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Abstract

We study a class of high frequency path functionals of a diffusion with a sticky-
oscillating-skew (SOS) threshold, including the case of a sticky-reflection, and
establish convergence to the local time. This extends existing results on sticky, oscil-
lating (regime-switching) and skew or reflecting diffusions in several directions. First,
it considers any normalizing sequence (u, ), that diverges slower than n. Second, it
allows combinations of these features. Based on this, and an approximation of the
occupation time, we devise consistent skew and stickiness parameter estimators.

keywords and phrases: local time approximation, occupation time approximation, stickiness
etimation, skewness, reflection, oscillating diffusion coefficient
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1 Introduction

It is known that the local time at the point { of an It6 diffusion with smooth coefficients
X can be effectively approximated using high-frequency statistics of the form

9(un(Xizx = Q)), (1)

where ¢ is an integrable bounded function, (u,), is a sequence that diverges slower than
n, and (X;/,); are observations of the diffusion.

These approximations are used to estimate quantities of interest of a diffusion. For
instance, in [5], they are employed for localized estimates of the diffusion coefficient.
Statistics like are also used to estimate stickiness, skewness and oscillation jump of a
diffusion [1, 13), 14}, 15} [16, 18], 20]. It is possible that a diffusion spends positive amount
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of time at a threshold upon contact. We call such threshold sticky and the amount of
time the diffusion spends at the threshold is governed by a parameter called stickiness.
Also, it is possible that the excursions of a diffusion exhibit total or partial reflection
at a threshold. We call such threshold skew and the reflection rate is governed by a
parameter called skewness. The oscillation jump of a diffusion is the jump-discontinuity
of the diffusion coefficient. This defines a regime-switching behavior as the dynamics on
each side of the oscillating threshold are different. The simplest cases of diffusion that
exhibit these features are the sticky Brownian motion [4], the skew Brownian motion [§],
and the oscillating Brownian motion [12]. It is possible to define an elementary process
that combines all these features, the sticky-oscillating-skew Brownian motion (SOS-BM).
This process, defined in Sections [2.2] plays a central role in this work.

In [13} [15] 18], local time approximations are employed to estimate the skewness parameter
of a skew Brownian motion. In [16], the diffusion coefficient of the oscillating Brownian
motion is estimated using approximations of the occupation time for each half-line. For
some Lévy processes, local time approximations are employed to estimate the volatility
jump [20]. Convergence rates for the oscillating-skew Brownian motion are obtained in [1§]
for the case u, = y/n. In [I], the consistency of an approximation of the local time at
a sticky threshold is demonstrated for normalizing sequences w,, diverging slower than
Vv, ie., (uy), diverges and (u?/n), vanishes as n diverges. This approximation is then
leveraged to propose an estimator for the stickiness parameter.

In this paper we aim to achieve the following objectives.

1. Prove that the approximation holds at a sticky threshold for any sequence (u,),
that diverge at a rate slower than n. This question was left open in [I], where the
author exclusively considers sequences diverging slower than n'/? in the case of
sticky Brownian motion.

2. Prove that the approximation holds at a skew and oscillating threshold for any
sequence (u,), that diverges slower than n. In existing literature, this has been
demonstrated only for w, = /n [15, [18].

3. Establish consistency of the approximation at a threshold that exhibits possibly
simultaneous oscillation, stickiness, and skew.

4. Devise consistent estimators of stickiness and skewness parameters at an SOS
threshold or a sticky-reflecting threshold. When possible, devise also consistent
estimators for the diffusion coefficient.

For simplicity, we consider a reflecting threshold to be an SOS threshold with skewness
B € {—1,1}. Therefore, the term SOS includes the cases of reflection and sticky-reflection.

The main challenge, especially in estimation, is that the limit is intricately dependent on
the process behavior in the vicinity of the threshold of interest, thereby encompassing
stickiness, skewness, and the volatility coefficient. For simplicity, we suppose there is a
unique SOS threshold, located at 0.

Another challenge is that the proofs rely on the time-scaling of the SOS-BM which,
at high frequencies, results in an exploding stickiness. This is handled by forcing the
test function g to vanish at the sticky threshold. We then prove that the action of the



exploding stickiness on the absolutely continuous part of the transition law is bounded.
Last, extending the findings from the SOS-BM to a diffusion with an SOS-threshold
necessitates singular versions of stochastic calculus results, specifically Ito-Tanaka and
Girsanov. We prove explicit versions of these results in Appendix [A]

Outline: In Section [2] we state the main results of the paper. In Section [3} we prove the
local time approximation holds for the SOS-BM and SOS-diffusions by first assuming a
similar result holds for the sticky-skew Brownian motion that is proved in Section [6] In
Sections [4| and [5] we provide estimates on the SOS-BM semigroup and a preliminary local
time approximation. These are used to prove the main results of the paper. In Section [7]
we prove that the occupation times can be approximated by Riemann sums and then use
this to prove the estimation results in Section [§]

Regarding auxiliary results, in Appendix [A] we prove, in the presence of an SOS-threshold,
explicit versions of [to-Tanaka and Girsanov. We also prove the interplay between
oscillation and stickiness for the SOS-BM. In Appendix [B], we establish the time-scaling
of the sticky-skew Brownian motion. In appendix [C] we provide the proofs for Section [4]

2 Main results

We now state the main results of the paper. We first set notations and define notions of
convergence in which these results are expressed.

2.1 Preliminaries: some notations and notions of convergence

The local time approximation results are expressed in the following type of convergence.

DEFINITION 2.1. Let (A"),>¢ be a sequence of processes defined on the probability
space (2, F,P). We say that (A"),>1 converges locally uniformly in time, in probability
or u.c.p. to A% if

Vt>0: sup‘AZ—AS| —T 0.

s<t n—700

We denote this convergence with

An P-u.c.p. AO

n—=o0
The following result gives a sufficient condition for u.c.p. convergence to occur.

LEMMA 2.2 (see [11], §2.2.3). If A" and A have increasing paths and A is continuous,
then
A} LN A;, Yt € D, with D dense in Rt — A" % A.
For the estimation results, we consider the notion of conditional convergence in probability.
The reason is that these estimators are consistent conditionally on the event that the
threshold of interest (that we consider to be 0) is reached. For an event £, let P*(-) :=
P(-| £) be the conditional probability on L.



DEFINITION 2.3. Let (A"),>0 be a sequence of processes defined on the probability
space (Q, F,P). We say that (A"),>; converges to A° in probability, conditionally on L,
if A" — AY in P£-probability. We denote this convergence with

A P2 0,

n—oo

Let X be a continuous real semi-martingale. We denote by (¢¥(X)),er the right local
time field of X defined in [19, Theorem VI.1.2] via the Tanaka formula. We denote by
(LY(X))yer the symmetric local time field of the process X, defined for all ¢t > 0 and
y € R by

(X)) + 67 (X)

LY(X) =
t ( ) 2 )
where
GF(X) = lim (77(X), 47 (X) = lim 67" (X).

It is not always the case that the right and symmetric local time fields are equal. An
example is the skew Brownian motion, see e.g. |2, Theorem 2.1]. Typically, path-wise
characterizations of diffusions are expressed in terms of the symmetric local time, see
e.g. [22]. Most results, like the occupation times formula [19, Corollary VI.1.6] and the
representation of martingale diffusions |21, Theorem V.47.1] as a time-changed Brownian
motion are expressed in terms of the right local time.

2.2 Local time approximation for SOS-BM

The SOS-BM is the diffusion with state space I C R defined through (s, m), where s,m
are defined for all z € R by

B 2x . () — 1 +sgn(x)p . .

with p > 0, € [-1,1] and
00(x) = L(—o00)(2)0— 4+ Lo 400y (®)o > 0.

If 8 € (—1,1), then I = R. The cases f = —1 and § = +1 correspond to negative and
positive reflection. In these case I = (—o0,0] and I = [0, 00) respectively.

For simplicity, we avoid specifying I, and we write R. The information on the state-space
is included in the pair (s, m).
If X is an SOS-BM defined on a probability space (€2, (F)i>0, P), then, from [22], (X, B)
solves the system
t
X =Xo+ [ oulX.)Lx 0y dB. + BLUX),
t o (3)
/ Lix,z0pds = §L?(X)7
0



for a standard Brownian motion B, where LY(X) is the symmetric local time X at 0. To
make explicit the dependence on the parameters, we refer to the SOS-BM defined in ({3)
as the (p, B, 09)-SOS-BM. Also, we denote by m, s,,,) the measure defined in ({2)).

We are now ready to provide our first result.

THEOREM 2.4. Let X be an SOS-BM solution to (3)) on the probability space (2, (Ft)t>0, Px)
such that Xo = x, Py-almost surely. Let also (uy,), be a sequence that diverges slower that
n, i.€.

and let g be an integrable bounded function with g(0) = 0. Then,

[nt]
S gl Xs) S ([ gam) 2ox), )
n i1 n n—-oo R

REMARK 2.5. We observe that the limits in Theorem [2.4] do not depend on p. Indeed,

since g(0) = 0,
/ gdm = gdm
R R\{0}

which does not depend on p.

The above result is a straightforward consequence of a more general result, Theorem
(taking T the identity function). Passing through an intermediate function 7' is the key for
extending Theorem to more general SOS-diffusions. This is done in the next section.

THEOREM 2.6. We consider the assumptions of Theorem and let T be a twice
differentiable function such that for some € > 0 and all v € R,

T(0) =0, 7'(0) =1, e<T'(r)<1/e, T (z)| < 1/e. (6)
and gn|T] be the sequence of functions defined for all n,x by
gn[T](x) = g(unT (z/un)).

Then,

[nt]

S ) 222 ([ gam) 20)

n n n—>o0
i=1

2.3 For an SOS-diffusion

We consider the following system

t t
X, = Xo+ / (X)L {x 0y ds + / 0(Xs)1{x.200 dBs + BLY(X),
; 0 (7)

t
/ Lix,—oyds = gL?(X%
0



where B is a standard Brownian motion, p > 0, 8 € [—1,1] and b,0 : R — R.

