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We provide a theoretical framework based on classical electromagnetism, to describe optical
properties of Fabry-Pérot cavities, filled with multilayered and linear chiral materials. We find a
formal link between transfer-matrix, scattering-matrix and Green-function approaches to compute
the polarization-dependent optical transmission, and cavity-modified circular dichroism signals. We
show how general symmetries like Lorentz’s reciprocity and time-reversal symmetry constrain the
modelling of such cavities. We apply this approach to investigate numerically and analytically the
properties of various Fabry-Pérot cavities, made of either metallic or helicity-preserving dielectric
photonic crystal mirrors. In the latter case, we analyze the onset of chiral cavity-polaritons in terms
of partial helicity-preservation of electromagnetic waves reflected at the mirrors interfaces. Our
approach is relevant for designing innovative Fabry-Pérot cavities for chiral-sensing, and for probing

cavity-modified stereochemistry.

I. INTRODUCTION

The notion of chirality is central in many research fields
including optics, stereochemistry and biology [1]. Usually,
an object is said to be chiral if it cannot be superimposed
with its mirror image. The different classes of existing
mirror-images of the object with given handedness are
called enantiomers. Chirality is thus defined in terms of a
lack of spatial symmetry of the given object, namely with
respect to a lack of planar symmetries. One consequence
of chirality at the molecular level arises in optics, where
linearly-polarized light propagating in a chiral medium
rotates with a different angle, depending on the medium
chirality. This phenomenon, called optical activity, is due
to the medium refractive index, which is slightly different
depending on whether the propagating wave is left circu-
larly polarized (LCP) or right circularly polarized (RCP)
[2-4]. The phenomenon that is the Kramers-Kronig con-
jugate of optical activity is called circular dichroism (CD).
It stands for the different absorption-rate between LCP
and RCP electromagnetic-waves propagating inside the
chiral medium [5-10]. The measurement and analysis of
those chiroptical observables are important in stereochem-
istry, since they enable to characterize the handedness
and degree (purity) of chirality of a given material or
solution, namely to get information about the relative
concentration of its chiral molecular constituent.

Many theoretical works have been devoted to under-
standing and describing the structure-property relation-
ship of molecules constituting a chiral medium. The early
work of Condon [11] proposed a simple microscopic model
of an isotropic and homogeneous chiral medium, from
which he derived macroscopic constitutive relations at the
origin of optical activity and circular dichroism. Slightly
different sets of constitutive relations (depending on the
material under study) were later proposed [12-14], pro-
viding a robust ground for developing a theory of light
scattering in multilayered, linear and chiral media [15-19].
Recently, the study of chirality has been the subject of

many developments, in particular due to the extension
of the notion of chirality to more general and abstract
classes of objects, like the electromagnetic field itself: this
extended notion of chirality is however a delicate concept
to define and apprehend, due the interaction between
light and matter [20].

Regarding experiments, on a practical ground, even
for highly concentrated samples, the interaction between
chiral molecules and light is unfortunately intrinsically
weak, thus inducing chiroptical signals of relative order
1075 —1073 [3, 4, 11]. There is therefore a strong need for
the design of alternative devices that would enhance this
interaction strength. Artificial photonic materials [21-28]
are such candidates, using the near-field enhancement of
plasmonic nanoparticles to boost their interaction with
the chiral molecules [29-34]. Planar metasurfaces are
other types of structures that were realized to have selec-
tive scattering properties with respect to the handedness
of the incoming light [35-44]. A key role in the design
and efficiency of such structures is played by Lorentz’s
reciprocity [2, 45, 46], namely the symmetry of electromag-
netic fields with respect to swapping the input (source)
and output (detector) of a linear optical system [47]. The
general classification of reciprocal structures exhibiting
chirality and their related electromagnetic response, was
performed extensively by Drezet et al. [48]. It enabled to
separate and clarify the concepts of time-reversal symme-
try and reciprocity.

Another strategy to enhance light-matter interactions
is to confine light and molecules in optical resonators,
such as Fabry-Pérot (FP) cavities [49]. In such devices,
light undergoes multiple internal reflections, with the di-
rect consequence of increasing the optical path length
inside the cavity, opening the possibility to interact reso-
nantly with the embedded material. The capability of FP
optical cavities to manipulate the molecular properties
upon achieving light-matter electronic strong coupling has
been demonstrated experimentally [50, 51]. In this case,
the electric transition dipoles of the embedded organic



molecules couple collectively to the confined electromag-
netic cavity modes, causing the emergence of hybrid light-
matter excitations called polaritons. However, even for FP
cavities in the polaritonic regime, the related enhancement
of chiroptical signals is rather limited. Indeed, normal
(metallic or dielectric) mirrors revert the helicity of light
upon reflection [52], thus resulting in a lack of significant
additional imbalance in the polarization content of the
electromagnetic modes stored inside the cavity. For this
reason, recent years have witnessed many proposals [53—
57] as well as the first realization of helicity-preserving
(HP) mirrors [58] and FP cavities [59-61]. The latter
support chiral cavity-modes, which in turn can couple
efficiently to the hosted molecular material. Recently, we
predicted theoretically that such an HP Fabry-Pérot cav-
ity can enhance the intrinsic chiroptical signal generated
by the embedded chiral molecules, making it potentially
useful for chiral-sensing measurements [62].

In this paper, we complement our previous work [62]
and provide an in-depth and comprehensive tutorial-style
guide of the numerical and analytical methods we devel-
oped to investigate chiral light-matter interactions in HP
Fabry-Pérot cavities. Moreover, we analyze in detail the
mechanism responsible for the formation of chiral cavity-
polaritons reported in [62]. The organisation of this paper
is the following. In Sec. II, we provide an overview of
Lorentz’s reciprocity in electromagnetism and its conse-
quences on relevant observable in optics. In Sec. III, we
present Condon’s microscopic model of optical activity
in a Pasteur medium, and the associated macroscopic
constitutive relations. We propose in Sec. IV a numerical
transfer-matrix code for multilayered and linear Pasteur
media in presence of losses (absorption), that enables to
compute their output optical transmittance and chirop-
tical signals. In Sec. V, we derive an explicit relation
between the transmission-matrix of the cavity and its
Green’s function. We exemplify the previous approaches
in Sec. VI, by computing numerically and analytically the
chiroptical signals out of a standard FP cavity made of
silver mirrors. In Sec. VII, we complement and compare
these calculations to the case of HP cavities, for which
we analyze the mechanism responsible for the emergence
of chiral cavity-polaritons. Conclusions and perspectives
of this work are given in the final Sec. VIII.

II. RECIPROCITY

In this section, we generalize the Lorentz reciprocity
theorem [2, 52] to linear and chiral media. We show
that reciprocity induces some relations among the compo-
nents of the transmission and reflection electromagnetic
matrices. Consequences on the scattering properties of
reciprocal and chiral electromagnetic Fabry-Pérot cavities
are outlined.

A. Onsager-Casimir relations for reciprocal systems

We start our derivation by writing the macroscopic
Maxwell’s equations [2, 52]
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where p and j are the distributions of free charges and
currents, respectively. The electromagnetic properties of
the medium are described by the constitutive relations

L 2)
).

linking the electric displacement vector D and magnetic
induction B to the electric and magnetic polarization
vectors P and M. The vacuum permittivity (permeability)
is written as ¢ (1p). In a linear and chiral medium, the
P and M vectors are linearly related to the electric E
and magnetic H fields, so that the constitutive relations
take the compact form

D=a ¢, (3)
with
D g B
— > —
= — = = — . 4
Ba=led)e-E o

We introduced in eq. (4), the generalized electromagnetic

permittivity tensor . The latter contains the permittiv-
Axd

ity tensor 2 and permeability tensor K, as well as the

o A xd
magneto-electric tensors v and ¢ at the origin of opti-
cal activity and circular dichroism of the medium. The

components of the Q-tensor are not arbitrary, but are
constrained by microscopic reversibility (in the absence
of any static external magnetic field), as expressed by the
Onsager-Casimir (OC) relations [2, 63-65]

Qpy = Fyp, (5)

with a positive (negative) sign if both variables labelled
as 3,7 have the same (different) parity with respect to
time-reversal symmetry. From eq. (5), it follows that

g () (6)
- 7

ﬁ—(QT, ®)

with T meaning the transpose of a given tensor.
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Figure 1. Pictorial representation of the reciprocity symmetry
obtained by exchanging two current distributions ji1 and j2,
at the origin of the two electric fields E7 and Es, respectively.

