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ABSTRACT. In this paper, we study the focusing nonlinear Schrodinger equa-
tion with exponential nonlinearities

hu+Au = — <e4"|“

u(0) = wp€ HY,

where p € {0,1}. By using variational arguments, we derive invariant sets

where the global existence and finite time blow-up occur. In particular, we

obtain sharp thresholds for global existence and finite time blow-up. In the

case i = 1, we show the asymptotic behavior or energy scattering of global
solutions by using a recent argument of Arora-Dodson-Murphy [3].

[ 47r,u|u|2> u, (t,z) € R x R?,
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1. Introduction

We consider the initial valued problem for nonlinear Schrédinger equations with
exponential nonlinearities

0w+ Au = —f,(u), (t,z)€RxR?,
- U D
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where
(12) fulw) = (e =1~ dmplul) u, e {01},

The nonlinear Schrédinger equation (NLS) with exponential nonlinearity arises in
several physical contexts such as the self-trapped beams in plasma (see e.g. [20]).
To our knowledge, the first paper studied NLS with exponential nonlinearity goes
back to Cazenave [9] where he considered the Schrédinger equation with f(u) =

(1 — e"“'z) u and showed the global well-posedness and scattering. In this setting,

the function s — f(s) is uniformly bounded together with all its derivatives due to
the negative exponent. In our setting, the nonlinearities and their derivatives grow
more rapidly than any power for large amplitude. This makes our problem more
difficult comparing to the one in [9]. Another interest of considering (1.2) is their
relations to the Trudinger-Moser inequality (see Section 2).

Solutions to (1.1) formally enjoy the conservation of mass and energy, namely

(Mass) M (u(t)) = ||u( )72 = M(u
(Enerey) Eu(u(t) = 3 IVu(d)l3: - /F 0)dz = Ey(uo),
where 1

Fu(u) == & <e4“|“|2 — 1 —d4rlul® - 8772u|u|4) .

The local well-posedness for (1.1) has been established by Colliander-Ibrahim-
Majdoub-Masmoudi [11]. More precisely, the following result holds.

THEOREM 1.1 ([11]). Let ug € H' be such that |Vugl|lzz < 1. Then there
exists T > 0 and a unique solution u to (1.1) in C([0,T], H). Moreover, u €
LA([0,T),CY2) and for all 0 < t < T, E,(u(t)) = E,(uo) and M(u(t)) = M(up).
Here C denotes the space of a-Hélder continuous functions endowed with the norm

e = ] e + sup A4EL =4,
TF£Y |z — y]

Let T* is the maximal forward time of existence, i.e.
T* :=sup{T >0 : there exists a solution to (1.1) on [0,77}.
We have the blow-up alternative: either T* = +o00 or T* < 400 and
(1.3) limsup || Vu(t)| > = 1.
t AT

The main purpose of this paper is to study long time dynamics such as global
existence, blow-up and energy scattering for the equation (1.1). Before stating our
results, let us recall some known results related to (1.1). In the defocusing case,
i.e. the plus sign in front of the nonlinearity, the global well-posedness in H! was
investigated by Colliander-Ibrahim-Majdoub-Masmoudi [11]. They introduced the
notion of criticality as follows: the defocusing problem (1.1) is said to be subcriti-
cal if the energy is strictly smaller than 2 5, critical if the energy is equal to % and
supercritical if the energy is strictly greater than % They proved that the equation
is globally well-posed in H' in both subcritical and critical regimes, and global
solutions satisfy u € C(R, H') N L (R, Wh4). Moroever, a sort of ill-posedness

loc
was proved in the supercritical case. More precisely, the solution maps ug +— u(t)
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fails to be continuous in H' as t — 0. Afterwards, the energy scattering for the
defocusing problem (1.1) with g = 1 in the subcritical case was established by
Ibrahim-Majdoub-Masmoudi-Nakanishi [21]. The proof is based on the a priori
global bound ||ul[ps(r sy < C(M,E) < oo which was proved independently by
Colliander-Grillakis-Tzirakis [12] and Planchon-Vega [22]. Later, the energy scat-
tering with radially symmetric initial data for the defocusing problem (1.1) with
=1 in the critical case was proved by Bahouri-Ibrahim-Perelman [5]. The proof
relies on both the a priori global bound [|u[|4(r, sy and the characterization of the
lack of compactness of the Sobolev embedding H] ; into the critical Orlicz space
[6]. Recently, Azzam [2] proved the energy scattering for the defocusing problem
(1.1) with p = 0 in the subcritical case. The proof is based on the perturbative ar-
gument of [26] by viewing the nonlinearity fy as a perturbation of the mass-critical
NLS. This allows the author to combine the a priori global bound |[u||z4(r, sy and
the known spacetime estimate for the mass-critical NLS proved by Dodson [13] to
obtain the global bound ||u|| ps® w1 .4).

To state our results, let us recall the following notion of ground states related to
(1.1). By standing wave solutions, we mean solutions to (1.1) of the form u(t,z) =
e¢(x), where ¢ € H' solves the elliptic equation

(1.4) —Adp+ ¢ = fu(9).

DEFINITION 1.2 (Ground state). A non-zero H! solution Q to (1.4) is called a
ground state related to (1.4) if it minimizes the action functional

1 1 1
$u(0) i= E,(0) + 3M(0) = 3 IVol3 + 51012 — [ Fu(o)da
over all non-trivial solution of (1.4), that is,

S,.(Q) =1inf {S,(¢) : ¢ € H'\{0}, ¢ is a solution to (1.4)}.

The existence of ground states related to (1.4) has been studied by many
authors. In [18], Jeanjean-Tanaka proved a mountain pass characterization of
ground states related to (1.4) when the nonlinearity has a subcritical exponential
growth. Alves-Souto-Montenegro [4] improved the arguments of [18] by assuming
the nonlinearity has a critical exponential growth. Recently, Ruf-Sani [24] ex-
tended Montenegro-Souto’s results to a more general class of critical exponential
nonlinearities. More precisely, they proved the following result.

THEOREM 1.3 (Existence of ground states [24]). Let f satisfy the following
conditions:

i. f:R = R is continuous and has critical exponential growth, i.e.

|f(s)|:{ 0 ifa>d4m,

Hm +oo  if a < 4.

2
|s|—o0 €Xs

lim /s) =0.
s—0 8
ili. There exists § > 2 such that 0 < 0F(s) < sf(s) for any s # 0, where

F(s) := /Osf(T)dT.
sf(s)

iv. lim ——
[s| =400 €*75

ii.
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Then there exists a ground state Q related to

(1.5) —Ad+ ¢ = f(9)

which is radially symmetric. In addition,

1 . 1 1
SIVQIE: = int {IV0l3: o€ H\O} 1ol = [ Floc).
Moreover,
0< HVQ||L2 < 1.

We collect some properties of the ground state Q.

LEMMA 1.4. The ground state Q obtained in Theorem 1.3 satisfies the following
properties:

e Qe C?’NL>® and Q decays exponentially at infinity.
e () is radially symmetric.
e 0 < HVQ”LZ < 1.

-HVQﬁp+H@Er=/©ﬂQﬂw

%Wﬁ;=/F@Mx

PrROOF. The first item follows from [27, Proposition 2.1]. The second and
third items follow from Theorem 1.3. Multiplying both sides of (1.5) with @, then
integrating over R? and performing integration by parts, we get the fourth item.
The last item follows by multiplying (1.5) with x- VQ and integrating over R2. [

It is easy to check that our nonlinearities f,, (see (1.2)) satisfy the assumptions
i-iv of Theorem 1.3. Thus, there exist ground states @, related to (1.4) which
satisfy the properties given in Lemma 1.4. It follows that

(16)  5u(@Qu) = 3IVQulEe = inf {8,(0) : &€ H'\{0}, Pa(s) = 0},

where 1
fﬂ@:;wm—/&wm
Note that if P,(¢) =0, then S, (¢) = 3[[V¢|/2.. Let us define the following sets
Af = {6 € HO{O} & S,(0) < S,(Qu). Pu(d) > 0}
Az = {0 € H\{0} : Su(9) < Su(Qu), Pul(9) < 0}
Note that by (1.6),
(1.8) AL UAL = {o e HN\{0} : Su(¢) < Su(Qu)}

since

(1.7)

{o0€ H'\{0} : S.(0) < Su(Qu), Pu(9) = 0} = 0.
By the continuity argument and (1.6), it is easy to see that the sets Aff are invariant
under the flow of (1.1).
Our first result is the following global existence for (1.1).

