— B+ sz ) (F(un) —min £) € —R(VF(ye1), T (g) + 4o,
(40)
where R is the quadratic form

h? 1
ROX,Y) = o (tis = Dt [V = XIP 4+ 5512tz + s — 2V

2L
— B3t1 (Y, =h(tpyr — DX 4 h(tpgr + tego — DY) . (41)

To conclude, we just need to prove that R is nonnegative. A standard procedure consists in
computing a lower-bound minx R(X,Y’) for fixed Y. By taking the derivative of R with respect
to X, we obtain that the minimum is achieved at X with X — Y = —h?LY. Therefore,

. h2L 1
H}gnR(X, Y)= T(tk-i-l — Dtg RV + §h4tk+1(2tk+2 +tr — 2)| Y]

— Bt ((Y, =h(tpp1 — 1)(1 = R2L)Y + h(tpg1 4tz — 1Y) .
After reduction, we get
Rt
2

According to assumption (K;)), the coefficient of f(yx) — min f in is positive. We therefore
discard this term in the rest of the proof. Combining with , we obtain

n}}nR(X, Y) = ((tes1 — 1)(2 = K2L) = 1) [[Y[%. (42)

Pty
2
Since h? €]0,1/L] and t > 1, this can also be bounded as

E[Egy1 | Fr] — Br < — ((trg1 — 1)(2 = h2L) = 1) IV £ (yw)[I* + 4nh’tioy.

h2th 1 9 9 4nh
E[Bkri | Frl < Bx — — 7 ((tks1 = 1)(2 = h2L) = 1) IV f(yw)lI” + 7 thOk
Pty (terr — 2) 2, Anh
< B, — -
< Ek 5T IVF (yi)ll” + —~twon
h2t2 h2t 4nh
= By — — LIV F ()P + =V £l + = teon
h2t? ) 4nh
< Ey— 2?1 IV £ (i) lI” + 2h% k41 (f (yx) — min f) + %tkak,
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where we used co-coercivity of V f in the last inequality. The summability assumption in
together with the summability result in Theorem allow then to invoke Lemma[A ] to get the
claim. Observe that this also gives that Ej converges (P-a.s.) to a non-negative valued random
variable. a

Remark 3.2 Since t > 1, a direct consequence of the gradient summability shown in Theorem|3.3
is that the gradient sequence (V f(yr)),cn tends to zero (P-a.s.) at least as quickly as at the
rate o(1/ty). Observe also that this analysis gives another proof for the fast convergence of the
function values (just carry on the proof starting from without discarding the term involving
the function values).

Note that the above proof has been notably simplified by using the conclusions already
obtained in Theorem and in particular to properly bound the terms involving vg4+1 (which
are not in Fy). Extending this proof to the case where the step-size sj is varying appears to be
straightforward, but comes at the price of tedious and longer computations. We avoid this for
the sake of brevity.

4 Discussion of Particular Parameter Choices

Let consider the theoretical guarantees obtained under the condition that there exists ¢ € [0,1]
such that, for every k > 1
1 1

lfak_H 170&]C

<ec. (43)

This implies some important properties of ¢;. One significant observation is a trade-off between
stability to errors and fast convergence of . Some choices of o, will be less stringent
on the required summability of the error variance for convergence, but will result in slower
convergence rate and vice-versa.

In presenting the details, let us start with the following results that were obtained in [5]
Proposition 3.3, 3.4]. The first one presents some general conditions on (aj) and ¢ that ensure

the satisfaction of (K and (K1) (resp. (K; ). The second one provides an explicit expression
of t;, as a function of ay.

Proposition 4.1 Let c € [0,1] and let (ar),cy be a sequence satisfying ay € [0, 1] together with
inequality for every k > 1. Then condition (Ky|) is satisfied. Moreover, we have for every
k>1,

1
S T e

If ¢ < 1/3 (resp. ¢ < 1/3), then condition (Ki)) (resp. (K, ) is fulfilled.

Proposition 4.2 Let (ar),cy be a sequence such that ap € [0,1[ for every k > 1. Given c €
[0,1], assume that

. 1 1
lim — =c.
k—4oo 1 — Q41 1-— (677
Then, we have
t L k— +
~N———— as 0.
T IS0 = ag)

Let us now consider several possible iterative regimes defining .
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4.ICase1:ak:17%,a>0:

This corresponds to the choice made in the (deterministic) Nesterov and Ravine methods studied
in [10]. In this case, for every k > 1,

1 1 k+1 K

1—akt1 1—ok T« a

1
=
Therefore, condition is satisfied with ¢ = 1. If o > 3 (resp. a > 3), we have ¢ €]0,1/3] (resp.
¢ €]0,1/3[). According to Proposition we have for every k > 1,

1 a k k

l-c)l—ap) a—-la a—1

trp1 ~
(

Indeed, one can easily show that the equality 541 = ﬁ is satisfied. Moreover,

b = Ko = 1)/(6 =17 = (= 1)/(h 1) = 37 %5t = oo
keN

Thus, specializing Theorem [3.2] and Theorem [3.3] we obtain the following statement.