B. Lorentz’s reciprocity theorem for chiral media

In this section, we extend the demonstration of
Lorentz’s reciprocity theorem [2], to the case of a lin-
ear and chiral medium. To this purpose, we consider two
sources of volumic current 7, (7;) and jo(7) embedded in
the chiral medium (as depicted in Fig. 1). The volumes
associated to each current are V; and Vs, respectively. We

denote as (El,ﬁl) and (Eg,ﬁg) the electric and mag-

netic field generated by each source. Maxwell’s equations
plus the superposition principle imply that

V- {ﬁ1AE2—ﬁ2AE1} =5 Ey—Jo- Ei —iwA, 9)
with
A:-ﬁl'E’Q*BQ'E’lJFﬁl'B'Z*ﬁQ'B'L (10)

Making use of the constitutive relations (see eq. (4)), we
obtain A = A, + A, + A, with

A, = :(?EI)-EQ—E.(? o } : (11)
A, = ﬁ1 : (ﬁ ﬁz) - (7; Hl) : 42} ) (12)
A, = ($ﬁ1> 'Ez+ﬁ1' ? _02>}

+ _* (? El) 'ﬁ2 - El : (;> _’2)} . (13)

The “diagonal” terms in eqs. (11), (12) are associated
to the pure electric and pure magnetic electromagnetic
response of the medium, respectively. The “off-diagonal”
terms in eq. (13) are absent for an achiral medium, and
are associated to optical activity and circular dichroism.
Inserting eqs. (6), (7) and (8) in egs. (11), (12) and (13),
we obtain that A = 0. This implies that eq. (9) can be
simplified to

6- [ﬁlAﬁg—ﬁgAﬁl} 251-52—52-51.(14)

We further integrate eq. (14) in a volume V including V;
and Vs. Upon letting V — oo, with proper asymptotic

conditions for the fields [45], the surface integrals (gener-
ated by the left-hand side of eq. 14) do vanish, and we
obtain the final result

—
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This equation is indeed the extension of Lorentz’s reci-
procity [2] to the case of linear and chiral systems. It
expresses a relation between the electric fields generated
upon exchange between two different sources. This non-
trivial result is a deep consequence of microscopic re-
versibility expressed by the OC’s relations in eq. (5).

C. Beyond dipole approximation

We now suppose that the volumes V; and Vs, are suf-
ficiently far away from each other, so that the electric

field E, () radiated by the source 2 does not vary much
spatially on the scale of the other current distribution 1.

Defining an arbitrary point 7;&0) =0 € V1, we expand the
electric field Es (71) around that point:

— -

Es (71) ~ Eo(0) + (771 : ﬁ) E5(0) (16)

We evaluate the left-hand side of eq. (15):

/ d3’171 ‘;1 (771) . EQ (Fl) N —iw (ﬁl . EQ(G) — T?Ll . EQ(G)) s
V1

(17)

where ji; and m; are the electric and magnetic dipole
moments of the distribution 1. A similar equation is
obtained by exchanging 1 and 2. The first term on the
right-hand side of eq. (17) results from the standard
electric-dipole approximation, while the second one is the
magnetic contribution coming from next order corrections
in the spatial variation of the electric field [3, 11]. Note
that the contribution of the electric quadrupole moment
has been neglected in eq. (17), since it yields a vanishing
contribution upon rotational averaging of the molecules
orientation [3] (see Appendix A for a complete expression
including the electric quadrupole). We then obtain

— — —

fir - By (1) — 101 - By (7)) = fia - By () — g - By (72)
(18)

This statement expresses the Lorentz reciprocity theorem
in optically active media, for which the contribution of
the magnetic dipole has to be taken into account. We
note that the minus sign in front of the magnetic term
is fundamental, and is due to the fact that the magnetic
field is odd under time reversal.



D. Green’s function

We now consider a linear, chiral and reciprocal (LCR)
scattering medium, in between two free-space regions with
two sources of electromagnetic field infinitely far away. We
denote the free-space region hosting one source as 1, and
the free-space region hosting the other source as 2. The
system is sketched in Fig. 2. Either region (1 or 2) can
play the role of source or detector of electromagnetic fields.
The statement of reciprocity given by eq. (18) expresses
a symmetry upon exchanging source and detector in the
electromagnetic scattering problem. The latter can be
written in a compact form

(B) 5.1 = (P) 0602, 19)

AT
with (P) = (fI, uom) a vector made of the electric and

magnetic dipole moments acting as a source, & the vector
of generated electric and magnetic fields defined in eq.
(4), and 6, = diag (I, —-I) a tensor made of the 2 x 2
identity tensor I. We now introduce the electromagnetic
< Z,
Green’s tensor G (2, 1), which connects the source P; (at

its position in region 1) to the field & (2) radiated by the
same source evaluated in region 2:

£1(2) = G2 1)P. (20)

In other words, the Green’s tensor accounts for all the
scattering events (multiple transmissions and reflections)
that modify the field &, when traveling from region 1 to
region 2 through the LCR medium. Inserting eq. (20) in
eq. (19) leads to

(B)'[¢ @] o5
(21)

(P) o6 2P, =

which is valid for any sources 731, Ps. Hence, the electro-
magnetic Green’s tensor fulfills the following relation
g

[5 (2,1)}T = 6.G(1,2)6., (22)

which expresses electromagnetic reciprocity at the level
of the Green’s functions.

E. Scattering matrix

Here, we reformulate the previous scattering problem
in terms of an input-output formalism [48, 66]. Input

electromagnetic fields (in the far field) from the left f:'alﬁin
and from the right (i,in, are scattered by a LCR medium
into output electromagnetic fields to the left a,out and
to the right é}out (see Figure 2). We can relate the input

g
and output fields by introducing the scattering matrix S:

. PR
Eout =S Ein7 (23)

in out

out in
R

T

Figure 2. Sketch of the scattering problem: input waves from
the regions 1 and 2 are scattered by the central medium,
leading to output waves.

with

nl 51 out 2 R(— T(— n C(?l in
Eou = |z’ y O= ’ Ein = |z’ ) 24
‘ |:g2,out:| S |: T—> ,R’_> 2,in ( )

where T_,, 7. are the transmission matrices for electro-
magnetic waves traveling from left to right and right to
left, respectively. R_,, R, are reflection matrices for
electromagnetic waves reflected from right to right and
left to left, respectively. We suppose that the waves arriv-
ing on the scatterer are accurately described within the
paraxial approximation, for which the electromagnetic
field is transverse to the wave propagation and has two
degrees of freedom given by the polarization. As in Sec.
IID, we consider the case 627in = 6, for which the source
is on the left of the scatterer (region 1), while the detector
is on the other side (region 2). The transmission ma-
trix for a wave traveling from left to right then connects
the output field in region 2 to the input field in region
1, according to 52,01“ = 7;5?1,111. This output wave can
also be expressed in terms of the electromagnetic Green’s
function gg’out :3 (2, 1)751. Since the input (source) field
f:iin is a linear function of the dipolar source ﬁl, we can
define a matrix A such that 6?1,111 = N,P;. For far fields
in the paraxial approximation, the matrices N7 and N5
are diagonal and filled by direction cosines, that is cosines
of the angles formed by the direction of the wavevector
relative to the cartesian axis, that go to 1 [45], thus are
proportional to the identity matrix. Using this relation,
we are finally able to formally relate the Green’s tensor
with the scattering properties of the LCR medium as

TN = G (2,1). (25)

Exchanging the source and detector (region 1 becomes
region 2 and the arrow is inverted), we find

TNy = G (1,2). (26)

Egs. (25), (26) connect the forward and backward trans-
mission matrices to the electromagnetic Green’s functions.
Thus, the transmission matrices inherit the symmetry
of the Green’s functions under reciprocity written in eq.



(22). This implies that (7: Na2)" = 6. (T.N1) 6., which
simplifies further in the paraxial approximation to

(Te)' =6-(T>) 6. (27)

A similar argument holds for the reflection matrices, lead-
ing to

(R)" = 6.(R)6-, (28)
(R_)T = 6. (R 6. (29)

Those relations are another important result of this sec-
tion. They can be subsumed in a reciprocity symmetry-
property of the scattering matrix

. (30)

with

v.= [" 0} . (31)

III. CONDON’S MICROSCOPIC MODEL

Figure 3. Sketch of a Pasteur medium probed by an external
and classical electromagnetic field (E, B). Light-matter inter-
action generates an induced electric dipole ;:j and a magnetic-
dipole m at the microscopic level.

In this section, we describe a microscopic model of
chirality and optical activity, originally due to Condon
[11], in which molecular electric and magnetic dipoles
interact with classical light. We derive the macroscopic
constitutive relations arising from this microscopic model,
and specialize them to the case of linear, homogeneous,
isotropic and chiral (LHIC) reciprocal media, called Pas-
teur media [13, 14]. We did not consider the case of
bi-isotropic Tellegen media [14], which contain an addi-
tional parameter in the constitutive relations breaking
electromagnetic reciprocity, and are thus beyond the scope
of the present paper.

