
HAL Id: hal-04506255
https://hal.science/hal-04506255

Preprint submitted on 15 Mar 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

SRB MEASURES FOR PARTIALLY HYPERBOLIC
SYSTEMS WITH ONE-DIMENSIONAL CENTER

SUBBUNDLES
David Burguet

To cite this version:
David Burguet. SRB MEASURES FOR PARTIALLY HYPERBOLIC SYSTEMS WITH ONE-
DIMENSIONAL CENTER SUBBUNDLES. 2024. �hal-04506255�

https://hal.science/hal-04506255
https://hal.archives-ouvertes.fr


SRB MEASURES FOR PARTIALLY HYPERBOLIC SYSTEMS WITH

ONE-DIMENSIONAL CENTER SUBBUNDLES.

DAVID BURGUET

Abstract. For a partially hyperbolic attractor with a center bundle splitting in a dominated

way into one-dimensional subbundles we show that for Lebesgue almost every point there is an

empirical measure from x with a SRB component. Moreover if the center exponents are non
zero, then x lies in the basin of an ergodic hyperbolic SRB measure and there are only finitely

many such measures. This gives another proof of the existence of SRB measures in this context,
which was established firstly in [11] by using random perturbations. Moreover this generalizes

results of [15, 18] which deal with a single one-dimensional center subbundle.

For a C1+ diffeomorphism f on a compact smooth manifold M, an invariant
measure is called an SRB (Sinäı-Ruelle-Bowen) measure when it has a positive
Lyapunov exponent almost everywhere and satisfies Pesin entropy formula, i.e. its
entropy is equal to the sum of the positive Lyapunov exponents. Equivalently the
conditional measures along local unstable Pesin manifolds are absolutely continuous
with respect to the Lebesgue measure [20]. A fundamental problem in dynamics
consists in understanding the statistical behaviour of (M, f) : what are the limits for
the weak-* topology of the empirical measures µnx := 1

n

∑
0≤k<n δfkx, x ∈M, when n

goes to infinity? Ergodic SRB measures µ, which are hyperbolic (i.e. with non zero
Lyapunov exponents), are specially important in this respect, because their basins

B(µ) = {x ∈M, µnx
n→+∞−−−−→ µ} have positive Lebesgue measure [19]. For hyperbolic

attractors, Sinäı, Ruelle and Bowen have studied these measures and their basin
in the seventies. In this setting, there are finitely may ergodic (hyperbolic) SRB
measures whose basins cover a set of full Lebesgue measure [21, 5].

Beyond unifrom hyperbolicity, existence of SRB measures has been established for
partially hyperbolic attractors whose center bundle splits in a dominated way into
one-dimensional subbundles by using random perturbations or unstable entropies
[13, 11, 15]. In this note we give another proof of this result by using an entropic
variant of the geometrical method developped in [7, 6]. Moreover we show that at
Lebesgue almost every point x there is a limit µ of (µnx)n such that some ergodic
component of µ is an SRB measure.

In the following we consider an attracting set Λ of a C1+ diffeomorphism f , i.e. Λ
is a compact invariant set with an open neighborhood U ⊂M satisfying f(U) ⊂ U
and Λ =

⋂
n∈N f

nU , with a partially hyperbolic splitting TM|Λ = Eu ⊕� E1 ⊕�
· · · ⊕� Ek ⊕� Es with dim(Ei) = 1 for i = 1, · · · , k. The invariant bundles Eu

and Es are expanded and contracted respectively : there are C > 0 and λ ∈]0, 1[
such that for any x ∈ Λ and any n ∈ N, it holds that ‖Dfn|Es(x)‖ ≤ Cλn and
‖Df−n|Eu(x)‖ ≤ Cλn. Moreover for two Df -invariant subbundles E,F ⊂ TΛM,
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2 DAVID BURGUET

the bundle E is dominated by F , denoted as F ⊕� E, when there are C > 0 and
λ ∈]0, 1[ such that ‖Dfn|E(x)‖‖Df−n|F (fnx)‖ ≤ Cλn for any x ∈ Λ and any n ∈ N.
Any diffeomorphim C1 away from the set of diffeomorphisms exhibiting a homoclinic
tangency may be approximated by partially hyperbolic diffeomorphisms of this form
(see [14, 11]).

An empirical measure from x ∈ M is a limit for the weak-∗ topology of the se-
quence of atomic measures (µnx)n∈N. We let pw(x) be the set of empirical measures
from x. When ν and µ are two non-zero Borel measures on M, we say that ν is a
component of µ when ν(A) ≤ µ(A) for any Borel set A. An SRB component of an

invariant measure µ is a component of µ, such that the associated probability ν(·)
ν(M)

is an SRB probability measure.

The main results of this paper read as follows.

Theorem 1. With the above notations, for Lebesgue almost every x ∈ U , we have
the following dichotomy :

• either x lies in the basin of an ergodic hyperbolic SRB measure,
• or there is µ ∈ pw(x) with non-hyperbolic SRB components.

Theorem 1 with k = 1 has been proved in [15, 18] with another method. In the
second case of the alternative, the empirical measures from x may not converge -
the point x is said to have historical behaviour (see Theorem B in [15]).

Theorem 2. Assume moreover that any ergodic SRB measure is hyperbolic. Then
there are finitely many ergodic hyperbolic SRB measures, whose basins cover a set
of full Lebesgue measure in U .

Theorem 2 is proved in [12] under the stronger assumption that all ergodic Gibbs
u-states are hyperbolic. If all SRB measures are hyperbolic, the second case in
Theorem 1 never occurs. Thus the topological basin U is Lebesgue almost covered
by the basins of ergodic SRB measures, so that the main new point in Theorem 2
is the finiteness property of SRB measures.

To build SRB measures we estimate the entropy of limit empirical measures from
below by using a Gibbs property at hyperbolic times as in [6]. By considering
empirical measures on a specific subset of times we may ensure these measures are
in fact SRB. After recalling some standard properties of empirical measures, we
introduce in the second section different notions of hyperbolic times and we relate
their density with hyperbolic properties of the limit empirical measures. In the
third section we deduce Theorem 1 and Theorem 2 respectively from Proposition 9
and Proposition 7, which describe more precisely the statistical behaviour in terms
of the densities of hyperbolic times. The proofs of these two propositions, which
share some similarities, are given in the last two sections.
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1. Empirical measures

1.1. General setting. We consider now a general invertible topological system
(X,T ) (i.e. T is a homeomorphism of a compact metric space X) together with
a continuous real observable φ : X → R. We let M(X) be the compact set of
Borel probability measures endowed with the weak-∗ topology and we consider the
compatible convex distance d on M(X) associated to a countable family, {fn, n ∈
N}, dense in the set C(X) of continuous real functions on X endowed with the
uniform topology :

∀µ, ν ∈M(X), d(µ, ν) :=
∑
n∈N

|
∫
fn dµ−

∫
fn dν|

2n(1 + ‖fn‖∞)
.

A measure µ ∈ M(X) is said M -almost invariant, M > 0, when d (µ, T∗µ) ≤ 1
M

.
Let M(X,T ) be the compact subset of M(X) given by T -invariant measures.

For x ∈ X and n ∈ N we denote by µnx the usual empirical measure

µnx :=
1

n

∑
0≤k<n

δTkx.

We also recall that pw(x) denotes the compact subset of M(X,T ) given by the
limits of (µnx)n. For a subset E of N we let E be the complement set of E, i.e.
E := N \ E. We consider the empirical measure µnx[E] associated to E:

µnx[E] =
1

n

∑
0≤k<n, k∈E

δTkx
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For a subset E of N and M ∈ N we let E(M) = {k ∈ N, k + m ∈ E for some 1 ≤
m ≤M}. The empirical measures (µnx[E(M)])n, therefore their limits in n or linear
combinations, are M -almost invariant.

1.2. Bounding from below the entropy of empirical measures. Following
Misiurewicz’s proof of the variational principle, we estimate the entropy of empirical
measures from below. For a finite partition P of X and a finite subset F of N, we
let P F be the iterated partition P F =

∨
k∈F T

−kP . When F = [0, n[, n ∈ N, we
just let P F = P n. We denote by P (x) the element of P containing x ∈ X. Given a
measure µ on X we let µF := 1

]F

∑
k∈F T

k
∗ µ.

For a Borel probability measure µ on X, the static entropy Hµ(P ) of µ with
respect to a (finite measurable) partition P is defined as follows:

Hµ(P ) = −
∑
A∈P

µ(A) log µ(A),

= −
∫

log µ (P (x)) dµ(x).

When µ is T -invariant, we recall that the measure theoretical entropy of µ with
respect to P is then

hµ(P ) = lim
n

1

n
Hµ(P n)

and the entropy h(µ) of µ is

h(µ) = sup
P
hµ(P ).

