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LAYER POTENTIAL OPERATORS FOR TRANSMISSION PROBLEMS
ON EXTENSION DOMAINS

GABRIEL CLARET, MICHAEL HINZ, ANNA ROZANOVA-PIERRAT,
AND ALEXANDER TEPLYAEV

ABSTRACT. We use the well-posedness of transmission problems on classes of two-sided
Sobolev extension domains to give variational definitions for (boundary) layer potential
operators and Neumann-Poincaré operators. These classes of domains contain Lipschitz
domains, and also domains with fractal boundaries. Although our variational formulation
does not involve any measures on the boundary, we recover the classical results in smooth
domains by considering the surface measure on the boundary. We discuss properties of
these operators and generalize basic results in imaging beyond the Lipschitz case.
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1. INTRODUCTION

The aim of our work is to introduce a purely variational approach in order to extend the
classical theory of layer potential operators, Neumann-Poincaré operators, boundary layer
operators and transmission problems to a class of rough (two-sided) extension domains, with
possibly non-Lipschitz or even fractal boundaries. For rectifiable boundaries a deep study of
layer potential operators and related topics has been carried out in the fundamental recent
books [80-81]. Here we extend several basic results to a much wider class of boundaries

Date: February 6, 2026.

GC: CentraleSupélec, Université Paris-Saclay, France (gabriel.claret@centralesupelec.fr) Research par-
tially included in the “Parcours Recherche” teaching program at CentraleSupélec.

MH: University of Bielefeld, Germany (mhinz@math.uni-bielefeld.de) Research supported in part by the
DFG IRTG 2235: “Searching for the regular in the irregular: Analysis of singular and random systems” and
by the DFG CRC 1283: “Taming uncertainty and profiting from randomness and low regularity in analysis,
stochastics and their applications”.

ARP: CentraleSupélec, Université Paris-Saclay, France (anna.rozanova-pierrat@centralesupelec.fr) Re-
search supported in part by CNRS INSMI IEA (International Emerging Actions 2022) “Functional and
applied analysis with fractal or non-Lipschitz boundaries”.

AT University of Connecticut, USA (teplyaev@uconn.edu) Research supported in part by the NSF DMS
1613025, 1950543, 2349433 and the Simons and Fulbright Foundations. The project was partially conducted
during a stay at CentraleSupélec, Université Paris-Saclay, whose kind hospitality is gratefully acknowledged.

1



2 GABRIEL CLARET, MICHAEL HINZ, ANNA ROZANOVA-PIERRAT, AND ALEXANDER TEPLYAEV

with no rectifiability assumption. We work on extension domains [49,59]. They are not
necessarily Lipschitz and may have fractal boundaries.

In the classical theory of partial differential equations on smooth domains, the (boundary)
layer potential and Neumann-Poincaré operators are defined as convolutions with Green’s
functions and their first derivatives, see for instance [12,67,77,97,102] or [6]. They provide
explicit representation formulas for solutions to boundary value problems, and they are
fundamental tools in inverse methods, numerical analysis and certain areas of spectral theory.

A systematic study of the classical approach to layer potentials in the context of Lipschitz
domains was provided in [101], following seminal studies on boundary value problems [57],
and singular integrals [19,25]. Since then, the Lipschitz case has become a standard level of
generality for many applications, see for instance [1,5,27,28,31,32,54,78,87,95]. A different
approach was adopted in [11], where the weak well-posedness of transmission problems was
used to define the layer potentials for Lipschitz domains. In view of the well-established use
of Hilbert space methods in potential theory — see [26,29, 39, 103] for classical references
and [16,24,44,71] for later developments — the variational definitions in [11] are very natural.

Boundary layer operators on piecewise smooth, not necessarily Lipschitz domains were
already studied in [77, Chapter 5]. Results for layer potentials in the context of Riemannian
manifolds were obtained in [30], results for layer potentials on half-spaces with boundary
data in Besov spaces in [12]. The research on the boundedness of singular integral operators
in [19,25,101] culminated in the comprehensive study [30-84] of such operators on uniformly
rectifiable sets [34,35]. Uniformly rectifiable sets in R™ are Ahlfors (n — 1)-regular closed
subsets having “big pieces of Lipschitz images”, see [30, Definitions 5.10.1 and 5.10.2], and
the class of such sets is basically characterized by the L2-boundedness of singular integral

operators, [80, Theorem 5.10.2]. A different major stream of research focused on the be-
haviour of harmonic functions on a domain 2 and harmonic measures on its boundary 052,
see [30,56,57,60] and the later references [3, 13,20, 33].

We are interested in boundary value problems involving rough boundaries that may be
fractal and may even have different parts of different Hausdorff dimensions. Well-known and
more specific references on linear elliptic partial differential equations on fractal domains
are (63,09, 70, 89], applications to the heat equation were studied in [72, 100]. References
closely related to our work are the articles [10,17,18,22,46,73] on Helmholtz models, [37,38]
on the non-linear wave equation (the Westervelt equation) and [51-53] on varying domains
and the existence of optimal shapes.

The highly active research around domains with rough boundaries motivates an extension
of the variational approach to layer potentials beyond the Lipschitz case, and follow-up
questions about convergence and optimization make it desirable to have a generalization
which is flexible and rather easy to handle.

The purpose of our work is to propose a lightweight and streamlined generalization of
basic results on layer potential operators. The domains we consider are “first order” Sobolev
extension domains 2 in R™ [49,59], having a boundary 92 of positive capacity [76]. Basic
examples in the planar case are quasidisks or complements of Cantor sets of positive Haus-
dorff dimension. Domains having sharp inward or outward cusps or “collapsing” boundaries
are not covered; in particular, certain fractal trees [1] do not fall within the scope of our
work.

We use established results [15] to introduce trace and extension operators between the
domain  and its boundary 99 in the context of the Sobolev space H'(Q) (respectively,
the homogeneous Sobolev space H'()). On the boundary 99, we use the corresponding
abstract trace space B(9Q) (respectively, B(99)), endowed with natural trace norms. That
approach is measure free in the sense that we do not specify any “surface measure” on 02,
nor do we consider L2-spaces on 91, unlike [101]. Instead, we make a systematic use of
the trace spaces B(9Q) and B(9Q) and their respective duals B/(9Q) and B'(99). As a
consequence, we observe a variety of natural isometries; the preservation of those isometries
might be considered a guiding theme of our work.
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To set notations, we briefly survey Dirichlet and Neumann problems in the weak (vari-
ational) sense for one-sided domains in Section 2. In Section 3, we briefly discuss basic
features of the related Poincaré-Steklov operators. Suitable two-sided domains are then in-
troduced in Section 4. Roughly speaking, we require that both the inner domain €2 and the
outer domain R™\§) are non-empty and Sobolev extension domains, and we assume that the
separating boundary 0f) has zero Lebesgue measure. In the homogeneous case, we addition-
ally assume that 2 is bounded. In Section 5, we link the layer potential operators we define
to resolvent representations and recover the classical integral formulas. In Section 6, we
introduce Neumann-Poincaré operators, boundary layer potentials and Calderéon projectors
and study some of their properties. In Section 7, we discuss an application to a problem
in imaging, formerly understood in the Lipschitz case only. In A we briefly recall some
potential theoretic notions and provide some details for the proofs of results of Section 2.

Acknowledgements. The authors express their sincere gratitude to David Hewett and
Simon N. Chandler-Wilde for their invaluable advice and insightful discussions, which sig-
nificantly contributed to the advancement of our work. They also thank the anonymous
referees whose comments and suggestions helped to improve the manuscript.

2. BOUNDARY VALUE PROBLEMS ON ADMISSIBLE DOMAINS

2.1. Admissible domains and traces. Let {2 be a nonempty open subset of R™. As usual,
we write H'(Q) for the Hilbert space of all u € L?(Q2) = L?(Q, R) such that Vu € L?(Q,R")
and having the scalar product

(2.1) (W, 0) i) = / Vu- Vo dz +/ uv dz;
Q Q

here Vau is interpreted in distributional sense. We write H'(Q) for the Hilbert space formed
by the vector space of all u € L% () with Vu € L?(Q,R™) modulo locally constant func-

loc
tions, endowed with the scalar product

(2.2) (u, v) (o) = / Vu - Vo dz.
Q
Details on the space H'(Q) in the case of connected Q can be found in [24, Section 2.2.4], [39]

or [76, Section 1.1.13]; a generalization to nonempty open subsets with multiple connected
components is straightforward. We agree to use the notations (2.1) and (2.2) whenever the
right-hand side makes sense. As usual, the Hilbert space norms induced by (2.1) respectively
(2.2) are denoted by || - || zr1(o) respectively || - [ g1 (q)-

We use the notions of capacity, quasi continuous representatives and quasi everywhere
(q.e.) valid statements exclusively with respect to the space H*(R™). For the convenience
of the reader, some background on these notions is collected in A. As explained there, if
u € HY(R") or u € H! (R™), then u has a quasi continuous representative .

We call a connected nonempty open set @ C R™ an H'-extension domain [19,59], if there
is a bounded linear extension operator Eq : HY(Q) — HY(R"). If Q is an H'-extension
domain and its boundary 9 has positive capacity, then we call it an H'-admissible domain.

Assume that Q is H!-admissible. We write B(9S) for the vector space of all q.e. equiv-
alence classes of pointwise restrictions w|sq of quasi continuous representatives w of classes
w € HY(R"™). Given u € H'(Q), we choose an arbitrary element w of H*(R™) such that
w = u a.e. in Q and define Tr; u := W|sq, where w is an arbitrary quasi continuous rep-
resentative w of w. By the following consequence of [15, Theorem 6.1 and Remark 6.2] we
may regard Tr; as the natural trace operator from H'(Q2) onto B(9).

Proposition 2.1. Let Q be an H'-admissible domain. Then u — Tr;u gives a linear
surjection Tr; : HY(Q) — B(0RQ), well-defined in the sense that given u € H* (), its trace
Tr; u on 0 does not depend on the particular choice of w or w.

In particular, we have Tr; u = (Equ)™~|aq, u € H'(2), for any bounded linear extension
operator Eq : H'(Q2) — H*(R"), see |15, Corollary 6.3].
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We use the subscript ¢ in Tr; because we will later discuss two-sided domains and Tr; as
defined here will play the role of an interior trace operator with respect to €.

We call a connected nonempty open set @ C R™ an H'-extension domain if there is a
bounded linear extension operator Eq : H'(Q) — H(R™), and we call it H'-admissible if
it is an H'-extension domain and 9 is compact and of positive capacity. If so, we write
B(&Q) for the vector space of all q.e. equivalence classes modulo constants of pointwise
restrictions @|sq of quasi continuous representatives @ of elements w of H'(R™). We point
out that, as said before, capacities, q.e. notions and quasi continuity are all with respect to
H'(R™), not H'(R"); see A. Given an element u of H'(Q), we choose an arbitrary element
w of H L(R™) extending u beyond € to R"™ and define Tr; u to be the q.e. equivalence class
of w|sn modulo constants of an arbitrary quasi continuous representative w of w. A variant
of Proposition 2.1 shows that Tr; is the natural trace operator from H'(2) onto B(9S).

Proposition 2.2. Let Q be an H'-admissible domain. Then u — Tr;u gives a linear
surjection Tr; : H'(Q) — B(0Q), well-defined in the sense that given u € H'(Q), its trace
Tr;u on dQ does not depend on the particular choice of the extension w of u, nor on the
choice of the representative w.

Proof. Given u € H'(Q), let w € H'(R") be such that w = u a.e. on © modulo constants
and choose a representative v € w modulo constants. Let U be a relatively compact open
neighbourhood of 92 and x € C°(U) be a nonnegative function such that 0 < xy <1 and
X = 1 on a neighbourhood of Q. Then yv is in H'(R"). By |15, Theorem 6.1 and Remark
6.2] the restriction v]pq = (xv)~|sq is uniquely determined in the q.e. sense. Its class
modulo constants in B(8Q) does not depend on the choice of v. O

Remark 2.3. Classical references on the spaces H'(Q) are [29] and [70, Sections 1.1.2 and
1.1.13]; a more recent discussion may be found in [,5, Section I1.6]. In those references,
different symbols are used to denote these spaces. For the case Q0 = R", the “dot”-notation
Hl(R") is established, cf. [05, Chapter 5]. Since the domains we consider are H'- respec-
tively H*-extension domains, we follow the notation for the R™-case and write Hl(Q)

Examples 2.4.

(i) A rich class of examples for extension domains is provided in [59]. For n > 2 any
(g,6)-domain Q C R™ is an H'-extension domain [59, Theorem 1], and any (g, 0)-
domain Q C R™ is an H'-extension domain [59, Theorem 2]. Uniform domains
[74,99] are (g,0)-domains.

(ii) For n > 2 any (g,00)-domain Q C R™ with R™\Q nonempty is H'-admissible, and
if one of the two open sets is bounded, it is also H*'-admissible.

(iii) For n =1 any interval (a,b) C [—oo,+00] with a or b finite is H'-admissible, and
if both are finite, also H'-admissible. For n > 2 the domain Q = R™\{0} is not
H'-admissible.

Remark 2.5. A prominent class of domains, highly relevant in the study of harmonic
measures, is the class of NTA domains [57, Section 3], see [9,58, 89, 90] for discussions.
It contains all Lipschitz domains, but also domains with possibly fractal boundaries such as
quasidisks. Any NTA domain is a uniform domain, see for instance [0, Theorem 2.15]. Any
uniform domain with uniformly rectifiable boundary is an NTA domain [9, Theorem 1.1]. In
R? there is an equivalence [75, Theorem 2/, [55] for bounded simply connected NTA domains
with uniform domains.

