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SRB MEASURES FOR PARTIALLY HYPERBOLIC SYSTEMS WITH
ONE-DIMENSIONAL CENTER SUBBUNDLES.

DAVID BURGUET

ABSTRACT. For a partially hyperbolic attractor with a center bundle splitting in a dominated
way into one-dimensional subbundles we show that for Lebesgue almost every point there is an
empirical measure from x with a SRB component. Moreover if the center exponents are non
zero, then x lies in the basin of an ergodic hyperbolic SRB measure and there are only finitely
many such measures. This gives another proof of the existence of SRB measures in this context,
which was established firstly in [11] by using random perturbations. Moreover this generalizes
results of [15, 18] which deal with a single one-dimensional center subbundle.

For a C'* diffeomorphism f on a compact smooth manifold M, an invariant
measure is called an SRB (Sinai-Ruelle-Bowen) measure when it has a positive
Lyapunov exponent almost everywhere and satisfies Pesin entropy formula, i.e. its
entropy is equal to the sum of the positive Lyapunov exponents. Equivalently the
conditional measures along local unstable Pesin manifolds are absolutely continuous
with respect to the Lebesgue measure [20]. A fundamental problem in dynamics
consists in understanding the statistical behaviour of (M, f) : what are the limits for
the weak-* topology of the empirical measures p? ==+ 3" du,, & € M, when n
goes to infinity? Ergodic SRB measures u, which are hyperbolic (i.e. with non zero
Lyapunov exponents), are specially important in this respect, because their basins

B(p) = {z € M, u* 225 i} have positive Lebesgue measure [19]. For hyperbolic
attractors, Sinai, Ruelle and Bowen have studied these measures and their basin
in the seventies. In this setting, there are finitely may ergodic (hyperbolic) SRB
measures whose basins cover a set of full Lebesgue measure [21, 5].

Beyond unifrom hyperbolicity, existence of SRB measures has been established for
partially hyperbolic attractors whose center bundle splits in a dominated way into
one-dimensional subbundles by using random perturbations or unstable entropies
[13, 11, 15]. In this note we give another proof of this result by using an entropic
variant of the geometrical method developped in [7, 6]. Moreover we show that at
Lebesgue almost every point = there is a limit p of (), such that some ergodic
component of p is an SRB measure.

In the following we consider an attracting set A of a C'* diffeomorphism f, i.e. A
is a compact invariant set with an open neighborhood U C M satisfying f(U) C U
and A = [,y f"U, with a partially hyperbolic splitting TM|, = E* @, E; @
s @y By @, F° with dim(F;) = 1 for ¢ = 1,--- k. The invariant bundles E“
and E* are expanded and contracted respectively : there are C' > 0 and A €]0, 1]
such that for any x € A and any n € N, it holds that ||Df"|gsz)| < CA" and
|Df " gu@)l| < CA™. Moreover for two D f-invariant subbundles E, F' C ThyM,
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2 DAVID BURGUET

the bundle E is dominated by F', denoted as F' @&, E, when there are C' > 0 and
A €]0, 1] such that | Df"|p@)||Df"|p(fra)ll < CA™ for any € A and any n € N.
Any diffeomorphim C! away from the set of diffeomorphisms exhibiting a homoclinic
tangency may be approximated by partially hyperbolic diffeomorphisms of this form
(see [14, 11]).

An empirical measure from x € M is a limit for the weak-* topology of the se-
quence of atomic measures (u)n,en. We let pw(z) be the set of empirical measures
from x. When v and p are two non-zero Borel measures on M, we say that v is a
component of y when v(A) < p(A) for any Borel set A. An SRB component of an
invariant measure y is a component of u, such that the associated probability %
is an SRB probability measure.

The main results of this paper read as follows.

Theorem 1. With the above notations, for Lebesque almost every x € U, we have
the following dichotomy :

e cither x lies in the basin of an ergodic hyperbolic SRB measure,
e or there is u € pw(x) with non-hyperbolic SRB components.

Theorem 1 with k£ = 1 has been proved in [15, 18] with another method. In the
second case of the alternative, the empirical measures from x may not converge -
the point x is said to have historical behaviour (see Theorem B in [15]).

Theorem 2. Assume moreover that any ergodic SRB measure is hyperbolic. Then
there are finitely many ergodic hyperbolic SRB measures, whose basins cover a set
of full Lebesgue measure in U.

Theorem 2 is proved in [12] under the stronger assumption that all ergodic Gibbs
u-states are hyperbolic. If all SRB measures are hyperbolic, the second case in
Theorem 1 never occurs. Thus the topological basin U is Lebesgue almost covered
by the basins of ergodic SRB measures, so that the main new point in Theorem 2
is the finiteness property of SRB measures.

To build SRB measures we estimate the entropy of limit empirical measures from
below by using a Gibbs property at hyperbolic times as in [6]. By considering
empirical measures on a specific subset of times we may ensure these measures are
in fact SRB. After recalling some standard properties of empirical measures, we
introduce in the second section different notions of hyperbolic times and we relate
their density with hyperbolic properties of the limit empirical measures. In the
third section we deduce Theorem 1 and Theorem 2 respectively from Proposition 9
and Proposition 7, which describe more precisely the statistical behaviour in terms
of the densities of hyperbolic times. The proofs of these two propositions, which
share some similarities, are given in the last two sections.
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1. EMPIRICAL MEASURES

1.1. General setting. We consider now a general invertible topological system
(X,T) (i.e. T is a homeomorphism of a compact metric space X) together with
a continuous real observable ¢ : X — R. We let M(X) be the compact set of
Borel probability measures endowed with the weak-* topology and we consider the
compatible convex distance 9 on M(X) associated to a countable family, {f,, n €
N}, dense in the set C(X) of continuous real functions on X endowed with the
uniform topology :

’j‘fnchi ]‘fh(jy’
Vv € M(X §3w1wmw'

A measure yp € M(X) is said M-almost invariant, M > 0, when 0 (u, Tp) <
Let M(X,T) be the compact subset of M(X) given by T-invariant measures.
For x € X and n € N we denote by u? the usual empirical measure

We also recall that pw(z) denotes the compact subset of M(X,T) given by the
limits of (u}),. For a subset £ of N we let £/ be the complement set of E, i.e.
E :=N\ E. We consider the empirical measure p[E] associated to E:

E =~ b

0<k<n, keE
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For a subset F of N and M € N we let E(M) ={k € N, k+m € E for some 1 <
m < M}. The empirical measures (p[E(M)]),,, therefore their limits in n or linear
combinations, are M-almost invariant.

1.2. Bounding from below the entropy of empirical measures. Following
Misiurewicz’s proof of the variational principle, we estimate the entropy of empirical
measures from below. For a finite partition P of X and a finite subset F' of N, we
let P¥ be the iterated partition P¥ = \/, ., T"*P. When F = [0,n[, n € N, we
just let P = P". We denote by P(z) the element of P containing x € X. Given a
measure 1 on X we let puf = iF > her T

For a Borel probab1l1ty measure p on X, the static entropy H,(P) of p with
respect to a (finite measurable) partition P is defined as follows:

== p(A)log (A

- / log  (P(x)) dpu(z).

