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A Hyperbolic — Parabolic Framework to Manage
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Rinaldo M. Colombo® Paola Goatin? Elena Rossi®

February 12, 2024

Abstract

Vehicular traffic flows through a merge regulated by traffic lights and produces pollutant
that diffuses in the surrounding region. This situation motivates a general hyperbolic -
parabolic system, whose well-posedness and stability are here proved in L!. Roads are
allowed to be also 2—dimensional. The effects of stop & go waves are comprised, leading
to measure source terms in the parabolic equation. The traffic lights, as well as inflows
and outflows, can be regulated to minimize the presence of pollutant in given regions.

2020 Mathematics Subject Classification: 35L65, 76A30, 35Q93, 35K15

Keywords: Hyperbolic Traffic Models; Parabolic Pollution Models; Optimal Traffic Man-
agement; Stop & Go Waves.

1 Introduction

We study a macroscopic model describing how vehicular traffic along a road network produces
pollution and how this pollution propagates. The well-posedness and stability properties
obtained allow to tackle the problem of optimal management of traffic lights in order to
minimize the presence of pollution in given regions.

The network we consider consists of a merge with 2 incoming roads R!' and R? and
one outgoing road R3. All roads may also have a 2-dimensional geometry, so that R! C
R?, and the traffic along them is described by a 2-dimensional Lighthill-Whitham [I5] and
Richards [18] model

@ﬁ+v(ﬂ%ﬁﬂzo reR i=1,2,3
p'(0,x) = p(x) z e R i=1,2,3
A | | (L1)
T(6/ () = (L) EcentiytoRl i=1,2
T(6/(18) = fiw(t6)  EcexittoR  i=3.
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As usual, p = p(t, z) is the traffic density and ¢= ¢ (x, p(t, x)) the corresponding traffic flow.
A precise statement of the whole model is presented below.

Traffic is controlled through the inflows fl, 2 the outflow f3, and through traffic lights
at the merge. The latter consists in selecting time intervals J; where the light is green for
R!, while in the complement RT \ |JJ; the light is green for R?, i.e.,

tel;J; ot =1, and  f2,=0;

n
tERJr\U]JJ fOlutZO and fgut: 31
Traffic flow produces pollutant whose density u = u(t,x) propagates according to

du+ V- (upB(t,z) — p(t,z) Vu) + k(t,z) u =G
u(0,2) = up(x)

r € R? (1.2)

where p = p(t,z) is the diffusion coefficient, 8 = S(t,x) represents the wind velocity field,
k = k(t,x) is the pollutant decay rate and u, = u,(x) is the initial datum. The source term
G models the pollutant production and is a function possibly depending locally or non locally
on p, ¢. We underline that G may well depend also on the spatial derivative of the flow ¢, so
that it accounts also for accelerations, well known to be a major source of pollutant.

We remark that, differently from other results in the literature, we carefully adopt a
conservative form for so that the production of pollutant is exclusively due to vehicular
traffic, while its decay is that explicitly prescribed in the equation through the term s wu.

Analytically, we develop an L' well-posedness theory for solutions, understood in the
weak sense, to the system consisting of the non linear hyperbolic equation on the merge
coupled to the parabolic equation . The coupling, non linear and possibly non local, may
also contain in measure terms.

At the hyperbolic level, this is achieved first extending [6, 9] to a 1-dimensional version
of , i.e., to an initial boundary value problems with flux constraints. Then, we introduce
a framework for a 2—dimensional road and pass to the 2—dimensional merge. In this part,
the techniques developed below rely on the definitions of solution from [I7), 19, 22], notably
stable with respect to L' convergence. Moreover, precise BV estimates are obtained to
allow that the distributional spatial derivatives of p and ¢ appear in G, as required by the
physical application considered. Note that the roads’ geometry is essentially arbitrary and
the extension to more general networks is a matter of iterating the techniques below to more
roads or junctions.

The parabolic part is settled in L', as in [I4], a norm whose physical meaning in (1.2)) is
evident. This choice requires our introduction of an ad hoc definition of weak solution and of
the related uniqueness and continuous dependence theorems, obtained essentially extending
the classical results limited to strong solutions in [12]. The case of the source term G in
being a Radon measure falls within the general well-posedness framework here developed and
allows to account for stop & go waves.

Once stability estimates are available, we optimize the timing of the traffic lights, the
inflows fl, f2 and the outflow f3,, so that an integral functional measuring the presence of
pollutant in a given region is minimized. For completeness, we refer to [21] for a numerical
approach to the control of a conservative equation like .



Thus, we provide a rigorous analytical framework to various results in the literature mo-
tivated by pollution production and propagation. We refer for instance to [1, 2], consisting
mainly in numerical simulations devoted to general networks. Second order models along a
junction connecting several 1-dimensional roads are considered in [4], [5]. The minimization
of pollution by means of ad hoc speed limits is presented in the recent work [13].

The use of mixed hyperbolic—parabolic systems is frequent in various mathematical mod-
els: see for instance [20] motivated by tumor growth and analytically limited to radially
symmetric solutions, or [16] devoted to the circulation of blood on a network, analytically
settled in L2 and considering strong solutions on a bounded domain with Robin boundary
conditions. A related mixed ODE — parabolic PDE model is considered in [3].

The necessary 1-dimensional results require minor modifications of known theorems and
are collected in Section[2] The analytical framework describing a 2-dimensional road together
with the corresponding well-posedness and stability results related to are in Section
The parabolic model is treated in Section [4) while the optimal management problems is
deferred to Section 5] All proofs are collected in Section [6]

2 IBVP on a 1D Network with a Flux Constraint

Following the classical Lighthill-Whitham [I5] and Richards [I8] model, the vehicle speed
v = v(p) at traffic density p is prescribed, for all p € [0, R], R > 0 being fixed. Throughout, we
require the following assumption on v, stated by means of the corresponding flow ¢(p) = pv(p):

(a) ¢ € C*([0, R];R4) is such that ¢(0) = q(R) = 0, ¢'(p) > 0 for p € [0, 5] and ¢'(p) < 0
for p € |p, R, for a fixed p € ]0, R].
of ¢ to [p, R] are invertible and we denote them

The restrictions ¢ of ¢ to [0, p] and ¢

10,7] |1, R]

by ¢ ' and ¢-! respectively.
10,7] |17, R]
For completeness, we recall the basic results concerning the following Initial-Boundary

Value Problem (IBVP) on the (non trivial) bounded open interval I:

Ip + 9sq(p) = 0 (t,s) €[0,T]x 1

p(0,5) = po(s) sel (2.1)
q (p(t, sin)) = fin(t) te0,T]

q (p(t, Sout)) = fout(t) te [OvT] )

where we set s;, = inf I and s, = sup 1.

Particular care has to be taken to correctly evaluate the effects and the meaning of the
boundary conditions. First, as it is usual in the context of hyperbolic conservation laws, a
solution to (2.1)) needs not to satisfy these conditions at all ¢, not even at a.e. t, see [17,[19] 22].
Second, due to our considering only fluxes satisfying @ the boundary conditions in
can be equivalently understood as constraints. Indeed, the trace (qo p(t)) (sin+) at Sin,
respectively (q o p(t)) (Sout—) at Sout, of the flow g(p) of the solution p is the maximal possible
flow of a solution compatible with (g o p(t)) (sin+) < fin(t), respectively (q o p(t)) (Sout—) <
fout (t)



The specific form of the following definition is inspired by [I7, Definition 1] and [22]
Definition 1].

Definition 2.1 ([9, Definition 3.1]). A solution to (2.1)) is a map p € L*>°([0,T] x I;R) such
that for any test function ¢ € CL(R%;R,) and for any k € R,

T
/0 /I(p(t, s) — /@)i Op(t, s)dsdt
T
+/0 /Isgni (p(t,s) — k) (q (p(t,s)) — q(ﬁ)) Osp(t,s)dsdt
+/ (po(s) — ,%)i ©(0,s)ds + / (p(T, s) — ,%)i o(T, s)ds

I 1

/ r 1
o | (7 U0 =) et

T
+Hq/HL°°([O,R];1R)/O (%{R} (fout(t))—"&> @(t, sout)dt = 0.

Here and in what follows, we use the standard notation 27 = max{z,0}, = = min{z, 0}, for

any x € R, as well as sgn™ x = {(1] izg and sgn~ x = {(11 izg.

The well-posedness of and detailed stability estimates are ensured extending [9,
Propositions 3.2 and 3.3] to comprise non BV initial and boundary data, see also [6, Theo-
rem 2.2]. The following result also provides estimates on the total variation of the nonlinear
map z — ¥ (p(t, ;17)), where

U(p) = sgn(p —p) (a(p) — alp)) - (2.2)

This bound is instrumental in ensuring the existence of traces of p and in proving that ¢(p)
has bounded total variation, while x +— p(¢, z) may well have infinite total variation.

