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Study of measure-valued Markov processes.
Explicit bounds for the convergence in
distribution of mean-field models.
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Abstract: The aim of the paper is to prove that the rates of convergence in distribution for
N-particle mean-field models are the expected one: N~! in Law of Large Numbers regime,
and N—1/2 in Central Limit Theorem regime. These proofs require to study empirical mea-
sures of McKean-Vlasov particle systems, and conditional laws of McKean-Vlasov processes,
as measure-valued Markov processes. In particular, the expressions of the infinitesimal gen-
erators of such processes are established for measure-valued processes with general jumps.
The generators being differential operators, all the proofs rely on the analytical properties of
measure-variable functions, and the differentiation of such functions.
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Introduction

The notion of particle systems is widely studied in many frameworks due to the diversity of their
applications: biology (e.g. neural networks Fournier and Locherbach (2016), genomics Reynaud-
Bouret and Schbath (2010), ecological networks Billiard et al. (2022)), finance (e.g. order books
Lu and Abergel (2018), high frequency data Bauwens and Hautsch (2009)), sociology (e.g. social
networks Mitchell and Cates (2009)), physics (e.g. kinetic theory Vedenyapin, Sinitsyn and Dulov
(2011)). A particular case of interest concerns mean-field particle systems, meaning systems in which
the particles interact with all the others in a similar way. The reason behind this interest is that,
the interactions and the dynamics of such systems can be somehow characterized by their empirical
measures. The advantage of studying the empirical measure rather than the particle system itself is
that, if the dynamics of the particles are characterized by R-valued processes, then the values taken
by the empirical measure belong to the set of probability measures on R, which does not depend
on the number of particles of the system. In this paper, we study large scale limit behavior, as the
number of particles goes to infinity, so it is preferable to work on spaces that are independent of
the size of the systems. In particular, the study of mean-field particle systems is closely related to
the notion of measure-valued Markov processes.

The study of measure-valued Markov processes goes back at least to Fleming and Viot (1979) to
model population genetics. In the seminal course Dawson (1993), Donald Dawson has introduced
a notion of differentiation for measure-variable functions, in order to characterize infinitesimal
generators and martingale problems in the context of measure-valued Markov processes. A variant
of the notion of the derivative introduced by Donald Dawson, has been defined by René Carmona
and Francois Delarue (see e.g. section 5.4.1 of Carmona and Delarue (2018)) and is referred to as the
linear derivative, and another rather different notion (at first sight) by Pierre-Louis Lions in a course
given at College de France (see, for example, the lecture notes of Pierre Cardaliaguet Cardaliaguet
(2013)). Since then, this topic still draws interest: for instance, recently, Guo, Pham and Wei (2023)
and Cox et al. (2021) have established Ito’s formulas for measure-valued semimartingales in different
frameworks, and the authors of Crisan and McMurray (2018) have proved some regularity properties
for stochastic flows of McKean-Vlasov processes. In this paper, we mostly use a notion of linear
derivative and state precisely the definition at Section 2.1.

There are two main contributions of this paper, that are closely related. The first one concerns the
convergence speed for large-scale limits of mean-field particle systems, and aims to improve it for the
convergence in distribution. Indeed, it is now of common knowledge that the LP-convergence speed
of N-particle systems is of order N~'/2 in Law of Large Numbers regime (see e.g. Theorem 1.4
of Sznitman (1991), or more recently in a more general framework, Proposition 3.1 of Andreis,
Dai Pra and Fischer (2018)), whereas, to the best of our knowledge, the fact that the convergence
speed in distribution is of order N=! (see Theorem 1.3) is new, even in the simple model studied in
Corollary 1.5. In addition, few results exist for the convergence in Central Limit Theorem regime
(e.g. Erny, Locherbach and Loukianova (2021), and, in the more general framework of martingale
measures, Erny, Locherbach and Loukianova (2022a)), and, as far as we know, the only rate of
convergence for this kind of model has been obtained in Erny, Locherbach and Loukianova (2023)
for a strong convergence using coupling techniques based on the approximation theorem of Komlos,
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Major and Tusnady (1976). This convergence speed is very slow: (In N)/%/N1/10_ Once again, we
prove that the convergence speed in distribution is the expected one, in N—1/2 (see Theorem 1.7),
and this result is even knew in simple frameworks, like the one of Corollary 1.9.

The second main contribution is the study of some analytical properties of measure-variable
functions, and of some Markovian properties of Measure-valued processes. Note that, since the
infinitesimal generator is a differential operator, it is required to study a notion of differentiation for
measure-variable functions in order to study measure-valued Markov processes. It is the reason why
we need to study analytical properties of measure-variable functions to prove our main results (i.e.
Theorems 1.3 and 1.7). Most of these properties are not completely new, but are studied further in
this paper so that they can be used to obtain the aforementioned rates of convergence. For instance,
we prove Taylor-Lagrange’s inequality of any order for measure-variable functions, and we use it up
to order three (the only related known result in this context is the mean value theorem). This is not
as common as it seems since the notion of measure-variable derivative is usually limited to order
two because it is sufficient to state martingale problems and express infinitesimal generators (let
us mention Cuchiero, Larsson and Svaluto-Ferro (2019) that also studied analytical properties of
measure-variable polynomials with derivatives of any order). Concerning the Markovian properties,
we prove a Trotter-Kato’s formula, and give an explicit expression for the generators of some
measure-valued processes. The expressions of the generators extend known results: it is similar to
Guo, Pham and Wei (2023) and Cox et al. (2021) that have proved Ito’s formula for this kind of
processes. However, there are some differences: compared to Cox et al. (2021), the framework is
not the same and the dynamics sufficiently differs for the expressions of the generators to have a
different form. Our model is closer to the framework of Guo, Pham and Wei (2023) (restricting our
study to McKean-Vlasov processes, whereas in Guo, Pham and Wei (2023) general semimartingales
are considered), but we somehow generalize their results for two reasons: the first one is that
they only consider measure-valued processes that are deterministic processes defined as laws of
semimartingales, whereas we obtain a generator for stochastic processes defined as conditional laws
of McKean-Vlasov processes given one of the Brownian motion of the SDEs (as a consequence,
the expressions of our generators involve an additional term corresponding to the second order
linear derivative of the test-function, which is the only property closer to the model of Cox et al.
(2021)). The second reason is that we also give the expressions of generators of measure-valued
processes defined as empirical measures of particle systems with jumps (this framework and its
technical difficulties are mentioned in Remark 3.15 of Guo, Pham and Wei (2023)). In particular,
to the best of our knowledge, obtaining Ito’s formula or generator for a measure-valued processes
with such general jumps is new. The expressions of these generators are given at Theorems 3.6 for
the conditional laws of McKean-Vlasov processes, and 3.10 for the empirical measures of McKean-
Vlasov particle systems.

Organization of the paper. The next section introduces the notation that are used through-
out the paper. Section 1 is dedicated to the statement of the results about the convergence speed
in distribution for mean-field particle systems. The section itself is split into two subsections: Sec-
tion 1.1 for the Law of Large Numbers regime and Section 1.2 for the Central Limit Theorem
regime. In each subsection, a general statement is given as a theorem, and a particular case more
understandable requiring less technical assumptions is also given as corollary (the results of the
corollaries are still new in the literature). The goal of Section 2 is to study some analytical proper-
ties of measure-variable functions: in particular, to prove Taylor-Lagrange’s inequality, and to study
a notion of measure-variable polynomials. Section 3 aims to study some Markovian properties of
measure-valued processes: establishing Trotter-Kato’s formula, giving an expression for the genera-
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tors of such processes (in the cases of conditional law of diffusions, and empirical measures of particle
systems), and studying the regularity of their semigroups (which is required to use Trotter-Kato’s
formula jointly with Taylor-Lagrange’s inequality). The proofs of the results stated at Section 1
are given at Section 4. Finally, the Appendix gathers some technical results and technical proofs in
order to ease the reading of the paper.

Notation and convention

In the notation below, (E,d) is always a Polish space (or just a set if the notation does not need a
particular structure on F).

e For v = (21,...,7,) € R, we denote ||z||; the classical L'-norm:

n

llelly =) lel.

k=1

e P(E) is the set of probability measures on E, endowed with the topology of Prohorov metric
(i.e. the topology of the weak convergence).

e If X is an FE-valued random variable, £L(X) € P(F) denote its law.

e For p > 1, P,(E) is the set of probability measures on E with a finite p-th order moment,
and P (E) is the intersection of every P,(E) over all p > 1. Each P, is endowed with the
p-th order Wasserstein metric.

e For p > 1 and m, pn € P,(E), the p-th order Wasserstein metric between m and p is defined
as the best LP-coupling between m and u:

W, - inf E[d(X, V)PP
»(m, 1) coo o [d(X,Y)"]

e For m,u € P1(E), Dxr(m, u) denotes the Kantorovich-Rubinstein metric between m and pu:

Dica(mop) = s [ f()d(m~ p) @)
feLip, JE

where Lip; denotes the set of Lipschitz continuous functions f : £ — R such that, for
all z,y € E, |f(x) — f(y)| < d(z,y). By the Kantorovich-Rubinstein duality (e.g. Remark 6.5
of Villani (2009)), Dxr = Wi. In the paper, we mostly use the characterization of D p and
its notation rather than Wj.

e Note that each P,(R) is Polish by Theorem 6.18 of Villani (2009). For M7, My € P1(P1(R)), we
denote specifically by D r(M1, M) the Kantorovich-Rubinstein metric between M; and M.

e A function f : P;(R) x R™ — R is said to be Lipschitz continuous if it is Lipschitz contin-
uous w.r.t. both variables together: there exists C' > 0 such that, for all mi,ms € P1(R)
and x1, 22 € R™,

|[f(m1,21) — f(mz,z2)| < C(|lz1 — 22|[1 + Drr(mi,msa)).

e A function f : P1(R) x R® — R is said to be sublinear if: there exists C' > 0 such that, for
all m € P1(R) and = € R™,

oma) < € (14 Dl + [ Iniamt)).
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e C(FE) is the set of continuous functions f : E — R.
e For k € NU{co} and n € N*, C*(R") denotes the space of functions f : R” — R of class C*.
For f € C*(R™) and a a multi-index belonging to N", the size of « is

n
|a‘ = Zaia
=1

and, if |a| < k, 0, f denotes the derivative of f w.r.t. a.
When no doubt is possible (and to make some expressions more readable), we use usual
notation for partial derivatives, for example, if g € C3(R?), for all z,y € R,

agzryg(yﬂx) = 3(1,2)9(1/790) and (8§1y2g(y1,y2)) = 5(1,1)9($»$)7

ly1=y2=z

and the same notation replacing the derived variables by their indices:

D 0y9(y, ) = 039 19(y, ) = 1,29y, ).

For a function f: P1(R) x R — R and m € P;(R),z € R, we use the notation

90,1y f(m,x) = 0y f(m,x) and J(g 2y f(m, ) = 6§$f(m, x),

but, in this context where f depends on variables of different nature (i.e. belonging to P (R)
and R) the index of the measure-variable is always zero. For technical reasons, the meaning
would not be clear otherwise in general (see Corollary 2.25 for a statement where it makes
sense). However, to state one of our assumptions, we need to introduce a notion of mixed
derivatives at Definition 2.11 related to this remark.
CF(R™) is the subspace of C*(R™) containing the functions f such that: for all multi-index «
of size non-greater than k,

sup |0q f(z)| < oo.

zER™
e C¥(R™) is the subspace of CF(R™) containing the compactly supported functions.
e For f € CF(R"), we denote
Il =3 sup [0uf ()]

la]<k €

A tuple z € E™ is always indexed from 1 to n: z = (21, ..., Zy),
For x € E™ and 1 < k < n, x\; denotes the tuple x without the index k:

T\g = (T1, ey Tp—1, Tht 1y ey Tny) € E" L
and, for y € E, (x\xy) denotes the tuple x where zj, is replaced by y:
l‘\ky = (xl, s Tl—1,Y, Tt 1, ,J}n) e E™.

In addition, for k # [, and y1,y2 € E, we use the notation x\ ;) for z without the indices &
and [, and (x\ () (y1,y2)) for the tuple  where x; is replaced by y1 and x; by ys.
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For example, this notation is used in the following context: if f € CP(R?), m € P(R) and y €
R

9

3
,;/]W f(x\ry)dm®?(z\y) = /]R2 Iy, 2o, 23)dm®% (2o, x3)

+ . [, y, 23)dm®? (21, x3) +/2 [, w2, y)dm®? (21, 22).
R R

e Forn € N* and F : P1(R) x R” — R and =z € R", we denote by F, the following function
F,:m € Pi(R) — F,(m) = F(m,z).
e For m € P(R) and A € R, we denote by S(m, A) the probability measure m shifted by A:
Sm,A): Ae BR)— m{z—X:z € A}).

e We use C to denote any arbitrary positive constant. The value of C' can change from line to
line inside an equation. In addition, if C' depends on non-model parameters 6, we denote it
by 09.

1. Main results on the convergence speed of mean-field models

Our main results consist in obtaining new explicit convergence speeds in distribution for well-known
mean-field particle systems. Section 1.1 treats the case of the linear regime (i.e. Law of Large Num-
bers regime) where the interaction strength for the N-particle system is of order N~!. Section 1.2
handles the diffusive regime (i.e. Central Limit Theorem regime) with centered interaction strength
of order N=1/2. As it can be expected, the convergence speed is N~! for the linear regime, and
N~1/2 for the diffusive one.

In each of both following subsections, a theorem is given for a general model, and a corollary is
stated for a simpler model. The assumptions of the theorems require some technical definitions given
at Section 2 to be stated formally, which is not the case for the hypotheses of the corollaries. Despite
concerning well-known models, which can be considered elementary, the results of the corollaries
are new.

1.1. Mean-field model in linear regime
In this section, we introduce for any N € N*, the processes XNk (1 <k < N) solutions to

X" =b (1, XY dt o () XY aBE 4 ¢ (i, x)7F) aw (1)

N
1 N N,l l
TN ; /R (0 X0 ) g ey 6:2),

where B* (k> 1) and W are standard Brownian motions of dimension one, 7' (I > 1) are Poisson
measures on Ri with Lebesgue intensity, and Xév’k (1 <k < N) are i.i.d. such that W, B* (k>1),
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7' (1> 1) and X" (1 < k < N) are mutually independent, and

1 N
N E
/’Lt = Nkil(SXtN,k.

The main result of this section concerns the convergence of the particle systems above to the
limit process X solution to the SDE below as N goes to infinity.

dXt = b (ﬂta Xt) dt + g (ﬁta Xt) dBt + < (/_I,t, Xt) th +/ h (ﬁta .’E) f ([Lt, l’) dﬂt(.’ﬂ)dt, (2)
R

where B, W are independent standard Brownian motions of dimension one, fig is P (R)-valued
random variable (so the dynamics in (2) is defined conditionally on fig) independent of the Brownian
motions such that, conditionally on fig, Xq is fig-distributed, and

fie = L (XeWy)

with W the filtration of W.

The reason of the technical phrasing concerning the initial condition of the SDE (2) is explained
formally in Remark 1.4. Roughly speaking, if the probability measure fip was deterministic and not
a Dirac mass, then, the rate of convergence in distribution in Theorem 1.3 would be at best N—1/2,
what would make the result useless compared to the existing literature (see Remark 1.2 below).

Note that, since our main result handles convergence in distribution, the process X does not
need to be defined on the same space as the particle systems X7, and the Brownian motions may
be different or not w.l.o.g.

For the previous equations to be well-posed, we assume the following.

Assumption 1. For any mq,mo € P1(R), and x1, 22 € R,
|b(ma, x1) — b(ma, z2)| + |o(m1, z1) — o(ma, z2)| + [s(m1, 21) — <(Ma2, 22)|
< C(|z1 — 22| + Dgr(mi, m2)) ,

and

“+00
/ |h(m, 210) L < fom o)y — P(M2s 22) L o< fma a0y | d2
0
< C(|lz1 — x2| + Dgr(mi, ma)) .

