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CrossMark
Abstract
We introduce a new approach to Monge—Ampere geometry based on techniques
from higher symplectic geometry. Our work is motivated by the application of
Monge—Ampere geometry to the Poisson equation for the pressure that arises
for incompressible Navier—Stokes flows. Whilst this equation constitutes an
elliptic problem for the pressure, it can also be viewed as a non-linear partial
differential equation connecting the pressure, the vorticity, and the rate-of-
strain. As such, it is a key diagnostic relation in the quest to understand the
formation of vortices in turbulent flows. We study this equation via an associ-
ated (higher) Lagrangian submanifold in the cotangent bundle to the config-
uration space of the fluid. Using our definition of a (higher) Monge—Ampere
structure, we study an associated metric on the cotangent bundle together with
its pull-back to the (higher) Lagrangian submanifold. The signatures of these
metrics are dictated by the relationship between vorticity and rate-of-strain,
and their scalar curvatures can be interpreted in a physical context in terms of
the accumulation of vorticity, strain, and their gradients. We show explicity, in
the case of two-dimensional flows, how topological information can be derived
from the Monge—Ampere geometry of the Lagrangian submanifold. We also
demonstrate how certain solutions to the three-dimensional incompressible
Navier—Stokes equations, such as Hill’s spherical vortex and an integrable case
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of Arnol’d-Beltrami—Childress flow, have symmetries that facilitate a formu-
lation of these solutions from the perspective of (higher) symplectic reduction.
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1. Introduction

The anatomy and dynamics of vortices are subjects of fundamental importance in the study of
the incompressible Euler and Navier—Stokes equations in two and three dimensions. According
to the incompressible Navier—Stokes equations on a three-dimensional Euclidean domain, the
evolution of the vorticity, ¢ := V x v, is given by

D¢ D 0

— = o+vA{ with — = —+»v-V 1.1

Dt ¢ Dt ot ’ (1)
where v is the fluid velocity, o := (¢ - V)v is the vortex-stetching vector, A is the Laplacian,
and v is the viscosity. The equation for divergence-free flow is

Veoy=0. (1.2)

When the flow is inviscid, v = 0, we obtain the Euler equations. In two dimensions, the vortex-
stretching vector is identically zero, and the vorticity is a materially conserved scalar field when
the flow is inviscid.

The vortex-stretching vector o can be written in terms of the rate-of-strain matrix, S, which
is the symmetric part of the velocity-gradient matrix, as follows

o= SC. (1.3)

The magnitude and direction of vorticity are critical features in studies of turbulent flows in
three dimensions. If, for the moment, we focus on inviscid flows in three dimensions, then
using (1.1) and the Euler equation relating flow velocity and the pressure gradient

Dy

5= VP (1.4)
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where p is pressure, it can be shown (see e.g. [1]) that the vortex-stretching vector evolves
according to

Do
— = —P 1.5

o = —PC. (15)
where P is the Hessian of the pressure. Upon taking the divergence of (1.4) and using (1.2),

the rate-of-strain, the vorticity, and the pressure field are related by
1
tr(P) = Ap = 5cz—tr ($2) . (1.6)

This equation holds for the incompressible Euler and Navier—Stokes equations in both two and
three dimensions. In the standard literature, (1.6) is recognised as the Poisson equation for the
pressure, and depends on time only as a parameter. Consequently, the time evolution of Ap
will depend on whether we are considering the Euler or the Navier—Stokes equations.

Equation (1.6) has been employed in studies of the accumulation of vorticity and of the
plausible conditions under which such accumulations may be considered to be ‘a vortex’.
From (1.6) it follows that, when vorticity dominates over strain, then Ap > 0, and conversely,
when strain dominates over vorticity, Ap < 0. In two dimensions, the vorticity is a scalar field,
the rate-of-strain matrix has only two independent components (due to incompressibility) and
therefore (1.6) is a useful diagnostic relation involving the velocity gradients and the pres-
sure field, as studied in [2-4]. In three dimensions, although the components of vorticity and
strain can interact in more complicated ways to determine the sign of the Laplacian of the
pressure, (1.6) has still been widely used in studies that address the enduring question as to
what a vortex is; see e.g. [5, 6].

Equation (1.6), or rather its reformulation on an arbitrary Riemannian manifold, is a focal
point of this paper. In particular, [2-4] studied this equation in the context of incompressible
flows on a two-dimensional Euclidean domain, whereupon the velocity can be expressed in
terms of the derivatives of a stream function. Using such a representation of the velocity field,
the right-hand side of (1.6) becomes proportional to the determinant of the Hessian of the
stream function. Consequently, the Gauf3ian curvature of the stream function is related to the
sign of the Laplacian of pressure. When vorticity dominates over strain, the stream function,
viewed as a graph in Euclidean space, has positive GauBlian curvature, and it has negative
GauBian curvature when strain dominates. By introducing the stream function, (1.6) can then
be viewed as a non-linear Monge—Ampere equation for this function, assuming Ap is known
and time, ¢, is considered a parameter. When Ap > 0, this equation is elliptic; conversely, when
Ap < 0, the equation is hyperbolic (we shall return to these points in greater detail later in this
paper).

The appearance of a Monge—Ampere equation for two-dimensional incompressible flows
led [7] to study this problem from the point of view of the Monge—Ampere geometry of [8].
In this context, one considers a pair of differential two-forms, (w,«), on T*M, where M is
the configuration space of the fluid, w is the symplectic form, and « is called the Monge—
Ampere form, which encodes (1.6). This pair of forms satisfies a non-degeneracy condition,
and such a pair is called a Monge—Ampere structure. With this geometric picture in mind,
the conditions for ellipticity and hyperbolicity noted by [2—4] then translate, via the Monge—
Ampere structure, into almost (para-)complex structures on 7*M which, in fact, extend to
almost quaternionic (para-)Hermitian structures [7, 9].

When incompressible flows in three dimensions are considered in terms of (1.6), the
absence of a stream function prohibits a generalisation of the classification of flows in terms
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of an elliptic or hyperbolic Monge—Ampere equation [2, 3]. Nevertheless, [10] showed how,
on a three-dimensional Euclidean domain, (1.6) can still be described using a suitably-defined
Monge—Ampere structure. This construction facilitated a generalisation of the criteria derived
by [2—4] to three-dimensional incompressible flows. In this present paper, we shall show how
these earlier results can be reformulated and unified by combining the ideas of Monge—Ampere
geometry with that of the higher symplectic geometry of [11-13], thereby providing a general-
isation of this approach to incompressible flows on arbitrary Riemannian manifolds of arbitrary
dimensions.

Concretely, when classifying Monge—Ampere equations in two or three independent vari-
ables, [14] introduced a certain Riemannian or Kleinian metric on 7*M, whose signature has
been related to the elliptic or hyperbolic nature of the underlying Monge—Ampere equation. In
view of this, one makes use of generalised solutions to the Monge—Ampere equation associ-
ated with a Monge—Ampere structure (w, «), which are Lagrangian submanifolds of 7*M on
which « vanishes. The notion of a generalised solution to a partial differential equation was
first introduced in [15—17] and corresponds to admitting solutions that are multivalued or are
not globally defined. In this context, classical (global, single valued) solutions to a Monge—
Ampere equation are described precisely by the graphs of differentials of functions. We shall
adopt this view of generalised solutions when extending the aforementioned ideas to higher-
dimensional incompressible flows. In particular, beginning from a (higher) Monge—Ampere
structure, now a specific pair of differential m-forms on 7*M in the m-dimensional case, we
construct a metric on 7M. Moreover, it will be useful to study its pull-back to a certain (higher)
Lagrangian submanifold of 7*M, noting that the submanifold is of the same dimension as the
configuration space of the fluid.

A physical motivation for considering the pull-back metric is as follows. In [1], it was
noted that (1.6) locally holds the key to the formation of vortical structures through the sign
of Ap. The equation also plays a role in Navier-Stokes turbulence calculations in which vor-
ticity tends to accumulate on ‘thin sets’ — quasi-two-dimensional sheets that roll up into one-
dimensional tubes [18]. The topology of vortex tubes can become highly complicated, but they
are ubiquitous features of turbulent flows and have been dubbed ‘the sinews of turbulence’
in [19]. Extracting topological information from the underlying partial differential equation
of the Navier-Stokes equations is an enduring problem: for a review, see [20]. Using the
pull-back metric described above, we demonstrate, explicitly in the case of two-dimensional
incompressible flows, that a topological invariant can be associated with the Lagrangian sub-
manifold L defined by (1.6). Since L is two-dimensional in this case, when the pull-back metric
is Riemannian we can use the Gaufl—Bonnet theorem to calculate an Euler number. We find
that the curvature of L is related to the physical properties of the flow in terms of gradients of
vorticity and strain.

We go on to show that certain solutions to the three-dimensional Navier—Stokes equations,
such as Burgers’ vortex, Hill’s spherical vortex, and an integrable Arnol’d-Beltrami—Childress
flow, possess symmetries that facilitate Hamiltonian reductions to two-dimensional problems.
These results extend those presented in [9]; in particular we show how such solutions can be
studied from the point of view of the higher symplectic reduction of [21]. As somewhat of an
aside for this paper, we note that helicity is described readily using the component parts of
the Monge—Ampere geometry developed herein. Further investigations using helicity or other
invariants (e.g. Maslov index) to study the topology of three-dimensional flows, within the
framework of our Monge—Ampere geometry, is a topic for future research.
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1.1. Organisation of the paper

In section 2.1, we present the Navier—Stokes equations in a covariant framework, where the
configuration space is an arbitrary Riemannian manifold M. Whilst this introduces some addi-
tional structure, the majority of our results are couched in a covariant language and it is
therefore consistent to allow for arbitrary background geometries. Furthermore, the Poisson
equation for the pressure involves additional curvature terms when written for an arbitrary M.

Focusing on two-dimensional incompressible flows, in section 2.2 we introduce the
machinery of Monge—Ampere geometry and Monge—Ampere structures, following the geo-
metric approach as described, for example, by [8]. This allows us to formulate the Monge—
Ampere equation arising in the Poisson equation for the pressure, revisiting some of the results
of [7]. Howeyver, in addition, we describe the role of the metric structure that arises on 7*M,
as well as its pull-back to the Lagrangian submanifold L. We then use the pull-back metric on
L to show how the GauBB—Bonnet theorem, together with conditions on the projection L — M,
enable us to define the Euler number for ‘a vortex’.

Examples are then given in section 2.3, in order to illustrate the application of the foregoing
theory. These examples include a flow with topological bifurcations and the Taylor—Green vor-
tex in two dimensions. Naturally, it is possible to find solutions to (1.6) that are not solutions
to the full dynamical equations. However, our focus for now is to take the view that the geo-
metry developed herein gives us the possibility to characterise the physical features of given
solutions, rather than to explore how the Monge—Ampere structure might facilitate the search
for new solutions.

In section 3, we move on to consider (1.6) for flows in three dimensions. Concretely, we
first revisit, in section 3.1, the two-dimensional case and note that another Monge—Ampere
structure can be defined using a different choice of symplectic structure. This choice is char-
acterised by a duality (with respect to the metric on the configuration manifold, M), which in
two-dimensions simply provides an alternative formulation to the one used before. However,
in three dimensions, the duality leads to a higher Monge—Ampere type structure defined in
terms of a pair of differential three-forms, and this naturally encodes an equation such as (1.6),
even though there is no longer an underlying Monge—Ampére equation in a single dependent
variable. In section 3.2, we introduce the relevant concepts from higher symplectic geometry,
in which the symplectic form is superseded by a closed, non-degenerate differential form of
degree higher than two.

In section 3.3, we explicitly set out the Monge—Ampere geometry of three-dimensional
flow, thereby extending the results of [9]. We explain how the curvature of L can be related,
once again, to gradients of vorticity and strain. However, because the higher Lagrangian
submanifold is now three-dimensional, we can no longer use the Gaul—Bonnet theorem to
quantify the topology of vortices. Instead, we remark that helicity, a much-studied invariant of
incompressible flows in three dimensions, can be formulated in terms of the geometric objects
we have introduced. In principle, the resulting formulation can be applied to the Navier—Stokes
equations in arbitrary dimensions.

We then illustrate the foregoing theory with examples in section 3.4. We begin by writing
out the form of the pull-back metric in terms of vorticity and rate-of-strain, via the velocity
gradient matrix, and then discuss an example based on Burgers’ vortex. This canonical model
of a vortex tube has been studied from the point-of-view of Monge—Ampere geometry in [9],
where symplectic reduction was employed to illuminate the symmetry of the model, which is
characterised physically by uniformity along the axis of rotation.

Inspired by this approach to solutions to the three-dimensional Navier—Stokes equations
with symmetry, we introduce, in section 3.5, a higher symplectic reduction of the phase space



Nonlinearity 37 (2024) 045012 L Napper et al

and apply this to an integrable example of the Arnol’d—Beltrami—Childress flows, and to Hill’s
spherical vortex (a special case of the Hicks—Moffatt vortex), in section 3.6.
Finally, in section 4, we summarise and draw conclusions.

2. Fluid flows and Monge—Ampére geometry

2.1 Incompressible fluid flows

To set the stage, let us summarise some facts about incompressible fluid flows. We shall be
somewhat more general in that we allow the domain of the fluid flow to be a Riemannian
manifold. This is because the equation (1.6) for the Laplacian of the pressure will be modified
by a term depending on the Ricci curvature tensor of the underlying domain.

2.1.1. Navier-Stokes equations. ~ Consider an m-dimensional oriented Riemannian manifold?
M with metric g. Let ‘d” be the exterior derivative on M and ‘x;’ be the Hodge star with respect
to the metric g. Furthermore, let the codifferential acting on differential p-forms (M) and
the Hodge Laplacian be given by

5 = (—1)m(”_1)+1*§d*§ and AH = Sd—|—d(§, 2.1
respectively. Set

ot = LLEP (22)
VO]M
for all p € QP (M), with ‘voly,” the volume form on M induced by g.

In the following, M is taken to be the domain of the fluid flow in which we are
interested, and the fluid flow is described by a one-parameter family of differential one-
forms v € Q!(M) on M, parametrised by t € R, known as the velocity (co-)vector field. The
incompressible Navier—Stokes equations is a system consisting of a flow equation for v,

1 o
% = —(=1)" %z (v Axzdv) — §d|v|2—dp—VAHv, (2.3a)

together with the divergence-free constraint

Sv=0. (2.3b)

Here, p € €°° (M) is known as the pressure field and v € R as the viscosity, respectively.
If we coordinatise M by x' for i,j,...=1,...,m, then, with v=vdx and v; =
vi(t,x!,...,2™), the equations (2.3a) become

% = —vjﬁ,-v" —Op+v (Agvi — kqvj) (2.4a)
and
Vit =0, (2.4b)

3 We shall always assume that our manifolds are equipped with a good cover, by which we mean a covering by open
and contractible sets. Likewise, we shall always work in the induced topologies.