We suppose the following condition on (b, ) and the state space of the diffusion I C R
that guarantees existence and uniqueness in law (see [22]) and allows the usage of Girsanov
theorem in Section [3]

CONDITION 2.7. I =R, or one of the half lines: [0,00) if B =1 or (—o0,0] if f = —1.
The coefficients (b, o) are taken such that

1. weak existence and uniqueness in law holds for @ This is equivalent to the process
that solves the SDE dY; = b(Y;) dt + o(Y;) dB; having weak ezistence and uniqueness
mn law,

2. o€ CYI\{0}),

3. if X solves (7)), P,(Xo=x) =1 and 0 = (¢/(X;) — g((iXtt)))tZO, then for all x € 1,

5, [oo ([ 0.am -] [(#a)] =1
0 0

where o’ is the right-derivative of o.

Note that, when I = R, the function o: R — (0,4+00) may have a finite jump at 0. We
define opto be the function defined, for all x € R by

00() 7= L(-oo0)() lim 0(2) + Lo, 100 () lim o(e). (8)

The solution to the system above has an SOS threshold at 0.

THEOREM 2.8. Let X be a process defined on the probability space (S, (Ft)i>0, Px) such
that Xo = z, Py-almost surely. We assume X solves for some Brownian B and (b, o)
that satisfy Condition[2.7 Then, Theorem holds for X on (2, (Ft)t>0, Pz), where m
1s the speed measure, defined in , of the (p, B,00)-SOS-BM and oq is given by .

Clearly, Theorem is a special case of Theorem [2.8f Regarding Theorem [2.8] we observe
the following. First, the approximation () is extremely localized. Indeed, for large n,
only the values of the process in the vicinity of the threshold, 0, matter. Second, the
approximated quantity is an additive functional of the process. Hence, it may be possible
to obtain a localized version of the results. This is the object of further research.

2.4 Occupation times approximation

For any borelian set U we denote by OV (X) the occupation time of U by X, defined for
all t > 0 by

t
Og(X) :/ ﬂXseUdS.
0

We have already noticed that constants in the limit of the previous results do not depend
on the stickiness p. But, if one considers the occupation time of the threshold of the



SOS-diffusions we considered, then we have f(f lx,cvds = £L;¥(0). Hence, to estimate p,
we consider statistics which converge to the occupation times.

The following results states that the occupation time can be effectively approximated
by Riemann sums. It generalizes, and corrects [I, Lemma 5.1] which concerned sticky-
diffusions and U = {0}.

LEMMA 2.9 (Occupation times approximation). Let one of the following assumptions,

(i) X is an SOS-BM motion and U be an interval of R.

(i) X is an SOS-diffusion solving (7)) under Condition[2.7 and U € {(0, ), (—o0,0), {0} }.
Then,

An important consequence of this result is the following:

[nt]
1an o = (p/2)LE(0).

n—aoo

2.5 Estimation

Let us first assume o, defined in , is known. The result of the previous sections imply
that the parameters (p, 3) can be estimated as follows.

For any function g, let g-¢ := L(0,00)9 and g« := L(—s0,0)g. Also, for a process X, let
S9*(X) and S97(X) be statistics defined, for all n, by

[nt] [nt]

o2(0+) _
SIH(X) 1= ol d$29>0un o), SIT(X) = deg@un 1)

J19>0(2) f]19<0

PROPOSITION 2.10. We consider X, g and (uy), as in Theorem . If 75 is the hitting
time of 0 by X and £ = {r* < t}, then, the following convergences hold

2 DML e o S0 - sp(n e
ST 1 50 (X) e P )= g e (X))

Pn(X) =

This yields consistent estimators of stickiness and skewness parameters.

In the proof of Proposition [2.10} in Section [8.1, we see that the estimators can only
be consistent on £. Indeed, on £¢ OY(X) = 0, LY(X) = 0, hence p,(X), 8.(X) are
asymptotically 0/0 divisions. This confirms the following intuition: On £¢ we observe
nothing in the vicinity of the threshold of interest. Thus, it is not possible to assess
properties on the behavior of the process on the threshold with no relevant observations.

Let us now consider the case that oy is unknown. Note that in Theorem there are
5 unknown factors in the right-hand-side of (5)), namely (p, 5,0(0+),0(0—), L{(X)) and

7



3 asymptotic results ,,. In order to perform algebraic operations with these
equations, one needs LY(X) > 0. Thus, on the event £ = {LY(X) > 0} we need to know
at least 2 of the unknowns to infer all of them, of whom LY(X) is always unknown.

In the particular case of the SOS-BM, it is possible to bypass this uncertainty principle and
estimate all parameters (p, 5,0_, 0. ) by combining local time statistics with occupation
time statistics. Indeed, (0_, 0, ) can be estimated as follows.

PROPOSITION 2.11. Let X be an SOS-BM defined on the probability space (2, (Ft)i>0, Pa)
such that P,(Xy = z) = 1. Also, let

™t =inf{t >0: X; >0}, 7 =inf{t > 0: X; <0},
L ={r, <t} and L; = {7_ < t}. Then, for all t > 0, in Po-probability,

YSIMXT - XE)? e SIMXT = X)? e
1 [nt}n - - T+ 1 [nt]n - 0
n Zizl ILX,L-?1 >0 nTree n Zi:l ILXF1 <0 oo

3 Proofs: Local time approximation for SOS-diffusions

In this section, we prove Theorem and Theorem [2.8] The necessary theoretical
foundations, the sticky versions of the Ito-Tanaka formula and Girsanov theorem, are
proved in Appendix [A]

We demonstrate that the problem in Theorem can be reduced to the SOS-BM. It is
quite natural that the result for SOS-diffusions solving the system follows from the
one for the “simplest” similar process: SOS-BM. Indeed, the SOS-diffusion defined by @,
like the SOS-BM, exhibits an SOS threshold at 0. For instance in the seminal work of
Jacod [10], the approximation of the local time of a smooth diffusion using the functional
is initially established by reduction to the standard Brownian motion. Using the
It6 lemma and Girsanov theorem, the result is then extended to stochastic differential
equations (SDEs) with smooth coefficients. The tools used to reduce the problem (It
lemma, Girsanov) cannot remove the SOS feature of the threshold (see Section [A]). At
best, using the Ito-Tanaka formula, we can turn the oscillation to skewness and vice versa

(see Appendix |A.1)).

3.1 Proof of Theorem 2.6

We are now ready to prove Theorem assuming that we proved it in a special case:
sticky-skew Brownian motion, the SOS-BM with og = 1. We denote this process by (p, 3, -)-
SOS-BM or (p, 5)-SOS-BM. We formulate Theorem for the sticky-skew Brownian
motion in Theorem [6.1] and prove it in Section [6]

PROOF OF THEOREM 2.6l We consider the process X (?9) := X (0800 /(X (PB.70)),
By Proposition [A.3] it is a (p/, 3, -)-SOS-BM, where

20_o+ o_(1+8)—o4(1— B))
o_(1+8)+o(1—-B) 0o_(1+8)+o.(1—-5)/

8

(r,0) = <p



Also, let S be the function defined for all x € R by

T(oo(x)x)
oo(x)

that is C'(R), C? on each half-plane and also satisfies ().

We observe that

S(x) =

[nt] [nt] (p,B,00)
u (b5 ) _u ¢ (PBo0) X
= 2 [T (un XE77) = = E 9alT] (nro (X)) —— ).
n i=1 — UO(Xl(_,Z,IB, 0))

d

And by the definition of X', we have that oo(X;) = 00(X[), hence the latter quantity is
equal to

nt) [nt]

(g<0 © qb“*)”[s] (unXgH’.)) +— Z<g>0 o ¢a+)n[5] (UnXgﬁ/7.))7

n n n n
1 =1

Unp

.
I

where for all ¢ > 0, ¢, is the function defined for all x € R by ¢.(x) = cx. Thus, from
Theorem [6.1],

[nt] ,

Un, o Py-u.c.p. 1-p5 1+ o
T [T (1 X ) n_mf‘ ( 25 /g<o(ow) da+ 26 /9>0(U+:C) dx)L?(X(p,» o))
i=1
or2(l—a o_ 2a
— <_+ ( ) / g<0( ) de + — / g>0(;(;) dx> L?(X(Pﬂ,cro))'
- 040_ R o4 040_ Jg
This completes the proof. ]

3.2 Proof of Theorem 2.8

Using Theorem the Ito-Tanaka formula and Girsanov theorem in Appendix [A] we
prove the result for the process of interest with non-trivial drift and diffusion coefficients.

PROOF OF THEOREM [2.8]. Let us first assume that the diffusion coefficient and its
derivative are bounded. More precisely, we suppose there exists a real constant § > 0 such
that

§ <o(x) <1/4, o’ ()| < 1/, (9)

for every x € 1. There exists a Brownian motion B such that (X, B) jointly solve (7)) [22].

We then remove the drift. Let Q, be the probability measure such that dQ, = &(0) dP
where £(0), 0 are processes defined for all ¢ > 0 by

£,(0) = exp (/Ot 6, dB, — %/Ot 6 ds), 0, = o' (X;) — 32‘)}2)}

From Lemma , under the new measure the process (X, E) jointly solves

1 ~
dXt = §U(Xt)0'/(Xt)]l{Xﬁgo} dt + O-(Xt)]l{XﬁéO} dBt + ﬁ dL?(X),

1y,_odt = gdLg(X),



where B = (Bt — fot 0 ds)t>0 is a Q,-Brownian motion. Let S be the function defined for
every = € I by -

a(y)

where oy is given by (§). The function S is strictly increasing, S(0) = 0, S € C*(I\{0}),
and for all z € I'\{0} it holds

S'(x) = : S"(x) = —oo(x)

Also, from (9)), it satisfies (6]). Thus, from Lemma , the process (X' = (S(X}))i=0, By)

solves under Q,

, 0o(Xy) 1 o' (Xt)
dX, = dX X,

= oty e 5 (X

= H{Xé;«éO}O'O(Xt) dBt —|— 6dL?<X’),

Iy dt = gdLg(X’),

d(X); + ALY (X)

and hence is an (p, 8, 0¢)-SOS-BM.
From Theorem [2.6]

[nt
Q.- u.c.
Z 1) = M .00 (9) LY (X)),

n—-oo

From the definition of g,[S] and X', the fact that L?(X) is a version of LY(X”) (see Lemma
A 1)), and as P, ~ Q

x?

