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COX RINGS OF BLOW-UPS OF MULTIPROJECTIVE SPACES
MICHELE BOLOGNESI, ALEX MASSARENTI, AND ELENA POMA

ABSTRACT. Let X" be the blow-up of P! x P" in r general points. We describe the Mori cone of
XI™ for r < n+ 2 and for 7 = n + 3 when n < 4. Furthermore, we prove that X,ll’fl is log Fano and
give an explicit presentation for its Cox ring.

CONTENTS
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1. INTRODUCTION

Mori dream spaces, introduced by Y. Hu and S. Keel in [HK00], are varieties whose total coordinate
ring, called the Coz ring, is finitely generated. The birational geometry of a Mori dream space is
encoded in its cone of effective divisors together with a chamber decomposition on it, called Mori
chamber decomposition whose chambers correspond to the nef cones of the birational models of the
Mori dream space.

Finite generation of the Cox rings of blow-ups of projective spaces and products of projective spaces
has been extensively investigated [Muk01], [CT06], [AC17], [LP17], [GPPS23]. In [CT06, Theorem
1.3] A. M. Castravet and J. Tevelev proved that the blow-up of (P")* in r general points is a Mori
dream space if and only if

1 1 1
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Indeed, when the above inequality is not satisfied the effective cones of these blow-ups are not finitely
generated and the proof of this last fact relies on the symmetries of their Picard groups which carry a
natural Weyl group action. For products of projective spaces with unbalanced dimensions this is not
the case. In this paper we push a little further the investigation of the birational geometry of these
varieties initiated by T. Grange, E. Postinghel and A. Prendergast-Smith in [GPPS23].

Let X" be the blow-up of P! x P™ in r general points p1,...,p, € P! x P*. We will denote by
7 X" — Pl x P" the blow-down morphism and by m; : P! x P* — Pl 7y : P! x P* — P" the

projections onto the factors. Moreover, let us denote by 71,72 the morphisms from X" to P! and
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P™ induced by the projections. We summarize the situation in the following diagram

Xl,n
h
™ \Lﬂ— )
P! x P
YN
P! P

Let Pic(X;™) denote the Picard group of X;" and Ni(X}™) the R-vector space of 1-dimensional
cycles modulo numerical equivalence. Throughout the paper we will denote by:

- H; the pull-back of a point of P! via 7y;
- Hj the pull-back of a hyperplane in P" via 7o;
- FE; the exceptional divisor over p; for i =1,...,7r;

and by

- hq the class of a general fiber of 7o;
- ho the class of a line in a general fiber of 7;
- e; the class of a line in the exceptional divisor E; for i =1,...,r.
We have that Pic(X}™) = Z[H, Hy, Ey, ..., E,] and Ny(X;") = Z[h1, ha,e1,.. ., er].
Our main results on the Mori cone of X" in Propositions B.1], B.2 can be summerized as
follows:

Theorem 1.1. The Mori cone of X" s given by
NE(X}’”) = <h1 — €4, h2 — €4, 6i>
for allr < n+ 1. Furthermore,
NE(X}L’_:_LZ) = <h1 — €4, ho — €, €;, hi+nhyg —e; —--- — 6n+2>
and if n < 4 then
NE(X:L’_&) = <h1 — €;, hg — €4, €4, h1 + nhg — € — ein+2>
forijiy, ... ineo € {1,... ,n+3}.

Recall that a normal and Q-factorial projective variety X is log Fano if there exists an effective
divisor D C X such that —(Kx + D) is ample and the pair (X, D) is Kawamata log terminal. By
[BCHM10, Corollary 1.3.2] log Fano varieties are Mori dream spaces. The converse does not hold in
general, and there are several criteria for a Mori dream space to be log Fano [GOST15].

Our main results in the case r < n + 1 in Proposition and Theorem 3] can be summarized as
follows:

Theorem 1.2. Forr < n+1 the variety X" s log Fano and hence a Mori dream space. Furthermore,
the Cox ring of Xi’fl s given by
ClSo,...,Sn,T1,1,T1 25+, Trg1,1, Tyt 2]

<gl7 cee 7g7l—1>
where S; is the section associated to Hy — Fy — -+ — E;_1 — Fip 1 — -+ — Epqq, Ti1 is the section
associated to Hy — E; and T; 2 is the section associated to E;, and

9i = (Bray — Bjar)Tin T2 + (Biok — Bra) T T2 + (B — Bioy) T 1Ty 2
where for 1 <i<n—1wesetk=j7+1=1i+ 2.