7
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where V; is the Levi-Civita connection for the metric g; with Christoffel symbols
denoted by Fijk. Furthermore, the components of the associated Ricci tensor and
Riemann curvature tensor are given by

Iceij = Iﬂi’kijk and IOQ,»jk’ = 6,»f“jkl — ajfikl — f\ikmf\jml -+ fjk’7lfi,n] s (2.5)

respectively. Letting g7 be the inverse of g;, the Beltrami Laplacian is given by

AB = élj%lﬁj == 6i©i . (26)

Indices are raised and lowered using gV and gij respectively and we always use Einstein’s
summation convention. In deriving (2.4a), we have used the standard Weitzenbock formula

o o o . 1 o .
(AHP)i1~~~ip = _ABpilmi,, "‘pRj[ilP]izmi,,] + EP(P - 1)Rjk[i1i2p]ki3mi,,] (2.7)

for a differential p-form p = ]% Piy-i, X" A...Adx? on M that relates (2.1) and (2.6).
Here and in the following, parentheses (respectively, square brackets) denote
normalised symmetrisation (respectively, anti-symmetrisation) of the enclosed indices.

Evidently, when M is R"™ with the standard Euclidean metric ¢;; = 1 for i = and zero oth-
erwise, the equations (2.4a) reduce to the more familiar equations

ot

5 = —vj@vi —dp+vAV (2.8a)

and
' =0, (2.8b)

where now A := 9'0; is the standard Euclidean Laplacian.

2.12. Pressure constraint. =~ Upon applying the codifferential to (2.3a) and using the
divergence-free constraint (2.3b), we obtain the so-called pressure equation

o o 1

Anp = — v +x (v Asghy) — SAu 2.9)
In local coordinates, this becomes

App = — (%ivj) (%fv") —ViviR; (2.10)

where we have again used the Weitzenbock formula (2.7).
Upon setting
C’I = %[,Vj] = 8[,\/]] and SU = %(,Vj) y (21 1)

which are called the vorticity two-form and the rate-of-strain tensor, respectively, the pressure
equation (2.10) can be written in a more standard form as

App = G¢T— 8387 —VIVR; . 2.12)
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By definition, the rate-of-strain tensor vanishes if any only if the velocity vector field is a
Killing vector field.

Furthermore, because of the Poincaré lemma, on an open and contractible® set U C M, the
divergence-free constraint (2.3b) can always be solved as

m— i det(8) ;.. i
v = wdyp for o € Q"HU) = V = (;71—(2)351 O Wiy s (2.13)
where ¢;,...;, is the Levi-Civita symbol with ¢;...,, = 1; note that glm— msl...m. Upon

substituting this expression into (2.10), we obtain a Monge—Ampere-type equation for . For
m=2, 1 is known as the stream function, and we obtain a Monge—Ampere equation in a
familiar setting. Generally, we may refer to v € Q"~2(U) as the stream (m — 2)-form.

Remark 2.1. The viscosity term in the Navier—Stokes equations (2.3a) may be modified as

1 2 0

% = —(—1)" %z (v Axzdv) — §d|v|2 —dp—v [AHV +cRic(v)| , (.14
where ¢ € R and Ric(p) := Rip;dx’ for any p € Q' (M). Evidently, in the flat case, the extra
term vanishes and this modified equation again reduces to the standard equation (2.8a). The
coordinate version (2.4a) then becomes

N . < i

S = IV =ty |Ap —(c+ DR v (2.15)
When ¢ =0, we return to the situation given by (2.3a), and this version of the Navier—Stokes
equations was perhaps first studied in the seminal work [22] and more recently in e.g. [23, 24].
The case ¢ = —1 was discussed in e.g. [25] and the case ¢ = —2 in e.g. [22, 26, 27] and the
references therein. For instance, under the assumption of the divergence-free constraint (2.4b),
when ¢ = —2 and with §j; the rate-of-strain tensor (2.11), it can straightforwardly be seen that
the viscosity term can be rewritten as

Agv' + Ry, = 2V;$V . (2.16)

Hence, in this case, for velocity fields that preserve the metric (i.e. that are Killing), the vis-
cosity term drops out from the Navier—Stokes equations. Generally, with the c-term switched
on, the pressure equation (2.10) takes the form

o ° o . . o o 1 ..
Awp = = (Vi) (V) = vy — e (RijS’f + 2v’8iR) : 2.17)
where R := g’fRU is the curvature scalar and we have used the well-known identity

o f o |
v <R,~j—2§in) -0. 2.18)

Henceforth, we shall always assume that ¢ = 0. Our results and conclusions remain unchanged,
and all of the formula can easily be adjusted to accommodate the c-term.

4 In the following, we declare a neighbourhood (of a point) to be an open and contractible set.

9
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2.2. Geometric properties of fluids in two dimensions

One of the enduring challenges of fluid mechanics is to understand the topology of vortices.
However, no systematic method has been developed to extract topological information from
the partial differential equations governing the flow. To this end, we now make some observa-
tions about how Monge—Ampere geometry might provide new insights by focusing on incom-
pressible flows in two spatial dimensions. We start off by recalling some of the key aspects
of Monge—Ampere geometry. See also appendix B. We shall be rather brief and only list the
relevant material for our discussion, and we refer the interested reader to the text book [8] for
more details.

2.2.1. Monge-Ampére structures.  Let us consider the cotangent bundle 7 : T*M — M of an
m-dimensional manifold M, which we coordinatise by (x',g;) with x' local coordinates on M
as before and ¢; local fibre coordinates. Then, 7*M comes with a canonical symplectic struc-
ture w which in local coordinates is w = dg; A dx. Following [14] (see also [28]) a differential
m-form « € Q" (T*M) is called w-effective whenever w A a = 0. Furthermore, the pair (w, @),
with o an w-effective m-form, will be called a Monge—Ampere structure [29]. In this con-
text, we shall refer to o as the Monge—Ampere form. We draw attention to the purpose of the
requirement that the Monge—Ampere form « is w-effective. This constraint removes redund-
ancy that would occur if o were an arbitrary differential m-form, two of which produce the
same Monge—Ampere equation if and only if their difference is a differential form which is
not w-effective [14, 28]. Theorem B.1 then tells us that the w-effective piece of a differential
m-form uniquely determines the Monge—Ampere equation.

A generalised solution for a Monge—Ampere structure (w, «) is a Lagrangian submanifold
t: L — T*M with respect to w, that is, t*w = 0 and dim(L) = dim(M), for which, in addi-
tion, we have ¢*a = 0. In particular, the section dvy : M — T*M associated with the function
¥ € €°°(M) and locally given by x' — (x, ;) = (x',0;1) defines a Lagrangian submanifold
Ly := dy(M). Additionally, the requirement that a generalised solution satisfies ¢*a = 0 then
reads (d¢))*a =0, which in turn yields a Monge—Ampere equation for . In this case, the
functions ¢ € €°°(M) satisfying the Monge—Ampere equation and the corresponding gen-
eralised solutions described by di/ are both referred to as classical solutions. We shall call
Monge-Ampere structures (w,«) and (w,a’) symplectically equivalent whenever there is a
symplectomorphism ® € €°°(T*M) such that o’ = ®*av.

Moreover, as explained in appendix A, a Lagrangian submanifold L is locally a section
de : U— T*M for some ¢ € €°°(U) and U C M open and contractible if and only if the map
7|y := 7o : L — Misalocal diffeomorphism. In this case, we may take x' as local coordinates
on L and we have ¢ : x' — (x',g;) = (x,011)). However, an arbitrary generalised solution may
exhibit singular behaviour where the projection 7|, fails to be an immersion [30-32] and L is
not locally described by the coordinates x'. Recent work [33] studying the semi-geostrophic
equations has shown that such projection singularities may be related to the degeneracy of a
specific metric on L. In order to isolate behaviour of L which is due to the variation of vorticity
and strain, hereafter we predominantly consider solutions which are (locally) described by a
section.

2.2.2. Monge-Ampére geometry of two-dimensional fluid flows. Let us now specialise to
incompressible fluid flows in m =2 dimensions. In this case, the components (2.5) of the Ricci
and Riemann curvature tensors simplify to
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. R. . ..
Rj = 58 and Ry = Rgy0y’ (2.19)

respectively, where R is the curvature scalar. Furthermore, we denote by Hess(v) the Hessian
of a function ¢ € €°°(M). Explicitly, in local coordinates, it reads as Hess(¢)) = (V,0,¢) =
(@j&'u}). In this case, (2.13) yields

Vo= —y/det(8)e"0, (2.20)
and the pressure equation (2.10), on an open and contractible set U C M, becomes

%ABp = det (gr_‘Hess w)) - §|01¢|2 — %%"a,-p = det (%"aﬂp) - § (%’@b) ) .
2.21)

This can be understood as a Monge—Ampere equation for the stream function and hence for
the velocity field. The vorticity two-form (2.11) can be written as

l<2 . (2.22)

| ) "
G = 5\/@5,7( with ¢ = Apy = Gi¢Y = 5

Importantly, the pressure equation (2.21) arises from a Monge—Ampere structure on 7M.
Indeed, upon fixing the notation

. 1. R . -
fo= 30+ Z|qz\2 and Vg := dg; —dvT}q , (2.23a)
with f,-j" the Christoffel symbols for g, it is readily checked that the differential forms?
w = %qi Adx'
det (g)

a = s [E‘;’ﬁqi/\%qj —fsijdxi/\dxi

(2.23b)

on T*M form a Monge—Ampere structure on 7*M. For Lagrangian submanifolds ¢ : L — T*M
which are locally di : U — T*M for some ¢ € ¥°°(U) with U C M open and contractible,
whilst ¢*w = 0 is automatic, the condition ¢*a = 0 is equivalent to v satisfying the Monge—
Ampere equation (2.21). In conclusion, the Monge—Ampere equation (2.21) arises from the
Monge—Ampere structure (2.230).

Note that « is non-degenerate if and only if f;é 0, and it is shown in section 3 that « is
closed. We also note that pulling back « via v = *zde) again yields (2.21); this observation
shall inform the alternative Monge—Ampere structure chosen in section 3, which naturally
generalises to higher dimensions.

2.2.3. Almost (para-)Hermitian structure. ~ Next, following [14],° we associate with the
Monge—Ampere structure (2.23b) an endomorphism J of the tangent bundle of T*M
defined by

5 Note that Vg; A dx' = dg; A dx'.
6 see also (B.2).

1
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N VY (2.24)

|l

with f as defined in (2.23b) and under the assumption that f does not vanish. By virtue of the
results of [14], J is an almost complex structure on 7*M when f > 0 (in which case the Monge—
Ampere equation (2.21) is elliptic) and an almost para-complex structure on 7*M when f <0
(in which case the Monge—Ampere equation (2.21) is hyperbolic). As can be checked following
the arguments of [8, 14, 34], this structure is integrable if and only if f is constant’.

Furthermore, as discussed in appendix B, we can always find a differential two-form K
which is of type (1, 1) with respect to J, such that K Aw =0, KA (Jaw) =0, and KA K # 0.
Explicitly, we may take

K = —\/|f| Vi A g’ . (2.25)

Since K(JX,Y) = —K(X,JY) for all X, Y€ X(T*M), we are naturally led to the almost
(para-)Hermitian metric g(X,Y) := K(X,JY) on T*M for all X,Y € X(T*M), which is expli-
citly given by

N PO B .
g = Ef:éijdx ®dxf+§g-’vq,-®vqj. (2.26)

Evidently, in the elliptic case, whenf> 0, the metric g is Riemannian, whilst in the hyperbolic
case, when f < 0, the metric is Kleinian.

2.2.4. Pull-back metric. It is easily seen that the pull-back g:=:*g of (2.26) to the
Lagrangian submanifold ¢ : L — T*M via dv is

1 A o .
g = Egijdx’G)dx’ with g; := (V00 , (2.27)

where we have used that

o YA Baur - ge (T
fi=0F = 8ep+ glavl = det(V aﬂp) (2.28)

by (2.21) and substituted (2.22). Clearly, in regions where the vorticity vanishes, this metric
vanishes as well. When both tr(g*g,;) > 0 and det(g*g;) > 0, it follows that g is Riemannian.
The former condition is always satisfied since tr(gikgkj) = (2, and the latter is satisfied if and
only if f > 0. Similarly, when f < 0, g is Kleinian. Hence, the signature of g is independent of
the sign of the vorticity (2.22) and only depends on the sign of f.

Upon comparing (2.12) and (2.28), we find that f = ((;¢¥ — S;:87) with the indices on (;;
and S;; raised with the background metric. Hence, when f > 0 and the metric g is Riemannian,
vorticity dominates, yet when f < 0 and g is Kleinian, strain dominates. This statement covari-
antly extends the pressure criterion for a vortex, as given in [2, 3], to an arbitrary Riemannian
background manifold, while accounting for the underlying curvature. The standard criterion
are recovered on a flat background.

Now that we have criterion for testing the dominance of vorticity and strain of a flow on a
Riemannian manifold, we discuss how to obtain topological information about the flow.

7 This then necessarily means that the curvature of M vanishes, i.e. M is flat.

12
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2.2.5. Local Gauf3-Bonnet theorem. Let L be a Lagrangian submanifold of 7*M, which is
locally described by sections diy : U — T*M, with U C M open and contractible, and ¢y €
% (U) the stream function on U. Furthermore, let ¥ C U be a compact region in U, on which
f>0. We can then define the compact region Ly, C L by Ly, := d¢y(X). It is now natural
to consider the question of how we might use the local Gau—Bonnet theorem to relate the
geometry of Ly, to its topology, as given by the Euler characteristic x(Ly). For the reader’s
convenience, let us state this theorem, see e.g. [35, theorem 4.2] for details.

Theorem 2.2. Let Y be a two-dimensional, compact, oriented Riemannian manifold with met-
ric g. Suppose that 33 has a boundary composed of disjoint, simple, closed, piecewise regular,
piecewise arc-length parametrised curves 7y, that is, 0¥ = |J,,Va- Let R be the curvature
scalar of the Levi-Civita connection of g, vols, the volume form on %, and k the geodesic
curvature. Furthermore, let g be the exterior angles at the non-smooth points of the bound-
ary OX. Then, the Euler number x(X) of X is given by

%/volgR—i-Z/ dsk (Yo (s))—{—Zs% = 2mx (%) . (2.29)
) = e 5

Let ¥ C U C M be as above. Then, x(X) = x(Lg), since 7|, is now a diffeomorphism. For
instance, if such X is bounded by a simple, closed curve such as closed, isovortical contour,
or a closed stream-line, then 3 is homeomorphic to a disc and so, x(Ls) = 1.

