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Abstract: We study cyclic codes over the ring H of order 4 and characteristic 2 defined by generators
and relations as H = (a,b | 2a = 2b = 0,a> = 0,b> = b,ab = ba = 0). This is the first time that
cyclic codes over a non-unitary ring are studied. Every cyclic code of length n over H is uniquely
determined by the data of an ordered pair of binary cyclic codes of length n. We characterize self-dual,
quasi-self-dual, and linear complementary dual cyclic codes H. We classify cyclic codes of length
at most 7 up to equivalence. A Gray map between cyclic codes of length n over H and quasi-cyclic
codes of length 21 over IF; is studied.

Keywords: non-unitary rings; cyclic codes; self-orthogonal codes

MSC: 94 B15; 16 D10

1. Introduction

Cyclic codes over finite fields [1,2] and finite rings [3-9] constitute the most popu-
lar class of algebraic codes for many reasons, both practical and theoretical. Their clean
algebraic structure enables the practitioner to use efficient encoding and decoding tech-
niques [10,11]. It also permits the theoretician to derive strong lower bounds on the
minimum distance (BCH, Hartmann-Tzeng, van Lint/Wilson, Roos) [1,12-14]. At the heart
of this popularity lies the quotient ring A[x]/(x" — 1), where x is a formal variable and
A the code alphabet (a finite ring). Ideals in this ring are in one-to-one correspondence
with cyclic codes of length 1 over A. This ring is principal and every ideal admits a monic
generator, say, g(x). The roots of g(x) allow for the computation of various bounds on the
minimum distance. The dual of such a code is generated by the quotient of x" — 1 by g(x).
In recent years, a theory of codes over non-unitary rings emerged [15-17]. The absence of a
unit element for the multiplication forbids the researcher investigating cyclic codes over a
non-unitary ring A to use the auxiliary ring A[x]/(x" — 1), simply because x" — 1 is not
available in A[x]. In such a case, alternative strategies have to be derived. In this paper
we study the fundamental algebraic properties (generation, duality) of cyclic codes over a
special non-unitary ring without any polynomial formalism.

In particular, we investigate cyclic codes over the non-unitary ring H in the classifica-
tion of Rhagavendran [18] and the notation of Fine [19]. This ring is semi-local with two
maximal ideals. Essentially, every cyclic code over H can be regarded as an ordered pair
of binary cyclic codes of the same length. This structure theorem is used to characterize
self-dual, quasi-self-dual, and linear complementary dual (LCD) cyclic codes over H. It is
also used to classify isomorphism classes of cyclic codes of given length up to length 7. A
Gray map between codes of length n over H and codes of length 21 over IF; is introduced.
The Gray image of a cyclic code is proved to be quasi-cyclic of index 2.

The material is organized as follows. The next section collects basic notations and
notions needed for the other sections. Section 3 considers the structure of cyclic codes
over H. Section 4 studies the Gray map of cyclic code over H, Section 5 investigates the
automorphism group of a cyclic code, and Section 6 applies this information to classifying
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cyclic codes of a given length up to permutation. Section 7 derives conditions for LCD-ness.
Section 8 contains numerical examples. Section 9 concludes this article.

2. Preliminaries
2.1. Binary Codes

The Hamming weight of x € [} is denoted by wt(x). The dual of a binary linear code
C is signified by C* and defined as :

Ct ={yeF3|vx € C, (x,y) =0},

n
where (x,y) = ¥ x;y;, denotes the standard inner product. A code C is self-orthogonal if
i=1

itis included in its dual: C C Ct. A code is even if all its code words have even weight.
All binary self-orthogonal codes are even, but not all even binary codes are self-orthogonal.
Two binary codes are equivalent if there is a permutation of coordinates that maps one to
the other.

A linear code C of length n over F; is cyclic provided that, for each vector
¢ = (c...cn—2¢y—1) in C, the vector ¢,_1cp...c,_p, obtained from c by the cyclic shift
of coordinates i — i+ 1 (modn), is also in C.

2.2. Rings and Modules
Following [19], we define a ring on two generators a, b by their relations

H=(a,b|2a=2b=0,a>=0,b*> = b,ab = ba = 0).

Thus, H has characteristic 2 and consists of four elements H = {0,a,b,c}, with
¢ = a + b. The addition table is immediate from these definitions

+|10|lal|b|c
0[0|al|b|c
alal|0|c|b
b|b|lc|0]|a
c|lc|b|lalO0
The multiplication table is as follows.
X |0]|lal|b]|c
0j0|0|0]0O
a |0]0|0]O
b |0|O0O|b|b
c |0|0|Db|D

From this table, we deduce that this ring is commutative and that it does not have an
unity element for the multiplication. Two absorbing elements are 0 and a. It is semi-local
with two maximal ideals, J, = {0,a} and J, = {0, b}. Denote by a, : H — F; the reduction
map with respect to J;, and by &}, : H +— I is the map of reduction map with respect to
Jp- Thus, ag(a) = a,(b) =0, and a,(b) = ap(a) = 1. Note that these two applications are
morphisms for addition but for not multiplication. They can be extended in the obvious
way into maps from H" to 5. This ring decomposition induces a code decomposition in the
following way. The code C over H can be written as a direct sum (in the sense of modules)

C = aC, & bC,

where C; = #;(C) and C, = a,(C). Sometimes we will use the inner product notation (x, r)
for x € F7,r € H" to mean
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n
(x,7) = inrl- = E 7.
i=1

xl-:l

A linear H-code C of length n is an H-submodule of H". It can be regarded as the
H-span of the rows of a generator matrix. With that code, we attach two binary codes of
length n: a,(C) and &, (C). An additive code of length 1 over Fy is an additive subgroup of
F. It is an IF, vector space of size 4¢ elements for some k < n. Using a generator matrix
G, such a code can be cast as the Fp-span of the rows of G. With every linear H-code C we
associate an additive F4-code ¢ (C) by the alphabet substitution

00,08 wb—1,c— >

where Fy = IF>[w], extended in the obvious way to I.
We use the notation of the Magma package [20]

[<0,1>,...,<i,A;>,...,<n A, >|

for the weight distribution of a code, where A; is the number of code words of weight i.
Two H-codes are permutation-equivalent if there is a permutation of coordinates that maps
one to the other.