THEOREM 1.5 (Global existence). Let pu € {0,1} and ug € A}. Then the
corresponding solution to (1.1) exists globally in time.

Our next result concerns the finite time blow-up for (1.1).
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THEOREM 1.6 (Finite time blow-up). Let u € {0,1}. Let ug € H' be such that
IVuoll= < 1.
o If E,(ug) < 0 and either ug € L*(|z|*dz) or ug is radially symmetric,
then the corresponding solution to (1.1) blows up in finite time.
o If Ey(ug) > 0, ug € A, and either ug € L*(|z|*dx) or ug is radially
symmetric, then the corresponding solution to (1.1) blows up in finite time.

The proof of the finite time blow-up is closely related to the virial functional

1(6) = [ Vo|2: / 31,(8) — 2F, (&) = 2E,,(6) - / 31,(6) — AF, (6)dz.

The functional I,, is nothing but the second time derivative of ||zu(t)||2. (see (3.5)),
namely

d2
(1.9) T leu®lis = 8L, (u(), Ve [0,T7).

The finite time blow-up for negative energy initial data follows easily by noting that

/qﬁfu F,(¢)dz >0, V¢e H.

The one for non-negative energy initial data is more involved. To this end, we
observe (see (3.11))

(1.10) Su(Qu) = inf {S,(¢) = ¢ € H'\{0}, ,(¢) = 0}
and define

(1.11) K, ={6€ H\{0} : S.(¢) < Su(Qu); Lu(¢) <0},
(1.12) K= {o € H\{0} : Su(¢) < Su(Qu), Lu(¢) > 0}.

Using (1.10) and the continuity argument, it is easy to see that the sets ICff are
invariant under the flow of (1.1). Note that

(1.13) K UK ={¢ € H\{0} : Su(¢) < Su(@u)} = A UAL

since

{0 € H\{0} : S.(¢) < 8u(Qu), Lu(¢) = 0} = 0.
By using variational arguments, we show (see Lemma 3.8) that if ¢ € H! satisfies
E.(¢) >0 and ¢ € K, then

(1.14) 1,(9) < 2(5u(8) = Su(Qu))-

Thanks to (1.14), the standard convexity argument of Glassey [15] implies the
finite time blow-up for initial data in K, satisfying some additional conditions.
The result then follows by observing that A, = K, (see Lemma 3.12). We refer
the reader to Section 3 for more details.

REMARK 1.7. We can construct an initial data ug € H' N L?(|z|?dz) satisfying
[Vugllre < 1 and E,(up) < 0 as follows. Let ¢ € H' N L%(|z|*dz) be such that
IVo| 2 <1 (take for example p(z) = e_‘i ). For A > 0, we denote ug(z) = p(Az).

Vor
It follows that |Vugllrz = ||[Vellrz < 1 and

1 _
B, (o) = 5[Vl = A2 [ Fule)dz <0
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provided

Q/F#(w)dx

IVellz:

REMARK 1.8. By Lemma 3.12 and Lemma 3.13, there exists an initial data
uo € H' N L?(|x?dx) satisfying ||Vuollr2 <1, E,(ug) > 0 and ug € A,

0< A<

REMARK 1.9. We will see in Lemma 3.11 that if ug € Af, then E,(ug) > 0.
Thus, by Theorem 1.5 and Theorem 1.6, we obtain sharp thresholds (within the
radial or finite variance framework) for global existence and finite time blow-up for

(1.1).

Our next result is the following energy scattering for (1.1) with radially sym-
metric initial data.

THEOREM 1.10. Let u = 1. Let ug € Af and ug be radially symmetric. Let
u be the corresponding global solution to (1.1). Then the corresponding solution to
(1.1) scatters in H' in both directions, i.e. there exists u* € H' such that

: iAo
t_l&nooHu(t) e"2u™|| g = 0.

Let us briefly describe the strategy of the proof. First, we show (see Lemma
4.1) that

(1.15) A = {seH" : S1(¢) < Si(Qu),Pi(d) >0} = A U{0}

is an open set of H!. This is done by proving that functions with small H'-norm
belong to Af. To see this, we make use of a refined Moser-Trundinger inequality
(see Corollary 2.7) due to [5].

Second, we prove that for data in A, there exists Ry = Ro(ug, Q1) > 0

sufficiently large such that the corresponding solution satisfies xgu(t) € Xf for all
R > Ry and all t € R. Here x is a suitable cutoff function.

Third, thanks to the above observation and an argument using localized Morawetz
estimates, we show that there exists C = C(ug, Q1) > 0 such that

(1.16) Li(xru(t)) > Clixru(t)l|7e

for all R > Ry and all t € R.

Finally, using (1.16) and a modified argument of Arora-Dodson-Murphy’s ap-
proach [3], we prove the global bound |u||zsrxr2) < C(ug, @1) < 0o which yields
the energy scattering. We refer the reader to Section 4 for more details.

REMARK 1.11. It is expected that a same result holds for radial initial data
in AZ. In fact, most of results given in Section 4 hold with AZ in place of Aj.
However, due to the critical nonlinearity |u|?u hidden in fy(u), we are not able
to obtain similar scattering criteria as in Proposition 4.9. We hope to solve this
problem in a forthcoming work.

REMARK 1.12. In the preparation of this paper, we learnt that the energy scat-
tering with radially symmetric initial data for the focusing NLS with exponential
nonlinearity similar to f; was proved in [16]. The proof in [16] is also based on an
argument of Arora-Dodson-Murphy [3], however, their proof is very different from
ours.
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The paper is organized as follows. In Section 2, we recall some preliminaries
needed in the paper such as Trundinger-Moser inequalities, the logarithmic inequal-
ity and Strichartz estimates. In Section 3, we give the proofs of the global existence
and finite time blow-up given in Theorem 1.5 and Theorem 1.6. Finally, in Section
4, we give the proof of the long time dynamics for radially symmetric initial data
given in Theorem 1.10.

2. Preliminaries

2.1. Some useful inequalities. In this section, we recall some useful in-
equalities which are needed in the sequel. The first one is the following classical
Moser-Trudinger inequality [1].

PROPOSITION 2.1. Let a € [0,47). A constant C, > 0 exists such that

(2.1) [ (e = 1) do < Cullul
R2
for all uw € H' such that |[Vul|z2 < 1. Moreover, if a > 4x, then (2.1) is false.

REMARK 2.2. We point out that a = 47 becomes admissible in (2.1) if we
require ||ul|zr < 1 rather than ||[Vu|| 2 < 1. More precisely, we have

(2.2) sup / (64’““‘2 - 1) dr =: k < 00,
R2

llullgr<1
and this is false for o > 47 (see [23] for more details). Here
lullZ = llullfe + [ VullZ..

PROPOSITION 2.3. For allu € H' with ||Vul||zz < 1, it holds that

(2.3) / (64’*‘“'2 — 1) dx < 5M7
R? 1 [[VullZ,

where K is as in (2.2).

ProOOF. We fix u € H! satisfying ||Vull2 < 1 and define ' u*(z) = u(\z) for
some positive A to be chosen later. It follows that

I3 = A2 llulge + [ VullZ..

Choosing A such that [[u*||%,, = 1, or equivalently

o s
1= VullZ.’
it yields
/ (e‘”luxl2 - 1) dr < K.
R2
Since
/ <e47r|u*|2 B 1) de — )\72/ (647r|“‘2 B 1) dx,
R2 R2

we obtain (2.3) as desired. O

Thanks to (2.3), we have the following global existence for (1.1).

IWe are grateful to Z. Guo for bringing our attention to the scaling argument in the proof.
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LEMMA 2.4. Let p € {0,1}. Let ug € H* be such that |[Vugl|/z2 <1 and

[luol| 2 m
2.4 _ Muollze /T
(2.4) 1— [Vuol2, K

where k is as in (2.2). Then the corresponding solution to (1.1) exists globally in
time.

PROOF. Let T be the maximal forward time of existence. If T% = 400, we
are done. If T* < 400, then (1.3) holds. Set

1

T, :=sup {0 <t<T* : sup ||[Vu(t)|?: < 3 ([[Vuol|72 + 1)} .
T€10,t]

Since 3 (||[Vuo||2: + 1) < 1, we infer from (1.3) that 7y < T*. By the continuity of

t— [[Vu(t)|32, we must have that

(2.5) IVa(@)Ia = 5 (IVuoll3s +1).

