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Abstract

We study a class of high-frequency path functionals for diffusions with singular thresh-
olds or boundaries, where the process exhibits either (i) skweness, oscillating coefficients,
and stickiness, or (ii) sticky reflection. The functionals are constructed from a test function
and a diverging normalizing sequence. We establish convergence to local time, generalizing
existing results for these processes.

Notably, our framework allows for any normalizing sequence diverging slower than the
observation frequency and for thresholds that are jointly skew-oscillating-sticky (thresholds
where stickiness, oscillations, and skewness occur). Combining our results with occupation
time approximations, we develop consistent estimators for stickiness and skewness param-
eters at thresholds that exhibit any combination of these features (stickiness, oscillation,
skewness, and reflection).

Mathematics Subject Classification 2020: 62F12; 60J55; 60J60.
Keywords and phrases: Consistent parameter estimation; high frequency statistics; occupation
time approximaiton; stickiness; skewness; reflection; oscillating diffusion coefficient.

1 Introduction

Consider a stochastic process X that satisfies a time-homogeneous stochastic differential equation
(SDE) with smooth coefficients driven by standard Brownian motion. It is known (see [19,
Theorem 1.1]) that the local time of X at some threshold ¢ can be consistently approximated
as n — oo by the empirical process

[ni]

1o 23 g(un(X i =), (L)

=1

where ¢ is a bounded integrable function normalized to [ g(z)dz = 1, (u,), is a sequence diverg-
ing slower than n, and (Xj/,);cn are discrete observations of the process. Such approximations
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have applications in the estimation of specific characteristics of a diffusion. (By diffusion we
mean a continuous strong Markov process. Such process is not necessarily solution to a classical
SDE.) Examples are the estimation of diffusion coefficient [12], of the stickiness parameter [1],
of the skewness parameter [24, 25, 27], and of volatility jumps [27, 31].

Diffusions can exhibit a wide variety of threshold-behaviors, some of which cannot be
replicated by classical SDE solutions. We characterize these behaviors as follows: A threshold
is sticky if the diffusion spends a positive amount of time there upon contact, with the
duration governed by a stickiness parameter; it is skew if it induces asymmetric reflection,
characterized by a skewness parameter; and it is oscillating if it exhibits a discontinuity in
the diffusion coefficient, leading to regime-switching dynamics. Elementary examples include
sticky Brownian motion [11], skew Brownian motion [16], oscillating Brownian motion [23], and
reflected Brownian motion. Furthermore, one can define processes that combine these behaviors,
such as the skew-sticky Brownian motion (SkS-BM) studied in [35, 37], the oscillating-sticky
Brownian motion of [36], and the skew-oscillating-sticky Brownian motion (SOS-BM) defined
in Section 3.1. The SOS-BM, which also encompasses the case of sticky-reflected BM (or slowly
reflected BM), plays a central role in our analysis.

To motivate this work and in particular the significance of parameter estimation for these
processes, we highlight several applications. Such stochastic motions arise in: Quantum
mechanics, describing particle behavior near emission sources, e.g., [10], particle dynamics
in layered media, e.g., [29, 21], and colloids, e.g., [7, 34]; financial modeling of stock price
movements e.g., [3, 9, 28, 31]; and Queuing systems, e.g., [15].

Regarding the problem of local time approximation, existing literature has primarily focused
on specific cases. For instance, [25, 27] focus on skew BM and [27, 31] on oscillating BM for
more general functions ¢ in (1.1) but less general u,,. All these results are applied to estimate
the skewness parameter or the volatility jump. While [26] developed occupation time-based
estimators for estimating the diffusion coefficient of oscillating BM. In the case of skew-oscillating
BM convergence rates for (1.1) (and more general statistics) were obtained in [27] under the
particular scaling u,, = \/n. No result is available, not even consistency, for u,, = o(n). Instead,
[1] proved consistency of local time approximations (1.1) at sticky thresholds for sequences
(un)n diverging slower than y/n, leaving open the case of general u,, = o(n) and in particular
u, = y/n. Motivated by numerical simulations, in the last work, the convergence for o(n) is
formulated as a conjecture. The sequence u,, = /n achieves the optimal convergence rate for
local time approximations at non-sticky thresholds (c.f. [19, Theorem 2.1]). This underscores
the need to characterize all modes of convergence at sticky thresholds for (u,),, which remain
unaddressed in [1]. More specifically, since the normalizing sequence /n is not o(n'/2), it is not
covered by Theorem 1.2 and Corollary 1.3 in [1].