Cox(X, 1) =

Furthermore, in Section Bl we explicitly describe the nef cones of X" forr < n+ 2, and of X}Lf?)

for n < 4, and in Section [ we give generators for the cones of movable divisors and of moving curves

1,n
of X
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2. COoX RINGS, MORI DREAM SPACES AND LOG FANO VARIETIES

Let X be a normal projective Q-factorial variety. We denote by N'(X) the real vector space
of R-Cartier divisors modulo numerical equivalence. The nef cone of X is the closed convex cone
Nef(X) € N'(X) generated by classes of nef divisors.

The stable base locus B(D) of a Q-divisor D is the set-theoretic intersection of the base loci of the
complete linear systems |sD| for all positive integers s such that sD is integral

(2.1) B(D) = () B(sD).

5>0
The movable cone of X is the convex cone Mov(X) C N'(X) generated by classes of movable divisors.
These are Cartier divisors whose stable base locus has codimension at least two in X. The effective
cone of X is the convex cone Eff(X) C N!(X) generated by classes of effective divisors. We have
inclusions Nef(X) C Mov(X) < Eff(X). We refer to [Deb01, Chapter 1] for a comprehensive
treatment of these topics.

We say that a birational map f : X --» X’ to a normal projective variety X’ is a birational
contraction if its inverse does not contract any divisor. We say that it is a small Q-factorial modification
if X’ is Q-factorial and f is an isomorphism in codimension one. If f : X --» X’ is a small Q-factorial
modification then the natural pullback map f* : N'(X’) — N(X) sends Mov(X’) and Eff(X")
isomorphically onto Mov(X) and Eff(X) respectively. In particular, we have f*(Nef(X’)) C Mov(X).

Now, assume that the divisor class group Cl(X) is free and finitely generated, and fix a subgroup
G of the group of Weil divisors on X such that the canonical map G — Cl(X), mapping a divisor
D € G to its class [D], is an isomorphism. The Cozx ring of X is defined as

Cox(X)= @ H(X,0x(D))
[D]eCI(X)

where D € G represents [D] € ClI(X), and the multiplication in Cox(X) is defined by the standard
multiplication of homogeneous sections in the field of rational functions on X.

Definition 2.2. A normal projective Q-factorial variety X is called a Mori dream space if the following
conditions hold:
- Pic (X) is finitely generated, or equivalently h!'(X,Ox) = 0,
- Nef (X) is generated by the classes of finitely many semi-ample divisors,
- there is a finite collection of small Q-factorial modifications f; : X --+ X;, such that each X;
satisfies the second condition above, and Mov (X) = |, f(Nef (X3)).

The collection of all faces of all cones f*(Nef (X;)) above forms a fan which is supported on Mov(X).
If two maximal cones of this fan, say f7(Nef (X;)) and f}(Nef (X;)), meet along a facet, then there
exist a normal projective variety Y, a small modification ¢ : X; --» X, and h; : X; =Y, h; : X; =Y
small birational morphisms of relative Picard number one such that h; o = h;. The fan structure on
Mov(X) can be extended to a fan supported on Eff(X) as follows.

Definition 2.3. Let X be a Mori dream space. We describe a fan structure on the effective cone
Eff(X), called the Mori chamber decomposition. There are finitely many birational contractions from
X to Mori dream spaces, denoted by g; : X --+ Y. The set Exc(g;) of exceptional prime divisors of g;
has cardinality p(X/Y;) = p(X) — p(Yi). The maximal cones C of the Mori chamber decomposition of
Eff(X) are of the form C; = (g} (Nef(Y;)),Exc(g;)). We call C; or its interior C; a mazimal chamber
of Eff(X). We refer to [HK00, Proposition 1.11] and [Okal6l, Section 2.2] for details.
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Definition 2.4. A normal and Q-factorial projective variety X is log Fano if there exists an effective
divisor D C X such that —(Kx + D) is ample and the pair (X, D) is Kawamata log terminal.

By [BCHM10, Corollary 1.3.2] if X is log Fano then it is a Mori dream space.

2.4. Varieties with a torus action. Let X be a normal projective variety and T'x X — X an
effective algebraic torus action on X of complexity one that is such that its biggest T-orbits are of
codimension one in X.

We will follow the treatment in [HS10]. For a given point x € X, denote by T, C T its isotropy
group

T,={teT|t-x=u}
and consider the non-empty 7T-invariant open subset
Xo={zr e X | dim(T,) =0} C X

of points in z with zero-dimensional isotropy group. There is a geometric quotient

q:X0—>X0/T

where the orbit space Xo/T is of dimension one and has a separation that is a rational map 7 :
Xo/T --» P! which is a local isomorphism in codimension one.