N | =

By the conservation of energy,

SIVTDIZ = Eu(uT) + [ Fu(u(r)is
— Bu(uo) + [ Fu(u(Ti))ds

1
< 5IVults + [ Fuu(Ti)ae.

By (2.3), (2.5), the conservation of mass and (2.4), we have

/Fﬂ(u(Tl))dx < %/ <e4”|“(T1)|2 - 1) dx

SR )
< & T V(T
1wl

S T V(LT
_n ol

in 1 - [Vuol2,
< T IVuls).

It follows that

1 1 1
SIVa(TIE: < 51 Fuoll2e + 1 (1 - [ Vuol3:) =

which contradicts (2.5). The proof is complete. O

(IVuoll72 + 1)

-

We also have the following refined Moser-Trudinger type inequalities due to [5].

LEMMA 2.5. Let o € [0,4m) and p € (2,00). Then there exists Co, > 0 such
that

2
(26) e s < Colult

for all w € H' satisfying ||[Vul|zz < 1.
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COROLLARY 2.6. Let a € [0,4w). Then there exists Cy > 0 such that
(2.7) / (e — 1~ aful?) d < G ull
R2

for all w € H' satisfying |Vul||p: < 1.

COROLLARY 2.7. Let § € (0,1) and p € (2,00). Then there exists Cz, > 0
such that

2
(28) [ upds < ol

for all uw € H' satisfying |Vulr: < .

PROOF. Set ug = 4. Applying (2.6) to ug and a = 47 B? < 47, we see that

2 2 2
[ e apdn = [ Al gruglrds < 52Csy usl = Caplull
R R
O

COROLLARY 2.8. Let § € (0,1) and p € (2,00). Then there exists Cz, > 0
such that

2
(29) [, upda < Gyl
for all uw € H' satisfying ||[Vul/z2 < 8 and 0 < v < ﬂ%, —1.

PROOF. Set ug := . Applying (2.6) to ug and a = 4m(1 + V)32 < 4m, we see
that

/ e4w(1+u)|u\2|u|pdx — / e4w(1+u)ﬂ2|u5|2ﬁp|u5|pdx < 5pCﬂ,p||U6||Z£p _ Cﬁ,p
R2 R2

[elZp-
0

It is well-known that H!(R?) embeds continuously into LP(R?) for any p €
(2,00) but not in L*(R?). However, one can estimate L°°-norm of functions in
H' by a stronger norm but with a weaker growth. More precisely, we have the
following logarithmic estimate due to [17].

LEMMA 2.9. Let 0 < 8 < 1. For any A\ > 2= and any 0 < w < 1, a constant

273
Cy > 0 exists such that, for any function u € H* N CP,
88w =B ||ul|cs
(210) Jull < My, tog (03 + e ),
l[ull a2,
where
lullFr, = Vul?z +w?[u]Z:.

We also recall the following Sobolev embeddings which are needed in the paper
(see e.g. [8]).

ProrosiTION 2.10. o letl<p<g<ooand<y< % be such that
% = % — 2. Then WYP(R2?) < LY(R?). In particular,

lullze SV ul 2o
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o Letp > 2. Then WHP(R?) — Cl_%(Rz), In particular
(2.11) WH4(R?) < C/2(R?).

The following continuity argument (or bootstrap argument) will also be useful
for our purpose.

LEMMA 2.11. Let I C R be a time interval, and X : I — [0,00) be a continuous
function satisfying, for everyt € I,

(2.12) X(t) <a+b[X()°,

where a,b > 0 and 0 > 0 are constants. Assume that, for some tg € I,
(2.13) X(tg) <2a, b<27%7,

Then, for every t € I, we have

(2.14) X(t) < 2a.

PROOF. Assume there exists t; € I such that X (¢1) > 2a. Then by continu-
ity, there exists ta € [to,t1) such that X(t2) = 2a. This contradicts the second
assumption in (2.13) since 2a < a + b(2a)? implies b > 27%a1~°. O

2.2. Linear Schrodinger equation. It is well-known that solutions to the
linear Schrodinger equation

i0u+ Au=0, u(0)=uy, (t,z)€R xR
satisfy the L2-isometry
(2.15) lu@)llLz = lluoll L2
and for ¢ ## 0 the dispersive inequality
(2.16) [u(®)ll = S 18]~ luoll 1

DEFINITION 2.12. A pair (g,7) is called Schrédinger admissible if
2 2
qgeE2,0], re2,c), —-+-=1
q
A pair (gq,r) is called Schrédinger acceptable if
1 2
g€ [l,00], re[l,o), (g,7)=(0,2) or 5—&— - < 1.

Note that if (g, r) is a Schrédinger admissible pair, then (g, r) is also a Schrodinger
acceptable pair. Thanks to (2.15), (2.16) and the TT*-argument, we get the fol-
lowing Strichartz estimates (see [14, 19]).

PROPOSITION 2.13 (Strichartz estimates [14, 19]). There exists a positive con-
stant C' such that the following estimates hold true:

e (Homogeneous estimates)
le™ A uoll o,y < Clluollze

for any Schrédinger admissible pair (g,r).
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e (Inhomogeneous estimates)

/t ei(tfs)Af(S)ds

(217) |/

< Clfllpm m, Ly
La(R,L7)

for any Schridinger acceptable pairs (q,r) and (m,n) satisfying

2 2 2 2
SHc=2-(=+=]).
q T m n

Note that, in particular, (4,4) is a Schrodinger admissible pair, and its dual

pair is (%, %) We denote for any time interval I C R,

(2.18) llullst(ry == [ {V) ullLarxrzy + | (V) ull Lo (1,22)
and

(2.19) lellsrcry =11 ()l g, g

where (V) =1 — A.

3. Sharp thresholds for global existence and blow-up

3.1. Global existence. Let us prove the global existence for initial data in
+
Al
Proof of Theorem 1.5. We first note that if ug € A:{, then

1 1 1
§||VU0H%2 = Spu(uo) — Puluo) < Suluo) < Su(Qp) = §HVQM”%2 <3

which implies that ||Vug|zz < 1. By Theorem 1.1, there exists a unique local
solution to (1.1) with initial data ug. Let [0,7*) be the maximal forward time
interval of existence. Since A} is invariant under the flow of (1.1), we have u(t) €
A; for all ¢ € [0,7*). By the conservation of mass and energy, we see that

%HVU(t)HQL? = Su(“(t)) - Pu(u(t)) < Su(u(t)) = SM(UO) < SM(QM)

for all t € [0,7*). Hence ||Vu(t)| 2 < 25,(Qu) < 1 for all t € [0,7*). By the local
theory, we can extend the local solution globally in time. O

3.2. Finite time blow-up. In this subsection, we give the proof of the fi-
nite time blow-up given in Theorem 1.6. We will consider separately two cases:
E,(uw) <0 and E,(uy) > 0.

3.2.1. Finite time blow-up for negative energy initial data.

LEMMA 3.1. Let u € {0,1}. Let ug € H' be such that |[Vug|lpz < 1 and
E,(ug) < 0. If ug € L*(|z|?dz), then the corresponding solution to (1.1) blows up
in finite time.

PROOF. By the local theory, the condition ||Vug||r2 < 1 ensures the existence
of local solutions for (1.1). It is well-known (see e.g. [10]) that if ug € ¥ :=
H' N L%(|x|*dz), then the corresponding solution belongs to ¥ and satisfies

d? _
S leu®liz = 81, (u(®) = 16E,(u(t)) - S/U(t)fu(U(t)) — 4F,(u(t))dz
for all t € [0,T*). Note that a direct computation shows

1
fu(w) = 4F,(u) = gu(4nlul?),
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where

9u(s) ::s(es—l—us)—Q(es—l—s—gSQ).

It is easy to see that g, (s) > 0 for all s > 0, hence

(3.1) /ﬂfu(u) —4F, (u)dz >0

for all w € H'. This together with the conservation of energy imply that
j—;qu(t)H?Lg < 16E,(u(t)) = 16E,(ug) < 0

for all t € [0,7*). By the standard argument of Glassey [15], the solution must
blow up in finite time. O

We are next interested in the finite time blow-up of radial solutions for (1.1). To
do this, we need the following virial estimates related to (1.1). Given a real-valued
function ¢, we define the virial potential

Volt) = [ elutt)Pda.