[nt]

tn Z 9(unX =) ZEs g, 500 (9) LX),

Tl—>OO

This proves Theorem [2.8|in the case of bounded o, 1/0, ¢’. Using the localization argument
of [I0, Section 2.5], the proof is extended to any locally bounded o € C*(T\{0}). O

4 Bounds on the law of the SOS-BM

Throughout the paper, let
1. (P¥P7)),_ o be the semigroup,
2. m(,8,4,) the speed measure,

3. D(p,8,00) the probability transition kernel with respect to my, g 4,)

10



of the (p, 3, 09)-SOS-BM. Also, let X (##90) be the (p, 3, 00)-SOS-BM defined on a proba-
bility space (€2, (F¢)i>0, P2) such that Xy =z € I, P -almost surely. For all ¢t > 0, z € [
and h: h(X"P7)) e LV(Q, F,P,),

PPPOR(2) = B, (R(XP77)) = / W) 5.00) (b T W) Mooy (dy).  (11)

Let v, be the aggregate action of the semigroup, defined for all measurable h, t > 0, x € 1

and n € N by
[nt]

WAt w) = DB (B(VAXLP™), (12)

Also, for a measure m and v > 0 and a measurable function h, let

m(h) ::/Rh(x)m(dx), m(h) ::/R|xMh(x)]m(dx).

The Lebesgue measure is here denoted by .

In this section, we consider only the sticky-skew BM or (p, 3,-)-SOS-BM. The results
of this section are easily extended to the SOS-BM. We can remove or re-introduce the
oscillation effect via a space transformation and the It6-Tanaka formula, see Appendix [A.T}
if X is the (p,8,00)-SOS-BM, then X/oy(X) is a sticky-skew Brownian motion. We

denote with (Pt(p B "))tEO; M(p3,)> P(p,3,) the semi-group, speed measure and probability
transition kernel of the (p, 5, -)-SOS-BM.

In this section we only state the results. The proofs are given in Appendix [C|

4.1 Transition density bound

The probability transition kernel p, .y of the (p, 3, -)-sticky-skew BM with respect to
M(p,8,, computed in [23] Theorem 2.4], is defined for all ¢ > 0 and x,y € I by

p(Pﬂ»')(t? Z, y) = @ (ul <t7 Z, y) - u2<t7 Z, y)) + Up(tv Z, y)7 (13)

where a is the function defined for all x € R by

az) = 1+ sg;n(:x)ﬁ

and uq,ug, v, are defined for all t > 0, z,y € R by

—(x—y)2/2t

u(t, @, y) = \/12?
(t,

ug(t, y) Fe —(lz|+ly))? /2t (14)
1 A(l2|+1yl)/ p+8t/p* opfe (l2lHYl | 2v2t v 0
Uplt, T,y e erfc ot + 2, 0> 0,

)=
Uotxy)—u2(txy)

(t,
(

11



REMARK 4.1. The term v,(¢, z,y) does not appear in the probability transition kernel
of the standard BM and skew BM. The probability transition kernel of the skew BM and
standard BM with respect to their speed measure are

1
pesotz,y) = @(Ul(t7 z,y) —us(t,z,y)) +ualt,z,y),  pe.=w(t,z,y).

LEMMA 4.2. There exists a constant K > 0 such that for allt > 0 and x,y € R,

Pips) (62, y) < Kui(t,z,y)

and K does not depend on p. In particular there exists a constant K > 0 (not depending
on p) such that for allt > 0,p >0 and z,y € R,

Up<t7$7y> S Kul(t7x7y)'

4.2 Semigroup bounds

LEMMA 4.3. There exists a constant K > 0 such that, for all h € L*(R), t > 0 and
reR,

V2t K K
—— 75 5 1PO0)]| + %mc,ﬁ,o(!h!) < ﬁmw,»(

LEMMA 4.4. For all v > 0, there exists a constant K, > 0, that does not depend on
(p, B), such that, for all h € L*(R), t > 0 and x € R,

[P h () < K

h|).
—plzl/2+ 2t [21)

(1) ()
1 my s\ (h) m, "\ (h)

forallz € R and t > 0.

LEMMA 4.5. Let fy,(f’ﬁ")[h] (z,t) be the functional defined in (12)).
1. There exists a positive constant K such that

‘,YT(Lpﬂw) [h](x,t)] < Km(p\/ﬁ,g,-)(‘h‘)m'

2. If m( m,p5.9(h) = 0 then there exists a positive constant K
AR (2, 1) < Kmy.g.9(h)(1 + max(0, log(nt))).

5 A preliminary approximation of the local time

In this section we establish a preliminary local time approximation result based on the
Tanaka formula. We prove also a property of this approximation.

The statistic used for our first approximation of the local time is the rescaled mean
absolute displacement. It is defined as follows:

Let p > 0 and 8 € [—1,1]. Let us consider the sequence of functions (g, ), defined, for all
n € N and x € R, by
Gnr) = e (157 = Ja). (15)

12



PROPOSITION 5.1 (local time approximation). The following convergence holds:

1 e . -u.c.p.
=3 Gu(VaXPP) TR [0(x 080,
n

n n—>o00

PROOF. Since the process (Xt(p & 7.))t20 is a semi-martingale, the Ito-Tanaka formula

emma [A.1|) ensures that
(L A1) h
t
X2 <o = [ san(X PO 4B, + LHXC),
0

§p’5"))1{Xs¢o} dB; is a martingale,

Since f(f sgn(X
E, (|Xt<ﬂ,6,-)| — X)) = B, [LO(X#8)) — LO(X#A))].

Also, from Corollary [B.3]

1 ) . )
%gnwﬁXEjF’ ) =B, X0 - X5 | F ).

Thus, from [9, Lemma 2.14],

[nt]
(p,B) 0 By 0 By P 0 By
\/—Zgn \/_X ) = ;EI [L%(X(’J )) —L%(X(p ))’]:%] mLt(X(p ))
and, from Lemma, , the convergence is locally uniform in time, in probability (u.c.p.). O

We now provide a property of (g,),, that is useful in the next section.

PROPOSITION 5.2. Let (g,), be the sequence of functions defined in (15)). Then,

My (Gn) — 1.

n—o0

PROOF. For simplicity, let m,, := m, /.5, We observe that

/ / ( )e(yz)2/2d 4 1 / / e~ (y+z) /2d 1 1 (16)
y—a)———=—dydz =, yde = <.
R. JR, V2m 2 R, JR, 4

We first consider the case p = 0. Then,
Mo/ 5) = MU Gn=7: 7 B (X777 fal).

Thus, from — ,
mrw/m> J(dx) //w|mMﬁmemmm> (dx)

// |y|—|x| ui(1, z,y)da(x dydx—// |y|—|x| us(1, z,y)4a(x) dy dx

13



From and since for all ¢ > 0 and x,y € R, us(t, z,y) = us(t,y, x),

/R/R (ly] = || wr (1, 2, y)4a(z) dy dz = 1,
/R/R (|y‘ - |£U’)uz(1,x,y)4a(g;) dydz = 0, a7
/R/R (|y| - |$|)u2(1,x,y)4a(1’)a(y) dydz = 0.

Thus, m,(g,) = 1.

We now suppose that p > 0. Then,

m(Ga) = / Gu(@)m(dz) = / / (1] = 1) (s (L, 2, ) (dyimn(d)

Since m,, is defined for all n € N and x € R by m,,(dz) = 2a(x)dz + py/ndy(dz),

+¢ﬁp( [ W1 0.0.902005) dy = [ falpm(1,2,0)20() dx) (18)
R R
We now show that the last additive term of the right-hand-side of vanishes. Indeed,

we observe that [, |y|p/mps.(t,0,y)a(y) dy < oo and that for all ¢ > 0 and z,y € R,
Py, (T Y) = prymps, (Y, ©). Thus,

[ b0 8.0 w1001 b = [ felp gz (#:2,0)ale)

and

x/ﬁp(/RIylp(ﬁp,ﬁ,»(l,O,y)%(y) dy—/Rlxlp(ﬁpﬁ,.)(Lx, 0)2a(z) dx) = 0.
For the first additive term of the right-hand-side of , from ,
[ [ 1= lel) s (1. pa(a)ate) dy
= /R/R (lyl = [=]) (w1 (1, 2, y) — ua(1, 2, y))4a(z) dy dz
+/R/R (9] — &) vymy(1, 2, y)da(z)aly) dy dz. (19)

We observe that v s,(t, z,y) vanishes as n — oo. Also, from Lemma ,

(lyl = lz) vy mp(t, 2, y)a(z)aly) < K (Jyl + |z])u(t, 2, )

14



which is an integrable function with respect to (z,y) € R?% Thus, from Lebesgue’s
convergence theorem,

lim /R/R (lyl = |z|)vymp(1, 2, y)a(z)a(y) dy dz = 0. (20)

n——oQ

From (17), (T8), (L9), (20).

lim m,(g,) = /R/R (ly] = |z]) (w1 (1, 2, y) — ua(1, 2, y))4a(z) dydz = 1

n—-~o0

This proves the result. O

6 Proof of Theorem [2.6| for (p, 5, )-SOS-BM

In this section we prove Theorem in the special case of sticky-skew BM, stated in
Theorem (6.1, Throughout this section, X %) is a (p, 3)-SOS-BM with p > 0 and
p € [—1,1] defined on the probability space (€2, (Ft)i>0, P.) such that X(()p’ﬁ") =z el
(recall I = R if | 5| # 1), P,-almost surely. We can also call it (p, §)-sticky-skew Brownian
motion since there is no oscillation of the diffusion coefficient.

