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Abstract The relation between weak convergence of probabilities on a smooth Ba-
nach space and uniform convergence over certain class of smooth functions is estab-
lished. This leads to an extension of Lindeberg’s proof of the central limit theorem
in Banach space framework. As a result, asymptotic normality is proved for sums
of Banach space random variables including triangular arrays and weighted linear
processes.
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1 Introduction

In this paper we consider sums of Banach space valued random variables with the
aim to establish conditions for their asymptotic normality using a generalization of
Lindeberg’s elementary proof of the central limit theorem of 1922 [18].

Lindeberg’s method is simple and elegant. It is based on replacing one by one
non-Gaussian random variables by Gaussian ones and then using Taylor expansion to
get approximation bounds. This principle has been applied for proving central limit
theorems for sums of independent random variables with values in a Hilbert space by
Giné and Le6n [12], or to estimate rates of convergence in a central limit theorem in
Banach spaces (see, e.g., Bentkus et al. [4], Paulauskas and Rackauskas [19]) as well.
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Its potential for proving more general invariance results has been discovered by many
researchers and led to results on matrices with exchangeable entries (Chatterjee [7]),
on the universality of local laws (Tao and Vu [24], [25]) on matrices with correlated
entries (Banna [1], Banna and Merlevede [2], Banna, Merlevede and Peligrad [3]) and
many others. Various kernel type density (regression function) estimators produce
sums of an array of random functions to which Lindeberg CLT can be applied to help
solve various statistical problems (see, e.g. [13] and references therein).

The idea of Lindeberg was carefully examined and generalized by Zolotarev [26]
through the introduction of the so-called { metrics, which metrizes weak conver-
gence in the case of distributions in Hilbert space as later proved by Giné and Ledn
[12]. Although for Banach spaces such metrization of weak convergence is not pos-
sible in general however it is possible to connect weak convergence of probability
measures with uniform convergence over a suitable class of differentiable functions
in the case where the norm of Banach space is smooth enough (see Section 2). This
leads to an extension of Lindeberg method for smooth Banach spaces. In turn we
prove central limit theorem for a triangular array of random elements with values in
such Banach spaces (see Section 4) and establish asymptotic normality of sums of
Banach space valued linear processes as well of weighted sums of independent iden-
tically distributed B-valued random variables (Section 5). In Section 3 we present
some remarks concerning differentiability of norm and some examples of smooth
Banach spaces.

Abstract theory of smoothness in infinite-dimensional real Banach spaces and its
connections with geometrical properties have been investigated by many authors. For
a very detailed exposition of the theory, we refer to the book by Héjek and Johanis
[14]. The existence of a p-smooth bump function for 1 < p < 2, was shown to be
equivalent to certain martingale moment inequality and appeared as sufficient prop-
erty to some probability limit theorems in Banach spaces, see e.g., Pisier [20] and
Rosinski [22].

2 Weak convergence via smooth functions

In what follows B denotes a real separable Banach space. The norm of an element
x € B is denoted by ||x||g, or, if no confusion can arise, simply by |x||. The Banach
space topological dual of B is B* and we shall use the notation (x,y*) := y*(x) for the
duality pairing of the elements x € B and y* € B*. Let L(B) be the Banach space of
all continuous linear operators u : B — B, endowed with the norm ||u|| = sup{||ux|| :
x € B, ||x|| < 1}, Ig € L(B) is the identity operator. By .%;(B) we denote the Banach
space of bounded k-linear operators 7' : BX — R with the supremum norm

1T = sup{|T (h1,- . ) [ = Il < T, | < 13-

To simplify the writing, the overloading of the notation ||z|| for the norm is used
throughout the text whenever the nature of the argument z dispels any doubt on the
Banach space involved : B or one of the associated spaces of continuous operators
L(B), %4.(B), k> 1.
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The set of all probability distributions on the measurable space (B, %g) is denoted
by £ (B), where % is the c-algebra of Borel subsets of B. Throughout we use

Pri= [ Fx)P(ay

for any probability P € 2(B) and any P-integrable function f : B — R. Let us recall
here that a sequence (P,) C &?(B) converges weakly to P € &?(B) (denoted P, H%)
P) if

,}E&P”f: Pf foreach f € Cy(B),

where Cp,(B) is the class of all bounded continuous functions f : B — R. It is some-
times convenient to prove weak convergence of probability measures by showing that
P.f — Pf for aclass % of functions f : B— R which is smaller than the class Cp,(B).
In this case it is said that .% determines the weak convergence of probabilities. A well
known example is provided by the class of bounded Lipschitz functions. Recall the
function f : B — R is bounded Lipschitz if

”fHLip = Ssup |f(x)| + SUPM < o
veB vty =l

Moreover, the bounded Lipschitz distance
dpi (P,Q) = sup {|Pf = Qf|: |Iflip <1}, P.QE 2(B),

metrizes weak convergence that is P, —— P if and only if lim,_..dg (P,;P) = 0.
n—yo0

Another example is known in the case where B = .77 is a separable Hilbert space.

As proved by Giné and Leén [12], for (P,P,,n € N) C &(5¢), in order to check

weak convergence P, —— P it is enough to show that P, f — P f for every f :
n—yoo n—yoo

# — R continuous, bounded and with bounded derivatives of all orders. So the
situation in a separable Hilbert space is just as in the case of a finite dimensional
space.

In what follows for a number p > 1 we denote by | p| the unique integer satisfy-
ing p—1 < |p] < p and agree that {p} := p — | p]. The reader is warned about the
difference with the classical “floor” and “fractional part” functions, e.g. [3.9] =3,
but [4] =3 and {n} = 1 for any integer n. This is motivated by our wish to inter-
polate between spaces CZ*' and C}, of functions with respectively bounded (n — 1)
derivatives or n derivatives by spaces of functions whose (n — 1)th derivatives satisfy
a Holder condition with exponent 0 < o < 1, the special case & = 1 giving Lipschitz
(n— 1) derivatives.

More precisely we introduce for any real p > 1 the class C,(bp )(B) of functions
f € Cp(B) that are | p|-times continuously Fréchet differentiable and such that

[p] (L)) _ £(lpD)
|w@f2%va+wW W70 .

k=0x€E x#y Hx—yll{”}
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where f¥) denotes the k™ Fréchet derivative of the function f with f(*) := f. For the
definition of Fréchet derivatives and properties of Fréchet differentiable functions in

infinite dimensional Banach spaces we refer to [6]. Clearly C}()l)(B) coincides with

the class of Lipschitz functions, and [|f{/;) = || f[lLip for f € Cél)(B). By C;(B)
we denote the class of infinitely many times differentiable functions with bounded
derivatives.

Define for P,Q € £ (B),

6(P,Q):=sup{ |Pr—Qs|: feC(®), £l <1} @)

A natural question is then: for which Banach spaces B, does the class Cl(f ) (B),p>1,
determine the weak convergence of probability measures? Roughly speaking this is
true in the case where the norm of B is sufficiently smooth. To be more precise, we
define first what we mean by smoothness of a norm.

Definition 1 Let p > 1. We say that a Banach space B is p-smooth if its norm y(x) :=
|lx||,x € B, is | p]-times continuously Fréchet differentiable on the set B\ {0}, and

) . (Le) () — (L)
Y sup w0+ sp WV )
i=1 [lxl=1 x|l =yl =1 [lx—=¥ll

Evidently every Banach space is 1-smooth. If B is g-smooth for some g > 1, it is
also p-smooth for 1 < p < g. Examples of p-smooth spaces, where p > 1, are given
below (see Examples 12 and 14).

Remark 2 Our definition of p-smoothness, tailored for the Lindeberg method, looks
different of the p-smoothability as in e.g. Rosinski [22, p.159] where B is said to be
p-smoothable (1 < p < 2), if there exists an equivalent norm |- | on B such that the
modulus of smoothness

t —t
pp.(2) :—sup{W—l =1y = 1} =0(tP), ast—0.

By Lemma 19 p.246 in [14], this condition means that |- | is C'*~! smooth in the
sense of [14, Def.124, p.55]. So for 1 < p < 2, p-smoothability and p smoothness
in the sense of Definition 1 are similar up to the equivalence of norms. But the use
of p|.|(t) to define the p-smoothability induces the restriction p < 2 while we need
p > 2 for the Lindeberg method.

Remark 3 It seems worth noticing here the two following facts about y.

a) For any Banach space B, there is no Fréchet derivative of y at 0. Indeed should
v be Fréchet derivable at 0, the same should hold for its restriction to the one
dimensional subspace D = {ru,t € R}, for some fixed 4 € B\ {0}. This in turn
would imply the derivability at O (in the classical elementary sense) of the function
t + |t|, which clearly fails.
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b) If y is Fréchet differentiable on B\ {0}, then
x
y () =yl (xll) . xeB\{0}. 4)

In particular, y(!) is bounded on B\ {0} if and only if it is bounded on {x €
B, ||x|| = 1}. Another obvious consequence of (4) is that

yW(ex) =yV(x), ceR\{0}, xeB\{0}. 5)

To check (4), we note that the Fréchet differentiability of y means that for each
fixed x # 0,

[llx-+Al = llxll =y () ()| = o(lIAll), = —o0.

Puting y := x/ ||x||, u := h/||x| and recalling that y(!)(x) is a linear operator B —
R, lead to

W +u) = w() =y () @) = o(|[ul), u—0,
whence y(V (x) = w1 (y).
The main result in this section is the following theorem.

Theorem 4 Let p > 1. If the Banach space B is p-smooth, then for (P,P,,n € N) C
P (B), the following statements are equivalent

(i) Pn——P;
(ii) Puf —— Pf forany f € G} (B);
(iii) Timy 0 Cp (P, P) = 0.

The proof of the theorem will be achieved by establishing the cycle of implica-
tions:

(i) = (iii) = (i) = (i).

For (i) = (iii) we note that for p > 1, the unit ball U,, of Cép)(B) is an equicon-
tinuous family in C,(B), uniformly bounded by the constant 1. Then the convergence
P.f — P f is uniform on U, by Theorem 3.1 in Ranga Rao [21].

(iif) = (if) is obvious for f in U, and extends to any f in C;}p ) (B) by linearity of

the integral.
The hard part is (ii) = (i) which we detail now.
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Proof of (ii) = (i) To this aim it is enough to prove that if (if) holds, then for each
finite intersection A of open balls, we have P,(A) —— P(A), provided A is a P-
n—soo

continuity set (see, e.g., Billingsley [5], Corollary 2 to Th. 2.2, p.15). Recall, A € %g
is P-continuity set if P(dA) = 0, where dA denotes the boundary of A, that is dA =
A \A where A and A are the closure and the interior of A respectively.

Letforxe Band r >0, B(x,r) = {y e B: |y—x| <r}. Set

m
A= ﬂB(x,',r,‘), XlyeosXm €B, i, o1 > 0.

i=1
It suffices to prove, that

P.(A) —— P(A) whenever P(dA) =0. (6)

n—oo
To this aim, define for 0 < € < rp :=mini<j<;, 1,

m m
Af :ZﬂB(xi,ri‘i‘g)a Ae ::mB(xhri_g)'
i=1 i=1

It is easily seen that

U Ae=4, )

0<e<ry

(| A°=A":={xeB:|x—xi <r, 1 <i<m}.

