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A COMPACTNESS RESULT FOR INHOMOGENEOUS NONLINEAR
SCHRODINGER EQUATIONS

VAN DUONG DINH AND SAHBI KERAANI

ABSTRACT. We establish a compactness property of the difference between nonlinear and linear
operators (or the Duhamel operator) related to the inhomogeneous nonlinear Schréodinger equation.
The proof is based on a refined profile decomposition for the equation. More precisely, we prove
that any sequence (¢ )n of H'-functions which converges weakly in H' to a function ¢, the
corresponding solutions with initial data ¢, can be decomposed (up to a remainder term) as a
sum of the corresponding solution with initial data ¢ and solutions to the linear equation.

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the inhomogeneous nonlinear Schrodinger
equations (INLS)

i0u+ Au = vl|z| T, (t,2) € R x RV,
(RN (1.1)
ul,_y = wup€ H (RY),
whereNZS,u:RxRN%(C,uo:]RN%(C,0<b<min{2,%}, and4_—1\,2b<a<‘zlv_—_2§. The
parameter v = 1 (resp. v = —1) corresponds to the defocusing (resp. focusing) nonlinearity. This
type of equations belongs to a class of inhomogeneous nonlinear Schrédinger equations of the form
10w+ Au+ K (z)|u|*u =0, (t,x) € R xRV, (1.2)

The equation (1.2) arises as an effective model describing the laser beam that supports stable
high-power propagation in a homogeneous bulk media in plasma. The stable high-power beam
propagation can be achieved by sending a preliminary laser beam that creates a channel with a
reduced electron density, and thus reduces the nonlinearity inside the channel (see e.g., [34,40]).

In the last decade, there has been an increasing interest from the mathematical community
devoted to the study of (1.2). When K (z) is constant, it is the well-known nonlinear Schrédinger
equation.

When K (z) is a non-constant bounded function, the equation (1.2) has been studied in [29,
41,42,47]. In [42], Merle investigated the existence and non-existence of minimal mass blow-up
solutions to (1.2) with a = % and K7 < K(z) < Ky, where K7, Ko > 0 are constants. Afterwards,
Raphaél and Szeftel [47] extended the result of [42] and showed the existence, uniqueness, and
characterization of minimal mass blow-up solutions. Here by minimal mass blow-up solutions,
we mean solutions to (1.2) having the mass equal to that of the ground state, which blow up
in finite time. Later, Fibich and Wang [29] and Liu, Wang, and Wang [41] studied the stability
and instability of solitary waves for (1.2) with a > 4+ and K (z) = K (ex), where € > 0 is a small
parameter and K € C*(RY) N L= (RY).

When K (z) = |z|® with b > 0, there are several works devoted to (1.2) (see e.g., [13,14,22,50]).
In [13] and [14], Chen and Guo established sharp criteria for the existence of global and blow-up
solutions. In [50], Zhu proved the existence and dynamical properties of blow-up solutions. See also
[22].

When K (x) behaves like |2|~° with b > 0, the equation (1.2) has been considered in [3,31,32,35].
In [3], De Bouard and Fukuizumi studied the stability of standing waves when o < 47V2b. In [31],
Fukuizumi and Ohta established the instability of standing waves when o > %. See also the
works [32,35] for other studies of standing waves related to this type of equation.
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2 V. D. DINH AND S. KERAANI

The equation (1.1) can be seen as a limiting equation of (1.2) with K(x) ~ |z|7 as || — oo,
which plays an important role in the analysis of (1.2). Before stating our main contributions, let us
recall some basic properties and known results related to (1.1). The equation (1.1) has the following
scaling invariance

u(t,z) = )\%u()\Qt,)\z), A> 0,
that is, if u is a Solution to (1.1) with initial data u|,_, = uo, then uy is also a solution to (1.1) with
data uy|,_, = =\ uo( -). A straightforward computation shows [[ux(0)| ;- = )\7+sz&_%”“0”1¥2’
which implies that the above scaling leaves the H7*-norm of initial data invariant, where

N 2- b
2 1.3
Yei= 5 T (1.3)
In the present paper, the condition 4_— <a< % with N > 3 is equivalent to 0 < 7. < 1, which

corresponds to the mass—supercritlcal and energy-subcritical range.

The local well-posedness (LWP) for (1.1) was studied by Geneoud and Stuart [32, Appendix].
By making use of the energy method developed by Cazenave [10], they proved that (1.1) is locally
well-posed for N > 1,0 < b < min{2, N}, a > 0, and o < 372 if N > 3. See also [19,33] for other
LWP results based on Strichartz estimates and the contractlon mapping argument. There are two
important quantities which are conserved along the flow of (1.1), namely

:/|u(t,x)|2dx = M (uyp), (Mass)

E(u(t)) = % / Vu(t, z)[2dz + QLH / 2|~ u(t, )| *2dz = E(uo). (Energy)

Thanks to these conservation laws, the blow-up alternative, and the small data global theory (see
[33, Theorem 1.9]), we have the following global well-posedness results:
o v=1;
e y=—1and
l[uoll frze < e (1.4)
for some constant d. > 0.
In the defocusing case v = 1, we mention the works [19] for the scattering in a weighted L? space
Y(RY) := HY(RY) N L2(RY, \1:|2dx) and [18] for the scattering in the energy space H(R™).
In the focusing case v = —1, (1.1) has been studied in many works [7,9,15-17,21,25-27,43,49].

In [25], Farah showed the global existence for (1.1) with N > 1 and 0 < b < min{2, N } by assuming
ug € H*(RY) and

[ (uo)] " [M (uo)]' ™ < [E(Q)][M(Q)]' ™, (1.5)
Vol lluoll 2™ < IVQI: 1QI 2™, (1.6)
where () is the unique positive radial solutlon to the elhptlc equation
~AQ+Q - lzI7*IQI*Q =0. (1.7)
He also proved the finite time blow-up for (1.1) with ug € ¥ satisfying (1.5) and
Vol 3 lluoll;z™ > IVQIT: 1QN 2™ (1.8)

The latter result was extended to radial data by the first author in [17]. The energy scattering
(or asymptotic completeness) for (1.1) was first established by Farah and Guzméan [26] with
0<b< %, a =2, N = 3, and radial data. This scattering result was later extended to dimensions
N > 2 in [27]. The proofs of these results are based on the concentration/compactness and rigidity
argument introduced by Kenig and Merle [38]. Campos [7] made use of a new idea of Dodson
and Murphy [23] to give an alternative simple proof for the radial scattering results of Farah and
Guzmaéan. He also extends the validity of b in dimensions N > 3. Note that the idea of Dodson
and Murphy is a combination of a scattering criterion of Tao [48], localized virial estimates, and
radial Sobolev embedding. Xu and Zhao [49], and the first author [20] have simultaneously showed
the energy scattering for (1.1) with 0 < b < 1, N = 2, and radial data. The proof relies on a new
approach of Arora, Dodson, and Murphy [1], which is a refined version of the one in [23]. In [8],
Campos and Cardoso studied long time dynamics such as global existence, energy scattering, and



A COMPACTNESS RESULT FOR INLS 3

finite time blow-up of H'-solutions to (1.1) with data in ¥ lying above the ground state threshold.
Miao, Murphy, and Zheng [43] showed a new nonlinear profile decomposition for non-radial solutions
related to (1.1). In particular, they constructed nonlinear profiles with data living far away from
the origin. This allows them to show the energy scattering of non-radial solution to (1.1) with
0<b< i a=2 and N =3. The result in [43] was extended to any dimensions N > 2 and
0<b< min{2, %} by Cardoso, Farah, Guzméan, and Murphy [9]. Recently, the authors [21]
establish long time dynamics for (1.1) with data lying below, at, and above the ground state
threshold. See also a new paper of Murphy [44] for an alternative simple proof of the scattering

result in [43].