Denote by Ey, ..., E, C X the T-invariant prime divisors supported in X \ X¢ and by D, ..., D, C
X those T-invariant prime divisors who have a finite generic isotropy group of order /; > 1. Moreover,
let 1p, and 1p, denote the canonical sections of the divisors £y and D; respectively, and let 14 D;) be
the canonical section of ¢(Dj).

Choose r > 1 and ag, ..., a, € P!, such that 7 is an isomorphism over P!\ {ao, ..., a,} and all the
divisors D; occur among the

Dij=q "(yij)
where 771(a;) = {¥i1,- - Yin,}- Let l; j € Z>1 denote the order of the generic isotropy group of D; ;.
For every 0 < ¢ < r define a monomial

; Lin.: . .
=T T € QT30 < <r1 < j <y,

7,1

Moreover, write a; = [b;, ¢;] with b;,¢; € C and for every 0 < i <r—2set k =j+1 =1i+2 and define
a trinomial

9i = (erbj — cjbi) fi + (cibr, — cxbi) fj + (¢jbi — ciby) fi-
In the previous notation we have the following:

Theorem 2.5. [HS10, Theorem 1.3] Let T x X — X be an algebraic torus action of complexity one.
Then, in terms of the data defined above, the Cox ring of X is given as

Cox(X) =C[S1,...,Sm, T;;; 0<i <11 <j<nl/{g;0<i<r—2)

where 1, corresponds to Sy and 1p, ; to T; ;, and the Cl(X)-grading on the right hand side is defined
by associating to Sy the class of Ey and to T;; the class of D; ;. In particular, Cox(X) is finitely
generated.

Theorem 2.5 will be crucial in the study of the Cox ring of X}l’_fl.

3. MORI CONES

In this section we compute the cone of effective curves of X" for r < m+ 2, and for r = n+3
when n < 4.

Proposition 3.1. The Mori cone of X" s given by
NE(XT%’”) = <h1 — €;, hz — €4, €i>
forallr <n+1.
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Proof. Tt is enough to prove the claim for r = n 4+ 1. The case n = 1 is well-known. We will assume
that the claim is proved for X2 and prove it for X:L’fl.

Let C C Xi’fl be an irreducible curve. If C'is contracted by m then C C E; forsomei=1,...,n+1
and hence C' is a multiple of e;. Assume that 7(C) is a curve of bidegree (dj,d2) and such that
mult,, C' = m;. Then we may write

C ~ dihy + dahy — myey — -+ — mpe, — Mpy1€n41.

Note that C' - (H; — E;) = dy — m;. If dy — m; < 0 then C' is contained in the strict transform of
the fiber of 7 passing through p;. Such fiber is P” blown-up in a point and hence C may be written
as a linear combination with non negative coefficients of e; and hy — e;. Hence, we may assume that
di—m;>0foralli=1,...,n+ 1.

Now, consider the projection mo(C). If To(C') is a point then C is a linear combination with non
negative coefficients of h; — e; and e; for some i = 1,...,n + 1. Assume that mo(C) is a curve. Then
this curve has degree do and multm(pi) 7o (C') = m;. Let IT;,.. ., C P" be the hyperplane generated by
Ply. s Pp. I

mi+ -+ my > do

then 7o(C) C 11y, , and hence C' is contained in the strict transform of Pl x I14,...,, which is isomorphic
to X "L Therefore, we can conclude by induction on n. On the other hand, if

my+ -+ mp < dy

we may write

n

C~ Zmi(hZ — ;) + Mpy1(h1 —ent1) + (di — mpg1)h1 + (d2 —my — -+ —my)ho
i=1
where all the coefficients are non negative, concluding the proof. O

Consider the Segre embedding
O1p: P! x P» — p2rtl

([wo,u1], [vos - yon]) = [uovo, w1, .. ., Uiy
and set ¥ = oy, (P! x P"). Recall that deg(3'") =n + 1.
Proposition 3.2. The Mori cone of Xi’fQ s given by
NE(X;’JZQ) = <h1 —ei,ho —ej,ej,hy +nhyg —e — - — 6n+2>.

Proof. The case n =1 is well-known. Let C be an irreducible curve in X:sz. If C is contracted by
then C C E; for some i = 1,...,n + 2 and hence C is a multiple of e;. Assume that 7(C) is a curve
of bidegree (d;,dz) and such that mult,, C = m;. Then we may write

C ~ dihy 4 dahy — mier — -+ — Mpq1€p41 — Mpy2€n42.
If
di+dy>mi+ -+ Mpgo

then C may be written as a linear combination with non negative coefficients of e;, hs —e; and hy —e¢;.
Recall that o1 ,(7(C)) is a curve of degree di + dy passing through the points o1, (p1), ..., 011 (Pnt2)
with multiplicities m;.