Remark 2.6.

(i) Suppose that Q is a bounded H'-extension domain. Then the vector space H' () is
isomorphic to the space of all u € H'(Q) with [,u(x)dz = 0, and by Poincaré’s
inequality, (2.1) and (2.2) are equivalent scalar products on this space. In particular,
the vector spaces H'() and H*(Q) ® R are isomorphic.
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(i) For a bounded domain €2 which is both H'- and H'-admissible, the vector spaces
B(0) and B(0Q) & R are isomorphic.

Remark 2.7. If Q is a bounded Lipschitz domain, then, up to equivalent norms, B(9)
equals HY/2(0) and B'(0R) equals the dual H=/2(0R) of HY/2(0R), cf. [0, Chapter IV,
Appendiz]. The “dot” versions equal the homogeneous counterparts Hl/Q(ﬁQ) respectively
H=12(0Q) of these spaces. The spaces HY/?(9Q) can be endowed with explicit norms of
fractional Sobolev type; these norms involve the surface measure o on 9S2.

If, more generally, O) is the support of a measure p satisfying certain scaling conditions,
then the trace space B(0R) is a Besov type space. It can be endowed with an explicit norm
involving p, see [01,62].

Here we do not require 0X) to be Lipschitz or to carry any measure. Moreover, 0 may
have parts of different Hausdorff dimensions. The present formulation does not give any ex-
plicit norm representation for B(0S2) and may therefore not be sufficient to discuss regularity
features. But it works under minimal assumptions, which is useful in view of convergence
and compactness properties, cf. [51-55].

Remark 2.8. The spaces B(9Q) and B(dQ) are defined under the assumption that Q0 is
connected. A generalization of the spaces B(O) to the case of finite unions Q of mutually
disjoint H'-admissible domains does not pose any problem. Care is needed for the spaces
B(@Q) Suppose that Q@ = Q; U ... U Qy with H'-admissible Q; having mutually disjoint
closures Q;. The space B(@Q) can be defined as a space of classes of q.e. defined functions
on 082 modulo locally constant functions constant on each 092;. The argument of Proposition
2.2 can be applied separately to each connected component Q; by taking mutually disjoint
neighbourhoods U; of the 08);, respectively. Similarly as before, this gives a natural trace
operator. However, the situation may call for a refined notation, in particular, when dis-
cussing complements. In R? both Q := B(0,2)\ B(0,1) and R*\ Q = B(0,1)U (R?\ B(0,2))
are H'-admissible and have the same boundary dQ. The space B(OSY), based on Q, and the
space B(OSY), based on R?\ Q, differ: while the elements of the former are defined modulo
a single constant, the elements of the latter have to be understood “modulo two constants”,
one on 0B(0,1) and another on 0B(0,2).

2.2. Orthogonality, harmonic extensions and isometries. We center our discussion
of boundary value problems around restrictions, duals and inverses of trace operators.

Let Q C R™ be an H'-admissible domain. We write Hg () for the closure in H!(Q) of
the set C2°(£2) of infinitely differentiable functions with compact support in Q. Let V1(Q)
denote the orthogonal complement of HJ(£2) in H* (),

(2.3) H'(Q) = Hj(Q) & V1 ().

Given f € B(09), an element u of H'(£2) is called a weak solution of the Dirichlet problem

2.4 {—Au—i—u =0 nQ

uloga = f

if Tr;u = f and (u,v) 1 () = 0 for all v € C2°(€2). The symbol u[sq in the formal problem
(2.4) stands for the restriction of u to the boundary; in the context of weak solutions it is
made rigorous through the trace condition. For any f € B(9), the Dirichlet problem (2.4)
has a unique weak solution u/; this is well known and immediate from (2.3). By the first
line in (2.4), a solution uf is called 1-harmonic on Q. It is in V;(Q), which is the space of
all elements of H'(Q) that are 1-harmonic on .

We write tr; := Tr; |y, () for the restriction of Tr; defined in Proposition 2.1 to V().
The following theorem generalizes well-known results to the framework of H!'-admissible
domains.

Theorem 2.9. Let Q C R” be an H'-admissible domain. Then the following statements
are true:

(i) The space H}(Q) is the kernel of Tr;, that is, H}(Q) = ker Tr;.
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(i) Endowed with the norm
(25) Hf”zg(ag) = min{HvHHl(Q) | ve H'Y(Q) and Tr; v = f},

the space B(0) is a Hilbert space.
(iti) With respect to ||-||gaq). the trace operator trace Tr; is bounded with operator norm
one. Its restriction tr; : V1(Q2) — B(0Q) to V1(Q) is an isometry and onto.

Details on statement (i) can be found in A, statements (ii) and (iii) are direct conse-
quences.

Remark 2.10. By Theorem 2.9 the 1-harmonic extension operator tr; ' : B(0Q) — Vi(Q)
is an isometry. For any f € B(0Y) we have uf = tr;1 f-

We write B'(0Q) and (H'(Q))’ for the dual spaces of B(9€2) and H({2), and we use the
notation
() 0),Bo0) and () E1(Q), H(Q)
for the corresponding dual pairings.
Remark 2.11. Since B(9R) is a Hilbert space, for any f € B(0S), the assignment o(f)(h) :=

(f, M) paqy, h € B(OQ), defines an isometric isomorphism v from B(92) onto B'(982). The
dual pairing can be expressed as

(9, N on).so0) = (¢ 1(9), Neoa) = (9:t(N))poay » [ €BOQ), g€ B0).
We may identify B(OQ2) with its image (B(02)) C B'(0N) under ¢.

Remark 2.12. If V/(Q) denotes the dual of the closed subspace V1(Q) of HY (), then
(HY(Q))" C V/(Q) by restriction. However, by the Riesz representation theorem, any w €
V{(Q) is represented as w = (v,") 1 (qy with some suitable v € Vi(Q2). The orthogonal
decomposition (2.3) then implies that w automatically extends to a unique bounded linear
functional w' € (HY(Q)) on all of HX(Q) and zero on H (), and that extension is an
isometry, [|w'|| 1 (q)) = llwlly,q)- We agree to make silent use of this extension: we write

w to denote w' and use ||-[| g1 () in place of ”'HV]’(Q) on V{(Q).
By Remark 2.12, the dual tr} : B'(99) — V{(Q) of tr; is seen to be characterized by
(2.6) (9, Tri ) (90).B02) = (I 9, 0) )y m1 @), v € H'(Q), g€ B'(89).

Corollary 2.13. Let Q C R" be H'-admissible. Then the operator tr} : B'(0Q) — V{(Q)
is an isometry, ||t} gll z1qyy = [19]lg 00), 9 € B'(9€), and onto.

Now let Q € R” be an H'-admissible domain. The space

(2.7) Vo(Q) == {u € HY(Q)

/ Vu-Vvdz=0forallve CSO(Q)}
Q

is a closed subspace of H*(£2).
Given f € B(02), we call an element u of H*() a weak solution in the H'-sense of the
Dirichlet problem

(2.8) {Au =0 inQ

ulga = f
if Tryu = f and (u, V) fri(qy = Oforallv € C2°(Q). For any f € B(09) the Dirichlet problem
(2.8) has a unique weak solution u/ in the H'-sense; it is an element of the space V5(Q) of
all elements of H'(Q) harmonic on Q.

We write tr; := Tr; |y, () for the restriction of Tr; to Vo(Q). The following counterpart
of Theorem 2.9 holds; a proof of (i) is given in A.

Theorem 2.14. Let Q C R"™ be an H'-admissible domain. Then the following assertions
hold:
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(i) The kernel ker Tr; |H1(Q) is the orthogonal complement (Vo(2))* of the space Vy(Q)
(i) Endowed with the norm
111500 = min{[[v]| g1q) | ve HY Q) and Tr; v = f},

the space B(OSY) is a Hilbert space.
(i) With respect to ||| ga), the operator Tr; is bounded with operator norm one. Its

restriction tr; : Vo() — B(0Q) to Vo(Q) is an isometry and onto.

Remark 2.15. By Theorem 2.14 the harmonic extension operator fr?l s an isometry. For
any f € B(OR) we have uf = fri_l fevo(Q).

We write (H'(Q))’, VJ(Q) and B'(9Q) for the dual spaces of H'(2), Vo(Q) and B(d%)
respectively. With a similar agreement as in Remark 2.12, the dual ir; : B'(9Q) — VJ(Q)
of tr; is now seen to be characterized by

(g, Tr; V)i (09),B(00) = (ir; 90 iy @)y U E H'Y(Q), g€B'(09).

Corollary 2.16. Let Q C R" be H'-admissible. Then the operator tr; : B'(Q) — V()

is an isometry, fr:gH(Hl(m), = ll9llg(00) 9 € B'(8Q), and onto.

Remark 2.17.

(i) If Q is H'-admissible and bounded, and f € B(0Q), then w € HY(Q) is called a
weak solution to (2.8) if Tryw = f and (w,v) g1 ) = 0 for all v € CZ(Q). It
is well known that for any f € B(0Q), there is a unique weak solution w' in this
sense of (2.8) and that w’ is an element of the space Vo(Q) of all u € H'(Q) with
(U, v) () =0 for allv € HLQ).

(ii) If Q is H'-admissible, H'-admissible and bounded, and f € B(dQ), then the equiv-
alence class [f] of f modulo constants is in B(OY), ¢f. Remark 2.6 (i), and the
unique weak solution ulfl € HY(Q) in the H'-sense of (2.8) with this class [f] in
place of f contains exactly one representative w € ulfl modulo constants such that
W|oa = f q.e. This particular representative w is exactly the w! from (i).

(#i2) In [9/] a different type of function spaces based on [39] was used in order to han-
dle Dirichlet boundary conditions for unbounded domains without losing constants.
However, to avoid technicalities in later sections, we decided to accept a loss of
constants.

Remark 2.18. Recall Remark 2.8. Consider the more general situation where = Q1 U
. UQy with H'-admissible Q; having mutually disjoint closures. Then elements of VO(Q),
defined as in (2.7), are classes modulo locally constant functions. Given a class [ € B(@Q)
modulo locally constant functions as in Remark 2.8, the Dirichlet problem (2.8) has again a
unique weak solution u! in the H'-sense, and clearly uf € VO(Q),

If all Q; are bounded and f € B(0Q), then there is a unique weak solution wf as in
Remark 2.17 (i). If[f] denotes the class of f in B(OQ), then w? is the unique representative
modulo locally constant functions in ulf]l that coincides with f q.e. on all 08Y;.

2.3. Neumann solutions. Suppose 2 C R” is an H'-admissible domain. Given g €
B'(09), we call u € H'(Q) a weak solution of the Neumann problem

—Au+u =0 inQ
v (o -
Seloa =g
if for all v € H*(£2), we have
(2.10) (u,v) g1 () = (9, Tri v) g (90),B(59) -

The symbol % in the formal problem (2.9) stands for the (interior) normal derivative; in the
context of weak solutions it is implicitly made rigorous by (2.10). It is well known and easily
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seen from the Riesz representation theorem that for any g € B/(9€2) the Neumann problem
(2.9) has a unique weak solution ug; it is an element of V1(Q2). We write Ny : B/(99) —
V1(€), N1g := ug for the linear operator mapping a given element g of B'(99) to the unique
weak solution of (2.9). By (2.6) we have

(N1g,v) (o) = (tr] 9, 0) )y ), v € HY(Q),
hence ||ng||H1(Q) = || try gH(Hl(Q))/ = ||g||3/(39), /RS B’(@Q), that is, N7 is an isometry.

Corollary 2.19. Let Q be H'-admissible. The linear operator tr;oNy : B'(9Q) — B(99)
is an isometry and onto. It satisfies, for g,h € B'(09),

(g, tri ON1h>B/(BQ),B(6Q) = (9, h>8’(3Q) = (h tr; °N19>Bf(asz),6(asz) .
Proof. For the first statement, the polarization identity gives, for all g, h € B/(9),
(9, M) o0y = (N1, N1h) 1 (0,
and the result follows by (2.10). The second statement follows since for all g, h € B/(9Q2) we
have
(g, tri o N1h) (a0, Boo) = (9, tTi un) B (99), B(o)
= (tr] g, un) (H1 (), H (Q) = (Ug, Un) H1 (0)-

|

Now suppose that Q is H'-admissible. Given g € B'(dQ), we call u € H'(Q) a weak
solution in the H'-sense of the Neumann problem

(2.11) {guAu =0 in®

o0 |6Q =g
if for all v € H'(Q) we have
(2.12) (U, 0) g1 () = (9, Tri V) ir(09), B(99)-

For any g € B/(9Q) the Neumann problem (2.11) has a unique weak solution u, in the
H'-sense, and u, is an element of V5(Q) defined in (2.7). We write

j\fo : B’(@Q) — VO(Q), Nog = Ug,

for the linear operator mapping a given element of 5/ (99Q) to ug. As before, we see that No
is an isometry:

1Nogll sy = 115 gll iy = 9l comy 9 € B/(0).
Corollary 2.20. Let Q be H'-admissible. Then the linear operator tr;oNg : B(8Q) —
B(09Q) is an isometry and onto. It satisfies, for g,h € B'(09),
<9’tri ON0h>B’(6Q),B'(BQ) = (97h>31(ag) = <h’tri °N09>B'/(an),8(aﬂ)'

2.4. Normal derivatives. Abstract normal derivatives have been defined and studied by
various authors in different contexts, see for instance [20, p. 218], [71, Section 3.2] and [68].
We formulate a variant of those definitions which suits our purposes.