2.2.6. Christoffel symbols and curvatures.  Let us now give some of the formule needed
when evaluating (2.29). In particular, we introduce the notation

Giyoiy = Vi Vip Oy - (2.30)

A quick calculation shows that 1);,...;, can be expressed in terms of the components of the
rate-of-strain tensor and the vorticity two-form, see (2.11) and (2.22), as

Yiyoiy = —\/det(g)g’kﬁj(ilviz"'th_lsi,,)kJrgg(ilizvia'“vin_lai,,)C (231

for n> 1. Then, using (2.22), we can write the metric (2.27) as g;; = (g; with g;; := 1);;. Hence,
due to its conformal nature, the Christoffel symbols I';/* of g;; take the form

~ 1~ B
I = Ty + 0,0, log(I¢]) — Egijgklallogﬂd), (2.32a)

where g¥ denotes the inverse of 8ij» and the fijk are the Christoffel symbols of the Hessian
metric g

ij’
FN k FO k IT slk : T P l 2.3
ij = Ly + = ijl8 with ijk = wijk‘f' f'(/Jle(,-j) . (2.32b)

Consequently, the curvature scalar R of g;; is given by

)5 1 L) a
R = C{R—W&[ |det(2)]& aflog(ld)]}’ (2.33a)
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where R is the curvature scalar for g,

- 1... - | B
R = Egljgin - Zgugklgmn(’rijInTkIn - Tikajln)

+ %g'l‘lg'kl [V (07" Rjay" — 67" Riginy") + Y (ViRjoay™ — ViRigiy™)]
see appendix C.1 for details. Importantly, no fourth-order derivatives of the stream function
appear, and in that sense, the curvature scalar of the pull-back metric (2.27) is generated by
gradients of vorticity and strain, see (2.31). In addition, 1; occurs without any further derivat-
ives, hence the curvature scalar depends also on the components of velocity directly.

Furthermore, given an arc-length parametrised curve v : s — (y'(s),y*(s)) in two dimen-
sions, we may use Beltrami’s formula

R(7(s)) = VIdet(g(y(s))) €55 ()7 (s) + T (v(5))3" ()5 ()] , (2.34)

for the geodesic curvature « at a point (s) of the curve. Here, the superposed dots indicate
derivatives with respect to the arc-length parameter s.

Let us return to our previous example, where > C U C M with f > 0 and a boundary given
by a simple, regular, closed curve ¢ : R — U. As di)y is a diffeomorphism on U, it follows that
the boundary of Ly, := dipy(X) is given by v := depy o ¢ : R — L, which is also a simple, regu-
lar, closed curve and may be assumed to be arclength-parametrised without loss of generality.
Consequently, (2.29) evaluates to

(2.33b)

1

/dsm(’y(s)) =27 — 7/ vol; ., R, (2.35)
ol 2 155

on Ly, where R is given by (2.33a). That is, the mean curvature of the boundary is determined

by the average curvature of the interior. Noting (2.33a), (2.33b) and (2.34), we remark that at

a formal qualitative level, the local GauBB—Bonnet relation (2.35) is a statement to the effect

that®

mean curvature of the boundary of Ly, (236)
= 2m — mean gradients of vorticity and strain . '

In this sense, we can use Monge—Ampere geometry, when f > 0, to assign a topological
invariant to a ‘vortex’ described by Ly, — the image of the graph of the gradient of the stream
function, over a compact region of M bounded by some closed stream-line. Whilst the frame-
work described here is an elaborate mechanism for determining the Euler number of a vortex
patch, it illuminates a relationship between vortex topology and the physical phenomena, such
as the gradients of vorticity and strain, that determine certain topological properties of the flow
via the topology of L and the diffeomorphic nature of the projection 7|,. When 7|, fails to be
a diffeomorphism, then singular behaviour may be anticipated (note the recent work by some
of the authors in [33] focuses on this problem in the context of the semi-geostrophic equations
of meteorological flows). When the pull-back metric (2.27) is Kleinian, the Gau3—Bonnet the-
orem can be extended to such cases, under certain conditions pertaining to the boundary 0Ly
— e.g. it should have no null segments—however, the link between topology as quantified by
the Euler characteristic and the GauBB—Bonnet theorem becomes tenuous [36, 37].

8 Recall here that the boundary of Ls; is given by the image of the boundary of ¥, that is, the image of the closed
stream-line bounding a candidate vortex in M, under dyy.

14
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2.3. Examples in two dimensions

We now consider some classical examples of flows on R? with metric &ij = 6;;. As noted in
section 1, a solution for (1.6) is not necessarily one for the Navier—Stokes equations, and our
first two examples fall into this category. However, they illustrate how the topology of flows can
change with time and it is useful to view such phenomena from the point of view of Monge—
Ampere geometry. The second example can be turned into a solution to the Navier—Stokes
equations by adding higher-order terms [38], yet the basic topological features on which we
focus (as did [38]) are most clearly illustrated in the form presented below. Our final example,
the Taylor—Green vortex, is a solution to Navier—Stokes equations.

2.3.1. Preliminaries.  For convenience, let us summarise the relevant simplified formule first,
adopting the notation x := x! and y := x?. Working with a flat background metric, R = 0, and
so we find for f given in (2.23b) and f given below (2.27) that

f= %Ap = RUY —(2:0,9)" = [ with A = 8, +0]. (2.37)

Hence, the metric (2.26) on T*R? takes the form

. (fly 0
o = <0 ]12) (2.38)

with its signature dictated by the sign of f. This is singular if and only if f = 0, and the corres-
ponding curvature scalar (3.22) becomes

1

k=5

(DSOS + DufOuf —FAS) . (2.39)
Thus, at a stationary point of f, the sign of R is determined by the sign of Af. Consequently,
when f accumulates and has a local maximum, Af < 0 and R > 0.

The vorticity (2.22) is simply ¢ = At for the stream function ¢ = 9(x,y), so the pull-back
metric (2.27) becomes

_ (9%1/) 0xOy1) _ ¢ (¢ +28y 285
&= C(&cayﬂ} 831/1 — 2\ =28, C—28y)" (2.40)
where S, = —S,, and S,, are the components of rate-of-strain tensor (2.11), describing a

shearing deformation at an angle of %arctan (i—’), without overall dilation, since our flow

is divergence-free [39, 40]. We note that g is singular when the vorticity vanishes, in addi-
tion to when the Hessian part of the metric is singular, that is, where f = 0. We shall discuss
these points in due course. We also note that when f depends on time #, then the metric (2.38)
will depend on ¢ as a parameter. The same is true for (2.40) via the time-dependence of vorti-
city and rate-of-strain. The one-parameter family of metrics (2.38) and (2.40) will thus evolve
according to either the Euler or the Navier—Stokes equations.

Another rotational invariant of the velocity-gradient matrix

L _axaw —32¢
A = ( 851; axayyzp)’ (2.41)
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the resultant deformation Dr [39], occurs in the expression for the eigenvalues of (2.40),

Ex = %(CzimDR) with D} = 4(0:0,0)* + (92 — 920)" . (2.42)

Note that D3 = ¢? — 4f, so the eigenvalues take the same sign for f > 0 and opposite sign for
f <0, provided they are both non-zero. Finally, the curvature scalars (2.33a) reduce to

1|+ 1 ..
R = - {R— ———=0; |V/I|det(g)|g"0;log (IC])| ¢, (2.43a)
- i [V ER )
where
~—1 _ 1 82¢ _axay"p
& =i llaaw e (2:430)
and
R = 7% FT3E™ (0,000 OD1Out — DDt D,D1O) . (2.430)

As shown in (2.40), the pull-back metric can be considered a function of vorticity and rate-
of-strain, and the curvature of that metric therefore involves derivatives of these quantities. In
turbulent flows, fine-scale structure (such as vortex filaments) could imply large gradients of
vorticity and rate-of-strain, which in turn could present challenges in calculating such gradients
in numerical simulations. However, as we shall illustrate in the following section, when the
metric structure degenerates and/or the scalar curvature becomes singular, then these geometric
features are associated with topological changes in the fluid flow.

2.3.2. Larchevéeque'’s criterion and uniform vorticity and strain.  In [2, 3] it is noted that the
stream function is uniquely defined on a simply connected domain 3 bounded by a closed
streamline when Ap > 0 and v|sx, is known. For example, consider the stream function

¥ (txy) = % [a(t)x®+b(1)y*] (2.44)
where a and b are functions of time ¢ alone. The Laplacian of the pressure is Ap = 2f = 2ab,
hence when a and b have the same sign, f > 0, vorticity dominates, and the metric § given
by (2.38) is Riemannian. Similarly, when a and b have different signs, f < 0, strain dominates,
and the metric g is Kleinian. Additionally, the metric is globally singular when a or b vanish,
that is, when f = 0.

The vorticity is simply ¢ = a + b and the pull-back metric (2.40) becomes

g = (a+b) (8 2>~ (2.45)

Like g, its pull-back is Riemannian when f > 0, Kleinian when f < 0, and singular when f =0,
with the following exception: the pull-back metric is also singular when the vorticity vanishes,
that is, where @ = —b. In line with Larchevéque, this additional singularity falls outside of
Riemannian regions, hence the sign of vorticity remains constant where f > 0.

16
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Figure 1. Plot of the streamlines for stream function (2.46) with t = — 1. The streamlines
around the elliptic point (0, —1) form closed contours, whilst those near the hyperbolic
point (0, 1) diverge.

2.3.3. Flow with bifurcations.  In the following example, discussed in [38] in connection with
topological fluid dynamics, the occurrence of singularities in the Monge—Ampere geometry
can be associated with important features, such as bifurcations, in the fluid flow.

In particular, following [38], we consider the stream function

Y(tx,y) = —x*+3yt+y°, (2.46)

shown in figure 1, where time, ¢, is a parameter. Using (2.46), the Poisson equation for the
pressure takes the explicit form

2O — (8:0y))° = —12y = f, (2.47)

which we can view as a variable-coefficient Monge—Ampere equation for . This equation is
elliptic when y < 0, hyperbolic when y > 0, and it degenerates to parabolic form on y =0.
The equations for the flow are

X = -0 = -3 (t+y2) and y = O = —2x, (2.48)

where the superposed dot indicates the derivative with respect to £. When ¢ > 0 there are no real
fixed points’ (defined by x = y = 0) and when ¢ =0 the level set ) =0 has a cusp singularity
at the origin. When 7 < 0, the fixed points are located at (0, 4+/—7); the fixed point at (0,/—7)
is hyperbolic, hence streamlines in a neighbourhood of this fixed point tend to diverge, whilst
the fixed point at (0, —+/—7) is elliptic, indicating that the flow in a neighbourhood around
this fixed point tends to swirl. This shows that for values of ¢ at which there are fixed points,
the elliptic fixed point lies in the region where vorticity dominates, whilst the hyperbolic fixed
point resides where strain dominates. Note that f is time-independent, so these regions remain
coherent in time, regardless of the fixed points.

9 The stability matrix A’; with 6%’ = A’;6x/ is the velocity-gradient matrix A’; := 9 which, upon recalling (2.13), is
related to the Hessian of the stream function by means of A’; = £%8;0;1). It has eigenvalues 4-+/—f which are thus
purely imaginary when f > 0.
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In terms of the Monge—Ampere geometry introduced thus far, the metric g on T*R? is given
by (2.38). The corresponding curvature scalar (2.39) is given by

. 1
R=—. 2.49
127 (2.49)

Note that f vanishes at y=0 and hence the metric g is singular. Furthermore, the signs of R
and f coincide. More generally, for y < 0, we have f > 0 and vorticity dominates in this region,
where the metric (2.38) is Riemannian with positive curvature scalar. For y >0, it follows
that f < 0 and strain dominates, with (2.38) becoming Kleinian with negative curvature scalar.
Furthermore, the vorticity is ¢ = 2(3y — 1), hence the pull-back metric (2.40) is

g = 4(1-3y) <(1) %y>. (2.50)

Evidently, the metric is Riemannian for y < 0 and singular when y=0 or y = % The former
singularity corresponds to where f = 0, with the latter occurring precisely where the vorticity
vanishes. Using (2.40), the components of strain are given by S, = S,, =0 and S, = -3y —
1, describing shearing at an angle 7 to the coordinate axes, near hyperbolic fixed points, in
regions where strain dominates. The corresponding curvature scalars (2.43a) are

= Ly% and R =0. (2.51)
8y (1= 3y)’

This, in turn, shows that the metric singularities y=0 and y = % are, in fact, singularities of

the scalar curvature, which is invariant under changes of coordinates on M.

The picture emerging here has some interesting features. Recall the definitions of classical
and generalised solutions from section 2.2. Then, commencing with (2.46), we note that L is a
classical solution. However, as just indicated, the metric and curvature of L have singularities,
which are related to the points at which the flow changes from elliptic to hyperbolic, and where
vorticity vanishes. We shall show next that we can describe this singular behaviour in terms of
a generalised solution to the Legendre-dual problem.

2.3.4. Legendre duals.  Consider a domain ¥ of the flow, with Ly :=dy(X) =
{(x,y;0:,0,0) | (x,y) € ¥} the corresponding region in the Lagrangian submanifold L
described locally by d¢. Then, locally on this domain, 7|, is the identity and is hence non-
singular. In [41] it is shown that

o (t o (¢
x'(1) = w =v and y'(1) = ?Ma’yx’y) = —u. (2.52)
is a local inversion and one can define the Legendre transformation [42]
P (tx',y') = xx 4 yy = (tx,y) (2.53)

when f ¢ {0,00}, where finiteness of f follows from the non-singular nature of the projection
7|, Here, x’ and y’ are the local coordinates on the Legendre-dual space and )’ is known as
the Legendre-dual (stream-)function. Furthermore, in this setting we may also define the map

18
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Tl (x,y) = (0, 010) = (x’,")'°, with determinant f. Hence, f # 0 precisely when 7|y, is
non-singular, corresponding to when (2.52) is a local inversion.

It follows that the map 7|, is singular precisely when f vanishes and (2.52) is not invertible,
in which case 1 and v’ have different regularity. In particular, if v is a classical solution
to (2.21), the Legendre-dual 1)’ generates a generalised solution to the dual Monge—Ampere
equation, with singular behaviour where f = 0. The dual Monge—Ampere equation is given by

1

= det(Hess (7 (nx'y")) - (239

Fox(x',y"),y(x",y")

Consequently, vanishing f corresponds to det(Hess(v)'(f,x’,y’))) blowing up. As f is finite,
it follows that det(Hess(¢'(x’,y"))) # 0. The Legendrian dual to the Hessian part of the met-
ric (2.27) is

1 ; ;
g = izp,.;dx’ ®dx” | (2.55)
where (x'') = (x',y’) and det(g') = J—l, It follows that g’ is non-degenerate, however, it does
blow up when f = 0. The accompanying vorticity conformal factor ¢ has the Legendrian dual

¢ = A (2.56)

with A’ the Laplacian with respect to (x’,y"). From this, it follows that g’ = ¢’g’ may in-fact
be singular when f =0 or A’+)’ = 0. The curvature scalar associated to g’ is given by (2.43a),
with objects replaced by their primed Legendre dual as appropriate and

=1 f 2( 83'¢/ _ax’ay’¢/>
£ @y \~oeouy Ryl )
Thus, singularities of g in the (x,y) coordinates do not occur in g’ in the (x’,y’) coordinates
and are instead transferred to the projection 7|, and the dual solution 1’, via the Legendre
transformation. By restricting our domain ¥ such that f has constant sign, we can impose that
the Legendre transformation is well defined and both 7|, and g are non-singular.