In addition, we also suppose that, for any p € N*, there exists some Cp, > 0 such that, for
allm e P1(R),z € R,

|(z + h(m,z))’ — 2P| f(m,z) < C, (1 + |z|P +/ |ypdm(y)) .
R
Remark 1.1. The last condition of Assumption 1 is guaranteed if, for example, one of the two
following properties hold:

e the function h is sublinear and the function f is bounded,
e or the function h is bounded and the function f is sublinear.
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We also make the following hypothesis concerning the initial conditions.

Assumption 2. For every N € N*, the variables Xév’k (1<k<N)areiid.

All the nitial conditions Xo and Xév’k (N € N* and 1 < k < N) have a finite fourth order
moment, uniformly bounded w.r.t. N:

4
E {/ |ac|4d,u0(x)} <oo and sup E “Xév’l’ ] < 0.
R NeN+
Under Assumptions 1 and 2, it is known that the SDEs (1) and (2) are well-posed (see e.g.
Theorem 2.1 of Graham (1992)) in the following sense: there exist unique strong solutions (X#)
and X of the respective SDEs that satisfy, for all T'> 0, 1 < k < N,

_ 4
/ En, [sup |Xt|4} d(L(fig)) (m) <oo and supE [sup ’XtNk‘ } < 00, (3)
P1(R) t<T NeN* t<T

with E,,, the expectation under which the law of X, is m.

Note that, a priori, uniqueness only holds for processes that satisfy the above controls, which
are not a priori estimates. The controls (3) can be guaranteed on the solutions that are built via
Banach-Picard schemes for example (see the Step I of the proof of Lemma 3.8 at Appendix B for
the SDE (2)).

Remark 1.2. It is now classical (see e.g. Proposition 3.1 of Andreis, Dai Pra and Fischer (2018))
that, if we define Xy as the solution of (2) w.r.t. the same Brownian motion W as in (1) and B*
instead of B, then, the particle systems (XN'*)y converges in L' to the limit system (X*); in the
following sense: for all T > 0, there exists Cp > 0 such that, for all1 <k < N,

E {sup ’XtNk — Xk
t<T

:| < CTN_1/2.

In particular, this result can be used to prove the convergence in distribution of u™ to fi, but it
cannot allow to prove that the convergence speed is N~1.

Our first main result requires an additional technical assumption. This assumption relies on the
notion of differentiability of measure-variable functions as it is defined in Section 2.1. Corollary 1.5
is a particular case of Theorem 1.3 that does not need this technical assumption.

Assumption 3. The functions b,o,<, 8 and f-h admit fifth order mized derivatives (in the sense of
Definition 2.11) and all their mized derivatives of orders from one to five are bounded. In addition,
if g : P1(R) x R — R is any of the previous functions, then, there exists C > 0 such that for
all x € R, the function g, belongs to CZ(P1(R)) (the set is introduced in Definition 2.8), and

Sup 8511;252(93?)(77% y17y2)| S C(l + |$C|)

meP; (R) ’

y1,y2€R
Theorem 1.3. Grant Assumptions 1, 2 and 3. Then, for all T > 0, there exists Cr > 0 such
that, for any measure-variable polynomial G of order four (in the sense of Definition 2.30), for
all N € N*|

N
sup [E [G (1)] — E[G ()] < Crl|Gl: (DKR (ﬁ (fv Zéw) ’Wo)) * zlv> !
k=1

t<T
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where ||G||2 is a bound of the mized derivatives of G up to order two (defined at Definition 2.1/).

Remark 1.4. Let us explain precisely why considering a standard phrasing for the initial condition
of (2) would make Theorem 1.3 useless. Usually, one would have considered an initial condition X
for the SDE (2) with deterministic law fig. However, if fip was a deterministic element of P1(R),
then, we would have

which would imply

N N
1 _ 1 _
Dkr (ﬁ (N kgl(sxéwk) 7£(M0)> =E |Dkr (N kE15Xév.,k,,uo>] .

Then, by Theorem 8.1 of Bobkov and Ledoux (2019), the rate of convergence of the quantity
above would necessarily be, at best, N~1/2 (except in the trivial case, where £L(Xo) = L(XF) = b4,
for some xg € R, where the quantity would be zero), which would make the convergence speed of
Theorem 1.3 not better than what can be proved with existing techniques.

As mentioned previously, let us study a particular case of this model and state a corollary
of Theorem 1.3 that can be understood without the technical definitions of Section 2. So let us
introduce the following particle systems: for N € N* and 1 <k < N,

N
~ 1
Nk Nk - (N k _ 1
dy, —b<Yt )dtJrcr(Yt )dBt + ~ lgl /I;+11{Z§f(XtN,l)}dﬂ' (t, 2), (4)

where B¥ (k > 1) are standard Brownian motions, ! (I > 1) are Poisson measures with Lebesgue
intensity, such that the Brownian motions and the Poisson measures are independent, and YON’k =z
(1 <k < N) for some deterministic zo € R.

And let us define the following limit process

a¥, = b (Vi) dt + & (V,) dB, + E [ [(V)| at, (5)

with B a standard Brownian motion and Yy = zo.

Corollary 1.5. Assume that the functions b,5 and f are C® and that their derivatives of orders
from one to five are bounded. Then, for allT > 0, there exists Cr > 0 such that, for any ¢ € C}(R),
for all N € N*|

sup [E [ ()] =B ()] < Cr (lelloe + 119'loe + 1" ll2c) N

1.2. Mean-field model in diffusive regime

This section is similar as the previous one, for a different type of model. In the N-particle system (1),
the interaction strength is N !, whereas, in the model of this section, it is of order N~1/2. For this
kind of model to converge as the number of particles tends to infinity, the interactions between



X. Erny/Measure-valued Markov processes and mean-field limits 10

particles need to be centered. So, the dynamics depends on a probability measure called v, that
satisfies

/udl/(u) =0 and / lu|*dv(u) < co.
R R
Formally, for any N € N*, we introduce XV'¥ (1 < k < N) as solutions to

dx]N* =b (uiv , Xi“) dt+o (), XV*) B} (6)

\/>l 1 R+><Ru h(ﬂt ’Xt*)ﬂ{z<f( N XNl)}dﬂ' (t,z,u),

where B¥ (k > 1) are standard Brownian motions of dimension one, 7! (I > 1) are Poisson measures
on R% x R with intensity dt - dz - dv(u), and X;"* (1 < k < N) are iid. such that B* (k > 1), 7!
(I>1) and Xév’k (1 <k < N) are mutually independent, and

1 N
== N ZéX{V,k.
k=1

The main result of this section states the rate of convergence in distribution of the N-particle
system (6) to the limit process X solution to the following SDE:

dX; =b (jig, X¢) dt + o (fig, X¢) dBy (7)

+ ( / uzdy<u>>”2 ( / h(ut,xff(ut,x)dut(x))1/2 aw,

where B, W are standard Brownian motions of dimension one, fig is P (IR)-valued random variable
such that B, W, iy are independent, conditionally on fig, X¢ is fip-distributed, and

i = L (X W),
with W the filtration of W.

Remark 1.6. The convergence in distribution of u™ to ji has already been proved in Erny, Licherbach
and Loukianova (2022a) in a more general framework (c¢f Theorem 2.6 for the general case, and
Ezample 1 for a model closer to the one of this section). But the technics used in the proofs did not
allow to obtain an explicit convergence speed.

For the main result in the diffusive regime, we need the following assumption that slightly differs
from Assumption 3.

Assumption 4. the functions b, and m — ([ h(m,z)? f(m, x)dm(z))*/? admit fifth order mized
derivatives (in the sense of Definition 2.11) and all their mized derivatives of orders from one to
five are bounded. In addition, if g : P1(R) x R — R is any of the previous functions, then, there
exists C > 0 such that for all x € R, the function g, belongs to CZ(P1(R)) (the set is introduced in
Definition 2.8), and

sup |02, 6%(g.)(m,y1,y2)| < C(1+ |z]).
mepl(R
y1,y2€R
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As previously, a particular case (see Corollary 1.9) of the theorem below is given to avoid the
use of the technical assumption above.

Theorem 1.7. Grant Assumptions 1, 2 and 4. Assume that the probability measure v is centered
with a finite third moment. Then, for all T > 0, there exists Cp > 0 such that, for any measure-
variable polynomial G of order four (in the sense of Definition 2.30), for all N € N*,

N
sup [E [G ()] ~E[G ()] < Crl[G]l3 (DKR (ﬁ (fv kz_laxév,k> 75(/~00)> + jﬁ> ,

t<T

where ||G||3 is a bound of the mized derivatives of G up to order three (defined at Definition 2.14).

Remark 1.8. Contrary to the situation in the linear regime, for the diffusive regime, it is possi-
ble to state the dynamics of (7) as usual concerning the initial condition (i.e. with figp = L(Xo)
deterministic). Indeed, in Theorem 1.7, the rate of convergence is N—Y2 because it corresponds
to a Central Limit Theorem regime. So, the constraint about the convergence speed of the initial
condition (i.e. the fact that the term Dgp is of order N=/2), does not weaken our result. This
is the reason why, in the simple model below, it is not necessary to consider deterministic initial
conditions Yy and YON’k (1 <k<N), as it was done in Corollary 1.5.

Now, let us give, as a corollary, a consequence of Theorem 1.7 that is easier to state. So let us
introduce: for N € N*and 1 <k < N,

N

1
TE 2 Jo iy 2. )

avNh =5 (VM) dt+ 5 (v)F) dB +

where B¥ (k > 1) are standard Brownian motions, 7! (I > 1) are Poisson measures with intensity dt-

dz-dv(u) and, the variables YON"Ic (1 <k < N) areii.d. with finite p-th order moment for all p € N*.

The Brownian motions, Poisson measures and initial conditions are assumed to be independent.
And let Y be solution of

dY, =b (V) dt +6 (V) dB, + </R quV(u)>1/2 E [f(Yt)

Wt} AW, 9)

with B, W independent standard Brownian motions, W the filtration of W, and Yj having the same

law as the variables YON"k. The Brownian motions B, W are assumed to be independent of Yj.

Corollary 1.9. Assume that the functions b,& and f are C® and that their derivatives of orders
from one to five are bounded. In addition, we assume that f s bounded and lower-bounded by some
positive constants. We also assume that v is centered with a finite third order moment. Then, for
any ¢ € CA(R), for all T > 0, there exists Cr,, > 0 such that, for all N € N*,

fgg £ {Lp (YtNlﬂ —Elp (Yt)]‘ < Cr (||¢llos + 1€ loo + 11€” 1loo + 1™ [los) N~1/2.
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2. Analysis of functions defined on spaces of probability measures
2.1. Definitions and some elementary properties

The following notion of differentiability is a generalization of the one introduced in Dawson (1993),
and often referred to as the linear derivative.

Definition 2.1. For mg € P1(R), a function F : P1(R) — R is said to be differentiable at mg if
there exists a measurable sublinear function Hy,, : R — R such that, for all m € P1(R),

F(m)—F(mo) = /RHmO () d(m — mg)(x) + em, (M), (10)

where e, (m)/ D r(m,mg) vanishes as m converges to mg for the metric Dgr. The function Hy,,
is called a version of the derivative of F' at mg. We define the canonical derivative of F' at mg as
the only version of the derivative that satisfies

/ Hop, (2) dmo () = 0,
R

and denote it by, for all x € R,
SF(mg, x) = Hpy ().

In the rest of the paper, we may omit ”canonical” and “linear” and just mention ”the derivative”.
For most of the properties that are studied in this paper, the canonical version of the derivative is
not particularly needed, but it allows the definitions to be unquestionably well-posed, particularly
for the notion of many times differentiable. Note that, the set C;*(P1(R)) (see Definition 2.8)
depends on the version of the derivative, and so Assumptions 3 and 4 also depend on our choice of
canonical derivative. However, for example, the expressions of the infinitesimal generators given at
Theorems 3.6 and 3.10 do not depend on this choice.

This particular choice of canonical derivative is motivated by the fact that it allows to recover
“natural properties” (see Lemma 2.4), and it is close to the notion of derivative that is used in
Dawson (1993). Let us remark that it is also the convention that was used by Frangois Delarue
in his course at the Summer School “Mean Field Models” organized by Centre Henri Lebesgue at
Rennes in 2023.

Remark 2.2. [t is easy to see that the versions of the derivative of F' are never unique when they
exist: if some function Hp,, : R = R satisfies (10), then any function of the form x — Hp, (z) +
G(myg) also satisfies (10). It can be noted (cf Lemma 2.3 below) that this notion of derivative is
still unique for the following equivalence relation : two functions Hy,Hs : P1(R) x R — R are
equivalent if for all m,x, Hi(m,z) — Hy(m,x) is independent of x. Hence the canonical derivative
of a differentiable function always exists and is unique.

The following result allows to guarantee the uniqueness of the canonical derivative of differen-
tiable functions.

Lemma 2.3. Let mg € P1(R) and hy, he : R = R be measurable and sublinear. Assume that, for
all m € P1(R),

/ () d(m — mo) (z) = / () d(m — mo) () + Epmg (),
R

R
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where €, (m)/Dgr(m, mo) vanishes as m converges to mg. Then, for all z,y € R,

hi(z) — ha(x) = hi(y) — ha(y)-

In particular, if a function F : P1(R) — R is differentiable at some m € P1(R), then its canonical
derivative at m exists and is unique.

Lemma 2.3 being not particularly useful for the understanding of the paper, we postpone its
proof to Appendix C.

Let us also state an elementary lemma guaranteeing expected properties for a differential oper-
ator. This lemma is implicitly used in the computation throughout the paper. For this lemma, the
choice of the canonical derivative is important.

Lemma 2.4.

(a) Let F: P1(R) — R be a constant function. Then F' is differentiable at any m € P1(R), and
its canonical derivative is the zero function.

(b) Let F,G : P1(R) — R be differentiable at mo € P1(R), and o € R. Then, the function oF +G
is differentiable at mg, and, for all x € R,

d(aF + G)(mg,x) = adF (mg, z) + 6G(mg, x).

(¢) Let F,G : P1(R) — R be differentiable at mo € P1(R) and Lipschitz continuous. Then, the
product function FG is differentiable at mg, with, for all x € R,

S(FGQ)(mo,z) = F(mg)dG(mg, x) + G(mg)dF(mg, x).

Proof. To prove Item (a), it is sufficient to notice that (10) is trivially satisfied if H,,, is the zero
function, by considering €,,, to be the zero function. Item (b) is a straightforward consequence of
the linearity of the integral operator. To prove Item (c), let us write, for all m € P;(R),

F(m)G(m) — F(mo)G(mo) =F(m)G(m) — F(mg)G(m)
+ F(mo)G(m) — F(mg)G(mo)
=F(mo) (G(m) — G(my)) + G(mo) (F'(m) — F(mo)) (11)
+ (F(m) — F(mo)) (G(m) — G(mo)) .

Besides, since F' and G are assumed to be Lipschitz continuous, we have
[(F(m) = F(mo)) (G(m) — G(mo))| < CDxr(m,mo).

So, developing (11) using the differentiability of F' and G proves the result. O

Let us notice that the derivability in the sense of Definition 2.1 is close to the one used in Cox
et al. (2021) (as derivative), and in Guo, Pham and Wei (2023) and Carmona and Delarue (2018)
(as linear derivative). It is however different than the derivative introduced by Pierre-Louis Lions,
even if it is closely related (see Propositions 5.44, 5.48 and 5.51 of Carmona and Delarue (2018)).