Proposition 2.2. Let q satisfy @L po € LY(I;[0,R])) and fin, four € L*([0,T7;0,q(p)]).
Then, problem (2.1) admits a unique solution p in the sense of Deﬁnition which satisfies,
for all t € [0,T],

—1 ) —1
Hp(t)HLoo(I;R) < ma‘X{HpOHLOO([;R)J q”()ﬁ]ofm Loo (0,4)R)’ ’%[ER}Ofout LN([O,t};R)} . (2.3)

Moreover, if py, fm and J?out satisfy the same assumptions, the corresponding solution p sat-
isfies, for all t € ]0,T],

fin_ﬁn fout_]?out (24)
If in addition, with reference to (2.2), U(p,) € BV(I;R) and fin, four € BV([0,T]; 0, q(p)])
then, for all t € [0,T], the map ¥ (,o(t)) has uniformly bounded total variation in the space
variable.

106) = PO gy < IooPolluarmy + | B .

The proof of Proposition is deferred to § We remark that an estimate analogous
to (2.4) is also obtained in [0, Theorem 2.2], where, as in the present setting, the incoming
flux is assigned as (Dirichlet) boundary datum.



Consider now three 1-dimensional (one-way) roads, where roads 1 and 2 merge into road 3.
Denote by I; the road segment parametrizing the i-th road, and by p* the corresponding traffic
density. All densities vary in the same interval [0, R]. Moreover, the speed law v is the same
on all the three roads, with ¢(p) = pv(p) satisfying @ All this leads to consider

oipt + 9sq(p') =0 (t,s) €0, T) xI; i=1,2,3
p'(0,5) = pi(s sel; 1=1,2,3
(0,5) = pol(s) | i . 25)
q (,0 (t, sm)> —fit)  tel0,T] i=1,2
0 (P (tshn)) = Fou®) €0, i=3
where si, =inf[; and ', =supl;, i = 1,2,3.
The regulatlon of the merge is described by suitable conditions on the outflows fl,, f2,

of the incoming roads and on the inflow fz?’n of the outgoing one. For instance, we introduce
traffic lights, displaying alternatively red or green lights at the end of each incoming road.
This leads to introduce the time intervals .J; where the green light is between roads 1 and
3. Correspondingly, consider the class W of functions w that can be written as follows, for a
suitable n € N:

w : [0,T] —  {0,1} J; € [0,T7] is an interval

n h J: 40 2.6
5 Yo AT >0
’ j#Ek = JiNJy=0.

t

Deﬁnition 2 3. By solution to the IBVP (2.5) regulated by w as in (2.6) we mean a triple
of maps p*, p?, p> such that, fori=1,2,3, p* € L>([0,T] x I;; [0, R]) solves ([2.1)) in the sense
of Definition where, fort €0, T],

L) = w(t) g (max {5, p*(t, 53,)} )
2 ()= (1 — w(t)) q (max {p, (t, sm)}) (2.7)
5.0 =w(t) g(min {p}(t,s5,), 0} ) + (1= w(t) g(min {p?(t, 52,0, 5} ) -

Theorem 2.4. Let q satisfy|(q)| For cmy p(; € Li(1;; [0, R]) i=1,2,3, forany fl, f2, f3. €
L([0,T7; [0 q( )]) and for any w as in , the IBVP (2.5)) requlated by w admits a unique
solution p', p?, p® in the sense of Deﬁmtzona Moreover

(1D.1) If p," € LY(I;; [0, R]) for z =1,2,3, and fL 1 fn, g’ut € LY([0,T];[0,q(p)]), the corre-
sponding solution p*,p2, p> satisfies for all t € [0, T,
3
“t) — pit ‘

;1p(> 2Ol M-
3 —_—

< ‘ f) +‘ g)u - gu :
; ’ Ll(] Ll(Ot} R) ' L (o.0:m)




(1D.2) If, fori=1,2,3, W(p}) € BV(I5R) and fl,, f2, f3, € BV(0,T]:[0,q(p)]). then, for

in’ Jinos

allt €[0,T], Y2, TV (\Il(pl(t))) is uniformly bounded on I.

(1D.3) If the triple p*, p2, p> solves ([2.5)) regulated by a map @ as in ([2.6)), then for allt € [0,T)
|
i=1

The proof of Theorem [2.4] is deferred to §

P ()~ 7 (1)

Ly = S9N = @l o) - (2.8)

3 A Merge in a 2D Traffic Flow Model

We first introduce the basic definitions and notations to deal with a 2D road. Any vector

u € R? is understood as a column vector, i.e., u = [Z;] We also set ult = [_uliz] and
ul = [u;  ws]. If, u,z € R?, their scalar product is denoted v - z = uT z = uy 21 + ug 2o.

Identities useful in the sequel are u™ -z +u- 2+ =0 and ut - 2+ = u - 2.

Definition 3.1. Let I C R be an open non trivial interval, L > 0 and v € C*(I;R?) be a
simple curve such that |/ (s)|| =1 and ||7"(s)|| < 1/L for all s € I. A Road is a map

R: Ix]-L, L] — R? T
where  x =7(s) + ¢ (v(s))
(s,0) =T
such that R(I x |—L, L[) is simply connected.
If I is bounded below, respectively above, we set
Sin = infl Ein = R(sin,|—L,L[);
Sout = supl Eout = R(Sout7 ]_L7 LD .

(3.1)

Below, we occasionally identify the map R with its support R(I x |—L, L[).

Lemma 3.2. Let R be a road in the sense of Definition[3.1 Then R: I x|—L,L[ — R(I x
=L, L) is bijective and its inverse is of class C' (R(I x ]—L, L[); R*)NC® (R(I x ]—L, L[); R?).

The proof is deferred to § The above Lemma allows to define on R the C! vector
field r by
r(x) =4'(s) < W e€]-L, L] R(s,{)==x

so that
r(R(s,0)) =+'(s). (3.2)
Consider the IBVP for a conservation law on a bounded road R, understood in the sense
of Definition [3.1} where we prescribe the inflow f;;, and the outflow fou::

op+V-(q(p)r(z)) =0 (t,z) € [0,T] xR

p(0, ) = po() z€R

q(p(t,€)) = fin(t, ) (t,6) € 10, T] x Ein
| ¢ (p(t,8) = four(t,€) (t,£) €0, T] x Eout,

(3.3)




where &, and &y, are as in (3.1]).

Definition 3.3. By solution to the IBVP (3.3) on the time interval [0,T] we mean a map
p € L*®([0,T] x R;R) such that for any test function ¢ € CL(R x R;R) and for any x € R,

T
/ / (p(t,2) — )T Dpp(t, ) dzdt
0 R

T
+/0 /ngnjE (p(t,z) — k) <q (p(t,z)) — q(ﬁ;)) Ve o(t,z)-r(x) dedt
—i—/ (po(z )—/i):t ©(0,z) d:c—i—/ (p(T, z) —H)igo(T,x) dx

R

+
Ailiomn | [, (750, 060 =) et

+
T
|9 e o, /0 /g (qﬁpl,m (fout(t,@)—n) plt,€)dgdt > 0.

In the above integral inequality, the usual term with V, - 7 is missing since the vector field r,
defined in (3.2)), is divergence free by construction, as proved in Lemma
The next Lemma [3.4] relates the 2D IBVP (3.3) to the 1D IBVP (2.1)).

Lemma 3.4. Let q satisfy @ Fori=1,2,3, let R* be a road as in Definition . For
any po € LI(R; [07 R]); fin € Ll([O,T] X Ein; [qu(ﬁ)])7 fout € Ll([ovT] X Eout; [07Q(ﬁ)])7 the
Cauchy problem (3.3)), in the sense of Deﬁnitian s equivalent to the family of 1D Cauchy
problems parametrized by ¢ € |—L, L],

(
Op’ + 9eq(p’) =0 (t,0) € [0,T] x I*
#(0,0) = (o) ser o
a(pftst)) = Fh)  teloT]
q (p (ta sout)) = fout(t) te [O’T]
understood in the sense of Deﬁm’tion where I¢ = st st ,[ and for all € € | =L, L[, s € I
dU 1 an = 5in7
—(s)=1—¢ (¥(s () Sout 3.5
d8< ) (’7( )) g ( ) ng = Sous —E/ (’yl(s))L ',y//(s) ds, ( )
and moreover for a.e. t € [0,T], { € |—L,L[, s€ I, o € I,
pg(ta U) = p (taR(Saf)) ) ffn(t) = fln (taR(Slnag)) ) (3 6)
pg(O') = Po (R(S,E)) ’ ozut(w = fout (taR(Soutag)) .