When g is T-invariant, we recall that the measure theoretical entropy of p with
respect to P is then
hu(P) = lim 7, (P")
and the entropy h(u) of u is
hp) = sup hu(P).

Lemma 1. [7] With the above notations we have

1 P fOF
ijH u(P7) —3mlog (1P) —— Y

In the above statement the set of times F' is a fixed finite subset. Here we need
to work with measurable finite set-valued maps F. In this context we define u!" as

follows
Fo_ kaeF(z) Ophg dp()
' J2F(z) du(z)

We may generalize Lemma 2 as follows:

1
Vm € N', —H,r(P") >

Lemma 2. With the above notations we have for all m € N*:

PR 7 2 [ togn (PP apter

~ H,(F)~ [ 3mi0F(a) log (:P) dul)

Proof. We recall that for a given x € X, the set PP (z) denotes the atom of the
iterated partition PF(®) which contains z. The collection of sets P"@)(z), z € X,
does not a priori form a partition of X. We denote also by F' the partition associated
to the distribution of F and by P¥ the partition finer than F' whose atoms are the
sets of the form {z € X, F(z) = F and € A} for a subset of integers £ and an
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atom A of PE. Then the atom P (z) of PF containing z is a subset of PF®)(x),
therefore

[ 1o (PO@) dute) < [ ~log (P (@) duta),

< H,(PF).
We let F be the atom of F' given by F := {z € X, F(z) = E}. By conditioning
with respect to F' we get with pp, = %

H,(P") < H,(P"|F) + H,(F),
<" i(Fe) Hyp, (PP) + Hy(F).

By applying Lemma 1 to each E and iy, we get for any m:

(1.1)
F) HMgE (Pm)
/— log 11 (P7(2)) dpu(x) < ) | p(Fi)tE—5—— + 3mu(Fp)10E log (tP) + H,(F).
2
Observe now that ([ #F(z)du(x)) p” = 35 (u(Fg)tE) pf, so that we obtain by
concavity of the static entropy in the measure

02 ety () < ([ ) duo)) e (P,

E

One easily concludes the proof by combining the above inequalities (1.1) and (1.2).
U

2. ¢-HYPERBOLIC EMPIRICAL MEASURES

We consider in this section general topological systems (X, T) with a continuous
observable ¢ : X — R. We introduce different notions of hyperbolic times with
respect to ¢ at x € X, whose associated asymptotic densities are related with the
ergodic components v of the limit empirical measures p = lim,, pu” with [ ¢dv > 0
or f ¢dv > 0 (see Lemma 4 and Lemma 7 below).

For a subset £ of N and M € N we let E(M) = {k € N, Jl,m € E with [ <
k< mandm —1 < M}. The frequency of E in [1,n] is denoted by d,(F) =
ﬁEmTM. Then we consider the usual upper and lower asymptotic density, d(E) :=
limsup,, d,(F) and d(F) = liminf, d,,(F). Observe that E(M) C E(M) and one
easily checks for N > M

M M
—+5

A connected component of E is a maximal interval of integers contained in E.

(2.1) Vn 21, dy (E(M)\ E(N)) <
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2.1. Hyperbolic times. We first recall the standard notion of hyperbolic times
introduced in the field of smooth dynamical systems in the works of J. Alves [2, 3].
Let § > 0 and a = (an)nsn<n, N € N U {o0} be a sequence of finite* or infinite
real numbers. A positive integer p < N is said to be a d-hyperbolic time w.r.t.
a=(an), when >7, o ay > (p—k)dforallk=0,---,p—1. We let E? be the set

of d-hyperbolic times w.r.t. a = (ay,),.

We define now a weaker notion. For M € N* the integer p < N is said to be
a (6, M)-weakly hyperbolic time w.r.t. (an)n<N when >, a > (p — k)d for
k = max(p — M,0),--- ,p— 1. We denote by F> the set of (§, M )-weakly hyper-
bolic times w.r.t. a = (a,),. Clearly E2 =),, F5M

The set of (§, M)-weakly hyperbolic times is a priori not nondecreasing in M. To
overcome this difficulty we will work with the § /2-hyperbolic times of the connected
components of F>(M). More precisely we introduce the set G>M of (§, M)-midly
hyperbolic times defined as follows. For a subset E of N we write ag := (ax)psk<N-
Then we put GoM = |J, E %% where I runs over the connected components of
F>M(M). Observe that for such an interval of integers I, we have Y ker @ > 081
In particular if N = 400 and ||a||cc = supy |ax| < +oo then it follows from Pliss
Lemma (see e.g. [3]) that for some o > 0 and for M large enough both depending
only on ¢ and ||al|~, we have

(2.2) d(GM) > ad (F2M(M)) .
We also let GSM ((N)) = GSM(N) N ESM (M) for any M, N € N*.

In the next subsections we consider a general invertible topological system (X, T")
together with a continuous real observable ¢ : X — R. For x € X we denote the
sequence (¢(T"z)), ey by Pz Moreover for any interval of integers I we let ®1 be
the finite sequence (¢(T*x))re;. We also consider the following Birkhoff sums w.r.t.
patrxe X :

VneN, ¢u(z) = Y ¢(T"z),
0<k<n
¢n()
m—

¢, () := limsup

When the limit exists we just write ¢,(r) = ¢.(x). This is the case for typical
pu-points x of any T-invariant measure p by Birkhoft’s ergodic theorem. Moreover,
when p is ergodic we have ¢.(z) = [ ¢ dp for p-a.e. x.

2.2. Hyperbolic empirical measures. Following [9, 10] we firstly consider here
empirical limits with respect to the set of hyperbolic times F = Egz for some d > 0
and r € X.

Lemma 3. Letd > 0 and let n C N be a infinite subsequence of integers. Let (§,)nen
be a sequence of probability measures on X such that X = [ u? [Eg,z( )] dé,(x)

*In this case we index the sequence with the N first non negative integers, but we may similarly consider
sequences indexed by any interval of integers in N.
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are converging, when n € n goes to infinity, to M for any M € N*. We let  be the
nonincreasing limit in M of (CM)

Then we have [ ¢d¢ < ((X)d.

Proof. By Equation (2.1), we may replace E§ (M) by E$ (M) in the definition of
(M and the limit ¢ will be the same. Now, when 0 < k < [ are two consecutive
times in B} , then [k, ([ is a neutral block as defined in [9], i.e. ¢ (T*z) < ma for
alll <m < <l—k. From ¢_p_1(T*z) < (I =k —1)6 and ¢_p(T*x) > (I —k)o
we get:

(2:3) [fr-1(T*x) — (I = £)3] < (|6l
When n belongs to [k, (), we just have
(2.4) bni(TFz) < (n — k)0.