Depending on the properties that are studied, each notion of differentiability can be more or less
appropriate to state and prove the results. For the sake of clarity, in all the paper, only one notion
of differentiability is used explicitly. We choose to use Definition 2.1 instead of Lions’ derivative
because it appears to be more appropriate to express the infinitesimal generators of measure-valued
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Markov processes, to retrieve properties of real-valued Markov processes (see Remarks 3.7 and 3.11).
However, to define the notion of mixed derivatives (that is used in Assumptions 3 and 4, and in
the proof of Lemma 3.8), the Lions-derivative is particularly useful as a notation. Instead of stating
the original and rather technical definition, we just give the expression of the Lions-derivative using
the (linear) derivative. As in Guo, Pham and Wei (2023), we use the notation ¢ for the (linear)
derivative, and 0 for the Lions-derivative.

Definition 2.5 (Lions-derivative). Let F': P1(R) — R and m € Py(R). The function F is said to
be L-differentiable at m if:

e F' is differentiable at m (in the sense of Definition 2.1),
e and x € R— §F(m,x) is differentiable on R.

In this case, the Lions-derivative of F' at m is the function OF (m,e) defined as
OF (m,e):x € R+— 0F(m,x) = 0,0F (m, x).

As mentioned earlier, the notion of derivative we use (cf Definition 2.1) is related to the definition
given at (Dawson 1993, p. 19) in the following sense (which is a straightforward consequence of
Lemma 2.15 with mo = m and my = d,).

Remark 2.6. Let F: Pi(R) — R be differentiable at m € P1(R), then, for all x € R,

F((1—n)m+nd,) — F(m)
7

converges, as n > 0 goes to zero, to the canonical derivative 6F(m,x) of F. In other words

6F(m,x) = (0, F((1 = n)m + 1ds)),—p -
One can note that the previous remark gives a useful way of characterizing the expression of the
derivative of a given function, once it is known it is differentiable.
In the following, it is required to differentiate many times some functions. To define this notion,
we use the following notation: if G : P;(R) x R¥ — R (with k € N*), then, for all z,...,2, € R

Gay,or) - m € P1(R) — G(m, 21, ..., 7).

Definition 2.7. A function F : P1(R) — R is said to be n-times differentiable if:

e F is (n— 1)-times differentiable,
e for all x € R"~1, the function (6" 'F), is differentiable.

In that case we define inductively the canonical n-th derivative of F at m by: for all x =
('rlv ---7xn) € Rn7
O"F(m,xq,....,xy) =0 ((5"71F)$\n) (m, x,).

The differentiability w.r.t. the measure-variable is not the only regularity that will be needed
to prove our results. We also need regularity w.r.t. the real variables appearing when a function
defined on P (R) is differentiated.
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Definition 2.8. We define C™*(P1(R)) (with n € N* and k € NU {oo}) the set of functions F :
P1(R) = R such that F is n-times differentiable on P1(R) and, for every 1 < j < n, the function

(m,2) € P1(R) x RI = 67 F(m, 2)

is C* w.r.t. x for fivred m, and is continuous w.r.t. m for fived x.
In addition, we denote Cf'(P1(R)) the subspace of C™"(P1(R)) composed of the (non-necessarily
bounded) functions F' such that, for all 1 <k <n and1<j <k,
o k k
sup —"F(m,x)| < oo and sup |02,6"F(m,z)| < cc.
meP1(R),z€ERF 0x1...0xy meP1(R),z€ERF

Remark 2.9. The set C'(P1(R)) depends on the choice of the version of the derivatives because of
the second boundedness conditions (i.e. boundedness of 8,6 F*(m, x)). These conditions imply that,
for any pa, ..., ui, € P1(R), the family of functions (x — (5Fk(m,x))m€pl(R) is uniformly integrable

w.r.1. ®f:1 i -

One can easily note that C} (P;(R)) is included in the set of functions F : P;(R) — R that are
Lipschitz continuous functions w.r.t. Di g (cf Proposition 2.21 below).

In the following, the notion of many times L-differentiability is also used. The definition is
essentially the same as Definition 2.7 for the Lions-derivative instead of the (linear) derivative.

Definition 2.10. A function F : P1(R) — R is said to be n-times L-differentiable if:
e F is (n—1)-times L-differentiable,
e for all x € R"~, the function (0" 'F), is L-differentiable.
In that case we define inductively the n-th Lions-derivative of F' at m by: for allx = (21, ...,x,) €

RTL

)

O"F(m,x1,...,xn) = 0 ((8”_1F)$\n) (m, zp).
Let us now introduce the notion of mired derivatives for functions defined on P;(R) x R for

any d € N. The mized derivatives are defined as sets of functions.

Definition 2.11 (Mixed derivatives). Let d € N and F : P1(R) x RY — R. We say that F admits
mived derivatives if, for all x = (r1,...,2q) € R%:

o forany 1<k <dandm € Pi(R), y € R — F(m,z\ry) is differentiable on R,
e and the function F, is L—differentiable on P1(R).

In that case, the mized derivatives of F' at m form the following set of d + 1 functions:

{(m,z) € PL(R) x R" — 0, F(m,z) : 1<k<d}
U{(m,x,y)EPl(R)XRde»—)ﬁ(Fx)(m,y)},

where O(Fy) above denotes the Lions-derivative of F, (cf Definition 2.5).

In addition, we define inductively the n-th order mized derivatives of F as the union of the
mized derivatives of all the functions belonging to the set corresponding to the (n — 1)-th order
mized derivatives of F (assuming all these mized derivatives exist).



X. Erny/Measure-valued Markov processes and mean-field limits 16

Example 2.12. Let b: P;(R) x R — R. Then, the (first order) mized derivatives of b are the two
following functions:

(m,z) € P1(R) x R — 9,b(m, z),
(m,z,y) € P1(R) x R* — 9(b,)(m, ).

The second order mized derivatives of b are the five following functions

(m,z) € Pi(R) x R — 92_b(m, z),
(m,x,y) € P1(R) x R* — 9,0(bs.)(m, y),
(m,x,y) € P1(R) x R? — 9,0(b,)(m, y),
(m,z,y) € P1(R) x R* — 9 (8;b2) (m, y),

z) (R) z).

(m,z,y,2) € P1(R XR3>—>82( 2) (M, y, 2

The only way the notion of mized derivatives is used is to write Assumptions 3 and 4 in a
compact way, stating that all the mixed derivatives up to order five of some functions are bounded.
This kind of assumption is required to prove the regularity of the semigroups of the measure-valued
Markov processes that we study in this paper (i.e. Proposition 3.9, and more precisely, the proof of
Lemma 3.8).

Let us write now a remark that is a direct consequence of Proposition 2.21, explaining the reason
behind the boundedness hypothesis of the mixed order derivatives.

Remark 2.13. Let F be a function admitting n-th order mized derivatives (with n > 2) such that
all its n-th order mized derivatives are bounded. Then all the (n — 1)-th order mized derivatives
of F are Lipschitz continuous: for any G : P1(R) x R? belonging to the set of the (n — 1)-th order
mized derivatives, there exists L > 0 such that, for all m,u € P1(R) and x,y € R?,

G(m,z) = G(p,y)| < C(Drr(m,p) + |z —yll) .

Let us end this section with a notation.

Definition 2.14. Let n € N* and F : P1(R) — R bounded and belonging to CJ'(P1(R)). Let us
assume that all the mized derivatives of F' of order up to n exist and are bounded. Then we denote
[|F|ln @ bound of all the k-th order mized derivatives, for all 0 < k <mn.

2.2. Chain rules

In this section, we state and prove some elementary results about ”chain rules” for the differentiation
of measure-variable functions. We want to prove the differentiability of functions of the following

form:
Goh:R - Py (R) -5 R.

The general form that one could naturally expect for the derivative of this kind of function is
the following: for ¢t € R,

(Goh) /5@ R (8))(x), (12)
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where the sense of the derivative of h : R — P;1(R) has to be defined. In the first particular case,
we consider, for two measures mg, m; € P1(R) the following function

h:tel0,1] — (1 —t)mg + tmq,

where the derivative of h has to be understood as the quantity (h(t) — h(to))/(t — to) which is
constant and equal to m; — my.

Lemma 2.15. Let G : P1(R) — R be differentiable, mg, m; € P1(R), and
f:te]0,1] — G((1 —t)mg + tmy).

Then f is differentiable, and, for allt € [0,1],
)= / SG((1 — t)mo + tmy, z) d(my — mo)(x).
R
Proof. We have, for any t,ty € [0, 1],

f(@t) — f(to)
= (t —to) /]R SG((1 —to)mo + tomy, x)d(my —mo)(x) +e((1 —t)mo +tmy), (13)

with e(u)/Drr(p, (1 —to)mo +tomy) vanishing as p converges to (1 —tg)mg + tom,. Noticing that
Dgr((1 —t)mg +tmy, (1 — to)mo + tomy) < 2|t — 1o,

the proof of the lemma follows from (13) dividing it by (¢ — tp) and then letting ¢ goes to tg. O

Remark 2.16. We have the following consequence of Lemma 2.15 and of the fundamental theorem
of calculus: for any function G belonging to C}(P1(R)), for all mg,m1 € P1(R),

Glmy) — G(mo) :/O /RaG(u — ymo + tma, 2)d(m1 — mo)(x).

The above property is used as the definition of the linear derivative by Carmona and Delarue
(2018) (cf Section 4.1), Guo, Pham and Wei (2023) and Cox et al. (2021). In addition, by Propo-
sition 5.44 of Carmona and Delarue (2018), under some generic assumptions, this property can
characterize the linear derivative as it is defined at Definition 2.1 when the analysis of measure-
variable functions is studied on Pa(R).

Now we prove a similar result for functions that are many times differentiable with bounded
derivatives. In particular, the following result is not strictly stronger than the previous one.

Lemma 2.17. Let n € N*, G € CP(P1(R)), mg,m1 € P1(R), and
f:tel0,1] — G((1 —t)mg + tmy).

Then f is C™, and, for allt € [0,1],

M) = / O"G((1 — t)mg + tmy, ) d(my — mo)®"(z).
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Proof. We prove the statement by induction on n. For n = 1, Lemma 2.15 implies that f is
differentiable. The fact that f is C! follows by the dominated convergence theorem since G €
Cy (P1(R)).

For the general case (i.e. n > 2), let us assume that f is C"~1 with, for all ¢ € [0, 1],
fO() = / S"LG((1 = t)mo + tmy, 2)d(my — me)®" ().
Rr—1

Note that, since G € CJ*(P1(R)), the function
(t,x) € [0,1] x R" ' — 6" 1G((1 — t)mg + tmy, x)

is sublinear w.r.t. ||z||; (hence integrable w.r.t. m; and mg) and differentiable w.r.t. ¢ (thanks to
Lemma 2.15) with derivative

(t,2) — /Ra ((6"1G),) (1 - t)mo + tma, y)d(my — mo)(y),

which is also sublinear w.r.t. ||z||; (with a constant which is uniform w.r.t. t € [0, 1] since G €
Cy'(P1(R)). Then, by differentiation under the integral sign, for all ¢ € [0, 1],

10w = [ [ 5(16),) (1 = mo + s g)d(m = mo) )l = ma)*" (@)

Once again, the continuity of f(™) is a consequence of the dominated convergence theorem and of
the assumption that G belongs to CJ'(P1(R)). O

Another particular case of interest for the chain rule (12) is the one of the function
h:A€R+—— S(m,A),
for some fixed m € P;1(R), with S a shift operator defined as:
S(m,A): A€ BR) — m({z—\:z € A}).

In that case, the derivative of h could be seen as a reminiscent of the derivative in the sense of
Schwartz’ distribution, since it requires to differentiate the integrand instead of the measure in (12)
(it is actually the opposite of one would expect from the derivative in the distribution sense).

Lemma 2.18. Let m € P1(R), G : P1(R) — R be differentiable such that, for any p € P1(R),
x — 0G(u, x) is differentiable. Then the function

FiAeR—s G(S(m,\)

is differentiable and, for all A € R,

f’()\):/R(ayéG(S(m)\),:c—f—y))|y:/\dm(a:).
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Proof. We have for any t € R,
£ = F(h) = / 5G(S(m, M), 2)d(S(m, A) — S(m, A))() + £(S(m, A)).
R

with e(u)/Drr(1, S(m, Ag)) vanishing as p converges to S(m, Ag) for Dg . Since, writing mg :=
S(m, )\0),
Drr(S(m,A),S(m, \o)) = Drr(S(mo, A = Xo),m0) = |A = Aol

we know that e(S(m, A))/|A—Xo| vanishes as A converges to Ag. And, by the Dominated Convergence
Theorem,

1 / 0G(S(m, o), 2)d(S(m, A) — S(m, o)) (z)
)\ - )\0 R
_ / 0G(S(m, Xo),x + ) — §G(S(m, Ao), x + )\O)dm(m)
R A=2Xo
)\:\: B (8y6G(S(m7 /\0)7 T+ y))\y:Ao dm(x),
which ends the proof. O

The last case for which we want (12) is when the function h is of the form
h:zeRr— LY (2)|T).
with (Y (z)), a family of random variables and 7 some sigma-field.

Lemma 2.19. Let G € C}(P1(R)), T some sigma-field and Y (z) (x € R) be real-valued random
variables such that, almost surely,
x+— Y (x)

belongs to C1(R), and assume that for all compact set K C R,
E [Sup|8$Y(a:)|} < 0. (14)
zeK

Then, almost surely, the function
fixeR— G(LIY (2)|T))
belongs to CH(R) and, for all z € R,
F(@) = B[ (0. (@) (0,0G (LY @IT] )y o)

Proof. For the sake of notation, let us denote, for all x € R,

my, = LY (2)|T).

7]

For the rest of the proof, let us fix some xy € R and some compact set K containing an open
neighborhood of xg. Then, for x € K|

f(@) = f(z0) =G(my) — G(my,) = /R(sG(mzov y)d (Mg — Mz, ) (Y) + o (M)
=E [6G(ma,, Y (2)) — 0G(May, Y (20))| T] + €2y (Ma),
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with €4, (1t)/ Dk r(14, Mmy,) vanishing as p converges to my,. Consequently, for all x € K\{zo},

f(x) - f(xO) ) 5G(mzov Y(SE)) — 5G(m$07 Y(xo)) ‘ 7—:| + Eﬂﬁo(ml’)

Tr — X r — X T — X0

Since, for all z € K,

Dicr(astsy) < E[IY () = Y (o) T < o~ a0l - | sup 07 ()

ul

we know, by (14), that £, (my)/|z — zo| vanishes almost surely as z goes to xo.
Then, using (14) and the hypothesis that G belongs to C}(P1(R)), the dominated convergence
theorem concludes the proof. O

Remark 2.20. With the notation of Lemma 2.19, the expression of ' can be substantially simplified
using the Lions-derivative instead of the (linear) derivative: for all x € R,

f(@) =E[(0:Y (z)) - 0G (LY (2)[T], Y (2))| T].

2.3. Taylor’s formulas and some corollaries

The results of this section are mainly consequences of Taylor’s theorems applied to the function f
of Lemma 2.15 from the previous section. Let us give the statement for the Mean Value Theorem
for measure-variable functions. The proof consisting in applying directly the Mean Value Theorem
for the real-variable function f of Lemma 2.15, we omit it.

Proposition 2.21 (Mean Value Theorem). Let G : Pi(R) — R be differentiable. Then, for
any mo, my € P1(R), there exists some t €]0, 1] such that

G(m1) — G(mg) = /RéG((l — t)ymg + tmq, x)d(my —mo)(x).

In particular, every function G belonging to C{(P1(R)) is Lipschitz continuous: for all mg,my €

P1(R),
|G(m1) — G(mo)| < Drr(mo,m1) - sup  |0:6G(m,z)].
mePi(R),z€R

Let us now generalize the previous result by stating a version of Taylor’s formula with integral
remainder for measure-variable functions.