Let us denote by II; 42 C P21 the (n + 1)-plane spanned by o1,(p1),. .., 010 (Pni2). If

di +dy <my+- +myyo

then o1 ,(7(C)) C Iy, p42. Since YL" has degree n + 1, the intersection I, g2 ¥ 17 is a rational
normal curve of degree n + 1 and with class hy +nhe —e; — -+ — ep19. O
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Let a,b > 1 be two integers, fix two complementary subspace A% A € P*T0*! two rational normal
curves Cy C A% Cy C AY, and an isomorphism ¢ : Cy — Cp. The surface

Slap) = U (z,¢(x)) C P>
{L’GC&

where (z,¢(x)) denotes the line through z, ¢(z), is a rational normal scroll of type (a,b). This is a
smooth rational surface of degree deg(S(,)) = a + b.

Lemma 3.3. Let H C P! be a general (n+ 2)-plane. Then the intersection H N XY™ is a rational
normal scroll S, ) with

(L 2Ly if s odd;

=) if n is even.

Proof. The Segre variety X" is the projectivization over P! of the rank n+1 vector bundle Op1 (—1)"*1,
A codimension n — 1 linear section corresponds to the projectivization of the kernel of a morphism

Op (—1)" — o

which is a rank two vector bundle Opi(—a) & Op1(—b). To conclude it is enough to note that for H
general the splitting type (—a, —b) is the one given in the statement. O

Lemma 3.4. Let f : X — Y be a morphism of projective varieties, and NE(f) the cone of curves
contracted by f. Then NE(f) is extremal in NE(X).

Proof. Let T be the class of an irreducible curve in NE(f), and assume that I' =T’y + 'y for T';,T's €
NE(X). Applying f. we get f.I'1 + fil's = f.I' = 0 since T is contracted by f. Therefore, f,.I'y =
f+I'2 = 0 and hence I'1,T'y € NE(f). O

Proposition 3.5. Fiz py,...,ppi3 € XU general points. Set H = (py,...,pny3). Let §a7b be the
blow-ups of S, p = H N vbn at the p;. Then

NE(X1) = <NE(§a7b), hy—er,... by — en+3> .

Proof. Let C' ~ ahy + bhy — Z?:Jrlg mg;e; be an irreducible curve in X,ll’_f?,, and I' C ¥ its image in
P2"*+! Then deg(T) = a + b and mult,, I =m; for i = 1,...,n + 3.

Ifa+b< Z’;Lf’ m; then T is contained in all the hyperplanes containing H and hence I' ¢ HNXM",
By Lemma 3.3 S, = H N »L7 is a scroll.

Ifa+b> Z?:Jrlg m; we can pair each e; with one among h; and hs, and write C' as a linear
combination with non negative coefficients of h1 — e;, ha — €j, €.

The curves of class ho — e; are numerically equivalent to the strict transform of the line through p;
in the ruling of S, ;. The curves of class h; — e; are contracted by my and the curves of class hy — ¢;

are contracted by 7. Hence, by Lemma [3.4l h1 — e; and hy — e; generate extremal rays of NE(XifB)-

Summing-up, we have showed that an irreducible curve C C Xi’f:s can be written as a linear

combination with non negative coefficients of a curve I' C ga,b and of the hy — e;. ]

3.5. Mori cones of del Pezzo surfaces. Let S, be the blow-up of P? at p,...,p, € P? general
points. The surface S, is del Pezzo if and only if 0 < r < 8. We recall the structure of the Mori cone
NE(S,) for r = 6,7,8. We will denote by h the pull-back of a line in P? and by €; the exceptional
divisor over the point p; for:=1,...,7.

3.5.1. del Pezzo of degree 3. The Mori cone of S3 is generated by the following classes

Diwvisor class | Number of extremal rays
€; 6
h— €; — €;j 15
2%—@2‘1—---—5@'5 6

for a total of 27 extremal rays.
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3.5.2. del Pezzo of degree 2. The Mori cone of S5 is generated by the following classes

Divisor class | Number of extremal Tays
€; 7
h— €; — € 21
2h — € — -+ — @ 21
3%—251'—5]'1—--'—5]'6 7

for a total of 56 extremal rays.