When [ —k > M, then [k, [ is a connected component of E (M). In particular the
number of such component [k, I[ with [k, I[N[0, n[# 0 is less than or equal to 17 + 1.
Therefore by summing (2.3) over the intervals [k, [[N[0, n] and (2.4) we get

Jodcr = qroos < 1ol (5747

therefore by taking the limit in n then in M we conclude that
/gde = h]&nhm/gbdd{

< ((X)o.
O

Remark 3. When moreover n € Egz for &,-a.e., then [ ¢d¢ = ((X)d. In this case
any connected component [k, [ of E§ (M) either lies in [0, n) or are disjoint of [0,n).
Therefore by summing (2.3) over the connected component [k, | of Egz(M> inside
[0,n) we get | [ ¢d¢M — ¢M(X)o| < 18l then [ ¢d¢ = limp [ ¢d¢M = ¢(X)d.

The lower asymptotic density of hyperbolic times is defined as follows:

dy(z) —hm hm d(E}, (M)).

6—0 M—+o0

The next lemma, which follows essentially from [9], illustrates how full density of
hyperbolic times at x is reflected on the measures in pw(z).

Lemma 4. [9] The following properties are equivalent :

(1) dy(x) =1

(2) for any p € pw(x) we have ¢, > 0 p-a.e.

Sketch of Proof. Let p € pw(zx) and let n be a subsequence of positive integers with
ft = liMys— 400 1. By a Cantor diagonal argument we may assume (u?[E$ (M )])n n
is converging for any M € N* and § € Q to some pips5. The measures pup5 are non-
decreasing in M and ¢, when M goes to infinity and 0 to 0. The limit v is a
T-invariant component of p with v(X) > limglimy lim,e, d,, (ES, (M)) > dy().
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Moreover ¢, > 0 v-a.e. (see e.g. [9] or Remark 4 below). By applying Lemma 3 with
&, = 0, for all n, the limit ¢ is just the difference p — v, therefore [ ¢d(u—v) <O0.
We explain now the equivalence of (1) and (2).
e (1) = (2): If dy(z) = 1, then the component v of i is a probability, therefore
v=pand ¢, > 0 p-a.e.
e (2) = (1): there are sequences (x)x, (M) and n = (ng); such that
— (0 is decreasing to zero,
— (My)r and n = (ng ), are integer valued sequences going increasingly,

— limy, o, (ng; (Mk)) = d, ().
For any 6 > 0 and for any M € N* we have

tim sup d, (B3, (M) < limdy, (3 (M) = dy ().
nen

By taking a subsequence we may assume that p!” is converging to p € pw(z)
when n € n goes to infinity. By hypothesis (2) we have ¢.(y) > 0 for p-a.e. y.
As p—v is a component of p with [ ¢ d(p—v) < 0 we have necessarily v = p.
In particular 1 = v(X) = limg_,o limp;_s 4 o0 limy,e, d, (ng (M)) = dy(7).

O

We say d® = 1 uniformly on E C X when d”(x) = 1 for all # € E and the limits
in M and ¢ and the liminf in n are uniform in z € E, i.e. for all € > 0 there is Jy,
My and ng such that for any 6 < dg, M > My and n > ny we have

Vz €E, d, (E} (M)) >1—ce.

By Egorov theorem, if A is some Borel probability measure on X (e.g. the Lebesgue
measure for a compact smooth manifold X as in the next sections) and d® =1 on
a subset F of X, then there is E C F with A(E) arbitrarily close to A\(F) such that

d® = 1 uniformly on E.

2.3. Weakly hyperbolic empirical measures. We deal now with empirical mea-
sures associated to weakly hyperbolic times, which is the main new tool used in the
present paper.

Lemma 5. Let 6 > 0 and let ny, C N, ¢ € N, be infinite subsequences of integers.
Let (€9)qen, nen, be probability measures such that v} .= [ " [Fg™ (M)] d€d(x) are
converging, when n € n, goes to infinity, to v for any M, q.

Then for any limit v of the form v = limy lim,eq v™9 for some infinite subse-
quence (, we have ¢.(x) > 6 for v a.e. x.

Proof. Let Ky = {z € X, ¢n(x) > md for some M > m > 1} and K =
Utrs1 Kar. For n € ny we also let e .= [n[Hg™ (M)] dgd(z) with HZM (M) =

n

Un<us Fq‘i’N(N ). By using a Cantor diagonal argument we may assume the cor-

respondin'g limits n™? M, q € N, exist when n € n, goes to infinity. Note that
v is a component of n™4. As K, is a compact set of X, we have n9(K,,) >
lim,, n9(K)y), but it follows from the definition of Kj; that n’7(Ky,) = n?9(X),

therefore n™4(K ;) > lim, n*9(Ky;) = n™4(X). Then by replacing q by a subse-
quence we may assume the limit n = limﬁ limgeq ™7 is well defined. The measure
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v is a component of 17. Moreover we have
7
(&) = hmn(Ky),

_ K . M,q
hz{/n 15\1411 hén " Ky),

S N
> limlimn™(Ky),
N ¢

> / . N,g

> lim lim ™ %(X),
N ¢

> n(X).

In particular v(K) = v(X). As v isinvariant (a priori 7 is not) we get v (ﬂpeN T”K) =
v(X) and one checks easily that ¢, (z) > 6 for x € Npen T 7K. d
Remark 4. With the notations of Lemma 3 and Lemma 5 we assume the limit
p = lim,e, [ p? dé,(z) exists. Then, as Egz 1s a subset of Fg’IM, the measure ¢ :=

p— ¢ with ¢ as in Lemma 3 is a component of the measure v given in Lemma 5
with £ = &, for all q. In particular ¢.(x) > § for ¢ a.e. x.

Contrarily to (E§_(M)),, the sequence (Fg,’M(M )> is a priori neither nonin-
- M

creasing or nondecreasing. Therefore we define two versions of the associated upper
asymptotic density:

- / -
d;(x) := lim lim sup d(Fo™ (M),
=0 M40 ’

—— S = aM
dy(x) = (1313(1) }‘ngirg d(Fg" (M)).
We say 3; = 0 uniformly on a subset E of X when Ez(x) =0 for all x € E and
the limsup in M and n defining lim sup,, E(Fg’zM(M )) = 0 are uniform in x € E for
all § > 0, ie.

V8 > 0 Ve > 0 My YM > M, Ino Vn > ng Yz € B, d, (ng”(M)) <e

Again, we may apply Egorov’s theorem to get sets where 3; = 0 uniformly : if A
is a probability measure on X and F is a subset with E;(Z‘) =0 for all x € F, then
E;; = 0 uniformly on a subset E of F with A(E) arbitrarily close to F.

Lemma 6. Assume E; = 0 uniformly on E C X. Let (&), € M(X)N with
&(E) =1 and let (vn)y = ([ 1 d{n(x))n
Then for any limit v of (vy,), we have ¢.(x) < 0 for v-a.e. x.

Before proving Lemma 6 we introduce some notations that will also be used in
the last section. For 6 > 0, M € N*, we will let Hs := Hs(¢) and Oy := Opr(0,0)
be the sets defined as follows:

Hs :={x, Vm >0 ¢,,,(T"™z) > md},
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On = U T {z, ¢n(T ™z)>méforallm=1---M}.
k=1, , M

Proof. Assume v(¢, > 0) = XA > 0. Fix 0 > 0 small enough such that v(¢, > 0) =
B > A\/2. For M large enough we have lim sup,, sup, g d,, (Fgf(M)) < A/4.