Theorem 2.22 (Taylor’s formula with integral remainder). Let n € N* and G € Cy'M (P1(R)).
Then, for any mo,my € P;(R),

Gm) = [ #Glmo. ) d(ms = o) (2)
k=0

1 1
== (1-— t)”/ S"MLG((1 — tymg + tmy, ) d(my — mo)®" M (2) dt.
. 0 Rn+1
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Proof. By Lemma 2.17, the function
f:tel0,1]— G((1—t)mo +tmq)

belongs to C"*1(]0,1]), and for all 0 < k <n+ 1 and ¢t € [0,1],

By = [ *G((1 = t)mg + tmy, x)d(my — me)®F (z).
Rk

Then, by the (standard) Taylor’s formula with remainder term,

n (k) 1
-y 0 l/o SO () (1 — ),

"ol
k=0

This last equality is exactly the statement of the theorem. O

In order to prove a version of the Taylor-Lagrange’s inequality for measure-variable functions,
the following lemma about Kantorovich-Rubinstein metric is required.

Lemma 2.23. Let n € N* and g € CJ'(R™). Then, for any mg,m1 € P1(R),

an
< Dggr(mg,m1)" - sup P ENT g(z1, .., zn)| - (15)
.0z,

T1,...,Tn€R

[ st@dtm mo)>"(@

Proof. We prove the result by induction on n. For n = 1, it is a mere consequence of the definition

of Dkpg, and of the fact that, any g € C}(R) is Lipschitz continuous with Lipschitz constant
non-greater than ||g’||co-

Then, let n € N* and assume that (15) holds true for any g € CJ(R™). Let h € Cy ' (R"+1), and

giae R [ hag)dlm - mo)y),
R
which belongs to Ci't(R™). So

[ pladdtm = mo)* )

[ st@)dtm - mo)®"(@)

877/
<Dggr(mg,my)" -  sup Wg<$1w“7mn) .
1...0Ty,

T1,...,Tn €ER

And, thanks to the case n = 1, we know that
8n
‘Mﬂg(ml, . xn) —

a’n
/]R B0y, & y)dlm - mo(y))‘
ontl

< Dgr(mo,m1) - sup mh(xh ---,xn,y)‘ .
1...0Tp

Z1,...,Tn,YER

Combining the two previous inequalities proves the statement of the lemma. O

As a straightforward consequence of Theorem 2.22 and Lemma 2.23 we obtain the following
result.
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Theorem 2.24 (Taylor-Lagrange’s inequality). Let n € N* and G € C;™(Py(R)). Then, for
any mo, my € P1(R),

1
G(ml) — Z H A 5’€G(m0,x)d(m1 — m0)®k(.’)3)
k=0 . k
L Dy r(mg, mp)" su 8niJrl(S"JrlG(m x)
~ (n+ 1) KRV, T meR"Jrl,nIL)ePl(R) 0x1...0Tp 41 ’ '

Another consequence of Theorem 2.22 is that, in some sense, it is possible to interchange the
derivative w.r.t. the measure-variable and the partial derivative w.r.t. the real-variable, when it
makes sense. For the sake of readability, the result is only stated for second order derivatives, but
can be generalized inductively.

Corollary 2.25. Let G € C3(P1(R)). Then, for all m € P1(R), and z,y € R,
926 ((0G)) (m,y) = 6 (0:(0G)z) (m, y),
or, with the Lions-derivative notation,
agy(SQG(m,x, y) = 0°G(m, x,y).
Proof. The proof consists in showing that the function
(m,z,y) € P1(R) X Rx R+ 9,6 ((6G),) (m,y)
is the derivative of the function
(m,x) € P1(R) X R — 9,6G(m, z)
in the sense of Definition 2.1. Let us fix in all the proof, some m,mgy € P;(R).

Firstly, by differentiation under the integral sign (which is permitted since G € C3(P;(R))), we
have, for any = € R,

0. | #G(m.a.y)dm —mo)w) = [ 2,52G(m..9) d(m —mo) ).
such that,
0:0G(m,x) — 0,0G(mg, x) — /R@I(SQG(m, x,y) d(m —mo)(y)
=0, <§G(m,x) —0G(mg, ) — /R§2G(m,a:,y) d(m — mo)(y)>
1
=0, [(=0) [ SG( =m0+ tm ) dlm = mo) . )

1
= / (1-1) 8,0536?((1 —t)mo + tm, x,y1,y2) d(m — mo)®%(y1, y2)dt,
0 R?
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where we have used the Taylor’s formula with integral remainder (cf Theorem 2.22) to obtain the
before last equality, and we have once again differentiated under the integral sign to obtain the last
one. Then, by Lemma 2.23 and recalling that G € C3(P;(R)), we obtain

0.,0G(m,x) — 0,0G(mg, x) — /R@gC(SQG(m, x,y)d(m — mo)(y)‘

3
S DKR(ma m0)2 : sup 53G(/J’a y) 5

rEP1(R),y€R?

0y10y20y3

which proves the result. O

Let us end this section with two applications of Taylor-Lagrange’s inequality (i.e. Theorem 2.24)
that permits to differentiate some particular functions.

Corollary 2.26. Let H : P1(R) x R — R and
F:mePi(R)— / H(m,z)dm(x).
R

Assume that:

(i) for any x € R, the function H, belongs to CZ(P1(R)), and there exists C' > 0 such that, for
all z € R,

sup |95,,,0%(H,)(m, y1,92)| < C(1 + |z),
mGPl(R)
y1,y2€ER

(ii) for any m € P1(R) and x € R, the function y — H(m,y) is C* on R, and 0,H, belongs
to CHY(P1(R)), and

sup |0y0 (0 Hz) (m,y)| < oo.
mepl(R)
z,yeR

Then, F is differentiable on Py (R), with: for all m € P1(R) and x € R,
0F(m,z) = H(m,x) + / 0Hy(m,z)dm(y) — F(m).
R
Proof. Let m,mg € P1(R) be fixed in all the proof.
F(m) — F(myg) :/ H(m,z)d(m — mo)(z) + / (H(m,x) — H(mg,z)) dmo(z)
R R
:/ H(mg,x)d(m —mp)(x) + / (H(m,x) — H(mg,x)) dmo(z)
R R

+/R(H(m,x)—H(m()ax))d(m_mo)(x)'
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Consequently,

o) = Pl |

R
</
R

+

(#10.5) ~ [ 1, om0, 2)dal)) m o) o)

Ha(m) — Ho(m) — [ 88, (o, p(m mo><y>] dmo(a) (16)

/R (H(m, ) — H(mo, ) d(m — mo)(z)]

(17)

Then, by the hypothesis (i) of the corollary and Theorem 2.24, the integrand of (16) is bounded
by
C(]. + |x|)DKR(m, m0)2

for any € R (with C' > 0 independent of x, m,mg), whence the quantity at (16) is bounded by

c (1 + /]R |33|dm0(33)) Dicr(m,mp)?

which is negligible compared to D g r(m,mg) when m converges to mq (for a fixed my).
In addition, the term (17) is non-greater than

Dgr(m,my) - sug |0, (H(m,z) — H(mg,x))|.
S

And, by the Mean Value Theorem (i.e. Proposition 2.21) and the hypothesis (i7) of the corollary,
for all x € R,
|0z (H(m, z) — H(mo, x))| = [0, Hy (m) — 05 Hy (mo)|
<Dica(m,mo) - sup 10,0 (9. Hy) (m,y)]

meP; (R)
z,yER

which entails that the term at (17) is bounded by
CDKR(m, m0)2

for some constant C' > 0 independent of m,my.
So we have proved that F is differentiable on P;(R), and that the following function is one
version of its derivative:

(m,z) € P1(R) x R— H(m,z) + /R(;Hy(m,x)dm(y).

It is then sufficient to subtract F(m) to the quantity above to obtain the canonical derivative
of F. O

The next result is similar as the previous one for a larger class of functions.
Corollary 2.27. Let H : P1(R) x R? - R and
F:meP(R)— H(m,z)dm®?*(x).
R2

Assume that:
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(i) for any x € R?, the function H, belongs to CZ(P1(R)), and there exists C > 0 such that, for
all x1,x9 € R,

sup }
mePy (R)
y1,y2€R

3§1y252(Hx)(m7y1,y2)‘ <O+ |z1] + |z2| + |z122]),

(ii) for any m € P1(R) and x1,72 € R, the functions x — H(m,z) is C* on R?, and both 0., H,
and 9y, H, belong to C11(P1(R)), with

sup |ay5 (O, Hy) (M, y)| + |8y(S (02, Hy) (M, y)] < 00,
mePq(R)
z1,72,yER

(iii) for all m € P1(R), the function x — H(m,x) belongs to CZ(R?).
Then, F is differentiable on P1(R), with: for all m € P1(R) and y € R,
5F () = [ S 0m,p)dm®@) + [ 1w y)dm(a)
R2 R

[ B az)im(e) — 25 ).

The proof of this result uses the following Lemma whose proof is given at Appendix C.

Lemma 2.28. Let d € N* and mq,...,mq, i1, ..., pa € P1(R). Then,

d d d
Dkr <®mk, ®Mk> < ZDKR(mkaPJk)'
k=1 k=1 k=1

Proof of Corollary 2.27. Let us fix some m, my € P1(R) in the proof.

F(m)—F(mo) = . H(m,z)d (m®? —m§?) (z)

+ /R (H(m,z) — H(mo, x)) dm§?* ()

= g H(mo, z1,22)dm(x1)d(m — mg)(x2)

+ . H(mo, z1,22)d(m — mq)(x1)dmo(z2)

+ /R2 (H(m,x) — H(mo,z)) dmf*(z)

+/ (H(m,z) — H(mo, z))d (m®* —m§?) (z).
R2



X. Erny/Measure-valued Markov processes and mean-field limits 26

Then,
'F( Fma) = [ [ S0 omo. ) wtm — mo) 0
~ [ ([ #rnaerdmaten) + [ Homo.pas)dmaten)) d(m—mo)(y)'

< . H(mg, 1, x2)d(m —mo)®?(x1, x2) (18)
= | [ (0m0) — o)~ [ (011 0m0)don = o)) ) ami?0)| 19
+ /R2 (H(m,z) — H(mo, z)) d (m®* —m§?) (z)|. (20)

By Lemma 2.23 and thanks to the hypothesis (iii) of the corollary, the term at (18) is bounded
by

DKR(mamO)z sup | 361332 | :

HEP1 (R),Il,IQGR

According to Taylor-Lagrange’s inequality (i.e. Theorem 2.24) and using Hypothesis (), we know
that the term at (19) is non-greater than

C Dicnlm, mo)? (1 +(/ |$dmo($)>2> ,

for some C' > 0 independent of (m,mg).
For the last term (i.e. (20)), by definition of Kantorovich-Rubinstein’s metric, is bounded by

Dkr (m®2 m(?Q) - sup |0y, Hy(m) — 0y, Hy(mo)| + |0z, Hy (M) — Oz Hy(mo)] .

z1,z2€R

As in the end of the proof of the previous corollary, we have

sup [0y, Hy(m) — Opy, Hy(mo)| + [0y He (M) — Oy He(mo)| < C'- Dcp(m,my).
z1,22€R

On the other hand, by Lemma 2.28, we have that
DKR (m®2, m?z) < QDKR(m, mo).
So the term at (20) is bounded by C - D r(m,mg)?. This proves finally that the function F is
differentiable on P;(R) and that the function

(my) € PL(R) x R—s | 6(H,)(m, y)dm® >+/H(m,x1,y>dm<x1>
R2 R

+ /RH(m, Y, xo)dm(z2)

is one version of the derivative of F. It is then sufficient to subtract 2F(m) to the quantity above
to obtain the canonical derivative of F. O
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Remark 2.29. Note that, an idea to prove Corollary 2.27 could have been to write

F(m) = H(m,z)dm®?(z) = / G(m, zq)dm(z2),
R2 R
with
G(m,xg):/RH(m,xl,xQ)dm(xl),

and to apply twice Corollary 2.26. The problem is that it would require more technical and stronger
assumptions to be true than the assumptions of Corollary 2.27.

2.4. Measure-variable polynomsials

A set of functions of interest is the following one
{F :m € P1(R) — /g(x)dm(x) : g smooth enough} .
R

Indeed the computation (and the stochastic calculus properties) on this kind of functions defined
on P1(R) rely directly on the computation for functions defined on R. Since this set of functions is
not a separating class for P;(R), we need to introduce the richer class of functions composed of the
polynomials (similar functions are also used in Dawson (1993), Cuchiero, Larsson and Svaluto-Ferro
(2019) and Guo, Pham and Wei (2023)).

Definition 2.30 (Polynomials). Forp € NU{oco}, let 2P be the set of polynomials of order p, i.e.
the functions F of the form

F:mePi(R)— h(z)dm®"(z),
RTL

with n € N and h € C} (R™).

There exists another useful class of measure-variable functions called the cylinder functions (see
e.g. Cox et al. (2021) and Guo, Pham and Wei (2023)) that can be defined as the set

{F cm e PLR) — g (/R ha () dm(z), ...,/Rhn(x)dm(x)> gl smooth}.

Note that the terminology used by Guo, Pham and Wei (2023) slightly differs from the one of
this paper (in Guo, Pham and Wei (2023), the functions g, A1, ..., h,, h above are required to be
polynomials). Consequently, in this paper the cylinder functions and the polynomials form two
different sets of functions. In this paper, the class of polynomials satisfies an important property:
if (P;); is the semigroup of a particular measure-valued Markov process, then, for any G € 24
and t > 0, P,G belongs to 2% (see Proposition 3.9 for a formal statement). The previous property
does not seem to be true for other classes of measure-variable functions like the cylinder functions.

As mentioned above, the following proposition states that the set of the polynomials is a sepa-
rating class for P (R).
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Proposition 2.31. Let p > 1 and p1, p2 be Pp(R)-valued random variables. If for all F € PP,

E[F(u1)] = E[F(p2)],

then u1 and ps have the same law.

The proof of this statement being quite both classical and technical, it is postponed to the end
of Appendix A.
The next result concerns the regularity of the polynomials.

Proposition 2.32. For all p > 2, the set 2P is included in both C*?(P1(R)) and C} (P1(R)). The
mized derivatives of any G € PP up to order p exist and are bounded. In addition, for any n € N*,
for all ¢ € CY(R™), defining G € P as

G:m e Pi(R) — . o(2)dm®"(z),

we have, for allm € P1(R) and y € R,
Glm,y) =3 [ e\ ) — - Gom),
k=1 Rn—l
and, for all m € P1(R) and y1,y2 € R,

82G(m,y1,y2) Z Z/ 0@\ (k1) (Y1, y2))dm "_2(33\(;671)) + Ci(m,y1) + Ca(m, ya),

klll

with Cy(m,y1) (resp. Ca(m,ys)) independent of yo (resp. y1).

Before proving Proposition 2.32, let us remark that it is possible to have explicit and smooth
expressions for the quantities denoted by Cy(m,y;) and Cy(m,ys2): with the notation of Proposi-
tion 2.32,

Crman) == (m=1) [ ple\an)dm®™ @\,
Co(m,y2) = —n-0G(m, y2).

We have omitted these expressions in the statement of the proposition since we do not use them
in the proofs of the paper. It can still be of interest to note that the functions (m,y) — C1(m,y)
and (m,y) — Cz(m,y) are polynomials of order p w.r.t. m, and C} (R) w.r.t. y.

Remark 2.33. As a consequence of Proposition 2.32, it can be noticed that all the polynomials
are continuous on the space P1(R), and so, also on each space P,(R), since p-th order Wasserstein
metric is finer than Dgpr (for anyp > 1).