Lemma 1. [7] With the above notations we have

∀m ∈ N∗,
1

m
HµF (Pm) ≥ 1

]F
Hµ(P F )− 3m log (]P )

]∂F

]F
.

In the above statement the set of times F is a fixed finite subset. Here we need
to work with measurable finite set-valued maps F . In this context we define µF as
follows

µF :=

∫ ∑
k∈F (x) δTkx dµ(x)∫
]F (x) dµ(x)

We may generalize Lemma 2 as follows:

Lemma 2. With the above notations we have for all m ∈ N∗:∫
]F (x) dµ(x)

m
HµF (Pm) ≥

∫
− log µ

(
P F (x)(x)

)
dµ(x)

−Hµ(F )−
∫

3m]∂F (x) log (]P ) dµ(x).

Proof. We recall that for a given x ∈ X, the set P F (x)(x) denotes the atom of the
iterated partition P F (x) which contains x. The collection of sets P F (x)(x), x ∈ X,
does not a priori form a partition of X. We denote also by F the partition associated
to the distribution of F and by P F the partition finer than F whose atoms are the
sets of the form {x ∈ X, F (x) = E and x ∈ A} for a subset of integers E and an
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atom A of PE. Then the atom P F (x) of P F containing x is a subset of P F (x)(x),
therefore ∫

− log µ
(
P F (x)(x)

)
dµ(x) ≤

∫
− log µ

(
P F (x)

)
dµ(x),

≤ Hµ(P F ).

We let FE be the atom of F given by FE := {x ∈ X, F (x) = E}. By conditioning

with respect to F we get with µFE := µ(FE∩·)
µ(FE)

Hµ(P F ) ≤ Hµ(P F |F ) +Hµ(F ),

≤
∑
E

µ(FE)HµFE
(PE) +Hµ(F ).

By applying Lemma 1 to each E and µFE we get for any m:

∫
− log µ

(
P F (x)(x)

)
dµ(x) ≤

∑
E

µ(FE)]E
HµEFE

(Pm)

m
+ 3mµ(FE)]∂E log (]P ) +Hµ(F ).

(1.1)

Observe now that
(∫

]F (x) dµ(x)
)
µF =

∑
E (µ(FE)]E) µEFE so that we obtain by

concavity of the static entropy in the measure∑
E

(µ(FE)]E)HµEFE
(Pm) ≤

(∫
]F (x) dµ(x)

)
HµF (Pm).(1.2)

One easily concludes the proof by combining the above inequalities (1.1) and (1.2).
�

2. φ-hyperbolic empirical measures

We consider in this section general topological systems (X,T ) with a continuous
observable φ : X → R. We introduce different notions of hyperbolic times with
respect to φ at x ∈ X, whose associated asymptotic densities are related with the
ergodic components ν of the limit empirical measures µ = limn µ

n
x with

∫
φ dν > 0

or
∫
φ dν ≥ 0 (see Lemma 4 and Lemma 7 below).

For a subset E of N and M ∈ N we let E〈M〉 = {k ∈ N, ∃l,m ∈ E with l ≤
k < m and m − l ≤ M}. The frequency of E in [1, n] is denoted by dn(E) =
]E∩[1,n]

n
. Then we consider the usual upper and lower asymptotic density, d(E) :=

lim supn dn(E) and d(E) = lim infn dn(E). Observe that E〈M〉 ⊂ E(M) and one
easily checks for N ≥M

(2.1) ∀n ≥ 1, dn (E(M) \ E〈N〉) ≤ M

n
+
M

N
.

A connected component of E is a maximal interval of integers contained in E.
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2.1. Hyperbolic times. We first recall the standard notion of hyperbolic times
introduced in the field of smooth dynamical systems in the works of J. Alves [2, 3].
Let δ > 0 and a = (an)N3n<N , N ∈ N ∪ {∞} be a sequence of finite∗ or infinite
real numbers. A positive integer p < N is said to be a δ-hyperbolic time w.r.t.
a = (an)n when

∑
k≤l<p al ≥ (p− k)δ for all k = 0, · · · , p− 1. We let Eδ

a be the set

of δ-hyperbolic times w.r.t. a = (an)n.

We define now a weaker notion. For M ∈ N∗, the integer p < N is said to be
a (δ,M)-weakly hyperbolic time w.r.t. (an)n≤N when

∑
k≤l<p al ≥ (p − k)δ for

k = max(p−M, 0), · · · , p− 1. We denote by F δ,M
a the set of (δ,M)-weakly hyper-

bolic times w.r.t. a = (an)n. Clearly Eδ
a =

⋂
M F δ,M

a .

The set of (δ,M)-weakly hyperbolic times is a priori not nondecreasing in M . To
overcome this difficulty we will work with the δ/2-hyperbolic times of the connected
components of F δ,M

a (M). More precisely we introduce the set Gδ,M
a of (δ,M)-midly

hyperbolic times defined as follows. For a subset E of N we write aE := (ak)E3k<N.

Then we put Gδ,M
a :=

⋃
I E

δ/2
aI , where I runs over the connected components of

F δ,M
a (M). Observe that for such an interval of integers I, we have

∑
k∈I ak ≥ δ]I.

In particular if N = +∞ and ‖a‖∞ = supk |ak| < +∞ then it follows from Pliss
Lemma (see e.g. [3]) that for some α > 0 and for M large enough both depending
only on δ and ‖a‖∞, we have

(2.2) d
(
Gδ,M
a

)
≥ αd

(
F δ,M
a (M)

)
.

We also let Gδ,M
a ((N)) = Gδ,M

a (N) ∩ F δ,M
a (M) for any M,N ∈ N∗.

In the next subsections we consider a general invertible topological system (X,T )
together with a continuous real observable φ : X → R. For x ∈ X we denote the
sequence (φ(T nx))n∈N by Φx. Moreover for any interval of integers I we let ΦI

x be
the finite sequence (φ(T kx))k∈I . We also consider the following Birkhoff sums w.r.t.
φ at x ∈ X :

∀n ∈ N, φn(x) :=
∑

0≤k<n

φ(T kx),

φ∗(x) := lim sup
n

φn(x)

n
.

When the limit exists we just write φ∗(x) = φ∗(x). This is the case for typical
µ-points x of any T -invariant measure µ by Birkhoff’s ergodic theorem. Moreover,
when µ is ergodic we have φ∗(x) =

∫
φ dµ for µ-a.e. x.

2.2. Hyperbolic empirical measures. Following [9, 10] we firstly consider here
empirical limits with respect to the set of hyperbolic times E = Eδ

Φx
for some δ > 0

and x ∈ X.

Lemma 3. Let δ > 0 and let n ⊂ N be a infinite subsequence of integers. Let (ξn)n∈n

be a sequence of probability measures on X such that ζMn :=
∫
µnx

[
Eδ

Φx
(M)

]
dξn(x)

∗In this case we index the sequence with the N first non negative integers, but we may similarly consider
sequences indexed by any interval of integers in N.



SRB MEASURES FOR PARTIALLY HYPERBOLIC SYSTEMS 7

are converging, when n ∈ n goes to infinity, to ζM for any M ∈ N∗. We let ζ be the
nonincreasing limit in M of (ζM)M .

Then we have
∫
φ dζ ≤ ζ(X)δ.

Proof. By Equation (2.1), we may replace Eδ
Φx

(M) by Eδ
Φx
〈M〉 in the definition of

ζMn and the limit ζ will be the same. Now, when 0 ≤ k < l are two consecutive
times in Eδ

Φx
, then [k, l[ is a neutral block as defined in [9], i.e. φm(T kx) < mα for

all 1 ≤ m < · · · < l− k. From φl−k−1(T kx) < (l− k− 1)δ and φl−k(T
kx) ≥ (l− k)δ

we get:

(2.3) |φl−k(T kx)− (l − k)δ| ≤ ‖φ‖∞.
When n belongs to [k, l), we just have

(2.4) φn−k(T
kx) < (n− k)δ.

When l−k > M , then [k, l[ is a connected component of Eδ
Φx
〈M〉. In particular the

number of such component [k, l[ with [k, l[∩[0, n[ 6= ∅ is less than or equal to n
M

+ 1.
Therefore by summing (2.3) over the intervals [k, l[∩[0, n[ and (2.4) we get∫

φ dζMn − ζMn (X)δ ≤ ‖φ‖∞
(

1

M
+

1

n

)
,

therefore by taking the limit in n then in M we conclude that∫
φ dζ = lim

M
lim
n

∫
φ dζMn ,

≤ ζ(X)δ.

�

Remark 3. When moreover n ∈ Eδ
Φx

for ξn-a.e., then
∫
φ dζ = ζ(X)δ. In this case

any connected component [k, l[ of Eδ
Φx
〈M〉 either lies in [0, n) or are disjoint of [0, n).