Suppose Q C R” is H'-admissible. Let
(2.13) HAQ) :={ue H(Q) | Aue L*(Q)};

here Au is understood in distributional sense. Clearly, V;(Q2) C HA(Q). Given u € HA(Q),
there is a unique element g of B5'(99) such that

(2.14) (9, Triv) (a0, B(o) :/ (Au)v dx—l—/ Vu-Vodr, ve HY(Q);
Q Q

note that the right-hand side defines a bounded linear functional on H!(£2) and recall that
Tr; is surjective. We call this element g the weak interior normal derivative of u (with
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respect to ) and denote it by %’%j := g. The operator % : HA(Q) — B/(09) is linear and
bounded in the sense that

8iu
(2.15) HE| o) < lullzi @ + [1AullL20)-
We write 0,; := %|V1(Q) for the restriction of % to V1(Q).

Corollary 2.21. Let Q) be H'-admissible. Then the following assertions hold:

(i) Both Ny : B'(0Q) — V1(Q2) and the operator 0,,; : V1(Q) — B'(0) are isometries
and onto, and 0, ; = Nl_l.
(i) For any u,v € V1(Q) we have

(2.16) <3l,,iu, tri”>8'(89),8(89) = (u,v)Hl(Q) = <8”7ﬂ]’triu>B’(SQ),B(8Q)'

(i4i) The dual (By,i)* 1 B(0Q) — V/(Q) of 0, is an isometry and onto.
Proof. Statement (i) follows using the surjectivity of tr; observed in Theorem 2.9 (iii) and
a comparison of (2.10) and (2.14). Statement (ii) is a special case of (2.14), and (iii) is a
consequence of (i). O

Now suppose that Q ¢ R™ is H'-admissible. We then consider the space

HX(Q) :={uec H(Q)| Au e L*(Q)},

which contains V5(Q). Given u € HX(RQ), there is a unique element g of B'(9Q) such that

(2.17) <9’Triv>3’(69)78(8ﬂ) :/ (Au)vder/Vu-Vvdx, ve HY(Q),
Q Q

u

and we call also % := g the weak interior normal derivative of u in the H*'-sense (with

respect to 2). The operator 9t : HA (Q) — B'(09) is linear and

diu
We write 6,” = %‘Vo(ﬂ) for the restriction of % to VO(Q)

Remark 2.22. Suppose that Q is H'-admissible, H'-admissible and bounded. Then by
Remark 2.6 (ii), the spaces B(OSY) and B(OQ) ® R can be identified. Each bounded linear
functional g € B'(0Q) on B(8Q) induces a linear functional on B(9Q) through extension
by zero on R. In this sense, an equality of two elements of B’(@Q), such as the Neumann

boundary condition 3u,i(Nog) =g forge€ B’(@Q), may be seen as an equality of two linear
functionals on B(09Q).

Corollary 2.23. Let Q be H'-admissible. Then:
(i) Both No : B(8Q) — Vo(Q) and the operator 8,.; : Vo(Q) — B'(8Q) are isometries
and onto, and 9,,; = Ny'*.
(i) For any u,v € Vo(Q) we have

(2.19) (Ovit 815 0) 502y g062) = (8 03y = (O B ) s 0 300

(#ii) The dual (6,,,7)* :B(O) — V{() of D, is an isometry and onto.
Remark 2.24. Weak normal derivatives can also be used to characterize weak solutions of
(2.4): an element u of H'(Q) is a weak solution to (2.4) if and only if (u,0) g1y = 0 for
allv € C(Q) and (v, u) g1 () = (Ou,iv, f>B,(BQ)7B(8Q) for allv € V1(Q). Similarly for (2.8).
Remark 2.25. Recall Remark 2.7. Suppose that Q is a bounded Lipschitz domain. Then
for any u € HX(Q) its weak interior normal derivative %3 is defined as the unique element
of H=/2(0Q) satisfying (2.14) in place of g; in this case the dual pairing (-, VB (69), B(0Q)
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is the dual pairing (-, ->H_1/2(Q))H1/2(Q). See for instance [0, Section VII.1, Lemma 1]. The
situation is similar for u € HX(Q); in this case %% € H~1/2(9Q).
If u € H*(Q), cf. [/7, p. 2], then the distributional partial derivatives c%i are in HY(Q)

and
oju 2 ou
alj = ; TI‘Z' (87) v;

K2

is an element of L*(0,0); here o is the surface measure on O and v = (v1, ...,vy,) is the
o-a.e. defined outward unit normal on 0. See []7, Section 1.1, Lemma 1.4].

3. POINCARE-STEKLOV OPERATORS FOR ADMISSIBLE DOMAINS

We provide some comments on Poincaré-Steklov operators for bounded admissible do-
mains.

Let © C R" be a bounded H'-admissible domain. We write Ap for the self-adjoint
Dirichlet Laplacian on L?(2) and denote its spectrum by o(Ap). Recall that o(Ap) C
(—00,0) is pure point with eigenvalues accumulating at minus infinity.

Given k € R and f € B(9Q), we call u € H'(Q) a weak solution of the Dirichlet problem
3.1) {—Au—i—k‘u =0 in®

ulogo = f
if Tr;u = f and (u, v) () + & (U, V) p2(g) = 0 for all v € CZ°(Q2). This corresponds to (2.4)
with —Aw + ku in place of —Au + wu; problem (2.4) is the special case for k = 1.

If k € R\o(Ap), then for any f € B(0) there is a unique weak solution uy € Ha(§2) of

(3.1). For such k one can define a linear operator Ay, : B(9Q2) — B'(992) by

&-uf
Aif = =,
ef ov
This operator is called the Poincaré-Steklov (or Dirichlet-to-Neumann) operator associated
with (A — k) on Q. See for instance [7,8,43,91] for studies of Poincaré-Steklov operators

under more restrictive assumptions on €.

Lemma 3.1. Let Q be a bounded H'-admissible domain. Then the following assertions
hold:
(i) For any k € R\o(Ap), the Poincaré-Steklov operator Ay : B(OQ2) — B'(99Q) is a
bounded linear operator and coincides with its adjoint. It is injective if and only if
k is not an eigenvalue of the self-adjoint Neumann Laplacian for €.
(ii) The Poincaré-Steklov operator Ay : B(0Q) — B'(09Q) satisfies Ay = 8,50 (tr;) 1. It
is an isometry with inverse A7' : B'(0Q) — B(9Q) given by A" = tr; oN;.

Proof. By (2.15) and (3.1) we have
[ARf g o0y < A+ ) lugll g ) = L+ E) [ fllgaa) . f € BOQ).
From (2.14) it is easily seen that

(Arf1, fo) B o0).8000) = (Arf2, f1)B00).B (09)

the special case for k = 1 was stated in (2.16). The statement on injectivity is clear. Item
(ii) follows using Theorem 2.9 (iii) and Corollary 2.21 (i). O

Since we are interested in isometries as in Lemma 3.1 (ii), which require the use of k-
dependent norms on B(9Q) and B(dQ), we concentrate on the special cases k = 0,1 to keep
notation simple.

Now suppose that Q@ C R” is bounded and H!'-admissible. Then the linear operator
Ao : B(02) — B'(99), defined as

.Ao = (;9,,)1‘ o (fri)_l,
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is called the Poincaré-Steklov (or Dirichlet-to-Neumann) operator in the H'-sense associ-
ated with A on Q. Theorem 2.14 (iii) and Corollary 2.23 (i) give the following analog of
Lemma 3.1.

Lemma 3.2. Let Q be a bounded H'-admissible domain. Then the linear operator :AO :
B(0Q) — B'(09Q) coincides with its adjoint. Moreover, it is an isometry with inverse Agl :
B'(09) — B(9Q) given by Ay' = tr; oNy.

Writing ¢ to denote the Riesz isomorphism from a Hilbert space to its dual (regardless of
that space), we obtain the following commutative diagram (3.2):

Vi(Q) = HY(Q)* 7 T, (H(2)) = B(0Q)

(3.2) il AT =t [ A=

V) = (HN QY s (T (HL(Q))) = B(09)

*
tr;

Note that for any f1, fo € B(9€2), we have indeed

(e(f1), f2>5/(39),3(ag) = <f17f2>5(39)
—1 -1 —
= <tri flvtri f2>H1(Q) = <al/,i o (trz) 1f17 f2>5/(89)73(39)~

Obvious adjustments give an analogous commutative diagram involving the Poincaré-
Steklov operator in the H'-sense.

4. TRANSMISSION PROBLEMS FOR ADMISSIBLE DOMAINS

We introduce layer potential operators on two-sided admissible domains through weak
well-posedness results for transmission problems of the form

(A +k)u =0 on R™\9Q
(4.1) uiloa — Ueloo =f

Oiu; _ Ocue _

oy 102 oy o = g-

Here 2 C R" is a bounded domain, u; and u. are the restrictions of the prospective solution
u to Q and R™\Q respectively, f and g are given data on 92 and k = 0,1. Similarly as

before, the restrictions u;|gn and wu.|so and the normal derivatives ditti | oo and agfjf

B o0 will
be made precise using traces and abstract normal derivatives, see Subsections 4.3, 4.4 and
4.5.

First, we describe our setup for (4.1) and then proceed to well-posedness results, the

definitions of layer potentials and statements on some of their properties.

4.1. Two-sided admissible domains and jumps. We call Q C R" a two-sided H'-
admissible domain if both Q and R™\Q are H'-extension domains, 9 = 9(R™\Q) and the
Lebesgue measure of 9 is zero. Since 92 has topological dimension at least n — 1, [55,
Theorem IV 4], its Hausdorff dimension is at least n — 1, [50, Theorem 8.14], and therefore
its capacity is positive, [2, Theorem 5.1.13]. As before, we do not require 92 to be Lipschitz
or to carry any measure. Moreover, 0 may consist of parts having different Hausdorff
dimensions. In principle it is also possible to extend the results of this and later sections to
cases where Q) or R™\Q has multiple connected components, but we will not address such
extensions.
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Suppose that Q@ C R™ is a two-sided H'-admissible domain. We discuss (4.1) with
k =1 in terms of the space H!(R"\0Q). It admits the (natural) orthogonal decomposi-
tion HY(R™\0Q) = H*(Q) @ H*(R™\Q), so that every u € H'(R™\0Q) can be written as
u = u; + u, with uniquely determined u; € H'(Q) and u, € H*(R™\Q). We denote the clo-
sure of C°(R™\0Q) in H1(R™\0N) by Hg(R™\9N) and write Vi (R™\) for its orthogonal
complement, which is the space of functions that are 1-harmonic in R™\0Q2. This gives a
second orthogonal decomposition,

(4.2) HY(R™\0Q) = H}H(R™\0Q) @ V1 (R™\0RQ).

To distinguish between the two operators, we now write Tr; : H1(Q) — B(02) to denote
the boundary trace operator for  and Tr, : H}(R"\Q) — B(99) to denote the boundary
trace operator for R™\Q; by construction both map onto B(9Q). We refer to Tr; as the
interior trace operator with respect to Q2 and to Tr. as the exterior one. In the context of
transmission problems we endow B(9€2) with the Hilbert space norm

1/2
(4.3) 1flBoey.: = (1300 + 1 1B@0).e)

where | -[|g(a0),; denotes the norm defined in (2.5) with respect to 2 and [| - || (90),. denotes
the norm defined similarly but with R™\Q in place of Q. Since both Q and R™\Q are H'!-
extension domains, the norms || - |[gq).q, || - [|8a0),e and [ - [|Baq),: are all equivalent. As a
consequence, we may view Tr; and Tr, as bounded linear operators from H'(R™\0Q) onto
B(09), no matter which norm is used. Only || - [|gaq),+ Will be used in the sequel; we agree
to denote it by || - ||zaq) again.

Given u € HY(R™\90R), we write

[Tru] := Triu — Treu

b

for its jump in trace across 0. The map u — [Tru] defines a bounded linear operator
[Tr] : HY(R™\0Q) — B(992) and is onto. In the same spirit, we write [tr] = tr; — tr. :
V1(R™\0Q) — B(09Q), also bounded, linear and onto.

If Au € L?(€), then the interior normal derivative % of u with respect to 2 is as defined
in (2.14). If Au € L?3(R™\Q), then we define the exterior normal derivative %f of u with
respect to ) as minus the interior normal derivative of u with respect to R™\(, that is, the
unique element g € B/(9€2) such that, for all v € H(R™\Q),

(4.4) (9, Tre v)pr (00, Boo) = _/ -
R?\Q

(Auw)vdx — / ~ Vu-Vodaz.
R™\Q
Now let
HAR™MN) := {u € HY(R™\9Q) | Au € L*(R™\0N)}.
Clearly this space contains Vi (R™\0Q). For v € HA (R"\9) we write
[[%]] :: Oju B Oou
ov Jdv  Ov
for the jump of its normal derivative across OS2. This defines a linear operator u — [[g%]]
from HA (R™\0R) onto B'(912), bounded in the sense that

(45) 1241

We write [0,] := 0,,i—0ue : Vi(R™\OQ) — B'(09Q) for the restriction of [[%]] to V1 (R™\09).
We call Q C R™ a two-sided H'-admissible domain if both Q and R™\Q are H'-extension
domains, € is bounded, 9Q = 9(R™\Q) and the Lebesgue measure of 952 is zero.
Suppose that @ C R” is a two-sided H'-admissible domain. We discuss (4.1) with
k = 0 using the space H'(R™\0Q), which admits the (natural) orthogonal decomposition
HY(R™M\0Q) = H(Q) & H'(R™\Q). We denote the closure of C°(R™\dQ) in H'(R"\dN)
by HZ(R™\09) and its orthogonal complement by Vo (R"™\09).

son) < lulla @no0) + 1Aul 2@ o0)-
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By Tr; : HY(Q) — B(0Q) and Tr. : H'(R"\Q) — B(dQ), we denote the interior and
exterior trace with respect to €, defined in an analogous manner. We endow B(9f2) with
the Hilbert space norm

1/2
HfHB(BQ),t = (HfH%((‘)Q)’i + Hf”ié(ag),e)
and with the summands defined similarly as before. Only || - [|5(5q), Will be used in the
sequel; we agree to denote it by || - [| 550, again.