A. Microscopic polarization

We start with an expression of the Hamiltonian 7:[(15)
written in the minimal-coupling scheme, describing the

interaction of an atom or a molecule with a classical
electromagnetic field [3, 11]. We write H(t) = Ho + V(¢),

with Ho = % + V(&) the bare Hamiltonian of a single
electron of mass m, charge ¢ = —e, momentum operator
ﬁ, and position operator #. This electron also interacts
with the mean-field potential energy V(;%') induced by
other nuclei and electrons. We suppose that the bare
Hamiltonian Hg has been fully diagonalized, leading to
atomic or molecular eigenstates |a) and eigenenergies ¢,.
The interaction Hamiltonian with the time-dependent
electromagnetic field is written as

o qA(%, t) ]% (32)

where /T(aif, t) is the classical time-dependent potential-
vector field (depending on the position operator of the
electron), written in Coulomb gauge (V - A = 0). The
quadratic term proportional to ||A]|? is usually neglected
on the right-hand side of eq. (32), since it is usually
smaller than the linear one. This will limit the range of
validity of our investigations when dealing with Fabry-
Pérot cavities, to the regime of weak to moderately strong
(but not ultrastrong) light-matter coupling, for which
the electromagnetic coupling strength is weaker than the
cavity optical frequency (although it might be larger than
the overall losses) [67]. For an optically active (chiral)
medium, the dipolar approximation is not sufficient, and
one has to correct it with the spatial derivatives of A(Z, t)
around the origin of the coordinate system (in analogy
with eq. (16)) fixed at a position 0 inside the molecule

—

A, ) ~ A(0,1) + (:E 6) A@,1). (33)

Injecting eq. (33) in eq. (32), we obtain the interaction
Hamiltonian as

V(t) = —% [ff(ﬁ,t) P+ % (ﬁAA’(ﬁ,t)) : (;%A;%’) +] .

(34)
The first term stands for the contribution of the electric-
dipole moment, while the second one encodes the
magnetic-dipole moment contribution. Similarly to eq.
(17), we removed terms corresponding to the quadrupole
moments, that vanish upon averaging over the molecu-
lar orientation [3]. We consider the case of monochro-

matic fields A(Z,¢) = Re (/Y(aij',w)e_i‘“t), E(0,t) =

Re (E(w)e’th> and H(0,t) = Re (ﬁ(w)e’“t> applied
to the molecule. Using time-dependent perturbation the-
ory at first-order in V(t) (see Appendix B for a detailed
derivation) enables to find an expression for the perturbed
wave function [¢,(t)) of the electron that was initially
in the eigenstate |a) of Ho. The induced electric dipole
(i) (w) and magnetic-dipole (1, )(w) in the state |14 (t)),
averaged over the molecular dipole orientations are ob-



tained as

(7)) % aa@)B@) + 22 o i ),

. @) - (35)
(o) (@) & u(w)poH () — it = E(w),
with
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The Bohr frequency of the a — b transition is written
as Qe = (€ — €4) /A. The polarizabilities a,(w) and
Ba(w) describe the response of the electric and magnetic
dipoles when the molecule is exposed to an electromag-
netic perturbation. By effect of this perturbation, the
optical activity emerges as the dynamic magneto-electric

coupling g, (w).

B. Condon constitutive relations

The macroscopic constitutive relations (Condon rela-
tions) of a LHIC medium follow directly from homogeneity
and isotropy of the medium in eq. (35). To this effect,
we consider N molecules per unit volume, where each
molecule has an associated probability p, (for instance a
thermal Boltzmann distribution) to be in the state |a).
We obtain the macroscopic polarization P=N > o Paliia)

and magnetization M = N > o Pal(mia), such that

P= oneE + zng,
c
e (37)
M =xmH —iw—EF,
HoC

where x. = N > paa/co is the electric susceptibility,
Xm = HoN Y, PaPa is the magnetic susceptibility, and
g = 10N >, Paga- These relations can be rewritten in
terms of the electric displacement D and magnetic induc-
tion B, using eq. (2) as

P (39)

where ¢ = o (1+ xe) is the permittivity, and p =
to (1 + Xxm) is the permeability. The dimensionless
magneto-electric coupling k(w) = wg(w) is the Pasteur
coefficient of the LHIC medium, and takes typical values
in the range 107° — 1073 [3, 4, 11]. The macroscopic Con-
don constitutive relations, reported in eq. (38), are valid

for any LHIC medium, or Pasteur medium [13, 14] (see
Figure 3), and can be recovered from the more general eq.

(4), in the specific case of a scalar tensor V= i%I. The
Condon constitutive relations obviously fulfill the more
general reciprocity relations discussed in Sec. II.

IV. TRANSFER-MATRIX APPROACH FOR
CHIRAL MEDIA

In this section, we show how to compute the optical
properties of any scattering chiral medium. We derive an-
alytically the transmission and reflection matrices for an
interface between two chiral media following the transfer-
matrix approach of ref. [19]. This approach considers the
propagation of left-handed (LCP, +) and right-handed
(RCP, —) circularly polarized light-rays through differ-
ent layers, at arbitrary incident angles. We extend these
results to the case of transfer-matrices for multilayer Pas-
teur media. In contrast to the original work by Jaggard
[19], here we use Condon’s constitutive relations (see eq.
(38)) for describing the electromagnetic response of the
medium, rather than the ones derived by Post [12]. This
choice is dictated both by simplicity of the available mi-
croscopic model developed in Sec. III, and by the fact
that the obtained results do not depend crucially on it.
The results derived in this section are fully compatible
with classical Maxwell equations, and are independent of
the approximations made in Sec.III: the light-matter in-
teraction is fully encoded into the parameterized dielectric
permittivity and Pasteur coefficients written explicitly in
Sec.VI. The question of how to derive such macroscopic
dielectric constant [68] and Pasteur coefficient from a
realistic microscopic model of the material strongly inter-
acting with the cavity electromagnetic field is beyond the
scope of the present paper. We implemented a numerical
code based on this transfer-matrix approach, which is able
to simulate the optical properties of an arbitrary number
of layers. Several examples are shown in Sec. VI and Sec.
VII.

A. Light propagation in a bulk Pasteur medium

) A

Figure 4. Sketch of LCP (+) and RCP (—) waves with wave-

vectors E+ and k_ that propagate in a LHIC medium with
Pasteur coefficient k.



We study the propagation of electromagnetic waves
in a bulk Pasteur medium. We derive the related wave-
equation from Maxwell’s egs. (1) (assuming a harmonic

time-dependence for the fields, p = 0 and ; = 0), and
Condon constitutive relations (see Sec. III)

2
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The usual Helmholtz equation for achiral media is re-
trieved in the limit k — 0. We obtain eigenmodes of eq.
(39) as forward and backward propagating electric fields,
given respectively by E®, (7) = Eieiga'F and E® (7) =
Eﬁe‘iEQ‘F, with Ko the wave-vectors that differ for the
a =+ (LCP) and o = — (RCP) waves. The amplitudes of
the waves are given by E_:iﬂ—) = E_ () (€ +iaey) /2,
with £_, ) the arbitrary amplitude of the forward (back-
ward) propagating field, and €, and €, the unit vectors
perpendicular to ko (see Figure 4). We obtain from eq.
(39) the dispersion relations ||kq|| = ko = “nq with the
polarization-dependent refraction index

Ng =N + OK, (40)

where n = c,/pé€ is the average refractive index of the ma-
terial when k = 0. The complex and frequency-dependent
refractive indices ny and n_ encode the polarization-
dependent dispersion and absorption of LCP (4) and
RCP (—) waves propagating inside the Pasteur medium.

B. Transfer-matrix at a single interface

Ky & 1

Figure 5. Pictorial representation of the electric fields at
the interface between two LHIC media of different Pasteur
coefficients x and «’.

We now consider an interface between two different
LHIC media (see Figure 5), characterized by k, € and p for
the first medium and &', &’ and p’ for the second one. We
also introduce the relative electromagnetic impedances for

each medium, n = \/g and ' = 1/%’/' After expressing

the continuity relations of the l_j, B , E and H fields at the
interface between the two media, we obtain the transfer-

<~
matrix T relating the input (in) and output (out) electric

fields in each material (see Appendix C for a detailed

derivation),
(), ] [CE2).]
E; in _H E:’ out
) TLEL
E; out E; in
with
o My Mg
T_<Mnﬂh>' (42)

We introduced in eq. (42), the submatrices

1 cos 0/, 1 cos 6’
Z(1+$) <1icosei) Z(%_1> (l:FcosG+)
1 cos 0/, 1 cos 0’
Z<$_]‘) (1:F0059t) Z(l—’_%) (1:l:cosl9_>

(43)
2
where cos /. = \/1 - (:—i) sin? 0., and 0, 0, are the
incidence angles of light in each medium. We extract
from eq. (41), the transmission and reflection matrices
already defined in Sec. ITE. For instance, by imposing
(Ef,EZ) =(0,0), we obtain the 2x2 transmission matrix
T_, and reflection matrix R (see eq. (24)) defined in
the circular-polarization basis

+\' +
() t:T*@f). with T = My,

MT(R)=

— —
+ +
(E+> :RH(E+>,wmlRe:wmwu¥
E‘* out E‘) in

(44)

The remaining transmission matrix 7. and reflection
matrix R_, are obtained with an analogous argument as

T = Mp — MRM;lMR,

45
R, = -M7 Mgz. (43)

C. Transfer-matrix for multilayers

The main advantage of resorting to the previous %—
matrix technique relies on its simple implementation for
numerical calculations. Indeed, to extend it to strati-
fied media, it is sufficient to multiply from left to right
the transfer-matrices of the interfaces (see eq. (41)) and
bulk layers encountered along the light propagation axis
(as is conventional in optics [19]). In this section, we
illustrate in Figure 6 the transfer-matrix method, by con-
sidering a LHIC medium (labelled as (2)), characterized
by impedance 1’ and thickness L, embedded in an achiral
material (labelled as (1)) of impedance 7. The medium
is illuminated at normal incidence (0. = 6+ = 0 in eq.