The main goal of this paper is to fill these gaps and prove that for any diverging normalizing
sequence that is o(n) and any bounded integrable function g with ¢g(0) = 0, convergence to local
time occurs in the case of diffusions presenting an Skew-Oscillating-Sticky (SOS) threshold. This
means, in particular, in case g(0) = 0, at a sticky threshold the statistic (1.1) has the same limit
behavior as for the non-sticky process studied by Jacod [19] (the constants change). We also
consider SOS thresholds instead of a purely sticky ones, giving a unified result for this problem
and generalizing the works of [26, 27, 31] with respect to the choice of normalizing sequence.
The new contribution for purely sticky thresholds relies on new estimates for the sticky kernel
(Lemmata 5.6 and 5.7). Regarding the generalization to an SOS-threshold, one needs to consider
a different base process, the SOS-Brownian motion (SOS-BM). The SOS-BM is the diffusion
that behaves like a re-scaled Brownian motion separately on positive and negative half-line, and



exhibits at 0 an SOS threshold. Its local time process discontinuous at the threshold. Hence,
some proofs require to be considered separately on positive and negative half-lines, where the
local time process is continuous in space and time.

For simplicity, we assume the threshold is located at 0 and focus on the case of a single SOS
threshold. The proofs works by first proving the result for SkS-BM and extend via transforms
and equivalence of measure to the general case. Our approach is inspired by, though differs
from: [19] where the problem is reduced to BM, [27] where the problem is reduced to skew BM,
and [1] where the problem is reduced to sticky BM. This indicates that the threshold behavior
must match the one of the base process.

We do not address the problem of finding the rates of convergence for the local time
approximation and the associated estimators (as is the case in [19, 27]). Nevertheless, we
believe that building on the results of this paper one can obtain rates the same way as in the
aforementioned papers for non-sticky thresholds. This is the subject of further work.

Paper Outline

In Section 3, we present the processes we deal with and the main results of the paper: local time
approximation and parameter estimation. In Section 4, we reduce the proof of the local time
approximation result for SOS-diffusions to the case of SkS-BM. The main result for SkS-BM is
proven in Section 6. In Section 5, we establish preliminary results: bounds on the semigroup of
SkS-BM and a preliminary local time approximation based on the Tanaka formula. Lengthy
proofs for this section are deferred to Appendix D. In Section 7, we prove all results related to
parameter estimation.

Regarding the appendix sections: Appendix A derives explicit symmetric stochastic calculus
versions of the It6—Tanaka formula and Girsanov theorem for SOS-diffusions. Appendix B proves
an approximation of the occupation time, used in Section 7 to establish consistent parameter
estimations. Appendix C explores the scaling properties of the skew sticky semigroup.

2 Notation and notions of convergence

Before stating the main results of this paper let us introduce some preliminary notions. First, we
introduce two modes of convergence in which the results are expressed: the uniform convergence
in time, in probability (or ucp), and the convergence in conditional probability (or ccp). We
provide sufficient conditions for ucp and ccp convergence to occur which are used throughout
this paper. The local time approximation holds in ucp convergence and the estimation results
hold in ccp convergence, conditioned on the event that the process has reached the threshold of
interest (we assumed to be 0). Second, we recall the definitions of occupation and local time,
and elaborate on the distinction between right and symmetric local times. Last, we recall the
usual conditions on a filtered probability space that we assume throughout this paper.

For clarity of presentation, let (A™),>0 be a sequence of processes defined on the probability
space (§2, F,P).