LEMMA 3.2 ([26]). Letu be a sufficiently smooth and decaying solution to (1.1).

Then it holds that
%Vw(t) = Z/Vgp -Im(u(t)Vu(t))d

and

/A2<p|u )| dx+42/ e Re(0;u(t)Opu(t))dr

dt2

~2 [ Vo ().l t)ds
where {f, g}, = Re(fVg — gV f) is the momentum bracket.

In our case f,(u) = (e4ﬂ|“‘2 —-1- 47ru|u|2) u, a direct computation shows that

{fu(u),u}, = Re (<e4”\u|2 -1- 47Tu|u\2) uVu — uV ((e‘l”\ulZ 1 47T/L|u\2> ﬂ))
= —[ul’V (64”'“‘2 ~1- 47m|u|2)
=V (b))

where

o)

(3.2) hu(s) :=s(e® —1—pus) — (es—l—s— 58 ) —se®—ef+1—Lg2

2

We thus obtain
d2
dt2

/A2<p|u )| da:+4Z/8jkgp Re(0;u(t)Oxu(t))dx

) / AgH, (u(t))dz

(3.3)



FOCUSING EXPONENTIAL NLS 13

where

= hu(dluf?) = f, (u) — 2Fu(u).

Taking ¢(z) = |z|* and using the fact 82kg0 = 20, and Ap = 4, we get

(3.4) H,(u) :=

35 galleu®lt = (I9ul ~ [ )i ) =55 060)

which confirms (1.9).
Let ¢ : [0,00) — [0,2] be a smooth function satisfying
2 if 0<r<l1,
C(r)—{ 0 if r>2.
We define the function 6 : [0, 00) — [0, 00) by

//g )dzds.

For R > 0, we define the radial function
or(r) = or(r) := R*0(r/R), r=|z|.
It is easy to see that

/
(3.6) 2> ¢h(r) >0, 2-— Rr(r)zo, 4— Apgr(z) >0, Vr>0, VoecR2

LEMMA 3.3. Let u € {0,1}. Let ug € H' be radially symmetric and satisfy
IVugllr2 < 1. Then the corresponding solution to (1.1) satisfies for any t € [0,T%),
d2
at?
for some constant C independent of R.

(3.7) Voo (t) < 8L, (u(t)) + CR™2 + C (eCR* - 1)

PROOF. Since ¢r(x) = |z|? for |z| < R, we see that

e Ven) =8 (1903 — [ Hutt)ic)

VU 4 / 02, rRe(O; (1) Opu(t))da

[ NerutPds+2 [ (4= Apr)Hy(u(t)de.
|z|>R

|z|>R

Since u is radial, we use (3.6) and the fact

92 = (CSJ’C _ xjxk) o, + xﬂ’kaz

J r r3
to get that

> 030 rd;U0u = @ (r)|Opul® < 2|0ul? = 2|Vul®.

Thus
42/ 8J2k<pRRe(6jﬂaku)dx — 8HVUH%2(|M>R) S 0.
|z|>R
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Since |[A%pr| < R7? and |4 — Agpg| < 1, we have that
d2

G3Ver® <8L(®) + CR 2+ [ H(u0)da.

|z|>R

To estimate the last term, we recall the following radial Sobolev embedding due to
Strauss [25]:

1 1 1
51;18|33\2|f(95)\ < COIVAIZIfl220 Vf € Hypa.
x

Note that

hu(s):ses—es—i—l—gfSses—es—i—lgs(es—l)

for all s > 0 which implies that H,,(u) < |ul? (64”"”2 - 1). By the conservation of
|Vu(t)||r2 <1 and the radial Sobolev embedding, we see

mass, the fact sup,c(o 7+

that
(3.8) / H,(u(t))dz < (e4w\|u(t)\|ioo _ 1) a2 < (CRT
|z|>R
for all t € [0,T*). The proof is complete. O

LEMMA 3.4. Let pu € {0,1}. Let ug € H' be such that |[Vug|lpz < 1 and
E,(ug) < 0. If ug is radially symmetric, then the corresponding solution to (1.1)
blows up in finite time.

PROOF. Since ug € H! 4 satisfies | Vug| 2 < 1, the local solution to (1.1) with

initial data ug belongs to H}, 4 for all t € [0, T*) and satisfies sup;c (o 7+ [[Vu(t)[ 2 <
1. Applying Lemma 3.3, we have for any ¢ € [0,T*),

d? _ -1
£ﬂ@Aﬂ§8@m@D+CR2+C(§R —Q
for some C' > 0 independent of R. By (3.1) and the conservation of energy, we get
d? _
%gang1m%mw+mﬂr2+c<éﬂ1f1>
for all t € [0,7*). Taking R > 0 sufficiently large, we obtain
d2
ﬁVQPR(t) S SEM(UO) <0
for all t € [0,7*). The standard argument of Glassey yields T* < +oo0. (]

3.2.2. Finite time blow-up for non-negative energy initial data.
LEMMA 3.5. Let u € {0,1} and ¢ € H'\{0}. Denote

(3.9) 6r(2) = A(AD).

It holds that

o NSu(dr) = 1 Lu(on)-
o I,(¢x) = N2®,(N), where

A @, ()
is a strictly decreasing function on (0,00) and

0,(0) i= lim @,() = [ V6|3x — 27(1 — ) 9]/ £
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In particular, if there exists A, > 0 such that ®,(\,) = 0 then X\, is unique and
A= S,(éx) has a strict mazimum in \,.

REMARK 3.6. The existence of such ), is equivalent to ®,(0) > 0. This is due
to the fact that limy o0 ®,(A\) = —oo0. For pp =1, it is always true. For g = 0, it
is true under the following sufficient (not necessary) condition: Ey(¢) > 0. Indeed,
we write

Eo(¢) = 5 (IVoli: — 27 ¢ll1s) —% / (9" 1 — drlg? — sn2lo|*) da

1
= 520(0) - g/ (e4ﬂ|¢|2 —1— dn|gf? - 87T2|¢|4) dz
The condition Ey(¢) > 0 implies that
1
Dy(0) > —/ (64”|¢|2 — 1 —4r|¢|* — 8772|¢|4) dx

47

1
2
1

Since ¢ # 0, we infer that ®4(0) > 0.
Proof of Lemma 3.5. We have

L(6x) = [Vrl2s - / Fafu(62) — 2B, (62)da
= N2|Vg|2 — / B (AS(Ar)) — 2B, (Ad(\a))da
— 2|2 — A2 / NBFu (D) — 2F,(Ap)da

Similarly,
A2 2 Lo -2
Su(63) = SIV6Is + 316l ~ 277 [ O
We compute
OnSu(62) = AIValE: +237° [ F,00) -3 [B1,00)d
It follows that 0xS,(¢x) = $1.(¢x). Using the fact

N5£,(06) — 2E,(00) = -hu (4 16f%)

with h, as in (3.2), we write

1) =3 (19l =37 [ ylamioPyi).

We next write
A hy (AN |8)%) = 1672 (@] (4 A2 9]2),
where
ku(s) =5 2hu(s) =s1e® —s % + 572 — %
Note that if we set I,,(s) := s®k/,(s), then I/,(s) = s?¢* > 0. Since ,,(0) = 0, we get
lu(s) > 0 hence k;, (s) > 0 for all s > 0. It follows that &, is a strictly increasing
function on (0,00). We infer that

(3.10) Ay [Vl — [ amiolth, (4mlof)dz = 2,03
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is strictly decreasing on (0, 00). A direct computation shows
D,(0) = Jim B,(3) = [VoI[3 — 2x(1 — ) 6][ 4

and limy_,c @, () = —oo since ky(s) > %5 for all s > 0. The other properties
follow easily, and the proof is complete. (|

LEMMA 3.7. Let p € {0,1}. It holds that
(3.11) S(Qu) =inf {S,(¢) : ¢ € H'\{0},,(¢) =0}.
PROOF. Denote
N, :=inf {S,(¢) : ¢ € H'\{0},I.(¢) =0}.