Let K = Upene T ~kHs. By the ergodic maximal inequality, if 7 is an ergodic
component of v with ¢. > ¢ n-a.e. then n(Hs) > 0 and n(K) = 1 by ergodicity.
Therefore we have v(K) > > 0. Let n C N be an infinite subsequence with
lim,c, v, = v. For all M the set O, is an open neighborhood of Uk:l,-~~,M T-%H;,
therefore for M large enough we get

liminf v,(Opy) > v(Opn) > v ( U T_kH5> > (5/2.

nen
k=1, ,M

Observe also that when T'z, [ € N, lies in Oy then [ belongs to Fq‘i’zM(M). Thus we
get the following contradiction for M large enough:

imsup v, (Osr) = limsup [ i2(O0ur) sz,

nen nen

< limsupsupd, (Fg;M(M)> ;

n zek

< \N4 <52
U

Remark 5. When &, is just the Dirac measure at some x for any n with 3; (x) =0,

i.e. v, = u the same conclusion holds, i.e. if E;(x) = 0, then for any v € pw(x)
we have ¢.(x) <0 for v-a.e. x . Indeed, to get the contradiction at the end of the

above proof, one only needs to consider some (not any) large M with E(Fg;M(M))
small.

Zero upper density of weakly-hyperbolic times at x is also related with the non-
negativity of ¢, on pw(x), as stated in the following Lemma which may be compared
with Lemma 4.

Lemma 7. The following properties are equivalent :

(1) d3(x) =0,

(2) dy (x) =0,

(3) for any p € pw(z) we have ¢.(x) <0 for u-a.e. x.
Proof. Clearly E;(a:) > d, () so that (1) = (2). Then (2) = (3) follows from
Remark 5. Therefore it is enough to show (3) = (1). We argue by contradiction.
Assume limg lim sup,, a(FgIM(M)) > 0 and let us show there is u € pw(z) with
u(p, > 0) > 0. Fix § > 0 with limsupMa(F(g’zM(M)) = A > 0. For infinitely
many M there is a sequence nj; such that ug[Fg;M(M )] is converging to v with
vM(X) = d(Fg™(M)) > )\/2, when n € ny goes to infinity. Then [¢dv™ =
lim,eq,, fgbduZ[FgLM(M)] > 6A\/2. We may also assume that u? is converging to
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some gy € pw(x), when n € ny goes to infinity. Let (i, v) be a weak-* limit of
the sequence (tar, var)yr € (M(X) x M(X))*. Then p € pw(x) has v # 0 as a
T-invariant component with [ ¢dv = [ ¢.dv > 0. Therefore pu(¢p. > 0) > 0. This
contradicts (3). O

2.4. Midly hyperbolic empirical measures. We consider midly empirical mea-
sures, i.e. empirical measures with respect to Gii\/[(N ) for 1 <« N < M. The next
lemma (and its proof) is analogous to Lemma 5 for weakly hyperbolic empirical
measures. In this previous lemma, the measures £ are not allowed to depend on M
because of the lack of monotonicity in M of Fg;M. This difficulty may be overcome
for midly hyperbolic empirical measures as follows.

Lemma 8. Let § > 0 and (€M), € M(X)N'. Let nyy C N, M € N, be infinite
subsequences such that v = fug[GiiV[ (N)] deM (z) are converging for any
M, N, whenn € ny; goes to infinity, to v™N. Let M C N be an infinite subsequence
such the limits v = limyseon V™ emist for all N.

Then for the nondecreasing limit v of (vn)n we have ¢, (x) > g forv a.e. x.

Proof. Denote Ky = {x € X, ¢p(z) > md/2 for some N > m > 1} and K =
Ux>y Kn. As Ky is a compact set of X, we have v (Ky) > limyy lim,eq,, V22N (K ),
but it follows from the definition of G3" ((N)) that N (Ky) = v}V (X), there-
fore vV (Ky) > limyy lim, vV (Ky) = vN(X). Then v(K) = v(X) because the
sequence vV is nondecreasing in N, thus we have v(K) = v(X). Then one may
conclude as in Lemma 5. g

3. EMPIRICAL MEASURES FOR PARTIALLY HYPERBOLIC SYSTEMS

Let A be an attracting set of a C!'* diffeomorphism f, i.e. A isa compact invariant
set with an open neighborhood U satisfying f(U) C U and A = (), o f"U, with a
partially hyperbolic splitting TM|, = E*®, E1®, - - -®, Ep®, E° with dim(F;) = 1
for © = 1,--- ,k. The bundles in the splitting are f-invariant and Hglder contin-
uous. We may choose a norm adapted to the splitting [17] : the bundles E" and
E? are respectively uniformly expanding and contracting, i.e. || Df|gs»)| < 1 and
|IDf ' flpew < 1 for all 2 € A and E &, F means that for any unit vectors
vg € E(z) and vp € F(x) we have ||D,f(vg)|| < ||D.f(vr)||. We may assume that
the bundles and the splittings hold on the neighborhood U.

Forany i =1,--- ,k and for any x € M we let ¢'(x) = log || D, f|E,|. We also put
(z) = —log ||Dyuf | pu|l and ¢**1(x) = log|| D, f|e:||. The i center exponent
of an invariant measure p is then

ES

By the domination property there is @ > 0 such that (¢;+1 — ¢;)() > a for any
invariant probability measure p and for any ¢ = 1,--- ;& — 1. An invariant proba-
bility measure p with p(¢’ = 0) = 0 for all 7 is said to be hyperbolic.
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To simplify the notations we let for all ©+ =1,--- |k and for all zx € M

ai(z) = C_i¢i(x)

and
-

Bi(z) = d_ 4 (x).
We let also by convention ag = 1, apyq = 0 and Sry1 = 0. We have {5; > 0} C
{a; < 1}. Indeed by Lemma 7, when 3;(z) > 0, there is u € pw(x) with p (¢L < 0) >
0. In particular from Lemma 4 we get a;(x) < 1. Observe also that when §;(z) =0
and «a;(z) < 1, then there is p € pw(x) with u(¢i = 0) > 0. In the definition of
B; we could also have chosen (; = E:W without making any difference in the next
statements because of the equivalence (1) < (2) in Lemma 7.

Proposition 6. For any i = 0,--- ,k and for Lebesque a.e. point x € U with
a1 < ai(x) = 1, we have
e cither By 1(x) > 0 then x lies in the basin of an ergodic hyperbolic SRB
measure,
e or Bir1(x) = 0, then some u € pw(x) admits a non-hyperbolic SRB compo-
nent v with ¢ (z) =0 for v-a.e. .

Theorem 1 follows straightforwardly from Proposition 6 as we have

UcC U {a; =1 and a;4; < 1}.