Definition 2.1 (ucp convergence). We say that (A"),>1 converges locally uniformly in time, in
probability or ucp to A if for every ¢ > 0, we have that

P
sup ’AZ — A’ ——o.
s<t n—0o00



We denote this convergence with A" Pruch o,

n—oo

Lemma 2.2 (see [20], §2.2.3). If A" and A° have increasing paths and A° is continuous, then
A7 %) A}, Vt € D, with D dense in RT = A" 1;;“::; A0

Definition 2.3 (ccp convergence). We say that (A"),>; converges to A in probability, condi-
tionally on L, if A" — A° in P“-probability. We denote this convergence with

Ar P2 40

n—oo
The next result is direct consequence of Bayes’ rule.

Lemma 2.4. Let £ be an event (L € F) such that P(L) > 0. The sequence A™ converges to
A® in PE-probability if and only if A" converges to A° in probability on L, i.e., for all e > 0,

lim P (]A" = A% > & £) = 0.

Let X be a continuous real semimartingale. For every measurable set U of R, the occupation
time of U by X is the process defined by

t
OV(X) = / 1y(X,)ds, t>0.
0
We denote by (¢¥(X))yer the right local time field of X defined in [30, Theorem VI.1.2] via the

Tanaka formula. We denote by (LY(X)),er the symmetric local time field of the process X,
defined for all £ > 0 and y € R by

X))

LU(X) -

, where E?_(X):}llir%f;?_h()().
—

It is not always the case that the right and symmetric local time fields are equal. An
example is the skew BM, see e.g. [5, Theorem 2.1]. Typically, path-wise characterizations
of diffusions are expressed in terms of the symmetric local time, see e.g. [33]. Conversely,
results such as the It6—Tanaka formula [30, Theorem VI.1.5], the occupation times formula [30,
Corollary VI.1.6], and the representation of martingale diffusions as time-changed Brownian
motion [32, Theorem V.47.1], are typically expressed in terms of the right local time.

In this paper we always assume (filtered) probability spaces satisfy the usual conditions of
right-continuity and completeness. This means the filtration of such space P := (2, F, (Ft)i>0, P)
satisfies Ns>¢ Fs = Fy, for all £ > 0, and that JFy contains all P-negligible sets.

3 Main results

Let us first define the process of interest, which is (the weak) solution to the system

{ dX; = v lix,z0p At + 0(Xy) Lix,z0p dB; + ALY (X), t >0, (3.1)

L{x,=0} dt = deg(X), t>0,

where 8 € [-1,1], p > 0, B is a standard BM, (L{(X); y € R, t > 0) is the symmetric local
time field of X, v is a measurable process and o a positive measurable function. The equation
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lix,—0y dt = pdL{(X), combined with vanishing coefficients, introduces a delay at 0 called
stickiness. This causes the process to spend a positive amount of time at 0, and with intensity
proportional to p. The term 3dL?(X) generates a partial reflection effect at 0, called skew,
whose preferred direction depends on the sign of 3, with limit cases € {—1,1} corresponding
to upper and lower reflection. The parameters p and [ are accordingly called stickiness and
skewness. We also allow ¢ to be discontinuous at 0, and in this case the threshold is also of
oscillating type.

Assume that (v, 0) are such that (3.1) has a unique (in law) weak solution, that is: There
exists a filtered probability space P and a BM B on P := (Q, F, (F¢)i>0, P) such that (X, B)
jointly solve (3.1). When we wish to indicate that Xy = x a.s., we use the notation (P,,P,) for
the probability space and measure. To abbreviate the above, we say that:

X is the solution to (3.1) on P,.

We also refer to this process as an SOS-diffusion. The reason we only consider weak solutions
is that in presence of stickiness (p > 0), no strong solution exist, see [11].

Throughout the paper we also assume the following additional assumptions on the pair
(v,0): Condition 3.1. The first assumption, ensures that the driftless version of (3.1) (where
v = 0) admits a unique (in law) weak solution and determines the state-space. The second

assumption allows us to reduce the problem for the solution to (3.1) to one for the simple base
process SOS-BM defined in the forthcoming (3.3).