Given u € H'(R™\9Q), we set
[Tru] :== Tryu— Treu

for its jump in trace across Q in the H'-sense. The map [Tr] : H'(R™\9Q) — B(dRQ),
u — [Tru], defines a bounded linear operator which is onto. We write [tr] := fr; — tr, :
Vo(R™\0Q) — B(dN), also bounded, linear and onto.

Let HX(R™\09) denote the space of all u € H'(R™\JN) with Au € L*(R™\dN); it

contains Vo(R™\09). Given an element u € HX(R™\9N), we write o for its interior

normal derivative in the H'-sense with respect to Q and % for its exterior, again defined
as minus the interior with respect to R™\2. We then write

bup b b
[[5]] T oy ov

for the jump of its normal derivative across 02 in the H'-sense. This defines a linear
operator u +— [9%] from HX(R™\9Q) onto B'(9), bounded in the sense that

12y

We write [0,] = 0, — Oy : Vo(R™\ON) — B'(99Q).

goa) < lullg @ on) + 1AullL2@®m\00)-

Remark 4.1. By the smoothness of 1-harmonic and harmonic functions, any element of

Vi(R™\Q) or Vo(R™\IQ) has a representative in C>(R™\0N).
4.2. Subspaces and orthogonality. Suppose that Q C R" is a two-sided H'-admissible

domain. We write
Vi,s(RM09) = {u € Vi(R™09) | [tru] = 0}
and
Vi p(R"M\09Q) := {u € Vi(R"\09Q) | [0,u] = 0}.
Recall that [Tr] : HY(R™\02) — B(dN) and that we use the Hilbert norm (4.3) on B(992).

Lemma 4.2. Let Q C R" be two-sided H'-admissible. Then the following statements hold:

(i) Each element of V1 s(R™\OSY) has a unique extension to an element of H'(R™). In
this sense, the space V1 s(R™\OQ) is the orthogonal complement of H}(R™\09) in
HY(R™). We have ker [Tr] = H*(R™). The linear operator Tr : H(R™) — B(99),
defined as Tr := Tr; |1 (gny = Tre |gi(rny, is bounded with operator norm one. Its
kernel is H (R™\02).

(ii) The space Vi s(R™\OQ) is a closed subspace of H'(R™\0Q). The linear operator

(4.6) tr: Vi.s(R™M\0Q) — B(09),

defined as the restriction tr := Tr |V1’S(Rn\ag), is an isometry and onto.
(iii) The space Vi p(R™\0Q) is a closed subspace of H*(R™\0Q). The linear operator

(4.7) 8, : Vi.p(R™ Q) — B'(9Q),

defined as 0, = 0y; = Ou.c, 15 bijective and bounded.
(iv) The space V1 (R™\0) admits the orthogonal decomposition

VA(R™M\0Q) = Vi s(R™\9Q) & Vi p(R™\9Q).
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Proof. For any u € Vi s(R™\ 99) we can find w € H'(R") such that w|sq = Tr;u = Treu
in B(09), wlo € V1(Q) and wlg.\g € Vi(R" \ ©). This is clear by the solvability of the
Dirichlet problems of type (2.4) on £ and R™ \ €, respectively. By the uniqueness of the
weak solutions then u|g = w|q in H'(Q) and Ulgmg = Wlgn\g In H'(R™\ Q). Combining,
we see that u has a unique extension w € H'(R") to R and may therefore itself be seen as
an element of H'(R™). This gives V; s(R"\ Q) C H'(R"). Clearly H}(R"\9Q) C H'(R™).

Suppose that u € H*(R™). Then, by definition, Tr; u = Tr, u. If in addition (u, U>H1(R") =
0 for all v € HE(R™ \ 99), then u € V1(R™\ 99) and, consequently, u € Vi s(R™\ ) by
the definition of this space. If instead u € Vi s(R™\ 9€2), then for all v € HF(R™ \ 99Q) we

have
Uy V) 171 (omy = Vu-Vvdr + [ uvdx + Vu-Vudr + uv dx
H(R™)
Q Q R™\9Q R™\9Q

= <au,iu7 Tr; U>B/(ag)’3(ag) - <al/,eu’ Tre U>B'(BQ),B(8Q)
= O’

because u is 1-harmonic in R™ \ 99 and Tr;v = Trov = 0. This proves the orthogonal
decomposition H'(R") = H}(R"\ 9Q) & V; s(R™\ 99Q). The right-hand side of this decom-
position equals ker [Tr], as can be seen by evaluating the condition [Tru] = 0 on either side
of (4.2). The remaining parts of (i) now follow with (4.3), Theorem 2.9 (iii) and identity
(A.3).

The first claim in (ii) follows from the boundedness of [Tr], the claims on isometry and
surjectivity follow from (4.3) and Theorem 2.9 (iii).

The limit u of a convergent sequence of elements of V; p(R™\99) is in V4 (R™\012), and
since [0,] is bounded on V1 (R™\9N) by (4.5), it follows that [0, u] = 0; this shows the first
claim in (iii). The boundedness of 9, follows from (2.15), its bijectivity is due to the unique
solvability of the Neumann problems on  and R" \ Q.

To prove (iv), note that, given u € V3(R™\0), we have

([8,u], tr U>3r(ag),3(8ﬂ) - /

(Au)v dx + / Vu- Vo dz
R\ 90

R™\0Q
(4.8) = <U7U>H1(]R"\8Q)
for any v € V4 s(R™\0f2). Since tr in (4.6) is surjective, it follows that [0,u] = 0 in B’'(09)

if and only if (4.8) is zero for all v € V; s(R™\0N2), and this is the case if and only if u
belongs to the orthogonal complement of V3 s(R™\99Q) in V3 (R™\99). O

Remark 4.3.
(i) If instead of the natural dual space norm based on (4.3), we use the equivalent
, 1/2
Hilbert space norm g +— (HgH%,(aQM + Hg||%,(am7€) 2 on B'(09), where || - || (a0),i
and || -||g/ (90, are the natural dual space norms based on |- ||gaqy,i and |- [|B@q),e
then (4.7) becomes an isometry.

(i1) To give an alternative proof of (iv), we could observe that, given v € V1 (R™\0N), we
have

(49) <auu7 [tr U]DB’(@Q),B(BQ) = <’LL, U>H1(R"\BQ)

for all w € Vi p(R™\0Q). Since 0, in (4.7) is surjective and B(O) is a Hilbert
space, it follows that [tro] = 0 in B(OQ) if and only if v belongs to the orthogonal
complement of V1 p(R™\0R) in V1 (R™\9NQ).

By P s and Py p, we denote the orthogonal projections from H'(R™\0) onto the closed
subspaces V1 s(R™"\0Q) and V1 p(R™\9Q) respectively. The following is a straightforward
consequence of Lemma 4.2 (iv).



LAYER POTENTIAL OPERATORS FOR TRANSMISSION PROBLEMS ON EXTENSION DOMAINS 15
Corollary 4.4. Let Q be two-sided H*-admissible. If u,v € Vi(R™\0Q), then

(U, V) g1 @\ 00) = ([0vul, troPy 5”>B/(aQ B(6Q)

+ <al, o Py pu,[trul >B/(an)76<89)’

Now suppose that Q C R™ is a two-sided H'-admissible domain. We write
Vy s (RM00) = {u € Vp(RM0Q) | [iru] = 0}
and
Vop(RMIQ) := {u € Vo (R"\9Q) | [0,u] = 0}.
The next lemma is seen similarly as Lemma 4.2.

Lemma 4.5. Let Q C R™ be two-sided H'-admissible. Then the following statements hold:
(i) Each element of VOS(R”\BQ) has a unique continuation to an element of ker [Tr].

In this sense, the space Vo $(R™\0Q) is the orthogonal complement of the closure

of C(R™\0Q) in ker [Tr]. This closure is also the kernel of the linear operator

Tr : ker [Tr] — B(0Q) defined as Tr := Tr; = Tr., which is bounded with operator

norm one. _
(ii) The space Vy s(R™\OR) is a closed subspace of H'(R™\0RQ). The linear operator

tr: Vg s(R™\0Q) — B(09),

defined as the restriction tr := Tr |Vo <(B\0Q)7 is an isometry and onto.
(iii) The space Vy, 5(R™\OQ) is a closed subspace of H'(R"\0Q). The linear operator

Oy : Vo p(RM Q) — B'(09),

defined as By = 6.V7i = 3.11,@7 1s bijective and bounded.
(iv) The space Vo(R™\O) admits the orthogonal decomposition

Vo(R™\0Q) = 0, S(R"\aﬂ) D Vo »(R™\0Q).
Remark 4.6.

(i) Note that, since constants are ignored by Tr; and Tr., elements of ker [Tr] are
classes modulo locally constant functions (one constant on Q and one on R™\Q).
The space Hl(R”), whose elements are classes modulo a single constant, is a proper
subspace of ker [Tr].

(ii) Suppose that Q2 is both two-sided H'- and H'-admissible and u € ker [Tr]. Let w; €
u; and we € ue be representatives modulo constants of u; and ue. By the arguments
used to show Proposition 2.2, both Tr;w; and Tr.w. are well-defined elements of
B(0Q2), and by construction, there is a constant ¢ € R such that Tr; w; — Tr. we = c.
Setting w' = w; + we + clpn\g we obtain a representative w’' of u € ker [[Tr]]
which satisfies [Trw'] = 0 in B(0Q). The equivalence class w of w' modulo single
constants is a uniquely determined element of H*(R™), which we call the zero trace
jump readjusted representative of u.

The zero trace jump readjusted representative w of u € Vo, <(R™M09) is an el-
ement of the orthogonal complement of C°(R™\OQ) in H'(R™); we denote it by
V.s(R™M\0Q). Setting tru := tru, we obtain a linear bijection

(4.10) tr: V s(RM09Q) — B(OQ).

By P ¢ and P, 5, we denote the orthogonal projections from H? (R™\02) onto the closed

subspaces Vo, $(R™\09) and VO’D(R"\ﬁﬂ) respectively. Lemma 4.5 (iv) now gives the fol-
lowing.
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Corollary 4.7. Let Q be two-sided H*-admissible. If u,v € Vo(R™\0Q), then

(u, U>H1(R"'\SQ) = <[[(9,,U]], tr OPO,S U>B’(8Q),B(OQ)
+ (9,0 Pypu, [t u]]>8/(0§2),8(8§2)'

4.3. Double layer potentials. Let 2 C R” be two-sided H!-admissible. Given f € B(9Q),
we callu € HY(R™\09) a weak solution of (4.1) with k = 1 and g = 0, that is, a weak solution
to the problem formally stated as

—Au+u =0 on R™\9N
(4.11) Ui|6Q — ue|ag = —f

Oiu; Ocle =0

ov 19 ov 109 =

if we have (u,v) g1 (gn\p) = 0 for all v € C(R™\IN) U V1 s(R™\IQ) and (v, u) g1 g ooy =
= (0w, ) g (09),8(00) for all v € Vi p(R™\09Q).

Lemma 4.8. Let Q C R™ be two-sided H'-admissible. For any f € B(9S) there is a unique
weak solution u’ of (4.11). It is an element of V1 p(R"\0Q) and satisfies ||u” || g1 @\ 00) <
1500 -

Proof. Since, by Lemma 4.2 (iii), the linear functional v — (9, v, f>B’(SQ),B(é)Q) is bounded

on the closed subspace V; p(R™\09Q) of H'(R™\9), the result follows from the Riesz rep-
resentation theorem. ]

We refer to the bounded linear operator D : B(992) — V1 p(R™\99) defined by
Df :=u'

as the double layer potential operator associated with the transmission problem for 1 — A
and Q.

Corollary 4.9. Let Q be two-sided H'-admissible. The operator D is bijective, and its
inverse is D1 = —[tr].

Now let 2 C R™ be two-sided H'-admissible. Given f € B(99), we call u € H*(R"\dQ)
a weak solution in the H'-sense of (4.1) with k = 0 and g = 0, that is,

—Au =0 on R™\9N
(4.12) Uilan — Ue|an =—f
%h’m - af;,fe loa =0,

if it satisfies (u, v) g1 (gn\ go) = 0 for allv € CZ° (R"\BQ)UVO,S(R"\GQ) and (v, u) g1 (g po) =

7<('.9yv, f>8'(09),8(aﬂ) for all v € Voﬁ(R"\aQ).

Lemma 4.10. Let Q C R"™ be two-sided Hl-admissible. For any f € 3(89), there is a
unique weak solution uf of (4.12) in the H'-sense. It is an element of Vo.p(R™M0Q) and

satisfies ||U‘f||H1(Rn\aﬂ) < ||fHB(aQ)'

We refer to the bounded linear operator D : B(9Q) — Vo,b(R”\GQ) defined by Df := uf
as the double layer potential operator associated with the transmission problem for —A and
Q in the H'-sense.