Therefore by summing (2.3) over the connected component [k, l[ of Eδ
Φx
〈M〉 inside

[0, n) we get
∣∣∫ φ dζMn − ζMn (X)δ

∣∣ ≤ ‖φ‖∞
M

, then
∫
φ dζ = limM

∫
φ dζM = ζ(X)δ.

The lower asymptotic density of hyperbolic times is defined as follows:

dφ(x) :=
↗

lim
δ→0

↗
lim

M→+∞
d(Eδ

Φx(M)).

The next lemma, which follows essentially from [9], illustrates how full density of
hyperbolic times at x is reflected on the measures in pw(x).

Lemma 4. [9] The following properties are equivalent :

(1) dφ(x) = 1,
(2) for any µ ∈ pw(x) we have φ∗ > 0 µ-a.e.

Sketch of Proof. Let µ ∈ pw(x) and let n be a subsequence of positive integers with
µ = limn3n→+∞ µ

n
x. By a Cantor diagonal argument we may assume

(
µnx[Eδ

Φx
(M)]

)
n∈n

is converging for any M ∈ N∗ and δ ∈ Q to some µM,δ. The measures µM,δ are non-
decreasing in M and δ, when M goes to infinity and δ to 0. The limit ν is a
T -invariant component of µ with ν(X) ≥ limδ limM limn∈n dn

(
Eδ

Φx
(M)

)
≥ dφ(x).
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Moreover φ∗ > 0 ν-a.e. (see e.g. [9] or Remark 4 below). By applying Lemma 3 with
ξn = δx for all n, the limit ζ is just the difference µ− ν, therefore

∫
φ d(µ− ν) ≤ 0.

We explain now the equivalence of (1) and (2).

• (1)⇒ (2): If dφ(x) = 1, then the component ν of µ is a probability, therefore
ν = µ and φ∗ > 0 µ-a.e.
• (2)⇒ (1): there are sequences (δk)k, (Mk)k and n = (nk)k such that

– (δk)k is decreasing to zero,
– (Mk)k and n = (nk)k are integer valued sequences going increasingly,

– limk dnk

(
Eδk

Φx
(Mk)

)
= dφ(x).

For any δ > 0 and for any M ∈ N∗ we have

lim sup
n∈n

dn
(
Eδ

Φx(M)
)
≤ lim

k
dnk

(
Eδk

Φx
(Mk)

)
) = dφ(x).

By taking a subsequence we may assume that µnx is converging to µ ∈ pw(x)
when n ∈ n goes to infinity. By hypothesis (2) we have φ∗(y) > 0 for µ-a.e. y.
As µ−ν is a component of µ with

∫
φ d(µ−ν) ≤ 0 we have necessarily ν = µ.

In particular 1 = ν(X) = limδ→0 limM→+∞ limn∈n dn
(
Eδ

Φx
(M)

)
= dφ(x).

�

We say dφ = 1 uniformly on E ⊂ X when dφ(x) = 1 for all x ∈ E and the limits
in M and δ and the liminf in n are uniform in x ∈ E, i.e. for all ε > 0 there is δ0,
M0 and n0 such that for any δ < δ0, M > M0 and n > n0 we have

∀x ∈ E, dn
(
Eδ

Φx(M)
)
> 1− ε.

By Egorov theorem, if λ is some Borel probability measure on X (e.g. the Lebesgue
measure for a compact smooth manifold X as in the next sections) and dφ = 1 on
a subset F of X, then there is E ⊂ F with λ(E) arbitrarily close to λ(F) such that
dφ = 1 uniformly on E.

2.3. Weakly hyperbolic empirical measures. We deal now with empirical mea-
sures associated to weakly hyperbolic times, which is the main new tool used in the
present paper.

Lemma 5. Let δ > 0 and let nq ⊂ N, q ∈ N, be infinite subsequences of integers.

Let (ξqn)q∈N, n∈nq be probability measures such that νM,q
n :=

∫
µnx[F δ,M

Φx
(M)] dξqn(x) are

converging, when n ∈ nq goes to infinity, to νM,q for any M, q.
Then for any limit ν of the form ν = limM limq∈q ν

M,q for some infinite subse-
quence q, we have φ∗(x) ≥ δ for ν a.e. x.

Proof. Let KM := {x ∈ X, φm(x) ≥ mδ for some M ≥ m ≥ 1} and K =⋃↗
M≥1KM . For n ∈ nq we also let ηM,q

n :=
∫
µnx[Hδ,M

Φx
(M)] dξqn(x) with Hδ,M

Φx
(M) =⋃

N≤M F δ,N
Φx

(N). By using a Cantor diagonal argument we may assume the cor-

responding limits ηM,q, M, q ∈ N, exist when n ∈ nq goes to infinity. Note that
νM,q is a component of ηM,q. As KM is a compact set of X, we have ηM,q(KM) ≥
limn η

M,q
n (KM), but it follows from the definition of KM that ηM,q

n (KM) = ηM,q
n (X),

therefore ηM,q(KM) ≥ limn η
M,q
n (KM) = ηM,q(X). Then by replacing q by a subse-

quence we may assume the limit η = lim↗M limq∈q η
M,q is well defined. The measure
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ν is a component of η. Moreover we have

η(K) =
↗

lim
N
η(KN),

=
↗

lim
N

↗
lim
M

lim
q
ηM,q(KN),

≥
↗

lim
N

lim
q
ηN,q(KN),

≥
↗

lim
N

lim
q
ηN,q(X),

≥ η(X).

In particular ν(K) = ν(X). As ν is invariant (a priori η is not) we get ν
(⋂

p∈N T
−pK

)
=

ν(X) and one checks easily that φ∗(x) ≥ δ for x ∈
⋂
p∈N T

−pK. �

Remark 4. With the notations of Lemma 3 and Lemma 5 we assume the limit
µ = limn∈n

∫
µnx dξn(x) exists. Then, as Eδ

Φx
is a subset of F δ,M

Φx
, the measure ζ :=

µ − ζ with ζ as in Lemma 3 is a component of the measure ν given in Lemma 5
with ξqn = ξn for all q. In particular φ∗(x) ≥ δ for ζ a.e. x.

Contrarily to
(
Eδ

Φx
(M)

)
M

the sequence
(
F δ,M

Φx
(M)

)
M

is a priori neither nonin-

creasing or nondecreasing. Therefore we define two versions of the associated upper
asymptotic density:

d
+

φ (x) :=
↗

lim
δ→0

lim sup
M→+∞

d(F δ,M
Φx

(M)),

d
−
φ (x) :=

↗
lim
δ→0

lim inf
M→+∞

d(F δ,M
Φx

(M)).

We say d
+

φ = 0 uniformly on a subset E of X when d
+

φ (x) = 0 for all x ∈ E and

the limsup in M and n defining lim supM d(F δ,M
Φx

(M)) = 0 are uniform in x ∈ E for
all δ > 0, i.e.

∀δ > 0 ∀ε > 0 ∃M0 ∀M > M0 ∃n0 ∀n > n0 ∀x ∈ E, dn

(
F δ,M

Φx
(M)

)
< ε.

Again, we may apply Egorov’s theorem to get sets where d
+

φ = 0 uniformly : if λ

is a probability measure on X and F is a subset with d
+

φ (x) = 0 for all x ∈ F, then

d
+

φ = 0 uniformly on a subset E of F with λ(E) arbitrarily close to F.

Lemma 6. Assume d
+

φ = 0 uniformly on E ⊂ X. Let (ξn)n ∈ M(X)N with

ξn(E) = 1 and let (νn)n =
(∫

µnx dξn(x)
)
n
.

Then for any limit ν of (νn)n we have φ∗(x) ≤ 0 for ν-a.e. x.

Before proving Lemma 6 we introduce some notations that will also be used in
the last section. For δ > 0, M ∈ N∗, we will let Hδ := Hδ(φ) and OM := OM(φ, δ)
be the sets defined as follows:

Hδ := {x, ∀m > 0 φm(T−mx) > mδ},
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OM =
⋃

k=1,··· ,M

T−k
{
x, φm(T−mx) > mδ for all m = 1, · · ·M

}
.

Proof. Assume ν(φ∗ > 0) = λ > 0. Fix δ > 0 small enough such that ν(φ∗ > δ) =

β > λ/2. For M large enough we have lim supn supx∈E dn

(
F δ,M

Φx
(M)

)
< λ/4.

Let K =
⋃
k∈N∗ T

−kHδ. By the ergodic maximal inequality, if η is an ergodic
component of ν with φ∗ > δ η-a.e. then η(Hδ) > 0 and η(K) = 1 by ergodicity.
Therefore we have ν(K) ≥ β > 0. Let n ⊂ N be an infinite subsequence with
limn∈n νn = ν. For all M the set OM is an open neighborhood of

⋃
k=1,··· ,M T−kHδ,

therefore for M large enough we get

lim inf
n∈n

νn(OM) ≥ ν(OM) ≥ ν

( ⋃
k=1,··· ,M

T−kHδ

)
≥ β/2.