0<e<ry

As intersection of closed balls, A is closed and since A C A’, the closure A of A
is included in A’. It is not difficult to find examples where this inclusion is strict
when A is empty. Of course this special case may be discarded since with A = 0,
the convergence (6) is trivial. When A is non empty, one can check that A’ = A as
follows. Let x be an arbitray element in A’. There is at least one element y in A. Then
we define y; := 22 Fori=1,...,m, ||y1 —x;|| < 3 |lx—xi[| + % [lyo — xi||. As for
i=1,...,m, ||x—x;|| <riand |[yo — x| < r;, we see that |ly; —x;|| < r; hence y; is in
A. Tterating this argument we construct the sequence (y,) is A such that y, = %
Since [|x —y,|| <27 |lx —yol[, » > 1, x belongs to A as limit of a sequence of points
of A. Therefore, if A # 0,

(| A°=A. (8)

0<e<ry

Next we construct for A # @ and 0 < € < ry, the functions f¢, f, € Céﬂ ) (B) such
that

La (x) < fe(x) < 1a(x) < 1x(x) < 5 (x) < 1ae(x) ©)

for all x € B, where 14 is the indicator function of A. Assume for a moment that these
functions are already constructed. From (7) and (8) we obtain by monotone sequential
continuity of the probability measure P,

18%1 P(Ae) = P(A), lslﬂ)' P(A%) = P(A).
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In view of (9) and recalling that A is a P-continuity set, this gives

lgiigpfe:P(A):P( ):lging(f ), (10

From (9) and the hypothesis (ii) applied with f¢, f¢,

limsupP,(A) < limsupP,f¢ = lim P, f¢ = Pf*® (11)
n—oo n—soo n—reo
and
liminfP,(A) > liminfP, fe = lim P, fe = Pfe (12)
n—roo n—yoo n—yoo

for each 0 < € < ry. Taking into account (10), from (11) and (12) we deduce (6). So,
it remains to construct the functions f%, f.

We begin with a lemma on the Fréchet derivatives of the norm of a p-smooth
space which completes Remark 3. It quantifies the explosion of the successive deriva-
tives of the norm near O.

Lemma 5 When B is p-smooth, its norm y(x) = ||x||, satisfies fori=1,...,|p],

v () =W, xes o) 13)
Moreover there exists constants c\, . ..,c|,|,Cp such that
IOl < cillxll'™, i=1,..., Lp] (14)
and
[y PD () — D )| < ep (el =7+ [yl =7 e — 1| 177, (15)

forall x,y € B,x,y #0.

Proof of lemma 5. To prove (13), we proceed by finite induction on 1 <i < |p|. The
initialization step is (4) already checked. Define forx € B\ {0},yeBand 1 <i< |p],

i X i i X i i (i i
T () 1= w1 () o0 w0 () el ) 0,

where for y € B, y¥ = (y,...,y) denotes the element of B’ with all components equal
to y and for a i-linear form L on B, L-w stands for L(w), w = (wy,...,w;) € Bl.
To complete the proof of (13), it suffices to prove that under the induction assump-
tion (13) for some i, | T4 1 (x,y)| = o(|ly]|*") for any fixed x € B\ {0} when y — 0
in B. Indeed then both symmetric (i + 1)-linear forms w1 (2) and ||x||" w1 (x)

' [E] ‘
are equal on the diagonal of B*! and this equality extends to the whole space B/*!
by symmetry.
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By the induction assumption, restricting to ||y|| < 1 to avoid a possible vanishing
of HXTH +y,

O x oo Tty
O (o) = | Sl |
[lx]l B9 "L+y“
[Ix[]
X+ ||x[|y )

e+ [l vl

el e el (

= [lxll ™" (at Jxlly)

w0 () =1 v,

By the multilinearity of the Fréchet derivatives, it follows that

and

X[ i1 (x,y) =
W et ) - () = w9 ) - (el )™ = w0 () - ([l )2+
Puting /2 := ||x||y we deduce from the existence of Y1) that [|x[[Z;1(x,y)| =

o(||R]| ") as h — 0, whence recalling that x is fixed, | T (x,y)| = o(||y||"™") when y
tends to 0, as expected.

Clearly (14) follows from (13) with ¢; := sup{ H v (y) H :|ly|| = 1}, recalling that

the definition of p-smoothness includes the boundedness of each l//(i), 1<i<|p],
on{y€B: |y =1}, see(3).

Now we prove (15). Denoting ¢ = |jx||~',s = ||y||~! for x # 0,y # 0, and us-
ing (13), we start from

[y PD () — ylleD) () || = [yl (1) P11 — 1) (gy)sle =1
< JwlPD (1x) — y1PD (sy) || lP) =1 4
ylPD) (sy)[elP) =1 — glp)=1) (16)

The first term in (16) is bounded by

H"’M)(”) _1,,<LpJ>(sy)HtLpJ—1 < o] [Jrx—sy|| P Lo

where
vy ) -y
Iwl=lell=1 [lw —z|| (P}
W+Z

is finite by the p-smoothness assumption (3). Now

It = syl[¥75 = (1l = [lelly | (el D~ =

X
il b
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and writing x — Hy =x—y+ i ‘h}'l'l)‘” Y, the triangle inequality gives

[|x y
Hx—'y < ey | A= I

[x] H
<2l =yl
¥l

b
whence, noticing that 21} <2,
[ tPD (2x) — LD (sy) P11 < 2¢, ||x,y||{p} ||xH—{p}—LpJ+1
= 2¢j [or =y P }xl) "7 (17)

To estimate the second term in (16), choose a = max{||x||, ||y||} and consider first
the case where ||x — y|| > a. In this case

e B e e T e s ] B T
If ||x — y|| < a, we claim that

eIt — P17 < 2] P Iy e =y (18)
Let us check (18). Put for simplification m := | p| — 1. Applying the elementary bound
™ —v"| = lu— || "2+ VT < u—v|m(max([ul, V)™ u,v € R,

which is optimal when v tends to u, gives

lrl=t _glet-1y | el = llyl™] . ma™

< =y 7!
™ Iy l™ = ™ ||y||m
Asm < p and ||x—y\|1_{p} < (2a)' 1P} < 24'1P} this leads to

alpl-1-{r}

|ILPJ_1 _stJ—1| S2p
x|y Lo

[x—y[| 7).

If a = ||x]||, this provides

(lpl=1 _glp]-1 a-ir} - {p} -
| <2p 2l (2 <o,

eyl Iyl
Obviously the same estimate holds replacing ||y|| by ||x|| when a = ||y||, and adding

both estimates to have a common bound gives (18).
Gathering the estimates, we obtain for the second term in (16),

y (P (sy) e PI=1 P11 < e, (a7 + (Il [l =yl 17

Accounting (17), this complete the proof of (15) with ¢, := 2max(c;,,pcm ).

Let us go back to the construction of f%, f.. Lemma 5 quantifies in some way the
non membership of the norm of B in the space Cl(f’ ) (B). To remedy this drawback,
the idea is to modify v inside the ball B(0, €) by flatening to zero the peak of v in
the ball B(0,&/2) and use a connection through B(0, €) \ B(0, € /2) smooth enough to
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obtain an approximation of y by a function g, in C[gp ) (B). To this aim, let us choose

a function u € Cl(;o)([O,oo)) suchthat 0 <u <1,u=0o0n0,1/2],u=1o0n[l,c0). Set

ge(x) = y(x)u(e”'y(x)), x€B. (19)
More explicitly,
0 if 0 < [lxf| < 5,
ge(x) = Il (1) i § < ) <,
x| if [|x]| > &.

The function g, is uniformly approximating the norm. Indeed

Sup [Y/(x) — ge ()| = sup y(x)[1 — ue”'y(x)) <e, (20)
xe X
since u(e~'y(x)) = 1,if y(x) > €.

The next lemma establishes the membership of g¢ in Clgp ) (B) and provides some
control of its norm ||g¢| p» defined by (1), in terms of the parameter €.

Lemma 6 There is a constant C > 0 such that

S”‘B’Hgé")(x)n <ce' ™ i=1,...|p] @1)
xXe
and
sup 147D (x) — gV ()| < Ce' P ||x — y| ). (22)
x,ye

Proof of lemma 6. Denoting

we rewrite
ge(x) = €v(ty).
An immediate induction provides the following formula for the successive derivatives

of v
V() = ™ (1) 4+ mu D (), t>0,m>1.

We note also that (™) (1/2) = u) (1) = 0 since u is C** and null at the right of 1 and
at the left of 1/2. The values of v(") on [0, 3]U[1,c0) are then

0 ifr<1/2, 0 ifr<1/2.
Vi=4" U= / Yy =4° NS 2 s, (23)
1 ifr>1, 0 ifr>1,

Together with the infinite derivability of v, this implies that for any integer m > 1,

) (1) —vim)(s)]
Cp :=sup W™ (1)| < o0, D, := su P @) —vi(s)]
tzg| ( )l S,tz% |¢ —S|{p}
t#s

< oo, 4)
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Using differentiation of composite functions on Banach spaces (see, e.g., Fraenkel
[11]), we find

V{x h " h 5. hm (25)
g V() (i ]; €<ZJ,>+ZG‘, ,ﬁ, () (M )
1B=

with
o) (1) o= P (o gy )1 (he ),

where 8 €< j > means that § = (f1,...,B;) withintegers §; > 1,i=1,...,,|B| =
Bi+---+Bjand B! = P! - B;!.In Y5, the summation runs over the m! permutations
oof {1,...,m}.

To prove (21), we need to bound ||/g (x)|| only for ||x|| > § since for m > 1,

V(1) =0 for t, € [0,1/2], that is for ||x|| < < £.So assuming ||x|| > § and accounting
(14), we obtain

) 1 _ 1 _B.
01 < 82111 < (e ) = L )

= cp, -~~cﬁj£*f||x|\j*m
< 2mCﬁ] .- ~Cﬁj87m. (26)

< Kne ™ and as g¢(x) = ev(ty), (21) is checked.

Consequently H%V(tx)
To prove (22), we have to find a bound of the form ce 7 ||x — y||{?} for each

Ag o (x,y) ==V ()15 o (x) VI ()15 5(v), BeE<j>i, 1<j<|pl, @7

because of the decomposition

dlel dlel Lp] 1
——(ty) — ——v(ty) = Ag 5(x,y). (28)
dx!lp] dylp] jz:lﬁggi>j;j'ﬁ' B.o

=lp

In view of (23), the discussion is naturally ordered according to the various con-
and the open interval (£,¢).

Case 1: ||x|| and ||y|| are both outside (5,€). As t,, t, are both ouside (3, 1), it is clear

from (23) that for j > 2, vU) (1) = v\)(t,) = 0 whence Ag o (x,y) = 0. For the same
reason, Ag_yc(x,y) 0 when j =1 and ||x||,|ly]| < & 5.If j=1and [[x]|, |y > &,

Aﬁ,o‘(xay)(hlv“ . ah[pJ) = (IBG(X) 71/3,0'()}))(1117' .. Jﬂpj)
— (D D) gy, )
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whence recalling (15),
[4p. e < [ =10 = e 1D (o) -y )
<cpe (677 + Iyl =) P
< 2cpe P [lx—y| 7. (29)

y|| is inside (%,€). By symmetry, it suffices to treat the

is inside (%, €) and [y|| outside.