3.5.3. del Pezzo of degree 1. The Mori cone of Sy is generated by the following classes

Divisor class Number of extremal rays
€; 8
h— €, — € 28
2h — € — -+ — B, 56
3h— 26, —€j, — -+ —€jg 56
4E—Q§i1—---—QEiB—Ejl—---—Ej5 56
5h—2e;, — - — 2€;, — €j, — €j, 28
6h — 3e; — 2&;, — - -+ — 2€j, 8

for a total of 240 extremal rays.
Proposition 3.6. Ifn < 4, the Mori cone of Xif:S s given by

NE(XYIL’J:L?)) = <h1 — €, h2 — €, €5, h1 + nh2 — € —— ein+2>
forijiy, ... ineo € {1,... ,n+3}.

Proof. The case n =1 is well-known. Let C' be an irreducible curve in Xrllfg. If C is contracted by 7
then C' C E; for some i = 1,...,n + 3 and hence C is a multiple of e;. Now, assume that 7(C) is a
curve of bidegree (dy,ds) in P! x P" and such that mult,, C' = m;. This means that we can write

C ~ dihy + dahy — myey — -+ — Mpq2€p12 — My y3€n43.

First, we suppose that
di+da>mi+ -+ mpis.

Then C' may be written as a linear combination with non negative coefficients of e;, ho —e; and hy —e;.

Note that o1 ,(7(C)) is a curve of degree d; + dy passing through the points o1 ,(p1), - .., 1,0 (Pn+3)
with multiplicities m;. Let II; 543 C P27+1 be the (n+2)-plane generated by oin(P1), - 010 (Pnt3)-
If

di +dp <my+ -+ mpys3

then o1 ,(7(C)) C 111, n+3. By Lemma B3] the intersection X =II; 43N Yh7 s a degree n 4 1
scroll in P?"*1 and by Proposition the Mori cone of Xrllfg is generated by the Mori cone of X
and the hy —e; for ¢ = 1,...,n + 3. Note that oy, (7(C)) C X. Let us consider separately the cases
n=2,3,4.

If n = 2 then X is a cubic scroll and the projection my : X — P? is the blow-down of the exceptional
divisor. Hence, C C Bls X = BlgP?, which is a del Pezzo surface of degree three. Let h be the
pull-back of a line in P? and &; the classes of the exceptional divisors. The Mori cone of BlgP? is
described in B.5.1l The isomorphism Blg P2 — Bls X C X51’2 induces a map Ni(Blg(P?)) — Ny (X51’2)
such that

§1I—>h1,ﬁl—>h1+h2, € —ei_q, fori =2,...,5.

To conclude it is enough to show that the generators of NE(Blg P?) can be written as linear combina-
tions with non negative coefficients of the effective classes listed in the statement.
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First, note that €; = e;—; for i =2,...,6, and €; = h; = (h1 — ¢;) + ¢;. Furthermore
E—Ei—éj =(h1 —ei—1)+ (ha —ej_1) fori,j =2,...,6;
h—2 —¢; =hg —ej_q forj=2,...,6;
2@—5,’1 — =€y =(h1+2h2—ej;,—1— - —ejy—1)+ (h1 —ej;_1) for 2 <iy,...,i5 <6
2h—ey —¢;, —---—¢, =h1+2hs——€j;1—-—ej1.

If n = 3 then X is a quartic scroll given by the intersection in P! x P3 of two hypersurfaces of bidegree
(1,1)
X = {zof1 + 21 f2 = 2091 + 2192 = 0} C P* x P?

with fiagi S k[yo, - ,yg]l.
The image of the projection X — P3 is the quadric surface {f1g2 — f2g1 = 0} C P3. Note that since

f1, f2, 91, g2 do not vanish simultaneously at a point such projection is an isomorphism.
Hence, we have that C' C Blg X = Blg(P! x P!) = Bl;(P?), which is a del Pezzo surface of degree
two. The Mori cone of Bl;(P?) is described in B.5.21 The inclusion Bl;(P?) — Xé 3 maps

Ei—>h1+2h2—€1,§1i—>h2—61, e r>hy+ho—ep, e, fori=3,...7.