Corollary 4.1 Assume that holds. Let (yx),cn be the sequence generated by |(SRAG et

with oy, = 1 — ¢ where a > 3, and sy €]0,1/L] is a non-increasing sequence. Assume that

Eler | Fi] =0 (P-a.s.) and (ksgok),ey € O (F).
Then, the following holds (P-a.s.):

(1) J(y) —ming | =0 (sk%) and |lyx — yk—1ll = 0 () ;

i k — mi dY Elyr — yr—l? ~
() 3 hou(F(0) = ) < o0 and 3 bl =yt < oo
(iii) If moreover infy s, > 0, then >, .y k2[|[Vf(yi)l|* < +oo and (yr)pen converges weakly
(P-a.s.) to an argmin(f)-valued random variable.

Another possible choice would be aj = k—i—ia in which case we obtain exactly the same results

as in Corollary This corresponds to the popular choice of the the Nesterov extrapolation

parameter. For |(SNAG) | with this choice of ay, we recover and complete the results obtained
in the literature; see e.g., |32,27125].

4.2 Case 2: ap, = 1 — %, a>0,re€]0,1[:

In this case, we have

1 1 1
1—ag 1—ozk_a

1 k" r
E+1) — =k ="(1+1/k =1~ —-k""1 >0 k— )
(k+1) o a((+/) ) 5 as +00

For each ¢ > 0, the condition 1/(1 — ags1) — 1/(1 — ag) < c is satisfied for k large enough. On
'

k
the other hand, we deduce from Proposition that t, ~ — as k — +oo. This implies that
«

and Theorem under this specification yields

k
1
g t; ~ ———— k"7 as k — +o0o0. Theorem
P a(l+7)

the following result.
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Corollary 4.2 Assume that holds. Let (yi),cn be the sequence generated by |(SRAG s

with ax = 1 — & where a > 0 and r €]0,1[, and s; €]0,1/L] is an non-increasing sequence.
Assume that

Elex | Fi] =0 (P-a.s) and (k" spop)ey € L1 (F).

Then, the following holds (P-a.s.):

(i) f(ye) = winge £ =0 5k ) and llge =y = 0 (%) 5

() 3Kl ) = 1) < 00 and 3 = |7 < 400
(iii) If moreover infy sy > 0, then Y, . K"V f(yr)||* < +o0 and (yk),ey converges weakly
(P-a.s.) to an argmin( f)-valued random variable.

It is clear from this result that this choice of «j allows for a less stringent summability
condition on the stochastic errors, but this comes at the price of a slower convergence rate. We
are not aware of any such a result in the literature.

4.3 Case 3: oy, constant:

This corresponds to the choice made in the Polyak’s heavy ball with friction method [33/[35].
Since a = a € [0,1] for every k > 1, condition (43) is clearly satisfied with ¢ = 0. In turn,
ty =1/(1 — «) for all k > 1. Applying Theorem and Theorem [3.3] we get the following.

Corollary 4.3 Assume that holds. Let (yx),cn be the sequence generated by |(SRAG s

with o, = a € [0, 1], and s, €]0,1/L] is an non-increasing sequence. Assume that
Eler | Fi] =0 (P-a.s.) and (s,0%)pey € U4 (F).
Then, the following holds (P-a.s.):

. — mi d 2 ]
(Z) keZNSk(f(yk) H%-ltnf) < 400 an keZNHyk m 1” < 400 ;
(i) If moreover infy, sp > 0, then 3= IV f (yr)||> < +00 and (yi) ey converges weakly (P-a.s.)

to an argmin( f)-valued random variable.

For [(SNAG),, | with this choice of aj, we recover and complete the results obtained in the
literature; see e.g., [AT[181[29,[14].