Case 2: only one of ||x
configurations where ||x]|

’

Case 2.a: 0 < |ly|| < § < ||x]| < €. In this configuration, for j > 1 and B €< j >,
4.6 (6,9 = W (@) 1.0 () || = W9 (1) = (1) |[Ip.6(0)]| - (30)
From (24),
() =D (1)) < Dyt 1,17} = e~ P — 1yl < Dje 7 lx—y 1)
which together with (26), leads to
|45 6 (e )| < (2%, - cpDpe =y}, pe<j>i, j>1.

Case 2.b: § < ||x|| <& < ||y||. For j > 2, (30) still holds and exactly the same argu-
ment as above gives

4.6 (x.9)|| < (2Pcp, e D)e P [x =y, Be<j>., j>2.
In the special case where j =1, asV/(¢,) = 1,
Aﬁ,c(xa}’) = V/(tx)lﬁp(x) _Iﬁ,c(}’)a
whence

14,6 (x| < V' (2) =V (t)] 15,6 () || +[125.6(x) = 15,6 ()] -

Bounding the first term in the right-hand side exactly as in case 2.a and refering
to (29) in case 1 for the second one, we obtain

145 6 (e.3)|| < (2P cp, - cp,Dj+2¢p)e P e —y|[ P}, pe<i>,.
Case 3: 5§ < ||x||, |ly|| < &. We start from
146 6 (e) || < 9 (1) =V @)1+ 115 6 () || + W (1)1 g o () = Ip o )| BD)
The first term in the right-hand side of (31) is bounded exactly as in case 2.a:
W (1) = v (1) g0 () || < (2Pcp, -+ cpDp)e P k=3I, Be<j>y, j>1.

For the second term, let us treat first the special case where j = 1. Arguing as in
case 1, we just have to replace € by % in (29), so accounting (24),

W (1) [1g.0(x) — Ip. o (0)]| < 27 Crepe [x =y, Be<i>y.
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Assume now that f €< j >, with 2 < j < [p]|. As |B]| = | p], for each component

Bi of B, B; < | p]. Using telescopic summation where at each step one factor tﬁﬁ )

replaced by ty(ﬁ 2 gives

o)~ Ip o) =i(ntﬁk>(f 4 )(Htak>

i=1 \1<k<i i<k<j

with the usual convention that a product indexed by 0 equals 1. Therefore

[2p.0(x) —Ip s )| < ZH PP l : (32)

) ()

=¢g! Hl’/(ﬁk) (X)H < 8’1cﬁk ||x||1*[5k and

where

‘ }(ﬁk)

My, ( 1
1<k<i

It is easy to bound Il ; since by (14), tﬁﬁk}

as B > 1 and [|x|| > §, |lx||' P& < 2P—1g1=Px_ Obviously the same holds for “t}(ﬁ")
and all this gives

g, < 2 p)=Bi gBi—p) H Cp,.- (33)
1K< j

k£i

Recalling that 8; < |p], | <i < j, it remains to estimate for any 1 <m < |p],

Sn(x,y) o= [l = 6™ = &7y (x) =y ()]

In view of (14) it seems relevant to apply the mean-value theorem for derivatives to
the function y™ : B\ {0} — .%,,(B). But then, care must be taken of the inclusion
of the segment [x,y] in the open set B\ {0}. If O belongs to [x,y], then there exists
s € [0,1] such that (1 — s)x+ sy = 0, that is x = s(x — y) whence ||xH = s[lx—yl. If
[lx =y < 5, this equality is 1mposs1ble since s €[0,1] and ||x|| > §. Accordingly we
separate the cases |[x—y[| < § and ||x—y|| > §.

If ||x — y|| < §, by the mean-value theorem, (14) and the convexity of the function
tet M,

m+1

Sulxy) <€t sup [y V(1= s)x-+sy)|[ I =

5€[0,1]

B &N}
<e et sup (1 =sxtay " (5) T eyl

s€[0,1] 2
<2lrle,., S}‘P]((lfw||x||-m+suy||"")s‘“’} =y
s€[0,1

<ol emmin} ||x_yH{l’} )
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If ||x —y|| > § itis enough to use (14) as follows.
v =y )| < w @)+ | v )
< e IIxll " H Iy T) < 27eme!

Noticing that here € < 2||x—y

, this gives
S(x,y) < omtrte, g=m={r} [l _yH{p} )
So we can retain from both cases the common bound:
8n(x,y) < 2P} max(cpp, i) e P e — y|| P

for £ < [|x||,[ly|| < &, 1 <m < [p]. This together with (33) enables us to bound the
M term in (32) as

I, 1P _ 4P|l < olp)=Pighi-Lr) I1 cp. 2P P max(cg , cp41)e PP x — y||{P)
15k<j
ki
=2 ] cp, max(ep, cpen)e " x—y]| .
1<k<j
ki
Finally, accounting (24),
W) ||lp.0x) —Ip.s )] < ce =y, Be<j>i,2< i< |p].
This completes the proof of (22) and Lemma 6 O

Next for each € > 0 we construct a | p|-times Fréchet differentiable function ¢, :

B — R such that
1 ] <1
= 34
0e(x) {o if x| > 1+€ )

and
Lp) _ _ (r)) 1y _ g llrD)
Z sup €’ sup Hd)g(])(x)H + sup e” sup Ide”” () = ¢c ()] < oo, (35)
j=0€>0  xeB e>0  x#y ||x_)’||{p}

To this aim, let the function g € Cl(,w) (R)besuchthat 0 < g <1,g(t)=1,itr < 1/8,
q(t)=0,ifr >7/8. Set

9e(x) = g(e ™ (gess(x) — 1)), x€B.
If ||x|| < 1, then (||x|| — 1)e~! < 0 and

8e/8(¥) — 1 geg(@) =1 |lx||—1 N [l]| — 1 - 8e/s(x) — ||x]|

<1/8
€ € € € €
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therefore ¢¢(x) = 1. If ||x|| > 1+ ¢, then

8es(¥) — 1 gep(@) =1 xf—1 L= 1+8s/8(x) bl -1
€ € € € € €
| 8es) =1 a1
€ &

> 1 >1-1/8=17/8,

therefore ¢ (x) = 0 and (34) is confirmed. There remains to evaluate the derivatives of
the function ¢;. This can be done in much the same way as we proved (21) and (22).
Finally we use ¢, € > 0 to define the required functions

o) ﬁ¢e,;l<r;1<xxi>>, fol) ﬂmw-]((n«s)-l(xxl-)).

It is straightforward to check that || f¢||, < e and || f¢||, < . This completes the
proof of (ii) = (i) and Theorem 4 O

Theorem 7 [f the Banach space B is eo-smooth, then for (P,P,,n € N) C #(B), the
following statements are equivalent

(i) Py —— P;
n—oo
(ii) Puf —— Pf forany f € C;”(B).

Proof. The proof of Theorem 4 is adapted for the case of c-smooth Banach space
as well. One needs to follow its lines having in mind that p-differentiability of func-
tions involved are co-differentiable (or p-differentiable for any p > 1). So the finally

constructed functions f¢ and f belongs to ijo)(B). O

Remark 8 From the proof of Theorem 4 we see that the differentiability of the norm
could be substituted by its smooth approximation in the sense that for each € > 0,
there exists a | p|-times Fréchet differentiable function ¥, : B — R such that

(a) forany € >0,
sup| e (x) — w(x)| < &;

xeB

(b) with some constant C > 0,

sup |yl ()| < ce' i i=1,...,|p].

xeB

(c) with some constant C > 0,

(LrD) 2y _ yLP])
wp 170w

<ce'r.
x#£y,x,yeB HX*)’H{’J}

Remark 9 Since C(B) € C")(B), if p > p' it holds
Cp(PaQ) S Cp/(PaQ)v PaQ S ‘@(B)
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Remark 10 For B-valued random variables X,Y we set

CP(X’Y) = CP(PX7PY)7

where Px denotes the distribution of X. Hence, if B is p-smooth then in order to check

convergence in distribution of a sequence (X,,n € N) of B-valued random variables

to a B-valued random variable X it is enough to prove {,(X,,X) — 0. The use of
n—soo

¢, in proving convergence in distribution of random variables is attractive due to the
following simple but powerful properties of {,:

(a) foreachc e R,
$p(cX,cY) <max{l,|c|P}{,(X,Y);

(b) if the B-valued random element Z is independent of (X,Y), then

CP(X+Z,Y+Z) S CI’(XvY);

(c) for independent B-valued random elements Xi,...,X,;Y1,...,Y,,
n n n
G( XX Y1) < Y G Yo). (36)
k=1 k=1 k=1

These properties of {, were discovered by Zolotorev [26], but actually are easy to
prove. The statement (a) follows directly from the definition of {,. To prove (b) one

needs to use Fubini theorem and invariance by shifts of the function space Cl(f )(B)

that is under the transformations 7 : Cé”)(B) — C;p)(B), fLf:=f(x+-),x€B.
Finally (c¢) follows from (b) and the triangle inequality.

3 Some remarks on smooth Banach spaces

Various aspects of differentiability of Banach space norm are discussed in Sundaresan
[23].

3.1 Smoothness and type 2

Recall a Banach space B is said to be of type 2 if there is a constant K > 0 such that
for any finite set of elements x1,...,x, in B and Rademacher sequence €y, ...,¢, (the
€; being independent and such that P(g; = —1) = P(g;=1) = 1/2),

1/2

1/2
(Ellewxs + -+ &) 2 < K (e |4+ [l 37)

By the Khintchine-Kahane inequality giving the equivalence of moments of Radema-
cher sums Y; &x; see e.g. [17, Th.4.7], the second moment the left-hand side of (37)
may be replaced by the first one, leading to the equivalent definition of type 2 by the
inequality
/ 2 24172
Elexi+ - +&x|| <K ([xi]]”+-+ lall7) 77 (38)
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Moreover, by e.g. [17, Prop.9.11], if the separable Banach space B is of type 2,
there is a constant K > 0 depending only on B such that for any finite set of mean
zero independent B-valued random elements X, ..., X,

X1+ + X > <K*(E[Xi|* +- - +E[|X,]%). (39)
This obviously implies that

2 241/2

ElIXi+- -+ X[ < K(EIX1 7+ +E X)) " (40)
Conversely, if in a separable Banach space B, any finite set of mean zero independent
B-valued random elements Xi,...,X,, satisfies (40), then choosing X; = €x; shows
that B satisfies (38) hence B is of type 2.
Proposition 11 If the Banach space B is 2-smooth then B is of type 2.

Proof. We just have to prove that (40) is satisfied in B. We use the functions g,
£ > 0, defined in (19) which are in C\”)(B) by Lemma 6.