It is clear that S,(Q,) > N, since I,(Q,) = 0. Let ¢ € H'\{0} be such that
I.(¢) = 0. It follows from Lemma 3.5 that A\, = 1 and S,(¢) > S,(¢x) for
all A > 0. If P,(¢) = 0, then S,(¢) > S,.(Q) due to (1.6). If P,(¢) # 0,
then we have from the fact that the map A — P,(¢)) is strictly decreasing on
(0,00), limy—y0 Pu(n) = 1[¢)|22 > 0 and limy_,oo P, (¢x) = —oo that there exists
Au > 0 such that Pu(gb;w) = 0. Thus, by (1.6) and the fact A — S, (¢x) attains its
maximum at A = 1, we see that S,,(¢) > Su(es,) = S, (Qu). In both cases, we have
Su(¢) > 5,(Q,). Taking the infimum over all ¢ € H'\{0} satisfying I,,(¢) = 0, we
get N, > 5,(Q,) hence N, = S,(Q,.). O

LEMMA 3.8. Let u € {0,1} and ¢ € H' be such that E,(¢) > 0. If ¢ € K.,
then it holds that

(3.12) 1(9) < 2(5u(0) = 5u(Qu)) -
PROOF. Let ¢ be as in Lemma 3.5.
5.6 = 5 IVl + 3613 32 [ 0w
2 2
We have

(313)  9aSu(dx) = AIVOl[72 — A~ / NGF,(A0) — 2B, (Ap)dar = 19).

A

We also have

001, (6) = IV + 2070 [ XG£,(00) - 26, (\)da
A2 / NS (AD) — 2F,(AD)]da
=2 (NIV6ls = X7 [ X61,00) - 2F, (rohi
1ax / NBS.(AG) — 2, (A)da — A2 / NS (AD) — 2F,(AD)]da
= 2038 (62) + 477 / XBfu(A) — 2F, (Ao)dx

A2 / OANGSu (AD) — 2F, (\6)Jdx]
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A direct computation shows that the term inside the square bracket becomes
77_1)\_3/m,t(47r)\2|¢|2)d33,

where
2

my(s) = hy(s) — ;h;(s) =se® —e® — %es +1

with h, as in (3.2). Note that

m,(s) = f%es <0
for all s > 0 which implies m,(s) < m,(0) = 0 for all s > 0. It follows that
(3.14) 8,\IM(¢)\) < 28)\Su(¢>\), VA > 0.

Since I,,(¢) < 0, we see that ®,,(1) < 0 (see (3.10)). On the other hand, ®,,(0) >0

by Remark 3.6. Thus there exists A, € (0,1) such that ®,(\,) =0 or IH(QS;\M) =0.
Integrating (3.14) over the interval (\,, 1), we obtain

1,(9) = 1(6) = u(65,) <2 (Su(6) = 5.u(05,)) < 2(S4(6) = S,u(Q).-

Here we have used the fact Su(‘/biu) > S,(Q,) which follows from (3.11) and
Iu(gi);\“) = 0. The proof is complete. a

LEMMA 3.9. Let u € {0,1}. Let ug € H' be such that |[Vug|lpz < 1 and
E,(ug) > 0. Ifug € K, and ug € ¥ := H' N L*(|z|*dx), then the corresponding
solution to (1.1) blows up in finite time.

PROOF. Since K, is invariant under the flow of (1.1), we have u(t) € K, for
all t € [0, 7). Moreover, by the conservation of energy, E,(u(t)) = E,(up) > 0 for
all t € [0,7*). By (1.9) and Lemma 3.8,

d2
Zllee®Z: = 8L, (u(t)) <16 (Su(u(t) = Su(Qu)) = 16 (Su(uo) = Su(Qu)) <0
for all ¢ € [0,7*). This shows that the solution must blow up in finite time. O

LEMMA 3.10. Let u € {0,1}. Let ug € H' be such that ||Vugl|lzz < 1 and
E,(u) > 0. Ifuy € K, and ug is radially symmetric, then the corresponding
solution to (1.1) blows up in finite time.

PRrROOF. Applying Lemma 3.3, we get for any ¢ € [0, T7*),
d? _ -1
25 Von(t) < 8L(u(t) + CR? +C (eCR - 1)
for some C' > 0 independent of R. Since K, is invariant under the flow of (1.1),
we have that u(t) € K, for all ¢ € [0, 7). Moreover, by the conservation of energy,
E,(u(t)) = E,(ug) > 0 for all ¢ € [0,7*). We thus apply Lemma 3.8 and the
conservation of mass and energy to get
d? -1
=5 Von () < 16(S, (u(t)) = S,(Qu)) + CR2 4+ C (77 —1)

= 16(S, () — S,(@u) + CR + € (57 1)
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for all t € [0,T*). By taking R > 0 sufficiently large, we obtain
d2
dt?
for all ¢ € [0,7*). This implies that the solution blows up in finite time. O

Vior (t) < 8(Su(uo) — 5u(Qp)) <0

LEMMA 3.11. Let € {0,1}. If ¢ € A, then E,(¢) > 0.

o

PRrROOF. We firstly note that
Afn{oe H\{0} : Eu(¢)<0}nE =90

due to Theorem 1.5 and Lemma 3.1. The result follows by noticing that .Af[ and
{¢p € H\{0} : E,(¢) < 0} are open sets of H' and ¥ is dense in H'. O

We also have the following equivalence of invariant sets.
LEMMA 3.12. Let p € {0,1}. It holds that At = K} and A, = K.

PROOF. Thanks to (1.13), it suffices to show Kf = Af. Let us prove the
first inclusion Kf € Af. Let ¢ € K}, ie. Su(¢) < S,(Qy) and I,(¢) > 0. We
need to show that P,(¢) > 0. Assume by contradiction that P,(¢) < 0 (note that
Su(¢) < 8,(Qu) and P,(¢) = 0 are not compatible). Since the function A — &,,(X)
(see (3.10)) is strictly decreasing on (0,00) and limy_o, ®,(A) = —o0, we have
from the fact ®,(1) = I,(¢) > 0 that there exists A, > 1 such that ®,(\,) =0 or
I,(¢x,) = 0. Tt follows that

NSu(Pa) >0 if 0< A< Ay,
NSu(Pa) <0 if A, <X < oo

Since P,(¢) < 0, we have from the fact limy_,o P,(¢x) = %[|¢[|2. > 0 that there

exists A, € (0,1) such that P,t(gb;\“) = 0, hence by (1.6), SH((;S;\H) > 8,(Qu). It

however contradicts Su(qﬁ;\u) < 8,(¢) < 8,(Q,.). Hence P,(¢) >0 and ¢ € Af.
We next prove .A:[ C ICz. It follows by using (1.13) and the fact

ANk, Nns =90

which follows from Theorem 1.5, Lemma 3.9 and Lemma 3.11.
This shows that A;f = IC:L‘. The proof is complete. (]

Proof of Theorem 1.6. It follows immediately from Lemmas 3.1, 3.4, 3.9, 3.10
and Lemma 3.12. ([
We end this section with the following observation.

LEMMA 3.13. Let p € {0,1}. It holds that E,(Q,) > 0. Moreover, there exists
ug € X satisfying ||[Vuollrz <1, Eu(ug) >0 and ug € K.

PRrROOF. Denote
a(z) == AQu(Ax).
By Lemma 3.5,

ONB () = OnSu(n) = S Tu(3), Luliin) = N0, (),
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where A\ — W, () is strictly decreasing on (0,00). Since ¥,(1) = I1,(Q,) = 0,
we infer that A — E,(¢)) and A — S,(¥) attain their maxima at A = 1. If
E,(Q,) <0, then for A close to 1 and A < 1, we have

Eu(w)\) < 07 Iﬂ('l/})\) > 0» Su(w)\) < S#(Qu)
which implies that
¢A € K:: EH(¢A) < 07 ¢>\ €.
This however is a contradiction because Lemma 3.12, Theorem 1.5 and Lemma 3.1.
This shows that E£,(Q,) > 0. Moreover, for A close to 1 and A > 1, we have

Eu('(/)/\) > O, IM(¢A) < O, SM(¢A) < Su(Qu)'
Moreover, for A close to 1 and A > 1, we also have ||V, |2 = A|VQulr2 <
1 since ||VQul|lz2 < 1. Thus, there exists an initial data satisfying the desired
properties. [

4. Energy scattering for radially symmetric initial data

In this section, we give the proof of Theorem 1.10. To this end, we prepare
some lemmas.

LEMMA 4.1. We have that
A = AFU{0}
is an open set of H', where X-f is as in (1.15).