The proof is deferred to §
The next theorem extends the well-posedness results of Proposition [2.2] to the present 2D
setting by means of Lemma



Theorem 3.5. Let q satisfy @ Fori=1,2,3, let R be a road as in Definition . For
any po € LI(R§ [O, R]); fin € Ll([O,T] X Ein; [OvQ(ﬁ)])7 Jout € Ll([OaT] X Eout; [OaQ(ﬁ)]), the
IBVP (3.3) admits a unique solution p in the sense of Definition and it satisfies, for
t € [0,T], the estimate

-1
q”@R] © fout Loo([0,t] X Eout;R) } ’

0,5 Fin

HP(t)HLoo(R;R) = maX{HpOHLN(R‘R)’ ‘Lm([Ovt]xﬁm;R)’

with Ey and Egye as in (3.1). Moreover, if po, fm and fout satisfy the same assumptions, the
corresponding solution p satisfies, for all t € [0,T],

t) —pl(t < O_AO . in_/;n ou _/:)’LL .
006 = 2O ey < ool sy + [ FinFin |, oo o Tonel|
If in addition
€ss sup TV (fln(ag)) < +00,
fegin
esssup TV <\Il Po (R(-, ¢ ) < 400, and
te]-LL| ( (R( ))) esssup TV (four (- €)) < +oc,
Eegout
then the following bound holds
sup esssup TV (\If (p (t,'R(-,E)))) < 400. (3.7)
te[0,T) £€]—-L,L]

The proof is deferred to §

Consider 3 roads R!, R? and R3, understood in the sense of Definition with R?: I; x
|—-L, L[ — R2, I, being a non trivial open and bounded real interval. We say we have a merge
when, with the notation ({3.1]),

ggut = 502ut = gzgn and '71,(52}1“&) = Vél(sgut) = Vél(sfn) 9
so that, in particular, also | (sl,:) = 15(s2.:) = V4(s3.).

Along RY, for i = 1,2,3, the traffic density is p’ = pi(t, z), with p'(t,z) € [0, R], and the
traffic flow ¢, as a function of p, satisfies @ We are thus lead to consider the problem

(0,1 + V- (s @) =0 (o) T xR i=123
pi(O,'m) = pé(x). reR | i=1,2,3 35)
0 (0 (6:6)) = flt:€) (Lo €0, T)x &,  i=1,2
q (/0Z (t7€)) = gut(tvé) (t,f) S [OvT] X g(l;ut i1=3.

We assume that the merge is regulated by traffic lights displaying alternatively red or
green lights at the end of R! and R2. As in the 1D case, the traffic light is represented by
a function w as in (2.6). Hence, the traffic flow at the junction is described by conditions on

1 2 3
out» fout and in*



Deﬁnition 3 6. By solution to the IBVP (3.8)) regulated by w as in (2.6) we mean a triple
of maps p*, p?, p3 such that fori=1,2,3, p' € L‘X’([O T] x R% [0, R]) solves (3.3)) in the sense
of Deﬁmtwn where, for (t,¢) € [0,T] x |—L, L],

L (6 R 5 0) = w0 <mx{ (LR m,m)})
2 (R ) ) (s (5. (1)}
(1R 0) o (mm{fﬂ (1R ) 1}
+ (1= w(t) q(min{ (R (2,00 p}> .

We now state the main result about the hyperbolic part (3.8)) of our model (3.8)—(4.1)).
Theorem 3.7. Let g satisfy @ Fori=1,2,3, let R" be a road as in Definition . '3

1, € L'((0,T) x €43 [0,9(p))),
Forany g e L'\(R:[0,R])  and  f2 € LN(0,T] x €2 [0,q(p))). (3.10)
30 € LN((0,T) x £3,:[0,9(p).

out?
and for any w as in ([2.6)), the IBVP (3.8)) regulated by w admits a unique solution p', p?, p>
in the sense of Definition[3.6. Moreover,

(2D.1) If p € LY(R[0,R]), for i = 1,2,3, and f. € LY(0,T] x E.:[0,q(p)]), f2 €

Ll([o 7] x £2:10.0(7)); fou € L'(0.T] x €6, [0.4(7)]), the corvesponding solution

pt,p?,p3 satisfies for all t € [0,T],

— 0%t
P )’ L1(Ri;R)
3 3
Z ‘ Po L1(RiR "ML (o gxel R | Fout = four L1([0,]xE3,,R)
(2D.2) If moreover fori=1,2,3,
esssup TV (fz-ln(~,§) < +o0,
£Eé"il'n,
. . 2
esssup TV [ ¥ <pr (R%,E))) < 4oo,  ©SSUD v ( z’n(':f)) <400, (3.11)
te]-L,L[ 3=
esssup TV (f3,,(€)) < +o0,
fe‘c"out
then the following bound holds
3 . .
Z sup esssup TV | ¥ (pZ (t,RZ(-,f)>> < 400. (3.12)
i—1 t€[0,T] ¢€]—-L,L]

9



(2D.3) If the triple pt, p2, p? solves (2.5)) requlated by a map W as in ([2.6)), then for allt € [0,T)

3

]

i=1

<6 Lq(p)[lw— 0|51 (0, - (3.13)

P = 70

LL(R%R)

The proof of Theorem follows from Theorem exactly as the proof of Theorem
follows from that of Proposition 2.2

4 The Conservative Parabolic Pollution Model

We assume the concentration of air pollutant u = u(t, x) is described by the Cauchy problem

du+ V- (upB(t, ) — p(t,z) Vu) + k(t,z) u = g(t, z) (t,z) €]0,T] x R?

(4.1)
(0, ) = up(x) r € R2.

The role of the various symbols is as described in the Introduction.

(HP) On the functions in (4.1)) we assume the following conditions:

(HP.1) p € (C' n Wh>®)([0,T] x R%;R,) is such that Vu is Hélder continuous in x
uniformly in ¢ and there exist [, i with & > i > 0 such that u(t, x) € [, 1] for all
(t,r) € [0,T] x R%

(HP.2) B € (C'NnWH>) ([0, T]xR?; R?) is such that V3 is Holder continuous in x uniformly
in t;

(HP.3) k€ (CO°NL>®)([0,7] x R%;R) is Holder continuous in z uniformly in ¢.

See Definition for details on Holder continuity.

Definition 4.1. A function u € C°([0, T]; L}(R?%;R)) is a weak solution to (.1)) if for any

0 € CY[0,T] x R%R) N CH(]0,T[ x R%;R)  such that

Vit elo,T| x> o(t,z) € C?(R%R)
Vteo,T| limy 4+ 0o SUP| 4>y lo(t, )| =0 (4.2)
Vtelo,T| limy—; 4 o0 SUD||4 (> |Op(t,z)| =0
Vteo,T] limy— 4+ 0o SUP||z | >r |Ve(t,z)|| =0
Vteo,T| iy 4 oo SUP||3) >y [V2p(t, z)|| = 0
the following equality holds
T
/ / u (O + V- (uVe)+ 8-V —k¢)drdt
0 JR (4.3)

T
—i—/ uo(x) ¢(0,z)dr — u(T,z) (T, x)dz —|—/ / gy dedt =0.
R2 0o Jr2

R2
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Below, we extensively use the Green function I' associated to the homogeneous version
of (4.1)), refer to Lemma for further details.

Theorem 4.2. Assume that holds. Let u, € LY(R%R) and g € L*([0,7] x R%;R).
Then, Problem ({.1)) admits a unique weak solution in the sense of Definition . Moreover:

(P.1) The following representation formula holds:

u(t,z) = /R2 [(t,2,0,8) up(§) df—i—/o /]R2 D(t,z,7,6) g(r,&)dEdr (4.4)

where T is defined in Lemma 6.6,
(P.2) If also U, € L'(R%;R) and g € LY([0,T] x R%;R), calling u the corresponding solution,
the following estimate holds:

[u(t) = ()| L1 gogy < AT C i (Huo = Tol|p1 r2gr) + Ilg — §HL1({o,t}xR2;R)) (4.5)

where C is defined in[[T.3)| of Lemma[6.6

(P.3) If u, € LYR%Ry) and g, € LY([0,T] x R%R) satisfy g > g, then the corresponding
solutions u,u satisfy u > u.

The proof is deferred to §
Consider now the case of a measure source. Call M the set of Radon measures on R? and
denote by |||l o, the total variation norm, see [10, Chapter 7, § 3, p.216].

Definition 4.3. A function u € L>([0,T] x R%;R) and u € C°([0, T]; L*(R?;R)) is a weak

solution to (4.1)) with g: [0,T] — M being measurable, if for any test function ¢ as in (4.2))
the following equality holds

T
/ / u(Op+ V- (uVe)+ B-Vo—k¢)daedt
0 Jr2

+/R? uo(z) p(0,z) dx — /R2 w(T,z) o(T,z)dx + /OT /11@2 o(t,z) dgi(x)dt =0

where gi(x) = g(t, ).

Theorem 4.4. Assume that holds. Let u, € LY(R%R) and g: [0,T] — M be measur-
able with

sup || gr|pg < +o0. (4.6)
T7€[0,T

Then, Problem (4.1) admits a unique weak solution in the sense of Definition . Moreover:

(M.1) The following representation formula holds:

u(t,x):/RQ It 2,0,€) uo(g)dg+/0 /R Dt 2,7, €) dga(€) dr (@.7)

where T' is defined in Lemma [6.6,
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(M.2) If also U, € LY(R%R) and g: [0,T] — M is measurable and satisfies (4.6)), calling U

the corresponding solution, the following estimate holds:
Jut) = )2 oy < 47 C (nuo ol gage £l :mw) (4.8)

where C is defined in[[T.3)| of Lemma[6.6
(M.3) If u, € LY(R%;RY) and g,9: [0,T] — M satisfy (&.6) and g, > G, for all 7 € (0,77,

then the corresponding solutions u, U satisfy u > .