Equip H" with an inner product by the rule (x,y) = i x;y;. The dual C* of C is the
i=1
module defined by
Ct={ye H"\Vx € C, (x,y) = 0}.

Thus, the dual of a module is a module. A code is self-dual if it is equal to its dual.
A code C is self-orthogonal if Vx,y € C, (x,y) = 0.

3. The Structure of Cyclic Codes over H

Definition 1. A cyclic code C of length n over H is a linear code with property that if
c=(co,c1,...,¢n_1) € Ctheno(c) = (¢y_1,¢0,---,cn—2) € C.

Example 1. The repetition code of length 2, defined by Ry = {00, aa, bb, cc} is a cyclic code over H.
The dual of Ry is defined by Ryt = {00, aa, bb, cc, cb, be,a0,0a}. 1t is also a cyclic code
over H.

Example 2. Let C = aC, @® bCy, where C, and Cy, are binary codes generated by the matrix

10 1
G_(llo)

Then C is a cyclic code of length 3 over H such that C, = {000,101,110,011} = C,.
= |C,| = 4and |Cy| = 4. Hence, |C| =|C,||Cy| = 4% = 16.
Then C = {000, a0a, aa0, 0aa, bOb, bb0, 0bb, cOc, cc0, Occ, cba, abc, cab, ach, bac, bea}.

The following result is of crucial importance to our study.

Theorem 1. If C = aC,; ® bCy, is an arbitrary linear code over H, then C is a cyclic code if and
only if C, and Cy, are both cyclic.

Proof. (=) Let T be the permutation matrix corresponding to the shift.
It can be seen that T commutes with both &, and &;. We know TC C C.
Hence, a,(TC) = T, (C) C ay(C). This implies that C, = a,(C) is cyclic.
Same argument with C; = a},(C).
(<=) Suppose that C; and Cj, are both cyclic. We want to prove that C is cyclic.
Let C = acy + bcy be an arbitrary code word in C where ¢1 = (xq, x1,...,%,-1) € Ca
and ¢; = (yo,}/l, ce ,yn_1) € Cp.
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We need to prove that ¢’ = acy’ + bey’ € C. Then

c=a(xg,x1,...,Xp—1) + (Yo, Y1, -, Yn-1)

1)
= (axo + by, ax1 + byy, ..., ax,_1 + by,_1)

As C; and Cy, are both cyclic, then ¢1" = (x,-1, X0, ..., X4,—2) € Cpand &’ = (Yu—1, Y0, - - -,
Yn-2) € Cp.
Hence, (1) will become

¢ = (axp_1+byu_1,ax0 + byo, ..., ax,—2 + by, _2)
= a(xl’l—llx()/ e /xan) + b(yn—lz ]/0/ e /]/n72) € C
Hence, we proved C is a cyclic code over H. [

To derive more corollaries of Theorem 1, we require some definitions pertaining to the
duality of H-codes.

Definition 2.

* A code of length n is quasi-self-dual if it is self-orthogonal and of size 2".
* A quasi-self-dual code over H with all weights even is called a Type IV code.
* A QSD H-code is called quasi-Type IV QT4 if C, is an even code.

e Alinear code C is called an LCD code (Linear Complementary Dual Code) if C C* = 0.
For LCD codes over finite fields see [21].

Corollary 1. A code C of length n over H is cyclic QSD if and only if :

1. Cyisa cyclic self-orthogonal [n,k] binary code.
2. Cyisacyclic [nn-k] binary code.

Proof. By combining Theorem 1 and [15] (Lemma 1) we obtain the proof. [

Corollary 2. A code C over H is cyclic Type IV if Cy, is a cyclic self-orthogonal binary code and
Cﬂ - C#.

Proof. By combining Theorem 1 and [15] (Theorem 5) we obtain the result. O

Corollary 3. Every cyclic QT4 code of length n over H is of the form aC, & bC;, where:

1. Gy isa cyclic self-orthogonal [n,k] binary code.
2. Cgisan even cyclic binary [n,n-k] code.

Proof. By combining Theorem 1 and [15] (Lemma 2) we obtain the proof. O

Corollary 4. Let C be a cyclic code over H, then C is an LCD cyclic code if and only if Cy, is LCD
cyclic and C; = {0}.

Proof. By combining Theorem 1 and [22] (Theorem 5.11) we obtain the result. O

To prepare for the study of self-dual cyclic codes over H, we need the following
theorem. The proof is omitted.

Theorem 2 ([22] (Theorem 22)). Let C* be the dual code of C over H. Then C+ = aF5 @ ng—.
The next result follows.

Corollary 5. If C is a cyclic code over H, then the dual code C* of C is also cyclic.
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Proof. By Theorem 2, we have C* = aF% & bC;-. Since the dual code of binary cyclic code
is also cyclic, by Theorem 1 and the fact that 5 is a cyclic code, we obtain the result. [

In the next results, we study the additive code of cyclic codes over H.
Corollary 6. If C is cyclic code over H, then the additive code ¢ (C) is also cyclic.
Proof. The proof is direct from Theorem 1. [

Corollary 7. If the binary code ¢pp;(C) is cyclic, then ¢ (C) is also cyclic.

Proof. By combining Corollary 5 and Corollary 6, we obtain the proof. [

If C is a cyclic code of length 1 over H, then the relation ¢5 (C*) = ¢ (C)* is not true
in general as the following example shows.

Example 3. Let C = {00,bb} be a cyclic code of length 2 over H then the dual of C is
clt= {00, aa, bb, cc, cb, be, a0,0a} and ¢ (C) = {00,11}.