PROOF. Let ¢ € A, , ie. S1(6) < S1(Q1) and Pi(¢) > 0. If Py(¢) > 0, then
¢ € Af. Otherwise, if Pi(¢) = 0, then, by (1.6), we must have ¢ = 0. This shows

that A, = Af U {0}.
To see that jf is an open set of H', it suffices to show that there exists ¢y > 0

sufficiently small such that if ¢ € H'\{0} satisfying [|¢||z1 < €0, then ¢ € Af. In
fact, we have

51(6) < 5l6l% < 5 < Si1(@0)

provided that ey > 0 is sufficiently small. On the other hand, by Corollary 2.7 and
the Gagliardo-Nirenberg inequality, we have

/ Fi(¢)dz < / 197 918 dx < C||¢|[S 6
R2 R2

1
< ClIVeli:liglz= < Cegllolze < Fllol7:

for €9 > 0 sufficiently small. It follows that P;(¢) > 1|[¢[|2. > 0, hence ¢ € Af.
The proof is complete. O

LEMMA 4.2. Let p =1 and ¢ € j;r. Then it holds that

1,(6) > min {2(51@1) - 510, | k1<47r|¢2>da:} |

where

1 /1
(4.1) ki(s) = o (28265 —se® e — 1> .

Note that k1(s) > ﬁsg for all s > 0.
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PRrROOF. It suffices to prove the above estimate for ¢ € AT since it holds triv-
ially for ¢ = 0. If

4|Vol3 - / Ox (ABF(M) — 2R (A)) |,_, dar > 0,
then

1(6) = Vo2 - / 311(6) — 2R ($)de
= i / O (o fi(Ad) = 2F1(A9)) |, _, do — / 0f1(9) — 2F1(9)da
:/161(47r|<z5\2)d:107

where k1 (s) is given in (4.1). Note that a direct computation shows that

ox (ABA(AG) — 2B (A0)) |, _, = srlof* (19 1)
and
$A1(6) ~ 2F(6) = 1 (anlgPetmIoF — 9P 11— grlgl?).

It is not hard to check that k;(s) > ﬁs:g for all s > 0.
‘We now consider the case

4V61— [ 01 (W3100) ~ 2006)],_, do <.

As in the proof of Lemma 3.8, if we set g(\) := S1(¢y), then a direct computation
shows that

§O) = NToIE =2 [ 61,00) — 21 () = L

A

and
(A () =2Vl + 20 [ XA (0) - 2 (00)de
—A\2 / O\ (Aof1(A}) — 2F1(A9)) d
— —26/() + A (4||w>||§ -2 [ 04 (08 .00) - 27 00) dw) ~
It is easy to check that
A 4IT0IE =X [ 0y (N (0) - 2F1(00)) ds
is a decreasing function on (0,00). Thus,
4Vl -2 [ 03 (A1) - 2F1(00) do
<4IVal - [ 0 (3GH0) ~ 20|, do <0

for all A > 1. This shows that
(g ) < —20'(\), VA 1.
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Now since ¢ € A, I1(¢) > 0 and there thus exists A\; > 1 such that I;(¢5,) =0
and hence S1(¢y,) > S1(Q1). Integrating the above inequality over (1, A1), we get

Ii(éa,) — Ii(9) < =2(S1(¢xr,) — S1(9))
hence

11 (#) > 2(S1(¢xr,) — S1(9)) = 2 (S1(Q1) — S1(9)) -
The proof is complete. O

LEMMA 4.3. Let p=1. Let ug € Af and ug be radially symmetric. Let u be
the corresponding global solution to (1.1). Then there exists C = C(ug, Q1) > 0
such that for any R > 0 and any t € R,
d2
dt?
where xr(z) = x(z/R) with x € C§°(R?) satisfying 0 < x <1, x =1 on B(0,1/2)
and x =0 on R?\B(0,1).

(4.2) Voo (t) > 8L (xgult)) — CR™2 — C (eCR“ - 1) ,

PROOF. We have from (3.3) that

/A2¢R|u ) dm+4Z/ 2o rRe(0;u(t)du(t)) dx

dt2

~2 [ Apnt(ult))ds,

where
Hi(u) :==uf1(u) — 2F1(u).
Since pgr(x) = |z|? for 0 < |z| < R,

d? 2
EV‘OR(LL) =38 <‘/|x<R |Vu(t)|“dz — ~/|1'|<R Hl(u(t))dx>

_/ . A2pr|u(t)] dm+42/| ]kgoRRe 0;u(t)Oku(t))dx
x> z|>R

2 / AgprHi (u(t))da.
|lz|>R
Since ||A%2pg||L~ < R™2, the conservation of mass implies that
RSO E
|z|>R

Since u is radially symmetric, we use the fact

0%, = (‘Sﬂ’f _ Ijzk) B, + xﬂ?kaz

r r3
to get
Z k(pRﬁ UOu = | 0pul? > 0.

On the other hand, noting that Hy(u) = 7=hq(47|ul?) (see (3.4)) with

(4.3) hi(s) :=s(e®—1—3s) — (es —1—-s— 82) <s(e®—1), Vs>0,
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we infer by using the radial Sobolev embedding
[u® 2 (o> ) S BHIVut)llallu@®)] 2 < R7HIVQ1 2 lluo] 2

and estimating as in (3.8) that

/ AprHy (u(t))dz < / () (O 1)
|z|>R |z|>R
S CRT .

This shows that
d 2 2 CR™'
i Venlt) 28 / IVu(t)2de —/ Hy(w(n)da | ~ R~ (77 1)
lz|<R lz|<R
for some C' = C(ug, Q1) > 0. Now let xr be as in (4.2). We see that
19 0crute)) Pz
= /X%\Vu(tﬂzdx—l—/|VXR|2|u(t)|2dx+2Re/XRﬂ(t)VXR-Vu(t)dx
— [IvutPds - [ xrAGenult) s

- /|m.<RV““)' dz — /R PGS AT / XA () Pda

and
[meoae = [ e [ ) - Homo)
|z|<R R/2<|z|<R
Note that

[ xadtluoPds s B2

and since hy defined in (4.3) is increasing on [0, 00),

/ Hy(u(t)) — Hy(xru(t))dz| < 2/ Hy(u(t))dz < GCRT
R/2<|x|<R R/2<|z|<R

This implies that

/ng'V““)'de— / H, (u(t))de

|z|<R
:/|V(XRu(t))|2d;c—/Hl(XRu(t))dx—i—/R/lexSR(l—X%)Vu(t)|2dx
+/XRA(XR)u(t)|2dx+/R/2<| n Hy(u(t)) — Hi(xru(t))dx

> I(yru(t)) —CR™2— C (eCR” - 1)

for some C' = C(ug, Q1) > 0. The proof is complete. a
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LEMMA 4.4. Let = 1. Let ug € Af and ug be radially symmetric. Let u be
the corresponding global solution to (1.1). Then there exists Ry = Ro(ug, Q1) > 0
sufficiently large such that

(4.4) S1(xru(t)) < Si(uo) + CR™2 +C (eCR—l B 1)

for some constant C' = C(ug, Q1) > 0. In particular, we have

(4.5) S1(xru(t)) < S1(Q1)
for all R > Ry and all t € R.

PROOF. Since A is invariant under the flow of (1.1), we have that u(t) € A}
for all t € R. We also have that

S10crult) = IV Oaru(O)Es + 5lxru): ~ [ FGru(®)ds,

where
Ixru()|Z2 < [Ju(®)]?e,
IVGcrul)lE: = [ IVu(t)Pds — [ xrdenule) s
< /|Vu(t)\2dx +O(R™?)
and

/Fl(XRu(t))dx = /Fl(u(t))der/ Fi(xru(t)) — Fi(u(t))dz

|z|>R/2
_ /Fl(u(t)) +0 (e 1),
Here we have used the fact
Fi(w) S (e = 1) fuf?,
Thus
Si(xru(t)) < Si(u(t)) + CR™2 + C <eCR” - 1)

for some constant C' = C(ug, Q1) > 0. This proves (4.4) as S1(u(t)) = S1(uo) due
to the conservation of mass and energy. Next, we write Si(ug) = S1(Q1) — p for

some p = p(ug, Q1) > 0. By choosing Ry = Rp(up, Q1) > 0 sufficiently large so
that for any R > Ry,

CR2+C (eCR’l - 1) < /2,
we obtain

S1(xru(t)) < S1(Q1)
for all R > Ry and all t € R. O

LEMMA 4.5. Let p=1. Let ug € Af and ug be radially symmetric. Let u be
the corresponding global solution to (1.1). Let Ry = Ro(ug,@1) be as in Lemma

4.4. Then we have that xru(t) € j;r for all R > Ry and all t € R. Moreover, we
have that for any time interval I C R,

(4.6) / lu(®)[Sodt < Clup, Qu)I2.
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PROOF. By (4.5), it remains to show that
(4.7) Pi(xnu(t)) > 0

for all R > Ry and all ¢t € R. Indeed, suppose that there exist Ry > Ry and t; € R
such that Py(xg,u(t1)) < 0. Note that limg_,co Pi(xgu(t1)) = Pi(u(ty)) > 0
since A is invariant under the flow of (1.1). Let Ry > R; be the smallest value
such that Pj(xgr,u(t1)) = 0, that is, Py(xgru(t1)) < 0 for all R € [Ry, R2). Since

Py (xr,u(t)) = 0 and Sy(xr,u(t1)) < S1(Q1), we have xg,u(t1) € ./Tl;r. Since Zf
is open in H', we get that P;(xru(t1)) > 0 for R < Ry and R close to Rp. This
contradicts to the choice of Ry, and (4.7) is proved.