Observe also that when T lx, l ∈ N, lies in OM then l belongs to F δ,M
Φx

(M). Thus we
get the following contradiction for M large enough:

lim sup
n∈n

νn(OM) = lim sup
n∈n

∫
µnx(OM) dξn(x),

≤ lim sup
n

sup
x∈E

dn

(
F δ,M

Φx
(M)

)
,

< λ/4 < β/2.

�

Remark 5. When ξn is just the Dirac measure at some x for any n with d
−
φ (x) = 0,

i.e. νn = µnx the same conclusion holds, i.e. if d
−
φ (x) = 0, then for any ν ∈ pw(x)

we have φ∗(x) ≤ 0 for ν-a.e. x . Indeed, to get the contradiction at the end of the

above proof, one only needs to consider some (not any) large M with d(F δ,M
Φx

(M))
small.

Zero upper density of weakly-hyperbolic times at x is also related with the non-
negativity of φ∗ on pw(x), as stated in the following Lemma which may be compared
with Lemma 4.

Lemma 7. The following properties are equivalent :

(1) d
+

φ (x) = 0,

(2) d
−
φ (x) = 0,

(3) for any µ ∈ pw(x) we have φ∗(x) ≤ 0 for µ-a.e. x.

Proof. Clearly d
+

φ (x) ≥ d
−
φ (x) so that (1) ⇒ (2). Then (2) ⇒ (3) follows from

Remark 5. Therefore it is enough to show (3) ⇒ (1). We argue by contradiction.

Assume lim↗δ lim supM d(F δ,M
Φx

(M)) > 0 and let us show there is µ ∈ pw(x) with

µ(φ∗ > 0) > 0. Fix δ > 0 with lim supM d(F δ,M
Φx

(M)) = λ > 0. For infinitely

many M there is a sequence nM such that µnx[F δ,M
Φx

(M)] is converging to νM with

νM(X) = d(F δ,M
Φx

(M)) > λ/2, when n ∈ nM goes to infinity. Then
∫
φ dνM =

limn∈nM
∫
φ dµnx[F δ,M

Φx
(M)] ≥ δλ/2. We may also assume that µnx is converging to
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some µM ∈ pw(x), when n ∈ nM goes to infinity. Let (µ, ν) be a weak-∗ limit of
the sequence (µM , νM)M ∈ (M(X)×M(X))2. Then µ ∈ pw(x) has ν 6= 0 as a
T -invariant component with

∫
φ dν =

∫
φ∗ dν > 0. Therefore µ(φ∗ > 0) > 0. This

contradicts (3). �

2.4. Midly hyperbolic empirical measures. We consider midly empirical mea-
sures, i.e. empirical measures with respect to Gδ,M

Φx
(N) for 1� N �M . The next

lemma (and its proof) is analogous to Lemma 5 for weakly hyperbolic empirical
measures. In this previous lemma, the measures ξqn are not allowed to depend on M

because of the lack of monotonicity in M of F δ,M
Φx

. This difficulty may be overcome
for midly hyperbolic empirical measures as follows.

Lemma 8. Let δ > 0 and (ξMn )n,M ∈ M(X)N
2
. Let nM ⊂ N, M ∈ N, be infinite

subsequences such that νM,N
n :=

∫
µnx[Gδ,M

Φx
((N))] dξMn (x) are converging for any

M,N , when n ∈ nM goes to infinity, to νM,N . Let M ⊂ N be an infinite subsequence
such the limits νN = limM∈M νM,N exist for all N .

Then for the nondecreasing limit ν of (νN)N we have φ∗(x) ≥ δ
2

for ν a.e. x.

Proof. Denote KN := {x ∈ X, φm(x) ≥ mδ/2 for some N ≥ m ≥ 1} and K =⋃
N≥1KN . AsKN is a compact set ofX, we have νN(KN) ≥ limM limn∈nM ν

M,N
n (KM),

but it follows from the definition of Gδ,M
Φx

((N)) that νM,N
n (KN) = νM,N

n (X), there-

fore νN(KN) ≥ limM limn ν
M,N
n (KN) = νN(X). Then ν(K) = ν(X) because the

sequence νN is nondecreasing in N , thus we have ν(K) = ν(X). Then one may
conclude as in Lemma 5. �

3. Empirical measures for partially hyperbolic systems

Let Λ be an attracting set of a C1+ diffeomorphism f , i.e. Λ is a compact invariant
set with an open neighborhood U satisfying f(U) ⊂ U and Λ =

⋂
n∈N f

nU , with a
partially hyperbolic splitting TM|Λ = Eu⊕�E1⊕�· · ·⊕�Ek⊕�Es with dim(Ei) = 1
for i = 1, · · · , k. The bundles in the splitting are f -invariant and Hølder contin-
uous. We may choose a norm adapted to the splitting [17] : the bundles Eu and
Es are respectively uniformly expanding and contracting, i.e. ‖Df |Es(x)‖ < 1 and
‖Df−1f |Eu(x) < 1 for all x ∈ Λ and E ⊕� F means that for any unit vectors
vE ∈ E(x) and vF ∈ F (x) we have ‖Dxf(vE)‖ < ‖Dxf(vF )‖. We may assume that
the bundles and the splittings hold on the neighborhood U .

For any i = 1, · · · , k and for any x ∈M we let φi(x) = log ‖Dxf |Ei‖. We also put
φ0(x) = − log ‖Dfxf

−1|Eu‖ and φk+1(x) = log ‖Dxf |Es‖. The ith center exponent
of an invariant measure µ is then

∀i = 1, · · · , k, φi(µ) =

∫
φi∗ dµ.

By the domination property there is a > 0 such that (φi+1 − φi)(µ) > a for any
invariant probability measure µ and for any i = 1, · · · , k − 1. An invariant proba-
bility measure µ with µ(φi∗ = 0) = 0 for all i is said to be hyperbolic.
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To simplify the notations we let for all i = 1, · · · , k and for all x ∈M
αi(x) = dφi(x)

and

βi(x) = d
+

−φi(x).

We let also by convention α0 = 1, αk+1 = 0 and βk+1 = 0. We have {βi > 0} ⊂
{αi < 1}. Indeed by Lemma 7, when βi(x) > 0, there is µ ∈ pw(x) with µ (φi∗ < 0) >
0. In particular from Lemma 4 we get αi(x) < 1. Observe also that when βi(x) = 0
and αi(x) < 1, then there is µ ∈ pw(x) with µ(φi∗ = 0) > 0. In the definition of

βi we could also have chosen βi = d
−
−φi without making any difference in the next

statements because of the equivalence (1)⇔ (2) in Lemma 7.

Proposition 6. For any i = 0, · · · , k and for Lebesgue a.e. point x ∈ U with
αi+1 < αi(x) = 1, we have

• either βi+1(x) > 0 then x lies in the basin of an ergodic hyperbolic SRB
measure,
• or βi+1(x) = 0, then some µ ∈ pw(x) admits a non-hyperbolic SRB compo-

nent ν with φi+1
∗ (x) = 0 for ν-a.e. x.

Theorem 1 follows straightforwardly from Proposition 6 as we have

U ⊂
⋃

i=0,··· ,k

{αi = 1 and αi+1 < 1} .

Proposition 7. Let (µq)q be a sequence of ergodic SRB measures converging to
some µ ∈ M(Λ, f). Let i ∈ {0, · · · , k} be the (unique) integer with µ(φi∗ > 0) = 1
and µ(φi+1

∗ > 0) < 1. We have:

• either µ(φi+1
∗ < 0) > 0, then µq is equal to µ for large q and µ is an ergodic

hyperbolic SRB measure with unstable index i, i.e. φi+1
∗ (x) < 0 < φi∗(x) for

µ-a.e x,
• or µ(φi+1

∗ ≥ 0) = 1, then µ has a non-hyperbolic SRB component ν with
φi+1
∗ (x) = 0 for ν-a.e. x.

In particular, any limit of distinct ergodic SRB measures has an SRB non-
hyperbolic component. When all SRB measures are assumed to be hyperbolic,
there are therefore only finitely many SRB measures. Together with Theorem 1 one
easily completes the proof of Theorem 2.