THEOREM 6.1 (Local time approximation for sticky-skew-BM).

[nt]

Unp B,y P,-u.c.p. '
n gn[T](unXE’jf )) Po-ucp. (/gdm(p’ﬁ"o Lg(X<p,ﬁ,>)7

where m, 5.y is the speed measure of XB) given by with o = 1.

We prove Theorem considering separately normalizing sequences with different modes
of convergence.

1. The mode (uy), : n'/2. In this case we prove a more general result, Proposition .
The proof relies on linearization of the statistic with respect to the approximation
in Lemma [5.1]

2. The mode (uy), : logn/u, — 0, u, — co. We prove Propositionvia rescaling
to the mode n'/2. This case includes the case u,, = n® with a € (0,1) (and so, also
a = 1/2) but excludes logarithmic cases.

3. The mode (u,), : u?/n — 0, u, — co. We prove Propositionusing properties
of the local time of the process, namely its continuity on each half-plane and its

time-scaling (Lemma B.2)).

15



6.1 The case: u, = n'/?

PROPOSITION 6.2. Let (gn)n be a sequence of function such that for all x € 1

<9n(\/_$) My, (9)
NG
m{s 5 (9a) (1 + log(n)) ga(v/nx) . (14 log(m))miyy 5, (19a)

n n

and 1imy, oo My /mp.5,)(gn) = M. Then, for all t >0,

lim
n—oo

+

_|_

) —0 (21)

[n1]

fZgn (VX5 — ML) (22)
in P-probability. Also, if sup, (mymps.y(|gn)) < 0o then the above convergence is localy
uniform in time, in P, -probability.

REMARK 6.3. We observe that if two sequences of functions (fy,)n, (gn)n satisfy (21 .
then the sequence (f, + gn)» also satisfies .

Before proving Proposition [6.2], we need to provide some other results which are relevant
on their own.

LEMMA 6.4. Let (gn)n be a sequence of function such that for all z € R, as n — o,

m(\/ﬁpﬁ,~)(|gn|) + gn(v/nz)//n — 0. Then,
|

(p.8,)
(VX0 — 0

locally uniformly in time, in L*(P,).

PRrROOF. We observe that

E, ( sup ‘%gn(x/ﬁX%’f“))D < |ga(zvn)] + Tallgnll(z, 1).

s€f0,) '

Thus, from Item in Lemma ,

[ns]
B (s |2 S antvixee|) < B o gl v

which completes the proof. n

The next result is an adaptation to this context of [10, Lemma 4.2].
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LEMMA 6.5. Let (g,)n be a sequence of functions that such that holds and for all
n €N,z €R: mm,p.(9n) =0. Then,

[ 2
n@mE(‘ Z \/_XH ‘):o.

PROOF. It holds that

[nt]

(‘Zgn (VX bl > < ga(Vnw) + Yalgn)(t, )
+2 sup {I%[gn](s,y)l}@n(\/ﬁm)+%[gn](t—1/n,:p)),

yER;s<t

From Lemma [.5] for some K; > 0,

sup_{Palon (s, )]} <

yeR;s<t

m("; 5 (ga) (1 + log(n)),

K,
Kim( mp,s. ([9n]) V7,
Ky g, (g2)V/n.

Tnlgnl (T, )
Ynlgnl (£, )

IAIA

E, (‘L gn(\/ﬁXﬁf’F"))f) <9n(\/_$) Moy p.) (9n)

n 0 n Vn
(1)
0 00) (L4 Jom(m) 00 (V) (1 -+ Tog(n) gy (190
n vn ’
which converges to 0 as n — oo. [

LEMMA 6.6. The sequence of functions (gn), in satisﬁes . Moreover,

lim §,(0) = 0.

n—o0

PROOF. We observe that s(X %)) is a martingale and | - | o 57 is convex. Thus,
| X8| = |57 0 (X PF))] is a supermartingale. From [21, p.277], for all n, there exists
a skew Brownian motion X and a time change ~,, defined via its right-inverse by

_ JAVAL: . B.-
(0 =t + LI,

We observe that 7, 1(0) = 0, ;! is strictly increasing and that for all ¢ > 0, t < v, '(¢).
Hence, for all ¢t > 0, 0 < 7,(t) < t and

0 < Gulw) = B, (IXPY™)) — Jzf) = B, (IX00)] — )
<E, (|X{""| — |z]) = Gs(a) < KE, (|B)| - |2]) = K§(x).

17



Since, from [10] § satisfies (21), to show that g, does too it remains to show that if
n —» 00

32(0) — 0, (14 1ogn)g,(0) — 0. (23)

Indeed, since 0 < a(y) < 1,
%szawwmwwz4wmwwwLawWWmM@>

2 : yl | 2v2
<9 v, =(1,0,y)dy = _/ eAul/ov/n+8/p*n o <_+_> dy
< /R|y| pvi(1,0,y) dy T IRlyl NN

hence ((1+logn)g,(0)) — 0 as n —» oo. Similarly,

<mw%mmﬂwwwsg@w%mww@

_ 2 / [y|2etlvl/ oS oPn o <|?J| 2v2 )
nJr \/_ pyV/n

hence g%(0) — 0 as n —» oo. Thus, is satisfied. This finishes the proof. O

PROOF OF PROPOSITION [6.2] Let (gy,)nen, (hn)nen be the sequences of functions de-
fined for all x € R, n € N by

m (gn)/\ -~ n,0,:
I () = g () — —REDTG (), Gu(z) = E, (X)) —|2)).
M(yrip,6,) (Gn)

Note that g, was already defined in ([L5).

From Proposition Remark [6.3]and Lemma [6.6] (h,), satisfies (21). Also, for all n € N,
M /mp,p,)(hn) = 0. Thus, from Lemma ,

[nt]

(‘\/_Zh x| o
which proves .

It remains to prove that the convergence is locally uniform in time, in P,-probability.
If (gn)n are all positive, the processes —= Zgnq gn(v/nX (o ’1"00)) are non-decreasing with
P,-almost surely, a continuous limit. Thus from Lemmaﬁ the convergence is locally
uniform in time, in probability (u.c.p.). For an arbitrary (g, ), satisfying the conditions of
Theorem[6.2] let g, = g, —g,,, where g, (z) = max{g,(z),0} and g, (z) = max{—g,(z), 0}.
Since (g, )n and (g, ), are both sequences of positive functions, if limy, o0 M /mp.5,) (91 ) =
M, and limy, o M /mpp.9(9, ) = M_, then

[nt] [nt]
a By Pg-u.c.p. ,B,) Py -u.c.p.
WE g (o X) 2R ML LX), \/_E g (n*X00) =0 MULJ(X).

From the triangle inequality for the absolute value and the L°°(0,¢)-norm, the local
uniform convergence in time, in P -probability of is proven. O
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6.2 A case including u, = n®, o € (0,1)
PROPOSITION 6.7. Theorem[6.1] holds under the additional assumption that

logn/u, —— 0.
n—oo

The proof relies on the following result.

PROPOSITION 6.8. Let (g )n, (Un)n be respectively a sequence of functions and a sequence
of real numbers such that

1. if asn — oo: logn/u, — 0, u,, — 0o and u,/n — 0,

2. (gn)n a sequence of functions such that

sup A(|gn|) < oo, sup | gn ()| < o0,
nli_r)noo m.s,)(gn) =: M, h;n lim Sup/| |gn(2z)|dz = 0.
n T|>q

Then,

[nt]

e $ it 2 e

- n n—» o0
=1

PRrooF. Let (k,), be the sequence of functions defined for all z € R by k,(z) =

%%(%@ Let sup, A" (g,) < co. Then, for some K > 0,
Unp,
m(l) (k; )—@m(l) ( )<_nK )\(k2)_ﬂ)\( 2)<&K
(BN =5y I W) = 5 P W =t

We observe that from the hypothesis we made on (u,),, (k). satisfies (21). Thus, from

Proposition (6.2}
[nt]

1 . Py-u.c.p. .
T 2 kX S MLHX ), 24
=1

In the case sup,, A (g,,) = oo, for all r > 1 consider h,, . := Gnl(—rry. Then, mgl)ﬂ ,)(hm) <
rm(.g,.(|gn|) < 00. Moreover, for all 7, m(. g.y(hny) — o, as n — oo (up to considering
a subsequence) for «, such that a,, — M as r — oo. Hence, from ,

[nt]
Uy E :hn,r(unXEf’f")) M ozTL?(X(Pﬁv')),
n e n—s00

=1

Since lim,__, a, = M, it remains to show that

[nt] [nt]

lim limsupE, | sup ’% E gn(unng’f}")) _Un E hn,r(unxﬁp’f“))D =0. (25)
= n o
i=1 =

e (se[o,t] n

19



If o (2) = gn(2) — By (2) = gn(2)Ljg>r, then the expectation in is bounded by

o L
E, (\hm(unx
=1

E0N) < ) + =l (),

U, n
n

n &
where Emr = %Enr(%x) = |kn| Lz r i /0, and Yolhns)(z,) defined in (12). Since |k, is
bounded by Ku,/\/n,

Up—

nEnw ?hnvr(unx) =0.