P (CL) = {00, ww, 11, w?w?, w*l, 1u?, wo, Ow}and
gIJH(C)L = {OO, 10, W w, ww, ww?, w?w?,11,01 }

4. Gray Map

Any code word of H can be expressed as ¢ = ax + by, where 4, b are generators for the ring
H and x, y are arbitrary elements in IF,. The Lee weights of 0,4,b,c € H are 0, 1, 1, 2, respectively.
The Gray map from H to F, x I, is given by ¥(c) = (x,y). The Gray map is a bijection. This
map can be extended to H" in a natural way For any
s =(s0,51,...,5,-1) € H", where s; = au; + bv;,0 <i < n —1, we define ¥(s) = (u(s),v(s)),
where u(s) = (ug,u1,...,uy—1),0(s) = (v0,01,...,0y_1)-

Then ¥ is a weight-preserving map from (H" Lee weight) to (F3",Hamming weight),
thatis, wy(s) = wy (¥ (s)).

Example 4. Let C = aC, & bCy, where C, and Cy, are binary codes generated by G, = (1 1)
and G, = (1 1), then C, = {00,11} = Cp. Therefore, C = {00,aa,bb,cc} and we can
write the code C as C = {a(00) 4 b(00), a(11) + b(00),a(00) + b(11),a(11) + b(11)}. Hence,
¥(C) = {0000,1100,0011,1111}.

The following result characterizes the Gray image of an H-code as a function of its
two binary components.

Theorem 3. Let C be a linear code of length n over H. Then ¥(C) = C, & Gy,

Proof. Forany (uo,uy,...,1y—1,%,01,...,05-1) € ¥(C),letc; = au; +bv;, i =0,1,...,n—1.
Since ¥ is bijection, ¢ = (cp,¢1,...,¢,—1) € C. By the definition of C, we obtain that
(ug,u1, ..., uy_1) € Cg, (vg,01,--.,04_1) € Cp; therefore, (ug,uy,...,uy_1,09,91,---,0p-1)
€ Cq ® Cp. This implies that ¥(C) C C, @ Gy,

On the other hand, for any (ug, u1,...,uy—1,00,01,-..,0y-1) € Cq & Cp where (ug, u1,
co Uy 1) € Cq, (vg,v1,...,0,-1) € Cp. Since C is linear, we have ¢ = au; + bv; € C,
and it follows that ¥ (c) = (ug, u1,...,Uy—1,90,v1,...,0y—1), which gives C, & C;, € ¥(C).
Therefore, ¥(C) = C, & Cp. O

As a consequence, we characterize the Gray image of the dual code.

Corollary 8. Let C be a linear code of length n over H and ¥(C) = C, & Cy then
Y(Ct) = F @ Ci.
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Proof. It follows directly from Theorem 2. [

Proposition 1. Let dy and dy be the minimum Hamming and Lee weights of a linear code C
over H, respectively. Then, dy = di, = min{d(C,),d(Cy)}, where d(C,) and d(Cy) denote the
minimum weight of a binary code C, and Cy, respectively.

Proof. Since ¥ is a weight-preserving map, then d; (C) = dy(¥(C)) = dy(Ca & Cp) =
min{d(C,),d(Cy)}, and dyg = dy is obvious. [

To prepare for the study of the relation between Gray map and duality, we need the
following Corollary and the following Proposition.

Corollary 9 ([22] (Corollary 24)). Let C = aC, @ bCy, be a linear code of length n over H. Then
C is nice if and only if C, = {0}.

Proposition 2. Let C* be the dual code of C over H. If C is a nice code over H, then ¥ (C*) = ¥(C)*.
Moreover, if C is a self-orthogonal code, so ¥ (C).

Proof. (C) For any ¢; = auj +bv; € C, co = aup + bvy € C*+ where uq,up,v1,v, € Fj.
Since ¢1 - ¢, = 0 implies b(vy - v3) = 0, thus we can obtain that ¥(c1) - ¥(c2) = (u1,01) -
(up,v2) = uquy + 0102 = 0, which means ¥(C*) C ¥(C)* .

(D) Let ¥(c1) = ¥(aug +bvy) = (u1,v1) € ¥(C) and ¥(c2) = ¥(aup + bvy) =
(u2,v2) € ¥Y(C)* where uy, up, v1,0; € F. Since ¥(cq) - ¥(c2) = 0 implies uqup + 0102 = 0,
thus we can obtain that ¢q - ¢y = a?uquy + abuqvy + bauyvy + b2v1vy = 04+0+ 0+ b(vy -
vy) = 0, which means ¥(C)* C ¥(C'). Hence, ¥(C+) = ¥(C)*+. O

Proposition 3. If C is an LCD code over H then ¥ (C) is also an LCD code over F,.
Proof. Since C is an LCD code over H then we have C N C* = {0} and C, is nice. We want

to prove that ¥(C) N ¥(C)* = {0}.
Consider,

&

(0)

(cnch)

= ¥(C)NY(Ct)because ¥is a bijection
= ¥(C)N¥(C)'by Proposition 2

{0}y =

|
€

Hence, ¥(C) is an LCD code over H.

To prepare for the study of the symmetry of Gray images, we need the following Definition.
Definition 3. Let ¢ be the quasi-cyclic shift on (F}')*® given by:
Ps(xW|x@ | x)) = (a(xMW)|o(x@)]...|o(x»))). A quasi-cyclic code C of index

s and length ns over F, is a subset of (F}')° such that ¢s(C) = C, where o is the cyclic shift in
length n.

Corollary 10. If C is a cyclic code of length n over H, then ¥ (C) is a binary quasi-cyclic code of
index 2 and length 2n.

Proof. It follows directly from the definition of quasi-cyclic codes. [

5. Automorphism Group

Let C be a linear code of length n over H and ¢ a permutation of the symmetric group
Sy acting on {0,1,...,n — 1}. We associate with this code a linear code o(C) defined by:

o(C) = {(xgq(o),...,xrl(n,l))\(xo,...,xn_l) € C)}
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We say that the code C and C’ are equivalent if there exists a permutation ¢ € S,, such
that C' = o(C).
The automorphism group of C is the subgroup of S;; given by:

Aut(C) ={oc €S, |o(C)=C}.

Example 5. Let C = aC, @ bCy, where C, and Cy, are binary codes generated by the matrix

1 01
G= <1 1 0>'
Then C is a linear cyclic code of length 3 over H such that C, = {000,101,110,011} = C,,.
1 01 ,
01 1) and we obtain
C, = {000,101,110,011} = Cy. Therefore, c(C) = C. So o € Aut(C).