Question. For i = 1, · · · , k we let Gi be the bundle Gi = Eu ⊕ E1 ⊕ · · · ⊕ Ei.
An f -invariant measure µ is called an i-Gibbs state when φi∗ > 0 µ-a.e. and the
Ledrappier-Young entropy of µ with respect to the Pesin i-unstable manifolds W i

tangent to Gi is equal to the sum of the dim(Gi) first positive exponents of µ.
Equivalently the conditional measures along W i are absolutely continuous w.r.t.
the Lebesgue measure on W i. We believe that for Lebesgue a.e. x with αi(x) = 1
any µ ∈ pw(x) is a i-Gibbs state. However our proof does not allow us to prove
it. Also, in Theorem 1 can one straighten the second item by showing that any
empirical measure µ ∈ pw(x) has an SRB non-hyperbolic component?
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3.1. Gibbs property for empirical measures at hyperbolic times. We let
ψi(x) := Jac(Df |Gi)(x) for any x ∈ U and any i = 1, · · · , k. For a finite set of
nonnegative integers F we let ψFi (x) =

∏
k∈F ψi(f

kx). Also we write ∂F for the
symmetric difference F∆(F + 1). Let Ci be an invariant cone around Gi. A smooth
embedded disc D is said tangent to Ci when the dimension of D is equal to the
dimension of Gi and the tangent space of D at any x ∈ D is contained in Ci(x).
The next statement is borrowed from [6]. We recall that for a partition P of M the
set P F (x) denotes the atom of the iterated partition P F =

∨
k∈F f

−kP containing
the point x.

Lemma 9. [6, Proposition 2.7]For any disc D tangent to Ci, for any δ > 0 and for
any ε > 0 there are C,C ′ and α > 0 such that we have for any partition P with
diameter less than α, for any x ∈ U , for any n ∈ N and for any set of integers
Fn ⊂ [0, n[ with ∂Fn ⊂ Eδ

Φxi
:

(3.1) LebD(P Fn(x)) ≤ C ′C∂Fneεn

ψFni (x)
.

For a smooth embedded disc D we let dD the induced Riemannian distance on
D. The proof of Lemma 9 is based on the following bounded geometric property at
hyperbolic times.

Lemma 10. [1, Lemma 4.2] For any δ > 0 there is γ > 0 and N ∈ N such that for
any disk D ⊂ U of radius γ tangent to Ci, for any x ∈ D with dD(x, ∂D) ≥ γ

2
, for

any Eδ
Φix
3 n > N , the image fn(D) contains a disk Dfnx centered at fnx with radius

γ such that the diameter of f−i(Dfnx) decays exponentially fast in i ∈ {0, · · · , n}.

3.2. Dynamical density on hyperbolic times. Let D be a disc tangent to Ci.

We consider a subset D of D such that d
(
Eδ

Φxi

)
> 0 for any x ∈ D. Then x ∈ D is

said to be a dynamical density point on δ-hyperbolic times of D with respect to D
when

lim
n→∞, n∈Eδ

Φix

LebD (f−nDfnx ∩ D)

LebD (f−nDfnx)
= 1,

where Dfnx is the disc of radius γ = γ(δ) at fnx given by Lemma 10. We will
use the following statement proved in [6]:

Proposition 8. [6, Theorem 3.1] With the above notations, LebD-a.e. x ∈ D is a
dynamical density point of D with respect to D.

4. Proof of Proposition 6

As already mentionned the proof of Theorem 1 is reduced to the proof of Propo-
sition 6. We follow the variational approach used in [7, 6]. In these last works
the assumptions ensure the existence of a set with positive Lebesgue measure on a
smooth l-disc such that the set of geometric times (as defined in [7]) has positive
upper density. Then one may build an empirical measure µ by pushing this disc
around these times such that the (invariant) measure µ has l positive Lyapunov
exponents and its entropy is larger than or equal to the sum of these l exponents.
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Then it follows easily from the contexts in [7, 6] that µ has exactly l positive expo-
nents, therefore µ satisfies Pesin entropy formula.

Here the method of building SRB measure is slightly different and may be roughly
resumed as follows. We divide the topological basin of attraction into the level sets
Li = {αi = 1 > αi+1}, i = 1, · · · , k. Then geometric times w.r.t. a disc tangent to
the cone Ci have full density at points in Li, because, in our settings, these geometric
times coincide with the hyperbolic times for φi. In this way the associated empirical
measures have entropy larger than the sum of the dim(Gi) first exponents, but these
measures may have other positive exponents in general. However hyperbolic times
w.r.t. φi+1 have not full density on Li ⊂ {1 > αi+1}. Therefore we may find
an empirical measure with nonpositive (i + 1)th center positive exponent, which
is consequently an SRB measure. In other terms we do not choose the empirical
measures to satisfy the appropriate volume estimate implying the lower bound on
the entropy (as in [7, 6] where geometric times do not have a priori full density) but
rather to ensure the absence of other positive Lyapunov exponents (whereas this
property is almost automatic in [7, 6]).

4.1. The hyperbolic case. We first deal with the case of hyperbolic SRB mea-
sures, i.e. we prove the first item of Proposition 6. We letAi := {αi = 1 and βi+1 > 0}.

Proposition 9. Lebesgue a.e. point x ∈ Ai lies in the basin of an ergodic hyperbolic
SRB measure.

The end of this subsection is devoted to the proof of Proposition 9. For any δ > 0
and λ > 0 we let Bi(λ, δ) be the the subset of points x ∈ Ai satisfying

(4.1)
↗

lim
P

lim inf
M→∞

d
(
Gδ,M
−Φxi+1

∩ Eδ
Φxi

(P )
)
> λ.

Lemma 11.

Ai ⊂
⋃

λ,δ∈Q+

Bi(λ, δ).

Proof. For any x with βi+1(x) > 0 we have d
−
−φi+1(x) > 0 by Lemma 7. Therefore

there is δ′ > 0 with lim infM→∞ d
(
F δ′,M
−Φxi+1

(M)
)
> 0 and then it follows from In-

equality (2.2) that lim infM→∞ d
(
Gδ′,M
−Φxi+1

)
> 0. When moreover αi(x) = 1, there is

δ′′ > 0 such that lim↗P d
(
Eδ′′

Φxi
(P )
)
> 1 − 1

2
lim infM→∞ d

(
Gδ′,M
−Φxi+1

)
. Therefore by

taking δ, λ ∈ Q with 0 < δ < min(δ′, δ′′) and 0 < λ < 1
2

lim infM→∞ d
(
Gδ′,M
−Φxi+1

)
we

get
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d
(
Gδ,M
−Φxi+1

∩ Eδ
Φxi

(P )
)
≥ d

(
Gδ,M
−Φxi+1

)
+ d

(
Eδ

Φxi
(P )
)
− 1,

≥ d
(
Gδ′,M
−Φxi+1

)
+ d

(
Eδ′′

Φxi
(P )
)
− 1,

↗
lim
P

lim inf
M→∞

d
(
Gδ,M
−Φxi+1

∩ Eδ
Φxi

(P )
)
≥ lim inf

M
d
(
Gδ′,M
−Φxi+1

)
+
↗

lim
P
d
(
Eδ′′

Φxi
(P )
)
− 1,

> lim inf
M

d
(
Gδ′,M
−Φxi+1

)
+ 1− 1

2
lim inf
M→∞

d
(
Gδ′,M
−Φxi+1

)
,

> λ.

The proof is complete.
�

We prove now Proposition 9. By Lemma 11 one only needs to consider the subset
Bi(λ, δ) for any rational numbers λ, δ > 0. Fix such parameters λ, δ. By Egorov
theorem it is enough to show that Lebesgue almost every point x in a subset Ci of
Bi(λ, δ) lies in in the basin of a hyperbolic SRB measure, where the limit in P and

the liminf in M in lim↗P lim infM→∞ d
(
Gδ,M
−Φxi+1

∩ Eδ
Φxi

(P )
)

are uniform in x ∈ Ci, i.e.

there exist M0 and P0 such that for M > M0

∀x ∈ Ci, d
(
Gδ,M
−Φxi+1

∩ Eδ
Φxi

(P0)
)
> λ.

We argue by contradiction. Assume there is a subset Di of Ci with positive
Lebesgue measure such that any point in Di does not lie in the basin of an ergodic
hyperbolic SRB measure. By a standard Fubini argument, there exists a smooth
disc D tangent to Ci with LebD(Di) > 0. By Proposition 8 there is a subset Ei of
D∩Di with LebD(Ei) > 0 such that any x ∈ Ei is a Lebesgue density point for LebD
of Di at δ-hyperbolic times, i.e.

lim
n→∞, n∈Eδ

Φx
i

LebD (f−nDfnx ∩ Di)
LebD (f−nDfnx)

= 1.

By Borel-Cantelli Lemma, for any M > M0 there are an infinite sequence nM and
Borel subsets AMn ⊂ Ei, n ∈ nM , with LebD(AMn ) ≥ 1

n2 such that

∀n ∈ nM ∀y ∈ AMn , dn
(
Gδ,M
−Φxi+1

∩ Eδ
Φxi

(P0)
)
> λ.