(43)). The full transfer-matrix ff raIc of the system is
then the product of one transfer-matrix To for the (1)-(2)
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Figure 6. Sketch of the transfer matrix approach for a LHIC
medium (2) (in dark grey) embedded in an achiral medium

(1) (in light grey).

<~
interface, one transfer-matrix T for the bulk-layer (2),
and one transfer-matrix Tqo for the (2)-(1) interface

<> <>
Trarc= Tiz2 Ty Tau, (46)

<>
with the Tg-matrix given by

e+ 0 0 0
g 0 e~ 0 0
T¢ = 0 0 ei¢+ 0 ) (47)
0 0 0 e

and ¢+ = ki L. We highlight that the %LHIc—matrix is
not in general symmetric, which is instead the case for the
transfer-matrix of a single interface (see eq. (41)). From
eq. (46), as in Sec. IV B, we derive all the transmission
and reflection matrices. The latter fulfill the relations

To=T_ =T and R, = R_ =R, with

o0 e+ 0 _ =201

and
E1=(1+7)%— (7—1)20+to-) (49)
EQ = ( — 772) (ei(¢++¢*) — 1) s (50)
by + ¢ =2wl/pe; T=n/n. (51)

Under illumination at normal incidence, the polariza-
tion of the incoming wave is preserved in transmission
(T_4+ = T4— = 0) while it is perfectly reversed in re-
flection (R4+ = R__ = 0). We also notice that the
reflection matrix is polarization-independent, while the
dependence of the transmission matrix with polarization
comes from the complex numbers e**+. The latter encode
the difference in phase velocity (real part of the refrac-
tion index n+) and absorption coefficient (imaginary part
of ny) for LCP and RCP propagating waves inside the
Pasteur medium (2).

L
l

gin gout

Figure 7. Sketch of a FP cavity made by arbitrary mirrors
(1), with incoming (outgoing) electric field &in (Eout). Multiple
reflection processes occur in the embedded medium (2).

V. GREEN’S FUNCTION APPROACH FOR
MULTILAYERED SYSTEMS

In this section, we reformulate and link the scattering-
matrix approach of Sec. ITE to the Green function one
introduced in Sec. IID. We derive an explicit expression
of the optical forward transmission for an incoming LCP
or RCP electric field gin (the source) propagating across
the Fabry-Pérot (FP) cavity shown in Figure 7. The
mirrors are labelled as (1), while the cavity-embedded
Pasteur medium is labelled as (2). We suppose that no
input-field (no source) is applied coming from the right.
The transmitted output field é?out out of the cavity is
provided by Eout = TsEm (see eq. (24)), with

— |t 4
T, = [t+_ t__] . (52)

We define T’y (T_), the total transmission or normalized
intensity of the output-wave §+,Out (67,70“) generated
upon illuminating the cavity by an LCP (RCP) incom-
ing wave &, i, = (1,0) (E_in = (0,1)). We find in the
circularly polarized basis that

Ty = ||Es outl® = [taa]? + [tag | (53)

The different dispersion (optical activity) and absorp-
tion (circular dichroism) of the propagating wave across
the cavity induces an asymmetry in transmission AT =
T, —T_. We define naturally the differential circular
transmission DCT, as the relevant chiroptical signal that
quantifies this asymmetry with respect to the average
transmission T = (T +7T_) /2 as

per = 2T, (54)
T

We collect and sum at all orders the series of transmit-
ted and reflected wave amplitudes at each round-trip
(multiple-scattering) inside the FP cavity (see detailed
derivation in Appendix D). From now, we adopt the usual
convention in condensed matter (suited for analytical
calculations), that matrices and Green functions are mul-
tiplied from the right to the left, upon propagation of the
wave along the optical axis. This is in contrast to the



transfer-matrix approach in Sec. IV, where the opposite
convention of optics was adopted. We obtain an exact
expression for the forward transmission matrix

<>
T5 =T G2 Tors (55)

where 775" (T57") is the forward transmission matrix across

>
the right (left) mirror (1), and G, is the Green function of
the Pasteur medium (2) “dressed” by multiple reflections
at the left and right mirrors (1). The former is given by

< 1

Ga2= mv (56)

<~ . .
where M 4= diag (e'*+,€'~) is the bare Green function
of medium (2) alone (without mirror reflections), and

pag - = —
Yoo=Rys My R, (57)

is the self-energy associated to forward (backward) re-

flection matrices of the wave R33 (R3;) at the interfaces

between media (1) and (2). We note that the Green’s
g

function G o9 is symmetric for reciprocal media, and thus
fulfills the general constraints presented in Sec. IID.
Finally, using eq. (55), we obtain the following expres-
sions of the average transmission T and AT transmission
imbalance across this optical junction

T =T [TLT.], (58)
AT = Tr[6.TLT,] . (59)

These last equations are the main results of this paper.
They provide a general and compact expression of DCT
that is valid for any reciprocal and layered medium (with
dispersion and losses), any kind of mirrors and every
incident angle of the incoming wave. Moreover, eq. (58)
and eq. (55) share a nice analogy with the expression
of the Landauer electric conductance across a quantum
coherent mesoscopic conductor [69-71].

VI. FABRY-PEROT CAVITY WITH SILVER
MIRRORS

In the rest of the paper, we exemplify the outcome
of the transfer-matrix numerical code developed in Sec.
IV, and complement it with analytical calculations made
with the Green function approach of Sec. V. For this
purpose, in this section, we study chiroptical properties of
a Fabry-Pérot cavity made of dispersive and lossy silver
mirrors (labelled as (1) and (2) in Figure 8) and filled
with a non-magnetic LHIC Pasteur medium (p = po)
of thickness L. The metallic mirrors are modelled by
a standard dielectric permittivity [52], with parameters
chosen to correspond to silver. The relative permittivity

Figure 8. Sketch of a FP cavity made by silver mirrors, that
is illuminated at normal incidence by an LCP (+) or RCP (—)
wave. The helicity of the wave inside the cavity is reversed
upon each successive reflection at the mirror interfaces.

gr (W) =€ (w) /eo of the LHIC medium is described by a
broad Lorentzian absorption lineshape [52]

w2

er (W) = €00 + P — i wgf_ i’ (60)
where e is the background relative permittivity, w,
is the medium plasma frequency (proportional to the
square root of the molecular concentration), wy is the
material resonance (absorption) frequency, and f € [0, 1]
is the oscillator strength for the corresponding electronic
transition. The material losses are modelled by the v
damping factor and its (complex) Pasteur coefficient x(w)
is chosen to be also frequency-dependent as

2
wywf

k(w) =k (61)

w0 [ — w?) — il

We note that eq. (60) and eq. (61) are consistent with the
quantum mechanical calculation performed in Sec. IIT A
(see also Appendix E). The effective refractive indices
n+(w) of the LHIC medium are given by eq. (40).

A. Normal incidence
1.  Weak-coupling regime (no polaritons)

We consider in this subsection the situation of normal
incidence under illumination of the FP cavity. In this
case, the helicity of incident circularly polarized waves
reverse perfectly at each reflection on the metallic mirrors
(see Figure 8). The transmission-matrix 7 and reflection-
matrix R for this cavity was computed exactly in eq.
(48). Using eq. (55), we compute analytically the diagonal
matrix elements of the transmission matrix 7%, 7_, leading
to the transmission intensities (or transmittances) T 1 (w)
(see also eq. (53))

TJ_,i(OJ) = TJ_(w)e_o‘i(w)L, (62)

where ai(w) = 2%Im(ni(w)) is the (polarization-
dependent) inverse attenuation length in the Pasteur
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Figure 9. (a) Transmittance T’ 4 at normal incidence (6 = 0)
of a FP cavity made by [Ag mirror-LHIC-Ag mirror] as a
function of w in eV and the thickness L of a LHIC medium in
nm. The dashed white line indicates the LHIC resonance fre-
quency wo (see eq. (60)). (b) Differential circular transmission
at normal incidence DCT | of the same system. The black
dashed lines indicate the intensity regions. The parameters
for the silver mirror are : €oo,ag = 4.8, fiwp, agv/f = 9.5€V,
hwo,ag = 0eV, hyag = 0.17eV, dag = 30nm. The parameters
for the LHIC medium are : €0, = 2.89, hw,v/f = 0.05eV,
Two = 2.0eV, iy = 0.05¢eV and x = 1075,

medium, and

TJ_(OJ) _ T1 (w)Tg(w)