For any fixed a,b € B, the map f: [0,1] = R, ¢t — f(¢) := g¢(a+1b) has clearly
a continuous first derivative f'(¢) = g<81>(a +1b)-b,so f(1)— f(0) = fol f'(¢)de, that
is:

1
gg(a+b)—g8(a):/o ¢V (a+b)-bdt, abeB. @41)
Denoting S0 =0, S; = X; +---+Xj,j=1,...,n, we have by (20),
E||Su|l < €4+Ege(Sy). (42)

Recalling that g.(0) = 0 and applying (41) gives

n

Ege(Sn) = E(ge(5:) — e(0)) = X B (2e(S) —ge(S-1))
j=1
" B (W
-y / E (s (51 +1X)) - X; ) dr.
=170

It is well known that if ¢ is a continuous linear form on B and X a random element in
B which is Bochner or Pettis integrable, E ¢(X;) = ¢ (EX;). Combining this property

with the independence of S;_; and X; gives via an obvious Fubini argument that

E(gl(S;-1)- X)) = (Bgt(S;-1)) - (EX;) = 0.

This enables us to rewrite the above decomposition of Eg¢(S,) as

n 1
Ege(Sy) = J; /0 E ((gfel)(Sj—1 +1X)) — g (S,-1)) 'Xj) dr.
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As g satisfies Lemma 6 with | p] = {p} = 1, we can use (22) to obtain

1 1

Egs(Sn) < Z/O E H (gfgl)(sj_l _|_th) _gz(-:l)(Sj_l)) XJH N
Jj=1

E{ — (|tXi|| || X;

jZ—:I/O (SHt JHH J||> dr

Going back to (42), this gives

IN

C n
BlSull <&+ Y EIX]% (43)
j=1
Minimizing in € this upper bound, yields (40) with K = 2C"/2. O

3.2 The case of Hilbert spaces

Example 12 Let 7 be a separable Hilbert space with the inner product (x,y) and the
norm [|x|| = /{x,x), x,y € 7. Then y(x) = ||x|| satisfies c; := sup,_; W) (x)] <
oo for any j > 1. This can be seen from y(x) = ((x,x))"/? and the fact that the inner
product is a bilinear function, hence its first derivative is a linear function whereas its
second one is a constant. So in Hilbert space the convergence P,, ,HLQ P is equivalent

to P,f — Pf for any f € C;’ (). As well the weak convergence is metrizable by
£i(Py,P) for d > 1. The following result proved by Giné and Leé6n [12] is also a
corollary of Theorems 4 and 7.

Theorem 13 Let 5 be a separable Hilbert space. Then for (P,P,,n e N) C 2 ()
the following statements are equivalent:

(i) Ps ——P,
n—oo
(ii) Puf —— Pf for every f C\ (#);
(iii) for at least one d > 1, lim,_,e §4(P,,P) = 0.

3.3 Smoothness of L, spaces
Example 14 Let (S,.7,v) be a o-finite measure space, p > 1. By Z,(S,v;R) we

denote the set of measurable functions x : S — R such that [g|x(s)|?v(ds) < eo. The
corresponding Banach space is denoted by L, (S,.”, v;R)) or shortly L, (S, v) and is

endowed with the norm
1/p
Il = ([ rvias) ™

Throughout we assume that the spaces L,(S,v),p > 1, are separable. This is
the case if . is countably generated or if (S,.”,V) is V-countably generated: there
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exists a sequence (S,,n > 1) C .7, consisting of sets of finite v-measure, which v-
essentially generates . in the sense that for all A € . we can find a set Ag in the
o-algebra generated by (S,,n > 1) such that v(AAAp) = 0, see Proposition 1.49 in
Hytonen et al. [16].

As proved in [19, Prop. 2.23], the norm y(x) = |[x[|., is [ p| times continuously
differentiable on L, (S, v) \ {0} and satisfies ):,E’;JO SUP [y =1 [[w®) (x)]| < co. We use
here the following notations : 1 (x) := (w(x))?, g(t) := [t|?, f(t) := |t|'/?. The
method used in the proof of [19, Prop. 2.23] is to establish the |p|-continuous dif-
ferentiability of y; by a Taylor formula techniques and as ¥ = fo y; and f is in-
finitely differentiable on R\ {0}, the | p| times continuous differentiability of y on
L,(S,v)\ {0} follows. In what follows we adopt the Toscano notation for the falling
factorial, that is for any real number r and any integer k > 1,

With this notation the derivatives of f and g are conveniently expressed as
1\*
0= (1) W Esn(f, g0 = pHEsn(f, 10k 1 @
p

In the proof of [19, Prop. 2.23], it is shown that y* (x) = A, (x), k =1,...,7,
where the k-linear form Ay (x) is defined by

Ak(x)(hl,...,hk):/Sg(k)(x(s))hl(s)---hk(s)v(ds), hiy...hi €L, (45)

For our aim it is useful to explicit here the iterated use of Holder inequality mentioned
in [19] to check the continuity of the k-linear operator Ay (x). This way we obtain a
bound of the norm ||Az(x)]| %, in terms of p, k and ||xHLp. In view of (44), the

problem is reduced to the successive “extractions” of ||4 ||Lp beee ||hk||Lp via Holder
inequality applied iteratively along an ad hoc sequence (p1,q1),---,(pk,qx) of con-
jugate exponents, starting from the integral J; := [ |x|P~*|h]|...|h|dV. To this aim

we choose pi=p—i+1,qi=pi/(pi—1)=(p—i+1)/(p—i), 1 <i<k. Itiseasily

seen that
p

p—i’
The step i — i+ 1 of this procedure consist in applying Holder inequality as follows

qi---qi = qi1---gi-ipi=p, i=1,.. k (46)

1
Ji = (/ 11 (0K |y 14 dv) e
s

qi(p—k) i ‘71‘]“%’ P ql"'qli—lpi
< 10K |44 dy s ([ | 0ra-iei gy
S N

= Jip1 [|hill, -
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At the end of this procedure we obtain J1 < Ji1 || ||Lp fee ||hk||Lp, where

p—k

1
gy (D— a1--ak P B
o = ([ oo tray ) — ([lapav) " =i,
S S

using (46). From this bound for J; we deduce that for every x € B\ {0} the integral
in (45) is well defined, that the k-linear operator Ay (x) : (L,,)¥ — R is continuous and
satisfies

(v | =140, < PEIIL S x£0 T<k< ] @D

To prove the p-smoothness of L, we have to check (3). Recalling that y = foyq,
we can use differentiation of composite functions on Banach spaces as in the proof
of Lemma 6:

() X
Z ij (v ))Iﬁ,o(x)(hh""hm)’ 1<m<|p],

j=1pe<j>, © J'B!
|B|=m

m

(48)

with the same summation conventions as in (25) and
I Ry ) = WP () (R hoy ) wP () (h he, ). (49
B,G(x)( Iy« m) v (x)( S EREEE) 0[31) v (x)( On—pj17"" " Gm)' 49)

Write U:={x € L,(S,v): Hx||Lp = 1} for the unit sphere of L,,(S, V). As y;(x) =1
for x € U, it follows from (44) that

79 (91 ()| = ‘ (;) |

xeU. (50)

Moreover B €< j >, have all its components f3; > 1, so by (47),
[P | < pb, xew. 1)

Gathering (48) to (51) we obtain

Lp)
Z sup

k=1x€U

] <o

It remains to check that y(l?)) satisfies

(LpD) (x) — wllp))
p 1) D )]

xyeU b=y tr}
X7y

(52)
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As a preliminary, we check the following inequality
|la]*sgn(a) — |b|*sgn(b)| <2'"*la—b|*, abeR, ac(0,1).  (53)

To this aim, we put ¢ := max(|al, |b|), d := min(|al, |b|) and use the elementary in-
equalities

1<t%4(1-n*<27% o0<r<l. (54)
If sgn(a) = sgn(b), the choice of t = d/c in (54) leads to ¢* —d®* < (¢ —d)%*, whence
lal* sgn(a) — 5| sgn(b)| = [lal® — |b[%| = ¢ —d* < (c—d)® =|a—b| .

If sgn(a) # sgn(b), the choice of t = ¢/(c +d) in (54) gives c¢* +d% < 2!=%(c+d)?,
whence

|la|*sgn(a) — |b|*sgn(b)| = ¢* +d* <2'"*(c+d)* =2""%a—b|*.

Proof of (52).
Case 1 < p <2.Here [p| = 1and forx,y € L, with [|x|[L, = ||y[lL, = 1 we have

1

W) =¥ O] = (v ()PP 0 0) = w1 ()P4 0) )
- %Iwi(x)(h) — W) 0)

As v is the linear form A1, (44), (45) and (53) with @ = p — 1 give

W0 = 00 = [ [l senlx(s) ~[y(5)1" " sen(r(s)](s)v(as)
< [ 117" sen(a() = Iy(s) " sen((s)) (o) v(ds)

< /22*” [x(s) = y(s)[P~ " [A(s) | v(ds)
S
Applying Holder inequality with exponents p and g = p/(p — 1) we obtain

W/ () () = W ) (B)] < 22|l — || A,

This inequality being valid for every A in L, (S, V) and as {p} = p— 1 here, it follows
that [|y/(x) — y' ()| <227 x—y[[{", 50 (52) is satisfied when 1 < p < 2.

Case p > 2. By (48) and (50), we have for x,y € U,

Lp) ]
[virhw -y <Y ¥ Z'“j{g?" l4p.oCen. 69
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where Ag (x,y) := Ig 5(x) —Ig 5(y). Using telescopic summation as in the proof of
Lemma 6 and (51), we get

faotel< £ 11 v u)\w o] (11 o)

1<k< <k<

<X || 1T 59

]<k<]
k#i

Now it remains to find a suitable control of each increment H W](B 2 (x)— l//l(/3 2 () H

If 2 < j < |p], the multiindex B has at least two components, so 1 < §; < |p].

Then y;" has a continuous derivative on B\ {0}. So if 0 ¢ [x,y], recalling (47), we
get

< sup [

z€[x,y]

(Bi) D ’

[ v )|l —l

< PPl sup [[(1=t)x+ey]|P Pt x—y|
r€[0,1]

<2p Bl pBtl iy (57)

To complete the case j > 2, notice that O € [x,y] if and only if y = —x. In this special
case, ||x — y|| = 2 and accounting (51), we can simply write

P @ - w0 < WP )| + WP (0 <208 = pB k-1 59)

Now, [lx—y|| < 2!1P} ||x — y||{”} for x,y € U, so from (56)—(58), there is a constant
K dependent only on the space L, (S, v) such that

Lp] (1
y ylied {p' ‘V|Aﬁoxy||<1<llx WP, xyeu. (59
Jj= Zﬁ‘§<]>+ o ﬁ

I=Lp)

It remains to treat the sum of terms for which j = 1 in (55). Here 8 is a mono-
index necessarily equal to |p| and by (56), one can bound this remainding sum R
as

o)l < 5 [0 - w0

Recalling (45) and (44), we have for hy,... ,hm eL,(S, V),

(W00 = w7 0)) o) = P2 [ (1P s — [y P sgny)i -y
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Using iteratively Holder inequality exactly as in the proof of (47), we obtain
b\
[ = i )] < 12 ([ [l s 1 sen| )
{r}

<2!-riplel (/ o=y dV) "
S

thanks to (53). Finally R < K'||x — y||{” } with a constant K’ depending only on p and
recalling (59), this completes the proof of (52). O

Recalling that by [19, Prop. 2.23], if p = 2/ is an even integer number, then the
norm Y(x) is infinitely many times Fréchet differentiable, we can summarize about
L, smoothness by the following proposition.