For the €; there is nothing to prove. We have

2h — €3 — €2 — €,
2h — €1 —€j, —€iy — €y —Ejy

(h1 — ey —1) 4+ (ha —ejp—1) + (h2 — €5 —1);
(h1 —e1) + (h1 —eiy—1) + (h2 — eiy—1) + (h2 — eig—1) + (h2 — eiy—1);
=h1+3ha —e1 —€j; -1 —€jp—1 —€iz—1— €iy—1;

— @iy — Cig

5751752 =e1;

h—e - = (h1 —e1) + (ha —ei—1) +e1;

h—¢e —¢€; =ho —e;_1;

h—¢ —¥¢ = (h1 —e1) + (h2 —e;—1) + (h2 —ej-1);

2h — €2 —€j, —€iy — €y —Ejy

3h—281 —€ — € — - —&; =hi+(h1+3ha—e; 1 - —ei1);
3h—e1—2e3—e; —--—€y; =hi+3ha—e€j—1—- - —€iz-1;
3h —€1 —€ — 28, —---—€y; =(h1—e1)+ (h2a—ey—1)+(h1+3h2—ej—1— - —ei—1)

If n = 4 then X is a complete intersection in P! x P4 of three hypersurfaces of bidegree (1, 1)
X = {xof1 + 21f2 = xog1 + T192 = Tohy + x1he = 0} C P! x P4
with f;,g:,hi € k[yo,...,ya]1. Note that X is projected onto a cubic 3-fold S C P*. Recall that S is
isomorphic to the blow-up of P? at a point that we can assume to be [1: 0 : 0]. The rational map
T: P2 Pl x P4
l:x7 y? Z] H ([y7 Z]? I:xy7 xz’ y27y27 22])

yields an embedding 7 : S — P! x P%. Denote by h the pull-back to S of a line in P? and by &, C S
the exceptional divisor over [1 : 0 : 0]. Hence, X is isomorphic to P2 blown-up at eight points that is

to a del Pezzo surface of degree one whose generators of the Mori cone are listed in .53l Then 7 lifts
to an embedding X — X71’4 which in turn maps

-—>

E'—>h1+2h2, €1+ hy+ho, € —ei_q, fori=2,...,8.
We have

ﬁfelfej

h*Eifgj

25751751‘17---751‘4

25767;1 — = €4y

3%—251'—51'1 — = €jg
3h— 281 —€j, — -+ — €jg
3%72@175175]'17---75%
4%—251—251'1 —2€;, —€j; — ' —¢€jg
4%—251'1—'-'—251'3—5—5]'1
5h — 281 — 2€;, — -+ — 28, — €jy — €jy
5572@117---7252'675176]'

6h — 21 — 382 — 283 — - -+ — 2€3
6%73@172527---7258

concluding the proof.

— €

=h2 —ej_1;

= (h1 —e1) + (ha —ej—1) + (ha —ej_1) +ex;

= (h1 —ej;—1) + (ha —€iy—1) + (h2 —ejs—1) + (h2 — €5, —1);
=i (1 —ei—1) + X0 g(he — e, 1) + (ha — e1) + ex;

=2(h1 —ei—1) + (h1 —ej, 1) + p—1 (h2 — €j,—1) + €5, 1;
=h1+4he —ej -1 — - —€jg—1;

=2(h1 —ei-1) + (ha —ej 1) + -+ (ha —€j5—1);

=2(ha —e;,—1) + (h1 — €iy—1) + (h1 + 4ha —€ig—1 — 0 _; €, —1);
=301 2(he —ei) + (h2 —ejy—1) + 2o (b1 — €j,—1);

= (h1 + 4h2 — 222:1 €ip—1) + 22?:1(]” - eit+3—1) + Zi:l(}u — €5y, —1);
=01 2he — e —1) + 0 2(h1 —es—1) + (h2 —ej_1);

=2(h1 +4h2 —e3 — - —eg) + (h1 — e2) + 2(h2 — e2);

=2(h1 +4h2 —e2 — - —e7) + (h1 — es) + (h2 — es);
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Corollary 3.7. If r < n+1 the nef cone of X" s given by
Nef(X!'™) = (Hy, Ho, Hy + Hy — Ejy — -+ — E;)
withr=1,...,n+ 1. In particular, Nef(Xrll’fl) has 2" + 1 extremal rays.

Proof. The claim follows by duality from Proposition Bl O
Corollary 3.8. The nef cone ofX o 18 given by
n+2 n+2
Nef(X,) = <H1,H2,H1 +Hy—E;, — - — E;,2H1 + Hy— Y  E;,nHy + (n+ 1)Hy —nZE>
i=1 i=1
with r =1,...,n+ 1. In particular, Nef( n+2) has 2"2 + 2 extremal rays.
Proof. The claim follows by duality from Proposition O

Corollary 3.9. Consider the following divisor classes on Xn+3'

Dt = H1+H2_Ell__Elta

D, = 2H1+Hy—E;, — - —E;;

D, = nHi+(n+1)Hy—nE; —---—nE;;

Dk,s = kiHl—{—kiHQ—k‘Eil—---—kEiQ—(k—l)Eis+l— --—(kﬁ—l)El'n+3.