=0,k

Proposition 7. Let (1), be a sequence of ergodic SRB measures converging to
some u € M(A, f). Let i € {0,---  k} be the (unique) integer with u(¢% > 0) =1
and p(¢itt > 0) < 1. We have:
o cither p(¢itt < 0) > 0, then u, is equal to p for large ¢ and p is an ergodic
hyperbolic SRB measure with unstable indez i, i.e. ¢:™(x) < 0 < ¢i(x) for
[-a.e x,
o or (¢t > 0) = 1, then p has a non-hyperbolic SRB component v with
¢ (x) =0 for v-a.e. x.

In particular, any limit of distinct ergodic SRB measures has an SRB non-
hyperbolic component. When all SRB measures are assumed to be hyperbolic,
there are therefore only finitely many SRB measures. Together with Theorem 1 one
easily completes the proof of Theorem 2.

Question. For i = 1,--- , k we let G; be the bundle G; = E* ® E, ® --- & E;.
An f-invariant measure p is called an i-Gibbs state when ¢ > 0 p-a.e. and the
Ledrappier-Young entropy of p with respect to the Pesin i-unstable manifolds WW*
tangent to G; is equal to the sum of the dim(G;) first positive exponents of .
Equivalently the conditional measures along W' are absolutely continuous w.r.t.
the Lebesgue measure on W' We believe that for Lebesgue a.e. z with a;(x) =1
any pu € pw(x) is a i-Gibbs state. However our proof does not allow us to prove
it. Also, in Theorem 1 can one straighten the second item by showing that any
empirical measure p € pw(x) has an SRB non-hyperbolic component?
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3.1. Gibbs property for empirical measures at hyperbolic times. We let
Yi(z) == Jac(Df|q,)(z) for any o € U and any i = 1,--- k. For a finite set of
nonnegative integers F' we let ¢/ (z) = [[,cp ¢i(fFz). Also we write OF for the
symmetric difference FA(F +1). Let €; be an invariant cone around G;. A smooth
embedded disc D is said tangent to €; when the dimension of D is equal to the
dimension of G; and the tangent space of D at any x € D is contained in &;(z).
The next statement is borrowed from [6]. We recall that for a partition P of M the
set P (x) denotes the atom of the iterated partition P¥ =\/, . f~*P containing
the point x.

Lemma 9. [6, Proposition 2.7]For any disc D tangent to €;, for any § > 0 and for
any € > 0 there are C,C" and o > 0 such that we have for any partition P with
diameter less than «, for any x € U, for any n € N and for any set of integers
F, C [0,n] with OF, C E‘;?:

e ClcaFneen
(3.1) Lebp(P (x))§—¢fn(x) .

For a smooth embedded disc D we let dp the induced Riemannian distance on

D. The proof of Lemma 9 is based on the following bounded geometric property at
hyperbolic times.

Lemma 10. [1, Lemma 4.2] For any 6 > 0 there is vy > 0 and N € N such that for
any disk D C U of radius v tangent to &;, for any x € D with dp(x,0D) > 3, for
any E‘Sé > n > N, the image f"(D) contains a disk D, centered at f™x with radius
v such that the diameter of f~"(Dn,) decays exponentially fast ini € {0,--- ,n}.

3.2. Dynamical density on hyperbolic times. Let D be a disc tangent to &;.
We consider a subset D of D such that d <Egz> > (0 for any z € D. Then z € D is

said to be a dynamical density point on d-hyperbolic times of D with respect to D

when
lim Lebp (f_annz N D)

n—00, neEié LebD (f*annx)

=1,

where Dyn, is the disc of radius v = () at f"x given by Lemma 10. We will
use the following statement proved in [6]:

Proposition 8. [6, Theorem 3.1] With the above notations, Lebp-a.e. © € D is a
dynamical density point of D with respect to D.

4. PROOF OF PROPOSITION 6

As already mentionned the proof of Theorem 1 is reduced to the proof of Propo-
sition 6. We follow the variational approach used in [7, 6]. In these last works
the assumptions ensure the existence of a set with positive Lebesgue measure on a
smooth [-disc such that the set of geometric times (as defined in [7]) has positive
upper density. Then one may build an empirical measure g by pushing this disc
around these times such that the (invariant) measure p has [ positive Lyapunov
exponents and its entropy is larger than or equal to the sum of these [ exponents.
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Then it follows easily from the contexts in [7, 6] that u has exactly [ positive expo-
nents, therefore p satisfies Pesin entropy formula.

Here the method of building SRB measure is slightly different and may be roughly
resumed as follows. We divide the topological basin of attraction into the level sets
Li={a;=1>a;11},i=1,--- k. Then geometric times w.r.t. a disc tangent to
the cone €; have full density at points in £;, because, in our settings, these geometric
times coincide with the hyperbolic times for ¢;. In this way the associated empirical
measures have entropy larger than the sum of the dim(G;) first exponents, but these
measures may have other positive exponents in general. However hyperbolic times
w.r.t. ¢;+1 have not full density on £; C {1 > «@;41}. Therefore we may find
an empirical measure with nonpositive (i + 1) center positive exponent, which
is consequently an SRB measure. In other terms we do not choose the empirical
measures to satisfy the appropriate volume estimate implying the lower bound on
the entropy (as in [7, 6] where geometric times do not have a priori full density) but
rather to ensure the absence of other positive Lyapunov exponents (whereas this
property is almost automatic in [7, 6]).

4.1. The hyperbolic case. We first deal with the case of hyperbolic SRB mea-
sures, i.e. we prove the first item of Proposition 6. We let A; := {a; = 1 and ;11 > 0}.

Proposition 9. Lebesque a.e. point x € A; lies in the basin of an ergodic hyperbolic
SRB measure.

The end of this subsection is devoted to the proof of Proposition 9. For any § > 0
and A > 0 we let B;(\, ) be the the subset of points x € A; satisfying

a _
(4.1) lim lim inf d (G5’M N E%(P)) >\

P M-oo T

Lemma 11.

Aic | B9

A0eQTt

Proof. For any x with f;1(z) > 0 we have C_Z:¢¢+1(.T) > 0 by Lemma 7. Therefore
there is & > 0 with liminf,, .o d (ngﬁil(l\/[)) > 0 and then it follows from In-

equality (2.2) that liminfy;_,o d (G‘ig‘fﬂ) > 0. When moreover «;(z) = 1, there is
8" > 0 such that lim7, d (Eg;(P)) > 1— liminfy o d (G(S_/;Iﬁ\g_/;il). Therefore by

taking 0, A € Q with 0 < 6 < min(¢’,4”) and 0 < A\ < %lim inf a0 d (G‘S_’é\él) we
get
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N _ — ,
im lim inf d (Gﬂ@ﬂ N Eg?(P)> > lim inf d (G‘i M

P M—oo

The proof is complete.