5 The Coupled Problem

5.1 Well-Posedness

We now couple the traffic model to the pollution diffusion model (4.1), choosing a
source term g in that depends on the traffic evolution described by . To this aim,
for i = 1,2,3, extend each p’ to R? assigning the value 0 for all z € R? \ R;.

A first reasonable choice is

= (0" 0% 0%

(t,x) = G (t, p(t,x),q(t,x) where
! (plts 2 alts ) ¢ = (alp"):a(p?),a(p*))

(5.1)

meaning that the production of pollutant at (¢,2) depends on the traffic density p(t,z) and
on the traffic flow ¢(t, z) at (¢, ).

Theorem 5.1. Let q Satisfy@. Fori=1,2,3, let R" be a road as in Deﬁnition. Assume
that, for i = 1,2,3, p! € LY (R%[0,R]), f} € LY([0,T] x &L,;[0,q4(p)]), f2, € L([0,T] x

E2:00,9(p))), £3.. € LY([0,T)xE2,:;[0,9(p)]), and w € W is as in in (2.6]). Assume that|(HP)

7
holds, u, € L*(R?;R ) and moreover

(G) G:[0,T] x [0,R]? x [0,q(p)]> = R is such that

Vtel0,T] (p,q) = G(t, p,q) € C¥([0, RI? x [0,¢(p)]*; R)
Y(p,q) €10, R]* x [0,9(p)]? t—G(t, p,q) € L'([0,T];R)

Then, there exists a unique solution (p*, p%, p3,u) to the coupled problem (3.8)-(4.1)(5.1)).

The proof follows from Theorem [3.7] and Theorem [.2] which can be applied since the source
term g provided by is in LY([0,T] x R%;R).

Remark that physical reasons induce to consider only positive functions G in How-
ever, this assumption is not necessary in Theorem The proof is deferred to §

We now take into consideration the pollution produced by variations in the traffic flow,
such as those due to accelerations or breakings. To this aim, we consider source terms in (4.1))
that depend on the total variation of the traffic flow. The analytical basis for this relies on
the information provided by Theorem

12



Proposition 5.2. Under the same assumptions of Theorem including also the require-

ment in each component p' of the solution to (3.8)—(2.6) defines fori = 1,2,3, the
map g': [0, T] — M setting, for any test function p € C°([0,T] x R%;R),

)= [ [ (R 6.0) (16 76) wi'e) @ (52)

where ,ui’z is the total variation measure of the distributional derivative of the map s —
q (Pi (t,Ri(87€)>>. Moreover, fori=1,2,3, the measure g; is supported in R and the map
g=g"'+ ¢> + ¢* satisfies (£.6).

The measure ¢* essentially replaces the total variation of the distributional derivative of
the map = +— ¢ (pi(t,:c)>.

Theorem 5.3. Let the assumptions of Proposition|5.4 hold. Assume that{(HP)| holds and let
u, € LY(R%,Ry). Let g be defined as in Proposition|5.2. Then, there exists a unique solution

(0", 0%, 0%, u) o the coupled problem B8)-([E1)-(1).
The proof follows applying subsequently Theorem [3.7 Proposition [5.2] and Theorem [£.4]

5.2 Optimal Management

To limit the effects of pollutant, the controller acts on the evolution of traffic through the
function w in (2.6) that regulates the merge, or also on the inflows fl  fZ and on the outflow

in’
f3.;. The target is the minimization of a functional of the type

T
Flw oSt = [ [ vt utt.) awar (53)

where u is the pollutant’s density and p is a suitable weight assigning to different regions
different relevance according, for instance, to population density.

Theorem 5.4. Let q satisfyl@. Fori=1,2,3, let R’ be a road as in Deﬁm’tion. Assume
that, for i = 1,2,3, p € LY(R% [0, R]). Assume that |(HP)| and |(G)| hold, u, € L'(R%*R,)
and moreover F is as in with p € L°([0, T] x R?%; R).

Let p', p%, p3,u be the unique solution to the coupled problem f f requlated by
w in W as in with inflows fi € LY([0,T] x £L;10,49(p))), f2, € L*([0,T] x E2,;10,4(p)]),

m mn?

and outflow f3, € LY([0,T] x £2,4:10,q(p)]). Then, the map

2
F: W x [TLH(0, T x €,;[0,4(p)]) x L'([0,T] x £2,4:[0,9(p)]) — R (5.4)
=1

in (5.3) is L'-Lipschitz continuous.

The proof is deferred to §
As for G in physical reasons induce to consider only positive functions p in the functional
F . We remark that these positivity assumptions on both G' and p are not necessary in
the proof of Theorem [5.4]
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Theorem allows to prove the existence of optimal management strategies as soon as

1 f2 and f3,, are suitably selected in a compact set, thanks to Weierstrass Theorem.

An example tailored to the present physical setting is as follows. For a N € N, introduce
the sets PCy([0,T];{0,1}), respectively PCx(]0,T7];{0,¢(p)}), of piecewise constant func-
tions defined on [0, 7] with values in {0, 1}, respectively {0, ¢(p)}, that change value at most
N times, i.e., with at most N jumps. This choice corresponds to traffic lights at the merge
and at £} €2 €3 . that alternate between green and red lights at most N times in [0, 7.

in’ “in’ Yout

w,

Corollary 5.5. Under the same assumptions of Theorem the map F in (5.4]) restricted
to PCy([0,77;{0,1}) x PCy([0,T];{0,q(p)})? admits a point of global minimum.

Alternatively, Theorem [5.4] also comprises the case of assigned — possibly non maximal -
inflows and outflows.

Corollary 5.6. Under the same assumptions of Theorem fix fL e L0, T)1xEL; [0,49(p)]),

2 € LI([0,T] x €2:[0,4(p))): and f3,, € LI([0,T] x €53 10, (7). Then, the map w >

Flw, fL 2, £2.0) with F as in (5.4) admits a point of global minimum in PCx ([0, T]; {0,1}).

in’ Jin’ Jout

6 Technical Details

6.1 Proofs Related to the 1D Hyperbolic Traffic Model

Proof of Proposition We distinguish different steps.

Claim 1: The BV case. We assume in addition that p, € BV (I; [0, R]) and (g0 5 YN fin),
(q‘[@R})*l(fout) € BV([0,T];R). Then, the existence of solutions and the estimate follow
from [9, Proposition 3.3].

Assume that p and p are solutions to in the sense of Definition To prove
the bound , we refer to the detailed proof in [8, Theorem 4.3], devoted to the multi-
dimensional case. Exploit the fact that in problem the fluxes at the boundaries are
assigned. The key point is the estimate of the term

—sgn(trp —trp) [q(tr p) — q(trp)] - v, (6.1)

v being the exterior normal vector, here v = 41, and in the present setting the traces
correspond to the two boundary terms, one at s;, and one at s,,:. Let us focus on the left
boundary at s;,. Recall that for a.e. t € [0, 7]

(trp)(tsim) € {(@on) ™ (fin®) U (@)™ () B] -
witsn) < {aon (Fa0) } U @) (Fule)) 1]
A case by case analysis shows that

Fin(t) = Fin(t)].

—sgn ((tr p) (¢, sin) — (trp)(t, Sin)) [q ((trp)(t, sin)) — q ((trp)(t, Sm))} RS

This term is then integrated over the time interval [0,¢] leading to the second term in the
right hand side of (2.4). The term related to the right boundary s, is treated in an entirely
similar way.
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Claim 2: The general case. Introduce a sequence of mollifiers 7,(§) = nn(n&) with
neCPR;R), 7>0,sptn=[-1,1] and [ 7 = 1. Define

o(x) xel
)= P )= (7 em) @) wel,
0 reR\1
min in ) p— L ) ~
()= {e0a(p-4)} e h0=(Faem) ) tel0.7)
0 teR\ [0,T)
’
N min < four(t),q (p+ telo,T N
(?ut(t) = {f ( ) ! (p n)} : [ ] gut(t) - (fgut * 77”) (t) le [OvT]
0 teR\[0,T]
Clearly, p? € WL°(I;]0,R]) and lim, 400 p? = p, in Ll(I' [0, R]). At the same time,
also fI ¢ W1°° ([0 T1: 10, q(p — )]), so that (g )7 o i € W((0,7]; [0,g)) since

m

(q\[o,ﬁ})_l c Wheo ([0,(1( %)] [0 p— f]> Moreover, the map (q\[O,p])_l( n) converges to
(q\[o ﬁ})il(fi”) in L1([0,T); R). The outflow f’

Note also, for later use, that by construction

o 1s treated similarly.

n < n || T,00 ‘R)»
HPZHLOO(I;R)SHPOHLO@(I;R) and HmeL‘X’([O,T];R) < il ([0,T];R) (6.2)

IN

ol oryzy < IMowtllioqomym -

Moreover, pp € BV(I;[0, R]), (q\[o,p})_l( " (t)) € BV([0,T];R) and (ql[ﬁﬁ})_l( (1) €

wm
BV (]0,T];R) so that Claim 1 applies.