To state our result, let us introduce some notations. Let v > 0. A pair (gq,r) is called H-
admissible if
2 N N 2N 2N
T2 Ny ST SN2 (1.9)
The set of all H7-admissible pairs is denoted by A,. When v = 0, we denote L? instead of HO. In
this case, the L?-admissible pair is also called Schrédinger admissible. For I C R an interval and
~v > 0, we define the Strichartz norms

lullsrm == swp lullnsers
|||S(I,H“f) (a7)CB, HLf,(I,Lm)

and
lallga g sz = 11V ll gz o
where we have used the convention

V) fllx = 11 Fllx + 1V Fllx-

Here B, is a subset of A, consisting of a finite number of H"-admissible pairs used in our analysis
(see the proofs of Lemmas 2.5 and 2.6). When I = R, we omit the dependence on R and simply
denote |[u|[g(zr+) and ||ul| g1 (). We also denote

X(I):= LI, HH) N S(I,H) N SY(I, L?).
The main result of this paper reads as follows.

Theorem 1.1. Let N > 3,0< b < min{Q, %}, and 4_7217 <a< %_ Denote H := H'(RN) if
v=1and H :=Hs if v = —1, where § < d. with d. as in (1.4) and

Hs:={pe H'RY) : |9 g2 <6}

Then the mapping INLS — LS : H — Xioc(R) is compact in the sense that if (¢n)n>1 C H satisfies
bn — ¢ weakly in H*(RN) as n — oo, then

Uy — €B ¢, — u— e ¢ strongly in X(I) as n — oo

for all compact interval I C R, where u,, and u are solutions to (1.1) with initial data uy|,_o = ¢n
and u|,_, = ¢. Here LS and INLS are respectively the linear and nonlinear Schidinger maps related
to (1.1).

Remark 1.1. The condition on H in the case v = —1 ensures that the solution corresponding to
(1.1) with data in H exists globally in time.

Remark 1.2. Our compactness result only holds locally in time. The locality in time is needed in
order to show that nonlinear profiles associated to the linear ones with divergent time shift are
solutions to the underlying linear equation. It is not clear to us that this compactness property can
be extended globally in time.

Remark 1.3. To our knowledge, this is a first result concerning the compactness property of
the difference between the nonlinear and linear Schrédinger operators (or the Duhamel operator)
related to nonlinear Schrodinger-type equations. This phenomenon can be compared to the so
called nonlinear smoothing effect, i.e., the difference between nonlinear and linear evolutions for
the same initial data, given by the integral term in Duhamel’s formula, has higher regularity than
the initial data. The later is known to hold for various type of nonlinear dispersive PDEs (see e.g.,
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gKdV equations [4,5], NLS [6,37], fractional NLS [24], higher-order NLS [2], and [12] for a unified
approach).

The proof of Theorem 1.1 is based on a refined nonlinear profile decomposition related to (1.1).
It is well-known that the profile decomposition plays an essential role in the study of long time
dynamics of solutions to (1.1). For instance, it is the core of the concentration-compactness and
rigidity method showing the energy scattering (see e.g., [8,9,26,27,43]). It is also an important
step to establish dynamical properties of blow-up solutions to (1.1) (see e.g., [45]). Before stating
our nonlinear profile decomposition, let us recall the following linear profile decomposition related
o0 (1.1) due to Farah and Guzmén [26,27].

Proposition 1.2 (Linear profile decomposition [26, Theorem 6.1] and [27, Theorem 5.1]). Let
(dn)n>1 be a bounded sequence of H'-functions. Then for each integer J > 1, there ezists a
subsequence, still denoted by (¢n)n>1, and

o for each 1 < j < J, there exists a fized profile 1/ € H*(RY);

e for each 1 < j < J, there exists a sequence of time shifts (t])n>1 C R;

e for each 1 < j < J, there exists a sequence of space shifts (v3),>1 C RY;
e there exists a sequence of remainders (W,]),>1 C H*(RY);

such that
J .
=Tt AYI (z — af) + W (x).
j=1
The time and space shifts have a pairwise divergence property, i.e., for 1 < j #k < J, we have
nh—>120 |t —tF| + |2d, — 2| = co. (1.10)

The remainder has the following asymptotic smallness property

lim {hm et AW 2N =0, (1.11)
J—oo | n—o0 S(H’YC)ﬂLfO(R,LéV_Z’YC)

where . is as in (1.3). Moreover, for fized J > 1 and v € [0, 1], we have the asymptotic Pythagorean
exTpansions

J
pnll, = Z 197 1% + W15 + on(1). (1.12)
=1

Finally, we may assume either tJ =0 or tJ, — +oo, and either xJ, =0 or |z)| — .

Remark 1.4. By the almost orthogonality (1.10), there exists at most one profile with zero space
and time shifts. Without loss of generality, we assume ' is such a profile. That is

J .
On(@) = P! (@) + D e Y (@ - a) + W (2) (1.13)

with || + |2J | — oo for each j =2, | J.
Now we state our result on the refined nonlinear profile decomposition for (1.1).

Theorem 1.3. Let (¢,,)n>1 be a bounded sequence of H'-functions and consider the linear profile
decomposition (1.13). Denote wy, : (=Ty, T*")xRN — C andu : (—T., T*) xRN — C the mazimal
solutions to (1.1) with initial data un|,_q = ¢n and u|,_, = ', respectively. Let I C (=T, T*) be
a compact interval. Then for n sufficiently large, u, is defined on I x RY and satisfies

hmﬂsup ||un||L°°(I H2)NS(I,Fve)nst(1,02) < 90 (1.14)
Moreover, we have
J
up(t, ) = u(t,z) + Z A YT (1 — 23)) + AW () 4 (L, ) (1.15)

=2
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with

Sl mns st (1,02 = O- (1.16)

In addition, for fized J > 2 and v € [0, 1], we have for every t € I,

lun (013, = lu(®)1F; + Z 19713 + W 15 + en(t) (1.17)
with
nh_}rr;o en(t) =0 (1.18)

uniformly int € I.

To emphasize our contribution, let us recall the known nonlinear profile decomposition related
o (1.1) due to Cardoso, Farah, Guzméan, and Murphy [9] (see also an earlier result of Farah
and Guzman [27]). Let (¢,),>1 be a bounded sequence of H'-functions with the linear proﬁle
decomposition (1.13). We define the nonlinear profiles v/ : I7 x RN — C associated to 7,/ and
xd as follows:

’n’

o If 27 =0 and #J — —oo, then we take v’/ the maximal lifespan solution to (1.1) that scatters to
etBYl as t — oo.
o If 27 =0 and tJ, — oo, then we take v/ the maximal lifespan solution to (1.1) that scatters to
etBhl as t — —oo0.
In both cases, we set v} (t) :== v/(t — t},). On the other hand, if |z%| — oo, then we take v} the
global scattering solution to (1.1) satisfying vfl|t=0 = e~ "nAJ (z — 2),). Such a solution exists due
to [9, Proposition 3.2]. Let I C (=T, T*) be a compact interval, where u : (=T, T*) x RV — C is
the maximal solution to (1.1) with initial data u|,_, = ¢'. It was proved (see e.g., [27, Section 6]
and [9, Section 3]) that for n sufficiently large, u,, is defined on I x RY and satisfies

limﬁsup lunlls(r, frve)nst 1,2y < 0©- (1.19)
Moreover, we have
J
un(t, ) = u(t, x) +Zv (t,x) + Tn(t, x) (1.20)
j=2
with
nl;m I7nlls(r frvey =0 (1.21)

Comparing to the nonlinear profile decomposition (1.19) — (1.21), our nonlinear profile decomposition
(1.14) — (1.18) contains the following refinements:

e The boundedness of ||uy |z (1) for n sufficiently large. This boundedness is not available in
(1.19) as the endpoint (0o, 2) is not included in the definition of S(I, L?).

e All nonlinear profiles except the first one are solutions to the underlying linear equation instead
of the general ones v} as in [9]. Here we show that nonlinear profiles associated with the
divergent space shift can be chosen to be the linear solutions. This improvement comes from
the observation that the nonlinearity effect vanishes at spatial infinity.

e The remainder term is small for n sufficiently large not only in S(I, He )-norm but also in
L°(I,H}) and H'-Strichartz norms. As a result, we prove the Pythagorean expansion of the
H7-norm of Uy, (t) with a remainder term being small uniformly in time.

Based on this refined nonlinear profile decomposition, we are able to show the compactness
property of solutions to (1.1) given in Theorem 1.1.

This paper is organized as follows. In Section 2, we give some preliminary results which are
needed in the sequel, including: dispersive, Strichartz, and local smoothing estimates; nonlinear
estimates, the local well-posedness, and the stability results. Section 3 is devoted to a proof of the
refined profile decomposition given in Theorem 1.3. Finally, Theorem 1.1 will be proved in Section
4.