Consider ¢ = (1,3) then a generator matrix will become

Example 6. Let C = aC, ® bCy, where C, and Cy, are binary codes generated by the matrix

1011100
G=(0 1 01 11 0].
001 0111

Then C is a cyclic code of length 7 over H, where
C, = {0000000,1011100,0101110,0010111,1110010,0111001,1001011, 1100101} = C,,.
And let C' = aC}, @ bC,, where C;, and Cj are binary codes generated by the matrix

1110100
G=[011101 0.
0 011101

Then C' is a cyclic code of length 7 over H, where
C; = {0000000,1110100,0111010,0011101,10011100,0100111, 1101001, 1010011} = C;.
Hence, 0(C) = C’ where o = (264)(35). Therefore, C and C are equivalent codes.

The following result shows the relationship between the equivalence of two linear
codes over H and that of their constituents.

Lemma 1. Let C = aC, ® bCy, and C' = aC}, @ bC,, be two codes over H. Then C and C are
equivalent if and only if there exists a permutation o € Sy, such that 0(C,) = Cj and 0(Cy) = Cj,.

Proof. The first direction: If C and C’ are equivalent, then C' = ¢(C)

aCl, & bCp, = 0(aC, & bCy),
=0(aCs) ® o (bCy),
= a0 (Cp) ® bo(Cp).
By taking a, and a;, for both sides, we obtain: ¢(C,) = C, and 0(C;) = C}.

Conversely, suppose that there exists a permutation ¢ € S, such that ¢(C,) = C, and
0(Cp) = C;,. Then, we can write:

o(C) = o(aC, @ bCy),
=0(aCs) ® 0 (bCy),
=a0(Cs) B bo(Cy),
=aC, & bCy,
=C.

Hence, C and C’ are equivalent. []

As consequences from the previous lemma, we derive the following two results.
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Proposition 4. Let C = aC, ® bCj, and C' = aC}; & bC,, be two self-dual codes over H. Then C
and C' are equivalent if and only if there exists a permutation o € Sy, such that o(Cp,) = Cj,.

Proof. By combining Theorem 2 and Lemma 1, we obtain the proof. 0

Proposition 5. Let C = aC, ® bCy and C' = aC} & bC;, be two LCD codes over H. Then C and
C' are equivalent if and only if there exists a permutation o € Sy such that o(Cp,) = Cj,.

Proof. By combining Corollary 4 and Lemma 1, we obtain the proof. [

6. Classification

The following characterization result is easy but essential to understand the classifica-
tion technique.

Lemma 2. A code C of length n over H is cyclic if and only if it is of the form aC, ® bCy, where:

e Cyisacyclic [n,kq] binary code.
e Cyisacyclic [n,ky] binary code.

Proof. The proof is obtained directly from Theorem 1. [

To classify cyclic codes, we thus have to find all codes that are permutation-equivalent
to aC, @ bCy, for a given pair (C,, Cy). This is a similar situation to the classification of
self-dual codes over qu and we follow the method there. Here, SDR stands for System of
Distinct Representatives of cyclic code, that is to say, elements that are representative of
subsets (here the double cosets) in a set (here the group S,) partition. The following result
is an immediate generalization of [23] (Theorem 3.5) from Z,; to H. Its proof is omitted.

Theorem 4 ([15] (Theorem 6)). Let (Cq, Cp) be a pair of codes as defined in Lemma 1, with
respective permutation groups A and B. Then, the set

Sc,c, := 1aCy © bo (Cp)|o runs over a SDR of A\S,/B}.

forms a set of non-equivalent codes. In particular, |Sc,c,| = |A\Su/B|.

The immediate application is the next result.

Corollary 11. Let L, be the set of all non-equivalent [n, k1| cyclic binary codes. Let Ly, be the set
of all non-equivalent [n, ky| cyclic binary codes. Then, the set of all cyclic codes over H is, up to

permutation, the disjoint union []c,e1, Sc,c,-
CpeLy

Proof. By application of the maps «, and «;, the following observation is immediate. If the
pairs C,,Cp and C[,,Cé are distinct, then none of the codes in Sc, ¢, are equivalent to any of
the codes in SC[”Cé. O

7. LCD Cyclic Codes over H

We prepare for the main result of this section by recalling some results on binary
cyclic codes.

Definition 4. A linear code C of length n over H is said to be reversible if for any code word
c=(co,€1,...,0q_1) € Cimplies ¢ = (¢,_1,cn—2,...,¢1,¢0) € C.

Lemma 3 ([24]). If Cy is an [n, k] cyclic code over Fp with generator polynomial g(x) then it is an
LCD code if and only if g(x) = §(x) and all the monic irreducible factors of ¢(x) have the same
multiplicity in x" — 1 and g(x). In particular, for gcd(n,2) = 1, Cy, is an LCD code if and only if
it is a reversible code.

Lemma 4 ([25] (Theorem 1)). Let Cy, be a cyclic code over a finite field F, having generator
polynomial g(x). Then Cy is a reversible code if and only if g(x) = (x).
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Proposition 6 ([22]). Let C = aC, & bCy, be any linear code of length n over H. Then C is LCD if
and only if Cy is LCD and C, = {0}.

Corollary 12. Let C = aC, @ bCy, be a cyclic code of arbitrary length n over H. Then C is LCD if
and only if C; = {0} and the generator polynomial g(x) of Cy is self-reciprocal and the multiplicity
of each monic irreducible factor of g(x) is the same in g(x) and x" — 1.

Proof. It follows from Lemma 3 and Proposition 6. [

Theorem 5. Let n be an odd positive integer and C = aC, @ bCy, be a cyclic code over H of length
n. Then C is LCD if and only if Cy, is reversible and C, = {0}.

Proof. Let C be an LCD over H. Then C;, is LCD over F; i.e., C, is a reversible code over
F, by Lemma 3. Hence, C = aC, @ bC, is also a reversible code over H.