It remains to check that for all z € R

1 ~
lim sup lim sup —=, [ | (2, 1) = 0.
n

r—00 n—oo

Indeed, since ﬁn’r(O) = 0, Lemma [4.5| yields

1 - .
%Vn [hnﬂ“] (z,1) < Km('ﬁr) ( | P ) \/¥>

which converges to 0 as r — oo. [

PROOF OF PROPOSITION [6.7. We observe

S;lfgn[T](x) < lglloo> Agn[T]) < M1/T oo < Ag) /e,
im g (9a[T]) = M 5)(9)-
Also,
1 1
W (2)| de = w, T (2))u, dr < — U T ) Uy, d < — x) dx,
/M'g[ J(x)] /M%g( (@) e/unm“"( ) e/x|>q~"(>

which converges to 0 as ¢ — oo. Since ¢g(0) = 0 and m(.g,) is equal to A up to a
multiplicative bounded weight, the conditions of Proposition are satisfied for (g,), =
(gn[T])n. The proof is thus completed. O

6.3 A case including u, = logn

Sections are an improvement with respect to [I, Theorem 1.2] because they allow
to consider n® for a € [1/2,1) for sticky-BM. They are also an improvement with respect
to the results for skew BM in [I5] and oscillating-skew BM in [18] where only u,, = v/n
was considered. But, the results of Sections do not consider (u,,), with logn-like

asymptotic behaviors.

In this section we prove that the result holds for (u2),, that satisfy (), i.e.

ul/n —— 0, ul ——>0. (26)

n—oo n—oo
We prove the following.
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PROPOSITION 6.9. Theorem holds under the additional assumption that (uy)y

satisfies .

For this, we use the following preliminary results.

LEMMA 6.10. If (uy,)n is a diverging sequence and T a function that satisfies @, then
the following convergence holds

[nt]/n n—o0

/Rgn[T](:c)f(m/“”)(X( Ny de P2 g5 (g) LO(X®5).

PROOF. Note that there exists a skew Brownian motion X %) defined on an extension
of the probability space such that X (»#) = (XS'(’f)"))tZO, where  is the time-change defined

by its right-inverse y~1(t) = t 4+ 2671 (X A)) (cf. [23]).
The skew Brownian motion X (**) is the unique strong solution to the following equation
X089 = B 4 BLI(X 02,
where B’ is a standard Brownian motion (see [§]) and
7 X0 = (14 BLAXES), (X)) = (1= HLYKS).

We observe that d(X %)), = dt. From [I9, Theorem VI.1.6], the right local time field the
symmetric local time [(t,y) — €/(X %] is (¢,y)-jointly continuous on each half-plane
(Ry x(=00,0)), (Ry x[0,00)). From [19, Exercice VI.1.27], (X)) = £9 ,(X©5)),
Thus, since 7! is almost surely continuous, ¢ — £/ (X %)) is also (¢, y)-jointly continuous
on each half-plane and

(X)) = (14 B) LX), 67 (X0P)) = (1= B LX), (27)
From the a.s. piece-wise continuity of (¢,y) — /(X)) for all t > 0 and z > 0,

e (X 000y — g (X PP 2 g, g S (X)) — g7 (X )| 22 )

[nt]/n n—00 [nt]/n n—00
(28)

We observe that almost surely

—oo<1an < sup X < oo. (29)
s<t

Thus, from the Holder continuity of [t — ¢~ (X®HN] [z — ¢77(XPH5))] on [0,00) x
(—00,0) and [0,00) x [0,00), there exists positive finite random variables U_, U, such
that, almost surely, for all x # 0 and n € N,

|€ (z/un) (X(p,ﬂ,-)) _ gg*(X(pﬁf)” <U., |£(w/Un)<X(p,ﬂ,-)) _ £?+(X(P:57'))‘ <U,.

[nt]/n [nt]/n
We note that U, will depend on (sup,<, X, £/ (X@#)) and U_ on (inf,<; X, £~ (X #5))).

Let us fix an event €2 of full probability such that the above convergences hold and
such that the process X is finite for all w € Q.
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We now prove that, on €,

n—oo

/0 gn[T](:E)EQ[Z;f/"n(X(”’B"))dx—>€?+(X(p’ﬁ"))/0 g(x)dx
and

0 0
| alni@ (e de — @) [ gla)de

n—oo
—00 —00

We focus on the first convergence, the second is similar.

From dominated convergence, since |T”| is bounded and g integrable, we can easily show
that [ gn[T](2) dz converges towards [;° g(x)dz. Hence, it remains to prove that on

/O " (gaT)@) — g(a)) (ol (X2 — (X ®P)) dz —— 0

n—oo

and

n—o0

/O g(@) (€l (X 02y — 0+ (X ©0))) de — 0.

This holds by dominated converge. Indeed, as ¢ is bounded for all ¢ > 0, it holds on 2
[ 0aTie) = gla) (65, (X05) = €81 (X02)) o
0

< 2]gll / G (X0 — (X do + U, / 92T () — g(2)| da
<zr<q

r>q

< 2lgllliq + 20 sup [T'()| [ o) ds < .
xe q

Thus, from dominated convergence yields

/ galT] () ) (X30) o 25 ( / g(x) dar) 9 (X))
0 0

n—oo

With similar arguments on (—oo,0), we have
[ T (x5 o

e ( / " @) dz ) (xX0) + ( /O e de )+ (X 0),

n—r00 o

This and completes the proof. O

LEMMA 6.11. Let k be a bounded Lipschitz function with compact support that vanishes
on an open interval around 0, (u,), be a sequence that satisfies , T a function that
satisfies (6) and (kn[T))n, (Fulk]), be the sequences of functions defined for all x € R,
n €N by

alT)e) = k(T (/). Fulie) = [ (PR klT)w) = [T1(@) ds).
Then,
M(unp 5.y (Fulk]) — 0.

n—oo
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PRrROOF. For all § > 0,let Us ={z € R: |z| € (§,1/0)}. We choose § > 0 such that
for all x & Us, k(x) = 0. We observe that there exists some ng such that, for all n > ny
and |x| € Usja, kn[T)(x) = 0.

We will study separately the absolutely continuous and singular parts of m,,s,.). By
Fubini’s theorem,

m.s.) (Falk]) | = . ( /0 (PLr k[ T) () — kn[T](fL’))(dS))m<-,ﬁ,-)(d$>
< [ ([ 1P mre) = kT ) ) .
Also,
0)] < / | P2k, [T)(0) — ko [7)(0)] ds.
Lemma [.2] yields
PR T @) =TV < [ (TRl 710 Pl (55 12,000 ()
<K/|k; ](:L’)‘ul(sun/n,x,y)(dy)—|—K‘kn[T](x)‘ul(sui/n,x,O) (30)

Regarding the second additive term at the right-hand-side of ,
e for all x € R,
lim K|k, [T](2)|ui (sul/n,2,0) =0,

n—oo

e from the convergence on ufl /m to 0, there exists some ny; > ngy such that for all
n 2 ny,

K|k [T)(2)|uy (su2 /n, x,0) < Kul(sui/n,O,LIJ)JLU(S/2
= K||klloc  sup {151(3%21/71,O,:E)}JIUM2 < KHkHooul(uil/nl,0,5/2)]1[]6/2

lz|>8/2;n>nq
which is L!(R).

Thus, from dominated convergence,

lim /K|k: z)|ur (suz /n, 0, 2)m,p.(dz) = 0.

n—oo

Regarding the second additive term, if Z is a Gaussian N(0, 1) random variable, then for
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every n > ng and s € [0, 1],

/R / kalT1(y) — FalT)() [un (522 /1, 2, ) (dymg. ()

—E /
< R \/ﬁ
Un\/S
= b (/R Lot 202 210530101 <2/6) Feu [T (2 + NG
un
: “kHLip”THLip% . (‘Z| / L{jal<2/6+ 22121y ,8 >(dx))
Up, 2 Uy,
< 4“kHLipHTHLip% E <‘Z| <5 + %’ZD)

which, since F(|Z|), E(Z?) < oo, converges to 0 as n — 00.

kT + Y2 2) — ko T)(0)

Z) = ka[T](2)

Since the bounds do not depend on s, from Lebesgue’s dominated convergence theorem
on Ll([o, 1]), m(. g, (Fn[k]) — 0.
n—,oo

Regarding the singular part of the measures, from (13]),

pu | P32k, [T1(0) = ka[T1O)] < pu K / kalT1() = kalZ)(0) 0, (502 /2,0, ) dy)

= pu, K |k [T](y) [vunp(sus /1, 0, ) (dy)
Us/a

Thus,

oty / o 7)) [0 (522 /2,0, ) dy
Us /2

2/6 2/ 2su2
< HkHoo /5/2 64(|y\)/unp+8uis/nuip2 erfc ( |y| + Sun/n) dy

\/2su? /n Unp

2 2 2 2/5 2 2 2
e~V 25 dyy < [kl oo Koyt / Zevin/2zed g
52 0

2/8

Unp
< [llloe Knsine / _ P
5/2 Unply| + 4t

which converges to 0 as n — oo.

Again, since the bounds do not depend on s, from Lebesgue’s dominated convergence
theorem on L'([0,1]),
lim (pu,)F,(0) = 0.

n—o0

This finishes the proof. O

LEMMA 6.12. Let X»5) be the (p, B)-sticky-skew Brownian motion and g an integrable
function. Then,

[ns]

B (s 3 o0 X2) < lfana) + (olaO) )2

s<t
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PRrROOF. We observe that
1
/R 900155 (02) = pl9(0) + - [ o))
From Lemma 4.3 and since 21" i~1/2 < 2\/nt

[ns] [nt]

E. (s0p 3 o X2 3 (Joun X207
sSthmy " i=1
1 [nt] vn
< lglma)|+ (AAa(O)]+ me(lad) Do+
Unp, i—2 7
1
< lg(unz)| + (p|g<o>| + =19 V2L
This finishes the proof. O]

PROOF OF PROPOSITION [6.9. We observe that X %) is a semi-martingale with
quadratic variation d(X(pﬁ"))t = ]lX(p,g,q#O dt. Thus, from the diffusion version of the
t

occupation times formula [19, p.224],

/f X(pﬁ)#OdS—/f ]l;éoey(X(pﬁ )dy
and if f(0) =

/ Fxe) ds = [ rweccesay (31)
0 R

Applying consecutive change of variables and yields

I

[nt]/n
o T X G as = [T T as
n 0 0

= u, /R Gl T) () 1 (X PF)) A = /R gn[T](x)q;/;f;n(X<Pﬂv'>)dx.