Proof of Proposition 2.32. Let us fix p > 2 in all the proof. We prove, by induction on n € N* that,
for any ¢ € CY(R™), and G defined as

G:m e Pi(R) — o(z)dm®™(z), (21)
Rn
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the function G is differentiable on P;(R) such that: for all m € P;(R) and y € R,
Gm) =3 [ pleam® =) + COm), (22)
k=1
Let us begin with the case n = 1. So, let us consider some ¢ € C}'(R) and define
G:m e Pi(R) — /Rgo(x)dm(x).
Since, for any m, mgy € P1(R),

Gm) — G(mo) = /Rgo(:v)d(m — mo)(@),

we know that, the function (m,z) — ¢(x) is one version of the derivative of F. Its canonical
derivative therefore satisfies: for all m € P;(R),z € R,

0G(m,z) = p(z) — G(m).

Now, let us fix some n € N*, and assume that (22) holds true for any function G of the form (21)
(for any choice of p € CY(R™)). Let p € CY(R™*!) and

G:meP(R)— o(2)dm®" ().

]Rn+ 1

Let us introduce

H : (m,y) € PoR) < R |l y)dm®" (z),

such that, for all m € P;(R),
m) = [ Hmyyim(y).
R

Now, we prove that G is differentiable using Corollary 2.26. Firstly, by induction hypothesis,
applied twice successively, for all y € R, the function H, is twice differentiable on P;(R), with: for
all m € P1(R), 21,22 € R,

§2H,(m, 21, 22) ZZ/ P2\ (k1) (21, 22), ) dm®™ 2 (2\ (k1)

klll

+ Cy(m, z1) + Cy(m, 22).

Then,
82,.,0° Hy(m, 21, 22) ZZ/ Asp (2\ (1) (21, 22), ) dm®™ =2 (2\ (k1))
k=11=1
12k

which is bounded uniformly w.r.t. (y, 21, 22, m) (recalling that ¢ € CP(R™*!) with p > 2). Hence,
the function H satisfies Condition (7) of Corollary 2.26.
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Besides, by differentiation under the integral sign, we have, for all m € P;(R),y € R,

OyHy(m) = /n Ono(z, y)dm®" (z).

And, by induction hypothesis and differentiating again under the integral sign, for all m € P;(R)
and y, z € R,

0.5(0,,) (m.2) =3 [ 0o (a\iziy) dm® ),
1 Rn—1

which is bounded uniformly w.r.t. (y,z,m). So H also satisfies Condition (i7) of Corollary 2.26.
Then, by Corollary 2.26, the function G is differentiable, and for all m € P;(R),y € R,

5G(m,y) = H(m,y) + / SH. (m, y)dm(z) — G(m)

= x m®™ (z Y T 2)dm®" Y (z m(z m
= [, etwaan® @+ 32 [ [ el im = () + )

— [ elein® @)+ 3 [ pla\a)dn® @\ + Cm),
n 1 Rn

which is exactly (22).

Now, one can note that, thanks to (22), for any G € &P (for p > 2), for any x € R, the function
(6G), still belongs to P and the function 9,(6G), belongs to #P~!. This implies that 9P is
included in C°%(P;(R)). All the other statements of the proposition are a direct consequence of this
result and the fact that, by definition, any G € &P can be written as in (21) with ¢ € C}(R™). O

Remark 2.34. Similarly as it was noted in Remark 2.29, it is possible to differentiate measure-
variable functions that include all the functions of the forms given at Corollaries 2.26, 2.27 and
Proposition 2.32, considering

G:mePi(R) — H(m, z)dm®(z).
Rd
Howewver, such a result would need particularly technical and strong hypothesis that what is actu-
ally needed in this paper.

3. Markov theory of measure-valued processes

The aim of this section is to study the Markov properties of two kind of measure-valued Markov
processes: the conditional laws of McKean-Vlasov processes (cf Section 3.2) and the empirical
measures of some McKean-Vlasov particle systems (cf Section 3.4). Before studying these two kinds
of processes, we need to introduce some definitions and some useful lemmas.
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3.1. General results

Let us begin by introducing the notion of semigroups and generators that we use in the paper. This
section is written for E-valued Markov processes, and is applied for E = P,(R). It is assumed in all
the section that E is a Polish space (the fact that P,(R) is Polish is guaranteed by Theorem 6.18 of
Villani (2009)). The notion of semigroup is the usual one, and the notion of infinitesimal generator
has to be understood in a sense of martingale problem. Notice that these are the definitions used in
Meyn and Tweedie (1993), and also in Erny, Locherbach and Loukianova (2022b) only in the case
E = R. The results of this section generalize the ones of Appendix A and B of Erny, Lécherbach
and Loukianova (2022b).

Definition 3.1. Let E be a Polish space, and (X;); be some time homogeneous E-valued Markov
process w.r.t. some filtration (Fy);. Let Ds(X) denote the domain of the semigroup of X :

Ds(X)={g: E — R measurable : Vt > 0,E; [|g(X:)|] < o0}
The semigroup (Py): of (X4): is a family of operators defined by: for any g € Ds(X), for allt > 0,
Pg:xze Er—E,[¢g(Xy)],

with E; the expectation related to the probability measure P, under which Xy = x.
Let Dg(X) denote the domain of the generator of X: g € Dg(X) if and only if g € Ds(X) and
there exists hy € Ds(X) such that, for allt >0,

.| [ Ingclas] < .

t

Peg(e) = 9(o) = | Pebg(o)ds =0,

In this case, the generator A of (Xy): is the operator defined on Dg(X) as Ag = hy.

Note that, thanks to Remark 2.33, any polynomial is continuous (hence measurable) w.r.t. the
topology of P,(R), for all p > 1. In this paper, these are the only functions that are considered in
the domains of the generators of the Markov processes.

Remark 3.2. In this paper, we give the expressions of the generators for two classes of measure-
valued Markov processes. In Theorem 3.6, we study the generator of processes defined as condi-
tional laws of solutions of McKean-Vlasov Ito-SDEs, conditionally on a Brownian motion. In The-
orem 3.10, we give a similar result for processes defined as empirical measures of particle systems
whose dynamics are driven by McKean-Viasov Ito-SDFEs.

We can now state a criterion for a P,(R)-valued process to be Markov. Since it is a direct
consequence of the fact that the polynomials form a separating class for P, (R) (i.e. Proposition 2.31),
the proof is omitted.

Proposition 3.3. Let p > 1 and (p:): be a Pp(R)-valued process adapted to some filtration (Fy);.
Assume that, for any polynomial F € P, for all0 < s <t,

ELF(ue)| Fs] = E[F ()] prs] -

Then (put): is a Markov process w.r.t. the filtration (Fy).
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The exhaustive study of Markov theory for measure-valued processes is beyond the scope of this
section. The aim is only to prove the following result stating a classical Trotter-Kato formula under
some ad hoc assumptions.

Proposition 3.4. Let (P,); and (PN); (resp. A and AN ) be the semigroups (resp. generators) of

two E-valued Markov processes (X;): and (X{V), let A be a subset of C(E) and z € E. Assume
that:

1. for allg € A and t > 0, the function y € E +— Pig(y) still belongs to A,
2. the set A is included in the domains of the generators A and AV,
3. for any g € A, the three functions

t PAg(z) , tr PNANg(z) and t — PN Ag(z)

are continuous,
4. and, for allT >0, g€ A and t € [0,T],

sup |[PNA (P, — P) g(z)| + sup |PNAN (P, — P;) g(z)| — 0.

r<T s—t

Then, for allt >0, g € A,

(Prg— PNg) (x) = /0 PN, (A~ AN) Pog(x)ds. (23)

The proof of Proposition 3.4 requires the following result. Its classical, so its proof is omitted
(see e.g. Remark A.2 and Proposition A.3 of Erny, Locherbach and Loukianova (2022Db)).

Lemma 3.5. Let (X;); be some E-valued Markov process with semigroup (P;): and generator A
(in the sense of Definition 3.1). For any g € Dg(X) and x € E, if the function t — P,Ag(x) is
continuous on Ry, then, for allt >0,

9 (Pg(z)) = P Ag(z).
In addition, if for allt > 0, P,g € Dg(X), then
0y (Prg(x)) = APg(x) = P Ag().
Proof of Proposition 3.4. Let us fix in all the proof some g € A, t > 0 and define
®:s5¢c0,t] — PN P.G(x).

By Lemma 3.5 and conditions 1-3 of Proposition 3.4, the function ® is differentiable with, for
all s € [0,1],

®'(s) = — 0, (PN P,G(z)) et T 0o (PN ,P,G(z))
=— PN _ANP,G(z) + PN P, AG(x)
=PN (A - AN) P,G(x).

|lv=s
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The only property required to prove the result of Proposition 3.4 is that ®' is continuous on [0, t].
Indeed, it would imply (by the second fundamental theorem of calculus),

B(t) — B(0) = /0 ' (s)ds, (24)

which is exactly (23).
To prove the continuity of @', let us fix, for the remainder of the proof, some s € [0, ¢] and some
sequence (sg)x converging to s. Then

[@"(s) — '(s1)] < ’PtJX (A AN) G(r) — t Sh (A AN) G(x
+}PtN (A- AN)PG( ) — PN ot (A- AN)P G(z )|
=: Ay + By. (25)

Since B
AkS ‘(Ptlis t sk)AP99 |+|(PtN=; PtJXsk)ANPsg(‘T)L

we know, by conditions 1-3 that Ay vanishes as k goes to infinity.
On the other hand,

By < |PY A(Ps = Py,) g(o)| + |PX,, AV (P = Py,) g(x)]|,
also vanishes as k goes to infinity by condition 4. Consequently (25) implies that ®’ is continuous

on [0,¢], implying that (24) holds true, which proves the proposition. O

3.2. Conditional law of diffusion

Let (X;); be defined as the solution of the following SDE
dX; =b (fiy, Xi) dt + o (e, X¢) dBy + s (i, X¢) AWy (26)

+h(ﬂt7,Xt,)/R ]l{zgf(ﬁ,,,,)?t,)}dﬂ(t7z)’

where B, W are standard Brownian motions of dimension one, 7 a Poisson measure on Ri with
Lebesgue intensity such that B, W and = are mutually independent, and

ﬂtZE(Xt | Wt)7
with Wy = o(Wy : s < t) the filtration of the Brownian motion W at time ¢.

Theorem 3.6. Grant Assumption 1. The process (fir): is a Pa2(R)-valued Markov process. The
domain Dg (i) contains the set P2, and the generator A of [i satisfies: for any G € P2 and m €
Pa(R),

AG(m) = /]R L(5G(m, ))(m, z)dm(z) (27)

1
1[0 P G ) slm. 2)sOm p)im ),
R2



X. Erny/Measure-valued Markov processes and mean-field limits 34
where L is the operator defined as: for g € C*(R),z € R,m € P1(R),

Ly(m,2) =b(m, 2)g'(z) + 5 (om,)? + s(m,2)?) o' (2)

+ f(m,z)[g (z + h(m, z)) — g(x)].

It can be noticed that the operator L is the generator of the process X in the “martingale
problem” sense. The process X itself being a non-Markov semimartingale we prefer not to call L a
generator to avoid confusion.

Remark 3.7. The expression of the generator A is a reminiscent of classical expressions for gen-
erators of R-valued Markov processes. Indeed, the drift terms of the generator corresponds to the
first order derivative of the test-function G (where it can be noted that, the Brownian and jump
terms of the R-valued process X creates some drift terms for the measure-valued process fi since
they are “averaged” by [i). Besides, the Brownian motion W being still a noise source for fi, it cre-
ates a Brownian term even in the dynamics of i which corresponds to the second order derivative
of G. The expression at (27) is compact because the first term is written as an operator acting on
the first order derivative of the test-function. This term would be harder to write with the notion
of Lions-derivative instead of the linear derivative that we use. However, one can mote that the
second term would be a bit more compact with Lions-derivative instead of the linear derivative (by
Corollary 2.25).

The proof of Theorem 3.6 uses the same ideas as in Guo, Pham and Wei (2023) and Cox et al.
(2021): using Ito’s formula for R™-valued processes, and then integrating the result. In both ref-
erences, the authors extend the expressions of their measure-valued Ito’s formulas to sufficiently
smooth test-functions. This is done by approximating smooth measure-variable functions with cylin-
der functions. It is not clear that the approximation scheme of Cox et al. (2021) can be adapted to
our framework, whereas the one of Guo, Pham and Wei (2023) seems to be adaptable. This paper
being sufficiently long and technical, we prefer to omit the use of approximation schemes, and re-
strict the result of Theorem 3.6 (and Theorem 3.10) for measure-variable polynomial test-functions.

Proof of Theorem 3.6. Let

G:mePi(R) — o(z)dm®™ (z),
Rﬂ,
with n € N* and ¢ € CZ(R"™). B
For a fixed m € Py(R), let us introduce, for all 1 < k < n, the process X* solution to

t t t
b =xb+ [ b Xds+ [ olu XD+ [ (. XBaw, (28)
0 0 0

+/ hﬂs,,X’ff 1 o dr® (s, 2),
[0,¢] xR ( ) {z=se X0} (5:2)

with X¢,..., XJ i.i.d. m-distributed, B, ..., B®,W independent Brownian motions, and 7, ..., 7"
independent Poisson measures on ]Rf_ with Lebesque intensity, such that all these objects are mu-
tually independent. The random measure [i; is the conditional law of any of the process given the
filtration of W up to time t: iy = L£(X}|W;). The interest of this construction is to guarantee the
following property: for all ¢ > 0,

conditionally on i, XF (1 <k <n) are i.i.d. ji-distributed. (29)
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Let us denote X, = (Xt17...7)_(f), and, for 1 < k < n, X*° the continuous part of the semi-
martingale Xk, By Ito’s formula, for all ¢ > r > 0,

o(Xy Z 3k90 Xkc+ Z 8kl90 <Xk’c7Xl’C>S
E=1YT" kl 1vr
+ Z (p(Xy) — (X))
r<s<t
_ _ 1< [t _
o(X;) +Z 5k<P MS7X§)CZS+§ /U(ﬂm 207X, ds
E=1"" E=1""
s Z / (i XF)c (10 X 0(R ) ds
Icl 1

noont
+Z ; Bkw o (fis, XE)dBE +) : Oip(Xo)s (jis, XF)dW
k=1 k=1

+ E 1 o
k=1 /]nt]xR+ {z<f(as— XE )}
[0 (XKoo + h(fis—, X2 ) - ex) — o (X)) dr(s, 2),

with e = (L{x=})1<i<n € R™. Then, thanks to the calculation above, the property (29), and
Lemmas D.1 and D.2,

" 52/ / 0,000 (@)diE " ()ds
T2 Z/ /n $(fis, )s (s, 1) Ogpep(2) A" () ds

kll

n

t
+ ()5 (fis, 1) B () AW
k=177 JR"

+Z / £ 20) [0 (& + sy 00) - ) — 9(a)] A" (z)ds

Rn

+ § / / i<t an)}
=1 YT tIxXRy JR™
[p (z + h(fis—, xx) - ex) — @ ()] dBE" (x)d7"* (s, 2),

with 7% the compensated version of 7*:

dik(t, 2) = dn®(t,2) — dt - dz.
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Then, using the computation above and Proposition 3.3, we know that the process (fi;); is
a Markov process. In addition, by (3) and the fact that ¢ and f are sublinear, we know that the

stochastic integrals w.r.t. W and 7* above are real martingales. So the function G belongs to Dg(ji),
and

A6(m) =3 [ dupl@pm s)dm® (@) + 33" [ otmn P up@iim®™ (@) (30
k=1

kan

+ = Z/ s(m, zp)s(m, 1)0%,0(x)dm®™ ()

kll

+ Z o fim,x) [ (z + h(m, xy) - ex) — p(z)] dm®™ ().