We prove now Proposition 9. By Lemma 11 one only needs to consider the subset
B;(A,6) for any rational numbers A,§ > 0. Fix such parameters \,d. By Egorov
theorem it is enough to show that Lebesgue almost every point x in a subset C; of
B;(,9) lies in in the basin of a hyperbolic SRB measure, where the limit in P and

the liminf in M in limlf lim inf /o0 d (Gi%’;ﬂ N E&(P)) are uniform in x € C;, i.e.
there exist My and P, such that for M > M,

VoG, d (G‘iﬁéﬂ N ng(P0)> Y

We argue by contradiction. Assume there is a subset D; of C; with positive
Lebesgue measure such that any point in D; does not lie in the basin of an ergodic
hyperbolic SRB measure. By a standard Fubini argument, there exists a smooth
disc D tangent to €; with Lebp(D;) > 0. By Proposition 8 there is a subset &; of
DND; with Lebp(&;) > 0 such that any = € &; is a Lebesgue density point for Lebp
of D; at d-hyperbolic times, i.e.

lim Lebp (f—annz N Dz)

=1.
n—00, nEEg;p LebD (f_an"l")

By Borel-Cantelli Lemma, for any M > M, there are an infinite sequence nj; and
Borel subsets AM C &;, n € ny, with Lebp(AY) > 25 such that

Vn €y Wy € AM d, (Gﬂ@ﬂ N ng(P0)> > .

We consider the measures (uff NP

(VM’N’P defined by

n )TLEI‘U\/[

) and the associated probability measures
nenys

10— LG (V) 1 B (P) dieb (o)

and
M,N,P
yMN.P _ M

T NP M

where Lebg’]y(-) = % is the probability measure induced by Lebp on AM.
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By extracting subsequences we may assume the following successive limits exist

p = limlimlim lim g

P N M neny
v = limlimlim lim 25",
P N M nény

The intermediate limits are denoted by p*™NF pNF uf and vMNF NP P

Observe that © > Av.

The measures p™M* are components of (M with

G = [ et (] dLend ()

Without loss of generality we may assume the successive limits in n € ny, in M
and in N also exist for these sequences. Let ¢ = limy limy lim,c,,, ¢V be the
limit measure. The measure p is a component of ( and by Lemma 8 we have

“1(y) < —=6/2 for C-a.e. y, therefore for v-a.e. y.

M,N,P

Similarly, since ng - Fgr the measures v, are components of ¥ with

M
i = [ lEsd (P dueby o)

We may again assume the limits n = limp limys lim,e,,, n27 exist, so that v is
a component of 7. By applying Lemma 5 with (£1), = = (Leb‘gﬁf) we have
’ M,n
®i(y) > § for n-a.e. y, therefore for v-a.e. y.
Finally we check that h(v) > [ 4; dv which will imply that v is a hyperbolic SRB

measure. Fix e > 0 and let a > 0 as given in Lemma 9 so that the volume estimate
(3.1) holds for the set of §-hyperbolic times E‘;Z . Take a partition ) with diameter

less than o and with £(0Q) = 0 for any & € {I/MNP NP WPy o M,N,P}. By
applying Lemma 2 with p = LebD" and F(z) = G‘S_%H (N)) N ng(P) N [1,n] for
neny :

( / tF (a) dLeby" (@ )) Hupoer(@7) —% / log Leb¥ (QF®)(2)) dLeb ()

nm
H  a(F)

(4.2) - L"‘bi _3mlzgﬂp / LOF (z) dLebt ().

Observe that [{F(z) dLebgfy(x) is just nurN-P(M). Moreover F(x) C [1,n]
and 9F (z) C ([1,n] ﬂ@ng(P)) U ([ 1] N 8Ff£§+l(M)> U ([1,n] ﬂ@G‘i{éﬂ(N)),
thus we have

10F (x) < [n/P] + [n/N]+ [n/M] =: NP
As §0F (z) completely determines F'(x), the number of possible values of F is less

M,N,P
than pMNE v (1), then

H  a(F) <logb, ™"

ebp”
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We write oy n p(1) for any function f of M, N, P satisfying

lim sup lim sup lim sup | f (M, N, P)| = 0.
P N M
By a standard application of Stirling’s formula, we have limsup, < log bAN-" =
om.n.p(1). Therefore we obtain by taking the limit when n € ny, goes to infinity in
(4.2):

m
MM,N,P<M)HVM7N7P(Q ) >
m
1 Gé’Mz o n
lim nf —— / log Leb ™' (Q A (VN (Pl ($)> Leb™ (1)
nenys n

+ OM,N,P(1>-
Let EMN-P be the union of |k, ] with k, 1 € Ej, and |k, 1] C G‘i{éﬂ (N)NES.(P)N
[1,n]. Then one easily checks that
43) d ((Gigff“ (N) N E3.(P) N L, n]) \ E%va) < P/N + P/M.
By Lemma 9 we get :

1 N,
limint . [logLebif’ Q7" (@) dLeb () 2

nenys n

1 N, 1
lim inf —= / log Lebp (Q%"" () dLeb" (x) ~ limsup — log Lebp(42) >
n

nenys n nenys

lim inf / / i dp [ EMNP dLeba + oy np(1) — €,

nenys
therefore
uM’N’P(M)M > lim mf//lpi dul [EMANP dLebg% +opunp(l) —e
m nenys

But it follows from (4.3) that

lim inf / / i dp [EMNP] dLebar = / by dp + ongxp(1).

nenys

Recall that the static entropy M(X) 3 ¢ — H,(R) is continuous at p for any
partition R with boundary of zero p-measure. As the boundary of @) has zero
P yN-P we get by taking the successive limits in M, N and P :

measure for v, v",
H,(Q™
M(M)—En ) > /widu—e,

% 2/¢idlj—e/)\.

By letting m go to infinity we obtain h(v) > h(v,Q) > [ 1;dv—e/X. As it holds for
any € > 0, we have finally h(v) > [;dv. Since ¢'(z) > 0 > ¢:"(z) for v-a.e. z,
the term [ ¢; dv is the integral of the sum of the positive exponents of v. Together
with Ruelle’s inequality, we conclude that v satisfies the Pesin entropy formula, thus
v is a hyperbolic SRB measure.

thus
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Then, by standard arguments (see e.g. [6]) it follows from the absolute continuity
of Pesin stable lamination and the dynamical density on hyperbolic times with
respect to D; and Lebp in A,, that some point in D; should lie in the basin of an
ergodic component of v. Therefore we get a contradiction : Lebesgue a.e. z € C; C
Usseg+ Bi(A,0) lie in the basin of an ergodic hyperbolic SRB measure. The proof
of Proposition 9 is complete.

4.2. The non-hyperbolic case. Let A, = {a; =1 > ;1 and f;1; = 0}. Then
we have 4; UA, = L; ={a; =1> a; 41}

Proposition 10. For Lebesgue almost every x € Aj there is y € pw(z) with an
SRB non-hyperbolic component.

This subsection is devoted to the proof of the above proposition. In the statement
one may replace A, by a subset B of A’, such that o; = 1 and f;; = 0 uniformly
on C; and that a;;1(z) <1 — X for all z € C] for some A > 0. It is enough to show
that for any subset D; of C; with positive Lebesgue measure there is some x € D;
and p € pw(x) with an SRB non-hyperbolic component. Again, we may choose a
smooth embedded disc D tangent to €; with Lebp(D}) > 0.