Call p,, the corresponding solution to . By , the sequence p,, is a Cauchy sequence
in L'([0,T] x I;R). Call ps the corresponding L' limit. Since Definition is stable with
respect to L' convergence and thanks to @ we obtain that p solves in the sense of
Deﬁnition Also immediately follows. Since p,, satisfies , ensures that poo

satisfies ([2.3)).
Finally, the BV estimate follows from [0, Theorem 2.2]. O

Proof of Theorem We assume that, with a suitable reparametrization, sup [y =
sup I = inf I3.

Existence and uniqueness of solution to (2.5)—(2.6). A solution to (2.5) regulated
by (2.6) can be iteratively constructed as follows. Assume for simplicity that J; = [0, 71].
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Then, for all t € J; consider separately the problems

s €|st 83l s€ Iy

Oyp* + 0sq(p®) =0
p(0,s) = p3(s) (6.3)
q (Pt sin)) = fi(t
q (P*(t, Sout)) = 0.

)
—
S
w
S—
I
’_/H
)
Q=
—~
»
S~—
v}
m
~
—

) = fg)ut(t)

Both of them fit into Proposition and thus admit unique solutions p and p? defined for
t € J1. Thanks to (2.7), we immediately have that, setting p! = pu and p3 = pu , the triple
1 3

pt, p?, p? is the unique solution to ([2.5)) regulated by w as in (2.6]) for ¢t € .J;.
This procedure can be iterated on the time interval [sup Ji,inf Jo[, gluing road 2 with

. -y : . pP(r1,s) s€ly
road 3, taking as initial datum at time 71, p*(71) and p(m1,s) = . Hence,

p3(r1,5) s€l3
(2.5)—(2.6) admits a unique solution in the sense of Definition

Proof of Use the construction above to define the solutions p', p?, p3 and p', p2, p3.
On each time interval, the estimate ([2.4)) applies. Note that this estimate is additive both in
time and in space over non overlapping time or space intervals.

Proof of The construction above of pl, p?, p? allows to iteratively use the bound
on the total variation of W(p!), ¥(p?), ¥(p?) in Proposition

Proof of [(1D.3)| Introduce a partition of [0, 7] in intervals [r;,7j41[ for i = 1,..., N and
values 91, ...,9n, 191,.. 19N in {0, 1} such that

_ N g , -~
wo= Y Yix, g PIElL N =1} 0y £ D o U A Dy

W == N /\‘ pu— ... —
w = Zj:l 19] X[Tjﬂ'j-i,-l[ O=7m1 <M< < TN < TN41 T.

Assume t € |11, 72[. Then, these cases are possible:

1. 91 =0, 1/9\1 = 0: then, problem ([2.5)) can be solved considering roads 2 and 3 as a unique
road in the time interval [y, 72[, the outflow of road 1 being fl, = 0. Hence, we have

S|l -l =0

L1(I;R)

2. 9 # V1 by the stability estimate (2.4]) we have for i = 1,2

IOR0l

L1(I;R) < Hpi(n) - ﬁi(n)’ L) +q(p) ‘191 — 31‘(15 —7)

= q(p) [lw—0llg1(o.gm)
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|0t - %)

< [t =),y @ [ D] =)

= q(p) [lw—=0llgor) -

L1(I3;R)

3. Y1 =1, D1 =1z problem (2.5 can be solved considering roads 1 and 3 as a unique road
in the time interval [r1,72[, the outflow of road 2 being f2, = 0. Hence we have

i ew-sio),, . =0

L' (I;R)
Proceed now iteratively and assume that ¢ € [7;,7j11[. Then,

1. 9; =0, 53- = 0: problem (2.5 can be solved considering roads 2 and 3 as a unique road
in the time interval [rj,7j41[, the outflow of road 1 being fl, = 0. Hence we have
3 i ~j 3
2i-1 ) pi(t) =7 (t)HLl(Ii;R) S 2 ‘
||U) - w”Ll([Tj,t];R) =0.

pi (1) — ﬁi(Tj)HLl(h;R) and observe that, clearly,

2. U # 1%: by the stability estimate (2.4) we have for i = 1,2
i ~i i) B
CIORC] I IR

I~ 5] < | -5

+q(p) ’ﬁj - {9}’@ - 75)

+4q(p) ’19]- - 53"@ = 75)

L1(I;;R)

L1 (I3;R) L1(I3;R)

and observe that (19]- - @((t —7) = llw — Bllga gy, 2

3. ¥; =1, 1% = 1: problem ({2.5)) can be solved considering roads 1 and 3 as a unique road

in the time interval [7;,7j11[, the outflow of road 2 being f2, = 0. Hence, we have

et ) =5 <33
S [0 =0, < T
”’U} - wHLl([Tj,t];R) =0.

The bound (2.8) follows. O

(0

pi(1j) — ﬁi(Tj)HLl(L‘;R) and observe that, clearly,

6.2 Proofs Related to the 2D Hyperbolic Traffic Model
Lemma 6.1. Let R be a road as in Definition|3.1. Then, the following identities hold:

DR(s,0) = | y/(s)+L(y"(s)" (v(s))" ] (6.4)
det DR(s,0) = 1—¢ ('y'(s))J‘ 4" (s) (6.5)
_ (V)"
DR(s,0)] " = ! . (6.6)
| | L= ()" 7"6) | ()" = £9"(5))
Ves = ! (v ()T (6.7)

I
L= (1) 7o)
Moreover, if r is as defined in (3.2), then
Ve -r=0. (6.8)
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In connection with (6.5)), observe that, since 7/(s) - 7”(s) = 0, we have

(V)" ") =

)

/) (@) = )

which is the curvature of v at y(s).

Proof of Lemma The proofs of (6.4), (6.5) and are immediate. Relation (6.7)) is
the first line in . To verify , use (6.7) and 9pr = 0, for z = R(s,£), so that

Veer = 8x1r1+8x2r2
= 8571 8I15+88’Yé 8I28

O
— [83313 &523} [a’Y}]

2
= Vus?
]‘ / "
S et 0
=0 ,
completing the proof. O

For later use, we provide the following equalities, where ¢: R x R — R is smooth.

V(s,g)go(R(s,E)) = V.p(z) [DR(S,K)]. (6.9)

[x=R(s,f)

Vo (R—l(x)) = Vo280, _r 1 [PR(:0] - (6.10)

Proof of Lemma By construction, R € C'(I x |—L, L[,R?). R is locally invertible in
each point of I x |—L, L[, by (6.5))

det DR(s,€) > 1—L||5'(s)|||[7"'(s)|| =1 = L |+ (s)|| > 0

which shows that det DR (s, £) # 0. The Implicit Function Theorem ensures local invertibility
at any (s,¢) € I x|—L,L]|.

Since R(I x |—L, L|) is simply connected, the map R: I x |-L,L[ — R(I x |—-L, L]) is
globally invertible and its inverse is of class C!.

The conditions ||v/|| = 1, ||¥'|| < 1/L, |{| < L and ensure that R is uniformly
continuous and can be uniquely extended to I x |—L,L[. R is injective also on I x |—L, L],
otherwise R(I x ]—L, L[) can not be simply connected. O

Lemma 6.2. Let f € BV(]—L,L[;R). Then,
L
vne CY[~L,L;R,) / f)n)de >0 = f(¢) >0 for a.e. £ €[—L,LJ.
-L

Proof of Lemma If f is continuous, then the conclusion follows by a standard elemen-
tary procedure. Assume f € BV(]—L, L[;R) and, by contradiction, that f(¢) < 0 for £ € E,
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E being a subset of |—L, L[ of positive measure. Call 1, a sequence in C([~L, L]; R, ) such

that ||n, — X, — 0asn — +o0, X being the characteristic function of £. Then,
LY([-L,L}iR)
L
0> / F(O)dl = Tim / FO) m(0)de > 0,
E n—-+4o0o _I
where the latter inequality follows from the assumption. O

Lemma 6.3. Let K C R be a compact interval and ¢ € CH(K x [0,1)%;Ry). Then, for every
e > 0, there exist functions fi,..., fn,g1,---,9n € C([0,1];]0,1]) and ¢;; € CY(K;Ry) for
1,7 =1,...,n such that

p(t,z,y) — ZZCU gi(y)| <e forall (t,az,y)€ K x[0,1]%
=1 j=1

Proof. Define
T : R — R

) 6.11
z = (2z]+1) (Jz] - 1) x (6.11)

[_171} (x) '
Clearly, T is even, non negative and in C*(R;R). Moreover, for all x € [—1,1], Y is such that
Yz —1)+ Y(z)+ YT(xr+1) =1, since at any = € [—1, 1] only two summands in the latter
sum are non 0.