Then, by Proposition 2.32, for all z,y € R,m € P1(R),

Gm ) =3 [ o @) ™ 5\e) + o) (31)

0*G(m, z,y) Z / (2 \ (k) (@, 9))dm®" 2 (2\ (1)) + C1(m, ) + Ca(m, y), (32)
k=17 R 72
k£l

with Cy(m,y) independent of x, Ci(m,z) independent of y, and Cy(m) independent of both z
and y.

Consequently,
améG(m,:v) :Z/n_l Orp (Z\kx) dm}2>7l—1(z\k)7
/Rb(m )0, 0G (m, z)dm(z Z/ /Rn ) (m, )0 (y\pz) dm® 1 (y\)dm ()

—Z b (m, Y )k p(y)dm®" (y).

Using the same trick on the other terms of (30), we have

/R o(m, 2)202,0G (m, z)dm(z Z / o (m, o) 202p (y)Am ™™ (1),
| st 202,56 m. 2 )dm(a Z / (m, )20, 0(y)dm®™ (),

[ <tmstm, )2, G,z pam® e, = 5 [ clmz1)s0m 200R()im 2.

k=1
k£l

As a consequence, it is possible to rewrite (30) exactly as (27). O
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3.3. Regularity of semigroups of conditional laws of diffusions

In this section, we only consider a particular case of the SDE (26) without the jump term:
dXt = b(ﬁt, Xt)dt + J(ﬂt, Xt)dBt + ((ﬁt, Xt)th, (33)

where B, W are still independent Brownian motions, and ji; = £(X;|W;). In addition, for any = € R,
let (Xt(z))t be the (only) strong solution of (33) with initial condition X(gm) =z

Lemma 3.8. Assume that the functions b,o,s admit fifth order mized derivatives such that the
mized derivatives of orders from one to five are bounded. Then, there exists some T > 0 such that,
for all0 <t <T, the function

reR— Xt(m)

belongs to Cy(R).
In addition, for all T >0, p e N*, and 1 < k <4,

, kop@]?
sup E |sup |0;xX; < 00.
ze€R  |t<T

The proof of the previous lemma uses classical technics (see e.g. the proof of Lemma 4.17 of
Chassagneux, Crisan and Delarue (2022)), but due to the particularity of our framework, we prefer
to write an explicit proof at Appendix B.

Proposition 3.9. Let P be the semigroup of the process X defined at (33). Under the assumption
of Lemma 3.8, for any G € 2* and t > 0,

(a) the function B
m € P1(R) — P,G(m)
belongs to P4,
(b) there exists Cy > 0 independent of G such that, for all0 < k < 4,

sup || PG|l < Cil|Glx,
s<t

where || || is introduced in Definition 2.1/,
(¢) for allm € P1(R) and x,y € R, the following functions are continuous
t € Ry — P,G(m),
teRy — 6 (PG) (m,z),
t € Ry — 9,6 (PG) (m, ),
te Ry — 02,6 (PG) (m,z),
teRy — 8§y52 (PtG) (m,z,y).

Proof. Let G € &% satisfying for all m € P;(R),
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with n € N* and ¢ € C}H(R™).
Let us prove Item (a). For all ¢ > 0,

where the processes X* (1 < k < n) are solutions to (33) w.r.t. the same W, but independent B*

and X} (similarly as in (28)). Since the variables X}, ..., X7 are i.i.d. fip-distributed, we have, for
any m € P1(R),

PG(m) = By [GGa)) = [ B [ (X0 X0 (o) = [ nla)am®(a), (34

with ) )
iz RN E [p (X000, X E)]

and X% (%) the process X* starting from initial condition X'(I)C’(”) =z (1 <k < n). Then, by
Lemma 3.8 and by differentiation under the integral sign (using uniform integrability condition, like,
for example, in Lemma 6.1 of Eldredge (2018)), there exists some T' > 0 such that, for all ¢ € [0, T7,
the function v belongs to Cjf (R™). This proves that, for all 0 < ¢ < T, P,G belongs to 2.

Then, since the process (fi¢); is Markov, we have: for all ¢ € [T, 2T, for all m € P;(R),

PtG(m) = pt—T (PTG) (m)

Whence, since PrG € &% and t — T € [0, T), the above equality implies that, for all T < t < 27T,
the function P,G also belongs to &%, Iterating this argument concludes the proof.

The proof of Item (b) follows from the fact that we have the explicit expression of P,G at (34) and
the control given at Lemma 3.8 (recalling Proposition 2.32). The proof of Item (c) relies on the same
arguments as for Item (b) with the additional use of the Dominated Convergence Theorem. O

3.4. Empirical measure of particle system
Let N € N*, and X™* (1 <k < N) be solutions to the following SDEs:

dx Nk —p (uiV,XtN’k) dt + o (uiV,XtN’k> dBf +¢ (uiV,XtN’k) AW, (35)

N
h(NvXN’l7>']l ) dlt77 )
" ;/ s X ) gy ey (8 20)
where B, ..., BN, W are standard Brownian motions, 7!, ..., 7 are Poisson measures on R, xR xR
with intensity dt - dz - dv(u) (with v a probability measure on R), such that they are all mutually

independent, and

1 N
N 2
Mt :Nlil 6XtN,l.

Theorem 3.10. Assume that the functions b,o,s are Lipschitz continuous, and that there ex-
ists C' > 0 such that for all z1,25 € R, and my,ms € P1(R),

//}h(mlafﬂl,u)]l{zgf(ml,xl)} —h(m%5U27U)]l{z§f(m,x2)}|dZdV(U)
R JR

< C (Jxy — z2| + Dxr(m1,m2)) .
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Then, the process (ul); is a Pa2(R)-valued Markov Process. The domain Dg(u™) contains the

set P2, and the generator AN of uN satisfies: for any G € P2, and m € Pa(R),
AG(m) = [ (b, 0)0286 ) + 5 [otm,2)? + S(m. 7] 02,66 0m,2) ) aimfa)
[ [ ) (GS(mhmz,0)) = Gl (i)
+5 [ 8,5 Gm, . g)s(m.a)s(m.g)dm z.)
1

+ o (32 52G(m,y1,y2)) o(m, z)%dm(z),

2N Jp N U2 ly1=y2=x
where we recall that S is a shift operator defined as: for m € P(R), A € R,

SmAN):AeBR)—m{z—X : z€A}).

Remark 3.11. The same phenomenon as the one described at Remark 3.7 can be observed for u™ :

the expression for AN can be interpreted in a similar way as the expression of R-valued processes.

The terms of the generator that depend on the first order derivatives corresponds to drift term in
the dynamics of u”, the terms that depend on the second order derivatives to Brownian terms (here
all Brownian motions B*, W give Brownian dynamics for p, since the law p! , being an empirical

measure instead of a (conditional) law, does not make disappear the Brownian dynamics of B,

on the contrary of the situation with fi for the Brownian motion B). Compared to the generator

of i, there is an additional term corresponding to the jump term of the measure-valued process u™

(whereas the process [ is continuous in time) that depends on the shift operator S and on the

increasing of the test-function G.

Proof of Theorem 3.10. The fact that p is a Markov process follows from Proposition 2.3.3 of
Dawson (1993). It can also be proved as in Theorem 3.6 using Proposition 3.3 and the following

computation that are in any case required to prove the remains of the statement of the theorem.

So, as in the proof of Theorem 3.6, let G € 2?2 such that: for all m € P;(R),
Glm) = [ pla)dm®" (z),

with n € N* and ¢ € CZ(R"™).
Then,

N
G) = S e (M)
Lkn=1

k17- yvn

For a given tuple k = (k1, ..., k) € [1, N]™, let us denote
N,k N, k1 N,kn
XNk = (Xt o X ) :

and XN:*¢ the continuous part of the semimartingale XV:¥i
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By Ito’s formula, for all ¢t > r > 0,
noo
@ (XIVH) =p (X)) + 3 / Diip (XK ax Moo
=177

1 n t » .
+3 3 [ e (xR a (e XN,

i,j=17T
£ 30 (o (xR — o (x0))
r<s<t
n t
— (Xi“‘)+2/ Brp (XNK) b (4, XNh) ds
=177
n t
+30 [ oup (XY (Y X B
i=1YT

=1
g D e (XN o (XN o (1, XN iy s
i,j=1
g D7 e () ¢ (Y, XNH) ¢ (Y, XN ds
i,j=1
N

+ / 1 R N1
2 s )

{gp (Xiv_’k +h (uiv_,X;\ﬁl, u) . 1) —p (Xi\[_’kﬂ drl(s, z,u),

40
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with 1 = (1,1,...,1) € R™. Consequently,

N 1 = Nk
Gy ) == Z 14 (Xt ' )

k1, kn=1

G(u) + M7+ 30 [ [ dptap (6 i) d (1) ()

D (30
ke[1,N]» ~ i,j=1

t
98 (X9 0 (1 X2 o (2 X)L s

+ % Z /r /n agj@(x)g(uévami)g(//&év,l'j)d (/,Lév)(gm (q;)dg

ij=1

N t
N N,
+l§_;/ /R/Rnf(us»Xs ) (37)
[0 (@ +h (1, XN w) 1) — g ()] d (1)) ™" (2)dv(u)ds,

with (MtN’T)tZT some martingale (the fact that M™" is not only a local martingale holds true
thanks to controls like (3) and the assumption that f,,¢ are sublinear).
Then, noticing that, for any zi,...,2xy € R and X € R,

1 1
° (NZ‘Smk’A) = 3 2 Sneen
k=1 k=1
it is possible to rewrite the expression at (37) as

N L) o o b ) 1) = )] i () () @)

N [ ) 6 (S (Y .0)) = G ()] i (),

Besides, separating the terms ¢ = j and 4 # j in the double-sum of the expression at (36), this
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expression can be rewritten as
2
> XY F)o (u, XNM) ds

5[ z
ke[[l N]™

"1 1
*5/ ov T Y XY ERe (W XNk ds

i,j=1 k\;€[1,N]"~*

%/ Z/}Rn e(x)o (uiv,xi)zd(ug )®" (z)ds
/ Z /R” L z_](p x\]ﬂ?z) (,US, z) d(,uiv)@n_l (1’\])d8

z]*
/ / Ms , L 82 oG (,Uzév,.’ﬂ) duév(x)ds
2
7N/T /RO' (:U’iv7x) y1y2(52G (/j/év7ylay2))‘y1=y2=$ d/ﬁév(x)ds7

where the last equality uses (31) and (32), and is mostly a notation matter.
In particular, doing the same computation trick as the one done at the end of the proof of
Theorem 3.6, it is possible to write the dynamics of G(ulY) as follows

GluY) =G + 0 + [ t [ 205G m )i (@)
/ [ 7l 2)* 02,66 (1 ) )
o | o ) (0576 (o)), ) (010
+ ;/: /Rz<(u57w)c(uf,y)3§y52G(uiV,x,y)d(uf)m (x,y)ds
JFN/Tt/R/Rf(Niny) (G (S (u h(pd yw)) = G (ud)] dpl (y)dv (u)ds,

with (M), a martingale that depends only on the process ', on the Brownian motions W, B¥
(1 < k < N) and on the Poisson measures 7' (1 < | < N) such that it adapted to the union
of the filtrations of these objects. The equality above being true for all G € £?2, Proposition 3.3
entails that the measure-valued process (1f); is a Markov process (which was already guaranteed
by Proposition 2.3.3 of Dawson (1993)), but also that the domain of the generator of u¥ contains
the set &2, and that the expression of the generator on any G € 2?2 is the one given in the
statement of Theorem 3.10. O
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4. Proof of the main results
4.1. Proof of Theorem 1.3

Let us recall that, for_each N € N*, the processes XNk (1 < k < N) are defined as the (strong)
solutions of (1), and X as the (strong) solution of (2). And, by definition, for all ¢ > 0,

N
1 - _
TR N ;:1: Jyww and @iy = L(Xi[W,).

Let us denote

N
1
(C:N = {m’w = NZ(ka LWy, ..., WN € R} - POO(R)
k=1
It is classical that for any ¢t > 0, there exists Cy > 0 such that for all p € N*, m € P,(R)
and wy,...,wy € R

E,, {Sup |Xs|”} < C, <1+/R|x|pdm(:r)>, (38)

s<t
1 < 1 <
Nk |P 1
w2 [ bt <1y ) @

where m,, = N1 Zﬁzl W, Ep, (resp. K, ) denotes the expectation w.r.t. the probability measure
under which the Markov process fi (resp. ) has m (resp. m,,) as initial condition.

Step 1. The first step of the proof consists in showing that, for any fixed N € N*, the P; (R)-valued
Markov processes u¥ and [i satisfy the following Trotter-Kato formula: for all G € 2%, m € &y
and t > 0,

(= £ Gm) = | CPY (A - AY) P.Glm)ds,

with PV, P (resp. AN, A) the semigroups (resp. generators) of %, fi, in the sense of Definition 3.1.
To prove this, it is sufficient to check that pu”, fi satisfy the four conditions of Proposition 3.4.
Condition 1 holds true for A = 24 by Proposition 3.9. Besides, Condition 2 is a direct consequence
of Theorems 3.6 and 3.10.
Now, let us verify Condition 3 of Proposition 3.4. Let G € 2%, by Theorem 3.6, the generator A
of [ satisfy: for all m € P1(R),

AG(m) = [ 1m.z)am@) + [ Tom.p)dma.y),

with
Im,) = (b(om.2) + [ ) on, ity ) 560 2) (10)

42 (olm,2)? +(m,2)?) 2,6G(m, ).

J(m,x,y) = g(m,x)c(m7y)@iyégG(m,%y). (41)
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In particular thanks to Proposition 2.32, we have the following control: there exists C' > 0 such
that for all G € 2% and m € P2(R),

|AG(m)| < C <1+/ x|2dm(x)> 1G]z (42)
R
And, for all to,t < T,
S / I(ﬂtmx)d (:uto
R
[ s 2~ ) <x,y>\

/u fitg> @) — (i, )| dfi()

+

/ |J Mtoax ZU J(ﬂtaxay)|dﬂ§2(x7y)

<]E[|I(ﬂ ) I(fiey, Xo) || Wr]
E [, X1) — (e, Xo) || Wr]
HJ /’Ltonton2) J(MtoathvXtQ)HWT]
E [ (o, Xi' X7) = J (e, Xi, X2) || Wr]

with X!, X2 solutions to the SDE (2) w.r.t. the same Brownian motion W, but w.r.t. two inde-
pendent Brownian motions B!, B? instead of B. Let us note that, the functions I, J are locally
Lipschitz continuous in the following sense: there exists C¢ > 0 such that, for all my, ms € Pa(R),
and T1,22,Y1,Y2 € Ra

[I(my,21) — I(ma, z2)| + |J (M1, 21, y1) — J(ma, T2, y2)]
< G (1o + ool + il + ol + [ o () + [ [sPmae) )
R R
(lz1 — 22| + Drr(mi,ma)).

In particular, by Cauchy-Schwarz’ inequality and Jensen’s inequality and (3), denoting E,, the
expectation w.r.t. the probability measure under which g = m

Py AG(m) — BAG(m)| < En [|AG (i) — AG(s)]]
< CeE,, [(1 + St<1[:; E [|X’S|2| WT]> E [’Xto — XtH WT]

< CoBy 1%, - %7 .

Recalling that X is solution to (2), it is classical (using for example Burkholder-Davis-Gundy’s
inequality with (3)) that the RHS of the above inequality vanishes as ¢ goes to to. This implies that,
for any m € Pa(R) and G € £, the function

is continuous.
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The continuity of the function
t— PN ANG(m),

for m € Ey follows from the same reasoning provided Lemma 4.1 below to deal with the jump term
that depends on a shift operator S. Note that it is important to work with an initial condition
belonging to £y in order to interpret ¥ as the empirical measure of some N-particle system
satisfying the SDEs (1).