(2.57)

2.3.5. Flow with bifurcations and Legendre duality. ~ Returning to the stream function (2.46),
we obtain for (2.53)

1 » 2 3
"tx'y) =—=x""+ ——=(' =317, 2.58a
V' (x",y") 2 3ﬁ(y ) (2.58a)
with
X =y =—-2x and y = —x = 3y’ +3¢, (2.58b)
and
1 oy’ 1 oy’
X _EX/ = 5 and y = + g(y’—3t) = Dy (2.58¢)

10 Note that 7|, = 7 o with 7 : (x,¥,p,q) — (p,q) defined on T*R2. Furthermore, we use that 7| is locally a
diffeomorphism to coordinatise L by (x,y) from M.
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(a) Contour plot for the upper sheet of
the function (2.58a). There is a hyperbolic
point at (0, 3t).
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(b) Contour plot for the lower sheet of the
function (2.58a). There is an elliptic point
at (0, 3t).

(c) A plot of the two sheets of the function (2.58a), with a fold singularity appearing along the line
y' = —3, where the two sheets meet.

Figure 2. A selection of plots of the Legendre-dual stream function (2.58a), at
time t = —1. The multivalued behaviour of 1)’ is associated with the corresponding
Lagrangian submanifold ¢ : L — T*R? being a generalised solution to (2.54).

respectively. As 1 is a classical solution to our Monge-Ampere equation, it follows that
7r|; is the identity on R?. However, 1) is only defined for y’ — 3¢ > 0 and is multivalued on
momentum space, except where y’ — 3t = 0; plots of the two sheets are shown in figure 2.

As the Jacobian of the projection 7| : (x,y) — (0x¥, 0y) is precisely the Hessian, it fol-
lows that both 7|, and the local inversion (2.52) are singular where the Hessian is degenerate,
that is, where f =0 =y’ — 3¢. Restricting to a domain Y. on which the sign of f is constant
then amounts to choosing a sheet of ).

2.3.6. Taylor-Green vortex. In two dimensions, the stream function of the
Taylor—Green vortex [43] takes the form

Y (t,x,y) := —F(t)cos (ax)cos (by) (2.59)

where F is a function of time ¢ alone and a,b € R are some parameters. See figure 3(a).
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x

(a) Plot of the streamlines of the stream
function (2.59). The domain is partitioned
the domain into squares of side length ,
across which the sign of the stream func-
tion alternates.

-0.25

-0.75

(b) Contour plot of f = 1a?b*F?[cos(2ax)
+ cos(2by)]. The domain is parti-
tioned into rhombi, with positive/negative
regions around elliptic/hyperbolic fixed
points.

Figure 3. Plots of the iso-lines of the stream function and half the Laplacian of pres-
sure for the Taylor—Green vortex with parameters @ = b = 1 and F(r) = 1, which shall
be used for the remainder of the plots for this example. Streamlines corresponding to
values of sufficiently large magnitude are closed contours contained in regions of pos-
itive f, where vorticity dominates. The vorticity is proportional to the stream function,

C=—(a*+b*)p.

Hence, for (2.59), we have f = Ja?b*F?[cos(2ax) + cos(2by)], so the metric is again (2.38),
and the curvature scalar (2.39) is simply given by
8 (a® + b*) [1 + cos (2ax) cos (2by)]

R = . (2.60)
a’b*F? [cos (2ax) + cos (2by)]

See figure 4(a). Consequently, when cos(2ax) + cos(2by) > 0, the metric is Riemannian with
a positive curvature scalar and vorticity dominates. When cos(2ax) + cos(2by) < 0 the metric
is Kleinian with negative curvature scalar, and strain dominates. The signs of f and R coincide.
Both the metric and curvature scalar are singular when abF = 0 and along the lines y = §x +
75 (2n+1) for all n € Z (when cos(2ax) + cos(2by) = 0), corresponding to where f = 0.

Furthermore, the vorticity is given by ¢ = (a? 4+ b*)Fcos(ax) cos(by) so that the pull-back
metric (2.40) becomes

(@ +p?)F? (a2[1+cos (2ax)][1 + cos (2by)]
8§ = 4

—absin (2ax) sin (2by)
—absin (2ax) sin (2by) ’

b [1 + cos (2ax)] [1 + cos (2by)]
2.61)

Its eigenvalues (2.42) are

_ F? (ai-{- bz) [2 (az n bz) cos? (ax) cos2 (by) = | cos (ax) cos (by) |\/E] (2.62a)

E = (a*—6a’b* + b*) [cos (2ax) + cos (2by)] + (a* + 172)2 [1+ cos (2ax) cos (2by)] .
(2.62b)
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a) Contour plot for the curvature scalar ontour plot for the curvature scalar
Cont, lot for th % 1 b) Cont lot for th t 1
R on T*R2. This is singular at y = = + R. This is everywhere positive yet small
Z(2n + 1) for all n € Z, which is where f away from the singularities given by y =
vanishes. z+ Z(2n+1) for all n e Z.

Figure 4. Contour plots of the curvatures (2.60) and (2.63) respectively, for the Taylor
Green vortex with parameters a =b =1 and F(¢) = 1.

See figure 5. The corresponding curvature scalars (2.43a) are

R = 8 - and R =0. (2.63)
F2 (a2 + b?) [cos (2ax) + cos (2by))

The curvature scalar R is singular along the same curves as R but is otherwise everywhere
positive. See figure 4(b) Evidently, E is everywhere non-negative, so the signature of the
metric (2.61) is determined by the sign of E_. It is clear from figure 5(b) that, when cos(2ax) +
cos(2by) 2 0, we have E_ = 0 and the metric g is Riemannian/Kleinian with vorticity/strain
dominating. Also, E_ = 0 when cos(2ax) + cos(2by) = 0 and we note from (2.63) that the
scalar curvature is singular at these points too. The vorticity changes sign as the contours x =
7-(2n+1) ory = 7-(2n+ 1) are crossed, and the metric (2.61) is Kleinian on both sides; this
is consistent with the observations that the vorticity has constant sign in Riemannian regions,
where it also dominates [3].

3. Geometric properties of fluids in three dimensions

Having discussed two-dimensional fluid flows, we now consider flows in three (or even higher)
dimensions. Here, the situation is much more involved, since in the general case the flow is not
described by a stream function''. Hence, the pressure equation (2.10) cannot be converted into
a Monge—Ampere equation. Nevertheless, one can formulate the flow in terms of differential
forms, as we shall now explain. To do this, we first revisit the formulation we have just used for
two-dimensional flows, and note that an alternative description naturally presents itself. Whilst
this alternative view makes little difference to the geometric picture in two dimensions, we

11 We shall consider some examples of three-dimensional flows with symmetries, which can be described in terms of
a stream function, such as Hill’s spherical vortex.
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(a) Contour plot for the eigenvalue E,. (b) Contour plot for the eigenvalue E_.
This eigenvalue is non-negative on the do- This eigenvalue is non-positive within the
main and vanishes along = = %(Qn +1) or dark blue regions, but also vanishes at
Yy = g(Qn +1) for all n € Z. points within these domains.

Figure 5. Plots of the eigenvalues (2.62a) of the pull-back metric (2.61) for the Taylor—
Green vortex with parameters a =b =1 and F(¢) = 1.

show that it provides a mechanism to unify what could otherwise be quite different geometric
descriptions of two-dimensional and three-dimensional flows, as was described in [9].

3.1. Two-dimensional case revisited

3.1.1. Monge-Ampére structure.  In section 2.2, we have seen that the Monge—Ampere struc-
ture (2.23b) encodes incompressible fluids on a two-dimensional Riemannian manifold (M, ).
As before, let (x',g;) be local coordinates on T*M. Instead of using the standard symplectic
structure (2.23b) on T*M, we now propose taking the ‘dual’ form

w = Vi Axgdx' | 3.1

that is, (2.25) without the pre-factor. Evidently, w is non-degenerate'? and it is also closed as
a consequence of

o 1 o . o o
d(Vq,) = Sa AdPRulg+ VT A Vg (3.2a)
and
. o . det (2 . .
dxydy' = —g*Tyivoly with voly = %Eijdx‘/\dx’. (3.2b)

Hence, (3.1) defines a symplectic structure. It is then easily seen that, when ¢ : L — T*M
is given by

L x s (xi,qi) = (xi,vi(x)) , (3.3)

12 We have already seen this in our discussion around (2.25).

23



Nonlinearity 37 (2024) 045012 L Napper et al

where v; = v;(x) are the components of the velocity (co-)vector field, the condition t*ww =0
is equivalent to requiring the divergence-free constraint (2.4b). Thus, we again obtain a
Lagrangian submanifold L of 7*M, and this time L encodes the divergence-free constraint.

Moreover, using *;(dx' Adx') = y/det(g)e? and the volume form (3.2b) on M, we may
rewrite the Monge—Ampere form « defined in (2.230) as

= %ﬁqi AVg; Axg (e Adw) — fvoly . (3.4)
Again, using (3.2a) together with
dig(dr' AdY) = 28Tl e + 284 ! (3.5a)
and
A Axg(de Ady) = —28Hcpdo) (3.5b)

it is not too difficult to see that « is closed. In addition, the requirement that the pull-back
of o under (3.3) vanishes is directly equivalent to the pressure equation (2.10), provided that
we simultaneously demand that :*zo = 0. Notice that we also have a A @ = 0 so that the pair
(w,«) is again a Monge—Ampere structure.

3.1.2. Almost (para-)Hermitian structure. ~ We may now follow our discussion in section 2.2
and define an endomorphism 7 of the tangent bundle of 7*M by

(67

171

= Jow (3.6)

under the assumption that fdoes not vanish. As before, J is an almost complex structure when
£> 0, an almost para-complex structure when f£<0,and integrable if and only if fis constant.
As in section 2.2, we can always find a differential two-form K of type (1, 1) with respect to
J such that KA =0, KA (j-nw) =0,and KA K 2 0. In particular, we choose

K = \/ﬁ%qmdxi , (3.7)

that is, the standard symplectic structure (2.23b) times the same function as in (2.25).
Importantly, the compatibility of K and J again yields the metric (2.26). It should be noted
that the pull-back of the standard symplectic structure w = Vq, A dx' from (2.23b) under (3.3)
is t*w = dv and thus, this vanishes if and only if the vorticity (2.11) is zero.

Remark 3.1. In conclusion, the Monge—Ampere structure (o, «), with w defined by (3.1)
and « written as (3.4), represents alternative means to describe two-dimensional incompress-
ible fluids. Whilst the Monge—Ampere structure (2.23b) yields manifestly the description of
the fluid flow in terms of a stream function, the advantage of this alternative Monge—Ampere
structure is that with this choice'?, we can straightforwardly generalise our treatment to fluid

13 The triple of differential two-forms c, @q,- Adx!, and %q,- A *g,dxi define for}> 0 what is known as an almost
quaternionic Hermitian structure on 7*M and for f < 0 an almost quaternionic para-Hermitian structure, respectively,
with the two choices of Monge—Ampere structure we have presented corresponding to picking specific points in the
moduli space of such structures.
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flows in any dimension. Essentially, this is due to the fact that the conditions t*w = 0 and
t*a =0 with ¢ given by (3.3) (with i = 1,...,m) are equivalent to the divergence-free con-
straint and the pressure equation in any dimension. However, in m > 2 dimensions, we leave
the realm of symplectic geometry as we shall explain shortly.

Remark 3.2. Atthis stage, it is worth noting how our above choices deviate from constructions
used in previous works. It is clear that (3.1) and (3.4) are a covariantisation of the Monge—
Ampere structure in [9, 10], with (3.6) the corresponding almost (para-)complex structure.
However, we are free to make a choice of differential two-form in (3.7), which corresponds
to a choice of almost (para)-Hermitian metric on 7*M. In particular, [9] works with the non-
degenerate bilinear form

YA (X=w)] Avoly

[(Xaa)A(Y=w)+ (Y
1

ga (X,7) = wja (3.8)

[S1}

forall X,Y € X(T*M). As discussed in [44, 45], the third differential two-form may be defined

by!* \/ﬁga (JX,Y) for all X,Y € X(T*M) in this case. The pull-back of g, via (3.3) is then
simply the Hessian of v without vorticity as a conformal factor, in contrast to (2.27), where the
vorticity is made manifest. Whilst the presence of the vorticity prefactor is clearly significant
in our context, our choice is far from ad-hoc, as it arises perhaps even more naturally from the
underlying geometry than (3.8). Note also that the metric (3.8) has been linked in [46] to a met-
ric occurring in the theory of optimal mass transport in which optimal maps are characterised
by volume-maximising Lagrangian submanifolds.

3.2. Higher symplectic manifolds

The appropriate notion for our purposes is that of higher symplectic geometry. Here, we shall
be rather brief and merely summarise some of the key facts that are needed for our subsequent
discussion. For more details, we refer the interested reader to [11-13].

3.2.1. Higher symplectic vector spaces. To begin with, let V be a real vector space and w €
/\kJrl V* a (k+ 1)-form. Then, w is called non-degenerate if and only if the contraction map

V— /\k V*, given by v — v for all v € V, is injective. Generally, the contraction map is not
surjective; for k = 1, however, injectivity implies surjectivity by the rank—nullity theorem, and
we obtain the identification V 2 V* in this case. We call the pair (V,w) with w € /\k+1 V* non-
degenerate a k-plectic vector space. When k = 1, we recover the standard case of a symplectic
vector space.

Furthermore, for U C V a vector subspace of V, we define the ¢th orthogonal complement

U for £ = 1,...,k with respect to @ by
Ut = {veV|vau;... sugw =0forall uy,...up € U} . (3.9)

Whenever U= U* for some ¢=1,...,k, we call the vector subspace U an
{-Lagrangian subspace of V. For k=1, there are only 1-Lagrangian subspaces (or simply

Lagrangian subspaces), and they all have the same dimension %dim(V). For k> 1, ¢-
Lagrangian subspaces may have different dimensions.

14 Whilst we present these expressions in our notation, the literature only treats the Euclidean case.
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3.2.2. Higher symplectic manifolds. ~Let M be a manifold and o € Q%! (M) a differential
(k4 1)-form which is point-wise non-degenerate. Suppose also that w is closed. Such a man-
ifold is called a k-plectic manifold, and in this case w is referred to as a k-plectic structure. A
diffeomorphism on M that preserves w is called a k-plectomorphism. Furthermore, a subman-

ifold L < M is called an ¢-Lagrangian submanifold of M if and only if TL = TL+* for some

¢ =1,...,k. Here, we have used the obvious notation
-t = {(p,X,,) X, € (T,,L)M} . (3.10)
PpEL

3.3. Higher Monge-Ampére geometry of three-dimensional fluid flows

Having introduced the notion of k-plectic manifolds, we can now make precise the description
of higher-dimensional incompressible fluid flows.