Choose n so that 1/n is a modulus of uniform continuity of ¢ on [0,1]? and set for t € K

O =p (b0 l). f@=Toz-0), g46)=Tay-0).  (©12)

The proof follows by direct computations, since > i, fi(z)=>""_, g;(y)=1 for (z,y)€[0, 1]2.
O

Proof of Lemma In this proof, we extensively use the change of variable x = R(s, ),
see Lemma for its properties, and, with the notation (3.5)), the change of variables (o, ¢) =
S(s, ) where

S: Tx]-L, L] — {(a,e)eR2:oeﬁandee]—L,L[}

(6.13)
i
(s,0) = (0,0)  where $2(s)=1—¢ (7/(s))” - 7"(s).
Note that S is a diffeomorphism of class C*(I x |—L, L[;R?) N C°(I x |—L, L[; R?) and the
same computations as in the proof of Lemma ensure that s, > sf .
Let p solve (3.3]) in the sense of Definition Let ¢ € CL(R x R;R,) be a test function
and call

@(t,s,0) = ¢ (t,R(s,£)) and ot,o)=¢ (t,S_l(a, 6)) . (6.14)

Clearly, ¢* € CL(R x I*;R,). Moreover, setting for instance ®‘(t,o) = n(f) (t,o) with
ne€ CL]-L,L[;R;) and § € CL(R x I*;R,), reversing the changes of variables R and (6.13),
through (6.14) one gets that ®° = ¢ for a ¢ € CL(R x R;R,).
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Similarly, also recalling (3.6)), denote for a.e. t € [0,T], £ € |-L,L[, s € I, o € I,
plts.0) =p(LR(s,0)  and  pl(to) =5 (65T (,0) . (6.15)

Compute each line in the integral inequality in Definition[3.3] using first the change of variables
x = R(s,¢) and then the change of variables (6.13)).

/ T/ (p(t2) = 5)" Dup(t, ) dadt

- LG
e
[,

b‘

~

(t,R(s,£)) — m)i v (t,R(s,0)) |det DR(s, £)| dsdedt
(t,5,0) — ) Bp(t, 5, 0) (1—6 (v(s))* .7”(3)) dsdedt

~

T rL +
= / / Pt o) — /<;> Ao’ (t, o) do dedt
0 LJIt

:/ //ﬂ ta—m) Otgo(ta)dadt)dﬁ

where we used the notations and -
Set temporarily F'(t, z) = sgn ( (t,z) — k) (q (p(t,z)) —q(x)) and F(t,s,0) =F (t,R(s,0)).
thanks to (6.9), (6.10) and

Then, the Second line in the integral inequality in Definition

the notations - becomes
T
/ / sgn® (p(t,z) — k) <q (p(t,z)) — q(/i)) Vet z) - r(x) dedt
0 JR

_ /O ! /R F(t,2) Vs olt,) - r(z) dzdt

B /T /L /F(t’R(S’@)V<svf>¢(t’73(5’f)) [DR(s,0)] " -7 (R(s,£)) det DR(s, ¢) ds ddt
1

/S T
- /OT/—LL/IF(t’S’e) Vien $l65,0) ((7/(5)()3/‘(_)27,,<8)>T ¥ (s) ds dedt

_ / ! / ’ / F(t,5,0) Viany @t 5,0) [_Z;(,S(Lﬁ;(izg]dsdédt

L
/F (t,5,0) Vs @(t,s,0) m dsdedt

/

_ /OT/L/F t,5,0) Ds(t,5,0) ds Al dt
/L
/

( (t,R(s,0)) — ) (q <p (t,R(s,é))) — q(m)) 0sp(t,s,0)dsdl dt

(3(t, 5,0) — ) (q (5(t,5,0)) — q(,f)) DsB(t, 5, ¢) ds de dt
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- /OT /_LL /IZ sgn (Pg(taf’) - ’f) (q (pf(t,o)) - q(%)) Dy’ (t,0) do dedt
B /_LL (/OT /ﬂ sgn* (Pe(tva) - fi) (q (p‘(taa)) - q(f-@)) 9,0 (t,0)do dt) dae .

Now, the first summand in the third line in the integral inequality in Definition is

[ (pute) =9 o10.2) o

= / / po sﬁ —/i) (ORsﬁ)‘detDRsﬁ}dsdﬁ

_ /_L/ﬂ (o) — r) (0,0 do
_ /_LL </ﬂ (eh(0) - ﬁ>i<p€(o,a) da> de |

where we used (3.6). The second summand in the same line is entirely analogous. The fourth
line in the integral inequality in Definition by (3.6) and (6.14)), is

T +
/o /g ( |[o,p] (fin(t,€)) —’f> o(t, &) dEde

T L 4
- /0 /_L (q_ml’p} (fm (t,R(Sm,Z))> — H) o (t, R(sin, £)) A0 dt

T L +
B /0 /—L (q_[ol,ﬁJ <f fn(t)) - “) o!(t, s5,) dedt

+

- /LL (/OT < e (fm( )) ) ol(t, sty dt) e .

Finally, the fifth line is entirely analogous.
By the above computations, for any n € CL(]—L, L[;R}), for any ¢ € |—L, L[ and any
@ € CLHR x I;R,), choosing a function ¢ so that ¢*(t,0) = n(¢) B(t,o), we have

/LL {/OT /ﬂ (pg(t,g) - “)i Op(t, o) dodt
—I—/OT /]e sgn™ (pﬁ(t,a) - fi) <q (pf(t,a)) — q(,{)> 0,3(t,0) do dt

+/ﬂ (pﬁ(a)—fi)i@(o,a) da—l—/ﬂ (pf(T,a)—m) P(T,0) do

+/0T<uo (7)) - ) B(t, sin) dlt
T +
+/o (qul,m (ffut(t))—*’v> Bt o) dt]n(e) e
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An application of Lemma thanks to the arbitrariness of 77, shows that p’ solves , for
a.e. € |—L,LJ.

Conversely, assume p’ solves ([3.4)), for any ¢ € |—L,L[. Then, any ¢ € CL(R x R;Ry)
yields a function ¢’ as defined in which is of class C! in all three variables (¢,¢,0)
and compactly supported. Call ¢ the map defined in with sﬁut as in (3.5). Then, a
direct consequence of Lemma ensures that for any € > 0 there exist functions Fy,...,F, €
CL(-L,L;Ry), GY,...,GY € CHI4R,) and ¢;; € CL(]—o0, T[;Ry) such that for all ¢ €
]—00,T[, £ € ]—L,L[ and o € I*

=3 e(t) Bi(e) Gh(o)| <e.

i=1 j=1

By the above computations, the left hand side of the inequality in Definition satisfies
T
/ / (p(t,z) — n)i Orp(t,x) dedt
0 R
T
+/O /ngmjE (p(t,z) — K) (q (p(t,z)) — q(/{)) Vep(t,x)-r(z) dedt
—|—/ (po( ) — m)i (0, ) dx—{—/ ( (T,x) — m)iap(T,x) dz

R

+
+Hq HLoo 0,R];R / / ( |[0 P fm g)) - KJ) @(t,&)dgdt
T +
4 [l 0,712 /O /g t (ql[ﬁ{RD (four (£.€)) = ) p(t, €) dé dt
—Ca—l—Z/ / / ‘(t,0) —:‘i 8tc,]()G§(a)dadt
It

i,7=1

/ /pz sgn* ”) <q (pg(t’a)) - CI(H)> cij(t) agGg(a) do dt

SACEE H) 50 6)(e) do+ [ (o) =) ey(T) o) do
+
+/OT (quol’p] < fn(t)) — /@) ¢ (t) Gg(sm) dt

T +
+ / (q‘l}(ffutu))—n) ij(t) Gj(sgu) dt | Fi(0) Al > —Ce,

[[p,R

Y

for a constant C' dependent only on R, p, Sin, Sout, L and norms of q. To get to the latter
inequality above, use the fact that, for any ¢, p’ solves ([3.4)) in the sense of Definition O

Proof of Theorem The existence and uniqueness of a solution to (3.3 is a consequence
of Lemma and of Proposition The L estimate directly follows from (2.3]).
To prove the L' Lipschitz estimate, compute:

Hp(t) - ﬁ(t)HLl(R;]R)
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= [ lotx) ~ e 0)|
-/ LL ot RG.0) =5 RG0)| (1= ()7 (0)) asa By ©3)
=/_LL/IZ Pé(tag)—ﬁg(t,a)‘dadﬂ By (39)]

L
- / -5

L(I%R)
L
< b5t ¢ _ 7t S de By (2.4
_/—L<‘p0 Po g ey I m im0 gy F Il ot ™ot g0 By @3
:Hpo_ﬁ;HLl(R;R)‘i‘ fm_fm Ll([O,t]XEin;R)+ fout_fout LL([0,4] X EgutR) [By " and "

where the latter equality follows from the changes of coordinates (3.5) and x = R(s, ¥).
The proof of the bound (3.7)) follows immediately from Proposition ]

6.3 Proofs Related to the Parabolic Pollution Model

Definition 6.4. A strong solution to is a map u € CO([0,T] x R%; R) such that
Vte]0,T[ z+w— u(t,z) € C*(R%R) and Vo eR? t u(t,z) € CH0,T[;R)

which satisfies the equation in at every (t,z) € ]0,T[ x R? and the initial condition

mn at every x € R2.

Recall the following definition.

Definition 6.5. Let k € N\ {0}. A function f: [0,T] x R? — R* is Hélder continuous if there
exist M > 0 and « € ]0,1] such that || f(t1, 1) — f(t2, 22)|| < M <|t1 — 1o 2 4 ||y — l’2||a>

for all (tl,l‘l), (tQ,.TQ) S [O,T] x R2.