Condition 3.1. c1. The diffusion coefficient o ensures that the stochastic differential equation
dY; = o(Y;) dB; + BdLY(Y),

admits a unique-in-law solution (a diffusion) that almost surely does not explode in finite
time. Its state space J is either of the form [0,b) (if B =1), (a,0] (if B =—1), or (a,b)
(otherwise), with —oo < a < 0 < b < +oo. The coefficient o is continuously differentiable
on J\ {0}, i.e., o € CHJ\ {0}).

c2. The (law of the) solution to (3.1) is locally equivalent to the (law of the) solution to

Y:)o' (Y,
dY; = Mﬂ{m#o} dt + o (Y:) Ly, 20y dBy + BALY(Y), ¢ >0,

Liy,—oy dt = pdL{(Y), t>0

— Y

(3.2)

with the same o, B, and p as in (3.1). Let us say that X solves (3.1) on P, and Y solves
(3.2) on Pp = (Q,F,(Ft)t>0, Pz). Local equivalence here means that for every T > 0,

~T ~
there exists an equivalent probability measure P, ~ P, such that the law of X|jo.1) under

P, is equivalent to the law of Y| under f’f

Remark 3.2. By Lemma A.2, a sufficient condition for c¢2 is Novikov’s criterion (see e.g. [22,
Proposition 3.5.12] and the discussion above):

exp (; /Ot (J(l;‘z 7 J'(X5)> ds)] <oo, Vt>0.

In particular, this is satisfied vy = b(X,) where b bounded and ¢ uniformly elliptic (that is
bounded from above and below by a positive constant).

E,
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Of particular interest to our analysis are the following processes, that are special cases of
solutions to (3.1).

« The SOS-BM solves (3.1) with v = 0, § € [—1,1] and diffusion coeflicient oy(z) :=
1iz<0yo1 + Lgz>0y02, With 01,09 > 0. In particular it solves

{ dX; = 00( X)L x,00 dB; + BALY(X),

3.3

Its state-space is J = R if § € (—1,1) and scale function speed measure pair (sg, mg)
given by
x a(x)
= — dz) .=
sole) i= o molde)

o2(2) dx + pdo(dx), (3.4)

where a(x) := (1 +sgn(x)f).

If 5 =1 (resp. § = —1, the state space is J = [0, +00) (resp. J = (—o0, 0]) because the
process is reflected, and (sg,mg) above are supported on J.

o In case 09 = 1, the SOS-BM is an SkS-BM. In case § = 1 and gy = 1, the SOS-BM is
called sticky-reflected Brownian motion and its state-space is [0, 00).

Clarifications and Conventions. We clarify our choices regarding: (i) parametrization for the
pathwise description of a diffusion and (ii) scaling in the scale and speed characterization.
These conventions vary across the literature (see [2, Section 2.1] for a discussion on scaling
choices). Here, we use the scaling for (s, m) so that the infinitesimal generator of the associated
diffusion reads L. = (1/2) D,, Dy and the stickiness parameter p is the local time coefficient in
the occupation-local time relation.

Under our convention for (s,m), for a diffusion on natural scale (that is s(z) = z), p is also
weight of the speed measure’s atom at zero, i.e., p = m({0}), otherwise one should account
for the change of scale. Also, the speed measure of standard and sticky BMs are respectively
m(dz) = dz and m(dx) = dz + pdy(dx). Since we express these relations in terms of symmetric
local time, these features remain valid even when 0 is a reflecting barrier. This is not the case if
one uses instead the right local time (see, e.g., [11] for sticky BM and sticky-reflected BM).

Comparison with literature: Let us keep denoting our speed measure by m.

« In [6, pp.123-124], the generator reads L = D~ D, with speed measure of sticky BM given
by m(dz) = 2dz + 2pdo(dz) = 2m(dx) and our stickiness parameters match.

o In [1], the infinitesimal generator is L = D~ D, with speed measure of sticky BM given by
m(dz) = 2dx + pdy(dz) and the occupation-local time relation reads:

; ~
/0 ]]_{XS:()} ds = gL?(X)

Hence, m = 2m and the stickiness parameter p is twice ours.