6 V. D. DINH AND S. KERAANI

2. PRELIMINARY

In this section, we present some preliminary results which are useful in our proofs. Let us start
with the following dispersive estimates.

Lemma 2.1 (Dispersive estimates [10]). For r € [2,00], we have

e flly S I FODf)L,, t#0 (2.1)
for all f € L™ (RN).
A pair (g,7) is called H~7-admissible if
g—&-ﬁzgﬁ-% A<r< .
q 2 N — 2y N -2
The set of all H~7-admissible pairs is denoted by A_.. We also define the dual Strichartz norms
Il iy =, nf Tl

When I =R, we simply use ||lul|g -~ instead of [[ulg (g, g--)-
We have the following Strichartz estimates (see e.g., [10,30,306]).

Proposition 2.2 (Strichartz estimates [10,30,36]). Let v > 0. We have
HeitAst(Hv) <Clfllg-

In addition, for any interval I C R containing 0, there exists a constant C' > 0 independent of 1
such that .
‘ / AP (s)ds

0
2N 2N
Moreover, the above estimates still hold with L{®(R, Ly ~*")- and L{°(I, Ly ~*")-norms in place of
S(H"Y)- and S(I, HY)-norms, respectively.
Lemma 2.3 (Local smoothing estimate [11]). Let v € C§°(RY). Then for all f € L*(RY) and
R>0,

< ClFNsr -y
S(I,H")

2
| UV @) Pt/ Rded: S R 22)
RxRN

Corollary 2.4. Let v € (0,1), (q,7) € Ay, and ¢ € H'(RN). Let I C R be a compact interval and

R > 0. We have

i 1(1_ 1) _1(N+2_NY), 1 2

Vel 21 raqai<ny S PGV RSEFE=D)etbg) 1, V)7, (2:3)
Proof. We follow an idea of Killip and Visan [39, Lemma 2.5]. Let y € C5°(RY) be such that

x(§) =1 for |¢] <1 and supp(x) C {z € RN : |z| < 2}. For M > 0 to be chosen later, we denote
X (€) = x(M~1E). By Hélder’s inequality and Bernstein’s inequality, we have

Ve xar (D)@l L2 (1,12 (1o 1<r)) = €™V Ix0r (D)l £2(1,12 (1)< )
SHIETaRT =% A VIxar (D)@l ug(1,1p)
= 1127 R% =5 M|e™ Xar (D)ol g1 1)
SUPPTaRE 7 M6l g1 1) (24)
where x (D) is the Fourier multiplier by xas(€), i.e.,

Xt (D) F(€) = xar () F(€)

and Y (€) = x(M~1E) with (&) = [£]x(€). Here we have ¢, > 2 as (¢,r) € A, with v > 0.
On the other hand, we use the local smoothing estimate (2.2) to get

Ve (1= xam (D)l 121,12 (<)) = IVI2€ V72 (1 = Xar (D) V|l £2(1, 12 (12| <R))
S RE|V]TE(1 — xm(D)) V| 12
< M™ER%|[ V|2 (2.5)
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Optimizing (2.4) and (2.5) with
M =13 G-D RIS E D) Vel 1 1201 1y ),
we obtain (2.3). O
We also need the following nonlinear estimates due to [33, Lemma 4.1] and [7, Lemma 2.5].

Lemma 2.5 ([33, Lemma 4.1]). Let N > 3,0<b < min{2,%}, and u <a< ‘}v 23 Then
there exists 6 € (0, ) sufficiently small so that

(1E3 b|U|aUHs/(H e) S ||U||L°°H1||U||a S(Eve) [[v ||S(H’Yc)
When b =0, we can take 8 = 0 in the above estimate.

Proof. The proof of this result is given in [33, Lemam 4.1]. However, for our later purposes, we
recall some details. Let 8 > 0 be a small parameter. We denote

. 2a(a+2-10) . Na(a+2-10)

“TA % (N—2)a’ "TalN b —02—-0)

— 20(a +2—0) - Na
a(N(a+1—60)—2+2b) — (4—2b)(1—6)’ T2 b F Nab

We see that (a,7) € A, and (a,7) € A_.,,_ provided that § > 0 is taken sufficiently small. By
Holder’s inequality, we have

2~ Jal ol < Nl =° oy caylllul vl e
where A is either the unit ball By or Bf = RN\ B;. To make |||z|~?|| 174y < oo, we take
% = % + 62,
where the plus sign is for A = By and the minus sign is for A = BY. It follows that
1 1 1 (Nat+ba+N+3b)a—0(Na+ba+b—2)

—=———-= 62.
07 4 Na(a+2—0) +
By Holder’s inequality with the fact that
1 0 a+1-0
-t —,
p T4 7
we have
_ 9 -0
2l = lul vl g S ol [l 7 ol
As
1 a+1-46
a  a
we infer that
=l *oll por o S Ilu HimLmiHu”LaLr”UHL“L’“
< ”uHLC’CHl”u”LaLr”'UHL“L“"
Here in the second line, we have used the Sobolev embedding as 2 < my < x5 for =~ b<a< ﬂ
provided that 8 > 0 is chosen sufficiently small. The proof is complete. D

Lemma 2.6 ([7,33]). Let N >3,0 <b<min{2,5}, and 52 < a < 2. Then there exists
0 € (0, «) sufficiently small so that
2l ~*ul*vlls 22y < llullfpe malul§og.. Iollsee),
IV (] ful*w) 5722y < Nullfe el e, IV ulls 2.
|—b—1‘u|a

|2 ollsr 2y S Nl foe prallullS ch IV]ls(z2).-

Note that if b =0, we can take 0 = 0 in the above estimates.
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Proof. These estimates were essentially proved in [33, Lemma 4.2] and [7, Lemma 2.5]. However,

the proofs presented in [33] and [7] used the dual pair of the end-point (2, %) which is excluded

in our definition of L2-admissible pair. Thus we need a different argument. Let # > 0 be a small
parameter. We denote

.4 . 2N

T 3xy "TNt2-o

— do(a+1-10) _— 2Na(a+1-10)
4—2b— (N —=2)a+0a’ (N+2-2b)a—0(4—2b+«)’

_ do(a+1-10) . Na

1= a(Na—2+20) —0(Na—4+20—a) =7 2_bxNab’

Here (¢, ') is the dual pair of (ﬁ, Nzijz\cra) € Ag. We can readily check that (g,7) € Ay and
(a,7) € A,, provided that 6 > 0 is taken sufficiently small.
For the first two estimates, it suffices to show the second one since the first is treated in a similar
manner. We observe that
T
V(I ulu) = |2V (|ul*u) — bmlwl_b ([~ ul“u) (2.6)

and
—b —b

Ml fll L ay < Ml ez ay 1l 2z

where A stands for either By or B{. To ensure |||z]~?|

1 b
— ==+
T1 N ’

where the plus sign is for A = By and the minus one is for A = Bf. It follows that

Lo (a) < 00, we take

1 1 1 N+2-2b—10 9
= - = T
ro o 2N
As % < % <lfor0<b< %, we choose 6 > 0 sufficiently small so that 1 < ro < N which

allows us to use the Hardy’s inequality (see e.g., [46])

-1 T2
< v .
|| fHLmZ =N_r | f||Lm2

Applying the above inequality to f = |u|*u and using (2.6), we see that
IV (2]~ )l S IV (] )| 72

By Holder’s inequality and the fact that

we have
IV (|2l ) o S Ml s HUH%?_BH Vullr.
T L x

By Holder’s inequality in time with

1 a—-0 1
oo g T
q a q
we get
_ -0
IV (="l W)l e, < IIUIIZDCL? lullZe I Vull o

0 -0
S el zge mrallell g Vull pr oy
which proves the second estimate.
Let us show the last one. We have

e[~ el *oll 1y 4y < M=l Ml 0l 22,
where A is either By or Bf. In order to make ||[z]~07!|| » (4) < 00, we take

1 b+1



A COMPACTNESS RESULT FOR INLS 9

where the plus sign is for A = By and the minus sign is for A = B{. We see that
1 1 1 N—-2b—10

T m = Ay T
By Holder’s inequality and the fact that
1 0 a—0 1 1 1 1
pr me T 13 13 T N
we have
e = ful ol S Nl e el 0l 20

S llul

e Il 90l

Using Holder’s inequality in time, we get

—b— -0
= ol o e S HUHZ?OL;T;E||u||(ztﬁLzl|Vv”L?L§
0 -6
< e a5 2 190l -
The proof is complete. O

Using Proposition 2.2, Lemma 2.5, and Lemma 2.6, we have the following result local well-
posedness result.