Proposition 15

(a) Forany p > 1, the space L,(S, V) is p-smooth.

(b) If p =20 is an even integer, then the norm of L,(S, V) is infinitely many times
Fréchet differentiable on L, (S,v)\ {0} and has bounded derivatives on the unit
circle, so that L,(S, V) is d-smooth for any integer d > 1.

Theorem 4 and Proposition 15 yield the following results.

Theorem 16 Let p > 1. For (P,P,,n € N) C Z(L,(S,V)), the following statements
are equivalent:

(i) Py ——P,
n—yoo
(ii) Pnf — Pf forany f € C}(,p)(Lp(S,v));
(iii) 1imy—se0 &, (P4, P) = 0.
Theorem 17 If p > 2 is an even integer, then for (P,P,,n € N) C Z(L,(S,v)) the
following statements are equivalent:
(i) Py ——P,
n—soo
(ii) Pnf — Pf forany f € Céw)(Lp(S,v));
(iii) for at least one d > 1, lim,_,e §4(P,,P) = 0.

4 Lindeberg CLT in p-smooth Banach spaces

First we implement in Th. 21 below the main principle of Lindeberg method and
compare the sums Y;" | X, with sums of independent Gaussian random variables.
Beforehand, it seems convenient to recall the notion of B-valued stochastic integral

with respect to a white noise which plays a key role in our proof of Th. 21.

Definition 18 Let (S,.7, ) be a measure space and .7 := {A € .¥; U(A) < oo}. A
white noise with variance ( is a stochastic process W = (W(A); A € %)) defined on
some rich enough probability space (Q2’,.%',P’) such that
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(a) foreach A € %, W(A) is areal valued Gaussian random variable with mean zero
and variance [L(A);
(b) ifA € HA,...,Aj € S are disjoint, then W(A;),...,W(4;) are independent and

w (OA,-) = iW(Ai), j>2.
i=1 i=1

Next, following Proposition 3.3 in Hoffmann Jgrgensen and Pisier [15], one can
construct a B-valued stochastic integral with respect to W. Classically we define first
this integral for functions g in the space %(u) of #-simple functions g, that is of
the form g = ):{le,-lAi, with x; € B, A; € S, 1 <i<j, j> 1 and extend it to the
whole space L2(S,.7, i, B). The next proposition is essentially stated and proved in
[15]. Our rewriting of its statement and proof is motivated by the need to explicit
Corollary 20 in view of its role in Th. 21.

Proposition 19 If B is of type 2 and W is a white noise with variance L on some
probability space (Q', F',P), then there exists a unique linear map

[W iLZ(&y’MB) HLz(Q/ay/aP/?B)a g’—>IW(g>: /gdW7
JS

such that the following statements hold.

(a) For everyg:le:lx,-lAi, where x1,...,x; €B, Ay,...,A; € A, j> 1,

J
Iy (g) = /S gdW = Y xW(A)). (60)
i=1

(b) There exists a constant C such that for every g € L*(S,.7, u,B),

EH/gdW
S

(c) Forevery g € L2(S,.7,u,B), JsgdW is a Gaussian mean zero random element
in B.

(d) If D',D" € PBg are disjoint, [;, gdW and [, gdW are independent for every g in
L2(S,.%,u,B).

2 .
<c [ gl au. (61)

Proof. The coherence of the definition of Iy (g) by (60) when g is a .#-simple
function is checked in a standard way using the additivity property (b) in Defini-
tion 18. Checking the linearity of Iy on the subspace %y(u) of simple functions in
L2(S,.7,u,B) is then straightforward. Next, if g € .Z(u), it can be represented as
g= Z{:] x;14, where the A; € ¥ are disjoint, which was not requested in (60). As
B is of type 2 and the x;W(A;) are independent with mean zero and finite second
moment, there is a constant C depending only on B such that

2

j j
<CY EluW(A)|* =CY [ll*EW(4)*.
i=1 i=1

j
Ellhy (9)|” =E ;XiW(Ai)
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As the random variables W (A;) are mean zero with respective variances (L(A;), this
implies

J
Ellw ()P <Y Jull*u(4) = € [ lg]” ap.
i=1

Therefore Iy is a continuous linear map .%y(u) — L?*(Q',.%’,P’, B) and by density
of Z (1) inL2(S,.#, u,B), Iy has a unique continuous linear extension to this space,
still denoted Iy, and satisfying (61) with the same constant C.

To prove (c), we check that for every u € B*, u(lw (g)) is a Gaussian random vari-
able. This is clear for g simple since then u(ly (g)) is a linear combination of indepen-
dent Gaussian random variables. In the general case, g is the limit in L*(S,.%, u,B)
of a sequence (g,) of simple functions. Combining the continuity of the linear func-
tional u with (61) gives

Elu(hy (¢)) — uhw (8:))* < C 1l [ lg =g dp

which shows that u(Zy(g)) is a Gaussian random variable as limit in quadratic mean
of a sequence of Gaussian random variables. Moreover, for every u € B, Eu(Iy (g)) =
lim, e Eut(fw (g,)) = 0, whence Ely (g) = 0.

To prove (d), we first note that for g simple, g = ¥/_, x;14, with the A; disjoints,
and D € PBg, [pgdW = [sglpdW =Y/ x;W(A;ND). Since D’ and D" are dis-
joint, so are the sets AyND/,...,A;ND', A;ND",...,A;jN D", which provides the
independence of

j j
Y’:/gdW:inW(A,-ﬂD/) and Y”:/ gdW =Y xW(A;nD").
D =1 b i=1

This independence is preserved when g is the limit in L>(S,.%, u,B) of a sequence
(gn) of simple functions since then, ¥, = [, g,dW and Y = [, g,dW converge
in probability to Y’ = [, gdW and Y” = [},» gdW respectively which implies the
convergence in distribution of (Y,,Y,") to (Y’,Y"). Then the distribution of (Y',Y") is
the product of the distributions of Y" and Y” which is equivalent to the independence

of Y and Y”. O

Now, denote by X a B valued random element defined on a probability space
(2,5,P) with distribution Py = PoX ~1 (which is a probability measure on %g)
and such that EX = 0, E||X||* < o. Let us denote by Q = cov(X) € L(B*,B) the
covariance operator of X, that is the linear bounded operator from B* to B defined by

Ou=E ((u,X)X), uecB".

Since B is of type 2 and E||X||> < oo, the operator Q is pregaussian (see, Theorem
3.5. in Hoffmann Jgrgensen and Pisier [15]), so there exists a Gaussian mean zero
random element Y in B with covariance operator Q. One way to construct such an
Y is to apply Prop. 19 with S = B, .%¥ = %g, u = Px, which gives the following
corollary.



26 Alfredas Rackauskas, Charles Suquet

Corollary 20 Let B be a separable type 2 Banach space and X be a random element
in B defined on some probability space (,.%,P). Denote by Px :=PoX~! the
distribution of X. Assume that E ||X||* < coand EX = 0. Let W = (W(A),A € %g) be
a white noise with variance | = Px defined on some probability space (Q', F' P').
As E||X||* < oo the identity map, Idg : B — B, x — x, is in L*(B, Bg,Px,B), so we
can define a Gaussian mean zero random element Y in B by

Y ::/BIdB dw :/BxdW(x). (62)

Then the following statements hold.
(a) With the constant C in (61),

E||lY|* < CE|x|?. (63)

(b) For every g € L*(B,%g,Px,B), the Gaussian mean zero random element Z =
Jg &AW has the same covariance operator as g(X). In particular, Y and X have
the same covariance operator.

(c) For every symmetric T € £>(B) and every g € L2(B,%g,Px,B),

ET(g(X),¢(X)) =ET(Z,2) (64)
and in particular ET (X,X) =ET(Y,Y).
Proof. (a) is a simple translation of (61) in the special case under consideration.
For (b), we have to check that Oz = Qgy) Which is equivalent to E (u(Z)v(Z)) =
E (u(g(X))v(g(X))) for every u, v in B*. For g = ¥'/_, x;14, with the A;’s disjoint,
u(Z) =Y, u(x;)W(A;), whence by independence of the A;’s,
J .
E(u(Z)v(2)) = Y ul)v(x)Px(4) = [ u(g(x))v(e()dPx (x)
i=1
=E (u(g(X)v(3(X)))-

Valid for every g simple, this equality extends to the whole space L*(B, %g, Px,B)
by the continuity of Iy. In particular for g = Idg and ¥ = [3Idg dW, Oy = Ox.
The proof of (c) is similar and will be omitted. O]

Theorem 21 Assume that B is of type 2. Consider an array of B-valued random
variables
anv“ankv"'vanm lﬁkSVn,nZL

where the probability space (2,,. %, P,) underlying the n'™ line may vary with n and
foreachn > 1, the X,, 1 < k < r,, are mean zero independent and

'n
My =Y B[ Xl < oo, (65)
k=1

Then for each n > 1, one can construct on some probability space (2], %),P}) inde-

pendent mean zero Gaussian B-valued random variables Yy, ...,Y,,,, such that for
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1 <k <ry, Xy and Yy have the same covariance operator and for any § € (0,1],
and any € > 0,

I'n

§2+5 (rznxnk, Z Ynk) < C(B,(S) (MnS(S +(Mn+ 1) anEHXnkHzl{”Xnk” > 8}) N

k=1 k=1 k=1
(66)
where the constant ¢(B,8) > 0 depends only of the type 2 constant of the space B
and of 6.

Proof. We fix an arbitrary n > 1 and prove (66) for the n'™ line of the array. In view of
the property (36) of {,_ s, the problem reduces to proving that, given any mean zero
random element X in B such that E||X ||? < oo, one can construct, possibly on another
probability space than the one supporting X, a mean zero Gaussian random element
Y in B with the same covariance operator as X, such that

Gres(X,¥) < c(B,8) (P EX I+ (1+E X P EIXIP1{|X]| > }).  (67)

To this aim, choosing Y as in Corollary 20, we have to estimate |E f(X) —E f(Y)|

for f € C§72+6)(B) such that || f||,, s < 1. By Taylor formula at the order 1 with inte-

gral remainder,

f(X) :f(0)+f’(0).X+/01(1 —1)f"(tX).(X,X)dt. (68)

To exploit fully the membership of f in C1<72+5) (B), we rephrase this formula as

FX) = F0)+ O X+ 37O X)+ [ (1-0)(7() - £/(0) (X, X) .
Applying the same treatment to f(¥) and using E(f(0).X) = f’(0).(EX) =0 and

similarly E(f7(0).Y) = 0, together with (c) in Corollary 20 applied with the bilinear
symmetric operator T = f”(0), we are left with

[Ef(X)—Ef(Y)] <R(X)+R(Y),

where
R(Z):= /Ol(l—t)EH(f”(tZ)—f”(O)).(Z,Z)Hdt, Z=X.Y.