Conversely, let C be a reversible code over H. Then ¢ = a{0} + by € C implies that
c" € Cwherey = (yo,¥1,---,Yn-1) € Cp. We can write

¢ = (a-0+byp,a-0+byy,...,a-0+by,_1)
= (a-0+by,_1,a-0+by,_p,...,a-0+4+byy,a-0+ byp)
= a{0} +by".

This implies that C, is reversible over I'; and LCD over [, also. Therefore, C is LCD
over H. [

In the following example we will show an LCD cyclic code over H.
Example 7. The code C = {000, bbb} of length 3 over H is an LCD cyclic where C, = {0} and
Cp is generated by G, = (1 1 1).

Then the dual code of C generated by G = . We obtain CN C*+ = {0}

SO O O\
o o8N O
TN OO

8. Numerical Results

In the following, we classify, up to equivalence, cyclic codes up to length 7 (Tables 1-18).
All the computations needed for this section were performed in Magma [20].

The generator matrices of the classified cyclic codes up to n = 7 can be found at: https:
/ /www.kau.edu.sa/GetFile.aspx?id=316077&fn=Gen (accessed on 10 September 2023).

Length 2 (8 Codes)

Table 1. Weight distribution of cyclic codes of length 2.

Generator Matrix Weight Distribution
Gy and G, [<0,1>,<2,1>]

Gz and Gy [<0,1>,<1,2>,<2,1>]
Gs [<0,1>,<2,3>]

Ge and Gy [<0,1>,<1,2>,<2,5>]

Gs [<0,1>,<1,6>,<2,9>]



https://www.kau.edu.sa/GetFile.aspx?id=316077&fn=Gen
https://www.kau.edu.sa/GetFile.aspx?id=316077&fn=Gen
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Table 2. List of all binary cyclic codes of length 2.
Index Generator Polynomial
0 x?—1
1 x—1
2 1
Table 3. Cyclic codes of length 2.
Generator Matrix dy Index C, IndexCp, Self-Orthogonal QSD Even
Gy 2 0 1 Yes No Yes
Gy 2 1 0 Yes No Yes
Gs 1 0 2 No No No
Gy 1 2 0 Yes Yes No
Gs 2 1 1 Yes Yes Yes
Geg 1 1 2 No No No
Gy 1 2 1 Yes No No
Gg 1 2 2 No No No
*  Codes are not self-dual except G7 .
¢ Codes are not LCD except G3 .
¢ Codes neither Type IV nor QT4 except Gs .
Length 3 (15 Codes)
Table 4. Weight distribution of cyclic codes of length 3.
Generator Matrix Weight Distribution

Gy and G, [<0,1>,<3,1>]
Gs and Gy [<0,1>,<2,3>]
Gs [<0,1>,<3,3>]
Gg and Gy [<0,1><1,3><23><3,1>]
Gg and Gy [<0,1>,<2,3>,<3,4>]
Gio [<0,1><29>,<3,6>]
Gi1 and Gy [<0,1>,<1,3>,<2,3>,<3,9>]
G13 and Gyg [<0,1><1,3><2,15>,<3,13 >]
Gis [<0,1>,<1,9>,<2,27>,< 3,27 >]

Table 5. List of all binary cyclic codes of length 3.

Index Generator Polynomial
0 -1
1 x—1
2 x+x+1
3 1
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Table 6. Cyclic codes of length 3.

Generator Matrix dy Index C;, IndexC, Self-Orthogonal Even LCD
G1 3 0 2 No No Yes
Gy 3 2 0 Yes No No
Gs 2 0 1 No Yes Yes
Gy 2 1 0 Yes Yes No
Gs 3 2 2 No No No
Gg 2 0 3 No Yes Yes
Gy 2 3 0 Yes Yes No
Gsg 2 1 2 No No No
Gy 2 2 1 No No No
Gio 2 1 1 No No No
G11 1 2 3 No No No
G2 1 3 2 No No No
G13 1 1 3 No No No
Gig 1 3 1 No No No
Gis 1 3 3 No No No

*  Codes are neither self-dual nor Type IV or QT4 .
¢ Codes are not QSD.

Length 4 (24 Codes)

Table 7. Weight distribution of cyclic codes of length 4.

Generator Matrix Weight Distribution
Gi and G, [<0,1>,<4,1>]
Gs and Gy [<0,1>,<22>,<4,1>]
Gs [<0,1>,<4,3>]
Gg and Gy [<0,1>,<2,6><4,1>]
Gg and Gy [<0,1>,<2,2>,<4,5>]
Gio [<0,1>,<2,6>,<4,9>]
Gy1 and Gp [<0,1>,<2,6>,<4,9>]
Gz and Gy [<0,1>,<1,4>,<2,6>,<3,4>,<4,1>]
Gi5 and Gyg [<0,1>,<1,4>,<2,6>,<3,4>,<4,17 >]
G17 and Gy [<0,1>,<210>,<3,8>,<4,13>]
G19 and Gy [<0,1>,<1,4>,<2,14>,<3,20 >,<4,25>]
Gy [<0,1>,<2,18>,<3,24 >,< 4,21 >]
Gy and Gp3 [<0,1>,<1,4>,<2,30>,<3,52>,<4,41 >|

Gos [<0,1><1,12>,<2,54 >,< 3,108 >, < 4,81 >]
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Table 8. List of all binary cyclic codes of length 4.
Index Generator Polynomial

0 xt—1

1 x+1

2 2 +1

3 Bt a1

4 1

Table 9. Cyclic codes of length 4.
Generator Matrix dy Index C, Index Cp, Self-Orthogonal Even

G1 4 0 3 Yes Yes
Gy 4 3 0 Yes Yes
G3 2 0 2 Yes Yes
Gy 2 2 0 Yes Yes
Gs 4 3 3 Yes Yes
Gg 2 0 1 No Yes
Gy 2 1 0 Yes Yes
Gs 2 3 2 Yes Yes
Gy 2 2 3 Yes Yes
Gio 2 2 2 Yes Yes
G11 2 3 1 No Yes
G2 2 1 3 Yes Yes
Gi3 1 0 4 No No
Gig 1 4 0 Yes No
Gis 1 3 4 No No
Gig 1 4 3 Yes No
Giy 2 2 1 No No
Gig 2 1 2 Yes No
Gig 1 2 4 No No
Gyo 1 4 2 Yes No
Gy 2 1 1 No No
Goo 1 1 4 No No
Gos 1 4 1 No No
Gog 1 4 4 No No

*  Codes are not self-dual except Gop.