Proposition 2.7 (Local well-posedness [33]). Let N > 3, 0 < b < min {2, %}, and % <a<

2. Let ug € H'(RYN). Then there exist T,.,T* € (0,00], and a unique local solution to (1.1)

satisfying
ue C((~T.,T*), H*(RN)) N L]

loc

for any (q,7) € Ap. If T* < 0o (resp. Ty < 00), then

(=T, T%), W' (RY))

Jim [Vu(®)]z = oo (p Jim V(o) = oo) |

We also recall the following stability result which is needed in the sequel.

Lemma 2.8 (Short time perturbation). Let N > 3, 0 < b < min{2,5}, v € {£1}, and
L2 ca<i2 Let0c I CRandii: I x RN — C be a solution to

10y + Al — v|z|7|a|%u = e
with @|,_, = Uy satisfying
il poe 1,11y < M
for some positive constant M > 0. Let ug € H' be such that
l[uo — Ty < M’
for some M’ > 0. Assume the smallness conditions
@l 1,1y < €05
€2 (uo — o)l s(1,5e) < &
(V) ells r,2) + llell g g, - ey <€
for some 0 < e < gg, where g = eo(M, M’) > 0 is a small constant. Then there exists a unique
solution w: I x RN — C to (1.1) with u|,_, = uo satisfying
Ju— ﬁHS(J,ch) Se
w — @l oo (1, 1)1 (1,2) S M, (2.7)
||“HLtoo(z,H;)nS(I,Hw)msl(z,Lz) < C(M, M').

Proof. The proof is essentially given in [27, Lemma 4.12]. However, the version stated in [27, Lemma
4.12] does not provide enough information for our purpose. Thus we give some details. Let us start
with the following observation.
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Observation 2.1. If ||l g(; gy < €0 With 9 > 0 sufficiently small, then
ltllsr(r,c2) S M. (2.8)

Proof of Observation 2.1. By Duhamel formula, we have

a(t) = ey — i/t e =B (||~ |a(s)|Ya(s) + e(s))ds.
By Strichartz estimates and Lemma 2. g we have
lalls1(r,z2) < Ilaollzrs + 1 (V) (2l ~°1a@l*@) s (z,c2) + (V) ellsrr,z2)
S ol + 10 e 1 181G o N5t 1,22y + (V) ellsor,22)
S lallpge a1y + HUHLOO(I ap IS oo Nallsa ez + 1Y) ellser,22)
< OM + Ce + MONallgp Nllsar,2)-
If @l ey < €0 with eg > 0 sufficiently small, then we get [|@]|s1(r,r2) < 2C(M +¢). O

Without loss of generality, we assume that 0 = inf /. We will prove the existence of a solution to
the following Cauchy problem

{ iw+ Aw = —H(x,ﬂ,wlf e, (2.9)
wl_g = wo = up — o,
where H(z, @, w) := v|z|(G(a + w) — G(@)) with
G(z) = |z|%=. (2.10)

To this end, we will show that the functional
t
d(w)(t) := e*Pwy + z/ A (H (2,0, w) + €)(s)ds
0
is a contraction mapping on
Y = {w e C(L,H)YNS(LH* ) NS L L) = | wllg ey <P Wl mnns q.02) < K}
equipped with the distance
d(u,v) = flu—vlls,z2) + [[u = vllg(7 ey
where p ~ ¢ and K ~ M’ will be chosen later. By Strichartz estimates, we have
1000) 1.0y S Iewollser sne + 1H it 0)lgo ey + lellgogr e
1@ (w)l| 5o (r,22)ns(1,02) < llwollrz + [[H(, uaw)HS/(I,Lz) + llells(1,L2),
and
IV@(w)llLse(r,2)ns(r,2) S IVwolzz + IVH (-, @, w)[|s0(r,2) + | Vells/(1,02)-

Using the fact that
|G(a+w) — G(@)] < (|a]* + [w]*)|w],
we infer from Lemma 2.5 and Lemma 2.6 that

VG 0) g ey S (10t VS ey + 100t 05 ) ) 10 0y

VG w)lsria,e) S (N1t IS ey + 00 sy 05 ey ) 0l s, 22-
We also have (see e.g., [27])

|w|*| V| if 0<a<l,

IV(G(a+w) = G(@)] < (1a]* + |[w|®)|[Vw| + { (la]e=t + |w|e Y w||Va| if o> 1.

By Lemma 2.6, we have

IVHC i w2 < (||u||Loou T8 ey + 100 1) 101 o VI 0 s, 22 + B,

where
=l e 0 g IVl 52 22) 0 < @ <1
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and

~ ~lla—1—0 —1—-6 ~ .
B = (1l (1. s 305 70+ N0l oy oS 5 e llsr ey 19l 22 i @ > 1.

Tt follows that for w € Y, we have from (2.8) that
||H(.7ﬂ,w)||s,(LH%) < (MGES‘*G + Kvepa_e)p7
IH (- @, w) s (1,02 S (MO5~% + K0p* 9K,
and
IVH (i, w) s (1,22) S (M~ + K°p* ) K

N KOpo=0 )\ if 0<a<l,
(MO0 L KOpo—1=%pM if a>1.

Thus there exists C' > 0 such that
1@ (w) | g7 ey < C2+ C(MP5= + K?p>~%)p,
1@ (w)l Lo (1,22)ns(1,22) < Cllwollrz + Ce + C(M°e§ ™ + K?p* %) K,
and
VO (w)|lLe=(1,02)ns(1,22) < ClVwol[zz + Ce + O(MPea=" + K°p*—0\ K

N CK%p=M if 0<a<l,
C(MOy™170 4 KOpo=1=0)pM if o> 1.

It follows that
(W)l g1 frve) < Ce+ C(MPeg™" + K9p*~%)p,
1@ (w)|| Lo (1,1 )ns (1,02) < OM' + Ce + C(MPe§ ™ + Kp* ") K

N CK%p—M if 0<a<l,
C(MO%s™ 0 L KOpo=1=-9pM if a>1.

By taking p = 2Ce and K = 2CM’, we see that
12(w)llg (1 sy < Ce+ C(M 5% + (20M")’(2Ce)*~*)2Ce
and
®(w)|| Lo (1. 11y (1.02) < CM' + Ce + C (M5~ + (2CM")° (2Ce)*~%)2C M’
2 (1LHY)NS (1,L2) 0

N C(20M"?(2Ce)*—'M if 0<a<l,
C(MPy=17% 4 20M") (20e)*~ 1= pM if a>1.

By choosing gg = eo(M, M’) > 0 sufficiently small, we have for all 0 < ¢ < &,
12(wW)lls(r fvey S 05 1 R(W)lL5e (1, m1)n51(1,02) < K

or ® maps Y into itself. By the same argument, we prove as well that ® is a contraction on Y.
Thus the fixed point theorem implies that there exists a unique solution w on I x R satisfying

||st(1’mc) Se Nwlleeamynsi e < M.

Finally, we see that v = 4 + w is a solution to (1.1) satisfying (2.7) (see also (2.8)). The proof is
complete. O

By an iteration argument as in [27, Lemma 4.14], we have the following long time perturbation
result.

Lemma 2.9 (Long time perturbation [27, Lemma 4.14]). Let N >3, 0 <b < min{2, 5}, and
L2 <a<$B Lt0cICRand a: I xRN — C be a solution to

0+ At + |z Pla*a = e
with U|,_, = Uo satisfying
g (r,myy < M, lallger ey < L
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for some constants M, L > 0. Let ug € H' be such that

luo = ol gy < M', €™ (uo — o)l s ey < €
for some constant M’ > 0 and some 0 < e < e = e1(M,M',L). Suppose that

(V) ells/r,L2) + ||e||5/(1,wac) <e.
Then there ezists a unique solution u: I x RN — C to (1.1) with u|,_, = uo satisfying
lu—llg(s gy < C(M, M, L)e,
Hu_a”LfC(I,H;)ﬂSl(I,LQ) < C(M, M' L )M/, (2.11)
lull Lo (.1 )ns (1,100 s (1,22) < C(M, M, L).
We also need the following property due to [28, Lemma 5.3].