Lemma 4.1. Let my,ma € P1(R) and hq,ha € R. Then
Dgr (S(m1,h1),8(m2, b)) < Dxg(mi,mz) + [h — hal.

Proof. Let ¢ : R — R be any Lipschitz continuous function with Lipschitz constant non-greater
than one.

] [ o) @) = [ el (Sma,ha)) @
R

R

[ oot myimi@) = [ ola+ ha)dma(a)

R

<

/ (@ + ha)d(my — ms) (z)
R

< Dggr(mi,mg) + |h1 — hal.

- /R [p(x + h1) — @@ + ha)| dma(z)

Taking the supremum over all such functions ¢ proves the result. O

Indeed, with the same computation, we obtain

|PNANG(m) — PN ANG(m)| < By, [|[ANG(1f)) — ANG (i) |]

1 2) 1 &
(e ) 5 S|
k=1

sstN
L 1\ 2
Nk N.k
SCG<NI;E,,,“XtO ~ X ‘D .

Once again, this proves that for any m € &y and G € 24, the function

< CGEm

t— PNANG(m)

is continuous. The continuity of ¢ — PN AG(m) is guaranteed by the same arguments. So Condi-
tion 3 of Proposition 3.4 is verified.

To end the Step 1 of the proof, let us now check Condition 4. Let us fix in the rest of Step 1
some G € 2% 0 <t < T and some sequence (s, ), converging to t such that s, < T for all n € N.
For M > 0, let us introduce

Ky ={m € Pi1(R) : Supp(m) C [-M, M]}.

For any M > 0, KCjs is a compact set of P,(R), for all p > 1 (see Remark 6.19 of Villani (2009)).
Let us denote, for every n € N, - -
G, = PG - P;, G.
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Thanks to Proposition 3.9, we know that each G,, belongs to &*. Hence, by Proposition 2.32,
we can use Corollaries 2.26 and 2.27 (and Lemma 2.18 to differentiate the jump term from the
generator AN) to compute (AG,,)(m, x) and (AN g, )(m, z) (recalling the expressions of A and AN
given in Theorems 3.6 and 3.10) to prove that, for all M > 0,

sup ’6;”5 (AGn) (m,x)’ + sup |816 (ANGn) (m,x)’ < Cgqg (1 + MQ) .
neN neN
mek mekyr
|z[<DM |z[<M
Note that the fact that the control above is uniform in n is guaranteed by Proposition 3.9.(b).
Then, by the Mean Value Theorem for measure-variable functions (i.e. Proposition 2.21) and
since Kps (M > 0) are convex sets, we know that the families of functions (AG,), and (AVNG,),
are both uniformly equicontinuous on each compact set K (for any M > 0). In addition, let us
recall that it is possible to write the generator A and A" in the following form: for any m € Pa(R),

A6, (m) = [ 1u(m.z)dm(@) + [ T (m.zg)am o,

AYG(m) =

1Y (m, @)dm(z) + / N (m, 2,4)dm® (z, ),
R

R2

with I, J,,, IY and JY defined similarly as I, J in (40) and (41), for the function G,, instead of G.
And, by Proposition 3.9.(c), for any x,y € R and m € P(R), the integrands above vanish as n

goes to infinity, and are bounded by

Cq (1 + 22+ + / |z|2dm(z)> ,

where Ci > 0 does not depend on (m, x,y,n). Then, by the Dominated Convergence Theorem, for
any m € Ky (for any M > 0), both AG,,(m) and ANG,,(m) vanish as n goes to infinity. Since
these two sequences are uniformly equicontinuous on each compact set Kps, this implies that, for
all M > 0,

sup  |AGn(m)| + sup ’ANGn(m)‘ — 0. (43)

mek v mek pm n—00

Then, let us introduce, for M > 0 the following event

N,k
Dy =4 sup |XNF| <My,
r<T
1<k<N

and Df, its complementary. We have, by Cauchy-Schwarz’ inequality and Markov’s inequality, for
any m € Ep,

sup |PNAG,(m)| <E., [sup |AG,(uY )|]
r<T Lr<T

<E,, |sup ‘AGn(,uiV)‘ IlDM} +E;, {sup ‘AGn(pﬁv)]lchM
Lr<T r<T

<E |sup |AG, (1)) ]lDM:| + CramM ™2,

Lr<T
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where we have used the controls given at (39), (42) and Proposition 3.9.(b).
In particular, for any € > 0 it is possible to fix some M. > 0 (whose also depends on T, G, m,
but not on n) such that

sup |PT]VAGn(m)’ <E,, |sup ‘AGn(/‘ﬁv)‘ Ipy. | te
r<T r<T

Noticing that,
Dy C {Vr < T,,uf.v S ICME},

we know, by (43), that, almost surely,

n—oo

sup [AGa (1)) Lo, — 0.
r<T

and, by the Dominated Convergence Theorem (and (39), (42) and Proposition 3.9.(b)), this entails
that, for m € &y, -
sup |PNAG,(m)] — 0.

r<T n—oo

With exactly the same reasoning, we also have

sup |PTNANGn(m)| — 0.
r<T

n—oo

So Condition 4 of Proposition 3.4 is satisfied.
Step 2. We have proved that for all G € %, m € Ey and t > 0,

(P, — PN)G(m) = /0lt PN, (A-AN) P,G(m)ds.

This formula allows to obtain a convergence speed for the semigroups provided a convergence
speed of the generators. So, the goal of Step 2 is to prove that, for all G € 22 and m € P3(R),

(AN = A) G(m)| < C||G||2% (1 + /R |x|3dm(x)) : (44)

where C' > 0 is independent of G, m and N.
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To begin with, by Theorems 3.6 and 3.10, for all G € 22 and m € P2(R),
AGom) = [ [otm.)+ ([ nma fn, )t )| 0.6 0m, )am(e)
R R
/ [0(m,2)* + ¢(m, z)?] 92,0G(m, x)dm(z)

s(m, x)s(m, y)d5,6°G (m, x,y)dm®* (z,y),

1 2 2
ﬁ RU(m LU) (3U1y25 G(maylayQ))‘ylzyQZw

+1 / o(m, ) (m, 4)02,62G (m, 2, y)dm® (z. )
R2

+ N/Rf(m,:c) [G (5 (m, ;h(m,x)D - G(m)] dm(z).

dm(x)

So

|(AN_ 72]\}/‘ a(m, ) y1y252G(m7yhy?))wl:yz:w dm(z) (45)

G (3 <m, leh(m,x)» —G(m) (46)

_h(”]z; 2) /R ayac(m,y)dm(y)’dm(x)

+N/Rf(m,x)

Firstly, the term (45) is bounded by

cnau% <1+/R|a:|2dm(x)).

To control the other term (46), let us define

H: (m,z) € Pi(R) x R —> /RéG(m,y) d (s (m, jifh(m,x)) _ m) W),

and notice that, for all m € P1(R),z € R,

H(m,z) = /R {5(1 <m,y + ;h(m,m)> — 6G(m, y)} dm(y).

Consequently, by subtracting H(m,x) in the first line of the integrand of (46), and adding it to
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the second line, we deduce that the term at (46) is non-greater than
1
N/ f(m,z) |G <S (m, Nh(m,x))) — G(m) — H(m, x)
R
1
—|—N/ f(m,x)/ ‘(5G (m,y—|— h(m,x)) —6G(m,y)
R R N

dm(x)

L bfun, 210,56, y)‘ dm(y)dm(x)

< SNGI [ Fm.a) (DKR (5 (mhm) m) + J;h<m7x>2> amfe),

where we have used Taylor-Lagrange’s inequality for measure-variable functions (i.e. Theorem 2.24)
to control the first term of the sum above, and the standard Taylor-Lagrange’s inequality for the
second one. Besides, by Lemma 2.18, for any m € P;(R) and A € R,

Dgr(S(m, ), m) < ||
such that (46) is bounded by

16l [ o, apan(s) < Cliclag (14 [ lafin).

where we have used the sublinearity of f,h. So we have proved (44).
Step 3. From (44), we deduce a control between the semigroups of u?, fi. Let wy,...,wy € R,

and
1 N
My = N kél’UJk.

Then, thanks to Step 1,

(B, — PY) G(mu)| < /0 En, [|(A— AY) B.G(uY ,)[] ds
<C— /||PG||2 <1+ ZEM “XNk ])
1 1SN,
SCtNHG‘b NZW’IJ ; (47)
k=1

where we have used Proposition 3.9.
Step 4. Then end of the proof is now quite classical. For G € 24,

[E[G(1)] = E [G()]] <

[, PO A£G £ )
P1(R)

b [ 1R P) GOl (2 () ()
P1(R)

1
<C|G|hDkr (£ (f0), £ (1)) + Ct||G|\2N7
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where the last line has been obtained using Proposition 3.9 (and the definition of the Kantorovich-

Rubinstein metric) for the first term of the sum, and (47) for the second one.
This ends the proof of Theorem 1.3.

4.2. Proof of Corollary 1.5

The proof of Corollary 1.5 consists in remarking that the SDEs (4) and (5) are particular cases
of (1) and (2) with: for m € P;(R) and z € R,

b(m,z) = b(x); o(m,z) =6(x); s(m,x)=0; h(m,z)=1; f(m,z)=f(2).
In addition, since the processes YV*¥ (1 < k < N) and Y are assumed to have the same

deterministic initial condition xy € R, the measures pu’ (N € N*) and iy are deterministic and
equal to the Dirac mass at xo. Hence

Dir (£ (o), £ (1)) = Drcr (8ay, 620) = 0.

Finally, the result of Corollary 1.5 comes from the fact that, for any ¢ € C{#(R), the function
G:m e Pi(R) — / o(x)dm(z)
R

belongs to #7*, and that

—E (")

=|

N
E[G(iu)] = G(f) =E[p(Y;)] and E[G(u)] =E l . Do)
k=1

4.3. Proofs of Theorem 1.7 and Corollary 1.9

The proof of Theorem 1.7 is essentially the same as the one of Theorem 1.3. The only difference
is the Step 2 of the proof concerning the control of the difference of the generators AN and A,
where we need Taylor-Lagrange’s inequalities at order three instead of two. So concerning the proof
of Theorem 1.7, let us only write the proof of the equivalent of (44) for the diffusive model: for
G € 22 and m € P4(R),

N_ % 1 4
|(AY — 4) G(m)| < C||G|\3ﬁ (1—1—/R|x dm(x)). (48)

To this end, let us admit the following lemma, whose proof consists in using three times the
Taylor-Lagrange’s inequality. This lemma allows to simplify computation in our proof.

Lemma 4.2. Let g € C3(R?). Then, for all z,y,\ € R,

2

A
o+ Ay ) = gl + A9) = 9o+ )+ (o) 5 0o

AP
< gl

|a|=3
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Let us denote ¢ > 0 the standard deviation of the probability measure v:

¢= (/R u%u(u))m

Then, by Theorems 3.6 and 3.10, for all G € 22 and m € P2(R),
AG(m) :/ [b(m,x)@ICSG(m,:Z:) + ;U(m,xfaix(;G(m,x)} dm(z)
R

#5¢ [ ([ nom 9 sm.s)am(w)) 92,66 2)im o)
n %gz 9 ( /R h(m, z)? f(m,z)dm(z)) 02,0°G(m, z, y)dm®? (z,y),
ANG(m) =/

[b(m@)@méG(m, x)+ ;a(m,x)zc’?imé(}(mm)} dm(z)
R

1
+ 9N 0( ) (a§1y26 G(m yl’yQ))lmzyz:m m(a:)

+N//fm @ { ( <m,\/uﬁh(m,x)>> G(m)} dv(u)dm(z).

N 2
(A% = A4) G(m) 2N/ o(m, ) y1y25 G(mvylay2))‘y1:y2:w

+N/ F(m, = / [G (3 <m,\/uﬁh(m,z)>) — G(m) (50)

——hmz /82 dG(m, z)dm(x)

So

dm(x) (49)

——h (m, z) 82 52G m,x7y)dm®2(x,y)} dv(u)dm(z).
R2

The absolute value of the term at (49) is bounded by

C%HGHQ (1 + /RJJQdm(x)> .

For the rest of the proof, let us introduce, for u, z € R, the signed measure

mY, =8 (m \/Lﬁh(m, z)) —m. (51)

To control the term at (50), by using Theorem 2.24, we need to compute the integrals of the k-th
order derivative of G w.r.t. the power of m’¥, to k, for k € {1,2}.

/R /R §G(m, x)dm?, ()dv(u) = /]R /]R [5G (m,x+ \/uﬁh(m,z)> — 5G(m, z)

—ﬁh(rm 2)0,0G(m, x)} dv(u)dm(x),
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where the term at the second line above has been added artificially since v is a centered measure.
In addition,

/]R . 582G (m, z,y)d (mi\{u)m (z,y)dv(u)

R
:/R/R/R{(s?c; (m,x+;ﬁh(m,z),y+;ﬁh(m,z)>

~5%G (mx n \/%h(m, z),y) pte <ma:y\/uNh(m z)>

+62G(m, z, y)} dv(u)dm(z)dm(y).

Whence, the absolute value of the term within the brackets at (50) is non-greater than the sum
of the three following quantities:

G (S (m,—=h(m,2)) ) —Gm)— | 6G(m,z)dmY,(x)dm() (52)
(s (m Jyhem2) ) -6t - |

_% [5G,z y)d (m¥ )% (@, v)],
/R e, <m,x + \/u]vh(m,z)> — 5G(m,z) — %h(ﬂu 2)0.6G (m, ) (53)
(2202, 3G m.2)| ).
[ [76 (4 htm. 2+ Jhin, ) 576 (o + —hom, 210 (54)
~5%G <m7x7y\/uﬁh(m, z)> +0%G(m, z,y) — %h(m, z)2a§y52G(m,x,y)‘ dm®2(z, y).

Each of the three terms above is bounded by

le/]v (1+z|3—|—/R|x|3dm(x)) (1+uf).

Indeed, for (52), it is a consequence of the Taylor-Lagrange’s inequality for measure-variable
functions (i.e. Theorem 2.24), and the fact that (by Lemma 2.18)

CllGlls

Dicn (8 (m Jhm.)) om) < DL jnim. ),

for (53), it comes from the Taylor-Lagrange’s inequality for real-variable functions, and the control
of (54) is obtained by Lemma 4.2.

Finally using this last bound to control (50) is sufficient to prove (48). As explained previously,
the rest of the proof of Theorem 1.7 being almost unchanged compared to the proof of Theorem 1.3,
it is omitted.

The proof of Corollary 1.9 follows the same idea as the one of Corollary 1.5: it consists in
remarking that Corollary 1.9 is a particular case of Theorem 1.7. The only difference is that we
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need to prove that

1 1 - 1
Dkr <£ <N Z‘sYON”“) ’5£(YO)> = Dkr (N Z‘sYON’k,E(YO)) < Cﬁ-

k=1 k=1

Let us recall that, by hypothesis, the variables YON’k (1 <k < N) arei.i.d. with the same law as Y;
with finite fourth order moment. Then, the inequality above is a direct consequence of Theorem 3.2

of Bobkov and Ledoux (2019) and the discussion thereafter, or of Theorem 1 of Fournier and Guillin
(2015).

Appendix A: Separating class on spaces of probability measures

The goal of this section is to prove Proposition 2.31. It means that the set &?°° is a separating
class for P,(R) (for any p > 1). Before proving this statement, let us introduce some definitions and
useful results about separating classes. This section relies strongly on the content of Section 3.4 of
Ethier and Kurtz (2005).

In all this section, E denotes some Polish space, and P(E) the space of probability measures
on E endowed with Prohorov metric (i.e. the topology of the weak convergence).