Now, we claim that there exists C' = C'(ug, Q1) > 0 such that

(4.8) Li(xru(t)) > Cllxru(t)|2e

for all R > Ry and all ¢t € R. In fact, since ygu(t) € ]Y for all R > Ry and all
t € R, we have from Lemma 4.2 that

I (xru(t)) > min {2(51(Q1) — Sl(XRu(t))),/k1(47T|XRu(t)|2)dx}
for all R > Ry and all t € R, where k; is as in (4.1). Thanks to the fact that
2 82 16
k(o) > ST ol

it remains to show

(4.9) S1(Q1) = S1(xru(t)) = Cluo, Qu)llxru(t)|Ze-
Indeed, by (4.4), we have

$1(Q1) = Si(xru(t) = S1(@1) — Si(up) ~ CR™2 = C (7R 1)

> 3(51(Q1) - Si(uo)

provided that R > Ry is taken sufficiently large. On the other hand, by Sobolev
embedding, we obtain

Ixru(®)llze < [lu(®)]ze < lu@)|ar < C(uo, Q).
This shows (4.9), and the claim is proved.
From (4.8) and (4.2), we get

d? B .
Ixru(t)|2e S ﬁVQaR(t) +CR?+C (eCR _ 1) )

Using the fact |%V¢R (t)| < R, we see that for any T’ > 0,

T —1

/ / Iy ru(t)dzdt < R+ [03-2 +C (eCR - 1)] T
0
which implies that
T -1

(4.10) / / u(t)|Sdzdt < R+ [CR—2 +C (eCR - 1)} T.

0o Jiz|<R/2
It follows from (4.10) and the fact

/| o [u(t)[®de < ()70 (o> ry2y IO 172 S R Vu)|Za]lu)]7. < CR™?
x|>
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that .
/ lu(®lgadt < R+ [CR2 4 (277 —1)] 7.
Note that for R >0 0 sufficiently large
" —1<COR2

It follows that for 7' > 0 sufficiently large, we choose R = T/ and get

T
| hutoloar s 777
0

By the same argument, we also have that for any time interval I,
[ uolede < 111
I

Indeed, for |I| sufficiently large, it follows from the above argument. For |I| small,
it follows from the Sobolev embedding |[u(t)|Ls < ||u(®)|lgr < C(ug, Q1) O

REMARK 4.6. It is not hard to see that Lemmas 4.1-4.5 still hold true with
n=0.
To show the scattering, we need the following scattering criteria.

PROPOSITION 4.7. Let = 1. Let ug € A] and u be the corresponding global
solution to (1.1). Assume that

(411) ||UHL8(]R><R2) < 00.
Then the solution scatters in H'.

PrOOF. We first notice that u(t) € A for all ¢ € R and hence ||Vu(t)||: <
IVQ1ll2 < 1 for all t € R. This allows us to use the refined Moser-Trundinger
inequality (2.8). Let I be a time interval. By Strichartz estimates and the Duhamel
formula

¢
u(t) = ePugy + 2/ e A f (u(s))da,
0
we have that '
[u(t) — e uollsrry S |11 (w)llst(n)-
We refer to (2.18) and (2.19) for the definitions of ST- and ST*-norms. Using the
fact |f1(u)| < edrlul? |u|*, the Holder’s inequality implies that

1/2
19} ooy S 1@ by ([ oo upazar "
By (2.8),
/ ST |y (1) |8dz < e4ﬂ\|u(t)\|§o/ 4O (1) [Bda <, IO |u(t)||3.
2 2
RIn the case ||u(t)||p~ > 1, we useR(Q.IO) with 8 =1/2 to get

a0,
el < <1+ HW)C/) §

[[u(®)|

for some \ > % and some 0 < w < 1 to be chosen later. Since

lu(®)117, = [Vu®)lli: +w?lu®)lli: < IVQilZ: +w?uolZ: = K*(w),



26 V. D. DINH, S. KERAANI, AND M. MAJDOUB

we bound

4T AK?2
a3 < (14 uOlerz «“
e + _
~ K(w)
Here we have used the fact that the function

1%
+—><1+>
S

is an increasing function on (0,00). Since K?*(w) — [|[VQi[3: < 1 as w — 0,
we can choose w > 0 small enough depending on ug and @Q; such that K?(w) <
L (V@132 +1). We next choose A > 1 depending on w so that 4TAK?(w) =
2(IVQ1]|2. +1). We thus get from (2.11) that

T w 20() m
64 lu()ll Squl (1 + ||u(t)||C1/2)m 57107@1 ||u(t)||W1~4’
where m := 2 ([[VQ1]|2, + 1) € (2,4). This shows that

2
L OO S o0 Nl O] Suaon Tl o),

where n := 2(4 —m) € (0,4). Here we have use the fact |u(t)||rs S [Ju®)]|g S
C(ug, Q1). It follows that

S e b dadt S IOz D) s v
X

= ”u”T‘l(l,Wl»‘l)HUHZS(IXRQ)'
We thus get

1+m/2
1 (V) F ()l s sy Suosar Il [l g

In the case ||u(t)||p~ < 1, we simply bound

2
/Rz SO u(t) P S, [u(®)lFs Suoan [ult)[Fsllu(®)] s,

where we have use ||u(t)||rs < [Ju(t)||wia, |u@®)|es < lu@)|lg S Clug, Q1) and
the fact m +n = 8 —m < 8. By Hélder’s inequality, we get

1+ 2 2
14V) £ @)l rxmey Suosn Tl i 1l 2 cpe)-

Thus in both cases, we have proved that

1+m/2 n/2
V) f(u)ll Lars (rxmr2) Suo.@u llullpag /W14 ”u”Lé([XR?)'
Thus
1+m/2 n/2
() — e uollsr(ry S Iullphr a7 ze,
which implies that
1+ 2 n/2
(4.12) llullsT(r) < Cluo, Q1) + C(uo, Qu)|lull, m/wl 4)”“”L£([><JR2)'

Let € > 0 to be chosen shortly. By the assumption |lu|ps®xr2)) < 0o, we split R
into J = J(e) intervals I; such that

lullos s, xrey <&, j=1,---,J.
Applying (4.12) to I; with j =1,--- ,J, we have that

n 1+m/2
Jullstir,) < Cluo, Q) + Clawo, Q)™ 7y
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By choosing € > 0, the continuity argument shows that
lullst(r,) < Clug,Qr), j=1,---,J.

Summing over all j =1,---,.J, we obtain [Ju[/gp®) < C(ug, Q1) < oo. This global
bound implies the scattering. O

By the same argument as above with m = 2(||VQ1|%. + 1) and n = 4 — m, we
have the following scattering criteria in the case p = 0.

COROLLARY 4.8. Let up = 0. Let ug € .,43' and u be the corresponding global
solution to (1.1). Assume that

||UHL4(]R><R2) < 0.
Then the solution scatters in H'.

PROPOSITION 4.9. Let p=1. Let ug € Af and ug be radially symmetric. Let
u be the corresponding global solution to (1.1). Then (4.11) holds.