3.1 Local time approximation

We now present our main results, expressed in terms of the speed measure of the SOS-BM. The
proofs are given in Section 4, under the assumption that Theorem 3.4 holds for the SkS-BM.
This theorem is proven in Section 6.



Theorem 3.3. Let X be the solution to (3.1) on P,. We consider an integrable bounded function
g with g(0) = 0 and a sequence (uy,), that diverges slower that n, i.e.,
uTL

lim w, = oo, lim — = 0. (3.5)
n—00 n—oo 7

Then, it holds that
Unp ] P, ucp 0
;Zg U Xi- 1) (/gdmo)L(X) (3.6)

n—oo
where my is the measure defined in (3.4) with

~Jo(0+), y>0,
oo(y) = {0(0_)7 y < 0.

The fact that the speed measure mg of the SOS-BM appears in the limit (3.6) reflects the
structure of the proof. By local equivalence between the processes described by (3.1) and (3.2)
and a Lamperti transform, we reduce the problem to the following result for SOS-BM.

Theorem 3.4. Let X be the solution to (3.3) on P, and let a function g and a sequence (up)y,
both satisfying the assumptions of Theorem 5.3. Consider a twice differentiable function T such
that for some € > 0

TO)=0, T(0)=1, e<T'(y)<1l/e, |T"(y)|<1/e, Vy€eR, (3.7)

and the functions (g,[T))n defined as g,[T)(y) := g(u,T(y/uy)), for ally € R and n € N. Then,
it holds that

[n]

Up P, -uc

S Tl X i) 222 ( i gdm()) Lo(X). (3.8)
i=1

In the above result, 7" is a Lamperti-like transform function that allows to transform SOS-BM
into some SOS-diffusions that solve equations of the kind (3.2).

3.2 Parameter estimation

Let t > 0 be fixed. Assume we observe an SOS-diffusion X defined on P, at increasing
frequencies n: Xo =z, X1/, ..., Xi/n, ..., Xy We address two distinct estimation problems.
The first is the estimation of the parameters (5, p) of an SOS-diffusion when the volatility
levels (0(0—),0(0+)) are known. The second is the joint estimation of the full parameter set
(B,p,0(0—),0(0+4)) of an SOS-BM.

Note that with respect to our local time approximation result, the second estimation problem
faces an identifiability issue: The volatility gap 0(04) — o(0—) and the stickiness parameter (3
are confounded in their asymptotic behavior of the statistic (1.1), as noted in [27]. We solve
this issue in Proposition 3.6 for the case of SOS-BM by means of additional (occupation times)
statistics inspired by quadratic variation estimates for Oscillating BM in [26], paralleling the
treatment in [27] (both references consider p = 0). For this, we need an occupation times

approximation result, Lemma 3.7, which extends and corrects a related result for sticky BM
of [1].



For any non-trivial function g, let g-o := L(000)9 and g« := L(_,0)9. Also, for a process
X, let S9%(X) and S9(X) be statistics defined, for all n, as

04+) &

SIT(X) = %(7 uan 1

O el e )
2(n0_ [nt]

sy =t 20

= — unXi_1 .
n ng<0<CC) d$;g<0( T)

Note that in order to compute these statistics, one needs to know ¢(0—) and o(0+).

We now present the first estimation result which yields consistent estimators of stickiness
and skewness parameters.

Proposition 3.5. Let X be the SOS-diffusion that solves (3.1) on P, and let a function g and
a sequence (uy), both satisfying the assumptions of Theorem 3.3. We consider the following
estimators

S ox 2 Zl@ll{xﬂzo} 3 (x Sgt
pn( )'_ESQ-&-( )+SQ—( )’ 571( )'_

If Ly = {75 < t}, with 7 the hitting time of 0 by X, then p,(X) and Bn(X) are respectively
Pﬁt-condztzonal consistent estimators of p and skew ﬂ, i.e.,

Et —~ Ly

n—oo

Let us note that the estimators can only be consistent on £;. Indeed, on L{ we have that
OY(X) = LY(X) = 0, therefore the estimators are asymptotically 0/0 divisions.