5 Conclusion

In this paper we studied the convergence properties of the stochastic Ravine optimization algo-
rithm. We verified the intuition provided by recent analysis from the dynamics systems perspec-
tive showing that the Ravine and Nesterov accelerated gradient methods behave similarly, with
identical convergence properties. Specifically, we showed that the same asymptotic guarantees
as well as convergence rates apply with respect to function values, gradients and convergence of
the iterates.
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A Auxiliary lemmas

We here collect some important results that play a crucial role in the convergence analysis of [[SNAG) ,

Lemma A.1 (Convergence of non-negative almost supermartingales [36]) Given a filtration Z =
(Ri)ren and the sequences of real-valued random variables (ry)cy € €4 (%), (ak) ey € £+ (£), and (2) ey €
é_l,'_ (Z) satisfying, for each k € N
E ['r‘k+1 | Rk] — Tk S —ag + 2 (IP’—a‘s.)
it holds that (ai)cy € £ (#) and (ri) ey converges (P-a.s.) to a random variable valued in [0, +oo].
The following lemma is a consequence of Lemma see also the discussion in [36] Section 3].
Lemma A.2 Given a filtration # = (Ry )y, let the sequence of random variables (1) ey € €4 (%) such that

(€3] Rk,l})w)keN € (L (#). Then

Z e < oo  (P-a.s.).
keN

2
Proof Let ¢, = e, —Eler, | Rp—1] and rg, = <Z§:1 Ci) . We obviously have E [(x+1 | Ri] = 0. Thus

2 g
+ D GECer1 | Rl +E [y | Ri]

=1

k
Elrgsr | Re] = <Z Ci)
=1

=7k +E[C,%+1 |Rk} =7y +Var[€,2€+1 \Rk} <rg +E[€,2€+1 \Rk}

It is easy to see that ((E [Ei | Rk,1])1/2)
Lemma to get that

S 8# (#) implies (IE [si | Rk—lD S Z# (%), and we can apply

keN keN

lim 7
k—+oco

exists and is finite (P-a.s.). Using Jensen’s inequality we have

k k k k
0<> e =G+ Elei [ Rica] <> + 3 (B[ | Riza]) /2.
i=1 i=1 i=1 i=1
Passing to the limit using that ((E [e2 | Rk*lDl/Q)keN € Zi_ (%) proves the claim. O

Lemma A.3 (Extended descent lemma) Let g : H — R be a convex function whose gradient is L-Lipschitz
continuous. Let s €]0,1/L]. Then for all (z,y) € H?, we have

9y — sV9(v)) < 9(2) + (Vo(v), y — =) = - [Va@)I” = 7 [Va(2) ~ Va()*. (44)

See e.g. [7, Lemma 1]

B The Ravine method from a dynamic perspective

In this section, we consider the high resolution ODE of the Ravine method, and show that it exhibits damping
governed by the Hessian. This will explain the fast convergence towards zero of the gradients satisfied by the
Ravine method.
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B.1 Dynamic tuning of the extrapolation coefficients

Let us first explain how to tune the extrapolation coefficients in the Ravine method, in order to obtain a dynamic
interpretation of the algorithm. Critical to the understanding is the link between the Ravine method and the
Nesterov method, as explained in Section [2} and the dynamic interpretation of the Nesterov method, due to Su,
Boyd and Candes [39]. Consider the inertial gradient system

E(t) +(0)2(t) + Vf(z(t)) = 0, (IGS),)

which involves a general viscous damping coefficient (-). The implicit time discretization of , with time
step-size h > 0, zp, = x(711), and 7% = khlﬂ gives

Tyl — 2T +Tp_1
h2

1 (kh) T 4V f () = 0.

Let s := h?. After multiplication by s, we obtain

(zh+1 — zk) — (T — 2p—1) + hy(kh) (2 — TK—1) + 8V f(2R41) = 0. (45)
Equivalently
w1 + sV f(@pt1) =z, + (1 — hy(kh)) (wk — TK-1), (46)
which gives
Tpt1 = proxgy (zg + (1 — hy(kh)) (zk — 25-1)) - (47)

We obtain the inertial proximal algorithm

{yk =z + (1 — hy(kh)) (m — z1—1)

Tk+1 = ProXgy (Yk) -

Following the general procedure described in [I0], which consists in replacing the proximal step by a gradient
step, we obtain with a = 1 — hy(kh). Taking v(t) = ¢, we obtain with ap = 1 - ¢,
which provides fast convergence results. Observe that Algorithm makes sense for any arbitrarily given
sequence of positive numbers (ay) cn- But for this algorithm to be directly connected by temporal discretization
to the continuous dynamic [(IGS),} it is necessary to take oy, = 1 —hvy(kh). Note that the case v(t) = ¢ is special,
since due to the homogeneity property of v(-), in this case ay, does not depend on h.

Let us now use the relations established in Section [2] between the Nesterov and the Ravine methods. Since

(%) ey satisfies with aj = 1—hvy(kh), we have that the associated sequence (yx ) < follows
=1—hy((

with v, = ag41 k+1)h).

B.2 High resolution ODE of the Ravine method

Let us now proceed with the high resolution ODE of the Ravine method The idea is not to let h — 0,

but to take into account the terms of order h = /s in the asymptotic expansion, and to neglect the term of order
h? = s. The high resolution method is extensively used in fluid mechanics, where physical phenomena occur at
multiple scales. Indeed, by following an approach similar to that developed by Shi, Du, Jordan, and Su in [3§],
and Attouch and Fadili in [I0], we are going to show that the Hessian-driven damping appears in the associated
continuous inertial equation. Let us make this precise in the following result.