(63)
is the standard transmittance of a FP cavity with kK =0
[49, 72]. We wrote Ty (o) (w) the transmission factor across
the mirror 1(2), R(w) = |r(w)|? the reflection factor inside
the cavity at the mirror interfaces, a(w) = 2%Im(n(w))
the (polarization-independent) attenuation factor, and
B(w) = 2%Re(n(w)) the dispersion factor of the medium.
Equation (62) is a generalization of the well-known Beer-
Lambert Law of absorption (recovered when k = 0) to
the case of Pasteur media. Since the absorption factor
is different for each polarization of the incoming light
(a4 # a_), circular dichroism is induced by the Pasteur
medium. Using egs. (62), and (54), we find the following
analytical formula for the differential circular transmission

DCT . (w) = 2tanh % (0 (@) — ay () (64)

This expression is the main result of this subsection. It has
a deep implication, namely it shows that the properties
of the metallic mirrors do not influence the DCT | of the
whole system. Remarkably, if we compute the DCT |
for the bare LHIC medium (without mirrors), we find
exactly the same expression. This means that embedding
a LHIC Pasteur medium inside a FP cavity made of
standard mirrors does not yield a significant increase
of its chiroptical response [73, 74]. This phenomenon
arises from the reversal of the helicity of the wave inside
the cavity at each successive reflection on the metallic
mirrors. The only contribution to circular dichroism
thus arises from direct transmission across the Pasteur

14+ RQ(w)e—Qa(w)L — 2¢—a(W)LRe (TZ(w)eiB(w)L)
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medium, as it is actually described by eq. (62). We
report in Figure 9-(a), the 2D-map of the transmittance
T .+ as a function of the medium thickness L and input
light frequency w, computed numerically by the transfer-
matrix approach of Sec. IV C. The first three FP modes
located at w = pre/nL with p = 1,2, 3 are visible. Due to
the losses in the mirrors and material, the transmittance
decreases exponentially with the cavity length, in full
accordance with eq. (62). We plot in Figure 9-(b) the
related 2D-map for DCT | , in a range of frequency close to
the material absorption at wy (dashed white line in Figure
9-(a)). We find that DCT | takes the largest values for w
in a band centered around wg and of width -, due to the
chosen Lorentzian frequency-dependence of x(w) in our
model (see eq. (61)). At fixed frequency, DCT | increases
together with the cavity thickness. This is consistent with
eq. (64), meaning that indeed the only factor influencing
DCT | is the asymmetric absorption of LCP and RCP
waves along a direct transmission path across the Pasteur
material. Finally, the DCT | -signal is negative, due to
the fact that for our chosen positive value of x = 1073,
the chiral Pasteur material absorbs LCP waves more than
RCP ones.

2. Polaritonic regime

T,
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2 205
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Figure 10. (a) Transmittance T\ + at normal incidence (6 = 0)
of a FP cavity made by [Ag mirror-LHIC-Ag mirror] as a
function of w and plasma frequency wp+/f of the LHIC medium.
The cavity mode is at resonance with the material absorption
frequency wp. (b) Differential circular transmission at normal
incidence DCT | of the same system. The parameters are
those of Figure 9 except that L = 133nm. (c) Differential
circular transmission at normal incidence DC7T | as a function
of w for three values of hwy/f (0.1eV in brown, 0.3eV in
orange, 0.5eV in yellow) and comparison to the analytical
formula in eq. (64) (dashed black lines).



In this subsection, we study the effect on chiroptical
properties of increasing the light-matter coupling strength
given by the plasma frequency hw,+/f in eq. (60). When
hwp,/f becomes significantly larger than the total cavity
losses, the FP cavity modes do mix with the material prop-
erties to generate new hybrid light-matter eigenmodes:
one at lower energies, the lower polariton (LP), and the
other at higher energies, the upper polariton (UP) [75, 76].
The appearance of the LP and UP has a direct signature in
the analytical properties of the background transmittance
T, (w) (see eq. (62)) seen as a function of the complex-
valued frequency w = z,,. The LP and UP are associated
to the emergence of new poles in T’ (z,,) (or zeros of the
transmittance denominator) in the complex plane of z,,.
This regime is the so-called strong-coupling or polaritonic
regime. The splitting between the polaritonic states is
centered at cavity frequencies that are resonant with the
material absorption frequency wg. The onset of polaritons
is well-resolved in Figure 10-(a), by computing numeri-
cally the transmittance T . as a function of hw,\/f. The
latter is varied by changing the concentration of molecules
in the Pasteur medium. Within the model of dielectric
constant provided in Eq. 60, we find that the observed
splitting between polaritonic states scales linearly with
hwp/f [ Too, With nee = \/€oo- We observe that the LP is
brighter than the UP, due to asymmetry in the frequency-
dependent response of the cavity. We show in Figure
10-(b) the related evolution of DCT | with hw,\/f, at fre-
quencies close to wg. Similarly to Figure 9-(b), we observe
that the DCT | -signal is maximum around the material
absorption frequency wy and increases with hw,+/f, due
to the corresponding increase of k(w) in eq. (61). How-
ever, there is no signature of the LP and UP branches in
the DCT | -signal. As described by eq. (64), this is due to
the only dependence of DCT | with the difference of LCP
and RCP absorption coefficients in the Pasteur medium
(and not with the background transmission). As shown in
Figure 10-(c), the DCT | -signals computed numerically
(plain curves) for given values of Aw,\/f (0.1eV in brown,
0.3eV in orange, 0.5€eV in yellow), perfectly match with
the analytical formula written in eq. (64) (dashed black
curves).

B. Finite incidence angle

We complement the results of the previous section to
the case of finite incidence angle (0 # 0), and investigate
their dependence with the parallel component of the in-
cident wave-vector k| = n% sinf. In comparison to the
case of normal incidence, the transmission and reflection
matrices have now both diagonal and off-diagonal ma-
trix elements in the circularly polarized basis (as in Sec.
IVB). In contrast to egs. (62) and (64), the resulting
transmittances and DCT at finite incident angles, are
expected now to depend not only on the Pasteur medium
absorption and dispersion, but also on the polarization-
dependent multiple reflection processes arising at the
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Figure 11. (a) Transmittance T of a FP cavity made by
[Ag mirror-LHIC-Ag mirror] as a function of w in eV and
kj =nwsin®/c in pm~". (b) Differential circular transmission
DCT of the same system. The parameters are those of Figure
9 except that L = 133nm and hw,+/f = 0.5€V.

mirror interfaces. We show that this is the case in Figure
11-(a) for the computed 2D-map of the transmittance T
as a function of k| and w, where we resolve the dispersion
of the LP and UP polariton. This is in strong contrast
with the corresponding DCT map at finite incident an-
gles, shown in Figure 11-(b). We observe an increased
(and negative) DCT-signal for frequencies close to wo,
due to the frequency-dependence of the Pasteur coeffi-
cient x(w), but without the expected dispersion behavior
(encoded in the kj-dependence of the transmission and
reflection matrices). We still detect no signature of the
UP and LP polariton in the DCT -signal, suggesting that
upon varying the incidence angle 8, the asymmetry in the
polarization-content of the wave stored inside the cavity is
still too weak to have a significant effect beyond the trivial
eq. (64). This justifies the search for different materials
with which to build the cavity and that would enhance
its intrinsic chiroptical properties. For this purpose, we
propose and study in the last Sec. VII, a FP cavity made
of dielectric photonic crystal (PC) mirrors.

VII. FABRY-PEROT CAVITY WITH
DIELECTRIC PHOTONIC CRYSTAL MIRRORS

In this section, we consider an alternative Fabry-Pérot
cavity, made of two helicity-preserving (HP) dielectric
photonic crystal mirrors (see Fig. 12), instead of the
previous standard metallic mirrors. The optical response
of such mirrors was reported experimentally in ref. [58],
and their theoretical modelling was proposed in refs. [53
62]. In the following, we provide further details about the
specificity of the modelling and chiroptical response of
such an HP cavity under illumination at normal incidence,
thus complementing our recent ref. [62].



Figure 12. Sketch of a FP cavity made by two dielectric
photonic crystal mirrors (1) and (2), illuminated at normal
incidence. The mirror (2) is obtained by flipping the mirror
(1), as shown by the flipped position of the yellow band on
the scheme. This cavity transmits and converts perfectly one
polarization of the waves inside the cavity for a frequency
equal to the helicity-preserving band frequency wup (see panel
(a)), while preserving partially the helicity of the reflected
waves at the internal medium-mirror interfaces when slightly
detuned in frequency from wup (see panel (b)).