And, from Lemma [6.10, we have

n—aoo

X/ Un Ps-u.c. .
/Rgn[T](x)g["/t]/ (X dz =2 my . (9) LY (X 2.

Therefore, by the two latter relations, to complete the proof, it suffices to prove that

[nt]

[nt]
% gn[T](unX5€7{B7)) — % gn[T] (unX(Pﬁ:‘)) ds M} 0.
n o n Jo s/n S

=1

25



First, let us note that

[nt]

t 5 (762 _ tn i (05
0

i=1 B n
[nt]
> / GulTICXEP) — g [T(X20) ) ds
[0 (0.8:) (4,6)
Tl (D) -l TI X)) ds. (32)

Next, observe that the second additive term of the right-hand-side of is bounded by
2||9||ottn /0, hence

u, nt—[nt] (0,8,) (p,8,") a.s.
B [T (0 - TR ) ds

To show that the first additive term of the right-hand-side of converges to 0 in
probability, since g is bounded, from Lemma [0, Lemma 9] it suffices to prove that

[nt]

. . Pe
3 [ B (K X i ) s

Using the notation of Lemma [6.11 B} rewrites

ZF (2

From Lemma [6.12]
E. (1B”)) < “|Falol(wn)] + 2 (AP O) + e Falgl) 2

We observe that |F,[g](u,2)| < 2|/g|lcc. We observe that, if ¢ is Lipschitz continuous, with
compact support and vanishes on an open interval around 0, then, from Lemma the
upper bound of the above inequality vanishes as n — oo. Thus, in this case,

L' (Ps)
Sy

B{"(g) 0.

n—-—ao0
Since the limit is finite, convergence in probability also holds.

We now approximate g by functions which satisfy the assumptions of Lemmal[6.11] Since g
is bounded and integrable, for every p > 0, there exists a Lipschitz-continuous function with
compact support k) that vanishes in the vicinity of 0 such that m(,5.1(]g — kP]) < 1/p
(see the proof of [10, Lemma 4.5]). By combining this, Fubini’s theorem and the fact that

—+o0 —+o0
/ P(pv/in,Bro0) (T, Y) M .00) (d) < / P(ov/in,Bro0) (b T, Y)M o/ g0y (dT) = 1

oo [e.o]
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we show that m, 5. (| g— PY™ P k®)]) < 1/p. Similarly, from (6) and a suitable
change of variables we obtain for all ¢ > 0

M. (|9alT] = kKP(T]]) < 1/pe,
M5 (| P00 g, [T] — PY™ P ED[T]) < 1/pe.

Thus, Fubini’s theorem ensures

Mo, (| Fulg] / M. (| P2 g, [T) — PLGPEOKPT)) ds
1
[ g gl = KT ds < 2/pe
0

Also, from —,

(pun>p(unp,ﬁ,-)(tui/n7 0, y) = (pun)vunp<tui/n> 0, y) =

eIyl unpt8t/np® o fe ( ylvn 2\/_> > C' > 0.
Vit Vip) o

Hence, by dominated convergence

lim sup w,| F,[g)(0) — Fu[k*](0)]

n—aoo
1
< limsup / un | PLa 1) g T1(0) = PLs 72 kP[T)(0)] ds
n—soo "
§limsup/ /|gn — kP [T1(Y) | npunp(st /1, 0,y) M p5, (dy) ds
n—ao0

< (C/p)mipp)(l9[T] = KP[T]]). (33)

M) < Un (p) (p) A
B (1B1) < <1 Fulgl(mn)| + V2 (unp EL[KOJO) + 70,5, (B K)o+ ).

From Lemma and (33),
c 2 )

Thus, from Lemma [6.11],

Vp>0: limsupE, (|Bt(n)|) <2/p = h_)m E, (|Bt(n)D =0

n—oo
which is what we wanted to prove to conclude that

i)

Up, .

o 9n|T) (un X P12 n_}_@) My 5. (g)LI(X PP,
=1

With the same arguments, based on Lemma [2.2] as in the closure of the proof of Propo-

sition the locally uniform in time convergence, in P,-probability (P,-u.c.p.) is
proven. ]
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7 Proof of Lemma on occupation time approxi-
mation

PROOF OF ITEM [(i)] Step 1: Let us first consider a closed interval U. Let us fix t > 0.
For all e > 0, let U, = {y € R : dist(y,U) < €}. For all € > 0,

n [nt] [nt]
1 U 1 U 1
’E;]lxi# v — O/ (X)| < E;HXT ev. — O (X ’ + E;EXMEUE\U (34)

Proposition [6.2) with g, (z) := 1y.\v(2/v/n)/+/n ensures that

[nt]
1
_Z]IX leUg\U _> C.LY(X pb’,ao))

=1

where C; = limy, 0 M /mp.5,)(9n) < Ke+ ply\v(0) for some constant K € (0, 00) depend-
ing on § and oy. Note that £ can be chosen small enough so that 0 does not belong to
U \ U, hence C; vanishes as ¢ goes to 0.

We now deal with the other term on the right hand side of . For all € > 0, let ¢., 9.
be the continuous functions defined by

6.() = Lo () + max {1 =~ dist(z, U2, 0 } i, (o),
e(w) = () — max {1~ 2 dist(, 02), 0} L),

For all € > 0, we observe that

We observe that

]
LY (X ) - O Zﬂx e = OV(X) < Y 6u(X ) - OV (),
=1 ]

Hence

[nt] [nt]
Z]lx ev. —OF(X ‘ ‘ Zqﬁe 1) = (X>‘+

LY (X) - OF (X)

Also, the composed function ¢.(X;) and ¢.(Xs) are both a.s. continuous functions of s,
hence a.s. Riemann integrable. Thus, almost surely

[nt] [nt]

_Z(be i=1 1 — (bs( Zws i=1 1 — we( ) (35)

n—oo n—oo
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From (35),

[nt]

LS e -0t 0| = | [wxas oo < [ o

n
i=1

lim
n—o0o

Similarly for ¢.,

[nt]

t
. _OV(x
Jim |~ Zcbs H/@ s — O (X)| < /HUZE\UJX)ds.
Hence
[nt] t t
limsup | — Zﬂx €U —O?(X)‘ S/ Lo (Xs) d3+/ Ly,av. (X) ds.
n—oo 0 0

Lemma and the fact that we can suppose that 0 ¢ Us. \ U, ensure that

t

E, ( /OtﬂUs\U(XS)—l—]leE\Us(Xs)ds) < / E, (]lUQE\U(XS)) ds

0

t
< KX(Up \ U) / sTV2ds < 4AKevVt
0

for some constant K € (0,00) depending on p, 3, 0¢. The right hand side of the latter
inequality, vanishes as ¢ — 0 which implies convergence probability. Let us consider a
subsequence (&g )reny converging P -almos surely.

Combining this with ([34)), we obtain that for all £, > 0

[nt]

hmsup’—Z]lX L ev - O/ (X)|

n—00
=1

[nt]
< lim —Z]lX \U+11msup

n—o0

[ni]

1
n Z ]lXi—l €Ug, — OtU(X)

=1

t
S CgkLg(X(p7ﬁ7o—O)) + / :H'Usk\U(XS) —+ I]'U2ak\Usk (Xs) ds.
0

Taking the limit as £ — oo we obtain that P, -a.s.

[nt]

lim sup —Z]lx 1GU—(’)U( )|

n—o0

t
S lim CgkLg(X(p’B’UO)) +/ ]]‘Ue \U(Xs) —+ lim ]]_U2 \Ue (XS) ds = 0.
k—o0 0 k k—o0 €k \Yek

This ensures that ‘% Zﬂ Ix, jev— OtU(X)| converges a.s. to 0 as n goes to infinity.
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Step 2: Ewxtension to non-closed intervals. Let U half-open and a € U\ U. From the
previous case, since U is closed, we get

PO DETTE S e

i=1 " i=1 n

] B
>k, —a —2 OV (X) - 0/ (X) = OF(X)
=1

n

SRS

With a similar argument the convergence also holds for an open interval U.

[nt]

Step 3: u.c.p. convergence. We observe that (% > i1 Ix,  ev)izomen i a sequence of

increasing processes with a limit in probability (OY(X))i>o that is also increasing. Thus,
from Lemma [2.2] the convergence is locally uniform in time, in P,-probability. This
completes the proof in the case of SOS-BM. n

PROOF OF ITEM [(i)] From the proof of (2.8) (Section [3.1), if S is the function defined
in (10), then under an equivalent measure Q, ~ P,, the process X’ = S(X) solves

dX] = Lix;0000(X]) dB, + BALY(X),
]1)({:0 dt = g dL?(X,)>

where B is a Q,-Brownian motion.

From Item ,

1 [nt] .
Qu
_ZHS(Xi_l)EU —> ]lS(Xs)eU dS,
n i1 - n—>o0 0
or equivalently,
1 [nt] :
Qu
_Z]lxi—lesfl((]) ‘: 1X365*1(U) ds.
n i1 = n—o0  Jq
Since Q ~ P,
1 [nt] '
Py
_Z ]lXifl €S~1(U) ; EXSeS—l(U) ds.
n i1 = n—»o0 0

Since S is strictly increasing and preserves the sign, S(0) = 0, S((0,00)) C (0, 00),
S((=00,0)) C (—00,0) and S71(0) = 0, S7'((0, 00)) C (0,00), S7'((—00,0)) C (—00,0)

This proves the second item. O

8 Parameter estimation

In this section we prove the results regarding parameter estimation. We combine the
results on occupation time and local time approximations to find consistent estimators of
stickiness and skewness parameters.