A function f:[0,T] x R? — R¥ 4s Hélder continuous in 2 uniformly in t if there ewist
M > 0 and o € ]0,1] such that ||f(t,z1) — f(t,22)| < M |lw1 — 22||* for all t € [0,T] and
x1,T2 € R2.

Lemma 6.6. [12, Chapter 1, Section 6, Theorem 10 and Section 7, Theorem 12] Let |(HP)|
hold. Then, there exists a function

rec’ <{(t,x,7,§) €[0,T] x R x [0,T] x R%: ¢ > 7'} ;R+) (6.16)

such that

(T.1) For all (1,€) € [0,T) xR?, (t,2) > T(t,,7,£) is a strong solution, in the sense of Def-
im’tz’on to the parabolic equation in (4.1)) with g = 0.

(T'.2) For all z € R? and for all u, € CO(R%;R), limyyry [po T(E, 2, 7, &) uo(§) A = uo(z).
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(T'.3) There ezists a constant C > 0 such that for all choices of the variables (t,x,7,£) in
{(t, 2,7, €0,T] x R* x [0,T] x R*: t > 7}

c |z — &I
F(t,l’,'r, g) < mexp (—4[1(75_7_)> N (617)
C _ 2
‘833¢F(t7x77—a f)| < mexp (-M) 1=1,2, (6.18)
2
&2, . Tt x,, 5)( < (t—Cr)? exp (—H) ij=1,2. (6.19)

Moreover, if

(R.1) g € CO[0, T)xR2%;R); for every bounded set B C R? there exists Mg > 0 and ap € ]0,1]
such that |g(t,:n1) —g(t, IL‘Q)‘ < Mgllz1 — z2||*E for allt € [0,T] and z1,22 € B and,
for suitable C > 0 and h € ]0,1/(4T p)], satisfies |g(t,x)| < celel® for all (t,x) €
[0,7] x R?;

(R.2) u, € COR?%R) and, for suitable C > 0 and h € ]0,1/(4T )], satisfies |uo(x)| <
C ehliel® for all x € R?;

then, the Cauchy problem (4.1) admits the strong solution
t
uto) = [ a0 9u@der [ [ Teangroicar. 620
R2 0 JR2

Proof of Lemma Observe that takes the form 8tU—Z¢j a;j 8%u—b-Vu—cu =—f
as soon as aj; = ft, a;j; =0, b=Vu—p5,c=—-x+V- 3, f=—g.

The existence of I, together with [[T.1)| and [[T.2)] follow from [12, Chapter 1, Section 6,
Theorem 10]. The continuity of I" follows from [12], Chapter 1, Section 6], where the results
for bounded domains in [I2, Section 4] are extended to unbounded domains. The positivity
of T follows from[I2, Chapter 2, Section 4, Theorem 11]. The estimates and on
I" are explained after [12, Chapter 1, Section 6, Theorem 11]. The estimate is obtained
in a similar manner, exploiting [12, Chapter 1, (4.11)], with, in his notation, u = (n +2)/2.

The existence of the solution to and its expression follow from [12] Chapter 1,
Section 7, Theorem 12]. O

Lemma 6.7 ([I12, Chapter 1, Section 9, Theorem 16]). Let |((HP)| |(R.1)| and |(R.2)| hold.
Assume moreover that D2y is in (C°NL*)([0, T] x R?) and Hélder continuous in x uniformly

in t. Then, (6.20) is the unique strong solution to (4.1)).

Proof of Lemma To apply [12, Chapter 1, Section 9, Theorem 16] we need to verify
the boundedness condition [I2, Chapter 1, Section 9, Formula (9.1)], namely that there exists

a k > 0 such that fOT Jge |ult, gv)|e*’“”x”2 dz dt < +o0. Indeed,

T
/ /R2 ‘u(t,x)‘e*k“xHQ dz dt [Use (6.20))]
0
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T

S/O /R2 /]12{2 I(t,z,0,¢) ‘Uo(€)|e_k”z||2 d¢dx dt [Use (6.17) and |(R.2)]
T t

+ /0 /R i /0 /R Tta,7.9) |g(r. )1 dgdr deat [Use (6:17) and [(R-1)]

T
< / / / == e Kl e g df (6.21)
—Jo R2 JR2 t
T t C lz—£)i
+ / / / / e~ T eI Kl g dr g dt (6.22)
o Jr2Jo Jr2 (t—7)

The latter terms (6.21)) and (6.22)) can be treated similarly. By [(R.2)|for an £ > 0 we have
h<(1—¢)/(4iaT) and set & —x =y, so that

G20 < / / / e ehllrolP =Hlel® 4y d i
R2 R2 t
T llyl? 2 2
< / / o~ LRIV Kl el 4, 4
— Jo Jr2 Jr2
T 2
< / / 1, i‘li”t dy dt / o (=m)2l? g
— Jo Jre2 t R2 ’
T ¢ llyl? 2 2
[(6.22)] < / / / / e “Ta 0 Pl kI 4y dr da dt
0 R2 JO
T t
< / / // e T>+hllyll e Fllzl*+hlzl® gy 47 dg dt
— Jo Jr2Jo (t—7)
T t 2
< / / ¢ z ~T085 dr dy dt / o k=Wl g
0 R2 J0O R2
and both are finite for k& > h. O

Lemma 6.8. Under the same assumptions of Lemma suppose in addition that u, €
L'(R%;R) and g € LY([0,T] x R%,R). Then, every strong solution to (1)) in the sense of
Definition[6.4] is also a weak solution in the sense of Definition [{.1]

Proof. By Lemma and Lemma the unique strong solution u to can be written
as in . The L' in space regularity and the L' continuity required in Definition follow
from (6.17)), since u, € L'(R%R) and g € L*([0,T] x R%; R).

We now have to show that u written as in satisfies the integral equality . First,
observe that the requirements in imply that o, 0y, Vo, V20, ©(0,-) and ¢(T,-) are all
in L>® on R2. Hence the integrals appearing in are all finite.

A standard procedure allows to obtain by subsequent integrations by parts, exploiting
the hypotheses on the test function ¢ and in Lemma O

Proof of Theorem We deal first with existence and, separately, with uniqueness. The
other claims are proved subsequently.

Existence: For n € N\ {0}, call 7, a mollifier in C>°(R3; R ) with the properties sptn, C
Bgs(0,1/n), [gs mn(t,z) dt dz = 1 so that (extending g to R* with value 0 outside [0, T] x R?)

(g*m,) € CH[0,T] x R%R)  and lim g*n, =g in LY([0,7] x R%R). (6.23)

n—-+0o0o
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Similarly, for n € N\ {0}, call ¥,, a mollifier in C°(R?; R ) with the properties sptJ, C
Bg2(0,1/n), [g2In(t,z)dtdz =1 so that

(uo * Up) € CHR*R)  and lim u, * ¥, = u, in L'(R%R). (6.24)
n——+o00

Note that g * 7, satisfies |(R.1)|and u, * 9, satisfies|(R.2)| Hence, the problem

du+ V- (uB(t, x) — p(t,x) Vu) + k(t,z) u= (g *n,)(t, x) (t,x) €]0,7] x R?

6.25
u(0, ) = (up * V) () r€R2. (6:29)

admits a strong solution u, which belongs to L!([0,7] x R?;R), due to the construction of
g * 1y and u, * n,. The function u, can be written as in ([6.20)):

un(t,z) = /R2 I(t,x,0,8) (uo * Up) (&) d€ + /0 /R2 D(t,z,7,6) (g *np)(1,€)dedT . (6.26)

The sequence t + u,(t) is a Cauchy sequence for the uniform convergence in L!'(R?;R),

indeed using (6.17)

[[un(t) - “m(t)HLl(WR)

2= €Y (o o6 — (s .
<[] ex ( o )(wo 3)(E) — (o 1) ) d d
-
e[ e ( T)) (g m)(r,€) — (g # 1), €)) d€ iy
el
St/RQQXP< w; t) 5/1[@2(( 0*19)(5)*(710*19771)(5))(15

‘[ ¢ €]
+/0/th—7'eXp<_4ﬂ(t> 5/ (9% m)(7,€) = (g% nm) (7, €)) dEdT

< 47FC/A1« (H(Uo * 7971) - (uo * ﬁm)HLl(RQ;R) + H(g * nn) - (9 * nm)HLl([QT]XRz;R)) . (6‘28)

(6.27)

Recall that (u, * ¥,) is a Cauchy sequence in L'(R?%;R) by and (g * n,,) is a Cauchy
sequence in L!([0,T] x R%; R) by (6.23).