If n < 4 then the nef cone ofX v3 18 given by
Nef( n+3 - <H17H27Dt7DT7D;-7Dk,s>

witht=1,....n+ 1, re{n+2n+3}, k=2,...,n+1 and s =n — k+ 2. In particular, if n < 4
then Nef( n+3) has 2"+ — w extremal rays.

Proof. The claim follows by duality from Proposition O

4. THE COX RING OF Xn+1

The n-dimensional complex torus 7 = (C*)" acts on P! x P as follows:

T x (P! x P") — P! x P"

4.1
(4-1) ((t1s- -5 tn)s ([ros z1)s [Yos - - ynl)) ¥ ([z0, 21, [Y0, t1y1, t2y2, - - - s tun))-
Let us write the n + 1 general points py, ..., ppr1 € P! x P as follows:
p1 = ([, 41, (1,0, ..., 0]);
p2 ([a27/82]7[071707 O])v
p ([a ]7[070’ 17 ) 70]);
p ([a ]?[0?0’0? ’0? "0]);
Pn+1 = ([an-i-la /8n+1]7 [07 cee 707 1])7
where [, £1] = [0,1], [a2, B2] = [1,0] and [as, B3] = [1,1]. Note that (II[I) lifts to an action of T' on
X 711 1 whose orbits of maximal dimension have codimension one in xh n +1 Hence, xh " +1 has complexity

one and Theorem implies that Xn 1 is a Mori dream space. We begin by proving the following
stronger statement:

Proposition 4.2. The variety X" s log Fano for r <n+ 1.

Proof. Consider the case 7 = n + 1. The result for » < n + 1 will then follow from [PS09, Theorem

2.9]. The claim amounts to find an effective Q-divisor A on X,ll’_fl such that —K 1.
n+1

— A is ample,
and the pair (X 1, A) is Kawamata log terminal. Recall that
— Xrlzfl =2H; + (n+ 1)H2 —nkE—--- — nEn+1
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and consider the divisor
D= (’I’L—|—1)H2—TLE1 — - —nkEy.
The divisor D is effective since it is the pull-back of the effective divisor on P™ consisting in the union

of the (n + 1) hyperplanes passing through n among the n+ 1 projections of the blown-up points. Set
A¢ = eD with € € Q-¢, and consider the divisor

n+1
~Kyin = Ac=2H; + ((n+1) = e(n+ 1) Ha + > (en —n)E;.
=1

By Proposition [3.1] we have that NE(Xn_H) (h1 — ej, ho — €;,¢e;). Since
(—Kyin —Ag)-ei=n—en>0 if and only if € < 1;
n+1
(—Kyin —Ag)-(h1—e)=2-n+en>0 if and only if € > (n—2)/n;
n+1
(—Kyin —Ag)-(ha—ej))=n+1—en+1)—n+en>0 ifandonlyif e<1;
n+1

and hence the divisor —Ky1n» — A, is ample if and only if (n —2)/n <e < 1.
n+1

Next, we show that the pair (X,ll_f17 A,) is Kawamata log terminal. Consider the images ¢; = ma(p;)
of the blown-up points via the second projection. There exist n + 1 hyperplanes in P" through each
subset of n points among the ¢;, and through each g; there pass n of them. Let us denote by H; C XnJrl
the strict transforms of the inverse images via the second projection of these hyperplanes. The divisor
D has multiplicity n along the strict transforms of the curves 75 1(qi) for all . Hence, any n among
the divisors H; intersect transversally along one of the strict transforms of these curves.

Generalizing this argument, fix a set of m points among the ¢;, with 1 < m < (n — 1), and denote
by A,, their linear span. The divisor D has multiplicity n + 1 — m along the strict transform /NXm of
Ty 1(A ). Any n+1—m among the H; intersect transversally along a subvariety of type A C Xn 1
and hence A, is a simple normal crossing effective divisor for all € > 0. Summing-up, we proved that

for all (n —2)/n < e <1 the divisor —Ky1.» — A is ample and the pair (Xi’fl, A.) is Kawamata log
n+1

terminal concluding the proof. O

Let H; C Xn+1 be the strict transform of w5 ' ({g; = 0}). For p € P\ {m(p1),...,71(Pns1)} the
fiber F, = 7, *(p) is isomorphic to P* while F,,, = 7; '(p;) is the union of two irreducible components
D;1U D;o where D; 1 is isomorphic to P" blown-up in a point with exceptional divisor E; =Pt
D;s = E; and D;1 N D; 9 = E;. Recall that E; =2 P" and denote by R; C FE; the union of the
T-invariant divisors of the lifting of (A1) restricted to E;. Then