Lemma 2.10 ([28, Lemma 5.3]). Let v € H'(RY), (t,)n>1 C R, and (zn)n>1 C RN, If

[tn| + |Zn| = 00 as n — oo, then
et B(- 4 x,) — 0 weakly in H'(RN)
as m — 0o. Moreover, if (¥y)n>1 C HY(RY) satisfies
Y — 0, B, (- +an) = b weakly in H'(RY)

as n — oo for some 1 € HY(RN)\{0}, then |t,| + |v,| — o0 as n — .

3. REFINED PROFILE DECOMPOSITION

This section is devoted to the proof of the refined profile decomposition given in Theorem 1.3.
Let (¢n,)n>1 be a bounded sequence of H I_functions and consider the linear profile decomposition

J .
() =M (2) + Y eI (@ — ) + W (2)

=2

with [t]]| + |2 | — oo for each j = 2,---,J. Keeping in mind the properties (1.11) and (1.12).
Denote wuy, : (=Thpn, T%") x RY — C and u : (=T, T*) x RY — C the maximal solutions to (1.1)
with initial data u,|,_, = ¢, and ul,_, = ¥, respectively.

Let I C (=T.,T*) be a compact interval. We will approximate u,, over I x RY by

J
up(t,x) = u(t,z) + Y T (z — ad) 4+ AW (2).
j=2

To this end, we make use of the stability theory given in Lemma 2.9. We first have

u;(0,2) = dn(x)
and
003+ Aug + o] a7 = e,
where
en = |z[7*(G(up) — G(u))
with G(z) as in (2.10). We will check the following conditions:

sup lim sup ||un||Loe rmy <M, (3.1)
J>2 n—oo
suplim sup 2|1 r-e) < L (3.2)
J>2 n—oo
for some constant M, L > 0 and
et llsrcr,oy + IV e lsrca,noy + leillsir i ey = 0 as J;n — oo. (3.3)

Towards this goal, let us prepare some lemmas.
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Lemma 3.1. We have
sup limsup [ (1. < C(1, B),

J>2 n—oo

where

B = sup||¢n || m-
n>1

Proof. We have for any t € I and J > 2,

2
e ()1 < )3 + Ze“t WAYI(  af) + AW
H}
J 2 |
— )l + | S e A (- — 2l + W
j=2 HL

= [Ju(?) ||H1+Z||€_” B (=) + W 7 + on (1)

13

Here we have used the pairwise divergence property (1.10) to get the second inequality. It follows

that
J
oo (1 ey < C N ) + D 197 13 + W3 I + 0a(1)
t x x x

j=2

which implies
limsup [[u;)|| e 7,11y < C(I, B)
n—oo

for some constant C(I, B) depending on I and B.

Lemma 3.2. We have

sup lim sup ||u; ls(r,fey) < C(1, B).
J>2 n—oo

Proof. By Strichartz estimates and the pairwise divergence property, we have for any J > 2,
2

el tft{L)ij(. . 1’%) + 6”AWT‘L]

Mk

g ]I S ) S HUHS(I ey T2
7=2 S(1,E7e)
7 2
S HU||2S(LH%) H D e A yI (- —ad) + W
=2 s
b
< CO(1, ||¢1||H;)+Z||W||H1 + Wi + on(1).

I
N

J

This shows that
limsup [[u g7, < C(L, B).

n— oo

Lemma 3.3. We have
”ei”S’(I,LZ) — 0 as J,n — oo.

Proof. Using the fact that
G(2) = G(w)| < (|2]* + |[w[*) [z = wl,

(3.5)
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we have

lenllscr,zzy < Ml ™ (lu|® + ful®) (uyy = w)llsrr,2)

J
S D Ml (| + Jul ®)e 29I (- — ad )l s r,12)

=2
= (up|* + [al )" AW llsrr,2) - (3.6)
Observation 3.1. We have
= (up]® + [u*)e™ W [l51(r,12) = 0 as Jyn — oo,
Proof of Observation 3.1. In fact, by Lemmas 2.6, 3.1, and 3.2, we have

et~ e AWl llsrr .2y S NunllToe (1, lunll S ey 1™ Wil lls e
) ( (1,L2)

S(I He)
S O, B)||€“AWJ||S(I L)

4—2b

Let (q,7) € Ap. As 2 < = 27 < 25 due to 52 < a < 122, we interpolate between L? and

L7255 , Or L™%5% and L¥~2 £ and use Sobolev embeddlng to get
, 1
||eltAWr{||Lf(I,L;) K HeZtAWnJHL;?o(I,L;)

L itA 9 itA -9
S S W Wy
Lo (I, L 27

S g e AWy =0
LOO(ILN Q’Yc)

as J,n — oo, where ¥ € (0,1) is a constant depending on r. It follows that
HeimWnJHs([’Lz) —0as J,n — oo.

This shows that

|||x|7b|u;{|ae”AW;Z||S,(I)Lz) — o0 as J,n — o0

and similarly for [[|z|°|u|*e™*W,/ | s/(1,12). Thus we prove Observation 3.1. O

Observation 3.2. Let (t,),>1 C R and (z,),>1 C RY satisfy |t,| + |z,]| — o0 as n — co. Then

we have for any 1 € HY(RY),

]~ |+ ul*)e 29— @) | gr(1,12) — 0 as n— oo,

Proof of Observation 3.2. To see this, we consider two cases: z, = 0 and |z, | — oco.
Case 1. x,, = 0. We must have |t,,| = oco. By Lemmas 2.6, 3.1, and 3.2, we have

= | Bl s r, 2y S Nl e 1,y Il

S e 2| gr, 12y,

S(I fIve) ”ei(t_tn)AwHS(I,LQ)

For (q,r) € Ay, we have

Hei(t_tn)AwHLf(I,L;) N m%||ei(t_t")A7/’||Lf°(I,L;)~
As I is compact, we see that |t — t,,| — oo for each ¢t € I as n — oo which, by dispersive estimates
(2.1), implies
||ei(t_t”)Az/J||L§o(I’L;) — 0 asn— 0.
Thus we get
|||x|*b\u,{|aei(t*t")A1/)||S,(1,Lz) — 00 as n — 0.
Case 2. |x,| — 00 as n — oo. Take € > 0. We have

]~ [*e =B (- — )l (1,02) = |2+ @al “lup (t -+ 20) € T2 501,12
<l 4 @l g (8, + 2)| %Y 501,12 (B
|z + @n|Plugl (t, - + @) e tn)A"/}HS’(I L2(BS))s
where Br := {z € RN : |z| < R} and B := RV\Bpg with R > 0 to be chosen later.
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On B§, we split B = Q1 U Qs with
Q={zeRY : |z| >R |r+z,/ <1}, Q={zeRY : [z[>R,|z+a,]>1}. (3.7)
Using the same notation as in the proof of Lemma 2.6, we see that
11z + 2| =P (8, + @)% EP| e 4
Loy lllun (s + @) | e8|

SRt + )| 2 o e,

< llz + 2| ™"

Li? (Bg)

where A is either 7 or Q5 and % = % + 62 with the plus sign for A = ; and the minus sign for
A = Qs. By Hélder’s inequality, we have

ll + @n] ~*lun (t, - + 2) | 20|

Ly (Bg,)

Ty o T . a—0 i(t—tn) A
S Hun(t, +mn)HL;ﬂi(B§)||un(tv +xn>|Lj(B§)He ¢|‘L£(B§)
By Holder’s inequality in time (see again the proof of Lemma 2.6), we get
—by, Ty (t—t0)A ,
e+ P+ )

-0 i(t— n —
Sl @) e I (- + 2§ e 17 ™2 31 1755
_0 i
S ||Ui||%g°(1,H;)||ui||g(I’H%)||eZtA1/JHL?(R7L§(B%))~

As (§,7) € Ag, we see that ey € LI(R, L"), which, by the dominated convergence theorem,
yields
itA
||61 wHL?(R’LZ(B%)) — 0 as R — OQ.