We consider the measures
(
µM,N,P
n

)
n∈nM

and the associated probability measures(
νM,N,P
n

)
n∈nM

defined by

µM,N,P
n =

∫
µnx[Gδ,M

−Φxi+1
((N)) ∩ Eδ

Φxi
(P )] dLeb

AMn
D (x)

and

νM,N,P
n =

µM,N,P
n

µM,N,P
n (M)

where Leb
AMn
D (·) = LebD(AMn ∩·)

LebD(AMn )
is the probability measure induced by LebD on AMn .
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By extracting subsequences we may assume the following successive limits exist

µ = lim
P

lim
N

lim
M

lim
n∈nM

µM,N,P
n ,

ν = lim
P

lim
N

lim
M

lim
n∈nM

νM,N,P
n .

The intermediate limits are denoted by µM,N,P , µN,P , µP and νM,N,P , νN,P , νP .
Observe that µ ≥ λν.

The measures µM,N,P
n are components of ζM,N

n with

ζM,N
n =

∫
µnx[Gδ,M

−Φxi+1
((N))] dLeb

AMn
D (y).

Without loss of generality we may assume the successive limits in n ∈ nM , in M
and in N also exist for these sequences. Let ζ = limN limM limn∈nM ζ

M,N
n be the

limit measure. The measure µ is a component of ζ and by Lemma 8 we have
φ∗i+1(y) ≤ −δ/2 for ζ-a.e. y, therefore for ν-a.e. y.

Similarly, since Eδ
Φxi
⊂ F δ,P

Φxi
the measures νM,N,P

n are components of ηM,P
n with

ηM,P
n =

∫
µnx[F δ,P

Φxi
(P )] dLeb

AMn
D (y).

We may again assume the limits η = limP limM limn∈nM η
M,P
n exist, so that ν is

a component of η. By applying Lemma 5 with (ξqn)q,n =
(

Leb
AMn
D

)
M,n

we have

φi∗(y) ≥ δ for η-a.e. y, therefore for ν-a.e. y.
Finally we check that h(ν) ≥

∫
ψi dν which will imply that ν is a hyperbolic SRB

measure. Fix ε > 0 and let α > 0 as given in Lemma 9 so that the volume estimate
(3.1) holds for the set of δ-hyperbolic times Eδ

Φix
. Take a partition Q with diameter

less than α and with ξ(∂Q) = 0 for any ξ ∈ {νM,N,P , νN,P , νP , ν : M,N,P}. By

applying Lemma 2 with µ = Leb
AMn
D and F (x) = Gδ,M

−Φxi+1
((N)) ∩ Eδ

Φxi
(P ) ∩ [1, n] for

n ∈ nM :(∫
]F (x) dLeb

AMn
D (x)

)
HνM,N,Pn

(Qm)

nm
≥ − 1

n

∫
log Leb

AMn
D

(
QF (x)(x)

)
dLeb

AMn
D (x)

−
H

Leb
AMn
D

(F )

n
− 3m log ]P

n

∫
]∂F (x) dLeb

AMn
D (x).(4.2)

Observe that
∫
]F (x) dLeb

AMn
D (x) is just nµM,N,P

n (M). Moreover F (x) ⊂ [1, n]

and ∂F (x) ⊂
(

[1, n] ∩ ∂Eδ
Φxi

(P )
)
∪
(

[1, n] ∩ ∂F δ,M
−Φxi+1

(M)
)
∪
(

[1, n] ∩ ∂Gδ,M
−Φxi+1

(N)
)

,

thus we have

]∂F (x) ≤ dn/P e+ dn/Ne+ dn/Me =: aM,N,P
n .

As ]∂F (x) completely determines F (x), the number of possible values of F is less

than bM,N,P
n :=

∑aM,N,Pn

k=1

(
n
k

)
, then

H
Leb

AMn
D

(F ) ≤ log bM,N,P
n .
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We write oM,N,P (1) for any function f of M,N,P satisfying

lim sup
P

lim sup
N

lim sup
M

|f(M,N,P )| = 0.

By a standard application of Stirling’s formula, we have lim supn
1
n

log bM,N,P
n =

oM,N,P (1). Therefore we obtain by taking the limit when n ∈ nM goes to infinity in
(4.2):

µM,N,P (M)
HνM,N,P (Qm)

m
≥

lim inf
n∈nM

− 1

n

∫
log Leb

AMn
D

(
Q
Gδ,M−Φx

i+1
((N))∩Eδ

Φx
i

(P )∩[1,n]
(x)

)
Leb

AMn
D (x)

+ oM,N,P (1).

Let EM,N,P
n be the union of ]k, l] with k, l ∈ Eδ

Φxi
and ]k, l] ⊂ Gδ,M

−Φxi+1
((N))∩Eδ

Φxi
(P )∩

[1, n]. Then one easily checks that

(4.3) d
((
Gδ,M
−Φxi+1

((N)) ∩ Eδ
Φxi

(P ) ∩ [1, n]
)
\ EM,N,P

n

)
≤ P/N + P/M.

By Lemma 9 we get :

lim inf
n∈nM

− 1

n

∫
log Leb

AMn
D

(
QEM,N,Pn (x)

)
dLeb

AMn
D (x) ≥

lim inf
n∈nM

− 1

n

∫
log LebD

(
QEM,N,Pn (x)

)
dLeb

AMn
D (x)− lim sup

n∈nM

1

n
log LebD(AMn ) ≥

lim inf
n∈nM

∫ ∫
ψi dµ

n
x[EM,N,P

n ] dLeb
AMn
D + oM,N,P (1)− ε,

therefore

µM,N,P (M)
HνM,N,P (Qm)

m
≥ lim inf

n∈nM

∫ ∫
ψi dµ

n
x[EM,N,P

n ] dLeb
AMn
D + oM,N,P (1)− ε.

But it follows from (4.3) that

lim inf
n∈nM

∫ ∫
ψi dµ

n
x[EM,N,P

n ] dLeb
AMn
D =

∫
ψi dµ+ oM,N,P (1).

Recall that the static entropy M(X) 3 ι 7→ Hι(R) is continuous at µ for any
partition R with boundary of zero µ-measure. As the boundary of Q has zero
measure for ν, νP , νN,P we get by taking the successive limits in M , N and P :

µ(M)
Hν(Q

m)

m
≥
∫
ψi dµ− ε,

thus
Hν(Q

m)

m
≥
∫
ψi dν − ε/λ.

By letting m go to infinity we obtain h(ν) ≥ h(ν,Q) ≥
∫
ψi dν−ε/λ. As it holds for

any ε > 0, we have finally h(ν) ≥
∫
ψi dν. Since φi∗(x) > 0 > φi+1

∗ (x) for ν-a.e. x,
the term

∫
ψi dν is the integral of the sum of the positive exponents of ν. Together

with Ruelle’s inequality, we conclude that ν satisfies the Pesin entropy formula, thus
ν is a hyperbolic SRB measure.
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Then, by standard arguments (see e.g. [6]) it follows from the absolute continuity
of Pesin stable lamination and the dynamical density on hyperbolic times with
respect to Di and LebD in An that some point in Di should lie in the basin of an
ergodic component of ν. Therefore we get a contradiction : Lebesgue a.e. x ∈ Ci ⊂⋃
λ,δ∈Q+ Bi(λ, δ) lie in the basin of an ergodic hyperbolic SRB measure. The proof

of Proposition 9 is complete.

4.2. The non-hyperbolic case. Let A′i = {αi = 1 > αi+1 and βi+1 = 0}. Then
we have Ai ∪ A′i = Li = {αi = 1 > αi+1}.
Proposition 10. For Lebesgue almost every x ∈ A′i there is µ ∈ pw(x) with an
SRB non-hyperbolic component.

This subsection is devoted to the proof of the above proposition. In the statement
one may replace A′i by a subset B′i of A′i, such that αi = 1 and βi+1 = 0 uniformly
on C ′i and that αi+1(x) < 1− λ for all x ∈ C ′i for some λ > 0. It is enough to show
that for any subset D′i of C ′i with positive Lebesgue measure there is some x ∈ Di
and µ ∈ pw(x) with an SRB non-hyperbolic component. Again, we may choose a
smooth embedded disc D tangent to Ci with LebD(D′i) > 0.

Lemma 12. For LebD a.e. x ∈ D′i and for any Q 3 δ > 0, there exist ν ∈ pw(x),
an infinite sequence n and Borel subsets (An)n∈n of D′i (depending on x and δ) with
LebD(An) ≥ 1

n2 for all n ∈ n such that we have :

• supy∈An d(µyn, ν)
n3n→+∞−−−−−→ 0,

• ∀M ∃nM ∀n 3 n > nM ∀y ∈ An, dn
(
Eδ

Φi+1
y

(M)
)
> λ.