PROOF. Let € > 0 be a small parameter to be chosen sufficiently small depend-
ing on uy and @1 below. By Sobolev embedding and Strichartz estimates,

e uoll o @2y S V]2 (V) ol o, Loy S lluollar-
We may split R into K = K (g, ug) intervals I; such that
(4.13) ||€itAuO||L6(1k><R2) <e

forallk=1,--- K. Let T = T(e,up, Q1) be a large parameter to be chosen later.
We will prove that

(4.14) lullzo(r, xr2y ST
forall k =1, -+, K. Summing over all intervals I,k =1,--- | K, we get
lull Lo (rxrz) ST

which implies the scattering. In fact, by the scattering criteria given in Proposition
4.7, it suffices to show

(4.15) llull s rxr2) < C(g, u0, Q1)
To see (4.15), we use (2.17) to have

/ e =B £ (u(s))ds

0

S ”fl(u)HLm'(R,L“')’
L8(RxR?)

where (m/,n’) is the dual pair of a Schrodinger acceptable pair (m,n) satisfying

2+2 3 2+2 5
—+—-—=—= o — +—=—.
m n 2 m’  n/ 2

Using the fact | f1(u)] < edrlul® |u|®, we see that

T™|w 2
11 (@) o,y S el oo,z 1€ [l 2o, ey
for some (a, b,c) € [1,00]® provided that
1 1 1 1 1

m b n a c
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Taking ¢ := 1 4+ v for some v > 0 small to be chosen shortly, we use (2.9) with
IVu(t)]|z2 < [|[VQ1ll2 <1 for all t € R to get

mlu(t)]? c ™ v)|u(t)|? v 4(1+v
e O a5 = [ AR S, Juto) 1)

provided that 0 < v < — 1. This implies that

1
Vil ,
2
e O (@) *| e Seu lu(®)l| s
Choosing a = (H”)#, the Sobolev embedding implies

lull oo ®,2a) S llull Lo w21

It follows that

[ f1(w) ”Lm'(R,L"’) San lullpeer,m) ||u|‘%,4b(JR Lic)

4(1-6)
Sau lullzoe o l1ll 1 ey 1l 7% o o
provided that 6 € (0,1), ¢ € (2,00) and
1 6 1 6 1-46
— = =, _— = = + _—
4 6 4c 6 q
We see that
2.4 5 2
a 3 2 ¢
hence
9_§ é_g_g _§ ?_ 2 _ 2v _3(2—|—51/)
4\2 ¢ a) 4\2 1+v (A+v)2+v)) 82+v)’
A direct computation shows
4 _
o (2+V)7 n:2+y, b:4(2+1/), q:2(10 w)(1+v)
6—v v 2+ 5v 6 — 3v — 512

By taking v > 0 sufficiently small, it is easy to check that (m,n) is a Schrodinger
acceptable pair and

€(2,00), 6€(0,1), 40 >1.
The Sobolev embedding then implies that

t
i(t—s 1 41 0
@io) | [ s ntutenas o Il ]2 oy
0 L3(RxR?)
5 C(E7u07 Ql)
We thus get

[ul| s rxr2y < [l€uol|Lsmxrz) + C(e, ug, Q1) < C(e, ug, Q1)

which proves (4.15).
It remains to show (4.14). By Sobolev embedding, we observe that

lullGorwrey < lullgoe (. poy S Hllullg 7,1y Suor I
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for any interval I C R. It suffices to show (4.14) with |Ij;| > 2T. Let us fix one such
interval, say I = (¢, d) with |I| > 2T. We will show that there exists ¢; € (¢,c+T)
such that

(4.17) / " 00 £ () ds < C(ug, Q).

0

L6 ([t1,+00) xR?)
Assume (4.17) for the moment, let us prove (4.14). By the Duhamel formula

. i . i
ez(tftl)Au(tl) R +i/ el(tfs)Afl(u(s))ds
0

and (4.13), we see that

||€i(t_s)Au(t1)||L5([t1,d]><R2) < C(UO,Q1)51/4-

By the same argument as in the proof of (4.16) withc=14v, a = (H”)yﬂ and
(4.18)
0— 1—1—21/7 _— 3(2+V)’ . 2—&—1/’ b 32+v) g= 12(1—u)(1—|—u)7
2—v 4—v v 2(1+2v) 4—3v — 42

we have for v > 0 sufficiently small that 460 > 1 and

[ @0 nutsnas

t1

1+4(1—6
Sou el Il 4% ey w2y
LS([t1,d]xR?)

< C(uo, Q) |[ull 75 (1, ayxr2)-

(4.19) ’

This together with
t
u(t) = Ay (1) +i/ e =9 11 (u(s))ds
ty
yield
[l Lo ity <y < €™ 2 u(tn) || Lo ey apxr2) + C(uo, Qu)Null 1 (1, 4 xp2)
< C(ug, Q1)e"* + C(uo, Qu)l[ull 1% 1, a1 xr2)-
By the continuity argument and the fact 460 > 1, we get
lull Lo ((t,,axr2) < C(g, u0, Q1)-
On the other hand, since t; —c¢ < T,
1 1
lull Lo (et xr2) S [t — 8 ST

hence (4.14) follows.
Let us prove (4.17). By time-translation, we may assume that ¢ = 0. We first
claim that there exists ¢t € [T'/4,T/2] such that

tot+eT?/3
(4.20 [ s < Clun Qe

to

Indeed, we cover the interval J := [T/4,T/2] by N ~ ¢~'T'/3 intervals Jj, of length
T2/ to have that

N
N min [ uleds < 3 [ uo)lfods = [ us)ads < Clun, QT
T P J

1<k<N
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This implies that there exists ko € {1,---, N} such that
| 1) eds < Clu, Qe
Trg

which proves the claim. Set
t1 :=19 + €T2/3.

Since ty < T/2, by enlarging T if necessary, we may assume that t; < 7. We will
estimate the left hand side of (4.17) by considering separately [0,¢o] and [to, t1]. We
first treat [0, to]. For ¢ > t1, we use the dispersive estimate and Holder’s inequality
to get

to to
/ =9 £ (u(s))ds 5/0 [t — s fr(u(s))| 1 ds

0

Lo

to
sQEA 1t — s lu(s)[3ds

to
_ 9/2 1/2
sQ,A [t — 5|~ Hlu(s) |76 [lu(s) |5 ds

3/4

to
Suo.Q lu(s)|Zeds | It — s}
0

SUO;QI T1/4|t - t0|_3/4
Suoun T4t — to| 73/

—3/4
SU()le (€T2/3> / .

LE([0,to])

This implies that

’ / " 9 () ds

—3/4
< C(uo, Q1) <€T2/3) .
0
On the other hand, since

Lo°([ty,+00)xR?)

t() . . .
z/ et f (u(s))ds = el(t_tO)Au(to) — "By,
0

Strichartz estimates imply that

Interpolating between L> and L*, we get

H /Oto ei(t—s)Afl (u(s))ds‘

/0 0 A f (u(s))ds < C(uo, Q1)

LA ([t1,+00) xR2)

LS([t1,+00)xR2)
1 2
3 3
<

/%JW@Aﬁww»m

0

/t0 ei(t_s)Afl(u(s))ds
0

Lo ([t1,+00)xR?) LA([t1,400) xR2)

< Cluo, Q1) <5T2/3>_%.
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On [to, t1], we use (4.19) and (4.20) to have that

‘ / ! =93 (u()ds

to

1+4(1—-0
I Sou Il )iy Il 8% 0] )
L t1,00 XR

< C(ug, Q1)e*/?
S C(“Oa Ql)€1/47

where 20/3 > 1/4 with 6 as in (4.18). Collecting the contributions of the above
two intervals, we get

’ /tl ei(t—s)Afl(u(s))ds Cl(ug, Q1) |:<€T2/3>_1/3 " 51/4] ]
0

By taking T = e~2!/8, we prove (4.17). The proof is complete. O

LS ([t1,+00) xXR2)

REMARK 4.10. The above argument does not work for g = 0. The first difficulty
is that an estimate similar to (4.19), namely

/ e =98 fo(u(s))ds

0

14+4(1-0)
Sao Il =G 2 1l 1 e xee)

L4(RxR2)

for some 6 € (0, 1) satisfying 40 > 1, is not easy to obtain. More precisely, if we
perform the same reasoning as above, we will get § = 2+3” which is strictly greater
than 1. The second difficulty comes from the fact (4, 4) 1s a Schrodinger admissible
pair which prevents the smallness of

‘ / 3 gy () ds
0

Proof of Theorem 1.10. Theorem 1.10 follows immediately from Lemma 4.7 and
Proposition 4.9. (I

L4([t1,00) xR2) .
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