In [I8, 20], it is proven that one can infer the values o(0+) — 0(0—) of an oscillating
diffusion using local time approximations. In the case of an oscillating threshold, the fact
that the effects of 0(0+) — o(0—) and [ aggregate, it is not possible to infer any of these
values. We generalize this concept in Section 8.2
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8.1 Proof of Propositions [2.10

We consider the following statistics

| b i) i)
©0) . +) . Un _ (=) . Un _
S Z]lX Lo ViTi= ;g>o(unXT), ViD= ;g@(un)ﬂ_ﬂl).
2 2
W) l(i(—oﬂ\/,f” N OU(#_)VTE‘))?
2\ Jy g(z)da - g(x)dx
e l(ﬂvm _ ﬂm—))
" 2\ [ g(x)dz " ffoog(a:) de "

From (7)) and Lemma [2.9]

Py
VO — (p/2)L;* (0). (36)
From Theorem [2.8]
Up P, 1+ B o
o Z g>0(UnXiza) — =T 0+ g(x LY(X), (37)
u [nt] o 0
En Z 9<0(UnX% n_ioo\ 02 / g(z LY(X). (38)
i=1 &
Thus,
P, P,
Wit —— LX), Wi —— BL)(X). (39)

We consider the event £ = {7y < t}. We observe that on (£)¢ all the aforementioned

statistics converge to 0. On £ = {7y < t} they converge to non-zero random quantities.
Thus, from (39),

Also, from , ,

This finishes the proof.

8.2 Proof of Proposition [2.11

Let X be the SOS-BM that solves the system We denote here o( by simply o. From
the Tto-Tanaka formula, X+ = max{X, 0} solves

AdX; = o(X,)1x,0dt + & dL}(X),

Lx,—odt = (p/2) dL{(X).
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It is thus a semi-martingale with explicit Doob-Meyer decomposition and quadratic
variation given by

t t
AXTY, = o2(X)xo0dt,  (XF), = / (X)) Ly.o0 ds = 02 / Ly o ds.
0 0

From [19, Definition .2.3] and Lemma [2.2]

[nt]

t
SO0 xE )2 By ey, g2 / 1y,20ds.
n 0

- n n n—>o00
=1

With similar arguments,

[n1]

t
_ _ P-u.c.p. _
SOXT - X1, )? SRR (X, = o2 / Lo ds.
Py Iy n n—>o0 0

This, combined with Lemma [2.9| yields the results.

A Singular Ito calculus
In this section we prove stochastic calculus results regarding a process X that solves the
system

t

t
Xt = XO + / b(Xs)]l{XS;éO} ds + / U(Xs)l{Xs7£0} dBS + ﬁL?(X)
0 0
t p (40)
/ Lix,=o) ds = SLY(X),
0
where B is a standard Brownian motion and LY(X) is the symmetric local time of X at 0.

LEMMA A.1 (Singular It6-Tanaka formula). Let (X, B) be a weak solution to (40). If
[ be a difference of convex functions, such that f' € C1(R\{0}), then f(X) = (f(X)i)i>0
satisfies

) = 50+ [ (OO0 + 37X ) Ly s

Lf'(0)8 + Af(0)
2

t
n / F(X.)0 (X)L x. 0y By + 19(X),
0
t

/ 1ix,=0yds = gL?(X)a
\JO

where Af'(0) = f'(0+) — f'(0—) and £f'(0) = f'(0+) + f'(0—).
If in addition, f is invertible and such that f(0) =0, Af'(0)5 + X f'(0) # 0, the process
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Y = (f(X1))i>0 is an 16 diffusion, singular at 0, that is solution to

.

VYot [ (U 0D + 57 Wl ) Loy ds

Ef10)8+ A0
Af(0)8+ %70

. / U (V)o (Vo)) Ly oy dB. + iL?m,

t
P 0
Tliy.—gyds = L;(Y);
[, 2o = S e )
i particular it holds that

Af'(0)8 +X5(0)
2

LI(Y) = LY(X).

PROOF. The process X is a semi-martingale as,

t t
X, = X, +/ b( X)Ly, 20 ds+/ o (X )y, 20dBs + BLY(X),
0 0

where
< fo s) 1y, z0ds + BLYU(X )) is a process of bounded variation,
£>0
< fo s)1x,20dB ) is a local martingale.
>0
Thus, from [19, Theorem VI.1.5],

FPX) + (X

FX0) = F(Xo) + .

Lo+ g [weora) @

where f”(dx) is the measure defined such that for every g € C},

/Rf’gdrcz —/Rgf”(dl’)-

Since f € C*(R\{0}), f"(dz) = f"(z)1r\fo3(z) dz + Af’(0)do( dz) and from the occupa-

tion times formula

1 " A / 2
5 /R LY(X)f"(dy) = f / FI (X x.20y0(Xs) ds. (42)

From and ,

FX) = 100+ [ (f’(X X + (X ><Xs>2) 1,40y s

/ F(X)0(Xo) L0y dB, + 210 ; AIO) rorxy. (a3)

This proves the first statement.
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Assume now f is invertible and f(0) = 0. To complete the proof, it suffices to verify the
relationship between the local times. Applying to the function |f| yields

PO =170+ [ s 7000 (FOEICE) + 37X Ly ds

Af'(0)B8+Xf(0)

5 LY(X). (44)

+/0 sgn(f (X)) (Xo)o(Xo)Lix, 20y dBs +

The Ito-Tanaka formula also yields

PO = 1F(X0)] + / sen(F(X.)) dF(X) + LO(F(X)).
Thus, since sgn(f(0)) = sgn(0) =0,

PO =170+ [ 57000 (FOEICE) + (X0 Ty s

+ /0 sgn(F(X) £/ (X)o (X)L, sy By + LOUF(X)). (45)

From and ,
Af(0)g+2f(0
L)) = 2L EEIO) oy,
The proof is thus completed. n

LEMMA A.2 (Singular Girsanov theorem). Let (Q, (F)i>0, P) be a probability space and
X the process that solves (40) with B a P-Brownian motion. Let 0 be a processes such

that P(fOT 0sds < 00) =1, E(0) the process such that

t 1 t
€t(9):exp</ 9sd38—5/ egds),
0 0

for every t > 0 and Q the probability measure such that dQ = &/(0)dP. Then, if Ep is
the expectation under P and Ep (5,5(9)) =1, the process X solves

dX; = (b(Xy) + 0,0(X,)) 1, o dt + 0(X)Lg, o dB; + BALY(X),

P oy (46)
]]')?t:O dt = 5 dL?(X)7

where B = (Bt — fg 0, ds) 18 a standard Brownian motion under Q.

>0

PROOF. Let v be the time-change v = [t — fot 1x,.0ds], A the right-inverse of v and
Y = (Xa@)i>0. Let B be the process defined by By = B, — fot 0, ds for every t > 0. Then,

from [17, Theorem 6.3], B is a standard Brownian motion under Q and the probability
measures P and Q are equivalent. By substitution,

dX; = (b(X¢) + 0:0(X4)) L, 0 At + (X)L, 20 By + ALY (X).
Moreover, since P ~ Q and LY(X), (X); are defined as limits in probability,

t t
<X>t :/ ]lXS?godS:t—/ ]lXS:(]dS
0 0
Thus, under Q, X solves . n
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A.1 Interplay between skew and oscillation

ProOPOSITION A3. If X ~ (p,B,(0_,04))-SOS-BM, then

20_o0+ 1+8)—0
1. X/o(X) ~ (pa,(1+ﬁ)+a+( 5 o EHB%MIEI ) -SOS-BM, that is a sticky-skew BM,

2. X/2a(X) ~ <p, . (1" 5 1+,6’>) -SOS-BM, that is an oscillating sticky BM.

PRrOOF. The function f = [z — x/o(x)] is difference of two convex function, invertible,
and zf(z) > 0 for all # # 0. Thus, from Lemma [A.]] the process Y = (X;/0(X}))>0
solves
(U— + 0--"-)6 + ( - U+)L (Y)
(0~ —0.)B+ (0 +04) "

t
V=Yoot [ Lo diWe+
0

t
po_o+ 0

liy_—nds = L (Y),

f s = o )

which proves Item ().

The function f = [z — x/2a(z)] = [v — x/(1 + sgn(z)P)] is difference of two convex
function, invertible, and x f(x) > 0 for all x # 0. Thus, from Lemma the process
Y = (Xi/2a(X}))i>0 solves

"t o(Ys)
Y. =Y, ——=1
f o+/0 2a(V.) (vaz0y AW,

' p
/ Liy,—oyds = §L?(Y)7
0
which proves Item . O

REMARK A.4. For p = 0, we recover the interplay between skew and oscillating BM
(without stickiness), see [8] [18].

B Time-scaling of the sticky-skew Brownian motion

Let O; (X) be the occupation time of [0, 00) by the process X, defined for all ¢ > 0 by

t
O;_(X) —/ ]].XSZO ds.
0
Then, the following results hold.
LEMMA B.1. The joint law of the (p, 3, -)-SOS-BM is

P.(X; € dy, LY(X) € d¢, O} (X) € do)
= g(tu T — y)ég(dﬁ) (515 (dO) IL:z:,y>0 + 5O<d0)lz,y<0) dy
+h(o—plial + x4y )h(t — o, (1 — a)l — x_ — y_) Lyyprcocem(dy) dl do,
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where

() = et Wt ) = —l %

5 xTr) = (& s s €T) = e

g V2t 273

PROOF. See [23] and the corrections [3]. O

LEMMA B.2 (Scaling property). For any p >0, € (0,1) and x € R let
PO = (Q,F, (Fi)izo, PLT)

be a family of filtered probability spaces and X »5) a process defined on Pé’)’ﬁ") such that
under PP X 05 gs the (p, B, -)-SOS-BM and that Pg(f’ﬁ")(Xép’ﬁ") =x)=1. Then,

Law,, 5. (X7, LE,(X@0)), 04 (X ©0));1 > 0)
= Law,,/vas.) (VEXPIVERD L JeLO(XWIVEB) cOf (XPIVERY: 4 > 0),
where P;”’B")(X (p/ /) =/cx) =1 and
(LO(X @A), OF (X PBIY) (LO(XP/VeB)y OF (X P/Veb)y)
are the local times at 0, occupation times of Ry pairs of X ##) and X P/VeB) respectively.