3.3.1. Higher Monge-Ampére structure. In m =3 dimensions, the components (2.5) of the
Riemann and Ricci curvature tensors are related by the identity

. L , 1..
Ry! = 2Rgj —2 (Rk[i - 2ng[i) 5, (3.11)

where R is the curvature scalar. Upon following our above discussion and setting

N 1/ o

= (ABPJFR/%%)’ (3.12a)
we consider the pair of differential three-forms

w = Vq,-/\*g,dxi,

1o . . . (3.12b)
a = qui AV g; Ay (A AdY) — froly
on T*M, where the volume form on M is now given by
det (g ; ;
voly = %@s,jkdx’ Adv Adxb (3.12¢)

Again, w is non-degenerate and closed by virtue of (3.2a) and so, w defines a two-plectic
structure on 7*M. The submanifold ¢ : L — T*M defined by ¢*wo = 0 with ¢ given by (3.3)
with i = 1,2,3 is a three-dimensional two-Lagrangian submanifold of the two-plectic mani-
fold (T*M,w). As discussed above, the conditions t*zo = 0 and ¢*« = 0 are equivalent to the
divergence-free constraint (2.4b) and the pressure equation (2.10), respectively. Furthermore,
by virtue of (3.2a) and (3.5a), « is closed. It is also non-degenerate, so (T*M,«) defines a
two-plectic manifold. Note that (3.12b) can be understood as a covariantisation of what was
given previously in [9, 10]. Note also that, for

w = Vg ANdx (3.13)

the standard symplectic structure on 7*M, w Aw =0 and a Aw =0, so w and « are both
Monge—Ampere forms for w.

26



Nonlinearity 37 (2024) 045012 L Napper et al

Importantly, the formulation (3.125) makes it transparent that this construction works in
any dimension m > 1. Indeed, we simply need to take the appropriate volume form in « and
the functionfis the same in any dimension. The pull-backs ¢:*ww = 0 and :*a = 0 then yield
the divergence-free constraint and the pressure equation. Furthermore, w is (m — 1)-plectic,
and it defines an m-dimensional (m — 1)-Lagrangian submanifold for general m. However, in
general, whilst «v is (m — 1)-plectic, it may not define an m-dimensional (m — 1)-Lagrangian
submanifold. It should also be noted that « A @ vanishes if and only if m # 3.

3.3.2. Almost (para-)Hermitian structure.  Next, we wish to generalise the relation (3.6).
To this end, we use the results of [47]. In particular, we note that the there is a isomorph-
ism O3 (T*M) = X(T*M) ® Q8(T*M) that is induced by the natural exterior product pairing
QUT*M) @ Q3(T*M) — Q°(T*M)"'>. Consequently, upon letting w be the standard symplectic
structure on 7*M as in (3.13) and ¢ be the poly-vector field dual to the Liouville volume form
%w3 on T*M, thatis, £ = %oﬂ = 1, we may associate with the differential three-form « defined
in (3.12b) the endomorphism

1
—¢
N
under the assumption that f does not vanish. It then follows that j is an almost com-
plex structure on 7*M when f> 0 and an almost para-complex structure when f<0. Since
a is closed and can also be taken as the imaginary part of a holomorphic top form

with respect to (3.14), this choice of endomorphism, in fact, defines what is known as a
nearly (para-) Calabi—Yau structure [48, 49].

JX = —

2 (aAXaq) forall X € X(T*M) (3.14)

Furthermore, the differential two-form K defined in (3.7), now with i running from
one to three, together with (3.14), satisfies K(JX,Y) = —K(X, JY) for all X,Y € X(T*M).
Consequently, we can define an almost (para-)Hermitian metric g on 7*M with respect to (3.14)
by setting g(X,Y) := K(X, JY) for all X,Y € X(T*M). Explicitly,

. 1~ ; . 1 o il o
g = Ef:él,dx @dx’ + EgJVq,-CD qu . (315)

Evidently, this metric is the direct generalisation of (2.26), and it is essentially a covariantisa-
tion that follows from a bilinear form introduced in [14] (see also [10]). This thus makes K
of type (1, 1) with respect to (3.14). This also justifies using the same letter J in the defini-
tion (3.14) as it is a direct generalisation of (3.6).

Remark 3.3. We can make the relationship between (3.6) and (3.14) more explicit. To make
a notational distinction between the dimensions m =2 and m = 3, we shall write (M™,g,,) as
well as w,, and «,, for (3.12b), jm for (3.6) and (3.14), and w,, for the standard symplectic
structure. In addition, we let €, be the poly-vector field dual to Liouville volume form on
T*M™ with respect to wy,.

Firstly, it is not too difficult to see that (3.6) can be rewritten as

DX =

er- (m AX=ap) forall X € X(T*M?) . (3.16)

[/

15 Explicitly, ¢ : Q(T*M) — X(T*M) @ Q°(T*M) is given by ¢(p)(\,X1,...,Xe) :=X1—= ... =Xs~(p A \) for
all p € Q3(T*M), A € QY(T*M), and X1, ..., X € X(T*M).
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Note that wy A wy = @y A @, and so, € is also dual to the Liouville volume form with respect
to . Next, let us assume that M? factorises as M> = M2 x N with N a one-dimensional man-
ifold, and we take

g =htdded’, (3.17)

as the metric on M> with g, a metric on M? and x* a local coordinate coordinate on N. Assuming
that p € €°°°(M?), a short calculation then reveals that

w3 = wy AdY’ +volyp Adgs and a3 = ax Adx® + s Adgs . (3.18)
The decomposition for a3 and the effectiveness o A s = 0 imply that
A (Xao3) = —2(wy AX=ay) dgs Adx® (3.19)
for all X € X(T*M?).'° Since e3 = g3 A % A 8%3’ this then yields
3= (s ANX=a3) = 26~ (ma AX=) . (3.20)
Consequently, combining this result with (3.14) and (3.16), we finally obtain
Filwe = F». (3.21)

Remark 3.4. The metrics (2.26) and (3.15) on 7*M are in spirit of the rescaled Sasaki metrics
studied e.g. in [50]. The main difference here is that ourfis a function on 7*M rather than on
M. This results in a metric (3.15) which is allowed to change type across 7*M. Furthermore,
earlier work [51] has focused on constructing almost para-Nordenian manifolds in the case
]‘> 0, preferentially selecting a structure which is almost para-complex [52], as opposed to
almost complex.

Before moving on, we conclude with some remarks concerning the curvatures of the met-
ric (3.15) on T*M and its pull-back to L, as well as a connection with helicity.

3.3.3. Curvature. In view of our later applications, let us state the curvature scalar for the
metric (3.15). The following is derived in appendix C.2 and holds in any dimension. In partic-
ular, we have

1. L. 1 pijkm _ o A 7 8
R Rl K = (m = 1) Batog (1) =855, 1og (17
1 | 0 0 0
~(m— _ )l
=1 =287 (Pl tox (1) (5 -+ - ) 02 (17)
1 . 0 N .
+gmlm=3) & g (I71) 8—%log(|f|) ,
(3.22)
where Ay is the Beltrami Laplacian for g. The occurrence of the term Aglog(|f]) again sug-

gests that the accumulation offwill determine the sign of the scalar curvature, as it does in the
two-dimensional case.

16 The horizontal lift of X to T*M? is trivial because of the assumed form of the metric 23.
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3.3.4. Pull-back metric. 1t is a straightforward exercise to check that the pull-back g := (*g
of (3.15) to the 2-Lagrangian submanifold L via ¢ given by (3.3) withi = 1,2,3 is

1 i P 1,
g = EgUdXIdej with 8ij = AkiAkj— EgijAklA]k . (323)

Here, we have made use of the velocity-gradient tensor A;; := %vi and noted that

N 1 .. . 1 ..
fo=0f = 5 (G- 858T) = —AuA7 (3.24)

with (;; the vorticity two-form and Sj; the rate-of-strain tensor introduced in (2.11), and the
indices on (j;, Sjj, and Aj; raised with the background metric. Again, as in the two-dimensional
case, the pull-back metric is a quadratic function of the velocity gradient tensor and curvature
will be generated by gradients of vorticity and rate-of-strain.

3.3.5. Helicity.  In two dimensions, we utilised the local Gau3—Bonnet theorem (2.29) in
order to relate the geometry of fluid flows, as described by the curvature scalar (2.33a), to
a topological invariant, namely the Euler characteristic of a given compact region. In three
dimensions, it quickly becomes apparent that this is not a suitable approach and that we require
an alternative topological quantity.

Recall that the pull-back of the standard symplectic form w seen in (3.13), under (3.3),
is t*w = dv = (;dx' Ad¥ with (; the vorticity. The pull-back of the associated tautological
one-form 6 := g;dx’ is simply v = v;dx’. It then follows that

(OAdO) = vi¢'volys with ¢ = y/det(g3)e" (3.25)

the vorticity in three dimensions, derived from (2.11). Integrals of quantities of the form (3.25),
over a compact region U C M3, are referred to as helicity [53, 54]. Hence, in our context, v;( i
may be referred to as the helicity per volume.

Consider an inviscid, incompressible fluid, with kinematics described by the Euler
equations, on a compact region U C M>. Suppose also that U describes the volume contained
inside a closed orientable surface, which is moving with the fluid and has (outward) unit nor-
mal n with components denoted #;. It is shown!” in [53] that, provided the distribution of
vorticity is local and continuous, and n;( I =0, then the integral of (3.25) is an invariant of
the Euler equations and the vorticity field within the volume is conserved. Furthermore, it is
shown that for discrete vortex filaments, this quantity can be associated'® with the topological
invariants given by the GauBlinking number and Calugareanu invariant [57, 58]. In [59] it was
also shown that helicities are isotopy invariants of their volume. Perhaps more significantly, a
recent work [60] has managed to demonstrate that, in ideal conditions, helicity-type quantities
can be reinterpreted as Abelian Chern—Simons actions and hence can be related to the Jones
polynomial.

In addition to the interpretation of the pull-backs of (3.12b) under (3.3) as the divergence-
free constraint and the pressure equation, we now also have that the corresponding pull-back
of the standard symplectic form encodes the helicity. Additionally, previous work relating
helicity to various topological invariants suggests that, as in two dimensions, one can relate
the topology of fluid flows to our geometric constructions.

17 In the context of magneto-hydrodynamics, the analogous result was presented in [54].
18 we point the interested reader towards [55, 56] for elaboration on these associations.
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3.4. Examples in three dimensions

In this section, we adopt the notation x := x', yi= x2, and z := x° and consider some classical
examples of flows in R with background metric g; = §j;.

3.4.1. Preliminaries. ~ Recall the expressions of the vorticity two-form and the rate-of-strain
tensor defined in (2.11). In view of our discussion below, we set

0 G -G a o3 02
(=1-¢G 0 G and S =: o3 [ o (3.26a)
G -G 0 oy o1 Y

and introduce the velocity-gradient matrix

! o3—G 0+
A=S—C= o4+ B o—0G . (3.26b)
or—C o1+ vy

Furthermore, the metric (3.15) in the then takes the form

1
g = <2Aé’]13 f) with Ap = —tr(A?) . (3.27)
3

It now follows that the pull-back metric (3.23) is
T 1 2
g =AA— Etr(A )113 . (3.28)

Whilst it is now possible to substitute (3.26b) into (3.28), the result would not be particularly
helpful. To see the structure of the pull-back metric a little more clearly, we next consider
Burgers’ canonical model of the vortex, for which the velocity-gradient matrix takes a rel-
atively simple form, and which in turn motivates our work on higher symplectic reduction.
Studying this example will show how the signature of the metric depends on relationships
between vorticity and rate-of-strain.

3.4.2. Burgers’ vortex.  Earlier works [7, 9] considered a class of solutions to the three-
dimensional incompressible Euler and Navier—Stokes equations, with Euclidean background
metric, that can be reduced to solutions to the incompressible equations in two dimensions via
the Lundgren transformation [61]. Such solutions, which take the form [62]

(xvyvz) = (VX(t7-xay)7vy(t7x7y)az¢(tax>y)+W(t’x7y)> (329)

for some functions ¢ and W, where the superposed dot refers to the derivative with respect
to the time 7, are often referred to as two-and-a-half-dimensional flows [63]. In particular, a
geometric description of Burgers’ vortex [64] has been presented through this lens.

Consider the following idealised Burgers’ vortex [64] with the velocity components be
given by

u=ax+(03—@G)y, v=7py+(e3+G)x, and w = 7z (3.30)
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with «, 3, 7, 03, and (3 constant in space. Then, the divergence-free constraint is given by
a+ B+~ = 0. In particular, we have chosen ¢ = ~(#) and W= 0 in (3.29).
Next, the velocity-gradient matrix is simply

a o3—G¢ 0
A= |o3+G 153 0], (3.31)
0 0 0

and using the divergence-free constraint, it follows that

%Ap = —%tr(Az) = af+y(@+B)+G—03. (3.32)

We can now deduce that the pull-back metric (3.28) is

Y842 (03 +(3) a(o3—G)+B(o3+G) 0
g = |alos—G)+B(o3+G) Yo +2G (G —03) 0
0 0 af+ (G —03) (G +03)
(3.33)
which has eigenvalues
1
E. = 2{4C§—vzi\/vz(oz—ﬁ)2+4[40§C§+(a+6)20§+(a—6)2€§}}, 0

E; = aﬂ—ag—i—@z.

The top left (2 x 2)-block of (3.33), with v =0 is precisely the pull-back metric of an incom-
pressible two-dimensional flow with velocity-gradient matrix given by the top left (2 x 2)-
block of (3.31), where v = —(a+ ) = 0. Hence, setting -y # 0 produces compressible two-
dimensional flows, for example Burgers’ vortex after reduction as described in [9]. It follows
that when Ap > 0, Es > 0. Furthermore, if we assume axi-symmetry by setting o« = = — %'y,
then with Ap > 0 and E5 > 0, we have E > 0, while E_ is bounded below by —’yz. Further
investigation of such criteria might facilitate a classification of conditions under which accu-
mulations of vorticity could constitute ‘a vortex’.

With [9] in mind, we now show how higher symplectic geometry and reductions thereof,
provide a mechanism for formulating the Monge—Ampere geometry of certain exact solutions
to the incompressible Navier—Stokes equations in three dimensions.

3.5. Higher symplectic reductions

In the following, we wish to study dimensional reductions from three to two dimensions. In
particular, we shall focus on symplectic and higher symplectic reductions. This will enable us
to study fluid flows in three dimensions with symmetries that eventually can be analysed as
effective two-dimensional problems. As we shall explain, symplectic and higher symplectic
reductions yield, to the extent in which we are interested in this paper, essentially the same
geometric information in two dimensions; however, the higher symplectic reduction will yield
the two-dimensional problem directly in terms of a stream function, thus resolving the lower-
dimensional would-be divergence-free constraint automatically. Before analysing examples
in section 3.6, including the Arnol’d—Beltrami—Childress flow and Hicks—Moffatt-type vor-
tices, let us set the stage. In particular, we first recall the Marsden—Weinstein reduction process
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[65, 66], a well-known tool from symplectic geometry, for reducing spaces with symmetries.
Concretely, this reduction process can be summarised as follows.