A. Time-reversal symmetric dielectric photonic
crystal mirrors

We consider a single lossless PC mirror, labelled (1) in
Fig. 12. Upon normal illumination at nominal frequency
w = wpp (HP band frequency) of the photonic struc-
ture, this mirror is designed to perfectly transmit and
cross-convert one polarization of the incoming wave (LCP
(+)— RCP (-) for the mirror (1) of Fig. 12-(a)), while
reflecting and preserving entirely the other polarization
(RCP (-)— RCP (-)). A standard metallic mirror would
have reversed the handedness of the reflected wave [52].
Outside of the nominal HP band (|w — wyp| > yup, with
~vup the bandwidth), the mirror behaves as a standard
and quasi lossless dielectric mirror both in reflection and
transmission. The target helicity-preserving properties of
this mirror for optics are achieved in the neighborhood
of the HP band, at which frequencies (Jw — wup| = vap)
the helicity of light is partially conserved upon internal
reflection (see LCP (+)— LCP (+) for internal reflec-
tions on mirror (1) in Fig. 12-(b)). Following our previous
work [62], we model a single HP mirror (the left mirror
(1) in Fig. 12) with the following transmission (7_,) and
reflection matrices (R.)

ot 0] _ |t] - etor 0
Tt t| |t+7|.e7;¢HP |t|.€i¢t

R — 0 r | 0 7| - etor
S | T ] e |ro_| - etur |

that are parametrized by the transmission and reflec-
tion amplitudes (|¢|, [t+—]|, |7, |r——|), and by the phases
(¢t, o, dup). Those parameters are constrained to re-
produce various known limits. First, eq. (65) should
reproduce the behavior of a standard dielectric mirror for
frequencies out of the HP band (|w—wgp| > yup), namely
it should coincide with the transmission and reflection

(65)
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matrices (with k£ = 0) derived in eq. (48). This condition
is fulfilled by choosing equal diagonal transmission coeffi-
cients and equal off-diagonal reflection coefficients, namely
that t,, =t__ = |t|- e and r_ =r, = |r| €.
Then, the parametrization of eq. (65), should also repro-
duce the absolute values of the experimental transmission
and reflection amplitudes reported in ref. [58], for fre-
quencies in the HP band (|w —wnp| < yup). In particular,
the matrix elements ¢t_; and r4 are chosen to be zero,
to reproduce the strong imbalance of the mirror in cross-
transmission and in reflection [58]. In order to reproduce
the experimental frequency-dependence of |t _| in the
HP band, we adopt a Lorentzian-like model [62] with
resonance frequency wyp and decay rate ygp

YHP

to_ |- etfur = - .
[t i(w — wap) + YHP

(66)

This amounts to describe approximately the optical re-
sponse of the HP mirrors by a coupled-mode theory
[25, 77, 78] with one single-mode of the photonic mirror.
Since the mirrors have negligible losses, the conjunction
of energy-conservation and reciprocity of the dielectric
mirror, imposes time-reversal symmetry [79, 80] (TR) on

g
its scattering-matrix S, and thus the following additional
constraints (see Appendix F)

o o o\t
TR & S=0, |S* o, (67)
where o, is defined in eq. (31). Using eq. (67) and the
parametrization in eq. (65) and eq. (66), we can recon-

struct the full scattering-matrix of the mirror, containing
the following transmission and reflection matrices

[ |t| . ei¢t O T
T = |f+7| . plPuP |t‘ Ceide | T (T-)",
[ 0 It] - et(2¢up—¢1) T
R<_ = |t| . ei(2¢HP*¢t) —|t+,| . ei(pr = ( <—) 5
[ty | - etAde=30mr) || . gi(30i—20mp)] T
R = —[t] - et (3¢t—20up) 0 =(R-)

(68)

with [ty _|? 4+ 2[t|?> = 1 standing for energy-conservation.

B. Empty HP Fabry-Pérot cavity

In this subsection, we consider the optical response of
an empty HP Fabry-Pérot cavity. The first mirror (1) is
presented and studied in Sec. VII A, while the second
mirror (2) is obtained by flipping the first one (see Fig.
12). The scattering matrix of the flipped mirror yields
the same coefficients as the ones in eq. (68), but with
exchanged polarization indices. We present in Figure 13-
(a) the transmittance T’ ; of the HP cavity as a function
of frequency and cavity length. The main features of this
2D map are the presence of standard FP modes as in
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Figure 13. (a) Transmittance at normal incidence (6 = 0)
T, ,+ of a FP cavity made by [HP mirror-Air-HP mirror| as
a function of w in eV and the thickness L of a layer of air
in nm. The dashed white line indicates the fundamental FP
mode, obtained by the relation L[nm] = 1239.8/(2kw([eV]). (b)
Differential circular transmission at normal incidence DCT |
of the same system. The parameters for the dielectric photonic
crystal mirrors are as follows: hwnp = 2.0eV, fiyap = 0.01eV
and ¢y = /2.

Fig. 9-(a) (see dashed white line in Fig. 13-(a)), and the
emergence of an helicity-preserving and non-dispersive
band located at iw = hwgp = 2.0eV. We compute
numerically the chiroptical response of this cavity close
to the HP band, and show on Figure 13-(b) the related
2D map of DCT . The HP region appears as a red
non-dispersive band with DCT | = 2, while blue regions
with negative DCT | are generated when detuning the
cavity away from the HP band. In order to interpret those
plots, we obtain analytically (following the Green function
approach developed in Sec. V) the average transmission
T, (see eq. (58)) and transmission imbalance AT, (see
eq. (59)) along the fundamental FP mode (hence for
L = )\/2), leading to

= 32(1+40%) 486" + 68
Ty = 64(1 + 02) + 166% + 6% (69)
16(4 — 0%)

32 (1 + 02) + 80* + 0%’

DCT | (70)

where § = (w — wpp) /yup is the relative detuning with
respect to the HP region. As we have shown in our recent
ref. [62], eq. (70) perfectly describes the shape of the
DCT | -signal. At the center of the HP region (6 = 0),
DCT | reaches its maximum value of 2 for an averaged
transmittance T = 0.5. This is due to the specificity in
transmission and reflection of the cavity dielectric pho-
tonic crystal mirrors. Indeed, an incoming LCP wave at
w = wyp is perfectly transmitted and converted by mirror
(1) to a RCP wave inside the cavity. The latter is further
perfectly transmitted by mirror (2) as an LCP wave out
of the cavity (see Fig. 12-(a)), thus resulting in a total
transmittance T + = 1. In contrast to that behavior, an
incoming RCP wave is perfectly reflected by mirror (1)
and thus does not enter into the cavity. This implies a
vanishing transmittance 7', _ = 0 and leads to T, =05
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and AT, = 1. At the center of the HP band, the cavity
achieves the largest imbalance in LCP and RCP transmis-
sion, reaching a dual point of “maximal electromagnetic
chirality” [81]. Far from the HP band (|§] — o0), the
DCT, signal vanishes with the inverse of the fourth power
of the detuning DCT| ~ —16/§%, recovering the behavior
of a FP cavity with standard mirrors shown in Fig. 9.
The related average transmission in this limit is 7, — 1,
for which T’y y =T — ~ 1. Interestingly, close to the
crossover region between standard and helicity-preserving
regions (|0 =~ /2), the DCT | -signal acquires a strong
negative value, revealed as blue regions in Fig. 13-(b).
There, the electromagnetic field stored inside the cavity
acquires a significant imbalance in polarization content
(more LCP than RCP wave content in Fig. 12-(b)) by
accumulation of multiple HP reflections onto the mirrors,
thus resulting in 7'y ; < 7' _ for transmitted light out-
side the cavity. In other words, the blue regions constitute
regions of efficient partial helicity-preservation induced by
the cavity mirrors. In addition, we note that the obtained
DCT | -signal generated by this HP cavity is orders of
magnitudes higher that the one obtained for the LHIC
medium computed in Sec. VI. We have shown in our pre-
vious ref. [62], that this enhanced chiral discrimination
property of the HP cavity might be useful to design a
new generation of efficient chiral sensors.

C. Onset of Chiral Polaritons

Figure 14. (a) Transmittance at normal incidence (§ = 0)
T+ of a FP cavity made by [HP mirror-LHIC-HP mirror] as
a function of fuww in eV and the thickness L of a LHIC medium
in nm. The dashed white lines indicate the UP for the mode
p = 1 and the LP for the mode p = 2 of the FP cavity. (b)
Differential circular transmission at normal incidence DCT |
for the same system. The parameters for the dielectric photonic
crystal mirrors are as follows: hwnp = 2.0eV, Aiygp = 0.01eV
and ¢; = m/2. The parameters for the LHIC medium are :
Eoo = 2.2?3)9, hwp/f = 0.5eV, hwo = 2.2eV, hy = 0.05eV and
K=10"".