We now state the second estimation result: The joint estimation of (p, 3,0_, 0, ) for SOS-BM.
Proposition 3.6. Let X be the SOS-BM that solves (3.3) on P, and T4, 7_ be the following
hitting times:

=inf{s >0: X, >0}, 7—:=inf{s>0:X, <0},

L= {ry <t} and L; :={1_ < t}. Then, for all t >0, in P,-probability,

ST - XED)? e S - X)? e
~ n \ 0-+7 ~ n 5 -,
Z[ t] ]l (Xg) n—o0o Z t] 1 (—o0.0) (XQ> n—00

where X+ = max{0, X} and X~ = max{0,—X}.

Both estimation results rely on the following occupation times approximation, whose proof
is deferred to Appendix B.

Lemma 3.7. Let X be the SOS-diffusion solving (3.1) on P, and let U be any interval of R
(singletons included). Then, the following convergence holds

=3 1(Xe) T ) L 0V (X /1U
=1 n

In particular, for U = {0}, this reduces to:

1 [n} P, -uc
=Y Lix, =0y ——— i 1oy (Xs) ds = pL°(X)
i=1 n

Remark 3.8. One can show that Lemma 3.7 holds for all measurable real set U.



4 A natural reduction

We now prove Theorems 3.3 and 3.4, assuming that the latter holds for the SkS-BM with
g € (—1,1). Theorem 3.4 for SkS-BM with 5 € (—1,1) is proven in Section 6.

We first prove Theorem 3.4 for SkS-BM with § € {—1, 1}, completing the picture for SkS-
BM. Next, we use this to prove Theorem 3.4 for SOS-BM. And finally, we prove Theorem 3.3.
The “reduction” from SOS-diffusions to SkS-BM with 8 € [—1, 1] relies on the following two
transformations

T (z) = ajx) Ty(z) = /Ox 0;’<<5)) dy, z€R. (4.1)

The transformation T, (along with local equivalence of laws) reduces the problem from an
SOS-diffusion to an SOS-BM. The transformation 7} reduces the problem from an SOS-BM to
an SkS-BM.

The reduction to SkS-BM, and in particular to non-reflected SkS-BM (i.e. 8 € (—1,1)), is
chosen for analytical convenience. While equivalent results (to the ones derived in Sections 5
and 6, and in Appendix C) can be obtained directly for SOS-BM (reflected or not), this would
require more intricate computations.

4.1 From non-reflected SkS-BM to sticky-reflected BM

Assume Theorem 3.4 holds for non-reflected SkS-BM (i.e. 8 € (—1,1)). We now show the result
also holds for sticky-reflected BM (i.e. |3| = 1). Without loss of generality, we consider only the
case of positive reflection (i.e. = 1).

Given any non-reflecting SkS-Brownian motion Y of parameters (p, 3), the process X := |Y|
is a sticky-reflected BM starting at |Yy| with the same stickiness parameter p. Given functions
(9,T) as in the assumptions of Theorem 3.4, let g(y) := g(|y|) and T(y) := sgn(y)T(sgn(y)y),
y € R. Observe that T(y) = T(|y|) if y > 0, and T = —T(|y|) if y < 0. This yields the identity

u, [n-] u, [
— Zgn[T](unXﬂ) = Zgn[T](UnYﬂ)'
iz " iz "

Since g and T satisfy the hypothesis of Theorem 3.4 (g bounded, integrable, vanishing at
0, and T twice differentiable so that (3.7) holds), so do the g and 7. By Theorem 3.4 for the

process Y, the right hand side of the above identity converges in ucp to ( fRﬁdmy) LO(Y),
where since we consider symmetric local times L°(Y) = LO(|Y]) = L%(X) and

Laam” = [ =gl +sen@p)de = [ gllalidr =2 [ gla)de = [ gam*,

with m” (dz) := (1 + sgn(z)8) dz + pd(dz) and mo(dz) = m*(dz) := 2L (g+e0)(x) dz + pdo(dz)
(see (3.4)). Therefore, the convergence (3.8) holds for the process X.