We first recall a standard fact of measure theory.

Fact. Let X and Y be separable metric spaces. When ψ : X → Y is a Borel map
and µ is a Borel finite measure on X, there is a subset X ′ of X of full µ measure such
that for any x ∈ X ′, for any δ > 0, the set ψ−1B(ψ(x), δ) has positive µ-measure.

The set X ′ is the preimage by ψ of the essential range of ψ. We refer to the
appendix of [8] for a proof.

Proof of Lemma 12. Fix δ > 0. We apply the above fact to

• X = M,
• Y = K (M(M, f)× [0, 1]) the set of compact subsets of M(M, f) × [0, 1]

endowed with the Hausdorff topology,
• µ = LebD(D′i ∩ ·),
• the map ψM : D′i → K(M(M, f) × [0, 1]) which sends x to the set of accu-

mulation points of the sequence
(
µnx, dn

(
Eδ

Φi+1
x

(M)
))

n∈N
.

Observe that for µ-a.e. points x, there is (ν, β) ∈ ψM(x)∩(pw(x)×]λ,+∞[), because
for x ∈ D′i we have

↘
lim
M
d
(
Eδ

Φi+1
x

(M)
)
≥ 1−

↗
lim
M
d
(
Eδ

Φi+1
x

(M)
)
,

≥ 1− αi+1(x),

> λ.
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For each M we get therefore a subset D′′i,M of D′i with LebD(D′i) = LebD(D′′i,M)
such for any x ∈ D′′i,M , there is νM ∈ pw(x) such that the set

{y ∈ D′i, ψM(y) ∩ (B(νM , 1/M)×]λ,+∞[) 6= ∅}
has positive LebD-measure. By Borel-Cantelli lemma, for each M there are infinitely
many integers nM and Borel subsets AnM of D with LebD(AnM ) ≥ 1

n2
M

such that

for all y ∈ AnM :

• d(µynM , νM) ≤ 1/M ,

• dnM
(
Eδ

Φi+1
y

(M)
)
> λ.

Let x in the set
⋂
M D′′i,M (which has full LebD-measure in D′i) and let ν be a limit

of the above sequence (νM)M . Finally we may choose nM as above such that (nM)M
is increasing. This concludes the proof of the lemma with n = (nM)M . �

From now we fix x ∈ D′i satisfying the conclusions of Lemma 12. Let νδ ∈ pw(x)
and (Aδn)n∈nδ , δ ∈ Q, be the associated measures and subsets given by this lemma.
We will show that any limit ν of νδ when δ goes to zero has a non-hyperbolic SRB
component ν̂. We let for any n ∈ nδ and for any M,P ∈ N

µδ,M,P
n :=

∫
µny

[
Eδ

Φi+1
y

(M) ∩ Eδ
Φiy

(P )
]
dLeb

Aδn
D (y),

ζδ,Mn :=

∫
µny

[
Eδ

Φi+1
y

(M)
]
dLeb

Aδn
D (y),

ηδn =

∫
µny dLeb

Aδn
D (y).

By extracting subsequences, we may assume µδ,M,P
n (resp. ζδ,Mn ) is converging to

some µδ,M,P (resp. ζδ,M) when n ∈ nδ goes to infinity. Then we let

µδ,P =
↘

lim
M
µδ,M,P , µδ =

↗
lim
P
µδ,P , ν̂δ =

µδ(·)
µδ(M)

, ζδ =
↘

lim
M
ζδ,M .

These measures satisfy the following properties:

• ζδ(M) = limM limn ζ
δ,M
n (M) = limM limn

∫
dn

(
Eδ

Φi+1
y

(M)
)
dLebAδn(y) ≥ λ,

•
∫
φi+1 dζδ ≤ δζδ(M) by Lemma 3,

• ν̂δ is f -invariant and h(ν̂δ) ≥
∫
ψi dν̂

δ by arguing as in Subsection 3.1,

• d(µδ, ζδ)
δ−→ 0 because αi = 1 uniformly on D′i. Indeed we have by convexity

of the distance d:

d(µδ, ζδ) ≤ lim
P

lim
M

lim
n

d(µδ,M,P
n , ζδ,Mn ),

≤ lim sup
P

lim sup
n

∫
dn

(
Eδ

Φiy
(P )
)
dLeb

Aδn
D (y),

≤ lim sup
P

lim sup
n

sup
x∈D′i

dn

(
Eδ

Φix
(P )
)

δ→0−−→ 0.

• d(ηδn, ν
δ) ≤

∫
d(µny , ν

δ) dLeb
Aδn
D (y)

n−→ 0 according to the first item of Lemma
12,
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• µδ ≤ ζδ ≤ νδ.

Lemma 13. For any limit (ν, ν̂) of (νδ, ν̂δ)δ when δ goes to zero, we have

(1) λν̂ ≤ ν,
(2)

∫
φi+1 dν̂ ≤ 0,

(3) h(ν̂) ≥
∫
ψi dν̂,

(4) ν̂(φi+1
∗ ≥ 0) = 1.

Proof. Let (δk)k∈N be a sequence with limk→+∞ δk = 0 such that the measures µδk ,
νδk and ν̂δk are converging respectively to µ, ν and ν̂ when k goes to infinity.

(1) As µδ is a component of νδ and d(µδ, ζδ)
δ→0−−→ 0 we get at the limit

λν̂ ≤ lim
k→+∞

ζδk(M)ν̂δk ,

≤ lim
k→+∞

µδk(M)ν̂δk ,

≤ lim
k→+∞

µδk ,

≤ lim
k→+∞

νδk = ν.

(2) Observe that ζδ(·)
ζδ(M)

goes also to ν̂ with δ, since we have d(µδ, ζδ)
δ→0−−→ 0. By

taking the limit when δ goes to zero in the inequality 1
ζδ(M)

∫
φi+1 dζδ ≤ δ,

we get
∫
φi+1 dν̂ ≤ 0.

(3) The main result of [16] states that a partially hyperbolic system with a
center bundle splitting in a dominated way into one dimensional subbundles
is asymptotically h-expansive. In particular the measure theoretical entropy
function is upper semicontinuous, therefore

h(ν̂) ≥ lim
δ→0

h(ν̂δ),

≥ lim
δ→0

∫
ψi dν̂

δ =

∫
ψi dν̂.

(4) We may choose integers nk going to infinity with k such that ν is the limit of(
ηδknk
)
k∈N. As βi+1 = 0 uniformly on D′i, we have ν(φi+1

∗ ≥ 0) = 1 by applying

Lemma 6 with the sequence (ξn)n equal to

(
Leb

A
δk
nk

D

)
k∈N

. This concludes the

proof of the last item because we have shown λν̂ ≤ ν.

�

To conclude we only have to check ν̂ is a non-hyperbolic SRB measure. From the
two items (2) and (4) of Lemma 13 it follows that ν̂

(
φ∗i+1 = 0

)
= 1. By the third

item, the measure ν̂ satisfies Pesin entropy formula. Therefore ν̂ is a non-hyperbolic
SRB component of ν ∈ pw(x). The proof of Proposition 10, therefore of Theorem
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1, is complete.

Remark 11. If the center bundle is one dimensional, then Lebesgue a.e. x which
does not lie in the basin of an ergodic hyperbolic SRB measure satisfies β1(x) = 0
by Proposition 6. Equivalently µ (φ1

∗ ≥ 0) = 1 for any µ ∈ pw(x) by Lemma 7. If
µ (φ1

∗ > 0) = 1 for some µ ∈ pw(x), then

(4.4) 0 <

∫
φ1 dµ ≤ lim sup

n

1

n

n−1∑
l=0

φ1(f lx).

But by the main result of [4] Lebesgue typical points satisfying (4.4) lie in the basin
of an ergodic hyperbolic SRB measure. Therefore one recovers the main result of
[15], which states the limit limn

1
n

∑n−1
l=0 φ1(f lx) defining the central exponent is well

defined for Lebesgue a.e. x (equal to zero if and only if x is not in the basin of an
ergodic hyperbolic SRB measure).

If one assumes the partially hyperbolic to be only C1, one gets the following
version of Theorem 1:

Theorem 12. Let (f,M) be a C1 diffeomorphism with a partially hyperbolic attrac-
tor admitting a center bundle splitting in a dominated way into one-dimensional
subbundles, then for Lebesgue almost every x in the topological basin of the attrac-
tor there is µ ∈ pw(x) with a component satisfying the Pesin entropy formula.

5. Proof of Proposition 7

We consider a sequence (µq)q of distinct ergodic SRB measures converging to
some µ ∈M(Λ, f). Note that µ is in general not ergodic. We let i ∈ {0, · · · , k} be
the (unique) integer with µ(φi∗ > 0) = 1 and µ(φi+1

∗ > 0) < 1.