Corollary 4.11. Let Q be two-sided H'-admissible. The operator D is bijective, and its
inverse is D1 = —[tr].

Remark 4.12. A priori, the trace jump condition in (4.12) is only an equality modulo
additive constants. However, by arguments similar to Remarks 2.17 and 4.6, the situation
is auto-improving: If Q is both two-sided H'- and H'-admissible and f € B(0R) is given,
let ulfl be the unique weak solution in the H'-sense of (4.12) with the equivalence class
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[f] € B(@Q) of f modulo constants in place of f. We can find representatives w; € ul and

We € u.[gf] modulo constants and some ¢ € R such that Tr; w; — Trewe = —f + ¢ in B(0ON).
We set w' := w; + we + c]an\ﬁ. The equivalence class uf) of w' modulo a single constant
is uniquely determined. It satisfies AT = 0 on R™\OQ, [tralfl] = —f as an equality in
B(09) and [0,u] = 0, which by Remark 2.22 may be interpreted as an equality of linear
functionals on B(0Y). One could call @/l the trace jump readjusted representative of ulfl.

4.4. Single layer potentials. Let 2 be two-sided H'-admissible. Given g € B'(0)), we
call u € HY(R™\99) a weak solution of (4.1) with k = 1 and f = 0, that is,

—Au+u =0 on R™\9N
(4.13) uilog — Ue|oq =0

c’iiui 6eue J—

o 109~ g lo = 9,

if (u, V) g1 g\ o) = 0 for all v € Vi p(R™\09Q), as well as (u, v) g1 g\ 00y = (98T V) 51 (90,569
for all v € H'(R"™).

Lemma 4.13. Let Q be two-sided H'-admissible. For any g € B'(9S), there is a unique
weak solution ug of (4.13). It is in V} s(R™"\OSY) and satisfies |[ug|| g wm\o00) < |9]l500)-

Proof. By Lemma 4.2 (ii) the linear functional v — (g,trv)s (90 p(a) is bounded on the

closed subspace Vi s(R™\99) of H*(R™\09), so the result follows from the Riesz represen-
tation theorem once again. |

We refer to the bounded linear operator S : B/ (9Q2) — V1, s(R™\99Q), defined by
Sg:=1uq
as the single layer potential operator associated with the transmission problem for 1 —A and
Q.
Corollary 4.14. Let Q be two-sided H'-admissible. The operator S is bijective, and its
inverse is St = [0, ].

Suppose that €2 is two-sided H'-admissible. Given g € B/(9Q), we call u € H'(R™\dQ)
a weak solution in the H'-sense of (4.1) with k = 0 and f = 0, that is,

—Au =0 on R™\0Q
(4.14) Ui|aQ — ue|8Q =0
Gilli |y — e |5 =g,

if (U, v) 1 g\ o) = 0 forall v € I./O)b(R"\ﬁﬂ), as well as (u, V) g1 g\ 9oy = (g, Tr )
for all v € H'(R").
Lemma 4.15. Let Q be two-sided.Hl-admissible. For any g € B'(@Q), there is a unique
weak solution u, of (4.14) in the H'-sense. It is an element of Vo.g(R™\0Q) and satisfies
gl 1 @00y < 191500 -

We refer to the bounded linear operator S : B/(9) — VO’S-(]R”\aﬁ) defined by Sg := u,

as the single layer potential operator associated with the transmission problem for —A and
Q in the H'-sense.

B’ (0%2),B(8%)

Corollary 4.16. Let Q be two-sided H'-admissible. The operator S is bijective, and its
inverse is S~ = [0,].

Remark 4.17. Let Q be both two-sided H'- and H'-admissible, g € B'(09) and let u, be
as above. Let uy € Voys(R”\aQ) be the zero trace jump readjusted representative of ug as
in Remark 4.6. Since it is uniquely determined, Sg := g defines a bounded linear map

(4.15) S:B'(09) = V) ¢(R™09);

it is a zero trace jump readjusted variant of S.
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4.5. Superposition. Superposition gives well-posedness for (4.1). Let Q be H!'-admissible.
Given f € B(9R2) and g € B/(99), we call u € HY(R™\9R) a weak solution for (4.1) with k =
Lif (u, v) g1 g\ gy = 0 for all v € C22(R™\0Q), (u, v) g1 g\ a0) = (95 1T 0) 51 (90) 500 for all
v € V1,s(R™\09Q), as well as (4, v) g1 g\ g0) = (Ov0, ) (00,800 for all v € Vi p(R™\09Q).

Corollary 4.18. Let Q be H'-admissible. For any f € B(0Q) and g € B'(09), the unique
weak solution u of (4.1) with k =1 isu = Sg—Df. It is an element of V1(R™"\0Q) and
satisfies
[ullmr o0y < [[fllBon) + llglls o0)-

If Q is H'-admissible, and if f € B(9Q) and g € B'(9Q), then we call u € H'(R™\d)
a weak solution for (4.1) with k = 0 in the H'-sense if (u, v) i re\ay = 0 for all v €
C=°(R™\69), <u,v>.H1(Rn\BQ) = <g,£rv>8,(6m,8(@m for all v € V, ¢(R™\99) and we have
(W, 0) g1 wmvo0) = (000, £ (00 Biaey for all v € Vi 5 (R™\99).

Corollary 4.19. Let Q be two-sided H'-admissible. For any f € B(@Q) and g € B (0%),
the unique weak solution u in the H'-sense of (4.1) with k = 0 is u = Sg — Df. It is an
element of Vo(R™\0NY) and satisfies

lull g2 wmvo0)y < 1 lg00) + 19115 (00)-
5. RESOLVENT REPRESENTATIONS

We give resolvent representations of the layer potential operators defined in the variational
sense in Section 4. This allows to recover the classical integral formulas when the domain
) is a Lipschitz domain and the boundary is endowed with the surface measure.

5.1. Representations of single layer potentials. Let u — Gu = ((1 + [¢[2)~'a)" be
the Bessel potential operator of order 2, where u — 4 denotes the Fourier transform on
tempered distributions and w + 4 its inverse. It is well known that G = (I — A)~! in
this distributional sense, that G is bounded on LQ(R”) and that G acts as an isometric
isomorphism from H~!(R") onto H*(R"™).

If Q C R" is two-sided H!-admissible, then G, viewed on L?(R™), is the resolvent operator
uniquely associated with the symmetric bilinear form (2.1) when endowed with the domain
H'(R™) = Hj(R™\0Q) & V4 s(R™"\99Q).

Using a similar agreement as in Remark 2.12 together with Lemma 4.2 (ii), the adjoint
tr* : B'(0Q) — V/ g(R™\0RQ) of the restricted trace operator tr as in Lemma 4.2 (ii) can be
viewed as a bounded linear operator tr* : B/(9€2) — H~}(R"); it is characterized by

(51) <g, ’I\I-U>B’(8Q),B(BQ) = <tr* g?U>H’1(R"),H1(R”) s NS Hl(R”)’ g c Bl(aQ)
We obtain the following representation for the single layer potential operator.
Lemma 5.1. Let Q be two-sided H'-admissible. Then S = G o tr*.
Proof. Let g € B'(09). Then tr* g € H-!(R") and consequently G o tr* g € H*(R™). Since
G: H Y(R") — H'(R") is a Riesz isometry, we have
(Gotr™ g,v) i (gn) = (1" 9, V) =1 (mny g2 (mem)
for all v € HY(R™), and the definition of S gives
(52) <g7TI' v>B’(BQ),B(6Q) = <Sg’U>H1(R") .
Combining with (5.1), the lemma follows. O
Let G be the Bessel kernel of order two, that is, the fundamental solution for A — 1 on

R™. It is well known that Gw = G % w for any w € C°(R™). For a nonnegative Radon
measure v on J§) the convolution

Gxv(z)= [ Gz-yv(dy), zeR",
o
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is a lower semicontinuous function taking values in [0, 4oc]. For finite v it is finite at all
points z € R™\9N. For a finite signed Radon measure v on 9f) the convolution

Gxv(z)=Gxvt(z)—Gxv (z), =€R",

is a Borel function G * v on R™ \ €.
We say that a nonnegative Radon measure v on 0f) has finite energy if there is a constant
¢ > 0 such that

(5.3) / ol dv < ¢ Jollmign, v € HYRY) N Co(RY).
o0

Given a finite signed Radon measure v on 0f), we say that it has finite energy if its total
variation measure v + v~ has finite energy.

Remark 5.2. It is well known that, by the Riesz representation theorem for measures, the
cone of nonnegative elements of H~1(R™) is in one-to-one correspondence with the cone of
nonnegative Radon measures of finite energy on R™. This can be seen using [92, Chapter 6,
Ezercise 4]; a variant of the argument is provided in [10, Proposition 9.2.1].

Proposition 5.3. Let Q be two-sided H'-admissible and let v be a nonnegative Radon
measure on 02 of finite energy or a finite signed Radon measure on 0S) of finite energy.
Then sets of zero capacity have zero v-measure, and v defines an element of B'(0) by

(5.4) W, Fsro0) 800) = /69 fdv, f e B(09Q).
Moreover, Sv(x) = G xv(z), x € R"\9N.

Proof. Tt suffices to prove the result for a nonnegative Radon measure v of finite energy.
The first claim is shown in [44, Lemma 2.2.3]. Estimate (5.3) extends to all v € H*(R") and
gives | [, Tro dv| < c||lv|| g1 gny; here Tr is as in Lemma 4.2 (i). Optimizing over v gives

‘/{)Qfdy‘ <c|fllzoo), fe€B(09Q),

with a (different) constant ¢ > 0. Consequently, v € B'(92). One can follow [44, Theorem
2.2.2] to see that

(5.5) (v, Trv) 90y, B09) = /6(2 Trodv = (G*v,0) gagny, VE H'(R™).
Together with (5.2) and Remark 4.1 this gives the last claim in Proposition 5.3. ]

Remark 5.4. Let 092 be compact and v a signed Radon measure with suppv = 0S2; then
v is obviously finite. For n = 1,2 [2, formula (1.2.11)] shows that G * v is bounded and
continuous on all of R™ and, as a consequence, the energy of v is finite. If there are constants
n—2<d<mn and c > 0 such that v (B(x,7)) < cr? for allx € 0Q, 0 < r < 1, then these
facts are also true forn > 3. An easy proof follows by [2, formula (1.2.12)] and [75, p. 109],
combined with arguments similar to [97, Lemma 1 in Section 3.4.5].

Corollary 5.5. Let ) be two-sided H'-admissible and let 1 be a nonnegative Radon measure
on 0 with the property that all sets of zero capacity are p-null sets. If there is some ¢ > 0
such that

(5.6) I T‘I‘UHLZ(aQ’#) <c ||U||Hl(]Rn)7 vE Hl(Rn),

then for any g € LY(0Q, p) N L?(0Q, 1), the finite signed Radon measure (g - p)(dy) =
9(y)u(dy) is of finite energy and

(5.7) S(g-p)(z) = - Gz —y)g(y)u(dy), =€ R™\0Q.
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Proof. Given g € L?(09, 11), we have

/asz | Trollgldp < ||gll 200, | Tr vl 22 (00,0) < ¢ |92 00,0 1V] 1 (®n)

for all v € H'(R™). This shows that the total variation measure |g(y)|u(dy) of g(y)u(dy) is
of finite energy. Formula (5.7) follows using the preceding proposition. O

Remark 5.6. If the two-sided H'-admissible domain §Q is a bounded Lipschitz domain and
p = o is the surface measure on 9), then for any g € L?(09Q,0), the right-hand side of
(5.7) is a weak solution of (4.13), and the equality (5.7) can alternatively be derived from
the uniqueness in Lemma 4.13.

The Riesz potential operator u — Zu = (|¢|72@)" of order 2 can be considered on the
space of tempered distributions modulo polynomials. Viewed in this way, Z = (—=A)~L. It is
well known that 7 is an isometric isomorphism from H~'(R") onto H'(R"). See [18, Section
6.2.1]; further related details can be found in [93, Sections 25.1 and 25.2].

Suppose that € is both two-sided H'- and H'-admissible and recall the operators tr and
S as in (4.10) and (4.15), respectively. Similarly as before, we may view the dual tr" of tr
as a bounded linear operator tr" : B/(9) — H~*(R™).

Lemma 5.7. Let Q) be both a two-sided H'- and H'-admissible domain. Then S = T otr .
Proof. Given g € B/(9Q), we have Zotr'g € H'(R™), and for all v € H*(R"™) then

(58) <Iot?*g,U>H1(R7l) = <t7r*g7lv>H71(Rn)7H-l(Rn) = <gaTr U>B’(89),B(BQ)

= <ng”>H1(Rn\aQ) = <§97U>H1(1Rn)'
U

Now assume that n > 2. Let K be the Green’s function, that is, the fundamental
solution for A on R”. We have Zw = K *x w for any w € C2°(R"™). Since for a two-sided
H'-admissible domain € the boundary 0f) is compact, any nonnegative Radon measure v
on 0f2 is compactly supported and finite. For such a measure v the convolution

Kxv(x) = K(x —y)v(dy), zeR",
o0
is a lower semicontinuous function. In the case n > 3, it takes values in [0, +00], in the case
n = 2 in (—oo,+00]. In either case it is finite on R™\0Q. Given a signed Radon measure
v on 00 (then automatically finite), the convolution K x v = K * v™ — K x v~ is a Borel
function on R™\ 0. We call a signed measure v centered if v(R™) = 0.