We now fill the HP cavity with a Pasteur medium with
an absorption frequency wg that is detuned with respect
to the central frequency wyp of the HP band. The in-
trinsic contribution of the Pasteur medium to the cavity



DCT | -signal (with respect to an achiral medium) was
investigated in depth in our recent ref. [62]. We also re-
ported for the first time the formation of chiral polaritons
in such HP cavities. In this final section of the paper, we
expand the analysis of chiral polaritons that are formed
upon increasing the medium oscillator strength. We show
in Figure 14-(a) the computed transmittance 7', ; in the
vicinity of the material absorption frequency wg, with the
onset of the UP and LP branches corresponding to the
p =1 and p = 2 modes of the FP cavity (see dashed white
lines). The zoom at frequencies close to wyp in Figure
14-(b), reveals that, similarly to the bare optical mode
of Fig.13-(b), the LP branch inherits from the HP cavity
an imbalance in its polarization content that is visible
as a strong negative (blue) signal in DCT ;. We note
that the strongest asymmetry is obtained in the regime
of intermediate detuning § ~ \/i, for which the cavity is
optimally helicity-preserving. The formation of such a
chiral polariton and the analysis of its related signature
on the cavity optical properties is one of the main results
of this paper. It is interesting to notice that the DCT | -
signal associated to the chiral polaritons is dominated by
the background optical activity induced by the dielectric
photonic crystal mirrors. The contribution of the Pasteur
medium is of lower contribution, and was obtained and
investigated in Ref.[62] after subtracting the background
contribution of the mirrors. For completeness, we show

DCT |

1.6

0.0 03 0.6 0.9
hwpy/f(eV)

Figure 15. Differential circular transmission at normal inci-
dence DCT | as a function of w in eV and wy+/f of a LHIC
medium in eV. The parameters for the dielectric photonic crys-
tal mirrors are those of Figure 14 except that Aiyup = 0.05eV.
The parameters for the LHIC medium are those of Figure 14
except that L = 180nm and fiwg = 2.0eV.

in Figure 15, the evolution of DCT | as a function of
frequency w and coupling strength w,+/f, obtained in the
case where the absorption band of the material properties
is at resonance with the mirrors HP band (wy = wup).
The UP and LP branches (blue lines) are clearly resolved
in this case and split symmetrically with respect to the
HP band. Similarly to Fig. 14, they inherit from the prox-
imity of the HP band an imbalance in their polarization
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content, seen as a strong negative DCT | -signal. For the
range of parameters shown in Fig.15, the DCT | -signals
associated to the LP and UP do not reverse sign upon
changing the sign of the Pasteur coefficient x and thus the
chirality of the molecules embedded inside cavity. This is
due to the fact that, chiroptical properties of the cavity
at the HP-band frequency (which is resonant here with
the absorption band of the Pasteur medium) are given by
the mirrors property which select perfectly one helicity of
the wave propagating inside the cavity, the other helicity
being not transmitted (see Fig.12-(a)).

VIII. CONCLUSION AND PERSPECTIVES

We have developed a theoretical approach based on
classical electromagnetism, and implemented a numerical
code based on transfer-matrices, to compute the optical
properties of multilayered, linear and chiral materials
embedded inside a Fabry-Pérot cavity. We have shown
how Lorentz’s reciprocity constrains the modelling and
impacts the chiroptical scattering properties of such cavi-
ties. Our numerical method was shown to be equivalent
(and we successfully compared it) to other existing theo-
retical approaches based on scattering-matrices or on the
use of electromagnetic Green’s functions. In particular,
we have derived formally an explicit relation connect-
ing the transmission-matrix of the cavity to the Green’s
function of the material inside the cavity, in presence
of scattering by the mirrors. This relation enabled to
compute analytically the polarization-dependent trans-
mittance and differential circular transmission (DCT) for
various Fabry-Pérot cavities. To add interpretative value
to our approach, we observe its analogy with coherent
electronic quantum transport, broadening the context of
our results beyond the field of nanophotonics. We then
applied those methods to the case of standard Fabry-
Pérot cavities with metallic silver mirrors, showing the
inefficiency of such cavities to enhance significantly the
DCT-signal, either by changing the incidence angle of
the incoming wave or by entering the polaritonic strong-
coupling regime. This effect was interpreted (at normal
incidence) by the reversal in helicity of the electromagnetic
waves upon reflection at each mirror interface. The latter
generates a mixing in left and right circular-polarization
of the cavity electromagnetic field. This means that any
path containing a number of reflections provides the same
relative imbalance as the direct transmission path (with-
out reflection) across the cavity, and the DCT-signal thus
is not modified in the presence of mirrors. We have
derived a simple Beer-Lambert absorption law for the
DCT-signal that quantitatively fits with this phenomenon
and shows that DCT is mainly independent of the nature
of the metallic mirrors, thus is not modified significantly
by the cavity. To circumvent this bottleneck, following
and complementing our previous ref. [62], we thus pro-
posed, modelled and investigated chiroptical properties
of helicity-preserving Fabry-Pérot cavities. The latter



are made of dielectric photonic crystal mirrors designed
to preserve the helicity of reflected waves at each mirror
interface and to enable the accumulation of a significant
polarization imbalance of the electromagnetic field stored
inside cavity. In such cavities, we reported the appearance
of chiral cavity-polaritons upon entering the light-matter
strong coupling regime. We analyzed in depth the mecha-
nism of formation of such chiral excitation, and related it
to the specifically designed properties of multiple reflec-
tions of electromagnetic waves at the mirror interface.
Our approach is highly relevant and timely in the emerg-
ing field of chiral polaritonics, for which it is mandatory
to design new electromagnetic cavities for chiral-sensing
purposes, or for alterating significantly the material stere-
ochemical properties upon entering the polaritonic regime.
A natural perspective and still open question raised by
the present work, would be to investigate how vacuum
quantum fluctuations of the chiral cavity-modes would
couple to the material electronic properties. Recent works
started to propose several approaches along that direction
[82-84]. We raise the point that any realistic microscopic
model dealing with this issue, would have to incorporate
as a limit case, and to encode information about the spa-
tial structure of the classical electromagnetic field stored
inside the cavity. In particular, as we have shown, a fine
tuning in energy of the cavity mirror properties has to be
achieved to reach a significant imbalance in polarization-
content of the chiral cavity-mode. This can be seen as a
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delicate adaptation of electromagnetic impedance between
the external medium and the cavity material through the
engineering of transmission and reflection matrices of the
mirrors. We hope our work to be useful for stimulating
new theoretical and experimental developments along the
research directions discussed in this paper.

We made the numerical code open source, available on
GitHub [85].
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Appendix A: Reciprocity beyond
dipole-approximation

Using the expansion of eq. (16) (main text) at linear
order in the spatial derivative of the electric field, we
obtain in the left-hand side of eq. (15)
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where j;(7) = —iwiid® (F—7) is the current-dipole source,
and where Einstein convention has been adopted for sum-
mation on equal components of the involved tensors. The
last term in eq. (Al) gives rise to both contributions of
the magnetic dipole and the electric quadrupole moments.
We remark that any second-rank tensor 75; can be written
as the sum of its symmetric (s) part and antisymmetric
(a) part as follows:

Tij = Tsij + Tauy = Ly ;Tﬂ + Ly 5 Tﬂ,

such that the product of the tensor T} ;; = 257121(6) by the
3J

tensor Tgﬁij = fVl d37?1 I17jj171;(??1) in eq. (Al) becomes

(A3)

(A2)

T1,i51255 = Ths,iT2s,i5 + T1a,ij 124, -

The symmetric and antisymmetric parts of eq. (A3) are
proportional to the contribution of the electric quadrupole
moment (;; and magnetic dipole 17, respectively given

by [52]
%Aﬁ%?ﬁAfﬁﬂ,

R
w/ydr[?»(a:

Introducing eq. (A4) and eq. (A5) into eq. (A3), one can
rewrite eq. (Al) in the compact form, including also the
contribution of the electric quadrupole moment

m:

(A4)

Qij = idj + xidi) — 20557 j| . (AB)

Q0B )
12 8x1

L2 L o=, OE
fia - E1(T2) — 1mg - B1(72) + ?22 6x21( 2)

This relation generalizes eq. (18) in the main text.

fi1 - Ea(71) — My - Ba (1) +

Appendix B: Derivation of the Condon constitutive
relations

The molecules inside the cavity are supposed to
be coupled to the interaction Hamiltonian V(t) of
eq. (32), with the classical time-dependent vector-
potential expressed in Coulomb gauge A'(F, t) =
(1/2) Ao () [exp (iet/h) + exp (—iet/h)], and € = hw. Us-
ing first-order perturbation theory in the interaction
Hamiltonian, the molecular state that was far in the
past in the eigenstate ¢, () = (7|a) of Ho, becomes at

time ¢t
Yo (1) = 6u (M e F 1+ 3 a(on (e, gy
b
with
(1) = o (1 (Bl ila) - A+ (o7t la) - (V1 4)] x

(Qba er)t
I

ei(Qbafw)t
Qpo +w * :| '

Qba — W
(B2)

17

We introduced in eq. (B2), the Bohr-frequency 2, =
(ep — €4) /I for the a — b transition, the electric-dipole

transition (b|/i|a) = (b| ¢7|a) and the magnetic-dipole

transition (b|m |a) = (b| T (7%’/\ ﬁ) |a). Following Con-

don’s original paper [11], we define the induced electric
dipole ji,(t) and magnetic dipole 7, (t) as

= 2Re{z e (
= QRe{Z e (

t) (al ji|b) e~ "1},

|b 7szat} (B3)

We introduce eq. (B2) into the latter expression, and get
for the induced electric dipole moment

= 2Re(Y (ol s 1) (0] 5 o) %
b

iQ7, OE; Qb
>< S — S —
Q2 —ww? 9t Q2 —w?
+ > (al fui [b) (b vin; |a)

b

Qpa i
) [Q Pl A T

ba

E]} - -

9 (moH;)
),

with the electric field E =

tion field B = V A A expressed in Coulomb gauge. An
analogous calculation can be performed for the induced
magnetic dipole moment, leading to

_W and magnetic induc-

ialt) = S Re[Y (al s [8) (0] o)
b

[ iQZQ)a 8EJ Qbu
N2 — w2 5 ol t
(2, —w?)w? Ot Q) —w (B5)
+ Y (al rio; [b) (b v [a)
b
Qpe, i 0(poH;)
e ottt |

We now perform an average of the tensorial quantities
appearing in eq. (B4) and eq. (B5), over all equiprobable
orientations of the molecular system with respect to the
A-field direction. We obtain, after taking the real parts

Qalltal D)
a hz Qz — 2 E(()’t)_
e LRI
e e MY
(86)



and similarly,

> Ot ({al i [b) - (o] |a>)a];(ﬂ

(Ma(t)) = 3 2 (QQ I - 0.0+

Dpall{a b2
3 E b£2 |7 |2>H ,uoH(O,t).
(B7)

The latter two expressions are the ones originally found
by Condon [11]. After Fourier transforming them, we
obtain back eq. (35) and eq. (36) used in the main text.