5.1. The hyperbolic case. We assume firstly µ(φi+1
∗ < 0) > 0. As µq are ergodic

measures, the measurable function φi∗ is constant µq-a.e. equal to
∫
φi dµq. Fix

δ0 ∈]0,
∫
φi dµ[. For q large enough we have

∫
φi dµq > δ0. Then we may choose

δ1 > 0 so small that λ = µ(φi+1
∗ < −δ1) > 0. Finally we let 0 < δ < min(δ0, δ1)

such that µ(φi∗ < 2δ) < λ/4.
For a subset E of M we let χE be the indicator function of E. By Birkhoff ergodic

Theorem for any q, there is a set Fq of full µq-measure such that for x ∈ Fq the

empirical measures µnx, µnx[F δ,M
−Φxi+1

(M)], µnx[Eδ
Φxi

(P )], µnxq [F
δ,M
−Φxi+1

(M) ∩ Eδ
Φxi

(P )] are

converging as follows. Recall the sets OM and Hδ have been defined just after
Lemma 6. For P ∈ N∗ we write HP

δ (φi) =
⋃
k=1,··· ,P T

−kHδ(φ
i). Then we have

µnx
n−→ µq,

µnx[Eδ
Φxi

(P )]
n−→ χHP

δ (φi)µq =: ηq,P ,

µnx[F δ,M
−Φxi+1

(M)]
n−→ χOM (−φi+1,δ)µq =: ζq,M ,

µnxq [F
δ,M
−Φxi+1

(M) ∩ Eδ
Φxi

(P )]
n−→ χOM (−φi+1,δ)∩HP

δ (φi)µq =: µq,M,P
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By using (again) a Cantor diagonal argument we can assume the following suc-
cessive limits exist :

µM,P = lim
q
µq,M,P , µP = lim

M
µM,P , µ̂ = lim

P
µP ,

ηP = lim
q
ηq,P , η = lim

P
ηP ,

ζM = lim
q
ζq,M , ζ = lim

M
ζM .

Observe that µ̂ is a component of η and ζ which are both components of µ.

Lemma 14.

µ̂(M) > λ/2.

Proof. Let x ∈ Fq. The limit measure η = limP limq limn µ
n
x[Eδ

Φxi
(P )], and the

complement component η = µ − η satisfy
∫
φi∗ dη =

∫
φi dη = δη(M) and η(φi∗ >

δ) = η(M) (see Remark 3 and Remark 4). Since φi∗(x) > 0 for µ-a.e. x, therefore
for η-a.e. x, we have 1

2δ

∫
φi∗ dη ≥ η(φi∗ ≥ 2δ). Then we get

η(φi∗ < 2δ) = η(M)− η(φi∗ ≥ 2δ),

≥ η(M)− 1

2δ

∫
φi∗ dη,

≥ η(M)/2.

But by assumption µ(φi∗ < 2δ) < λ/4, therefore η(M) < λ/2 and η(M) > 1− λ/2.
On the other hand the set OM = OM(−φi+1, δ) being open, the limit ζM =

limq χOMµq is larger than χOMµ. But OM contains
⋃

1≤k≤M T−kHδ(−φi+1) and

µ
(
{φi+1
∗ < −δ} \

(⋃
k∈N∗ T

−kHδ(−φi+1)
))

= 0. Therefore any limit of χOMµ when
M goes to infinity is larger than χ{φi+1

∗ <−δ}µ. Consequently ζ(M) is larger than

µ(φi+1
∗ < −δ) > λ. We conclude that

µ̂(M) ≥ ζ(M) + η(M)− 1,

> λ/2.

�

Remark 13. It follows from the first part of the above proof that the total mass of
η = ηδ is less than 2µ(φi∗ < 2δ), therefore goes to zero when δ goes to zero.

Recall the ith center exponent at µ-typical points is positive. Let W i(x) be the
associated Pesin local manifold tangent to Gi(x) at µ-typical point x. For each q
we let νq be the conditional measure of µq on such an unstable disc Dq. We may
assume LebDq a.e. point x lies in Fq. Then we define

µq,M,P
n =

∫
µnx[F δ,M

−Φxi+1
(M) ∩ Eδ

Φxi
(P )] dLebDq(y)

and

νq,M,P
n =

µq,M,P
n

µq,M,P
n (M)

.
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Observe that µq,M,P
n (resp. νq,M,P

n ) goes to µq,M,P (resp. νq,M,P = µq,M,P

µq,M,P (M)
) when

n goes to infinity. Arguing as in the previous section, for any ε > 0 we have for any
partition Q with diameter less than some α > 0 and for any m ∈ N∗ :

µq,M,P (M)
Hνq,M,P (Qm)

m
≥
∫
ψi dν

q,M,P + oM,P (1)− ε,

where oM,P (1) denotes some function f(M,P ) satisfying lim supP lim supM |f(M,P )| =
0. With ν being the limit measure ν = limP limM limq lim νq,M,P = µ̂

µ̂(M)
we get in

the same way

h(ν) ≥
∫
ψi dν.

Moreover by applying Lemma 5 we have φi+1
∗ (x) ≤ −δ for ζ a.e. x, therefore for

ν-a.e. x. As µ̂ is a component of µ and µ(φi∗ > 0) = 1, we have also φi∗(x) > 0 for ν-
a.e. x. Thus ν is a hyperbolic SRB component of µ with unstable index i. By using
the absolute continuity of the stable foliation at µ̂ typical points one concludes that
a Lebesgue positive subset of Dq is contained in the basin of an ergodic component
ξ of ν for large q. As Lebesgue a.e. point in Dq is typical for µq we conclude that
ξ = µq = ν = µ for q large enough.

Remark 14. Contrarily to Proposition 6 we do not need here to work with midly hy-
perbolic times, because the measure LebDq integrating the empirical measure µnx[F δ,M

−Φxi+1
(M)∩

Eδ
Φxi

(P )] in the definition of µq,M,P
n does not depend on M .

5.2. The non-hyperbolic case. We assume now µ(φi+1
∗ ≥ 0) = 1. We let again

Dq be a µq-typical Pesin unstable disc of dimension dim(Gi) as above. We put

µq,δ,M,P
n =

∫
µnx[Eδ

Φxi+1
(M) ∩ Eδ

Φxi
(P )] dLebDq(y),

ηq,δ,Mn =

∫
µnx[Eδ

Φxi+1
(M)] dLebDq(y).

The measure ηq,δ,Mn is the same as ηq,Mn in the above hyperbolic case. However
we write here the dependence in δ as we will now make vary this parameter. Let
µq,δ,M,Pand ηq,δ,M be the limit of µq,δ,M,P

n and ηq,δ,Mn when n goes to infinity. The
limits µδ = limP limM limq µ

q,δ,M,P and ηδ = limM limq η
q,δ,M , and the normalized

probability νδ = µδ

µδ(M)
are f -invariant and satisfy the following properties:

• µδ is a component of ηδ, which is itself a component of µ,
• φi+1

∗ (x) ≥ δ for ηδ-a.e. x with ηδ = µ−ηδ, therefore ηδ(M) ≥ µ(φi+1
∗ = 0) > 0

and
∫
φi+1 dηδ = δηδ(M) (see Remark 3 and Remark 4 or Proposition 6.2 of

[9]),
• h(νδ) ≥

∫
ψi dν

δ by arguing as in Section 3.1,

• d(µδ, ηδ)
δ→0−−→ 0 by Remark 13.

Lemma 15. For any limit µ̂ of (µδ)δ when δ goes to zero, the associated probability
ν̂ = µ̂

µ̂(M)
satisfies the following properties.

(1)
∫
φi+1 dν̂ = 0,

(2) ν̂ ≤ µ, in particular ν̂(φi+1
∗ ≥ 0) = 1,
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(3) h(ν̂) ≥
∫
ψi dν̂.

Proof. (1) Observe firstly that ηδ
ηδ(M)

is converging to ν̂. Then by taking the limit

when δ goes to zero in
∫
φi+1 dηδ = δηδ(M), we get the desired equality.

(2) We have

µ(φi+1
∗ = 0)ν̂ ≤ lim

δ→0
ηδ(M)νδ,

≤ µ̂,

≤ µ.

(3) This follows from the aforementioned upper semicontinuity of the entropy
function and the inequality h(νδ) ≥

∫
ψi dν

δ for any δ > 0.
�

From the two first items we obtain φi+1
∗ (x) = 0 for ν̂-a.e. x. Then ν̂ satisfies the

entropy formula by (3), therefore ν̂ is a non-hyperbolic SRB measure, which is a
component of µ by (2).

References

[1] J. Alves and V. Pinheiro, Topological structure of (partially) hyperbolic sets with positive volume, Trans.

Amer. Math. Soc., 360(2008), 5551–5569.
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