Proor. We observe that

P, (XYP) e dy, L0(XP8)) e de, 05 (XP8)) € do)
- g(Ct, xr — y)50 (dé) (5ct(d0)ﬂx,y>0 + 50(d0>lr,y<0) dy
+ h(o—plial + x4+ yi)h(ct — o0, (1 — a)l — - — y_)Lyp2cocsm(dy) dl do.

In particular,

g(ct,x —y)do(dl) (5ct(d0)]l$ y>0 + 6o(do)1, y<0) dy
ds do do d
=o(t. = )0 2) (0 () tamo () L) 2

and since for all ¢ > 0, t > 0 and x € R, h(ct,x) = ¢ h(t,z/\/c), alcz) = a(x),
(cx)y = cxy, (cx)- = ca_

h(o—pl,al + x4 +yy)h(ct —o,(1—a)l —2z_ —y_)1ew_,_,2a(y)dydldo

o

:h< (E_7f> a€+x++y+>h<c(t—9),(1—a)£—x,—y )]1§Z<C<t a(y)dy dido
bt () 4 (5))



Thus,

P,(X{7) € dy, (X)) € de, 0 (X)) € do)
ey d de d
— P, (Xt(p/f,ﬂ,) c 7% LO(XP/VEB)Y ¢ 707@(;(@/@5») c _0)

Y

which is the desired result. O

COROLLARY B.3 (Density scaling). Let p(, 3,y be the probability transition kernel of
the (p, B, -)-SOS-BM with respect to its speed measure m,a.y. Then, for any measurable
h:R?> —R,

i
/ (@, y)pos.) (ct, T, y)mip s, (dy) = / W@, Vey)p . <t’7’y>m(p/ﬁ,ﬂ,-)(dy)'
R R ¢

PROOF. From the proof of Proposition

/ h(z, Y)D(p,8,(ct, T, y)mp,5.(dy)
R
- / Wz, y) / / Px<xéf’ﬁf> € dy, I%(X05)) € de, O5(X®5)) ¢ do)
R Ry JRy

e d dr d
:/h(:c,y)/ / P, e (X{1Vo0) \/% LO(X/IVER) ¢ = OF (X)) ¢ £2)
R Ry JRy c

= /R W, )P/ e (t%\%)d(\%) = /R M@, Vey)Pioyves.) (t\%y) dy,

which completes the proof. O]

COROLLARY B.4 (Semigroup scaling). Let X be the (p, 3,-)-SOS-BM and (ﬂ(p’ﬁ"))tzo

the associated semigroup. Then,
PV h(a/n) = E, (h(VnX 7).

PROOF. It is a special case of Corollary [B.3 O

C Proofs of the results in Section 4

PROOF OF LEMMA .2 Let uy,us, v, be the functions defined in —. We first
observe that

@(ul(t,m,y) us(t, z,y)) < ok uy (t, 2, y)1i(y) < Kus(t,z,y) (47)

for some positive constant K, since a(y) > (1 —|B])/2 if € (—1,1), otherwise a(y) = 1.
From the Mill’s ratio (see [7, p.98]), erfc(x) ~ e /z and thus there is a constant



Kygins > 0 such that erfe(x) < KMiHSe*"”Z/a:. Thus, if p > 0,

A(lal+y) /o886 pf (le +lyl 2\/27)

vp(t, x,y) = —e

V2t p
KMIHSQ pV2t e—(zl+yD?/2t KMiHSLe_(MHyW/%
p ol + Jy) + 4t B plxl/2+2t

K ills —(|z

< e M < o R 1, 2,). (49
If p =0, from (14)),

UO(thay) :Ug(t,x,y) S Ul(t,x,y) (49)
Combining , and , completes the proof. O]

PROOF OF LEMMA [4.3]. From (11]),
P () = / PP (1 T )M 05, ().

This, with Lemma and since p (t,2,0) = v,(t,2,0), yields

P:BV)
[P h()] < /R PP (o,5.(E 2, Y )65, (dY)

= p|h’<0)‘p(p,,ﬁ,) <t7 z, O) + /]R ’h(y)|p(p75,) (tv xz, y)m(ﬁv)(dy)

pV 2t K
< KD IHO) + o (1) € - (W0) + s ().
which proves the results. O

ProoF OF LEMMA (4.4l We observe that

| PP () — mypp, (WP, )(t z,0)]
= ‘/ t x,y) — p(pﬁ,.)(t,xaO))m(-,ﬂ,-)(dy)‘

< | [ 1) (utt) = wnta00) )| + | [ ) (ua(t..9) — valt. . 0) 2l
R
| [ ) walt2.0) = voltsz. 0 @n)] (50
For every v > 0, there exists a constant K/ > 0 such that for every x € R,

6—12/15 S e—$2/2t < " 1

il (51)

From [10, Lemma 3.1}, for every v > 0, there exists a K! > 0 such that

‘/ [ur(t,z,y) — ui(t,z,0)] dy‘ < 1 K (x\(l)(h) + N j(llx);@fl” + ?T&l) (52)
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For the second additive term at the right-hand-side of (50 ,

/Rh(y)[uz(t,x,y) o(t, x, 0 dy—/ / o(t,,0¢)dC do.

There exists a constant ¢ > 0 such that for every x € R: re < c¢. Thus,

‘QUQ(t,ZE,y)‘ = Mie—(\xlﬂyl )?/2t 0/2\/%
% 2V/27 t\/t =

and for ¢ = ¢/2v/2m,

A (h)
.

(53)
We now bound the third additive term at the right-hand-side of and first consider the
case p = 0, where for all (t,2,7) € (0,00) x R?, vy(t,x,t) = uy(t,,y). We observe that

)/ ) [ua(t, ,y) — us(t, z,0) dy‘</ /‘h —u2tm,0§)‘d§d9§c'

/R+h(y)[u2(t,x,y) o(t,2,0)] dy—/ /R+ us(t, z,0¢) d¢ dé,
/h<y)[u2(my)—u2txo dy—// us(t, 2, 0C) dC do.

Thus, with the same arguments as for the second additive term,
mW (h)
| / (v0lt, 2,) = volt, 2,0))mg 5 (dy)] < 20 (54)
For the case p > 0, let M be the function defined for all ¢t > 0 and z,y € R by

_ vltxy) VAt [z + |yl +4t/p
Mibxy) = ) ~ Vai v ( NeT )

where f(z) := e* erfc(z). Then,

U(t, 3, y) = us(t, 2, y) M (t, 2, y) = us(t,z,y) (M(t,z,y) — M(t,z,0) + M(t, z,0))
and
v,(t, x,y) — v,(t,2,0) = us(t, z, y) (M(t,x, y) — M(t,z, O))
+ (u2(t, z,y) — ua(t,z,0)) M(t,z,0). (55)

We observe that for all £,z > 0 and x,y € R,

0< M(t,x,y) < M(t,z,0) < \/\/:Zt)t <4t\//_p>7

Since 0 < zf(z) < 1/y/7, then and 0 < M(t,z,y) < M(t,2z,0) < 1. Thus, from (54)),

‘/ [un(t, 2, y) — ua(t, 2, 0)] [M(t, 2, )| m(. 5 )(dy)) < (56)
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Moreover

g VE
M(taxv()) - M(t,il’),y) = \/_\/;?/

Since |f'(¢)| = %(1 —/7Cf(C)) is decreasing,

b Gl =z 07z (m)

Note that [0,00) 3 2 — z(1 — y/Tze® erfc(z)) € R takes values in of [0,1/4). Hence, we
have

(12l +4t/p )‘
(e o

p

JEE R

1
< — h us(t, x,y)|me g.y(d
< oo [ ol uatt. . )l ()
2 1 K// (1) 1

ING)) _a?
< h h)———m—.
- 4t\/%m<'ﬁ»'>( Jerr < t4\/_ (8 >1—|—|x/t|7
where the last inequality comes from (51)). From ( @,@,@,

(57)

1)
Loy B0y (0 M. 5, (1)

‘/ ) (vp(t, 2, y) = v,(t,2,0))mq. g, )(dy)‘ < 4\/—>< o(h) + m)
(58)

From (50),(2),(53),(54).(58) and since that for all v > 0,

(L= [BDAD (R) < m(7) 1 (h) < (1+ [BDAD (h),
if I = R (equivalently g € (—1,1)), otherwise mEW/)B)
holds for ) K”
K - - Kl /
5 1_|m( 7+c)+<c +4\/_>

if | 5] # 1, otherwise let § = 0 in the formula. This completes the proof of Lemma .

(h) = 2X(h), the desired bound

PrRoOOF OF LEMMA (4.5 From Corollary which is a consequence of the scaling
property,

[nt] [nt]
WP, t) = D Be [h(yXEP)] = Y0 PP n(ya).
i=2 " i=2

Thus, from Lemma [4.3 and since Z[”t] Yiz < 2v/nt

[nt]
AR (2,0 < Y | PN () |
1=2
[nt]—1

1
<KDY %m(p\/ﬁﬂ;)ﬂhn < 2Kmy, 5 5.5 (|h])Vnd,
=1
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which completes the proof of the first statement.

When m s, 5.)(h) = 0, from Lemma (4.4) (with v = 1) and the fact that Zgﬂfl it <

1 + log(nt) we obtain

[nt]

I L < 3 IR h(ia)|

=2
(1) Oy (1)
< Koy () Y~ < Kmgll,  (h)(1+max(0, log(nt))
i=2
which proves the second and last statement. The proof is thus completed. O
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