This shows that for Ry > 0 sufficiently large, we have
_ (i €
lz + @l ~lup (¢, - + @) | 2 g1, 12085, ) < 2

for all n > 1.
Next, for @ € Bg,, as |z,| = 00, we have |z + x,,| > |2, | — |z]| > ‘12—"‘ for n sufficiently large. It
follows from Lemma 2.6 that

1z + 2| =l (8, + @) APl 501,12 (B )
S laal TPl (8, - + @) [* B g1, 2y
o (A R | O LG PR
Szl N3 s ey €W 52y — 0
as n — 0o. Thus there exists ng > 0 sufficiently large such that for all n > ny,
e+ a0+ @) D2 511,120, )) < -
We obtain for all n > ny,
2] ~°ur| e R (- — @ )| 51(1,12) < €
which shows that
| by |* €t Rap(- — @) || 0(r,02) — 0 as m — 0.
Therefore, in both cases, we have
[l =l |20 (- = ) 511,22 = 0 as n = 00
and similarly for [||z|~|u|*e!*=t)24(- — 2,)||s/(1,12). Thus Observation 3.2 is proved.

Collecting (3.6), Observations 3.1, and 3.2, we finish the proof of Lemma 3.3. |

Lemma 3.4. We have
IVellls 1,2y = 0 as J,n — oo.
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Proof. Using the fact
IV(j2|7*(G(2) = Gw)| S |2]7*IV(G(2) = G(w))] + || ~*7HG(2) — G(w)|
we have
IVerlls ,e2y S M2V (Glup) = Gu)llls .2y + Il =7 G(up) = Gu)lls(1,2)
=: (I) + (ID). (3.8)
Term (I). Let us first treat the term (I). From the fact that

Vw||z — w|® if 0<a<l1
_ < [e4 _ | 9
IV(G(2) = G(w))| S [2[*V (2 —w)| + { (|Z|O‘_1 + |w\a_1)|Vw||Z —w| if a>1,

we have

(D) S MM~ |V (upy = )|l 572, 2)
+{ | ~°1Vullu;, = ul*||s/(r,2) if 0<a<1
=P (up =t + [ul* D) IVulluy = ulllsi g2y i a>1
B (b)) if 0<a<l,
(“H{ (ba) if a> 1.

A

For the term (by), we have

J
- _ (E—tI VA ;
2~ [Vul [y = ul s (r,n2) S D Ml = [Vulle 897 (- — ) )% |g (1,12
j=2

| IVl A W1 501, 22).
By Lemma 2.6, we have
- itA A A
2l =* IV ul e W 1 s 1,22y S NS WillGee 1y 1 WIS o IVl s, 22)

<O, B)||e”AW‘]HS(I iy — 088 Jin = 0o,

Observation 3.3. Let (¢,),>1 C R and (z,,)n>1 C RY satisfy |t,| + |2, — oo as n — co. Then
we have for any ¢ € HY(RY),

H|$|_b|vu|‘ei(t_t"m¢(' — xn)|a||s/(1,Lz) — 0 asn— oo.

Proof of Observation 3.3. The proof follows by the same argument as in the proof of Observation
3.2. In the case z, = 0, we use Lemma 2.6 to have

=1 Vulle =20 51,2y S €20l Toe iy 1€ 2N G g IVl sr,22)
< Jleftttn Awusu fivey — 088 > 00,
In the case |z,| = oo, we estimate
2|19l [ 2 (=) Nl r,22) = |2+ @al [Vt -+ a)lle™ 201 g1, 12)

<+ 2| PVt - + )12 |01, 12(B))
[+ za T Vult, -+ )[R 01 L2 (B3, )) -
On B§, we estimate as in the proof of Lemma 2.6 and have
2+ @] " [Vult, - + @) |2 |11, L2(83,))
< Hel(t tn )AwHL"O(l Hl)”e (b=t Ai/)”La(I LT(B%)) ||vu||S(I,L2)
< itA _ B
S el aw cr(sg)) = 0 as R — oo,

where @ and 7 are as in the proof of Lemma 2.6. On By with R fixed, we can use the decay of
|z| = for |x| large. We omit the details. O
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The term (bs) is treated in a similar manner. More precisely, we have

e = (a1 + Jul* ) Valla - ullls 22
N
< S Mllal (1ol ) VA (- — 2 s,
Jj=2

2l (12 Jul ) [Vl AW 01, 12).
As a > 1, by Lemma 2.6, we see that
el 12 [Tl W .12y S I e sy 1 5 €W vy [Vl
< C’(I,B)HeitAW,{HS(I’H%) — 0as J,n— oo.
A similar estimate goes for |||z|~°|u|* | Vul[e®*W/|[|s/(1,12). The terms
Iz~ (|27 + [l =) [Vl 29 (- — 22)[l/(r,12)

are treated as in Observation 3.3.
Thus we have proved that

(b1), (b2) — 0 as J,n — oco. (3.9)
For the term (a), we have

J
a) S Y Ml |V AT (- — el llsir, ey + [l =gl | IV AW 01,29
j=2

J
- it ; ;
S Ml up VeI (- — ) [ls (1,12
j:2

+ZH|$| et AGI (- — 2|V AW 1,2

+|||ﬂ?| ||V AWl 0r, 12y + |||~ [ AW 1V A W51, 2)- (3.10)
Observation 3.4. Let (t,),>1 C R and (z,)n,>1 C RY satisfy |t,| + |z,] — o0 as n — co. Then
we have for any ¢ € H',

|2z bl |Vttt Ay (. — zn)|ls/(1,2) — 0 as n — oo.

Proof of Observation 3.4. This result follows from the same arguments as in the proof Observation
3.2 using Ve € S(I, L?). In particular,

||v€itAw||L?(]R’LZ(BIC{)) — 0as R — oo.
We omit the details. O

Observation 3.5. Let (¢,),>1 C R and (z,,)n,>1 C RY satisfy |t,| + |2, — oo as n — co. Then
we have for any 1 € H',

2|1 2 (- — )[4V AW [l 01,2 = 0 as = oo
Proof of Observation 3.5. As in the proof of Observation 3.2, we consider two cases: z, = 0 and

|| — oo
Case 1. x,, =0. We have [t,| — co. By Lemma 2.6 and the fact that

sup sup || Ve * W,/ || s(7,22) < B,
J>2n>1

we have
] =01t B> Ve AW || 501, 2y
S ||6Z(t b )AZ/JHLOO(I Hl)”e (t=tn A1/’||S(I H%)HveimwﬁiHS(Lm)

(Bl tB g2t
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where B is as in (3.4). By the same argument as in the proof of Observation 3.2 using dispersive
estimates (2.1), we have

1€ 2P| g1 prve) = 0 aS . — 00,

Note that for each (¢,7) € A, , we have r € (ﬁ, 6) C (2,6).
Case 2. |x,| — 00 as n — 0o. Take € > 0. We have

2] ~01e B (- = )| Ve AW g (1,12
= |l|z + 2| [T EY VAW (- + )51, 12
< llz + 2| TRV AW (- @) 501,22 (Ba)
—|—|||x + mn|—b|ei(t—tn)Aw|a|veitAW7{(. + xn)|||s,(I$L2(B%)).
Estimating as in the proof of Observation 3.2 (see also the proof of Lemma 2.6), we see that
|z + 2|~ 2| VAW (- + @) [ 571, 2(,))

S |\6i(t7t")A¢|\%go(1,H;)||€i(t7t")AT/)||E(917L§(B%))||V€itAW{z]HS(I,L2)
S |‘eitA¢‘|L?(R,Lf(B%)) —0as R — oo.

Here we have used the fact that e’y € LI(R,L") as (@,7) € A,.. Thus there exists Ry > 0
sufficiently large such that

—by i(t— i €
llz + aa| P2 Ve EWT (4 )51, 22035, ) < 2

for all n > 1.
Next, for x € Bg,, we have |z + z,| 7% < |2,|7° for n sufficiently large. It follows that
@+ xn‘7b|ei(t7tn)A¢‘a|V€itAWnJ(' + xn)|||5’(1,L2(BRo))

S fanl e RN ;oo IVEEW 52,22

S |$n|_b\|eitAw||g(H%) — 0 asn — oo.