Definition A.1. Some set A of measurable functions f : E — R is said to separate E if, for
all z,y € B,

(VfeA flx)=fly) =z=y.
A set A of measurable functions f : E — R is called a separating class for E if, for allm,u € P(E),

@fekéfmmmw=éﬂwwmo=$m:w

In other words, A is a separating class for £ means that

{m € P(E) »—>/ f(@)dm(z) : f€ A}
E
separates P(FE). The interesting point of a separating class for E is that it allows to identify the

laws on F in the following sense (it is a mere rephrasing of the definition of a separating class).

Lemma A.2. If A is a separating class for E, and X,Y are two FE-valued random variables such
that: for all f € A,

Then X and Y have the same law.

The lemma below should be classical, but since we have not found a proof in the literature, we
provide one for self-completeness.

Lemma A.3. The set C>°(R) is a separating class for R.
Proof. Let m, u € P(R) such that, for all g € C°(R),

Am@wmozémmwwy (55)
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Let a < b. Let (gn)n be a C°(R)—valued sequence such that

(gn)n converges pointwise to a5
V(z,n) e Rx N, 0<gp(z)<1.

Then, rewriting (55) with g, instead of g (for all n € N*), and using the Dominated Convergence
Theorem,

m(Ja, b]) = p(la, b]).
The previous equality being true for any a < b, this proves that m = pu. O

The proof that the polynomials form a separating class for P,(R) relies on the following criterion.

Theorem A.4 (Theorem 3.4.5.(a) of Ethier and Kurtz (2005)). Any algebra that separates E is a
separating class for E.

Besides, since P,(R) is Polish (see Theorem 6.18 of Villani (2009)), Theorem A.4 above can be
used with E = P,(R). Now we can prove that the polynomials form a separating class of P,(R).

Proof of Proposition 2.31. By Lemma A.3, the set

{m € P(R) — -/Rh(x)dm(x) he ch(R)}

separates P(R), hence it also separates P,(R). The set &> being an algebra containing the set
above, it is a separating class by Theorem A .4. O

Appendix B: Proof of Lemma 3.8

The proof of Lemma 3.8 uses the following classical lemma whose proof is omitted.
Lemma B.1. Let (f,)n be a sequence of C*(R) such that:

o (fn)n converges point-wisely to some function f,
o (f)n converges uniformly on every compact set to some function g.

Then, f € CY(R) and f' = g.
Let us recall that, by definition, for all z € R, ¢ > 0,

t t !
0 0 0

where ﬂgx) = /J()_(‘gx)|Ws).
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In order to prove Lemma 3.8, we use the Banach-Picard iteration scheme related to the above
equation. Namely, for all x € R,t > 0,n € N,

@My
/]EI) ’ [O] :6I;

t t
Xt(w)a[n-i-l] ::1:+/0 b (ﬂgz),[n]’Xgm),[n]) dSJr/O o (ﬁgz),[n]7X£z),[n]) B,

t
+/ . <ﬂgw)7[n]7)2§w),[n]> aw..
0
) = (W)
Step 1. In this first step, we prove the almost sure convergence of Xt(x)’["] to Xt(z) as n goes to

infinity, for any ¢ belonging to some sufficiently small interval, and locally uniformly w.r.t. x.
Forne N,pe N*t >0 and M > 0,
p]

With classical computation (using Burkholder-Davis-Gundy’s inequality and the assumption that
b, o, ¢ are Lipschitz continuous), we have that, for all T > 0, p € N* n € N,

u"(M,p) = E

sup ’ X@int1] _ g (@).ln)

s<t,[w|<M

WO, p) <, (T 4+ T7/) 0 (0, ),

with C}, > 0 independent of 7', M and n. In particular, let us fix some small enough 7}, > 0 such
that, for alln e Nyp e N, M > 0,

n 1 n
uy (M, p) < Sl (M),
whence 1
W (M, p) < Gy (1 MP). (56)

and

E| sup ’X(gx)’[nmf X(@)ln)

s<Tp,|z|<M

n ]‘
] < ug (M, )P < Crry (L M),

As a consequence, for all M > 0,p € N*|

+oo
E sup ()_(t(m)’[nﬂl — )_(t(x)’[n]) H < 00,
t<Ty,|2|<M |10
and, almost surely,
—+o0
sup Z (X't(x)’[m_l] — Xt(x)’["]) < 0.
t<Tp. 2| <M |20
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This proves that, almost surely, for all t € [0, T}], )_(t(z)’[n] converges as n goes to infinity to X (@)
(recalling that X (®) is solution to (33)) locally uniformly w.r.t. z.
In addition, with similar technics and Fatou’s lemma, we can prove that, for all p € N*, M > 0,
T>0,

P
sup ‘Xt(z)‘ ] < 00. (57)

t<T, x| <M

E

Step 2. Now we study the regularity of the functions
RPN X(z) [n]

Let us prove by induction on n € N that there exists T > 0 (independent of n) such that, for
all ¢ € [0, T the function x — Xt(m)’["] C' and that, for all M > 0,

(@) [n]
T

E l sup ‘am)‘(t(””)’[”]
t<T,|z|<M

] < oo and SupE[
z€R

] < o0.
t<T
For n =0,
aTXt(I):[O] -1
Then fix some n € N and assume that the induction hypothesis holds true for this n. Then,

by Lemma 2.19 (and Remark 2.20), and assuming that b, o, ¢ admits bounded second order mixed

derivatives (what implies that the first order mixed derivatives are continuous w.r.t. all their vari-
ables, by Remark 2.13),

t
0. X 1+ [ (0,210401) gt (), X00) (58)
0

[ E[0X0) 0 () (s 580 ]

+ /t (aw)‘(gm)vl”]) 0.1)0 (—gmmn],&(m),[n]) dB,

+/0t]E[ 8IX§z>,[n1) (X(T) M)( @)l @), ["])’W}
n /Ot (aw)_(s(x)in]) o1y (ﬁgx>,[n1j8(x>,[n]) AW
[ B[ ) (2 520 ]

where X is defined in the same way as X w.r.t. the same Brownian motion W, but w.r.t. a Brownian
motion B independent of (B, W), and E is the expectation w.r.t. the law of B. One can note that,
the expression above of aw)‘(t(“’[”“] is closely related to the ones of Proposition 3.1 of Crisan and
McMurray (2018) (we actually use their notation for E and X).

Let us remark an important point: the functions appearing as coefficients in the expression above

are exactly the first order mixed derivatives of the functions b, o, <.
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And, with similar computation as in Step 1, we can prove that, for all p € N*, M > 0,

sup E 81Xt(x)’[n]

neN

sup
t<Tp,|z|<M

sup ‘895)2,5(%)’["]
t<T,

neN,zeR

p] <ooand sup E

1 < 00, (59)

for some T}, > 0 independent of n, M.
Let
u""(M.p) = E

sup ’%Xf“”*” — 9, X (@ 3

s<t,|z|<M

To control the above quantity in a similar way as in Step 1, it is required to control two kind of
terms. In order to simplify the reading we only handle the drift terms (the Brownian terms can be
treated in the exact same way after using Burkholder-Davis-Gundy’s inequality). The first term is
of the following form: for |z| < M,

‘(@Xgac),mu) o.1)b (ﬁgw>,[n+11’)gs<z>t[n+u) _ (&Xﬁw)’[”]) o (ﬂgmmnl,)zgw),[n])’

S ( sup 8(071)b(may)|> ‘axXgm)’[TH»l] — (9;5X§I)’[n]
meP1(R),ly|<M

+C )awng%["l

()ngm),mu ~ X @il

+ Din (ﬂgmmnm’ﬂgr),m])) ,

In particular, thanks to (56), (59) and Cauchy-Schwarz’ inequality, for any p € N*, for ¢t < T,
(where T}, has possibly been reduced compared to the previous one),

E [(/Ot ‘ (aw)?gx),[nﬂ]) do.nyb (ﬂgx),[nﬂ]’ Xéx)7[7l+1])

_ (@CX@,M) do1)b (ﬁg&xx[n],)zgx),[n]) ‘ ds)p}

1
§ CM,prugnLl(Ma p) + CM,prW~

The second term involves the following term

(0.X00) 0 (b0 ) (1, X100,

and can be handled exactly as (60), since the function (m,z,y) — 0,0(bs)(m,y) is assumed to
be Lipschitz continuous and bounded (recalling that this function belongs to the set of first order
mixed derivatives of b). Whence, for T' < T),,

n " 1

And, possibly by reducing 7,

1

1
n+1],1 n],1
g T (M, p) < §U[T} (M,p) + Simm

Consequently, for T' < T,
U[qtl]’l(M,p) < Cpp27 "2, (61)
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and

E

sup ‘GI)_(LE"”)’["H] — 9, X @)l
Ss<Ty || <M

] < ult (M )P < Cpg 2740,

The quantities above being the terms of a convergent series, we can conclude as in Step I that,
almost surely, for all t € [0,7}], 8zX't(x)’["] converges as n goes to infinity to some function locally
uniformly w.r.t. . Then, by Lemma B.1, we know that, almost surely, for all ¢ € [0,T}], the function

T — Xt(x) is C', and that its derivative is the limit of 8th(x)’[n]. In particular, by Fatou’s lemma
and (59),

El sup

P
< oo and sup E {
t<T, x| <M

t<T

Step 8. The proof that the function z — )_(t(w) is C? uses the same arguments as the ones used in
Step 2. In order to make it clear, we just write the terms of the dynamics of agr)’(t(”)’[”“]

from the two first lines of (58).

coming

aizX}(’”)’["H] = /0 (5’2 X@: M) 9(0,1)b <_§x)’[n],X§$)’[n]) ds

(&CXS‘)’["])Q Db (ﬁgw,[n]’;(gx),[n]) ds

(ar X‘gm,[n]) i [(ar Xgm),[n]) 9 ((5(0,1)6)),(;“["]) (ﬂgzun}, X(z)dn}) ‘ Ws} ds
., /Oth [(82 X [n]) b (b)?gw”"]) (ﬂff)’[”], j(gx),["]) ‘ Ws:| ds

o ()2 a50) (00 (b KO ]

+/Ot R [(a X @ [n]) (@X&(z),[n]) 52 (bfc.&“"“"]) <ﬂgz>,[n17X§x>,[n]7)z§x>,[n]>‘Ws} ds

where the omitted terms (hidden in the ellipsis) are the same as the ones written replacing the
function b respectively by o and ¢, and ds by dB,s and dW;. As previously, X and X are defined
as X w.r. -t. the same Brownian motion W, and w.r.t. respective Brownian motions B and B such
that W, B and B are independent. The expectations E and [ are the expectation w.r.t. the laws
of B and B.

Once again, it can be noted that the functions appearing in the expression of 92,
the mixed-derivatives of b, 0,¢ up to order two. Hence the same reasoning as in Step 2 allows to

Xt(x)’["H] are

conclude. Finally, the proof that = > X, @) 45 03 (resp. C*) is the same as previously remarking

that, calculating the expression of 93, X t(w) U (egp. 94 X)Ly

S, ¢ makes appear the mixed-
derivatives of b, o, ¢ up to order three (resp four) . Since it is assumed that all the mixed-derivatives
up to order five are bounded, we know by, Remark 2.20, that the mixed-derivatives up to order four
are Lipschitz continuous. So the end of the proof follows the same arguments as Step 2, and similar

controls as (62) can be proved for the third and fourth derivatives.
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Appendix C: Proofs of some technical lemmas on spaces of probability measures

Proof of Lemma 2.3. Let us consider mg € P1(R) and hq, ho : R — R such that, for all m € P;(R),

[ m@dtn = ma)) = [ hafe)dm = mo)w) + e (m),

where &,,,(m)/Dgr(m, mg) vanishes as m converges to mg.
Let us define

®:mePi(R) — /R(hl(:c) — ha(x)) d(m — mo)(x).

So, by hypothesis, ®(m)/Dgr(m,mg) vanishes as m goes to my.
Step 1. In a first time, we prove that ® is the zero function. Let us fix m € P;(R) and introduce,

for any n € N*,
n—1 1
Ly = mo + —m € P1(R).
n n

We have that, for all n € N*,

1
D r(mo, pin) < EDKR(mO»m),

hence, p,, converges to mg as n goes to infinity.
On the other hand,

q)(ﬂn)

®(m) =nd®(u,) = ’/lq)('un))DKR(mOaﬂn) Dircr(mo, fin

D r(mo, pin

This proves that, for all m € Py (R), &(m) = 0.
Step 2. To conclude the proof, it is then sufficient to notice that, thanks to Step 1, for any y € R,
®(6,) = 0. Whence, for any y € R,

ha(y) — haly) = / (ha () — ha(x)) dmo(z).

In particular, the function hy — ho is constant, and the lemma is proved. O

)DKR(mo,m) — 0.

n—oo

Proof of Lemma 2.28. For each 1 < k < d, there exists a probability space (Q, Fi,Pr) and two
random variables on this space X, Yy of respective laws my, pug such that

Drr(mu, pr) = B [| Xi — Y],
with E; the expectation w.r.t. P (the existence of these random variables is guaranteed by Theo-
rem 4.1 of Villani (2009)). Let us assume that all the probability spaces (g, Fi,Pr) are disjoint,
and consider the product probability space of these spaces, denoted by (€2, F,P). In particular, the
variables X, (resp. Yi) (1 < k < d) are independent, whence

d d
[,(Xl, s ®mk and ,C(Yl, ,Y)=®/,Lk
k=1 k=1
Consequently,
d d
Dir <® mm@ﬂk) <E [Z Xk = Yil| =D Bi[1Xk = Yill = Y Dicr(ms, i),
k=1 k=1 k=1 k=1

which proves the result. O
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Appendix D: Some technical lemmas about Ito’s integrals

Let (Xt)i>0 be some cadlag R-valued process that is locally L?: for all ¢ > 0,

/tIE [X?2] ds < 0. (63)
0

Let W, B be two standard Brownian motions of dimension one, and (F;); be a filtration such
that F, B and W are independent. Let us denote (W;); (resp. (B):) the filtration of W (resp. B),
meaning

Wiy=0(Ws : s<t) and By =0(Bs : s<t),

and define (G;); the union (in the filtration sense) of F, W and B: for all t > 0,
gt :]‘—t\/Wt\/Bt.

Lemma D.1. Assume that X is G-adapted. Then, for allt > 0,

t
E {/ XdW,
0

Proof. Let us fix t > 0. By definition of Ito’s integral,

t
Wt} :/ E [ X,| W, dW,.
0

n—1

t
/ X.dW, = lim > Xo Wepy, —W4,)

in probability, where, for any 0 < k <n, sp =t - k/n.
Then, thanks to (63), the (conditional) Vitali’s convergence theorem implies that, almost surely,

t
E [/ XdWy
0

n—1
1 SR TSNS [
k=0

n—1

:nh_{go Z E[ X, [Wi] (W5k+1 - WSk)
k=0

n—1

:nh—{rgo Z E [X5k| WSlc] (W5k+1 - Wsk)
k=0

t
:/ E [ Xo| W] dWWs,
0

where the before last equality above comes from the fact that X is G-adapted and that W; can
be written as the union (in the filtration sense) of Ws, and o(W, — Wy, : s < r < t) which are
independent (whence, X, is also necessarily independent of o(W,. — Wy, : s < r < t)). O

Lemma D.2. Assume that X is G-adapted. Then, for allt > 0,

t
E {/ XsdWy
0

5| =0
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Proof. With the same reasoning (and using the same notation) as in the beginning of the proof of
Lemma D.1, for all ¢t > 0,

t
E [/ X.dB;
0

Let us recall that X is G-adapted and that B,W are independent. Let us consider any W;-

n—1
] = i S (X (B = B ] o0
k=0

measurable random variable Z. Then, both Z and X, are independent of By, , — B, . So,
E [Xs, (Bsy,, — Bs,) Z] =E[Xs, Z]E [Bs,,, — Bs,| =0,
implying
E [ X, (Bspyy — Bs,) | We] = 0.
Combining the equation above with (64) proves the result. O
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