Lemma 12. For Lebp a.e. x € D} and for any Q > § > 0, there exist v € pw(x),
an infinite sequence n and Borel subsets (Ap)nen of D} (depending on x and &) with
Lebp(A,) > =5 for all n € n such that we have :

n3n—-+o00
® sup,cq, O(uh,v) —— 0,

o VM Iny V> n > nyVy € A, d, (E5 (M)) >\

it
We first recall a standard fact of measure theory.

Fact. Let X and Y be separable metric spaces. When ¢ : X — Y is a Borel map
and y is a Borel finite measure on X, there is a subset X’ of X of full g measure such
that for any x € X', for any § > 0, the set ¥~ B(¢)(x), ) has positive u-measure.

The set X’ is the preimage by v of the essential range of ¢. We refer to the
appendix of [8] for a proof.

Proof of Lemma 12. Fix 6 > 0. We apply the above fact to

e X =M,

oY = K (M(M, f) x [0,1]) the set of compact subsets of M(M, f) x [0, 1]
endowed with the Hausdorff topology,

® [ = LebD(D; N '),

e the map ¥y, : D — K(M(M, f) x [0,1]) which sends z to the set of accu-
mulation points of the sequence <,ug, d, <E5 (M))) N

ne

Pitt
Observe that for p-a.e. points x, there is (v, §) € Py (x)N(pw(x) x|\, +00[), because
for x € D] we have

timd (5, (00)) = 1 timd (B30 (1))

>1— (),
> A\
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For each M we get therefore a subset Dy, of D; with Lebp(D;) = Lebp(D;y,)
such for any z € Dy, there is vy € pw(x) such that the set

{y € D}, Yu(y) N (B(var, 1/M)x]A, +oo[) # 0}
has positive Lebp-measure. By Borel-Cantelli lemma, for each M there are infinitely
many integers ny; and Borel subsets A,,, of D with Lebp(A,,,) > n%, such that
forally € A,,,:
o (¥ ,vn) < 1/M,
od,, (Eg?l(M)) >\

Let o in the set (,, D;), (which has full Lebp-measure in D;) and let v be a limit
of the above sequence (vyr) . Finally we may choose ny, as above such that (nas)ar
is increasing. This concludes the proof of the lemma with n = (ny/). Il

From now we fix o € D} satisfying the conclusions of Lemma 12. Let 1% € pw(x)
and (A%),cns, 0 € Q, be the associated measures and subsets given by this lemma.
We will show that any limit v of v° when & goes to zero has a non-hyperbolic SRB
component . We let for any n € n° and for any M, P € N

p— 5
it = [ gy (B30 0 By (P)] dLebi ),
S 5
M /“Z [Ei;',“(M)} dLebg”(y),

)
o = / u dLebipy* ().

5,M,P

By extracting subsequences, we may assume

(resp. (M) is converging to

some > (resp. (*M) when n € n’ goes to infinity. Then we let
P _ i SMP 5 i 5P s8 Hs § Qi ~6M
5 — h s IVL, h ’ vV = = h L
I im g™, pt = lm et 1o (M)’ (" =lm¢

These measures satisfy the following properties:
o CO(M) = limyy lim,, 3™ (M) = limy lim,, [ d, (W) dLeb s (y) > A,
o [¢T1d¢? < 6¢°(M) by Lemma 3,
e 0 is f-invariant and h(2°) > [4);di° by arguing as in Subsection 3.1,
o 0(p°, %) 2 0 because a; = 1 uniformly on D;. Indeed we have by convexity

of the distance 0:

O, ¢°) < limlim lim 2™, ),

P n

< lim sup lim sup / dy, (Eg,i (P)) dLebg%(ZJ),

< lim sup lim sup sup d, (Egi (P)> 220,
P n z€D] *

(), ) < [o(up. V) dLebgé‘ (y) = 0 according to the first item of Lemma
12,
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o 110 < (0 <l

Lemma 13. For any limit (v, ) of (v°,0°)s when § goes to zero, we have

(1) Ao <v,

2) [ i1 di <0,

(3) h(D) > [ dD,

(4) (¢t > 0) = 1.
Proof. Let (6x)ren be a sequence with limg_, 4o 0 = 0 such that the measures JIRE
v and 7% are converging respectively to u, v and  when k goes to infinity.

(1) As p° is a component of v° and d(p°, (%) — =0

A < lim o COF (M2,

k—+o0

< lim pdk (M)D%,

k—+4o0

0 we get at the limit

Ok

)

IA

lim
k—-+oo

lim % = .
k—+o00

IA

(2) Observe that ﬁl\/}) goes also to ¥ with 4§, since we have D(u‘s ¢%) 229 0. By

taking the limit when  goes to zero in the inequality 45 f o ded < 6,
we get [ ¢iy1dD <O0.

(3) The main result of [16] states that a partially hyperbolic system with a
center bundle splitting in a dominated way into one dimensional subbundles
is asymptotically h-expansive. In particular the measure theoretical entropy
function is upper semicontinuous, therefore

h(D) > hmh( 9,

>t [ v’ = [ vdo.

(4) We may choose integers ny going to infinity with k such that v is the limit of
(nfb’;)keN. As Bi11 = 0 uniformly on D}, we have v(¢:™! > 0) = 1 by applying
S

Lemma 6 with the sequence (&), equal to (Lebg"’“) . This concludes the
keN

proof of the last item because we have shown \v < v.

g

To conclude we only have to check # is a non-hyperbolic SRB measure. From the
two items (2) and (4) of Lemma 13 it follows that o (¢}, = 0) = 1. By the third
item, the measure v satisfies Pesin entropy formula. Therefore © is a non-hyperbolic
SRB component of v € pw(z). The proof of Proposition 10, therefore of Theorem
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1, is complete.

Remark 11. If the center bundle is one dimensional, then Lebesque a.e. x which
does not lie in the basin of an ergodic hyperbolic SRB measure satisfies B1(x) = 0
by Proposition 6. Equivalently (¢ > 0) = 1 for any p € pw(z) by Lemma 7. If
p(pl >0)=1 for some u € pw(x), then

n—1
(4.4) 0< /gbl dp < limsup % Z o1 (fla).
" 1=0

But by the main result of [4] Lebesque typical points satisfying (4.4) lie in the basin
of an ergodic hyperbolic SRB measure. Therefore one recovers the main result of
[15], which states the limit lim,, - S0 d1(fla) defining the central exponent is well
defined for Lebesque a.e. = (equal to zero if and only if x is not in the basin of an
ergodic hyperbolic SRB measure).

If one assumes the partially hyperbolic to be only C!, one gets the following
version of Theorem 1:

Theorem 12. Let (f, M) be a C' diffeomorphism with a partially hyperbolic attrac-
tor admitting a center bundle splitting in a dominated way into one-dimensional
subbundles, then for Lebesque almost every x in the topological basin of the attrac-
tor there is p € pw(x) with a component satisfying the Pesin entropy formula.