Hence there exists ng > 0 sufficiently large such that for all n > ng,
€

I+l e 21 A - )51, 1) <

We obtain for all n > ng,
|Hx|fb|ei(t7tn)Aw(. _ xn)|aveitAW7{”S’(1,L2) <e
or
z| bttt Ay (- — 1) [O Ve AW sir..2y — 0 as n — oo.
n ( ) )
The proof of Observation 3.5 is complete. O
Observation 3.6. We have
H|x|*b|eitAW;{|a|Ve”AW;{|||S/([7L2) —0as J,n— .

Proof of Observation 3.6. It follows directly from Lemma 2.6 and the fact that ||e”AW;L]||S(H%) -0
as J,n — oo. O

Observation 3.7. Let ¢ € C°(R x RY). We have
2~ [Ve Wil lls(1,12) = 0 as J,n — oc.

Proof of Observation 3.7. Without a loss of generality, we assume that supp(¢) C K x By, where
K is a compact interval of R with a non-empty intersection with I and Bp is the ball center at the
origin and of radius R. Let (¢’,r’) be as in the proof of Lemma 2.6. We have

2|l Ve W v r,2) < Ml =@l IV 2 Wl Lo ey

—b it A
< Ml ™z Nl T W W 1072 1y
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where

1 b 1 1 1 N+2-2b—40
— = 46 Lot 1 NHLm0
r N ro T 2N

with 6 > 0 sufficiently small. By Holder’s inequality, we have
|||m|_b‘<p|a|veitAW7{H|S/ (I,L2) <~ ||<p||L°“5(IﬂK Le"(BRr)) ”veltAW ”L2 INK,L2(BR))

S ||VeZtAWn ||L$(mK,Lg(BR))7

where
g4 oN
Ty T e T g _aner
Let (@,7) € A, be as in the proof of Lemma 2.6. By (2.3), we have
i 1 Nt2 N i 1 2
Ve tAWﬁI”Lf(mK,Lg(BR)) S |I|3( +)R3(% )”e tAWJ”E;?(I,Lg) |VW;{H22

S C(II, R, B[ W,/ [l gjg7e) = 0 as J,n — o0
which proves Observation 3.7. ]
It follows from Observations 3.4-3.7 and (3.10), we have
(a) = 0 as J,n — occ. (3.11)
Combining (3.9) and (3.11), we have
(I) = 0 as J,n — oo. (3.12)
Term (II). Let us now estimate the term (II). By (3.5), we have

J
(D) D M (a1 + Jul®)e 27 (- — 2| 511,22
=2

Hll2 77 (] + Jul*)e " 2 W s (1,22 (3.13)
Observation 3.8. Let (¢,),>1 C R and (z,,)n>1 C RY satisfy |t,| + |2, — oo as n — co. Then
we have for any ¢ € H',
[[ET 1(|UJ\O‘ + Jul®)e B (- — @)l 0(1,02) = 0 as - oo

Proof of Observation 3.8. As in the proof of Observation 3.2, we consider two cases: z,, = 0 and
|| — 0.
Case 1. x,, = 0. By Lemmas 2.6, (3.1), and (3.2), we have

—b— i(t—tn)A i(t—tn)A
||| 1|Ui\ael(t ) Vllsr,e2) S HUJHL"O(I HL) ||“JHS(1 Heo) ||Vel(t ) Vlls(r,L2)
S ||Vel(t_t”)A7/1||S(1,L2).

Since t € I and |t,| — oo, we have |t — t,,| — 00 as n — co. From dispersive estimates (2.1) and
Sobolev embedding, we infer that

||Vei(t_t“)Az/)||5([’Lz) — 0 as n — oo.
Case 2. |x,| — co. We proceed as in the proof of Observation 3.2. Let ¢ > 0. We have
2] o | 2 = 2l 1,22y = e+ @al 77 gl (8 -+ @)% T2 g1, 12y
<l + @] 70 it - 4 @) | T 501 2 (B

Hllz + 2707 ul (£ - + 20) [ T2 g1, 1285,

where R > 0 to be chosen later.
On B§%, we have

—b—1y, Jry . ai(t—tn)A ,
|||l'+$n‘ |u (t’ +J}n)| € wHL‘I ([ LT’(BC))

< lul(t, - —|—xn)||Loo(I Hl)Hu (t,- —|—xn)|s(1 H%)”v pilt—tn )AwHLq(I o

. A
/S ||u7{||Lt°°(I7H;)||u ||S(I H%)HVeZt /l/}”L‘l RLT(B ))7
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where the exponents ¢',r’,q, and T are as in the proof of Lemma 2.6. Since (g,T) € Ap, we see that
WA
||V€ w”Lf(R,Lf(sz)) — 0 as R — OQ.
Thus there exists Ry > 0 sufficiently large such that
b (t— €
e+ @ =0 g (£ -+ )| TRl 501,125, ) < 5

for all n > 1.
On Bg,, we have

e+ @] ~*fun (¢, - + @) |20 51,1235, )
S el 7Pl (8, - + 20)| %€ TR g1, 12y
b i(t—tn) A
S lanl 7T g (t -+ 2a)lIS g e 17T 2 Blls 1,2
Sleal ™l 3 r ey 129 —0
~ In nlls(r, /) S(L?)

as n — 0o.
Collecting the above cases, we prove that

|| 70 ud [ttt B (- — zn)|ls/(1,02) — 0 as n — oo.
A similar argument goes for |||z| =~ |u|*e!*=t)24(- — z,)||g/(1,12) and the proof is complete. [

Observation 3.9. Let (t,),>1 C R and (z,),>1 C RY satisfy |t,| + |z, — o0 as n — co. Then
we have for any ¢ € H?,

] =0~ He R — ) [ AW s (1,12) — 0 as = oo,

Proof of Observation 3.9. The proof is similar to that of Observation 3.5 using Lemma 2.6. We
thus omit the details. |

Observation 3.10. Let ¢ € C5°(R x RY). We have
2]~ | * e AW, || 571,02y = 0 as J,n — oo

Proof of Observation 3.10. As in the proof of Observation 3.7, we can assume that supp(¢) C
K x Bpg, where K is a compact interval of R with a non-empty intersection with I and Bpg is the
ball center at the origin and of radius R. Let (¢’,7’) be as in the proof of Lemma 2.6. We have
—b— it —b— it A
el == oIl AW .2 < el =l Wl o g
—b— itAyrrJ
< etz R 1 W M o 2y

where
1 1 1 N—-2b—10
— =40, —=— =
D1 N p2 T p 2N

with # > 0 sufficiently small. By Hoélder’s inequality and Sobolev embedding, we have

92

—b—1 a| itA J < « itA J
|||$| |90‘ |e Wn H‘S/(I,Lz) ~ ”‘PHLgc?([mK,Lg“(BR))”e Wn HL%([OK,Lﬁ% (Bn))

S HveitAWﬁ]”L’;’(InK,Li(BR))a

where ¢ and p are as in the proof of Observation 3.7. Arguing as in the proof of Observation 3.7,

we have
N+2

T 101 1 1 _N i
Ve Wil 21,22 (82 S G2 R (2= 2) ety

3 J3
||L?(])Lf)||VWn HLZ
S C(|I] R, B)||eitAW,f||S(H%) — 0as J,n — cc.
This shows that
|||x|7b71|s0‘a|€itAWv{‘HS/(I,L2) S C(|]|, Ra B)H‘PH%gé(lmK,Lg“(BR))HeitAW;l]HS(H%) — 0

as J,n — oo. The proof is complete. O
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Using (3.13) and Observations 3.8, (3.9), and (3.10), we prove that
(IT) - 0 as J,n — oo. (3.14)
Finally, the proof of Lemma 3.4 is complete by combining (3.8), (3.12), and (3.14). |

Lemma 3.5. We have
HeiHs/(I,H—wc) — 0 as J,n — oo.

Proof. By (3.5), we have

e llse(r ey S Ml ™" (unl® + Jul*) (= w)llse (-

J
- i _
S M TP |+ Jul*)er IR (- — i) s (1,5~ e)
=2

el = (] + [l )" Wil g1 - (3.15)
Observation 3.11. We have
= (upl® + ul*)e™ Wl ll g1 - ey = 0 as Jon — oo
Proof of Observation 3.11. By Lemma 2.5, 3.1, and (3.2), we have
— i a—0 ;
||z b|u;{|o‘eltAWT{||S/(1,Hf ey S ||Ui||%g°(I,H;)||Ui||S(I,H%)||€ztAW,‘L]||S(LH%)
< C’(LB)H@”AW?;]HS(LH%) —0as J,n — .