Theorem 3.5. Letr (M,w) be a symplectic manifold. Suppose that G is a Lie group acting by
symplectomorphisms on (M,w). Let . : M — g* be the moment map for this action with g the
Lie algebra of G. Furthermore, let ¢ € g* be a regular value of i and G, C G the (coadjoint)
stabiliser group of c. We assume that G, acts freely and properly on p='({c}). Set M, :=
p='({c})/G. and consider,

pl(fe}) —— M
ip (3.35)
M.

Then, there exists a unique symplectic structure w,. on M, such that p*w, = i*w.

To discuss symmetry reductions of higher-dimensional fluid flows which are described dir-
ectly in terms of higher Monge—Ampere structures, we would like to generalise this result to
the higher symplectic geometry summarised in section 3. Fortunately for us, theorem 3.5 has
been generalised to the k-plectic case rather recently as follows [21].

Theorem 3.6. Let (M, w) be a k-plectic manifold. Suppose that G is a Lie group acting by k-
plectomorphisms on (M,w). Let p: M — /\k_1 T*M ® g* be the moment map for this action
with g the Lie algebra of G. Furthermore, let c € Q"1 (M, g*) be closed and define

pH({e}) = {xeMlp@x) =c}
Ge == {g€G|gr ' X10... 2g. X1 2 Adjc, 1, = X122 X 20y (3.36)
forall x € Mand for all X, ..., X;—1 € T\M} .

Suppose that 1~ ({c}) is an embedded submanifold of M and that G, acts freely and properly
on p~'({c}). Set M, := =" ({c})/G. and consider,
o (fe}) — M
ip (3.37)
M.

Then, there exists a unique closed differential form w. € Q*'(M,.) on M, such that
prw. =1"w.

Evidently, for k = 1 this result reduces to theorem 3.5. It is important to stress that for k > 1, the
differential form ww, € Q¢! (M) might be degenerate. For full details of the above, see [21].

3.5.1. Setting for dimensional reduction.  In remark 3.3, we have already discussed a simple
dimensional reduction of the Monge—Ampere structure (3.12b) by assuming that the three-
dimensional background manifold M? is a direct product of a two-dimensional manifold M?>
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and a one-dimensional manifold N. Let us now assume it is of warped-product form instead,
that is, we take

8 = H+e¥de @dd (3.38)

with ¢ € €°°(M?) as the metric on M* where &, is a metric on M? and x> local coordinates on
N, respectively. Put differently, we assume that there is a one-parameter family of isometries,
and we choose adapted coordinates. Now let i,j,... = 1,2, such that

N D
& = Egijdxl@dxj‘ (3.39)

Hence, the only non-vanishing Christoffel symbols for the metric g3 are Io“ijk, which are pre-

cisely the Christoffel symbols for g, alongside
I3’ = —e¥§98,0 and T = 9. (3.40)

Next, consider the differential forms (3.12b) on M™ for m = 2,3. As in remark 3.3, let us
denote them by w,, and «,,, and let us also use a similar notation for other quantities. Then,
under the assumption that p € €">°(M?), some algebra reveals that

w3 = ePw Adxd +e P volype /\6% ,

. . (3.41a)
a3 = e?(a — hyvolyp) Adx’ +e7% () — g3dx® Axg,dp) A Vg3
with
. 1 .. oo o o I .
hy = 3 [Vipdp — (VIVip £ VieVip)qiqi — e > (App £ Vipdip)q3] (3.41b)
where again all differential operators in hy are with respect to the metric g,.
Furthermore, we obtain
, 0
Wy —m —x W
2 o~
= e? (w4 ¢:Vipvol ,
(w2 +qiV'pvolye) (3.42)
o) = i e
27 9T

= eflap — (fur + e_z“’ﬁi@ﬁmqg) volyp + q,ﬁ’lpwz] +e Pq3dgs A kg, de .

A short calculation then shows that both @ and «j are closed. In fact, using (3.2b), we also
have that

wy = d(*g,e? gidx’) . (3.43)
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3.5.2. Symplectic reduction of the higher Monge-Ampére structure. ~ Given that w; and o}
are closed, Cartan’s formula for Lie derivatives then immediately yields that £ 2,3 = 0=

L 203, Consequently, we can consider a dimensional reduction following theorem 3.5. In

ax3

particular, we take the symplectic form
wy = dg; Adx' —d(\g3) Adx® (3.44)

where \ € €"°°(M?) is assumed to be non-vanishing. Evidently, % —w3 = d(Ag3), so the cor-
responding moment map is x(x,q) = Ag3. Hence,

({c}) = {xq) [gz=cA7"} (3.45)

for any regular value ¢ € R. Consequently, 1~ '({c})/G. is locally given by (x',x*,¢;,q3) =
(x',const,qi,q3 = q3(x')). Next, by virtue of theorem 3.5, we obtain the symplectic form

we = dg; Adx' (3.46)

on p~1({c})/G. = T*M? which satisfies p*w. = i*ws, as well as two closed differential two-
forms given by

e” (wz + q,ﬁﬁpvole) ;

Gy 1= e¥ {az - [il+ +e % (Vwamﬁ - qﬁ’lp@iqa)} volyz + qﬁ’lpm} ,

g
i

(3.47)

which are simply the differential two-forms from (3.42) with g3 understood as a function of x!
and x?. Upon requiring the vanishing of the pull-back of <, and &, along (3.3) together with
the relabeling the function g3 by v3, we obtain

%,’Vi = _Viaisov
. I BN i ¥y
App+ Vi V' + 2 VPR = —&"0ip0p +VVVidp 349
¢ | (Ang — P 0p0yp) Vi + 203 Dot

These are precisely the divergence-free constraint (2.4b) and the pressure equation (2.10) when
adapted to the warped product metric (3.38), under the assumption that p is independent of x.
Evidently, when ¢ = 0, we obtain the standard situation of an incompressible fluid flow in two
dimensions from section 2.2, and vj is not constrained by (3.48).

Next, let X be a vector field on ="' ({c})/G. = T*M? and consider its horizontal lift X to
T*M? using the Levi—Civita connection for the metric (3.38),

) 9 )
X = X+ Xodi'T?g3— = X+Xodpgs— . (3.49)
0q3 g3
Using that
XoVgs = 0 and wa A (az—iz+V01Mz) -0, (3.50)
we obtain
a3\ (X=a3) = =25 AX = (2 =y volye ) A Vs A’ (3.51)
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Consequently, the endomorphism (3.14) becomes

5 - 1

IX = ——
\/ fa+hy]

where ¢, is the dual to theALiouVille volume form on T*M?; see also remark 3.3. Hence, we
obtain an endomorphism 7, on = !({c})/G. that is precisely of the form (3. 16) (or, equival-
ently of the form (3.6)) when using the Monge—Ampere structure (wz, ay — h+ Vole) Here,

£ [wz AXo (az —hy Vole)} , (3.52)

h is considered to be a function of (x', ,qi) only, since p~ ({c})/G &~ T*M?, with g3 = v3(xf).
Note ap — h+ voly is simply cv; with f2 replaced with fz + h+ Also, whilst @ is a symplectic
form on T*M?, a; — h+ vol, fails to be closed and is degenerate when fz + h+ = 0. Next, we
consider (3.7) and set

Ky == \/fo+hy| Vg Adx . (3.53)

Then, as before, l@g(jg{(, Y) = —Ka(X, JY) for all vector fields X and Y on p~" ({c})/G, so
that g(X, Y) := K»(X, J2Y) is an almost (para-)Hermitian metric on ! ({c}) /G... Explicitly,

| N R .
=3 (fz+h+)gudx’@dx’+ggé’vqi@v%-- (3.54)

3.5.3. Higher symplectic reduction of the higher Monge-Ampeére structure.  Let us now dis-
cuss the two-plectic reduction of the Monge—Ampere structure (3.12b) following theorem 3.6.
In particular, by virtue of exactness (3.43), we can take

1 (x,q) = *ze? gidx’ (3.55)

as the moment map which, of course, is defined up to a shift by an exact form. Then, for
1 € €°°(M?), it follows the ;= ! ({—dw}) is non-empty and given by

T({-dv}) = {(ng) g = — Vet (@) e o } (3.56)

Consequently, the quotient p~'({—dy})/G_4y, is locally given by (x',x*,gi,q3) =
(x',const, —\/det(g2) e~ ?&;;8™ O, g3 ) . Furthermore, we obtain

W_gy = € volp Adgs (3.57)

on p~ ' ({—dy})/G_ay, which satisfies p*ww_q4, = i*co3. In addition, whilst the pull-back of
wj givenin (3.42) to u~' ({—di)}) vanishes identically, there is a closed differential two-form
a_gyp on p ' ({—d})/G_qy given by

a_gy = e¥ [det (%iqj) - (fz + /Az_)} ’ volye +e7¥g3dgs A xg,dp

(3.58)

qi=—+/det(§2) e~ e;g* Oy

and which satisfies p*a_g,, = i*a. The function h_ used here was defined in (3.41D). Finally,
upon requiring the vanishing of the pull-back of «_4y, along

Lix e (xi,q3) = ()Ci,V3 (xi)) , (3.59)
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we obtain the system (3.48) with v; given by
v, = —y/det (gz)e*%ijgfkakw. (3.60)

Evidently, the first equation of (3.48) can be rewritten as Vi (e?v;) =0, and by the Poincaré

lemma, any solution to Voi(e“" v;) =0 is locally of the form (3.60) for some 1 € € (M?).
Hence, the two-plectic reduction of the Monge—Ampere structure directly yields the two-
dimensional fluid flow in terms of the stream function. Indeed, as already indicated, the sym-
plectic reduction provides all of the geometric information that two-plectic reduction does,
at least to the extent in which we are interested in this paper, thus enabling the analysis of
singularities and curvature scalars as in two-dimensions. However, should one only require a
description of the reduced kinematics, k-plectic reduction is certainly a more elegant, compact
tool.

Before discussing specific examples, let us close this section by stating that the pull-back
of the metric (3.54) along

i:x— (xi,q;,q3) = (xf,f\/@e*%[,gfkakw,w (xi)) (3.61)
given by (3.56) and (3.59), is

g = % (Agzﬁiaﬂb + Tij) e ¥dv O dv (3.62a)
with

Ty = gi{V'o0np (Vo dip — Aptp) — (V¥ Do) (V'Y O))
+ VEQ VY Vi +v3(Bevs — v3diep)]} (3.62b)
+0ip 5’J'<P(%k¢ Ap) — VEep[Dip %@ﬂﬁ +0;p Vi)

Evidently, T;; = 0 when ¢ = 0, in which case we recover the metric (2.27).
Alternatively, we may write the above formula in such a way that the term f, 4+ A remains
explicit

1 . .
@ = Egijdx’deJ (3.63a)
with
8ij = Z*(]AC2+il+)§'ij

+e 2 {(VEO) (Vid) + (010) (010) (V¥4 (Bkb) — 2(0) [(V*Oi) () 0)] -
(3.63b)

It follows from (3.61) that Z*fz =f, if and only if ¢ =0. Again, we note from (3.62a)
and (3.62a) that the pull-back metric is a quadratic function of the velocity gradients.

Remark 3.7. Recall that we define
. 1/ .
Fn = 5 (ABerR,;,-qlq/) , (3.64)
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where the differential operators are taken with respect to the metric g,, and i,j = 1,2,...,m,
as in (2.23a) and (3.12a). For fluid flows on three-dimensional background manifolds with
warped-product metric (3.38), assuming both p,v3 € €°°(M?), it follows that

= fH+hy, (3.65)

with il+ as defined in (3.41b). Hence, for three-dimensional flows with symmetry %, the func-
tion f> + fz+ should be interpreted as the diagnostic quantityj%, where the former representation
highlights the deviation from the diagnostic quantity > for two-dimensional incompressible
fluid flows.

In computing the pull-back of (3.65) along (3.61)'°, similar representations of the traces
of the squares of the vorticity two-form and the rate-of-strain tensor (2.11) are also enlight-
ening. Let (' and S respectively denote the vorticity two-form and the rate-of-strain tensor
in m dimensions, where i,j = 1,2,...m and the covariant derivatives occurring in (2.11) are
understood to be with respect to g,,. Then,

.. l o .
WG = GG+ 5 () (V’ V3) e 2 (3.66a)
and

3 oIl 2¢i , —20 |1 o i o j =i\ 2 =i \2
SyS3 = S;iSy+e ¥ [5 (0iv3) (V V3> —(0iv3) (V 80) v3 + (0ip) (V 80> V3} + (Viv LP) ;
(3.66b)
where the indices /,/=1,2,3 and i,j = 1,2. Like fz + iur, these expressions do not depend

on the coordinate x*, however unlike f>, the quantities Cj and Sizj retain some dependence on
the three-dimensional geometry via ¢, since v; must satisfy (3.48).

Remark 3.8. The reduction presented explicitly in this work assumes a one-dimensional sym-
metry % of the underlying manifold M3, dictated by complete x* independence of the velocity
components. In contrast, by applying the above approach to cases where the symmetry lies in
X(T*M?), flows where v3(x) depends linearly on x*> may also be considered. In particular, it
was shown in [9] that Burgers’ vortex, a flow of the form (3.29) with W= 0 and ¢ = ¢(¢), has
a symmetry generated by % + d)a%s, hence admits a Hamiltonian reduction.

3.6. Examples of higher symplectic reductions

Let us now discuss a few examples of the reduction processes as outlined in section 3.5.

3.6.1. Arnol'd-Beltrami-Childress flow. — Let us consider flows on M3 := R? equipped with
the standard Euclidean metric

8 = s+ dzodz with & = dr@dr+dy@dy, (3.67)

which corresponds to the case when ¢ =0. Then, hy = 0 and our symplectic reduction yields
an incompressible fluid flow in two dimensions, on an Euclidean background. In summary, the

19 This is equivalent to computing (3.24) for flows with symmetry %.
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equation (3.47) reduce to ©, = w>, and &, = «;, with the divergence-free constraint and the
pressure equation (3.48) respectively given by

Oy +0yvy =0 (3.68a)
and
Ap = 2(0w Oyvy — OpvyOyvy) with A = (9? —l—(?)z, , (3.68b)

where v, and v, are functions of x and y only.