By the 8-Holder continuity of f” and || f||,, 5 < 1, ||/"(tZ) — f"(0)|| <|[[Z]|° < || Z|°
whence

(" (2) - £"(0)).(Z,2)| < 1ZI° |z, 2)|| < |Z|**° Z=X,Y.  (69)

AsY is Gaussian, E||Y||**® < oo, which gives a first estimate of R(Y), by integra-
tion with respect to 7 in (69):

1
R(Y) < SB[V |, (70)



28 Alfredas Rackauskas, Charles Suquet

Concerning R(X), only the finiteness of E||X||? is available, so we use (69) only
on the event {X < £} where ||(f”(X) — £"(0)).(X.X)| < €%[|X|*. This gives

[ a-nB(( 00 - 7). x| 1] < e3) o

1 1
S/ (1-0e’E[X|* 1{|X|| < e}dr < Je°B|X|*. (71)
0
On {||X|| > €}, we simply use the fact that || /|| < 1, so ||/ (¢X) — f”(0)|| < 2. This
gives

[ a-B((" 00 - 7@) x| 1] > €3) o
< [ 21— 0EIXP 11X > e} = EIX P L] > ¢} (72

Our next step is to control the bound (70) in terms of the distribution of X only.
Since Y is Gaussian, there is for every r > 0 a constant &, depending on r only, such
that (E||Y||")/" < x.(E||Y||*)"/2. One possible value is obtained using the inequality
P(||[Y || >1) < 4exp(—12/(8¢2)) where 2 = E||Y ||, see e.g. (3.5) in [17], which gives
K, = 23/272/"C(r/2+1)V/7. In particular,

14+8/2
246 2406 2
By <3 (BIv)?)

Next, recalling (62), we note that Y = ¥/ + Y/, where
Y. = / AA{|x] < e}dW(x) and Y= /x1{||x|| > e} dW(x)
B B

are independent Gaussian random elements in B by Proposition 19 and Corollary 20.
Since B is of type 2, it follows by (39) that
248 s Fy 2 2 1+5/2
BllYI* < k2 2K (B||vP+E [l *)

By Proposition 19 (b) and the convexity inequality (a+b)" <2"~!(a" +b"), a,b >0,
r > 1, we obtain with a constant y5 := 25/2K2215K2+5C1+5/2, C being as in (61),

1+8/2
EllY|**® <y (EnxnM 1{IX)| < e} + (BIXI 1{1X]| > }) )
5/2
<% (85E||X||2+ (EIxI?)™ EIXIP 11X > s})

<% (e BIXIP+ (1+EX?) EIXIP 1{]x]| > €}) . (73)

Now gathering (70), (71), (72) and (73) gives (67) with ¢(B,8) = (1 +75/2).
To conclude, choose a probability space (€),.%#,,P)) rich enough to support

n n
a sequence of independent white noises (W,;x)1<x<,, Where the variance of W, is
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the distribution of X,;;. Define on this probability space the corresponding sequence
(Yak)1<k<r, of Gaussian random elements in B by Yy := [gIdg dWiy, 1 <k < 1.
Each pair X, Y, satisfies (67). Bounding (1 + E|[X,c||*) by 1+ M, and summing
overk=1,...,r,, we obtain (66). O]

Hence, in p-smooth Banach space B where p > 2, the proof of convergence in
distribution of the sequence };_, Xu,n € N, to a B-valued Gaussian random vari-
able Yy, is reduced by Theorem 21 to the proof of convergence in distribution of the
Gaussian sequence ) j_; Y« to Yp. The later is controlled by convergence of covari-
ance operators. In any finite dimensional space this is not a problem. In any separable
Hilbert space as well as in Banach space of type 2 with approximation property, the

9 . . . .
convergence Y ;_, Y, —— Yy is obtained from convergence of covariances in nu-
n—oo

clear norm (see Chevet [8]).
Recall an operator u € .Z(B) is said to be nuclear if it admits the representation

u(x) = ) fi(x)yx,

ngk

k

where f;, € B*,y, € B, and

Y el [yl < o.
k=1

The greatest lower bound of the sum Y72 || /x|l - |[vk|| taken over all possible repre-
sentations of u is called the nuclear norm of u and is denoted by vy (u).

Theorem 22 Let the Banach space B be p-smooth for some p > 2 and has approx-
imation property. For each n > 1 suppose that X,1,...,Xus, is a sequence of mean
zero independent B-valued random elements such that sup,cyY," | E [ Xu||* < eo.
Let Qyj :=cov(Xy,;j), j=1,...,ry,n > 1. If there is a linear bounded operator Q €
L(B*,B) such that

Tim v (FZ1 0.;—0) =0. (74)
and for each € > (),
'n
lim ) E [ Xu [ 1{][ Xl > £} =0, (75)
k=1
then Q is pregaussian and
I'n >
Z Xk i) YQ, (76)
=1 n—oo

where Y is a mean zero Gaussian random element in B with covariance Q.

Proof. Let the Gaussian triangular array (Y,x,k = 1,...,r,;n > 1) be as constructed
in Theorem 21. Since

rn n n 'n
CP(ZXnkaYQ) < Cp( ZXnk; ZYnk> JFCp(ZYnkaQ)v
k=1 k=1 k=1 k=1
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it is enough by Theorem 21 to prove

my

lim ¢, (k:ZlYnk,YQ) =0. (77)

This is equivalent to the weak convergence of Gaussian distributions and as it is
proved in Chevet [8], the convergence Y, | Y, -z, Y follows from (74). O
n—soo

To check convergence in nuclear norm might be a quite complex task. In some
concrete Banach spaces, the direct proof of convergence in distribution of Gaussian
random variables is easier to achieve. As an illustration consider now the case of L,
spaces. In what follows, (S,., 1) is a measurable space where the measure (U is o-
finite. We denote by p areal in (2,00) and by ¢ = p/(p— 1) its conjugate exponent. We
assume moreover that the space L, (S,.”, u;R) is separable. We denote respectively
by ¥ ® .7 and u ® u the product o-field and product measure on the Cartesian
product S?. We will use the abbreviations:

LF(S) ::LP(Sayau;R)v LP(SZ) ::LP(Szay(g)ya“@.u;R)'

For real valued functions u,v defined p almost everywhere on S, u ® v denotes the
function defined u ® p almost everywhere on S? by (u® v)(s,t) := u(s)v(¢). This
notation is extended in an obvious way to random elements in L, (S).

Theorem 23 (CLTinL,, p >2) Let (X,x,k=1,...,r,;n € N) be a triangular array
of mean zero independent random elements in the separable space L, (S, , u;R).
Assume that the following conditions are satisfied.

(a) SupneNzl:nzl E‘|Xnk||ip < oo
(b) For any € >0,

'n
. 2 B
,}ggk; E [ Xl 1{1 Xy, > €} = 0.

(c) There is a mean zero Gaussian random element Y in L, (S, ;R) such that

Y E(Xu @ Xur) —— :=E(Y®Y) in L,(S%,.7®.7, p® w;R).
k=1 e

(d) Denoting by 0, and o the non-negative elements of L,(S,.7, u;R) defined by
02(s) == X EXu(s)? and 6% (s) :=EY ()2, p-a.e on’S,
/ o’dy — | o?du.
S n—oo J§
Then

I'n

Z Xk 7Y inthe space L, (S, , u;R).
=

The proof requires the preliminaries gathered from Lemma 24 to Lemma 27.
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Lemma 24 Assume that f,g € L, (Sz) satisfy for all A,B € . of finite [L-measure,
/ fd(u®u)=/ gd(u®p). (78)
AxXB AXB

Then f =g, (W@ u)-a.e. on S*.

Proof. Let us remark first that the integrals in (78) are well defined because 14 and
1p are in L,(S) since pu(A) and u(B) are finite. We first prove the lemma in the
special case where 1 (S) < oo and then extend the result to the general case by using
the o-finiteness of . To simplify the writing, we denote by C, 1 C the fact that the
sequence of sets (C,),>1 increases to the set C, that is C, C Cp4 for every n > 1 and
Up>1C,, =C.

Case where |1(S) < co. Let us introduce the class .Z of sets C € . ® .7 such that
fand g are u ® u integrable on C and [ fd(u® u) = [ fd(u ® ), together with
the class Z := {A x B,A € .,B € .}. As u(S) is finite, the same holds for 1 (A)
and i (B) and (78) gives the inclusion Z C .¥. Clearly, Z is a m-system, i.e. closed
under the formation of finite intersections. The class .Z satisfies the three following
properties.

(A1) S? belongs to .Z. Indeed 1g € L,(S?) because fi(S) < oo.

(L) C,C'e £ and C C C'imply C'\ C € Z. This follows easily by writing for 1 =
1.8 Johd(pou) = Jchd(p@u)+ Jonchd(p® p) and using the membership
of C,C'in Z.

(A43) {Cy,n>1} C Zand C, 1 Cimply C € . Indeed the equality [, fd(L®u) =
Jo,8d(n @ p) gives fo, (fF +g7)d(u@u) = fg,(g" +f7)d(u®p) and by
B. Levi’s monotone convergence theorem, we obtain [-(f*+g¢ )d(u®@u) =
Je(g™ +f7)d(u@p) thatis fo fd(u@p) = Jcgd(p@ ), s0CE€ L.

Hence £ is a A-system. As it contains the 7m-system %, by Dynkin’s 7-A theorem,
see e.g. [5], it contains also the o-field generated by %, that is the product . ® .7
As £ was defined as a subset of .Z it follows that . = . ® .. In other words

VWCes®S, '/Cfd(u®u)=/cgd(u®u)- (79)

Now with C = {f > g}, (79) gives [-(f —g)d(p®pu) =0. As f — g is positive on C
this implies 4 @ u({f > g}) = 0. Similarly one check that p @ u({f < g}) =0, so
finally u @ u({f # g}) =0, thatis f = g u ® p-a.e. on S?.

Case where [L(S) = . By o-finiteness of u, there is a sequence (S,),>1 in ., such
that S, 1S and u(S,) < o for each n > 1. Let us equip S, with the o-field .7, :=
{Ae SACS,} ={A'NS,;A’ € .7} Then we can apply the previous case to each
measured space (S,,.%,, i), n > 1, which gives f = g, (U ® p)-a.e. on S2. As S? =
Up>1Sy X Sy, this gives f = g, (U ® u)-a.e. on S%. O

Proposition 25 If X and X' are mean zero random elements in L,(S) with finite
strong second moment and the same covariance operator, then

E(X(s)X (1)) = E(X'()X'(t)) for u® u almost every (s,t) € S*.
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Proof. If X and X' have the same covariance operator, then for all u,v € Lq(Sz),
E(<X, M> <X7V>) = E(<X/7 u> <X/,V>).

Holder inequality and Fubini arguments legitimate the rephrasing of this equality as

JLEOXOuv(0)dn o ulsn) = [ EE X (0)uls)vlr) du e p(s.0).