5. PROOF OF PROPOSITION 7

We consider a sequence (u,), of distinct ergodic SRB measures converging to
some pu € M(A, f). Note that p is in general not ergodic. We let ¢ € {0,--- ,k} be
the (unique) integer with p(¢l > 0) =1 and p(¢itt > 0) < 1.

5.1. The hyperbolic case. We assume firstly u(¢itt < 0) > 0. As p, are ergodic
measures, the measurable function ¢! is constant jp,-a.e. equal to [ ¢'du,. Fix
do €10, [ ¢"du|. For g large enough we have [ ¢du, > §. Then we may choose
d1 > 0 so small that A = u(¢it' < —§;) > 0. Finally we let 0 < § < min(dy, d;)
such that pu(¢l < 28) < A/4.

For a subset E of M we let xg be the indicator function of E. By Birkhoff ergodic
Theorem for any g, there is a set F, of full y,-measure such that for x € F, the
empirical measures (), MQ[FE’¥D+I(M)], ,uZ[ng(P)], i, [Ffé‘i“(M) N E3.(P)] are
converging as follows. Recall the sets Oy and Hs have been defined jzust after
Lemma 6. For P € N* we write Hf (¢%) = Urzr p T~*Hgs(¢"). Then we have

My = oy
Hg[ng(P)] - XHP (¢t Hqg = Uq’P,
uZ[Fféél(M)] = XOu (~gi 1 0)tg = ¢,
po [Foge (M) N Ege(P)] 2 Xop (-1 synmf (o) g = 1507
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By using (again) a Cantor diagonal argument we can assume the following suc-
cessive limits exist :

p Y =Tim p M e = Tim M = Tim pp,
q M P

0" = limy®", n = limnp,
q P
¢M =1im¢?M, ¢ = lim ¢M.
q M
Observe that [i is a component of n and { which are both components of .
Lemma 14.
(M) > \/2.

Proof. Let x € F,. The limit measure n = limp lim, lim,, ,ug[ng(P)], and the
complement component 77 = p — n satisfy [ ¢Ldn = [ ¢'dij = 07(M) and n(¢. >
§) = n(M) (see Remark 3 and Remark 4). Since ¢%(x) > 0 for pu-a.e. z, therefore
for 7-a.e. x, we have o= [ ¢ dij > (4. > 26). Then we get

n(@. < 20) =7(M) —7(¢., > 29),
_ 1 i
o) - o5 [ éian
>7(M)/2
But by assumption p(¢) < 28) < \/4, therefore (M) < A/2 and n(M) > 1 — \/2.
On the other hand the set Oy = Op(—¢',§) being open, the limit (M =
lim, xo,, g 15 larger than xo,u. But Oy contains Uy oy, T~ Hs(—¢'"") and
1 ({oit < =63\ (Upen= T"Hs(—¢™™))) = 0. Therefore any limit of xo,, 1 when

M goes to infinity is larger than X{pi+! <— gyl Consequently (M) is larger than
(it < —6) > X\. We conclude that

AM) = (M) + (M) —1,
> \/2.

v

g

Remark 13. It follows from the first part of the above proof that the total mass of
7 =75 is less than 2u(¢. < 29), therefore goes to zero when § goes to zero.

Recall the i center exponent at u-typical points is positive. Let Wi(x) be the
associated Pesin local manifold tangent to G;(x) at p-typical point z. For each ¢
we let v, be the conditional measure of p, on such an unstable disc D,. We may
assume Lebp, a.e. point x lies in F,. Then we define

WP _ / pFO gt (M) 0 Eg, (P)] dLebp, (y)

and
q,M,P

q,M,P __ lu’n
v, =

T (M)
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M,P < M,P _ #Q,IW,P

Observe that u2M (resp. v2MF) goes to u® AP
n goes to infinity. Arguing as in the previous section, for any € > 0 we have for any
partition () with diameter less than some o > 0 and for any m € N* :

ﬂ /¢deq’MP+0MP(1) — €,

m
where o7 p(1) denotes some function f(M, P) satisfying lim supp limsup,, | f(M, P)| =
0. With v being the limit measure v = limp limy, lim, lim p4M:F = B we get in

M)
v) > /w, dv.

Moreover by applying Lemma 5 we have ¢it(z) < —§ for ¢ a.e. z, therefore for
v-a.e. x. As fi is a component of  and pu(¢% > 0) = 1, we have also ¢’ (z) > 0 for v-
a.e. . Thus v is a hyperbolic SRB component of 1 with unstable index i. By using
the absolute continuity of the stable foliation at fi typical points one concludes that
a Lebesgue positive subset of D, is contained in the basin of an ergodic component
¢ of v for large gq. As Lebesgue a.e. point in D, is typical for p, we conclude that
§ = pg = v = p for ¢ large enough.

resp. v? ) when

p M (M)

the same way

Remark 14. Contrarily to Proposition 6 we do not need here to work with midly hy-
perbolic times, because the measure Lebp, integrating the empirical measure pi7}[F' f’é\fﬁﬂ (M)N

ES.(P)] in the definition of u&** does not depend on M.

5.2. The non-hyperbolic case. We assume now u(¢:™ > 0) = 1. We let again
D, be a p,-typical Pesin unstable disc of dimension dim(G;) as above. We put

pt T = / 2| Egy,, (M) 1 Ege (P)] dLebp, (y),

o = [ elB ()] dLebo, ()
q,0,M

The measure nd is the same as 7% in the above hyperbolic case. However

we write here the dependence in § as we will now make vary this parameter. Let

pdOMPand n@®M be the limit of pd%*F and n2%M when n goes to infinity. The

limits p® = limp limyy lim, p@%** and n° = limy lim, n%%*" and the normalized

5“—6 are f-invariant and satisfy the following properties:

pe (M)

) u‘? is a component of n?, which is itself a component of f, .

o ¢l (x) > ¢ for 7°-a.e. x with 7j; = p—n°, therefore n°(M) > u(¢! =0) > 0
and [ ¢t dns = ons(M) (see Remark 3 and Remark 4 or Proposition 6.2 of
19),

o h(1°) > f 1/)1 dv? by arguing as in Section 3.1,

probability 19 =

o 0(pl,m%) 920, by Remark 13.

Lemma 15. For any limit ji of (u®)s when § goes to zero, the associated probability

V= m satisfies the following properties.

(g[ ot dp =0,

(2) © < p, in particular (¢S > 0) =1,



24

DAVID BURGUET

(3) h(0) > [ dD.
Proof. (1) Observe firstly that m?l‘i/[) is converging to . Then by taking the limit

when 0 goes to zero in [ ¢"! dns = dns(M), we get the desired equality.

(2) We have

p(@tH = 0)0 < Tim (M),
—0

< i,
< p.

(3) This follows from the aforementioned upper semicontinuity of the entropy

function and the inequality h(v°) > [1); dv°® for any & > 0.
]

From the two first items we obtain ¢ (z) = 0 for 7-a.e. x. Then ¥ satisfies the
entropy formula by (3), therefore 7 is a non-hyperbolic SRB measure, which is a
component of u by (2).
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