Additionally, performing the two-plectic reduction to obtain velocity components v, and v,
satisfying (3.68a), in terms of a stream function in two dimensions, yields the same result as
applying the Poincaré lemma to (3.68a) itself, that is,

g = vy = =0y and q, = v, = O (3.69)

for some stream function ¥ = (x,y). The corresponding differential form (3.58) is
1
agy = |29 — (0:0) — 54p| dendy. (3.70)

This is unchanged when pulled back along (x,y) — (x,y,q;) := (x,y,v;(x,y)), so imposing a
vanishing pull-back condition is equivalent to the Monge—Ampere equation

1
58p = O~ (B:0,0)" (3.71)

which is, in turn, precisely (3.68b) with v, and v, evaluated as per (3.69). Hence, one is free to
choose a pair of z-independent functions ¢ and v, in order to recover an incompressible fluid
flow in R? that reduces to an incompressible flow on the (x, y)-plane.

Making the choice

v, (x,y) = ¢ (x,y) := Acos(y)+ Bsin(x) (3.72)

for A,B € R some constants, see figure 6(a), and computing (3.69), we recover the velocity
field for the integrable case of Arnol’d—Beltrami—Childress flow [67],

(v, vy,v,) = (%,9,2) = (Asin(y),Bcos(x),Acos(y) +Bsin(x)) . (3.73)

Next, following [67], upon taking the quotient of v, and vy, this system integrates to v, =
Acos(y) + Bsin(x) = const. Furthermore, (3.71) becomes

f = %Ap = ABsin(x)cos(y) , (3.74)

and this is displayed in figure 6(b).

Since fur =0 and M? = R?, it follows that the metric (3.54) on the reduced phase space
p='({c})/G. = T*R? is precisely (2.38). Hence, we may follow exactly the treatment
from section 2.3. Therefore, the curvature scalar R, for the metric (3.54) follows directly
from (2.39),

.2 2
&, — sin .(x3)+COS () ’ (3.75)
ABsin’ (x) cos? (y)
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(a) Plot of the streamlines for ¢). The locus (b) Contour plot for fg. The domain is
1 = 0 defines a shear layer between two partitioned into squares of side length m,
homoclinic orbits, corresponding to van- across which the sign of Ap alternates.

ishing vorticity ¢ = Ay = —.

Figure 6. Plots of the iso-lines of the stream function (3.72) and reduced Laplacian
of pressure (3.74) for an integrable Arnol’d—Beltrami—Childress flow with parameters
A=15and B=1.

and as in previous examples, forfz 2 0 the metric g, is Riemannian/Kleinian and the associated
curvature is positive/negative. Again, whenfz = 0, both the metric and the curvature scalar are
singular.

In turn, the pull-back metric (3.62a), with v, and vy as given in (3.73), is

g = [Acos(y) + Bsin (x)] <B Shol(x) ACO(; (y)>, (3.76)

where the vorticity is ( = —A cos(y) — Bsin(x). This metric is again singular when f, = 0, how-
ever it also exhibits a further singularity when A cos(y) + Bsin(x) = 0, which is precisely the

shear layer featuring in the streamlines of figure 6(a) and which also corresponds to vanishing
vorticity. The curvature scalar R, associated with (3.76) is then

- Bsin (x) [sin” (x) + 3cos? (y)] +Acos (y) [cos? (y) + 3sin® (x)] .

2sin? (x) cos2 (y) [Bsin (x) + Acos (y)]S (3.77)

The lines x = n7 and y = (n + %)ﬂ' for all n € Z, along which f, =0, are singularities of
both the metric g and its curvature R, as was the case for the metric (3.54). Additionally, the
presence of A cos(y) 4+ Bsin(x) in the denominator illustrates that the shear layer is a curvature
singularity. See figure 7(b). This curvature singularity arises due to the vanishing vorticity
and is otherwise unseen by the pressure criterion. The shear layer is a separatrix between
topologically distinct flows and in this case coincides with where the eigenvalues of the pull-
back metric (3.76) both change sign, while the signature of the pull-back metric is unchanged.
See figure 8.

3.6.2. Hicks—Moffatt vortex. =~ We now discuss another important class of examples—vortices
of Hicks—Moffatt type [53, 68]. Consider flows on M := (R x R) x,» S' equipped with

& = s +rdI®dl with & = dr@dr+dz@dz, (3.78)
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(a) Contour plot for the curvature scalar (b) Contour plot for the curvature scalar
Ry. Both Ry and f> have the same signs R>. Note that curvature singularities oc-
and Ry blows up as f> tends to zero. cur when fo = 0.

Figure 7. Contour plots of the curvatures (3.75) (left) and (3.77) (right) respectively, for

the Arnol’d-Beltrami—Childress flow with parameters A =1.5 and B=1. The ellipse
highlighted on the left is the domain bounded by the closed streamline ¢ = — %, which

is contained in a region on which the metrics g, and g are Riemannian, and}z > 0.

where r € R, z € R, and 6 € [0,27), that is, standard cylindrical coordinates. Then,
A 1
¢ = log(r) and hy = 5,0p (3.79)

with p = p(r,z) in (3.41a). Hence, the equations (3.47) reduce to

1
Ty = r (wz + —qrdr/\dz> ,
r
(3.80)
- 1 1 /1, 1 1
Qy = rqop— 2—3rp+ <\ 2499 — ~400:q0 drAdz+—g,m) ¢ -
r r\r r r
Furthermore, the requirements that the pull-backs of ©, and &, under (3.3) vanish become
1
;8, (rv)+ 90y, =0, (3.81a)

and

1 1 1 r
;8, (rOp) +02p = 2|0,v,0,v, — v, 0.v, — r—zv% — (v% - 5&1}5)] ) (3.81b)

which are the equations (3.48) for the metric (3.78), with vy = vy(r,z) arbitrary. Evidently, the
first equation is simply the divergence of v for such a vy and the left hand side of the second
equation is the Laplacian of p = p(r,z), both expressed in cylindrical polar coordinates.

Turning now to the two-plectic reduction, note that we can take the moment map (3.55)
to be

w(x,q) = rq,dz—rq.dr. (3.82)
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(a) Contour plot for the eigenvalue E,, (b) Contour plot for the eigenvalue E_. In
which vanishes both along the shear layer addition to the shear layer, E_ also van-
and along x = 7. ishes along y = 5 and y = 37”

Figure 8. Plots of the eigenvalues of the pull-back metric (3.76) with g, = diag(E+,E_)
of the Arnol’d-Beltrami—Childress flow with parameters A = 1.5 and B = 1. The signs
of both eigenvalues change across the shear layer, where the vorticity prefactor changes
sign, hence the signature of the metric is unchanged across this singularity.

It then follows that, locally on p~!({—d¢'})/G_4y, we have

1 1
qr = Vv, = —; Zw and q; ‘= V;, = ;aﬂb, (383)

which can be interpreted as expressions for the velocity components in the r and z directions,
in terms of a stream function ¢ = 9 (r,z) in two dimensions. Consequently, these solve the
adapted divergence-free constraint (3.81a). In fact, imposing that the pull-back of the closed
differential form (3.58) along (r,z) — (r,2,q0) := (r,z,ve(r,z)) vanishes, we find

1

1 1 2 1 2
5 oo+ 20| = 5 [orvoe - 00y - Zow) (3.84)

1 1 r
+ 5 (000,00 90020) - (- 203 |

that is, (3.81a) with v, and v, given in terms of ¢ as in (3.83). One is free to choose v and vy,
provided they satisfy (3.84). Furthermore, (3.81a) is trivially satisfied for any such choices,
given (3.83).

In what follows, we fix of ¢ and vy corresponding to vortices of Hicks—Moffatt type. In
particular, we shall discuss a class of spherical vortices with swirl parameter x, normalising
the radius of the sphere to 1 for convenience. For an in-depth review of such vortices, we direct
the interested reader to [69].

Firstly, consider a unit sphere in R® and set o'(r,z) := v/r2 + z2 in cylindrical polar coordin-
ates, as above. Fix the angular velocity to be

vor (r,2) = —, (3.85)
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on the whole domain. We then fix the stream function on the interior and exterior of the sphere,
such that they coincide on the boundary. In particular, on the interior we set

Js (ko
Vint (1,2) 1= %rz (b(n)—c(ﬂ) (2( );), (3.86a)
with
J3 (K p
b(k) := H;S((Ij) and c(k) := Js\/(/:’,) , (3.86b)

where J,(x) is the nth order Bessel function with argument x*°. See figure 9 for plots of the
interior solution. On the exterior of the sphere, one chooses the stream function to be independ-
ent of the swirl parameter and to match the interior solution on the boundary of the sphere,
given by 0 = 1; for example, we choose

VYext (1,2) = %rz (1 - 1>, (3.87)

o3

so that the flow far from the sphere is uniform with unit speed directed along the z axis,
with non-zero velocity in the #-direction when « # 0. It is important to observe that the heli-
city (3.25) is non-zero if and only if the flow has non-zero swirl [71, 72].

Let us now focus on the limiting case x = 0 when the flow has vanishing helicity. This cor-
responds to Hill’s spherical vortex [73]. The §-component of velocity, (3.85) then becomes
ve,0(r,z) = 0. Firstly, note that for the exterior solution, (3.87) remains the same. Henceforth,
we focus our attention on the interior alone. The interior solution, for which the stream func-
tion (3.86a) is given by

Yino (r;2) = %rz(r2 +27-1). (3.88)

See figure 10(a).
Upon applying (3.81a), we obtain the velocity components

3 3
= =312 and v, = 5(2r2+12—1)7 (3.89)

Then, it follows from (3.84) that the Laplacian of pressure is given by

PN 1 1 9
Pothy =3 (8,217 +0Zp+ ra,p> =3 (4% —32%) . (3.90)
See figure 10(b).
The metric (3.54) takes the form
B = (f2 +h+> L0 3.91)
0 1,

20 Such an explicit solution was found in the context of magneto-hydrodynamics [70]. In the context of Navier—Stokes,
solutions to this type are also referred to as Hill’s spherical vortex with swirl.
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(a) A plot of the streamlines for (3.86). (b) A plot of the Laplacian of pressure
The increased helicity (knotting) of the function fo + hy, as discussed in Re-
vortex lines results in layers of closed con- mark 3.7, for the stream function ¥int,10.
tours of alternating sign.
G’ Sirs5i7
20000 20000
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5000 5000
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i 1
(c) A plot of the iso-lines of (3.66a), for the (d) A plot of the iso-lines of (3.66b) for the
Hicks—Moffatt vortex with x = 10. Note Hicks—Moffatt vortex with x = 10. Note
that this quantity is independent of 6. that this quantity is independent of 6.

Figure 9. A selection of plots for the Hicks—Moffatt vortex interior solution with swirl
parameter x = 10. Since f3 = f> + h in this case, the quantity shown in (b) is precisely
the difference between those shown in (c¢) and (d).

and R, is given by (2.39), with f replaced byﬁ + iz+. Namely

. 56(4r7 432
R, = (—3) , (3.92)
9(4r> —322)
which is plotted in figure 11(a). When 472 > 372, thenfg + fur > 0, the metric is Riemannian,
and the curvature scalar is positive. Similarly, the metric is Kleinian and the curvature scalar
negative when f2 + iy < 0 and 47> < 3z%. Furthermore, the metric is singular when 4r* = 327,
that is, when f, + i = 0 and it is clear that this singularity is also one for the curvature.
The pull-back metric (3.62a) becomes
9 <20r2 -2z 9z )

2730 o 5242 G99
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(a) Contours for ¥inio (3.88). The con-
tours are closed and concentric, forming
toroidal vortex tubes when rotated around
the z axis to form our three-dimensional
flow.
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(b) fo + hy on the interior of the unit
sphere, with stream function (3.88). The
function vanishes along 472 = 322, is pos-
itive between these curves and negative
outside of them.

Figure 10. Plots of the iso-lines of the stream function (3.88) and the function (3.90)
respectively, for the interior of Hill’s spherical vortex.
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(a) A plot of Ry for the stream func-
tion (3.88). The curvature decreases in
magnitude towards the boundary of the
sphere and is singular along 4r2 = 322.

1.0

1.0t
00 02 04 06 08 1.0

/1

(b) A plot of Ry for the stream func-
tion (3.88). This is singular along 100r* —
711222 —22* = 0 where E_ = 0 and hence
where the metric g is degenerate.

Figure 11. Contour plots of the curvatures (3.92) (left) and (3.95) (right) respectively,
for the interior of Hill’s spherical vortex. Note that the curvature singularities in these
two plots do not coincide, in contrast to earlier examples.

Its eigenvalues, displayed in figure 12, are given by

9

Exr = g <25r2—12:|:3o (252 +z2)> : (3.94)

Furthermore, the curvature scalar R, associated with (3.93) is

28 (50¢4 +z*)

R, =

9100/ — 71222 —274)*

(3.95)
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(a) A contour plot for the eigenvalue F. .
This eigenvalue is always positive and in-
creases in magnitude with z. Hence, the
signature of g, is determined by E_.
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(b) A contour plot for the eigenvalue F_.
This eigenvalue vanishes along 100r% —
717222 —22% = 0, is positive between these
lines and negative outside of them.

Figure 12. Plots of the eigenvalues (3.94) of the pull-back metric (3.93) for the interior
solution of Hill’s spherical vortex.

Both the curvature R, and eigenvalue E, are non-negative, with E vanishing only at the
origin. Additionally, R; is singular precisely when E_ vanishes, that is, where the metric is
singular. See figure 11(b).

4. Summary and conclusions

We have developed a framework for studying the Poisson equation for the pressure, for incom-
pressible flows, by formulating the concept of higher Monge—Ampere geometry. Earlier work
has been revisited and the definition of Monge—Ampere structures extended, using higher sym-
plectic geometry, to facilitate a study of equations in three (or more) independent variables that
are not necessarily of explicit Monge—Ampere type.

In contrast to the earlier work, the focal point of our investigations has shifted from the
perspective of symplectic geometry to that of Riemannian and Kleinian geometries, as defined
by a metric and its pull-back to higher Lagrangian submanifolds. This change of viewpoint has
illuminated some seemingly important connections between fluid flows dominated by either
vorticity or strain and the geometry of Lagrangian submanifolds. From the examples studied
thus far, regions of the flow one might label ‘a vortex’ are characterised by Monge—Ampere
structures with Riemannian metrics, whereas those regions in which strain dominates, are char-
acterised by Kleinian metrics. Where vorticity or strain accumulate, the higher Lagrangian
submanifold develops curvature, and the singular behaviour of the pull-back metric and the
scalar curvature arising from (1.6) appears to delineate regions of the flow with distinct topo-
logical characteristics. Furthermore, where vorticity dominates over the strain, the metric is
typically Riemannian with positive curvature scalar.

We have focused on the Ricci scalar curvature, simply because, as an invariant, it is a natural
starting point for attempting to identify the salient connections between the characteristics of
the fluid flow and the geometry of the Lagrangian submanifolds. However, the Ricci curvature
itself may reveal further insights.