As for any A, B € . such that 1(A), U (B) < oo, the functions u =14 and v = 1 are
in L, (S), Lemma 24 gives the expected conclusion. O

In what follows we use for notational convenience the indexation by infinite sub-
sets of N* =N\ {0} to denote subsequences. So any (infinite) subsequence of (uy),>1
can be denoted as (u,)ner with I infinite subset of N* and the convergence of this sub-

sequence will be denoted by —I> or limy,_eo ney-
n—oo,ne

Lemma 26 Let & be a Gaussian random element in L,(S) =L, (S, , u;R) having
a representation

£E= 1d dw,
Ly(S)

where W is a white noise. Then for [-almost every s € S, E(s) is a mean zero Gaus-
sian random variable.

Proof. By construction of the L,(S) valued stochastic integral with respect to W,
there is a sequence of L, (S) valued simple functions f, = ):ljl] hyila,; where the hy;
are in L, (S), and for each n, the A,;, 1 <i < j, are disjoint, such that with &, :=
pr(§> fndW,E|&, —& ||f, — 0. Let us fix a representant still denoted A,; in each class

of functions 4,,;. Then
jil

€n<s) = Zhni(s)W(Am'>
i=1

is a Gaussian mean zero random variable as a linear combination of the independent
Gaussian mean zero random variables W (A,;). Now the conclusion of the Lemma
follows if we prove that for y-almost every s € S, E|&,(s) — &(s)[> — 0.

Our first step in this way is to prove that the convergence E ||€, — & Hf, — 0 implies
E||&, — ||, — 0in our Gaussian setting. To this aim we use the following estimates.

Bl &l <E(11g &1, (151, +161,)"")
< (EHén _€||127) ]/Z(E(Hgnup+ ||§Hp)2[172)1/2

1/2
2 - 2p—2 - 2p—2
< (El&—&I) " (22 El&I > +27E|j€ )72

As the Gaussian random elements &, and & have strong moments of any order, we

just have to bound E||&, Hi’kz uniformly in n. Using (3.5) in [17] we get for r > 2,

E|&,|" :/ rt P >t dt</ 4t lexp | ——— | dr
1817, A (I18nll, > 1) dr < A p 8E||§n||f,

1/2
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Now the convergence to zero of E||&, — & Hf, implies the convergence of E ||<§,,||?7 to
E||§||127 so there is some ng such that E||§,,||i < 2EH§||§ for every n > ng. Hence

SUp,.», EllEal, < Jo"4rt™exp(—12/(16E||€|3)) dt < eo.
Finally, since

El&~ &l = [[EI&() - E(6)I"du(s) - 0,

S n—yoo

we can extract a subsequence (E|&,(s) — &(s)|”)nes Which converges to zero -
almost everywhere on S. So there is some measurable subset S’ such that p(S\
S') = 0 and for every s € S lim, 00 ncs E|&n(s) — &(s)|P = 0. As p > 2, this im-
plies 1im, eo uer E|Ex(s) — E(5)]? = 0. So for every s in S, &(s) is limit in quadratic
mean of the sequence of mean zero Gaussian random variables (&, (s))nes hence & (s)
is a mean zero Gaussian random variable. 0

Lemma 27 Let X be random element in L,(S) such that E ||X||i < oo Let & be a
Gaussian random element of the form & = fL Id dW, where W is a white noise
with variance Py.

i) For p almost every s €S, 6%(s) := EX(s)> =E&(s)%
ii) Moreover ¢ € L,(S?).

Proof. To prove i), we recall that the proof of Lemma 26, provides a measurable
subset S’ such that 4 (S\S") = 0 and an infinite subset / of N* such that for every s € S’
(E|&:(s) — E(5)|P)ner converges to zero and (E &, (s)?),e; converges to E& (s)2. So it
suffices to prove that one can extract a subsequence (E&,(s)?),c; for some infinite
subset J of I, converging to EX (s)? for u almost every s € S'. Moreover it is enough
to prove i) in the case where U(S) < oo. Indeed when (S) = oo, by o-finiteness
of u, there is a sequence (S,),>; in .7, such that S, 1S and pu(S,) < e for each
n > 1 and the same holds with (S),),>; and S, where S}, := SN'S),. Then clearly if

EX(s)> =E&(s)? p-ae. in S}, the same equality holds p-a.e on S'. So let us assume
from now on, that u(S) is finite.

Now we note that £, was defined as &, := [ »(S) fndW, with

fo —=1dL5), inthe space L? (L, (S), 2 L(9): PxsLy(S)).

n—

This convergence means that

dPy —— 0,

/ X s) (X
Ly(S) Lp(S) oo

Ju(x) =1dp (s (x)

which can be reformulated as

2/p
B0~ XIR, 5 =E ([ 106D -X0Paue)) 0 50)

Since p(S) is finite, i /u(S) is a probability, whence as p > 2, for any g € L,,(S),

: 1/p . 1/2
(freran) = u@vr 2 ( [lefan)
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This enables us to deduce from (80) that

E [ 16(X(:) =X©)Pdu() = [ EUX($) = X(5)Pdu(s) =0

n—oo,n€l

Then there is a measurable subset S” of ' such that u(S'\'S”) = 0 together with
a subsequence (E|f,(X(s)) — X(s)|?)nes, With J C I, converging to zero for every
s €S”. Now we have for every s € S”, lim, e nes E fu(X (5))> =EX (5)%. As f,(X) =
Z{ilxnil,qm (X), with the A,; pairwise disjoint, E f,,(X (s))? = {ilxm(s)sz (Ani).
On the other hand, &,(s) = Iy (f,)(s) = {il Xni($)W (Apni) where the W (A,;) are in-
dependent centered Gaussian random variables with respective variances Px (A.;),
E&(5)2 = X0 %i(5)2Px (Ani). S0 E £, (X (5))? = E&,(5)? -ae. on S”. Finally,

EX(s)>= lim Ef,(X(s))>= lim E&,(s)> =E&(s)?, u-ae.onS”,

n—ooneJ n—ooneJ

which completes the proof of i).

To check ii), by combining i) and Lemma 26, one see that for  almost every
s €S, 02(s) =E&(s)? and £(s) is a mean zero Gaussian random variable. For every
such s, o(s) = (EE(s5)2)'/2 < (E|E(s)|?) /7 since p > 2, whence o(s)? < E|&(s)|P.
Therefore

[orau< [EiEran=E[El}, <=
S S

since the Gaussian random element & in L, (S) has finite moments of any order. [

Proof of Th. 23. Puting 2+ 6 = min(p,3) and applying Th.21, we deduce from (a)
and (b) that lim, e &4 5 (X7 Xak, L Yak) = 0, where the Y, are choosen as in the
proof of Th.21, thatis Y,;; = fL IdL, (s) AWak, where the W, are independent white

noises with respective variances Py,,. So it remains to prove that {5 ():Z"l Yok, Y )
converges to zero, which is equivalent to ¥, | Y, —> Y in the space L, (S). This
last convergence will be established by provmg that

(i) For every u € Ly(S,., 1, R), (L™, Yk, u) converges in distribution to (¥, u).
(i) The sequence (¥;", Ynk)n>1 is tight in L, (S).

To prove (i), we remark that ( ,Z”: 1 Yuk,u) and (Y, u) are mean zero Gaussian ran-
dom variables, so the announced convergence in distribution will follow from con-
vergence of their variances. To prove this last one, we note that

Var (Yoo t) = BV = [ u(5)u(t) EX,u (5)¥oe (1) dt © pu(s.1),

so using the independence of the Gaussian random variables (Y, u), 1 <k <r,, we
just have to prove that

[t ZEYnk Vul0)du@n(s.0) = [ ulouEY ()Y (1)du @ p(s.n)
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By Proposition 25, we can replace the X,;’s by the Y,;;’s in the above convergence
which then appears as an obvious consequence of Assumption (c) since u @ u belongs
to L,(S?).

To prove (ii), according to Cremers and Kadelka [9, Th.2], it suffices to prove that
with ¥, ==Y, | Vg,

limsup [ E|Y,|” du §/E\Y|p du.
S S

n—se0

In fact, we will prove that
lim/E|Yn|”d,u:/E|Y\”du. @1)
n—oeo S S

By Lemma 26 and Lemma 27 i), for y almost every s € S, Y,(s) and Y (s) are cen-
tered Gaussian random variables with respective variances 67 (s) = Y | EXy(s)?
and 62(s). This implies that

EY,(5)|” = 0u(s)’mp, E[Y(s)]” = G(s)"m)

where m,, := (27) /2 [*_|z|P exp(—7?/2) dz. This way, (81) is reduced to Assump-
tion (d) and the proof is complete. O

5 Asymptotic normality of weighted sums

Let (X;,j € Z) be a set of B-valued random elements. Assume that E(X;) = 0 and
E ||X;||> < o for any j € Z. Consider the weighted sums

Zy:=Y aniXe, n€N, (82)
k=0

whenever they are correctly defined, where {(a,x,k > 0),n € N} C R. We assume
that foreachn e N, ), aﬁk < oo,

Theorem 28 Assume that the Banach space B is p-smooth with some p > 2. Let
(Xx,k € Z) be i.i.d. B-valued random elements and Q := cov(X;). Assume that

(i) cn = supy>qlank| — 0 as n — oo;
(ii) b= Yys0a2, — lasn— oo,

Then, for each n, the series Y ; a Xy converges a.s., and

Y auXi —— Yo. (83)
=0 n—oo
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Proof. Since the space B is of type 2, we get by (40) forany 1 <[ <m,

m m 5 1/2
Y ani|| < k(L Ellanxl?)
k=l k=l

m 1/2
<k(Yak) EIx)
k=l

E

Due to Condition (ii), this implies that the series Y, a,xXj satisfies Cauchy’s cri-
terion in the space L! (2,7, P;B), hence converges in L! and in probability. By inde-
pendence of its terms, it converges also a.s., according to Ito-Nisio theorem.