A similar estimate goes for H|x|_b|u\“e”AWnJHs,(LH, ey O

Observation 3.12. Let (t,),>1 C R and (z,,),>1 C RY satisfy [t,| + |2,] — 0o as n — co. Then
for any ¢ € H!,
270”1+ Jul®)e T2 =)l g1, ey — 0 as 1 — o0,

Proof of Observation 3.12. The proof of this result follows from the same argument as in Observa-
tion 3.2. In the case x,, = 0, hence |t,| — oo, we have

—b i(t—tn)A 0 - i(t—tn
el = 1% 2 g0 g ey S Nl Do .y [ gy €7
S OB 20 g1 e

By Sobolev embedding and the fact that |t — ¢,| — oo for each t € I as n — oo, we infer from
dispersive estimates (2.1) that

A
) 1/’“5(1,1;(%)

1€~ 2P| g1 prve) = 0 aS 1 — 00,
In the case |z,| = 0o, we take € > 0 and estimate
]~ | * e EE) B (- — zn)llsr (17— ey =z + | Plup (8, - + xn)|a€i(t_t")A¢||S'(I,H— ve)
< o+ @l -+ 20) A i
Hllz + @] P (8 + 20) TPl g1 e (e
for some R > 0 to be chosen later.
On B%, using the same notation as in the proof of Lemma 2.5, we have
2 + 2|~ (8, - + @) | TR L 4

<l A+ @al "Nzl (8, -+ 2a) |29 L ey

S ug(t, - + )| *e 2 e ey,
where A is either £ or Q5 (see (3.7)) and % = 2 +6? with the plus sign for A = Q; and the minus
sign for A = Q9. By Holder’s inequality, we have
2 + 2| =l (£, - + @) |2 L e

0 —0 i (t— n
SNt + )y 0 s+ )1 o 1€ 20 g 12
(4 —0 it A
S 01 N 12 e 0 2 22
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Since (a,7) € A,., we have e'*A¢y € L(R, L), which, by the dominated convergence theorem,
implies
itA
[l VllLe @,z (Bg)) — 0 as R — oo.
Thus there exists Ry > 0 sufficiently large such that

— a i(t—ty,)A €
-+ a1+ 212 e <

for all n > 1.
On Bpg,, we make use of the fact that |z + z,,| 7 < |z,,| 7" for n sufficiently large to get
—b, J oi(t—tn)A
2 + 2|l (£, -+ )| 2 g1 - e (5 )
S el g (- + )2 TR g e
S lenl P llun (s + )13 p ey 1€ 2Bl g1
~ Tn n\l; N S(1,Eve) S(I,Hc)
—b itA
< Ll 1% oy 12 Gl ey — 0 a8 1= oc.
Thus we prove that there exists ng > 0 sufficiently large such that for all n > ng,

—b (t—tn)A
lal =Pl |e 2 G — )l g ey < €

hence '
2]~ i | €™ B (- — )l o g g ey = 0 @S 1 — o0,
Collecting the above two cases, we prove Observation 3.12. |
Finally, Lemma 3.5 follows directly from (3.15), Observations (3.11), and (3.12). |

From Lemmas 3.1, 3.2, 3.3, 3.4, and 3.5, we infer from the stability theory Lemma 2.9 that for n
sufficiently large, u, is defined on I x RY and satisfies

Mmsup [[unl| oo (1 p1yns(r,ive)nst (r,02) <
n— oo

and
un(t, ) = uy (t,2) + 77, (t, 2)
with
||r7{||Lt°°(I,H;)OS(I7H'YC)(151(I7L2) —0as J,n — oo.

Since

Tl (t, @) = up(t,x) —ul(t,z) = (un(t,z) — e dn(2)) — (u(t,z) — "' (2)), (3.16)
we see that r;/ is independent of .J, hence r; = r,, with

I7nll Loe (1, 111)n8 (1, Fr7e )8 (1,2) = O @8 m = o0. (3.17)

Let v € [0,1] and fix J > 2 and t € I. As |[rp||py(r,m1) — 0 as n — oo, we have

2
[ (8)]12%, = +Ze’(t EIAYI (- —al) + AW ||+ oa(t)
2
= [lu(®) Ze“t WY — ) + AW+ ou(t)

J
+Z<u<t> A~ al)) + (ult), AW
= Jlu(t) +Z|WII W 2 + ot

+Z< TSI =) ) (ul), AW (3.18)
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where (-, -) stands for the scalar product in HY(RY). Since |t} | + |2J,| — oo, it follows from Lemma
2.10 that for each j € {2,---,J},

<u(t), =t A i (. zﬁl)> —0asn— oo.

Here we note that the time ¢ is fixed. Similarly, as W, — 0 weakly in H! as J,n — oo, we have
<u(t), e“AW,:D — 0 as J,n — oco. Thus for € > 0, there exist J;,n; € N sufficiently large such that
for n > nq,

J1

. g

o (0 — o) — S 1, — I 13| < 5.
j=2

It follows that
J1

J
. . I
lun @Oy = lw@® I = D197 1 — W%, — 197115y + 1W  — W15, | < 5
3 2 3 3 3 2 3 2
j=2 j=J+1
As
Ji .
Wi@)= Y e A @ —ah) + Wil (@),
j=J+1
we see that
J1
W12, = S 12, + W 12, + on(1).
j=J+1
Thus there exists ny € N sufficiently large such that for all n > ng, we have
J .
W12 = > I, — W 2 | < 5
j=J+1
It follows that for n > max{ny,na}, we have
J
[l (), = )2y = S W91y = W1, ] <
j=2
Therefore, for each J > 2, ¢t € I, and ~ € [0, 1], we have
J
lun 1y = N2, + 3213, + W7 1%, + ). (3.19)
=2

Finally we will show that the Pythagorean expansion (3.19) is uniformly in ¢ € I, that is,
nh_}rrgo en(t) =0

uniformly in ¢ € I. From (3.17) and (3.18), it suffices to show that if o € C(I, H') and 1),, converges
weakly to zero in H'(RY), then

lim (p(t), e"®ep,) =0 (3.20)

n—oo

uniformly in ¢ € I. Assume by contradiction that (3.20) does not hold. Then there exist C' > 0 and
t, € I such that, up to extraction,

| (@tn), € Bepp) | > C > 0.
Since I is compact, passing to a subsequence if necessary, one can assume that ¢, — 8 € I and
[ {p(tn), e By | = [ {7 Bp(tn), Pn) | = C > 0.
As e B p(t,) — e PR p(B) and 1, — 0 weakly in H'(RN), we get
<e_it"A<p(tn),z/Jn> —0asn—0

which is a contradiction. The proof of Theorem 1.3 is now complete.
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4. COMPACTNESS PROPERTY

We are now able to prove Theorem 1.1.

Proof of Theorem 1.1. Let (¢n)n>1 C H satisfy ¢, — ¢ weakly in H(RY). Denote u,, : R xRN —
C and u: R x RY — C the global solutions to (1.1) with initial data w,|,_, = ¢» and u|,_, = ¢,
respectively. Note that our assumptions on H ensures that these solutions exist globally in time.

Since (¢y)n>1 is bounded in H 1(RN ), we have: for each integer J > 2, there exists a subsequence,
still denoted by (¢y,)n>1, such that

J .
() =M (@) + Y eI (@ — ) + W (2)

Jj=2

with [¢}| + |24| — oo for each j = 2,--- ,J and the properties (1.11), (1.12). Thanks to Lemma
2.10 and the fact that W,/ — 0 weakly in H'(R"), we see that ¢,, — ! weakly in H!(RY). By
the uniqueness of weak convergence, we have ! = ¢.

Let I C R be a compact interval. It follows from (3.16) that

(un(t) — €™ n) — (u(t) — *2¢) = ra(1)

which, by (3.17), implies

Uy — 2, — u — B¢ strongly in L¥°(I, HY) N S(I, H™) N SY(I, L?)

as n — oo.
As the limit does not depend on the choice of subsequence of (¢,,)n>1, the above convergence
holds for the whole sequence. The proof is complete. O
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