Appendix C: Continuity relations at a single interface

Here, we consider a half-infinite LHIC medium charac-
terized by k, € and p, which creates an interface with a
different half-infinite LHIC medium with «/, ¢’ and u' (see
Figure 5 in the main text). The boundary conditions for
the electromagnetic fields (5, E,B,H ) at this interface
(chosen at z = 0) are given in absence of external free

sources by [52]
i-(D-D) =0, @ (B-F)=o,

L L (C1)

i A (E—E’) —0, WA (H—H’) _
with 7, the unit-vector normal to the interface. The
boundary conditions written in eq. (C1) imply conti-
nuity of the phase of the propagating electromagnetic
fields whatever is the chosen (z,y) position at the planar
interface, thus leading to

(Ei '77> |z:0 = (*Ei 'F) ‘Z:O = (];/i 'F> |z:0’ (©2)
<_1 .fj — (_‘/i 'F) —— (_Ei ' F) oy

with the first (second) line due to incident waves arriving
from the left (right). These relations imply that the wave-
vectors must lie in a plane and fulfill the following chiral
Descartes-Snell’s laws [19]

kisinfy =k_sinf_ = k' sin®, = k" sind’ . (C3)
We consider the electric eigenfields EZ that are connected

to the other eigenfields through Condon’s constitutive
relations (see eq. (38) in the main text) as

R+ _ . k7 it K2\ ma
D¥=i—ky NET + |e— 5 | E7,
cwiL cep

Bt = lgi A E_:i, (C4)
w

1. - B}
HY = —F  AE* iD=
Wit cl
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They fulfill the boundary conditions (see eq. (C1)), which
take the form

Y a(BL+EL) =) a(ES+EL),

a==+ a=%+

Z (Eoz + Eloz 77 Z Ela + E/Oz)

a==+ 77 a=%

Z (EY, — EX)cosf, = Z (E'Y — E*) cos b,

a==+ a=%+

Z a(EY — EY)cosf, = Q/ Z a(B'Y — E%)cos?.,.
n

a== a==%

(C5)

From eq. (C5), it is straightforward to derive the expres-
sion of the transfer-matrix and related sub-matrices given
in eq. (43) (main text). Moreover, eq. (C5) is consistent
with the results obtained in ref. [19], but with a different
choice of constitutive relations.

Appendix D: Transmittance and Green function

We detail the computation of the forward transmittance
T-, based on the summation of all multiple scattering
processes through which, an input electromagnetic-wave
En propagates across the FP cavity (see Figure 7 in the
main text). The first transmission path, representing
the direct transmission of the input-wave without any
reflection at the mirror interfaces, is given by

— 4 —

& =T Mg Ty o,
where the notations of Sec. V is adopted. The second
transmitted path takes into account one round-trip in-

side cavity with two reflection processes at the mirror
interfaces

& =T (Mo Ry Mo RS ) Mo Tar &,
2="T19 (Mg Roy Mg Raz) Mg Ta1 Eo,

(D1)

(D2)

The higher-order transmission paths, involves round-trips
with a higher number of multiple reflection at the mirror
interfaces. The total transmitted wave é_’;ut across the
cav1ty is obtained by resuming the geometric series Eout =
51 + 52 + -+, taking into account all orders in the number
of 1nternal reﬂections

o PN PN -1 & o
Eoue =T (1= My R} Mo RS) Mo Tor'Ein,
- -1 (D3)
— Ty (M¢ R Mo R“) T

This expression recovers the outcome of egs. (55) and

(56) in the main text.

Appendix E: Expression of the macroscopic Pasteur
coefficient

The microscopic dielectric polarization and Pasteur
coupling were obtained in eq. (36) (main text). They can



be rewritten by including a damping term I'y,, that takes
into account in a phenomenological way, the presence of
losses (or linewidth of the a — b transition) [11]

2 Qba -
e = g X gl

Zlm{ al D) - (bl 7t la)}

02 —w? —ilpew

)11,
(E1)

Introducing the dimensionless oscillator-strength f,, de-
fined by

2m - 2 -
oo = 55 Qnall (el D) with ;fbﬁL (E2)

we obtain for the microscopic dielectric polarization

q2 fba

g (W) = .
a(@) gom 02— w? —ilpew

(E3)

This formula provides an interpretation of the polariz-
ability of molecules: if a molecule has an intense peak
in its absorption spectrum, then it is highly polarizable
[86]. In the case where only the a — b molecular-transition
matters for describing the absorption spectrum in the
range of frequency of interest, the macroscopic dielectric
susceptibility x.(w) as defined in Sec. IIIB (main text),
follows directly from eq. (E3)

w2
Xe (w):( 5 21 (E4)

wi — w?) —iyw’

where the plasma-frequency is w, = \/Ng?/eom, the
Bohr transition-frequency is wg = Qp,, and the effective
damping-rate is v = I'p,. This relation recovers the expres-
sion given in eq. (60) (main text) derived from a classical
Drude-Lorentz model of the dielectric susceptibility. Sim-
ilar arguments are used to derive an explicit expression of
the macroscopic Pasteur coefficient « (w) = wg(w), with
g(w) defined in Sec. ITIIB (main text). This involves the
term Ry, = Im{{(a| @|b) - (b| M |a)} in eq. (E1), known as
the rotational-strength of the given absorption line (or
a — b transition). The latter has the following properties

Rba = _Rab7

> Ry =0.
b

We further introduce kp,, the Pasteur coefficient associ-
ated to the a — b transition, that is defined by the relation

Riq = kivall(al £ [0)]]*.

Inserting eq. (E6), and eq. (E2), into the expression
of go(w) provided by eq. (E1), we finally obtain for the
macroscopic Pasteur coefficient x(w) given by

(E5)

(E6)

wg wfo

w0 = R TR ) ]

(E7)
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where k = Kp,. This relation recovers the outcome of the

classical model provided in eq. (61) (main text).

Appendix F: Time-reversal symmetry and scattering
matrix

We consider the implication of time-reversal (TR) sym-
metry on the scattering-matrix of a TR-symmetric optical
cavity. Under the transformation ¢ — —t, the charge and
current-density in Maxwell equations transform as even
and odd functions respectively

TR [p] (’F’ t) = P (Fa _t) )
TR [J] (7.) = /(7 ~0).

As a result of Maxwell equations, the electric field E and
magnetic induction field B transform under TR as

—

TR [E} (7,t) = B (7,—t),
TR [é} (7\t) = —B (7 —t).

These laws of transformation can be expressed as a func-
tion of frequency w rather than time ¢. Using the fact
that the electromagnetic fields are real, we obtain after
Fourier transformation [80]

(F3)

(F4)

TR [E} (Fw) = B* (Fw), (F5)

TR [é} (Fw) = —B* (7,w). (F6)

Using the above equations and the compact notation
defined in eq. (4) (main text), we obtain

m ] - TR|E —{E} €5 (F)

o - | =6.8".
TR |H 7

We now look for the transformed scattering-matrix
< -

TR {S} defined as TR [Sout] =TR [S} TR [&n]. Using

eq. (F7) and the fact that output-fields become input-

fields under TR and viceversa, we obtain the TR of eq.
(23) (main text) as

gfm _ = < e giout
L:* — 9.TR [s] 5. [g* : (F8)

2,in 2,out

with &, defined in Sec. IID. We now invert and complex
-1

— <>
conjugate eq. (23), yielding &f = (S*) £* .. The lat-

out*

ter expression coincides with eq. (F8) for any input-field,
which implies that the scattering-matrix is transformed

under TR as
-1
<>
<5*> 7. .

Expressing the fact that an optical system is TR-

TR {E} - (F9)

symmetric if and only if TR [Eﬂ :§, provides back the

general constraint on the scattering-matrix written in eq.
(67) (main text).
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