Theorem B.1 The high resolution ODE with temporal step size h = /s of the Ravine method [((RAG)., |with

Yk = hy((k + 1)h) gives the inertial dynamic with Hessian driven damping

0+ (14290 ) 50+ V2130 + (145590 V(o) =0, (48)

3 We take the 7, notation instead of the usual t;, because t;, will be used with a different meaning, and it is
used extensively in the paper.
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Proof Set v, =1 — hy((k+ 1)h). By definition of the Ravine method

vk = vk — sV F(ue) + 9 (e = VL) = (-1 = 5V F (1)) )-

Equivalently
k1 —yk) — (e —Yr—1) + (1 — ) (ke — Yu—1) + sV (yr) + 57k (Vf(yk) - Vf(yk—1)> =0.

After dividing by s = h?, we obtain

Yk+1 — 2Uk + Yr—1

Y — Yk—1
> O S

+(1- -

+ VIyr) + v (Vf(ye) — VF(yr—1)) = 0. (49)

Notice then that

Ye —Yk—1 _ Ye+l — Yk Yet1 — 2Yk T Yr—1
h?2 A2 h?2 ‘
So, can be formulated equivalently as follows

X Yk+1 — 2Yk + Yk —1

> + (=) I () + (T () — Vi (1)) = 0. (50)

h2
After dividing by 7, we get

Yk+1 — 2Uk + Yr—1 " 1— vk Y1 —
2 Pk h

Bt ) + (V) = VI 1) = 0. (51)

Building on , we use Taylor expansions taken at a higher order (here, order four) than for the low resolution
ODE. For each k € N, set 7, = (k + ¢)h, where c is a real parameter that will be adjusted further. Assume that
yr = Y (1) for some smooth curve 7+ Y'(7) defined for 7 > tg > 0. Performing a Taylor expansion in powers of
h, when h is close to zero, of the different quantities involved in , we obtain

a1 = Y (Thy1) = V() + hY (15) + %fﬂy(m) + 6h3Y(Tk) +0O(h?) (52)

Yoot = Y1) = Y (0) =AY (1) + 5027 () — b () + O, (53

By adding and we obtain

Yk+1 — 2Yk + Yk—1

o = V() + O(h?).

Moreover, (52| gives
Yke+1 — Yk

=Y () + %m‘k(m) +OR).

By Taylor expansion of V f we have
VI(yk) = VIye—1) = AV F(Y (7)Y (1) + O (h?).

Plugging all of the above results into , we obtain

V() + O(h?)] + L=k [Y(Tk) I + O(hz)}
hyk 2
VY () + [BYRI ()Y () +0 (1)) = 0.
Multiplying by 1h—7¢k , we obtain in an equivalent way
hye . 1. h P oo v 3y _
Y (7)) + V() + ShY (1) + —— V(Y (1%)) + —— V(Y (%)Y (7%) + O(h”) = 0.
1= 2 1= 1=

After reduction of the terms involving ¥ (t), we obtain

2
7Z§ij’7k>y<Tk)+Y(m)+ LG () + 2GR E(Y ()Y () + O(h) = 0.
k) 1= L=k
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Multiplication by ig;z’;; then yields
” 20— k) ¢ 2 27k o . )
Y + Y + VY + —Vof Y Y + O(h*) = 0. 54
() + 2RV () + 2V () + LY ()Y () + O0) (54)

According to yx = 1 — hy((k + 1)h), and 74, = (k + 1)h, we obtain

Y@%y+fi%§%a5Y@%y+IiﬁéﬁaSVfaany+h%{é?%%%v?ﬂy@%»Y@%y+OUﬂ):0.

By neglecting the term of order s = h?, and keeping the terms of order h = /s, we obtain the inertial dynamic
with Hessian driven damping

70+ (14 5590) VO + V520 )7 0 + (14 50)) V10 0) o

This completes the proof. [}

Remark B.1 The high resolution ODE of the Ravine method exhibits Hessian driven damping. In addition, it
incorporates a gradient correcting term weighted with a coefficient of (1 + %’y(t)) This is in accordance with [10]
70)

and [38]. Surprisingly, there is also a correction which appears in the viscosity term, the coefficient (1 + Ts'y(t)

in front of the velocity. Indeed as we already observed, the Nesterov case is very specific. When ~(¢t) = %, we have
s=1—hy((k+1)h) =1— 55. Returning to , we have
2(1—s) !

h(1+s)  hk+1-2)

Taking 7, = h(k +1— 5) gives v(-) as the viscosity coefficient of the limit equation.
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