*  Codes are not QSD except G10,G12 and Gia.

*  Codes are not Type IV except G1g and G».
*  Codes are not QT4 except Gy and Gyy.

*  Codes are not LCD except Gi3.
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Length 5 (15 Codes)

Table 10. Weight distribution of cyclic codes of length 5.

Generator Matrix Weight Distribution

G1 and G, [<0,1>,<5,1>]

G; and Gy [<0,1>,<2,10>,<4,5>]
Gs [<0,1>,<5,3>]

Gg and Gy [<0,1>,<1,5>,<2,10>,<3,10 >,<4,5>,<5,1>]

Gg and Gy [<0,1><2,10>,<4,5>,<5,16 >]
G [<0,1>,<2,30>,<3,60>,<4,105>,< 5,60 >]

Gy1 and Gpp [<0,1>,<1,5><210>,<3,10 >,< 4,5 >,< 5,33 >]

Gyz and Gy [<0,1>,<1,5>,<2,50>,< 3,130 >,< 4,205 >,< 5,121 >]
Gis [<0,1>,<1,15>,<2,90 >, < 3,270 >, < 4,405 >, < 5,243 >]

Table 11. List of all binary cyclic codes of length 5.

Index Generator Polynomial
0 -1
1 x+1
2 a4 x+1
3 1

Table 12. Cyclic codes of length 5.

Generator Matrix dy Index C;, IndexC; Self-Orthogonal Even LCD
G1 5 0 2 No No Yes
Gy 5 2 0 Yes No No
Gs 2 0 1 No Yes Yes
Gy 2 1 0 Yes Yes No
Gs 5 2 2 No No No
Gg 1 0 3 No No Yes
Gy 1 3 0 Yes No No
Gg 2 1 2 No No No
Gy 2 2 1 No No No
Gio 2 1 1 No No No
G11 1 2 3 No No No
G2 1 3 2 No No No
Gi3 1 1 3 No No No
Gig 1 3 1 No No No
Gis 1 3 3 No No No

*  Codes are neither self-dual nor Type IV or QT4.
¢ Codes are not QSD except Gj.
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Length 6 (80 Codes)

Table 13. Weight distribution of cyclic codes of length 6.

Generator Matrix Weight Distribution

Gy and G, [<0,1>,<6,1>]

G; and Gy [<0,1>,<3,2>,<6,1>]

Gs and Gg [<0,1>,<4,3>]

Gy and Gg [<0,1>,<23>,<43>,<6,1>]

Gy and Gy [<0,1>,<23>,<38><4,3>,<6,1>]

Gy1 and Gpp [<0,1>,<2,6>,<4,9>],

Gz and Gy [<0,1>,<215>,<4,15>,<6,1>]

Gi5 and Gyg [<0,1>,<1,6>,<2,15>,<3,20>,<4,15>,<5,6 ><6,1>]
Gy [<0,1>,<6,3>]

Gig and Gyg [<0,1>,<3,2>,<6,5]

Gy and Gy [<0,1>,<4,3>,<6,4>|

Gy and Gp3 [<0,1>,<23>,<43>,<6,9>]

Gyy and Gos [<0,1>,<23>,<38>,<4,3>,<6,17 >]

Gy and Gyy [<0,1>,<2,6>,<4,9>,<6,16 >]

Gog and Gog [<0,1>,<1,3>,<2,6>,<3,10>,<4,9>,<5,3>,<6,32>]

G3p and Gz [<0,1>,<1,6>,<2,15>,<3,20>,<4,15>,<5,6 >,< 6,65 >]
Gs2 [<0,1>,<3,6>,<6,9>]

Gasz and Gy [<0,1>,<3,2>,<4,3>,<5,6><6,4>|

G35 and Gsg [<0,1>,<23>,<32>,<4,9>,<5,6>,<6,11 >]

Gs7 and Gsg [<0,1>,<23>,<312>,<4,15>,<5,12>,< 6,21 >]

Gsg9 and Gy [<0,1><2,6>,<38><4,9>,<5,24>,<6,16 >|

Gy1 and Gyp [<0,1>,<2,15>,<3,8>,<4,39>,<5,24>,<6,41 >]

Gyz and Gyy [<0,1>,<1,6>,<2,15>,<3,36>,<4,63>,<5,54>,<6,81 >|
Gys [<0,1>,<4,9>,<6,6>]

Gy and Gy [<0,1>,<23>,<4,15>,<6,13 >]

Gyg and Gyg [<0,1>,<23>,<38>,<4,15>,<5,24>,<6,13 >]

Gso and Gs; [<0,1>,<2,6>,<4,21 >,<5,24>,<6,12 >]

Gsp and Gs3 [<0,1>,<2,15>,<4,39 >,<5,48 >,< 6,25 >]

Gs4 and Gss [<0,1><1,6>,<2,15>,<3,20>,<4,63>,<5,102 >,< 6,49 >]
Gsg [<0,1>,<2,9>,<4,27>,<6,27 >]

Gsy and Gsg [<0,1>,<29><38>,<4,51 >,<5,24>,<6,35>]

Gsg and Ggo [<0,1>,<29>,<312>,<4,39>,<5,36 >,< 6,31 >]
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Table 13. Cont.