Proposition 5.8. Let Q@ C R™, n > 2, be both a two-sided H'- and H*-admissible domain.
Let v be a centered finite signed Radon measure on 02 of finite energy. Then sets of zero
capacity have zero v-measure, and v defines an element of B'(02) by

(5.9) v, g o0),800) = /mfd% f e B(09),

with the integral defined using an arbitrary representative of f modulo constants. Moreover,
K x v is a representative modulo constants of Sv.

Remark 5.9. The assumption that v is centered ensures that v is an element of B'(9Q). In
the case n = 2 it is also responsible for the correct decay behaviour of K xv and its gradient
at infinity, see [/, proof of Lemma 2.5] and [102, p. 851, formula (14)].

Proof. By Proposition 5.3, the measure v charges no set of zero capacity, and since v is
centered, the right hand side of (5.9) is linear in f € B(A%). Let B be an open ball
containing 99, let x € C2°(B) be such that 0 < y < 1and x = 1 on Q. Given f € B(99), let
v € H'(R") be such that Trv = f and let w be a representative modulo constants of v such
that [, xwdz = 0. Poincaré’s inequality for B gives |[xw|| g1 @&n) < clixller s llvll 1) with
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¢ > 0 independent of v. Similarly as before, (5.3) extends to all of H!(R") (with the trace
in the integral), and using this fact, we find that | [, fdv| < c 1/ 500, f € B(0S2), where
¢ > 0 is another constant. This shows that v € B/(92). For n > 3 we can apply |14, Theorem
2.2.5] to find that

(5.10) (v, Tr v) Trody = (K v, V) iigny, V€ HY(R™),

B (09),B(0Q) — /aQ

which, together with (5.8), gives the last claim. For n = 2 we can use the more general
argument that for K x v, viewed as a distribution, we have

‘g aii (K * V)(%)’ = [(A(K *v))(v)| = |v(v)| = |/6de1/| < clvll g1 g

for all v € C°(R™). Clearly Y ;" %(K *v)(n;) = 0 for all divergen.ce free vector fields
N = (N,.snn) € CX(R™,R™). Therefore the density of C°(R") in H!(R") now implies
that V(K % v) € L?(R",R"), hence K * v € H'(R"). Also the validity of (5.10) can now be

seen using this density.
O

Corollary 5.10. Let Q C R, n > 2, be both two-sided H'- and H'-admissible and let p
be a nonnegative Radon measure on 02 such that (5.6) holds. Then p is finite and of finite
energy. For any element g of

Lﬂaﬁﬁﬁ-—{géiL%394U‘lLdiu——O}

the centered signed Radon measure (g-p)(dy) = g(y)u(dy) is finite and of finite energy. The
function

(5.11) v | K(z—y)g(y)u(dy)
o0

is a representative modulo constants of the function S(g - ) on R™\ 0.

Remark 5.11. Suppose € is a bounded Lipschitz domain in R™, n > 2. If up = o is the
surface measure and g € L3(09Q, o), then (5.11) is the classical single layer potential [/, 101]
of g. For bounded g, it provides a representative of S(g - o) which is continuous on all of
R™.

5.2. Representations of double layer potentials. Given a two-sided H'-admissible do-
main Q@ C R”, let R denote the unique bounded linear operator from L?(R™\0RQ) into
H}(R™\09Q) & Vi p(R™\09) such that

(Ru, ”>H1(Rn\aﬂ) = (u, ”)Lz(Rn\aQ)

for all u € L2(R™\0Q) and v € H(R™\9Q) @ V1 p(R™\IS). This operator is symmetric
on L?(R™\09Q) and symmetric with respect to (-, Vi rm\on)- 1t extends to an isometric
isomorphism from (H}(R™\0Q) & Vi p(R™\0N))" onto Hg(R™\9Q) & Vi p(R"\00Q). The
adjoint (9,)* of 0, as in Lemma 4.2 (iii) maps from B(9Q) into (V1 p(R™\0Q))’. In the
spirit of Remark 2.12, it can be viewed as a bounded linear operator from B(9f2) into
(HY(R™\09Q))" if for each f € B(9Q), the functional (8,)* f is silently extended by zero to
a bounded linear functional on all of H'(R™\92). The operator D can be represented in
terms of those operators.

Lemma 5.12. Let Q be two-sided H'-admissible. Then D = —R o (9,)*.
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Proof. Given f € B(0Q) and ¢ € H} (R™\0Q) & V1 p(R™"\0Q) Corollary 4.4 gives

- (Df, <p>(H1)’7H1 =—(RoDf,o)p = —(Df, Re) i
={((8,) oP1,p o Rep, f>B'(BQ),B(BQ) ={(0,)" f,Pipo 'Rgo>(H1),7H1
= Q)" f, R90>(H1)/7H1 =(Ro(d.)f, <P>(H1)/7H1,
where we use H! to abbreviate H!(R™\0). O

Proposition 5.13. Let Q be a bounded Lipschitz domain. Then B(9Q) equals HY/?(98),
and for any f € H'/2(09Q), we have

9 n
(5.12) D)=~ [ G- i o). e
o0 81/y
here a%y denotes the classical interior normal derivative and o the surface measure on OS).

Proof. The classical double layer potential on the right hand side of (5.12) is known to solve
(4.11) in the weak sense, so the uniqueness part of Lemma 4.8 implies (5.12). O

Let 2 C R™ be a two-sided H 1—admissible domain. Let R denote the unique bounded
linear operator mapping (H} (R™\0Q) &V, »(R™\0N))" into HJ (R™\9NQ) &V, p(R™\IN) such
that

<Ru7 U>H1(Rn\89) = <ua U> (H(R"\0Q))’,H! (R?\ Q)

for all u € (H§(R™\IQ) ® Vo p(R™\IN)) and v € HF(R™IN) ® Vo p(R™\IN). With a
similar interpretation as before, we obtain the following.

Lemma 5.14. Let Q be two-sided H'-admissible. Then D = —R o (9,)*.

Proposition 5.15. Let @ C R", n > 2, be a bounded Lipschitz domain. Then for any
f € HY?(09), the trace jump readjusted representative of Df differs only by an additive

constant from — [, %K( —y)f(y) p(dy) on R™\0Q.

Remark 5.16. Proposition 5.15 states that, in the case of a bounded Lipschitz domain
Q C R, n > 2, endowed with the surface measure on the boundary, the trace jump read-
justed variant of the double layer potential operator D can be represented using the classical
formaula [/, 101], up to an additive constant.

6. NEUMANN-POINCARE OPERATORS FOR ADMISSIBLE DOMAINS

For smooth or Lipschitz domains Neumann-Poincaré operators are well understood [0,

,07], and their spectral properties are known to reflect the regularity of 9Q: They are
compact in the C''-case [12] but have a continuous non-real spectrum if 9 has a corner [6,21].
Refined mapping properties of Neumann-Poincaré operators for bounded Lipschitz domains
were studied in [79].

We define Neumann-Poincaré operators K and K on the trace spaces B(99) and B(9Q)
respectively. As in the Lipschitz case [95], they are bounded operators and satisfy the well-
known jump relations, see Theorems 6.1 and 6.2. Following [95], we define boundary layer
potential operators associated with (A — 1) respectively A in (6.4) respectively (6.8) below.
Using those operators, we obtain generalizations of the classical Calderén projectors, see
Theorems 6.5 and 6.7.

As in [95], the boundary layer potentials give rise to equivalent Hilbert space norms on
the trace spaces and their duals. Those norms make the single and double layer potentials
isometries and the operators (:I:%I + K) coercive contractions, see Lemma 6.8 and Theo-
rem 6.10.



LAYER POTENTIAL OPERATORS FOR TRANSMISSION PROBLEMS ON EXTENSION DOMAINS 23

6.1. Neumann-Poincaré operators. Suppose that Q C R" is a two-sided H!'-admissible
domain. We refer to the bounded linear operator K : B(9€2) — B(09), defined by

1
K= i(tri +tre) oD,

as the Neumann-Poincaré operator for (4.11); here tr; := Tr; [y, (o) and tre := Tre |y, ga\q)-
By K* : B/(0Q2) — B'(99), we denote its dual.

In the sequel, we use the symbol I to denote the identity operator; the space on which it
acts will be clear from the context.

The following identities generalize results well-known in the Lipschitz case, see [4, Theo-
rem 2.4] or [101].

Theorem 6.1. Let Q) be two-sided H'-admissible. Then
(i) trjoD = —31 + K and tr, oD = 11 + K.
(i1) Oy ;08 = %I +K* and Oy e0S = —%I + K*. In particular,

1
(6.1) K= 5(8” +0ye)0S.

Recall the definitions (2.14) and (4.4) of the interior and exterior normal derivatives.
They give the Gauss-Green formulas

(6.2) (O, Tri v) 51 (902) B0 = / wwdr+ [ Vu-Vudr
’ Q Q

for all u € V1(Q) and v € H'(2), and

(6.3) (Ov,ew,; Tre V) g1 90y Bo0) = —/ uv dz — / Vu - Vo dz
’ R\ Q R\ Q

for all uw € V1(R™\ Q) and v € H}(R" \ Q). We prove Theorem 6.1.

Proof. Statement (i) follows from the definitions of D. To see (ii), note that for any f €
B(09) and g € B'(092) we have

0=(Df, 89>H1(R"\6Q)
= (0,,iSg,tri Df)pr(o9),B62) — (Ov.eSg,tre Df)5r(00),8(09)
by Lemma 4.2 (iv), (6.2) and (6.3), and that adding this zero to
(00,i89, tre Df)pr(00),509) — (0v,eS9, tri Df)pr(a0),5(69)

respectively subtracting it gives

2(9,Kf) s 00).8(00) = ([0089], tri Df + tre Df)5r(00) 5(09)
= (01,iSg + 0,,eSg, — [tr Df]) 5 (90).8(00) = ((Ovi + Ou.e) © 89, f)B(990).B(50)-
This yields (6.1), and using the definition of S, item (ii) follows. O

For a two-sided H'-admissible domain QC R™, similar observations can be made. We
refer to the bounded linear operator K : B(9§2) — B(0N2), defined by

K= i(tri +tre) oD,

as the Neumann-Poincaré operator for (4.12). By K* : B/(0Q) — B/(9), we denote its
dual.
Theorem 6.2. Let Q be two-sided H'-admissible. Then
(i) tr; oD = —%I—i— K and tr, oD = %I +K.
(1) 81,1 08 = %I +K* and 3y,e oS = —%I +K*. In particular,
. 1 . . 1. ) _
Kr = §<au,i + au,e) oS = E(au,i + al/,e) o Sa

where S is as in Remark 4.17.
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Remark 6.3. If Q is a bounded Lipschitz domain in R™, n > 2, and 02 is endowed with
the surface measure o, then by Corollary 5.10 and Remark 5.11 the operator S is the usual
single layer potential operator, up to an additive constant. As pointed out in Remark 2.25
for 91/,1'7 also the H—1/2 (0Q)-valued linear operators 8,” and 31,’6 are the usual weak normal
derivatives. As a consequence, the above definition of the operator K* coincides with the
usual one for bounded Lipschitz domains, see [/, Theorem 2.4] (there denoted by K3,) or
[101] (there denoted by K*).

6.2. Boundary layer potentials and Calderén projectors. Let 2 be two-sided H!-
admissible. By Lemma 4.2, Corollary 4.9 and Corollary 4.14 the boundary single layer
potential operator V : B'(0Q) — B(9Q) and the hypersingular operator W : B(0Q) —
B'(0Q), defined by

(6.4) V:=troS respectively W := -0, 0D,
are bounded linear bijections with bounded inverses.

Remark 6.4. In a classical context, the trace Vg on 02 of the single layer potential Sg
can be defined as a pointwise limit, while the (co-)normal derivative W of the double layer
potential Df is a hypersingular integral, which, for smooth enough 02 and f, can be expressed
as a Hadamard finite part integral. See for instance [95, Section 2] for details; note that our
notation differs slightly from the one used there.

Now let M : B(02) x B'(92) — B(9Q) x B'(09) be the linear operator defined by
-k v
M =
w  K*

1 1
Ci = §I+M and Ce := 5[—]\/!.