Call u € C° ([O,T];Ll(R2;R)) the L! uniform limit of the wu,. Clearly, u € L!([0,T] x
R%;R). To prove that u is a weak solution to in the sense of Definition since uy, is
a strong — and hence also weak — solution to , compute

T
/0/RQu(atgo—i-V'(,quo)%—ﬁ‘ch—mgo)da:dt
T
+/RQUO(x) 90(0,$)d93/R2u(T,9:) go(T,:c)d:z:Jr/O /RQggp dz dt
T
//RQ(u—un)(8tg0—|—V-(uV«p)+ﬂ-Vg@—ﬁgp)dazdt

+ /R2 (Uo — Up * V) (x) (0, z) dz — /R2 (u—up)(T,z) p(T,z)dx
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/ / g—g*xny)p dedt

as n — +oo

by the Dominated Convergence Theorem.

Uniqueness: This proof follows the lines of [7, Lemma 5.1]. Let u1, ug be two weak solutions
to (4.1 in the sense of Definition Then, by a standard approximation argument, the
difference u = ugy — wu; satisfies for all ¢ as in (4.2)) and for all 7 € ]0, T

/T/ u(@tcp+V~(,quo)—i—B-VLp—fmp)da:dt—/ u(t,z) o(r,x)dr =0.  (6.29)
0 Jre R?

For an arbitrary w € CY(R;R), consider the (backward) solution to the parabolic problem

oo+ V- (uVo+pBe)—(k+V-B)p=0 (t,z)e]0,7[xR?

(6.30)
o(r, ) = w(x) r c R?.
This equation fits into (4.1) (with time reversed) and Lemma applies. Therefore,
admits a strong solution which can be written as in @ .
We now show that ¢ satisfies . Indeed, the C! — C? regularity follows from the
definition of strong solution. To verify the conditions at infinity, use with g = 0,
bearing in mind that time is reversed, starting form 7 and going backward to 0. Assume that
sptw C B(0,7) for a suitable 7 > 0. Compute for r > 7, using :

Sup‘gota:‘: sup/F( —t,x,0,8)w d§’
llzl|>r [z]|>r |/R?

¢ =~ &
(r—1t) d
= Hi‘lﬂlgT /Sptw (7—1) P < 40 (r t)) ‘w(f)’ §
¢ e — €I°
= H?”lIZ)T /B(O,r) (T - t) xp <_4ﬂ(7—_t)> d¢ HUJHLOO(RQ;R)

c 2
(7_ — t) /B(O,'r) exp <_4ﬂ(7-_t)> dg ||WHLOO(R2;R)

E(B(O ?)) exp —ﬂ lw|g.00 (R2
(1 —1t) ’ 4(t —1t) Lo (R%R) -

IN

<

L being the Lebesgue measure on R%. The latter quantity vanishes as r — +00. We need to
repeat similar computations to bound ||V||, using as above (6.20)) with g = 0 and (6.18)):

sup HVga (t, ac)H = sup
[lz]|>r llz]|>r

Cyn |z — €|
||iugr/sptw(7'_t)3/2exp< 44 (r— )) }w(f)‘df
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n r—7)?2
Y £(B07) e (—M) [

Similarly, to bound HV%@H, we use as above with ¢ = 0 and :

sup V%(t,x)‘ = sup /VQF(T—t,a:,O,g) w(é)d
[|lz[|>7 llz||>r || JR2
Cyn |z — ||
d
Siﬁzpr/spw (1 —1)? Xp( 4fi (T — )) ()] dg

C\f _ (r—7)2
S a=ne £(BOD) exp <_4ﬂ(7'—t)) leolloe 22 )

The bound on ||ds¢|| follows from the previous ones, since, by (6.30)), d;p = =V - (u Vo +
B @)+ (k+V-B)p and |[(HP)| holds. We thus obtain from (6.29) that [z, u(7,z) w(z)dz =0
for any w € C2(R?;R), which implies that u = 0, completing the proof of uniqueness.

Representation: Formula (4.4)) follows from (6.26]) and the L' convergence of the u,, to u.

Stability: Thanks to (4.4), the estimate (4.5)) is obtained repeating the same computations

as in (6.27)—(6.28)), substituting u,, with wu.

Monotonicity: It is an immediate consequence of (6.16]) and (4.4)). O
Proof of Theorem This result extends Theorem we detail the key differences.

Existence: Introduce the mollifiers 7, and the solutions

t
wite) = [ Tn00u@dc+ [ [ Teeng o m©dcer 63

to (4.1]) with the map (¢, 2) — (gt *nn) () as source term. Since gy * 1, converges to g; in D/,
we can pass to the limit n — 400 in (6.31]) and define the function u as in (4.7)), so that for
all (t,x) € [0,T] x R%, limy,_, 400 un(t, ) = u(t,x). Observe that

Hun(t)HLl < /]RQ /]R2 I(t,z,0,¢) }uO(f)‘dé‘dx
+/RQ/O / thf)‘(gr*ﬁn)(f)‘(Kdex
C
< t/[[w /26_”9” ¢|? /(4Mt)‘u )}dﬁdx
+/R2 /0 /W e It (g, ) (€)] d€ dr da
= % - e~ I=I%/(44t) /R2 ‘uo(z—kx)}dxdz

_|_

t
// tce—nzn?/(m(t—ﬂ)/ (g7 % 70) (2 + 2)| dz dz d7
0o JR2U T R2
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IN

t
Cllulisqaay +C [ [ o =mi)] agar

IN

t
C ol sy + C [ lsrllag 07 Il ey

where we used [10}, Proposition 8.68, p.282]. Thanks to , apply Fatou Lemma and obtain
that u(t) € LY(R% R) for all t € [0,7].

The continuity in time of ¢ — u(t) is proved exactly as in Theorem

Proving that u satisfies and solves is done exactly as in Theorem as also
the uniqueness of u in the class of weak solutions.

Stability and Monotonicity. Using the representation (4.7)), we have

[ult) = )| 1 gocg) s/ T(t,2,0,€) |uo(€) — Ty(€)| de

+ [ [ rtte o) don© - (o) ar

and (4.8) follows by [10, Proposition 8.68, p.282]. Monotonicity is immediate. O

6.4 Proofs Related to the Coupled Problem

Proof of Proposition Each ¢! in (5.2)) is a finite measure by in Theorem
by Lemma and by Definition Clearly, the distribution defined by has order 0,
hence it is a Radon measure, see [I1, § 1.3, Remark on p.10].

The definition also implies that g} is supported in R!. Moreover,

sup gt =sup {\gt )|: ¢ € C2(0,T] x R%R), |¢| < 1} [By [0, Ex. 1.4, Chap. 3]]
tE
1 7
< [ [ e o] aio)] a By E2)
<ALTV <q <pi (t, Ri(., e)))) [By Definition B-1]
< 400 By €2) and (312)]
completing the proof. O

Proof of Theorem We first fix the inflows f} € L([0,7] x &L;[0,q(p)]), f4 €
LY([0,T] x £2;10,q(p)]), and outﬂow 3. € LY0,T) x &,:10,9(p)]) and choose w,w in

W. With the notation in (5.1)), call (p,u), respectlvely (p, ), the solution to the coupled
problem . . - regulated by w, respectively w, and m, m, 3+~ Then,

5 (S o )~ F (T )

T
<l o.11m2m) /0 () = a(®)]: e
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T
§||p||Loo([o,T}xR2;R)/0 AmC g = gl o, xr2r) At [By (4.5)]

=47 C fif|p|l e (0,17 xR2;R)

x/OT/Ot/R2 G (7-, p(1,7),q (ﬁ(T,w)))—G (T,p(T,x), q (,0(7',.7)))) ‘ dzdrdt By (5.1)]

<4m Cﬂ”PHLoo([O,T]xRQ;R) Lip (G) (1 + Lip <q))

x /OT/Otzg:‘ﬁ T _pi(T)‘ LY(R%R) drdt [By
i=1 ’

<247 C [ L|[pllg,00 0,172y LiP (G) (1 + Lip (¢))
T t
<a@) [ [ 18 = wlgso i ar By (13)
<7 C [ L]l oo (o 11 xm2:m) LiP (G) (1 + Lip (9)) ¢(p) T? |@ — wl 10 17

which proves that the map F, as in (5.4)), is L' Lipschitz continuous Wlth respect tow € W.
Let now w € W be fixed. Choose the inflows and outflows fl, f2 fz fin7 Eut. With

in’ out?

the notation in (5.1)), call (p, u), respectlvely (p,u), the Solutlon to the coupled problem (j3.8))—

[@.3)-(5.1) regulated by w and f1, f2,, f3,,, respectively fm, fm, fout Then, proceeding ex-
actly as above,

'f(wv.ﬁlnaﬁznm}?gut) _f(wvfizafzaafgut)

<47 C fillpll oo o,r)xr2;m) LiP (G) (1 + Lip (q))
T rt 3

<[ [ -ve)
=1

SUn Ol e Lip (© (1+ Lip (4))

Juab>

<7Cp ”pHLOO([O,T}X]R?;R) Lip (G) (1 + Lip (¢)) T*

- drdt
LY(R%R)

fzn fzzn f fout drdit [By []|

L1([0,7]x &}

i R) L1([0,7]xE2,;R)

X

— fin

f fout

)

L1([0,T]x & ;R) L1([0,T)xE2,;R)

which proves that the map F, as in (5.4)), is L'-Lipschitz continuous with respect to the
inflows and outflow.
Combining together the above results concludes the proof. O
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