Generator Matrix Weight Distribution

Gg1 and Ggp [<0,1>,<2,21>,<3,24>,<4,75>,<5,72>,<6,63 >]

Ges and Ggy [<0,1>,<1,6>,<2,27>,<3,68>,<4,135>,<5,150 >, < 6,125 >|
Ges [<0,1>,<29>,<3,24>,<4,99>,<5,72>,<6,51 >]

Gee and Ggy [<0,1>,<29>,<3,32>,<4,75>,<5,9 >,< 6,43 >]

Ggg and Ggo [<0,1>,<2,21>,<3,56>,<4,171 >,< 5,168 >, < 6,95 >]

Gy and G, [<0,1>,<1,6>,<2,27>,<3,132>,<4,327 >,< 5,342 >,< 6,189 >]
Gn [<0,1><218>,<3,12>,< 4,81 >,<5,108 >, < 6,36 >]

Gz and Gy [<0,1>,<2,27>,<3,48 >,< 4,159 >,< 5,192 >, < 6,85 >]

Gys5 and Gyg [<0,1>,<1,6><2,39>,<3,116 >,< 4,303 >,< 5,390 >, < 6,169 >]
Gyy [<0,1>,<2,45>,<3,120 >,< 4,315 >,< 5,360 >, < 6,183 >]

Gyg and Gyg [<0,1><1,6><2,75>,<3,260>,<4,615>,<5,726 >,< 6,365 >]
Gso [<0,1>,<1,18 >,<2,135>,< 3,540 >, < 4,1215 >,< 5,1458 >, < 6,729 >]

Table 14. List of all binary cyclic codes of length 6.

Index Generator Polynomial

=1

o

x+1

x24+1

4+x+1
¥4+1

rx?+x+1

8 x4
Pt rd 2+ x+1
1

O I[N T[] WD

Table 15. Cyclic codes of length 6.

Generator Matrix dy Index C, Index Cp, Self-Orthogonal Even
G1 6 0 7 Yes Yes
Gy 6 7 0 Yes Yes
G3 3 0 5 No No
Gy 3 5 0 Yes No
Gs 4 0 6 Yes Yes
Geg 4 6 0 Yes Yes
Gy 2 0 4 Yes Yes
Gs 2 4 0 Yes Yes
Gy 2 0 3 No No
Gio 2 3 0 Yes No
G11 2 0 2 No Yes
G2 2 2 0 Yes Yes
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Table 15. Cont.

Self-Orthogonal Even

Index C, Index Cp

dy

Generator Matrix

Yes

No

Gz

Yes

Yes

Ga

No

No

Gis

No

Yes

Gie

Yes

Yes

Gy

No

No

Gig

No

Yes

G

Yes

Yes

Goo

Yes

Yes

Go

Yes

Yes

G2

Yes

Yes

Go3

No

No
Yes

Gog

No

Gos

Yes

No
Yes

Goe

Yes

Gy

No

No

Gog

No

Yes

Gy

No

No

Gso

No

Yes

Gs1

No

No

Gzz

No

Yes

Gs3

No

No

Gz

No

Yes

Gss

No

No

Gse

No

No

Gs7

No

No

Gsg

No

No

Gz

No

No

Gyo

No

No

Gy

No

No

Gy

No

No

Gy

No

No

Gy

Yes

Yes

Gys

Yes

Yes

Gye

Yes

Yes

Gy7

No

No

Gyg
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Table 15. Cont.

Generator Matrix dy Index C, Index Cp Self-Orthogonal Even
Gyo 2 3 6 Yes No
Gso 2 6 2 No No
Gs1 2 2 6 Yes No
Gsp 2 6 1 No No
Gs3 2 1 6 Yes No
Gsy 1 6 8 No No
Gss 1 8 6 Yes No
Gsg 2 4 4 Yes Yes
Gsy 2 4 3 No No
Gsg 2 3 4 Yes No
Gsg 2 4 2 No No
Gego 2 2 4 Yes No
Ge1 2 4 1 No No
Ggo 2 1 4 Yes No
Ges 1 4 8 No No
Ges 1 8 4 Yes No
Ges 2 3 3 No No
Gee 2 3 2 No No
Gey 2 2 3 No No
Ges 2 3 1 No No
Gego 2 1 3 No No
Gro 1 3 8 No No
Gn 1 8 3 No No
G 2 2 2 No No
Gys 2 2 1 No No
Gyy 2 1 2 No No
Grys 1 2 8 No No
Gre 1 8 2 No No
Gyy 2 1 1 No No
Grg 1 1 8 No No
e 1 8 1 No No
Gso 1 8 8 No No

Codes are not self-dual except Gg4.

Codes are not QSD except G14,G29, Gag, Gs1 and Gsg.
Codes are not Type IV except Gsg.

Codes are not QT4 except Gs1 and Gse.

Codes are not LCD except G3, G171 and Gys.
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Length 7 (63 Codes)

Table 16. Weight distribution of cyclic codes of length 7.

Generator Matrix Weight Distribution

G; and G, [<0,1>,<7,1>]

Gz and Gy [<0,1>,<4,7>]

Gs and Gg [<0,1>,<4,7>]

G7 and Gg [<0,1>,<3,7>,<47>,<7,1>]

Go and Gy [<0,1>,<3,7>,<4,7>,<7,1>]

G11 and Gy [<0,1>,<2,21>,<4,35>,<6,7>]

Gz and Gy [<0,1>,<1,7>,<2,21>,<3,35>,<4,35 >,

,<521>,<6,7><7,1>]

Gis [<0,1>,<7,3>]

G16 and Gy [<0,1>,<47>,<7,8>]

Gig and Gyg [<0,1>,<4,7>,<7,8>]

Gy and Gy [<0,1>,<3,7>,<4,7>,<7,17 >]

Gy and Go3 [<0,1>,<3,7>,<4,7>,<7,17 >]

Gy4 and Gos [<0,1>,<2,21>,<4,35>,<6,7>,<7,64>|

Gy and Gyy [<0,1>,<1,7>,<2,21>,<3,35>,<4,35>,<5,21 >,<6,7>,<7,129 >]
Gog [<0,1>,<4,21>,<6,42 >]

Gy9 and Gz [<0,1>,<4,14>,<5,21>,<6,21 >,<7,7>

Gs1 and G3p [<0,1>,<3,7>,<4,21>,<5,42>,<6,42>,< 7,15 >]

Gsz and Ggq [<0,1>,<3,7>,<4,21>,<5,42>,<6,42>,< 7,15 >]

G35 and Ggg [<0,1>,<2,21>,<4,91 >,<5,168 >,< 6,175 >,< 7,56 >]