One refers to the linear operators C; and C,. as the interior respectively exterior Calderdn
projector for Q). We obtain generalizations of known symmetrization formulas referred to as
Calderon relations, see [54, Lemma 1.2.4], [87, Theorem 3.1.3| or [95, Proposition 5.1].

and set

Theorem 6.5. Let ) be two-sided H'-admissible. The operators C; and C, are continuous
projectors and satisfy C; + Ce = I. Moreover, we have M? = i[, that is,

Ky =VK*, K24 YW =11,
(6.5) and 4 1

WK = K*W, (K2 4+Wy = g
Proof. Continuity and the first identity are clear. To see that C? = C;, suppose that f €
B(09Q) and g € B'(99) are given, and that v = Sg— D is the unique weak solution to (4.1)
with k£ = 1, with [d,u] = ¢ and with [tru] = f in place of [tru] = —f. Then (6.4) and
Theorem 6.1 give

(6.6) c (f) B Vg — <;I+IC) f B (trSg—trin> - (triu>

g (;HK*) g+wf| \0wiSg-a.0f)  \duu

Now let v be the unique weak solution to problem (4.1) with k& = 1, with [tru] = tr; u and
[0 u] = Oy u. Since ulg is also a weak solution to this problem, it follows that v = ulg
and consequently

e f _e try u _ try v _ tr; u _¢, f '
g Dy Oy,iv Ou,iu g

In the same way, we prove C2 = C.. The remaining identities then follow. O
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Remark 6.6. The unique weak solution u = Sg — Df of (4.1) with k = 1 and boundary
data f € B(OQ) and g € B'(09Q) is zero on R™\Q if and only if treu = 0 and 9, .u = 0.
By (6.6) this is the case if and only if C; (5) = (5), which happens if and only if (f,g) is an
element of the graph of the Poincaré-Steklov operator Ay for Q. As in [95, Section 5], an
evaluation of (6.6) gives

1 1 1
_y-1(= _ - * -1( =
(6.7) A=V (GT+E) =W (GT+K )V (51 +K).
Now suppose that €2 is two-sided H 1—admissible. By Lemma 4.5, Corollary 4.11 and
Corollary 4.16, the operators V : B/(9Q2) — B(92) and W : B(9Q2) — B'(01), defined by
(6.8) V:i=tiroS and W:=-9,00D,

are bounded linear bijections with bounded inverses. Let us define the operator M : B(9Q) x
B'(02) — B(0N2) x B'(0%2) by
. Y
M = . .
w K

C. = %HM and .= %I—M.

The same arguments as before give the following counterpart of Theorem 6.5.

and set

Theorem 6.7. Let ) _be tugo—sided Hl—admissibl_e. The operators CZ and Ce are continuous
projectors and satisfy C; + Co = I. In addition, M? = i[, that is,

KV = VK>, K24 oW = 11,
(6.9) S and ) o4 1

WK = K*W, (K*)? 4+ Wy = e

6.3. Invertibility and isometries. Using the operators in (6.4) as metrics, we can intro-
duce

[ - ”%3’(6(2),\} = (-, V) B1(69),8(09) | - ”%(89),1}*1 = <V_1'» VB (69),B(9Q)
where V™! denotes the inverse of V, and
I WBo0)w = W+ ) Bran) Bo%) -

These quadratic forms give equivalent Hilbert space norms on B'(9) and B(9f2), respec-
tively, as shown in the following lemma.

Lemma 6.8. Let Q be two-sided H'-admissible.

(i) The operator S is an isometry with respect to || - || (aq),v, and D is an isometry
with respect to || - || @), w-
(ii) There are constants o, B > 0 such that

1
a”g”zsf(am <lgllE o0)v < @llgllt a9 € B(99),

1

aHfHQB(BQ) < fBoayv-1 < alflben, feB0),
and )

B”f”%(m) <1 30ymw < BIflEoa, [ <BOQ).

Proof. Using (6.4) together with Corollaries 4.4, 4.9 and Corollary 4.14, statement (i) follows.
Statement (ii) follows using (i), together with the boundedness of the operators S and D
and their inverses. |

As in the classical case, one can observe invertibility properties depending on a spectral
parameter A € C. The following observation for the operators is similar to [4, Lemma 2.4].
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Lemma 6.9. Let Q be two-sided H'-admissible and X\ € R with |\| > 1. Then A\ + K* :
B'(0Q) — B'(09) is injective.

Proof. Assume that there is some nonzero g € ker(A 4+ K*). Then Sg # 0 by Corollary 4.14,
and since Sg is 1-harmonic in R™\9€2, both Sg|n and Sg|Rn\§ must be nonzero, otherwise

the null jump in trace would yield Sg = 0. By Theorem 6.1, together with (6.2) and (6.3),
this implies that

A= (% B /\) (9. V9) 51 (962) B00) = <(%I + ’C*)g’trsg>3/(asz),3(asz) >0
and

1 1 .
B = (§ + )\) <97Vg>B’(6Q),B(6Q) = _<( — 5["‘ ’C )g,tr$g>
For [A| = 1 this is impossible. For |A| > 1 we can use the fact that (9:V9) 1 (00) 8069) =

2
”9”213/(89),12 > 0 by Lemma 6.8. This gives A\ = %ET_‘: e[-1,1

B/ (89),8(8%)

], which again is impossible.
|

For the operators 31 4+ K we have an analog of [95, Theorem 5.1].
Theorem 6.10. Let ) be two-sided H'-admissible. For any f € B(9S)) we have

1
1 =) fllsn),v-1 < H ( + §I + ’C)fHB( < cllfllsn),v-1,

0Q), V-1

where

1+ L 1<1
c= = - — —
2 4 ap

with constants a and B as in Lemma 6.8 chosen large enough so that a8 > 4. In particular,
the operators 11 + K : B(02) — B(6<2) are isomorphisms.

Proof. We can proceed similarly as in [95, p. 744]; note that by (6.7),

1 2 1 1
ST +K)1| (v (zr+K)f (21+ K
H(Q + )f B(8Q),v-1 < (2 + )f (2 + )f>B’(8Q),B(BQ)
= (Af, Do) soa) — WK sea)s 00
for any f € B(9f); the first summand on the right-hand side is

<V«Alf7 f>3(ag)’v—1 < “(%I+K)f“6( Hf”B(OQ),V*l ’

0Q), V-1

and by Lemma 6.8, the second is bounded below by a—lﬁ ||f||23(aﬂ),vf1~ O

Remark 6.11. The contractivity of (:i:%] + K) ensures the convergence of the associated
Neumann series [88]: Recovering the jump in trace f € B(OQ) of a transmission solution for
(A — 1) with zero jump in normal derivative from its exterior trace o € B(0Q2) amounts to
solving the boundary integral equation of the second kind f%f —Kf = in B(0R), and its
unique solution f is given by the Neumann series f = ZLO(O) (%I + lC)ecp which converges
in B(0QY). Similarly, one can invert the operator —1I + K* on B'(0) to recover the jump

in normal derivative of a solution with no jump in trace from its exterior normal derivative,
see [95, Theorem 3.2, p.741].

Based on (6.8), one can similarly introduce equivalent Hilbert norms ||| 0y vs | -
560y v-1 and || - [l5oa) 1w on B'(9Q) and B(AN), and proceed as before to obtain the
following.

Theorem 6.12. Let Q) be two-sided Hl-admissi_ble, Then counterparts of Lemma 6.8 (i)
and (i), Lemma 6.9 and Theorem 6.10 hold for V, W, S, D, K* and K.

A perturbation argument gives certain spectral properties of the Neumann-Poincaré op-
erators in the spirit of well-known results in the Lipschitz case [23,41,42,85,90, 101].
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Theorem 6.13. Let Q2 be two-sided H'-admissible. For A € C, if A= 3| > 1 or [A\+1] > 1,
then the operators NI + K and A\ + K* are invertible on B(0) and B'(0) respectively.
The complex spectra of K and IC* lie in the intersection of the open disks with radius 1 and

centers =1, the real spectra of K and K* are included in (—3, 1).

Proof. For any A # f% we have A\ + K = ()\+ %) I+ (f%IJrIC). By Theorem 6.10,
| = 3I+K|| < 1. Hence, by [36, Theorem 1.2.9], A\I+K is invertible if [A+ 3| > 1. Proceeding
in the same way with I + K instead, we find that AI + K is invertible if [\ — 1| > 1. By
Banach’s closed range theorem and Lemma 6.9, the same holds for £*, see [36, Theorem
8.1.5]. O

[SJ[eY

FiGURE 1. Graphic representation of the values of A\ for which Theo-
rems 6.13 and 6.14 apply, which are all A € C outside the gray area (or
on its boundary). The dotted lines correspond to the circles of center :l:%
and radius 1.

Analogous arguments give a parallel result in the homogeneous case.

Theorem 6.14. Let Q be two-sided H'-admissible. For A € C, if |\ — >TorA+1]>1,
then the operators NI —&—'I.C and I + K* are invertible on B(9Q) and B'(9Q) respectively.
The complex spectra of K and KC* lie in the intersection of the open disks with radius 1 and

centers i%, the real spectra ofIC and K* are included in (—%, %)

The values of A € C for which Theorems 6.13 and 6.14 hold are represented in Figure 1.

7. APPLICATIONS TO IMAGING

We generalize three results from [4]. There they were shown for Lipschitz domains; here
we establish them for two-sided admissible domains 2. Theorem 7.2 is a boundary repre-
sentation formula for the unique weak solution to a specific transmission problem for the
Laplacian and generalizes |41, Theorem 2.17], see also [65,66]. Theorem 7.3 is a uniqueness
results for subdomain identification through a single boundary measurement in the mono-
tone case, partly generalizing [1, Theorem A.7, p.220], see also [14]. Finally, we prove a
similar result for disks in R? in Theorem 7.5, generalizing |65, Theorem A to the case of a
surrounding extension domain and with boundary data understood in the sense of the dual
trace space B/(99) instead of LZ(99).

7.1. Representation formula. Let Q and D be two two-sided H'-admissible domains in
R"™ such that D CC €, see Figure 2. We write Trpq,; for the interior trace operator with
respect to £2.
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Let x € C2°(Q) be such that 0 < x < 1 and x = 1 on a neighbourhood of D. Given
k € (0,1) U (1,+00) and g € B'(99Q), we call u € H*(Q) a weak solution of the Neumann
problem

Ve ((+ (k= 1)1p)Vu) =0 on g,

(7.1) 31”‘ B
A loa 9
in the H'-sense if
(7.2) / (1+ (k—1)1p)Vu-Vodz =0
Q

for all v € C2°(Q) and (u, (1 — X)v) g1 (o) = (g, Trao.i U>B’(8Q),B(8Q) for all v € H'(1).
Since min(1,k) < 1+ (k — 1)1p < max(1, k), the existence of a unique weak solution u

of (7.2) is clear from the Riesz representation theorem and by the following remark, which

also explains that the unique weak solution of (7.2) does not depend on the choice of .

Remark 7.1.

(i) We can extend the definition (2.17) of the weak interior normal derivative %
with respect to € to the space

HX(Q\D) := {u € H'(Q\D) | Au € L*(Q\D)}.
Given u € HX(Q\D), there is a unique element g € B'(0Q) such that

(7.3) (g, Traﬂ@@@(amﬁ(aa) = /Q(Au)(l —x)vdz + /Q VuV((1 - x)v) dz

o

for all v e H (Q). We obviously have Trv = Tr(1 — x)v, and (1 — x)v vanishes on
a neighbourhood of D. The right-hand side of (7.3) is bounded by

Ixllcr () (HAU||L2(Q\E) + ||UHH1(Q\E))HU||H1(Q\5)~

It is ot difficult to see that g does not depend on the particular choice of x. Since
(7.3) extends (2.17), we could denote g again by %";‘.

(ii) We agree to write Vo(Q\D) for the orthogonal complement of C2°(Q\D) in H*(Q\D).
(It is not hard to show that under the stated assumptions also Q\D is H'-admissible,
so that this agreement is consistent with our former notation.) The restriction
dyiloa of % to Vo(Q\D) C HA(Q\D) is a bounded linear operator. By (7.2) a
weak solution u of (7.1) is an element of Vo(Q\D). If u € Vo(Q\D) and x' is an-
other function with the properties specified for x, we have (u, (x — X’)U>H1(Q) =0

forallv € HI(Q) by orthogonality. Therefore the Neumann boundary condition does
not depend on the choice of x. By (7.3) the weak solution u of (7.1) is the unique
element of Vo(Q\D) such that 0, ;ulaq = g in B'(09), as desired.

We write Spq and Spp for the single layer potential operators with respect to 2 and D,
Dyq for the double layer operator with respect to Q and Kyp for the Neumann-Poincaré
operator with respect to D, all in the H'-sense. By 3u,iu|aD and 3u,eu|ap we denote the
interior and exterior normal derivative in the H'-sense with respect to D of u of u € VO(D)
respectively u € Vp(Q\D); the extension of the exterior normal derivative to this latter
space can be justified similarly as in Remark 7.1. We write [[6yu]] op for their difference,
and 3Uu|9 p for their common value if they coincide.

The following representation formula for the weak solution u to (7.1) is a generalization
of [41, Theorem 2.17].

Theorem 7.2. Let Q and D be two-sided Hl—a_dmz’ssible and such that D CC Q, and let
k€ (0,1)U(1,+00). Given g € B'(99Q), let u € H*(Q) be the unique weak solution of (7.1)
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FIGURE 2. An illustration of the imaging setting with an inclusion D inside
a domain 2, both two-sided H'-admissible. The purpose of the imaging
problem is to identify the inclusion D based on measurements on 0.

in the H! -sense, let f:= Trag’i u and H = Spq qg— Dagf, Then we have
(7.4) u=H - Sopp,
seen as an equality in H'(Q), where @ is the unique element of B'(dD) such that

kE+1 - .
The decomposition (7.4) is the unique decomposition of u into an element H of VO( ) and
a single layer potential with respect to D, —Sap. The function H — Sppe is constant on
R™\Q.
The function H|q is the harmonic part of u in Q, while (~Spp¢)|q is its refraction part.
The existence and uniqueness of ¢ € B'(9D) solving (7.5) follow from Theorem 6.14.

Proof. Consider the bilinear form
Q(w,v):k/ Vw - Vodx + Vw-Vodz, w,ve HY(R™\N).
D Q\D
As before, let x € C°(€) be such that 0 < xy < 1 and x = 1 on a neighbourhood of D.