n+1
Xo= X1 UHUUR c Xy

is the T-invariant open subset of points of X 1f1 having isotropy group of dimension zero. Hence, the
H; are the T-invariant prime divisors supported in Xn 11 \ Xo. Moreover, note that the isotropy group
of a general point of both D; 1, D; 2, with respect to the lifting of 1), is trivial. In particular, it is
finite of order one. _
Now, associate to the H; variables S;, to the D;; variables T;; and to the D; o variables T; 5. For
1<i<n—-1setk=j+1=1i+2and
gi = (Bray — Bjar)Ti1Ti 2 + (Biag — Brag) T T2 + (Bios — Bioy) T 1T 2.

Then we have the following result:

Theorem 4.3. For the Cox ring of Xn+1 we have the following explicit presentation
ClSo,- -, Sn, T11, 112, - -+, Trg1,1, T2
(915 Gn-1)

1

COX( n+1)
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where S; is the section associated to Hy — Ey — -+ — E;_1 — By — - — Eyq1, T;1 is the section
associated to Hy — E; and T; o 1s the section associated to Ej.

Proof. In the previous set up it is enough to apply Theorem O
In the rest of this section we will derive some of consequences of Theorem (.31

Proposition 4.4. Consider the following divisor classes on Xn’+1'

D = Hy;

Dy, = Hy—E; —---— E;;

Dy, i, = Hi+Hy—FE;—-—E;;

Di..ny1 = Hi+Hy—FE1— - — Epgq;

Dk = k‘HQ — kiEll — e — kjE@'(n,k) — (kj — 1)Ei(n—k+1) — - — (kj — 1)El'n+1;
Dn = ’I’LHQ — (’I’L — 1)E1 — = (TL — 1)E(n+1)

The movable cone of Xl’"1 s given by
MOV(Xn+1) = <D1’ Dha Dil,...,in, Dl,...,n+la Dka Dn>

for2§k§n—1,0§h<n—1(md{il,.. viny CA{L,...,n+1}.
Furthermore, let Movl(XnH) be the cone of curves covering a divisor in Xn’+1 Then

MOVl(Xrllfl) = <h1,h2 —e;,h1 + (n— 1)h2 —€y — - — ein,ei>
for1<i<n+1, {i1,...,in} C{1,...,n+ 1}

Proof. Set C = (D1, Dy, Dy, .., D1, .nt1, D, Dy). Since any divisor appearing in C is movable we
have that C C Mov(Xifl) Then taking the dual cones we get Mov(Xifl)* ccr.

Now, Movl(XnH) - Mov(Xn+1) C C*. If we prove that any extremal ray of C* corresponds to a
curve that covers a divisor in X +1 we would have that Movl(Xn ) = Mov(Xn w1)* = C* and hence
Mov(Xn 1) = C concluding the proof.

A straightforward computation shows that

C:<h1,h2—ei,h1+(n—1)h2—eil —---—ein,ei>

for 1 <i<n+1,{i,...,in} C{1,...,n+ 1}. Clearly, the curves with classes hy, hy — €;,e; cover

divisors in Xn’+1 Now, consider the projections in P” of the blown-up points p;,, ..., p;, and let H C P"

be the hyperplane spanned by them. Let Xt e X1 "', be the strict transform of P! x H c P! x P",
To conclude it is enough to note that the curves of class h1 +(n—1)hg—e;; —---—e;, cover Xm0

Remark 4.5. Let X be a Q-factorial projective variety. In general Movy(X) & Mov(X)*. However,
by Proposition [3.1] we have that

Movl(XnH) Mov(Xn_H)*.

For further information on the behavior of these cones for general projective varieties we refer to
[Pay06], [BDPS23].

Remark 4.6. We developed Magma [BCP97| scripts computing the nef cones of X:Lfl, X 1f2 and of

n

Xn +3 for n < 4, as well as the Mori chamber decomposition of Xn v1- A Magma library containing

the scripts can be downloaded at the following link:
https://github. com/msslxa/Cox—rings—of—blow—ups—of—multiprojective—spaces

We managed to compute the Mori chamber decomposition of X | for n = 2,3,4, and we got 92,550
and 6307 chambers respectively. Finally, we would like to mentlon that the Morl chamber decompo-
sition of Xé 2 has been fully computed by T. Grange in [Gra22, Chapter 3].
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