Without loss of generality we assume that p =2+ § with some 0 € (0,1). Let
m > 1. We apply Theorem 22 for X,y = a Xk, k = 0,...,m. In this case the sum
Y it o Yux has the same distribution as A,,,Yp, where Aﬁm =Y aﬁk, Anm > 0. Hence,
by (66) in Th.21, with ¢ := ¢(B, d),

m
S (Z a,,ka,AanQ> < C{SsAng [1X1 ”27L
k=0
2 2 - 2 2
(1+ALEIXP) Y anElIXull” laud X[ > €} |-
k=0

This gives the following bound uniform in m > 0:

m
Cp (Z ankaaAanQ> < Cb% [£5E HXI ||2+
k=0

(1+B3E X, P E[IX|* e |1X:]| > €}]. (84)
Now we estimate
$o(Am¥o.Yo) = sup { [Ef (Aun¥o) ~Ef(Yo)| - £ € C (B, |Ifllp <1}

As the random elements A,,,,Yp and Y are defined on the same probability space, the
writing E (f(AunYp) — f(¥Yp)) makes sense and we obtain

B f(AmYo) —Ef(Yo)| = |E (f(AmYo) — f(Yo))| < E|f(AmYo) — f(Yo)|
< ES‘EIIB)HfI(X)H 14nnYo —Yol|

< 1= A EYoll,
because || f|(,) < | implies sup,g || f'(x)[| < 1. Therefore
Cp(AnmY,Yo) < |1 —Aun|E[[Yol, m=0. (85)

Next, by the regularity property of {,, see (b) p.16 and the independence of the X’s,

Cp (i A X, i anka> < (07 i anka> .
k=0

k=0 k=m+1



Asymptotic normality in Banach spaces via Lindeberg method 37

By Taylor formula at the order 1 with integral remainder, see (68), it is easily seen
that if Z is a random element in B and EZ = 0, E || Z||* < o, then £,(0,2)<1E Iz
Therefore,

m o K2 =)
[ (Z anXi, Y, anka> < 7]5||X1H2 Y ay. (86)
=0

k=0 k= k=m+1

Finally, by triangular inequality for the distance {,,, gathering the estimates (84),
(85) and (86) gives

oo K2 oo
& (Z anka7YQ> < 71':'”)(1“2 Z aik‘i""n(s)"‘ |1 — Al [[Yoll,
k=0 k=m+1

where u,(€) denotes the right-hand side of (84). Using Assumption (ii), letting m
tend to infinity in the above inequality gives §, (¥;—anuXk,Yp) < un(€), whence by
(i) and (ii),

limsupCp (Z anka7YQ> S CEHX1||2£5'

n—yoo k=0

By arbitraryness of €, we conclude that lim,, e, C, (Y5 auXk,Yp) = 0. O

Next consider a B-valued linear process (Xi,k € Z) defined by
Xe=Y vie;, &7)
j=0

where innovations (&, k € Z) are i.i.d. B-valued random variables such that Egy = 0,
Q¢ = cov(g), 0 < 6% := E||&]|[* < o and the linear filter (y;,j > 0) C L(B) is a
sequence of linear bounded operators such that yy = Idg and

2 will <= (83)
j=0
This condition ensures the a.s. convergence of the series in (87). In this case we set
Y=3"0V

Theorem 29 Let B be a p-smooth Banach space, p > 2. Let (Xi) be a linear pro-
cess defined by (87), where () satisfies (88). Let (an j,j € Z,n € N) C R satisfy
conditions (i)—(ii) of Theorem 28 and

(iti) 1imy o0 Yhez (@ns1 — ang)* =0.

Then,

- 2
];)anka nA—;:) YlP*Qs'}l'
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Proof. We have

oo

Zn=Y auXe =Y am Y Vig ;= Y Vi Y @i j= Y ViZuj,
k=0 k=0  j=0 =0 k=0 j=0

where Z,,; 1= Y ank€— j. Writing Z, = Z), 4+ Z;, where
Zy =Y Wi(Znj = Zu0)s Z =Y WiZno
=0 Jj=0

we consider each Z, and Z, separately. By Theorem 28,

=

_@
Z;l/ = 'P(Zn ) =y ( ank£k> n_}—w> 'P(YQS) ~ Ylp*Qely.
0

k=

P L
To complete the proof we show that Z, —— 0. To this aim let us assume for a
n—oo

moment that the following two properties hold true:

SUPEHZ”/H2 < oo (89)
n,j

and
lim ||Z,; — Zu0|| =0 in probability, for each j € N. (90)

n—soo

Let € > 0 and J € N. Spliting Z], in two sums indexed by j < J and j > J, leads to

J € €
P(HZZH>8)SP<ZH%|'||an—Zno||>2 +P Y Wil 11Z0j = Zuol| >5
j=0 j>J

O
Applying Markov inequality at order one gives

4
o (L w201 § ) < Bspelzl vl
n,j =7

J>J

By (89) and (88), taking J € N large enough, one can make the right side of the
preceding bound as small as one wish. Then the first probability on the right side
of (91) is small as one wish by (90) and taking n € N large enough. Therefore

z n_%; 0 holds true subject to the forthcoming proof of (89) and (90).

For (89), as the sequence (&;);cz is i.i.d., it is clear that for each n > 1, all the Zyj
have the same distribution, so it suffices to check that sup, - E 1Zol|* < oo. As B'is
of type 2, it easily follows from (39) and the equidistribution of the independent &
that

E|Zwol* < K*E|l&o)* Y a2
k=0

Hence (89) results from Assumption (ii).
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To check (90), we show that in the decomposition

-1 )
Znj=Zp0 =Y anirj€&+ Y (anirj—ani)&,
=0

i=—j i=
both sums converge to zero in quadratic mean. For the first one,

2

—1 —1
<Ky E||an7,»+j£,<||2 =Kk* Y a2, ;E|el < KVE|&| 2,
i=—j i=—j

E

-1
Z 'an,i+j8i

i=—j

which tends to zero as n goes to infinity by Assumption (i). For the second sum,
2

< K’E||g|)? Y (anivj— ani)*.
i=0

=

Y (anij—ani)e

i=0

E

Let us denote by d the Euclidean distance in the sequence space ¢*(N). Then
j—1

2
Z(an.ﬂrj - an,i)z < ( d((an,i-H-H)iZOy (an,i+l)i>0)>
i=0

2
</ Orgf‘fjd ( (@nisi1) 500 (@nist) ,»20)

=0

< Z (Gnis1 —ang)?,
=0

which tends to zero as n tends to infinity by Assumption (iii). Hence (90) is estab-
lished and the proof complete. O

Examples of summation methods (a,x,k € N,n € N) that satisfy conditions (i)—
(iii) include the following (see [10] for more examples):

Cesaro summation corresponding to

I, if0<k<n
g = (n+1)7128 0 i,
nk = ( ) 0, otherwise.

Here, ¢, = (n+1)""2, b2 =1 and 7 o(@nrs1 — anp)> = 1/(n+1).
Abel summation corresponding to

g =/ 20(1 —e Ve ™ /2 >0,

where A,, — o as n — oo. In this case,

2 1/2
Cn = 2/’141(173_1/171)’\’ (l ) v_T_}Ov

22 (1—e=V/2)2 2, (1 —e /M)
1—e*2/ln B ]-|—e*1/ln n—yoo

—

b2 =20y (1 —e VA2 Y e/ =
k=0



40 Alfredas Rackauskas, Charles Suquet

o

had 2
Z (amkﬂ - an«,k)z = 2)%(1 - eil/ln)z Z (ei(kﬂ)/xn B eik/kn)
k=0 k=0

2 (1—e VAt ]
o 1—6_2/%’ ~ T}% n—yoco O

Borel summation corresponding to

e Mk
ank = \ﬁ(ﬁln)l/él k & 5 k> 07 2'n ——> .

! n—oo

To check (i), recalling that max;>o P(N = k) where the random variable N has the
Poisson distribution with parameter 4, is P(N = m) withm < A, <m+ 1, we get

l,,lnm

Ch = \ﬁ(nl,,)l/“ e "

m!
By Stirling formula, m! = /2w m™+/2e¢="(1 4 §,,) with lim,, . 8, = 0, whence

) <n71/4 (m+1)1/4efm(m—|—1)m B (1+%)m+1/4 . .
n > m1n+1/26—n1(1+8m) - (ﬁm)1/4(1+5m) (nm)1/4 H—300

To check (ii), we refer to [10] where it is proved by using the Bessel function of
the first kind, see (2.8) and (2.9) therein.
To check (iii), we note first that

k+1

= S o A A, 2
Z (anJH—l _an,k)z = Z 2 ﬂl,,e 2 (k')z ( 1) = /Nfln d:ulna
k=0 =0

where f; (k) := (A(k+1)~' —1)? and g, is the discrete measure

=

)LZk
- A/ —2A
M), .—];)(2 TAe (k!)z) 6k.

In what follows we simplify the notations by replacing A, (n — ) by A (A — o). It
is easily seen that the peak of the point masses of y, is at k = [A]. We will use the
following estimates for the left and right tails of u,, obtained by comparison with
geometric sums.

le QLZj 12 .
k; k)2 S (IR A= 0<j<4, (92)
=J

A AN (1) Y .

LGP < (P Gy -2

k=j

Let 1/2 <t < 1. We split [y in [; + [+ [ with left, center and right intervals
L:=NN[0,A —A%],C:=NNA—-A%A+A%),R:=NN[A+A%,).
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Estimation of [; fj du; . Let j be the unique integer such that j <A — A% < j+1. As
f2.(k) < A? on L and accounting (92),

52 72112]' )LZ
< —_—
/szdm <2V7mA TEET:
We note that
12’ < A? _ 1 _ e
A2—2 7 A2—(A—-A%)2 1—-(1—-A71)2 2

By Stirling formula, ((j+1)!)? =2x(j+1)2U+)+1e20+D(14+§;,1)%, soas j+ 1>
A=AT ((j+1)1)? > 2m(A — AT)PA2A 12242272 (1 1§, )2, whence
6—2112/' e—ZAAZj(jJr 1)2 e2 e—zm/lzz—zm(/l N 1)2 e2
G2 (GO T2 (A AT 5,2 2m

Tl(l)v

where Ty (1) := Ae 227 (1 — A7 1)22"-24 Next, using In(1 —1) = —t — 12 /2 4 o(1?)
ast — 0,

272

Ti(A) = exp (227 + (27 —22)(— A" = Az
—Aexp (=¥ +0(A%F 1))

+o(A72)))

since 372 = 0(A%*7!). As 21— 1 > 0, for any @ > 0 and ¢ € (0,1), A*T1 (1) =
O(exp(—cA?™ 1)), whence

[ $dm = 0 (exp(=ea®* 1) = o).

° 2
Estimation of [ f; ;.. One easily check that for k € C, f;, (k) < ( 2 l,) ~ Q22
As uy (C) < uy, (N) ~ 1, this gives

/CfA duy, =0 (A*"%) =o(1).

Estimation of [ fp . Fork > A +24%,0 < A(k+1)~! < 1 whence f3 (k) < 1 so
1/2.-22 A%
/Rf;tdu;tgh/ﬁ Y Al 3
k>A4+A7
Denoting by j the unique integer such that j <A + A7 < j+ 1, (93) gives
A1/26-20 Ak 1/2372&12". (j+1)? .
k>A4+AT (k|)2 B (]')2 (j+1)2_)‘2

By increasingness of the function s — s/(s — a) on (a,), the last factor is estimated
as

(jJrl)Z < (;L+Ar)2 _ 12(1+)Lr—1)2 N )LI—T
(G+1)2=22 = (A+A7)2 A2 2Al+T 2% 2
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By Stirling formula, ((j+1)!)? > 27(A + A7)2A+2ATHe=2A=2A"=2(1 1 5. )2 50

e—leZj B ),ZJ(j—i—l)z - i ezlflﬂ—&—ﬂf(l _~_lr+1)2 iT
G2 (G+D)? 72w A+ A7) (A4 AT)(14851)2 27

where T5(1) := Ae** (1 + A7) "22=24" Since In(1+1) >t —12/2 for t > 0,
A2172
T>(A) < Aexp <2M — (24 +217) (x“ - 2)) =dexp (—AFT 14277
As27—1>0,foranya>0andc € (0,1), A9T»(A) = O(exp(—cA?*" 1)), whence
[ 13 dms = 0 (exp(=c> 1)) =o(D).
R
Gathering all estimates gives [y f; dit; = O (A**?) = o(1), concluding the check of
(iii).
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