Gsy and Gsg [<0,1>,<1,7>,<2,21>,<3,35>,<4,147 >,< 5,357 >,< 6,343 >, < 7,113 >]
Gz [<0,1>,<4,21>,<6,42 >]

Gyo and Gy [<0,1>,<3,7>,<4,21>,<5,42>,<6,42>,< 7,15 >]

Gy and Gy3 [<0,1>,<3,7>,<4,21>,<5,42>,<6,42>,< 7,15 >]

Gyq and Gys [<0,1>,<2,21>,<4,91>,<5,168>,< 6,175 >,< 7,56 >|

Gy and Gyy [<0,1>,<1,7>,<2,21>,<3,35>,<4,147 >,< 5,357 >,< 6,343 >, < 7,113 >]
Gug [<0,1>,<3,21>,<4,21 >,<5,126 >,< 6,42 >,< 7,45 >|

Gy and Gsy [<0,1>,<3,14>,< 4,49 >,< 5,84 >,< 6,70 >,< 7,38 >|

Gs1 and Gsp [<0,1>,<2,21 >,<3,28>,<4,203 >,<5,336 >,< 6,287 >,< 7,148 >|

Gsz and Gsy [<0,1>,<1,7>,<2,21>,<3,91 >,<4,371 >,< 5,693 >, < 6,567 >, < 7,297 >]
Gss [<0,1>,<3,21>,<4,21 >,<5,126 >,< 6,42 >,< 7,45 >|

Gse and Gsy [<0,1>,<2,21>,<3,28>,<4,203>,<5,336 >,< 6,287 >,< 7,148 >]

Gsg and Gsg [<0,1>,<1,7>,<2,21>,<3,91 >,<4,371 >,< 5,693 >, < 6,567 >,< 7,297 >]
Geo [<0,1>,<2,63>,<3,210 >,<4,735 >,< 5,1260 >, < 6,1281 >, < 7,546 >]

Gg1 and Gg) [<0,1>,<1,7>,<2,105>,< 3,455 >, < 4,1435 >, < 5,2541 >, < 6,2555 >, < 7,1093 >|

Ge3

[<0,1>,<1,21>,<2,189 >, < 3,945 >, < 4,2835 >, < 5,5103 >, < 6,5103 >, < 7,2187 >|
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Table 17. List of all binary cyclic codes of length 7.

Index Generator Polynomial
0 X —1
1 x+1
2 B4x+1
3 B+l
4 41
5 xrrx?+x+1
6 B A o Sl N EE Gy |
7 1
Table 18. Cyclic codes of length 7.

Generator Matrix dy Index C, Index Gy Self-Orthogonal Even
Gy 7 0 6 No No
Gy 7 6 0 Yes No
Gs 4 0 4 Yes Yes
Gy 4 4 0 Yes Yes
Gs 4 0 5 Yes Yes
Ge 4 5 0 Yes Yes
Gy 3 0 2 No No
Gg 3 2 0 Yes No
Gy 3 0 3 No No
Gio 3 3 0 Yes No
G11 2 0 1 No Yes
G2 2 1 0 Yes Yes
Gi3 1 0 7 No No
Gia 1 7 0 Yes No
G1s 7 6 6 No No
Gig 4 6 4 Yes No
Giy 4 4 6 No No
Gig 4 6 5 Yes No
G19 4 5 6 No No
Gyo 3 6 2 No No
Go1 3 2 6 No No
Goo 3 6 3 No No
Gos 3 3 6 No No
Gog 2 6 1 No No
Gos 2 1 6 No No
Gog 1 6 7 No No
Gyy 1 7 6 No No
Gog 4 4 4 Yes Yes
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Table 18. Cont.

Generator Matrix dy Index C, Index Cp Self-Orthogonal Even
Gog 4 4 5 Yes No
Gs1 3 4 2 No No
Gsp 3 2 4 Yes No
Gs3 3 4 3 No No
Gs4 3 3 4 Yes No
Gss 2 4 1 No No
G3g 2 1 4 Yes No
Gsy 1 4 7 No No
Gsg 1 7 4 Yes No
Gsg 4 5 5 Yes Yes
Gy 3 5 3 No No
Gyz 3 3 5 Yes No
Gy 2 5 1 No No
Gys 2 1 5 Yes No
Gug 1 5 7 No No
Gyy 1 7 5 Yes No
Gys 3 2 2 No No
Gao 3 2 3 No No
Gs1 2 2 1 No No
Gsp 2 1 2 No No
Gs3 1 2 7 No No
Gsy 1 7 2 No No
Gss 3 3 3 No No
Gsg 2 3 1 No No
Gsy 2 1 3 No No
Gsg 1 3 7 No No
Gsg 1 7 3 No No
Geo 2 1 1 No No
Ge1 1 1 7 No No
Ggo 1 7 1 No No
Ges 1 7 7 No No

*  Codes are neither self-dual nor Type IV or QT4.
*  Codes are not LCD except G1, G171 and Gy3.
*  Codes are not QSD except G4, G32,G34,G41 and Gys.

Remark 1. In the case of length equal to 7, there are four equivalent codes, and they are Gz4
equivalent to Gy, Gpg equivalent to Gzg, Gag equivalent to Gag, and Gag equivalent to Gsp.
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In Table 19, we summarized the number of codes according to the Hamming weight.

Table 19. Number of cyclic codes over H.

d\n 2 3 4 6 7
1 5 7 7 19 15
2 3 5 12 5 46 13
3 3 7 20
4 3 5 12
5 3
6 3
7 3
Total 8 15 24 15 80 63

9. Conclusions and Open Problems

In this article, we have studied cyclic codes over the non-unitary ring H. We have
given criteria for a cyclic code over H to be self-dual or quasi-self-dual. We have derived
an algorithm to classify cyclic codes of given length, based on the classification of cyclic
binary codes of that length and the knowledge of their automorphism group. A Gray map
allows us to construct quasi-cyclic codes of index 2 from cyclic codes over H.

In the future, we plan to study the same questions over other non-unitary rings,
possibly of characteristic larger than 2.
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