Similarly as in Subsection 4.5, we call an element w of H'(R™\Af) a weak solution in the
H'-sense of the transmission problem formally stated as

V(14 (k= 1)1p)Vw) =0 on R0

(7.6) wilag — Weloo = f

0 wl Oe we

|8Q |6Q =9,

if it satisfies Q(w, v) = 0 for all v € CZ°(R™\9Q), (w, (1 = X)) 1 (rm\00) = (g, tr U>B’(BQ),B(69)
for all v € V, s(R"\0Q) and finally (w,v) g1 gm0y = (Ov: f)gon) pon for all v e
Vo.p(R™M0Q). As in Section 4.1 the notations w; and we in (7.6) stand for the parts of
the prospective weak solution w on €2 respectively R™\. .

Since the bilinear form @ is comparable to (-, ) g1 g\ o) OB HY(R™\0Q), there is a unique
weak solution w of (7.6) in the H'-sense.

The function w, defined by w :=u on @ and w := 0 on R™\Q is a weak solution of (7.6)
in the H'-sense. We now show that also w’ := H — Sypy is a weak solution of (7.6) in
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the H'-sense. For v € C°(R™\Q) clearly Q(w’,v) = 0. For v € Ce°(Q2) we can, basically
following the arguments in [65, Lemma 3.3], use the fact that w’ € Vo(D) N Vo(Q\D) and
the corresponding analogs of (6.2) and (6.3) with D in place of © to see that

Qw',v) = (k aﬂw/’ap - 8'146“/‘617’ Trop U>B’(3D),B(6D) =0

note that

. . . k+1 .
k al/,iwl|0D - au,ewl|aD == (k - 1)8VH‘3D - (%I + (k - 1)IC5D)S0 =0

by Theorem 6.2 (ii) and (7.5). Given v € VO’S-(R"\(‘?Q), we have

<U}/7 (1 - X)U>H1(Rn\39) = <[[auw/]]8§27 troq U>B’(BQ),B(3Q) = <g7 troq U>B’(8§2),B(89)

by analogs of (6.2) and (6.3) and the definition of w’. Given v € %?D(R"\(‘?Q), we similarly
find that

(W', 0} @myo0) = (Dvvlon, [[‘.“rwl]wzé/(aﬂ),zé(an) = <8"v|39’f>8’(8§2),8(89)'

Consequently w’ is a weak solution of (7.6) in the H'-sense, and therefore w = w’ in
H'(R™\09) by uniqueness, which shows (7.4) and the last claim in the theorem.
If (7.4) holds with H' € V() and ¢’ € B'(dD) in place of H and ¢, then H — Sppp =
H' — Syp’, consequently S@D(go —¢) e VO(Q) and
[0.8op(p —¢")] 5p = 0.
But this implies that ¢’ = ¢ and therefore H' = H.
(|

7.2. Subdomain identification. We give a generalization of a theorem on the identifi-
cation of “monotone” inclusions through a single boundary measurement. For Lipschitz
domains, it can be found as a part of [4, Theorem A.7]; the formulation below works for
two-sided H!'-admissible domains €.

Theorem 7.3. Let ) be Hl-admissible, let Dy and D5 be two-sided H'-admissible domains
such that Dy C Dy CC Q and let k € (0,1) U (1, 4+00). Suppose that g € B (9Q) is nonzero
and that ui; and ug are the unique weak solutions in the H!-sense of (7.1) with D1 and Do
in place of D respectively. Then TI‘aQ7i up = Trag,i ug implies D1 = Do.

Proof. Suppose that D1 C Ds. Since

/(1+(k—1)]1D1)Vu1~Vvdm:/(1+(k—1)]1D2)Vu2~Vvdx
Q Q

for all v € H'(Q), it follows that

(7.7) /Q (1+ (k—11p,)V(us —ug) - Voda = (k — 1) /DQ\D1 Vug - Vo de.

Testing with v = uy — us gives

/(1+(k—1)]1D1)\V(u1—ug)\de+(k—1)/ Vo2 dz
Q

D2\D;
(7.8) =(k-1) / Vug - Vug dz,
D2\Dy
and testing with v = uy shows that the right-hand side of (7.8) equals
(7.9) / (1+ (k—1)1p,)V(us — ug) - Vu dz.
Q

By (7.2) the function u; is harmonic in € (that is, orthogonal to C°(€2)) with respect to
the equivalent scalar product

(u, w) — /Q (1+ (k—1)1p,)Vu- Vwdz
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on H'(Q). Therefore, and since uy — uy € ker TI‘@Qﬂ;, an analog of Theorem 2.14 (i) shows
that (7.9) is zero and therefore also (7.8).

Suppose that & > 1. Since the first summand on the left-hand side of (7.8) must be
zero, we have u; = us in H 1(Q). Since also the second summand must be zero, we have
uz| D\Dy = 0in H Y(Dy \ Dy). However, this would mean that each representative up to
constants of usy |Q\51 € VO(Q\ﬁﬂ would be constant on the open set Do\ D;. Since D; is two-
sided H!'-admissible, we have DyNOD; = Dy NO(R™\D1) = DaNA(D3\D1). Together with
the fact that Do\ D; is nonempty, this shows that Dy\D; cannot be empty. Consequently,
by its harmonicity in €\ D; (in the sense of (2.7) and (2.8)), each representative up to
constants of us| o\D, would have to be constant on all of 2\ Dy, contradicting the boundary
condition in (7.1) with nonzero g. Consequently D; = D5 in this case.

For k € (0,1), the result follows by the same arguments, but with (7.7) replaced by

/ (1+(k7l)ﬂDQ)V(u27u1)~Vvdz:(lfk)/ Vuy - Voda.
Q D2\D;

O

The representation formula in Theorem 7.2 can be simplified if n = 2 in the case of an open
disk D. Note that, although the geometry of the inclusion is assumed to be smooth here,
the geometry of the larger domain can still be irregular. For that matter, the boundary data
is still understood in the sense of B and B’, and the operators are defined in the variational
sense.

Corollary 7.4. Let Q C R? be two-sided Hl—a_dmissible, D be an open disk such that
D ccQ, andlet k € (0,1)U(1,+00). Given g € B'(0), let u € Hl(Q) be the unique weak
solution to (7.1) in the H'-sense, let f := Troq;u and H = Spa g — Daaf. Then we have
2(k—1)
1

1 =H —
(7.10) u T

Sop(0vH|op),
seen as an equality in H'(€2).

Proof. As it was pointed out in Remark 6.3, if D is a disk, then ICg p can be represented using
the usual kernel formula [79, 101]. By [65, Section 4], Kj,¢ = 0 for all ¢ € L2(0D). Recall
that, up to norm equivalence, B'(dD) equals H~2(dD), cf. Remark 2.7. Since L2(9D) is
dense in this space and K}, is bounded on B'(9D), we have

(7.11) Kipe=0, @B (dD).
Combining this with (7.5), formula (7.10) follows. O

Using Theorem 7.3 and Corollary 7.4, the identification of a general disk-shaped inclusion
when (Q is a two-sided extension domain of R? follows by slight variations of the arguments
in [65, Theorem A].

Theorem 7.5. Let Q C R? be two-sided Hl-admissible, D1 and Dy be open disks such that
Di,Dy CC Q and let k € (0,1) U (1,400). Suppose that g € B'(0R) is nonzero and that u,
and us are the unique weak solutions in the H'-sense of (7.1) with Dy and Dy in place of
D respectively. Then Trag’i Uy = TraQi ug implies D1 = Do.

Proof. Assume Dy N Dy & {D1, Dy}, otherwise Theorem 7.3 yields the result. Let us denote
f = Traq;u1 = Traga;uz. The representation formula (7.10) states that for p = 1,2 we
have

2k—1) o s
Up = - L +1 SBDP<8VH|6DP)

in H'(Q) with H = Spq g — Doaf € H'(R?\dN), as before. Consequently
Troq,: Sop,(0vHlop,) = Troq,i Sap.(0,Hlop,)
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in B'(99), and therefore
Sop,(0vHop,) = Sop,(0vH|op,) in H'(R*\Q)

by the uniqueness of the exterior Dirichlet problem. The equality remains true if we replace
the single layer potentials SaDp by their zero trace jump readjusted variants gaDP as in
(4.15). Let sp € gapp(éuH\app) be representatives modulo constants such that s; = s, on
R2\Q); by the regularity of H we may assume s; and sy are continuous on R2, cf. Remark
5.11. Their harmonicity on R?\ D; respectively R?\ Dy and their continuity then imply that
s1 = s3 on R?\ (D1 U D).

If D1 N Dy = B, then sy is a harmonic extension of s; to D; with the same trace on 0D;,
hence s; = s, in D;. This implies that s; itself must be harmonic on all of R? and therefore
constant. But then 8, H = 0, so that H is constant, hence Spq g = 0 in H'(R?\dQ), which
contradicts the nonzero boundary condition in (7.1).

Now suppose that D; N Dy # (). By (7.11) we have

) ) 1.
8u,i‘8Dp 0 Sop,(0vH|op,) = §3VH|6D,,, p=12,

and therefore, by the uniqueness of the Neumann problem,
1 .
—H in H'(D,), p=1,2.

Sop,(0vH|op,) = >

But this implies that s; equals ss plus a constant on D; N Do, and since s; = s outside
D1 U D5, this constant must be zero by continuity. By harmonicity then s; = sy on Dy U Ds.
Using sy as an extension of s;, we find that s; must be harmonic on R?, which gives the
same contradiction as before. O

APPENDIX A. BACKGROUND PROOFS FOR SECTION 2

We collect some background on the potential theoretic notions used in Section 2.
The capacity Cap(U) of an open set U C R™ is defined by

Cap(U) := inf {||u||§{1(Rn) ru€ H'(R"), u>1lae onU}

with the agreement that inf () = +oo. The capacity Cap(A) of a general set A C R™ is
defined by

Cap(A) :=inf { Cap(U) : A C U, U open}.
See [24, Section 2.3], [14, Section 2.1] or [2, 76].

A set of zero capacity has zero Lebesgue measure. For n = 1 all nonempty sets have
positive capacity. A property which holds outside a set of zero capacity is said to hold quasi
everywhere, or short, q.e.

An extended real valued function v defined q.e. on R™ is quasi continuous if for any € > 0
there is an open set G C R™ such that Cap(G) < € and v is continuous on R” \ G. Each
element u of H'(R™) has a quasi continuous representative u, see for instance |24, Theorem
2.34], [44, Theorem 2.1.3] or [2, 76]. Two quasi continuous representatives of the same
element u of H'(R™) agree q.e. on R”, see [14, p. 71] or [2, Theorem 6.1.4].

For any open set 2 C R™, the bilinear form (2.2), endowed with the domain H'(), is
a Dirichlet form [24, Definition 1.1.2], see also [44, Section 1.1]. By HZ!(2) we denote its
extended Dirichlet space [24, Definition 1.1.4], see also [14, Section 1.5]. For = R™ it is
well known that

(A1) if n >3, then (H;(R™), (") 1 (gn)) = (H*(R™), (-, )i (rmy)

in the sense that the vector spaces are isomorphic and the isomorphism is a Hilbert space
isometry, and

(AQ) ifn < 2, then (Hel (Rn)v <'7 '>H1(R”)) = (H1 (]Rn) S5 Ra <'7 '>H1(]Rn))a

seen as an equality of vector spaces endowed with bilinear forms. Proofs of (A.1) and (A.2)
can for instance be found in [24, Theorems 2.2.12 and 2.2.13].
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Also for each u € H'(R") we can find a quasi continuous representative & € u; the
difference between two quasi continuous representatives of the same u € H'(R™) is constant
g.e. on R™. This follows from [24, Theorem 2.3.4] and the identities (A.1) and (A.2).

We provide arguments and references for Theorems 2.9 (i) and 2.14 (i). We start with
Theorem 2.9 (i).

Proof of Theorem 2.9 (i). We consider the quadratic form defined by (2.2) with Q = R"
and the domain H'(R"). For (i) it suffices to note that by |14, Corollary 2.3.1 and Example
2.3.1] we have

(A.3) H}(R™M0Q) = {w € H'(R") | w = 0 q.e. on 99},

where @ is a quasi continuous version of w. Now u € H'(f2) has an extension to an element
of HY(R™\0Q) if and only if u € H}(Q), and it has an extension to an element of the
right-hand side of (A.3) if and only if Tru = 0. O

A proof of Theorem 2.14 (i) is given in [44, Example 2.3.2|, only in a slightly different
language. We sketch how to adapt it to our formulation.

Proof of Theorem 2.14 (i). An element u € H'(Q) is in ker Tr if and only if it is the restric-
tion to Q of an element of

(A.4) {we H*(R™) | @ =0 q.e. on I},

where w = 0 is understood representative wise and modulo constants. For n > 3 the space
(A.4) may be identified with

(A.5) {ve H{R™) | 7 =0 q.e. on 90}

under the isometry in (A.1). By [14, Theorem 2.3.3 and Example 2.3.2] the space (A.5)
coincides with Hg . (R™\d2), the extended Dirichlet space of (2.2), endowed with the smaller
domain Hg(R™\Q). The complement of Hj ,(R™\dQ) in H}(R") is isometric to

(A.6) {w e H'(R™) .

Vw- Vo de=0forallve CSO(R"\('?Q)},

and since R™\9f is the disjoint union of  and R™\(, the restriction of this space to Q
is V5(2). For n = 2 it is shown in [14, Example 2.3.2] that the space (A.5) still coincides
with Hj (R™\0Q), and (simplifications of) the same arguments give this coincidence also

for n = 1. By (A.2), the space (A.5) may then be regarded as a closed subspace of H'(R™),
and the complement of this closed subspace is (A.6). O
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