We have also noted that there is typically a one-parameter family of metrics, with time ¢
acting as the parameter. The evolution of the metrics, as the parameter ¢ increases, will depend
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on whether the evolution of the dynamics is governed by the incompressible Euler or by the
incompressible Navier—Stokes equations. It is through such a time evolution that the geometry
we have introduced will reflect the differences in the solutions to these two sets of equations.
It is therefore intriguing to speculate as to whether Monge—Ampere structures may reveal
information on the existence and/or regularity of solutions to the Euler and Navier—Stokes
equations, via a notional geometric flow. A connection between Monge—Ampere geometry and
optimal transport [74], in terms of a metric whose properties relate to regularity of solutions
to Monge—Ampere equations has been made in [46].

Possible future directions include a systematic study of the fully three-dimensional solu-
tions to the Navier—Stokes equations and the associated metrics, with particular emphasis on
topological properties of the higher Lagrangian submanifolds that might be characterised by
the metrics and their curvature.

A recent companion study to this paper, [33], has also explored the connections between
Monge—Ampere structures and the geometry of Lagrangian submanifolds arising in a more
conventional application of Monge—Ampere geometry, in which a fully non-linear Monge—
Ampere equation lies at the heart of a model used in the study of geophysical flows. Emphasis
in that paper is placed on the projection between M and L, and singularities thereof. This is an
important issue to follow up in the context of the results presented here.
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Appendix A. Lagrangian submanifolds

Let M be an m-dimensional manifold and 7 : T*M — M its cotangent bundle. We call a sub-
manifold ¢ : L — T*M locally a section if and only if, for each y € L, there exists a neigh-
bourhood V,, C L of y, an open and contractible set U, C M, and a function 1, € € (Uy)
such that ¢(V,) = di,(Uy). Next, let Uy C M be open and contractible and let (x',g;) with
i,j,...=1,...,mbe local coordinates on 7! (Uy;) C T*M with x' local coordinates on M and
gi local fibre coordinates, respectively. Consider a Lagrangian submanifold ¢ : L < T*M with
respect to the standard symplectic form w := dg; A dx'.
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Proposition A.1. The Lagrangian submanifold L is locally a section dy) : Uy, — T*M for some
Y € € (Uy) ifand only if | := wov: L — M is a local diffeomorphism.

Proof. Suppose that L is locally a section and consider a point y € L. Evidently, V, and
t(Vy) are diffeomorphic. Furthermore, as the restriction 7|4y, (v, is the inverse of diy, : Uy —
dy,(Uy) C T*M, it follows that U, and di),(U,) are diffeomorphic. As dy,(Uy) = ¢(V,), it
then follows that U, and V) are diffeomorphic, with diffeomorphism given by ||y, : V;, — U,
and ¢~ "o dep, : Uy — V,. Since this holds for all y € L, it follows that 7|, : L — M is a local
diffeomorphism.

Conversely, suppose that 7|, : L — M is a local diffeomorphism and let y € L be arbitrary.
By the local diffeomorphism property of 7|, : L — M, there exists a neighbourhood V, C L of
y such that 7| (V) =: U, is open and contractible in M and ||y, is a diffeomorphism onto

its image. Let y' be local coordinates on V,. Then, V, 2 y' T i (v) € U,. Again by the local

diffeomorphism properties of 7|, we have locally the invertibility of the Jacobian g—;} and the
inverse relation y' = y’(x). Hence, the embedding ¢ : L < T*M becomes

vy e (Y0),a ) = (ab() = (pix)) (A.1)
in local coordinates. Furthermore, since L is Lagrangian with respect to w = dg; A dx/, we find

ox' Og; B ox' Og;

— = - A2
oy O~ yt ay (A2
upon computing :*w = 0.2! Hence,
ox' (Op;  Opi\ _ Ox' (O gy 9y g
oyl \oxi  ox ) oy \oxi Oyt O Oyt
_ Oq; _ Oy 0x' 0g;
Oyl Ox Oyl Oy
_ Ogq; 07)/" Ox' Og; (A.3)
Oyl Ox Oyk 9yl
_ 94 _ 04
oyl 0y
=0.
Therefore,
517]‘ Op; N
oxi  ov 0, (A4

that is, the one-form 7 := p;dx’ is closed. Consequently, by the Poincaré lemma, there is a
function v, € €>°(U,) so that ) = di)y (and therefore p; = 0;1),). It follows that di)y(U,) =
(V). As this holds for any y € L, it follows that L is locally a section. O

When 7|, : L — M is a local diffeomorphism, we may choose coordinates on L so that 7|,
becomes locally the identity in those coordinates. Put differently, we may take the x' as local
coordinates on L in that case.

21 9\
Note that L*(a—y,) =gc 0 40
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Appendix B. Non-degenerate Monge—Ampeére structures

Let (M,w) be a 2m-dimensional almost symplectic manifold. Following [28], a differential
p-form is called w-effective if and only if w™! = = 0. Whenever p = m this is equivalent to
requiring o A w = 0 . Then, we have the Hodge—Lepage—Lychagin theorem [28] (see also the
text book [8] for a comprehensive treatment):

Theorem B.1. Let (M,w) be an almost symplectic manifold. Then, any differential p-form
a € QP(M) has a unique decomposition

a=aoartaANwtoy A ANwAw+--- (B.1)

into w-effective differential (p — 2k)-forms oy € QP2 (M). Furthermore, if two w-effective p-
forms vanish on the same p-dimensional isotropic submanifolds, they must be proportional.

Let now M be four-dimensional and (w, ) a Monge—Ampere structure on M, that is, o €
O?(M) with a Aw = 0 and suppose that the Pfaffian Pf(a) € €°°(M), defined by a A o =
Pf(c)w A w, is non-zero. We then set [14]

«

VIPHa) |

= Jpaw, (B.2)

for J,, an endomorphism of the tangent bundle. This yields the identity

Ja-n(a/\w):\/Pf(aH(Ji—lw—FE:((Z>)|w>/\w. (B.3)

Upon combining this identity with the w-effectiveness of o and the non-degeneracy of
w, we immediately see that J,, is an almost complex (respectively, para-complex) structure
when Pf(«) > 0 (respectively, Pf(a) < 0). The differential forms w and J,, = w define the non-
degenerate differential (2, 0)- and (0, 2)-forms with respect to J,,. Then, we have the following
result:

Proposition B.2. For J, as defined in (B.2) there exists a differential (1, 1)-form K on M such
that KANK#0, KANw =0, and KA (J,=w) =0.

Proof. Note that w and J, —w are linearly independent. Next, let p € Q22(M) be such that
{w,Jq 2w, p} is linearly independent. By theorem B.1, we have a unique decomposition
p=po+Aw with pgp Aw =0 and Ny € €°°(M). Since (Jo-w)A (Jo—=w)#0, we may
again apply theorem B.1 to obtain the unique decomposition pg = p; + A\ (Jo —=w) with \; €
% *° (M) such that p; A (J, —=w) = 0. Since (J, =w) Aw = 0, we also have p; Aw = 0. Hence,
{w,Jq 2w, p1 } is linearly independent, and we must also have that p; A p; # 0 since the exter-
ior product yields a non-degenerate metric on /\2 T*M. In summary, we have thus obtained a
K:=p;suchthat KAK#0,KAw=0,and KA (J,=w)=0.

Finally, since w and J, —w combine to give non-degenerate differential (2, 0)- and (0, 2)-
form, Q29 and Q2 and since KAw =0 and KA (Jo—w) =0, we conclude that K A
Q29 =0 and KA Q02 = 0. Since 229 A Q02 £ 0, K must be of type (1, 1) with respect
to Jq. O
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Appendix C. Connections and curvatures

C.1. Pull-back metric in two dimensions

In what follows, we shall provide some more details on the computation of the Levi—Civita
connection and curvature scalar associated with the metric (2.27) from section 2.2. Firstly,
recall that using (2.22), the metric (2.27) can be written in the form

gj = Cgj with g; = vy, (C.1)

where the indices on ¢ € €°° (M) are interpreted via (2.30). As g is, up to a sign, a conformal
scaling of the Hessian metric with respect to ¢ when ( # 0, we wish to exploit this to write
the connection and curvature scalar of g in terms of those for g.

C.1.1. Connection. We begin by observing that
. 1 o o o 1/ 5
Vi = vt 5 ([Vi Vil et [Vi Vi 0r) = v — 5 (R + Ra') 1 €2
and so,
o o o 4, I
Vi + Vi — Vi = Y+ ng(ij) (. (C.3)
Consequently, the Christoffel symbols for g are given by
. 1._ _ ~ ~
It = Egkl (0igji + 98 — 918;7)
. 1, /e . .
= I/ + Egkl (Vﬂ/)jl + Vi — Vﬂl&j) (C4
o 1 B
= Fljk —+ ETiﬂglk 5
where we have used (C.3) and introduced the notation
4.
Tijx = Y+ ng(ij) Y. (C.5)

This thus verifies (2.32b). The Christoffel symbols (2.32a) then follow from the usual argu-
ment for conformal rescalings (see e.g. [75]).

C.12. Curvature. Letus now compute the curvature scalar for (2.27). Firstly, we note that

Ry = 0Ty — Tu! — T Tju' + T i

5 1/ . 1 1 (C.6)
= Ry'+ 3 <viTjkl - VTl - ETikajml + 2Tjkaiml) ;
where we have used (C.4) and set T,-jk = T,ﬂg’k. Next, it is not too difficult to see that
= ~jk ~jl~km 2 n
Vigt = -g'¢ Yitm — gRi(lm) Un | - (C.7)
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and

= T m 1 vl m

Vitbiw = g — 2Ri k" Vrym — Ewmv(lei\kl) : (C.8)
Using these two relations, we find that Ly = " Y j.

° I 2. 4, . , o o
ViTjkl = _gl (wil‘s - gRi(rs)nwn),rjks + gglm(Rm(jk) 1¢in + wnviRm(jk)n)

| (C.9
+ 8" (Wijeom — E%V(ijkm)" = 2R; (" Ymyn) -

Upon substituting this expression and (C.5) into (C.6), the curvature scalar (2.33b) then follows
directly from the traces R = g¥Ry;*. Finally, the curvature scalar (2.33a) then follows from the
usual argument for conformal rescalings (see e.g. [75]).

C.2. Phase space curvature

We now compute the curvature of the metric (2.26). Before we do so, however, let us recap
the vielbein formalism as it is more efficient than working in a coordinate basis.

C.2.1. Vielbein formalism. Let (M,g) be an m-dimensional (semi-)Riemannian manifold

coordinatised by x/ withi,j,... =1,...,m. Then
L
8§ = Egzjdx Ody . (C.10)
We denote the vielbeins by E,=E,0;€ X(M) for a,b,...=1,....m, with (E/)¢€

€ (M,GL(m)). Dually, we have e* = dx'e;* € Q' (M), with (e;%) € €°°(M,GL(m)), satis-
fying E, —e” = 6,°. Consequently, we have

Ejel = 6, and e“E;/ = 6/, (C.11)

and therefore
1 b a

8§ = 5¢ © e Nap (C.12)

with 7,, = diag(—1,...,—1,1,...,1).
The structure functions C,,° € €°° (M) are given by

[EmEb] = abCEcv (C13)

or, dually,
a 1 c b a
de = Ee Ne’Cpt . (C.149)

The torsion and curvature two-forms,

1 1
T = EeCAebTbc“ and R, = Eed/\eCRcdab, (C.15)

50



Nonlinearity 37 (2024) 045012 L Napper et al

are defined by the Cartan structure equations

de® — e’ Awp® = =T and dw,” —w, Awl = —R., (C.16)

where w,? = e“w,,” is the connection one-form. The associated Ricci tensor and the curvature

scalar are then given by

Rw := Rew® and R := n™Ry . (C.17)

Furthermore, metric compatibility amounts to requiring

Wap = —Wpa With wa = W Nep - (C.13)

Imposing (C.18) and the torsion freeness constraint 7% = 0 yields the Levi-Civita connec-
tion and a short calculation shows that this connection is given by

(Caw + Cha+ Ca®) (C.19)

1
Wap© = E
with indices raised and lowered using 7. In this case, the curvature scalar (C.17) is

1 1
R = 2E,C%' — CPCe.C — 3 el — 2 e CC . (C.20)

C.2.2. Connection. Letnow (M, £) be aRiemannian manifold, and consider the metric (3.15)
on T*M now assumed to be in 2m dimensions. Furthermore, let

B o . O .
E, := E,/—— and & := dx'¢/ (C.21)
ox!

be the vielbeins and dual vielbeins on (M, g) with structure functions Cap©, and set
(@) = (&"24) = <~/|f‘| dxl‘éﬂ,z‘;“af%q,) :
" . , (C.22)
- ~ (i "\ _ (sgn (f) 1, O
(WAB) = ~ab =

U] 0 1,
for multi-indices A, B, . ... Then, the metric (3.15) becomes

g .
g = EeBGeAnAB- (C.23)

Note that & and E, only depend on the base manifold coordinates x* and not on the fibre
coordinates g;.
Next, dually, we have E4 we? = 6,8 with (Ex) = (E,, E*) and

. 1 ../ 0 o 0 N 0
E, = E, (+1“,»,-"qk') and EY := ¢"— (C24)

oo\ o B g;
i * K 1
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After a straightforward calculation, we obtain for [EA,EB] = C‘ABCEC the relations

PR 1 = o 2 g 1. g
Ea Ey) = —=Cap*Ee — Eglog(|f)Ep) + —RapcqaE*
f] If]

P 1. A 1 .
(B EY) = —E"og(|f|)Es — ——a E° (C.25)

2 -

If]

[Eﬂ?Eh] = 07

where we have set g, := ; . g; and used the identities
) o . .
Wap* = E4'Ey/ (Fijkekc_ 54 ) and Rape” = E/EJE Rz'e” . (C.26)

Reading off the structure functions Cy5€ from these relations and using the formula (C.19),
the Levi-Civita connection ¢45€ for the metric (3.15) can be written in terms of the Levi-Civita
connection w,,° for the background metric g as

. 1. 5 .
Oapt = E(CCAB + Cpa + Ca5©) . (C.27)

C.2.3. Curvature. Upon combining (C.25) and (C.27) with (C.20), the curvature scalar of the
metric (3.15) is given by

R = ]}CR — A‘J}‘ZkabcdkabCEQdQe —(m— 1)AB log(m) _ 5ahEaEb 10g(|f|)
+ ) 1, 1) 2)5%, og( ) uog(F) €2

1 R s .
+ gmm = 3)0apE” log(|f)E"og(|f1) .

where AB is the Beltrami Laplacian for g. Here, i?abcd is the Riemann curvature tensor for
the background metric g and R the associated curvature scalar. In our coordinate basis, this
becomes

S PO . o e
1 o0 0 8 0 .
— _ _ ol
# == (aﬁrma >log(|f|)( H qnaqm)loguo
1 , 0 - .
+ Zm(m—3)8U%10g(|f|)%10g(|f|) ;
(C.29)

where we have used (C.24). This verifies (3.22). R
Finally, we note that in the case of the flat background metric g;; = J;, wehave f = f = %Ap
with A the standard Laplacian on R™ and so, the formula (C.29) simplifies to

m—1 ;
= F[(6 —m)OfO'f — 4fAf] . (C.30)

=
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