Observe that the above convergence entails convergence in law: for every ¢ > 0

[nt]

uTL aw

Y T X ) = ([ gdmo ) LX) 20 (42)
i=1

Now, we deduce that the convergence holds for any sticky-reflected BM. Let X be a sticky-
reflected BM on P, (recall that the space is an element of the (weak) solution). By uniqueness

9



in law, X has the same law as the sticky-reflected BM constructed above from a non-reflected

SkS-BM. Hence (4.2) holds.

Since the limit is constant, convergence in law and convergence in probability are equivalent
(see e.g. [4, Theorem 25.3]). Therefore, we have that

]
n i=1 n R

for all t > 0. By Lemma 2.2, the proof is complete for sticky-reflected BM.

4.2 From SOS-SM to SkS-BM and viceversa, proof of Theorem 3.4
Let X be a SOS-BM of parameters (p, 3,0_,0,).
Lemma 4.1. The process T1(X) is an SkS-BM of parameters (pV), BV, where

M., 20_o+ o_(14+p)—04(1-0)
o (1+B8)+o (1 -5) o (1+p8)+o(1-5)

Proof. The function 7} is difference of two convex functions, invertible, and z f(z) > 0 for all
x # 0. From Lemma A.1, the process Y = T1(X) solves

p B =

(0-+04)B+ (0- —04)
(- —00)F + (0 +05)

t
Y, = Y, +/0 Ly, 20 AW, + L),

t 20_04 0
liy,—rds = L (Y),
Jy Rormords = oS e )
which proves the result. O
Remark 4.2. 1. Similarly, if 5 € (—1, 1), one can prove that with a similar transformation

Ty =[x — x/a(x)] with a is defined in (3.4), the process T1(X) is an oscillating sticky BM,
i.e., an SOS-BM with skewness parameter 5 = 0, of stickiness and diffusion coefficients
(p®),5®) given by

g_ 04
—— Ty 4oy () +

p? =p, oP(z):= I (x), forallzeR.

2. For p = 0, we recover the interplay between skew and oscillating BM (without stickiness),
see [16, 27].

We are now ready to address the proof of Theorem 3.4 for SOS-BM by the assumption that
it holds for SkS-BM for any skewness parameter g € [—1, 1].

Proof of Theorem 3./. Let T be a twice differentiable function which satisfies (3.7), and let T}
be the function in (4.1). For all ¢ > 0, consider the functions S. and ¢., defined as

Se(y) = . ¢c(y) =cy, forallyeR.

Note that these functions are both sign-preserving and C?(R), and S, further satisfies (3.7).

10



We consider the process Y := T7(X). By Lemma 4.1, this process is an SkS-BM of parameters
(o), 81) and
1+ o+ (1 - 5)U+Lo
20,0_

Loy =" ).

Rewriting the statistics in terms of Y instead of X, we obtain that
[nt] [nt]

% ;gn[T](unX%l) — Zgn[T] (unoo(YH)Yil) :

n n

Therefore,

o 7t
= n T nXi*
3 ol Xoc)
[nt] [nt]

=3 (90 000 )5, (1nics ) + 22 3 (9500 6l ] (it )

" =1 "
where g0 = 1(0,00)9 and g<o = 1(—00,0)9-
Applying Theorem 3.4 for SkS-BM and the functions S, ,S,_, we get

o4

[n]
5 galT X i) 222 (1= 5) [ 9o 06, (1) dy
=1

n—oo

+ (14 5Y) [ 92000, (1) dy ) L),

A change of variables in the integrals, the relation between the local times, and the expression
of M yield

S X ) Z2 (2 [l it 258 [l dn) 00, (43

4
n - n—oo

Observe that the right-hand side of (4.3) is (Jg g dmg) LY(X). This completes the proof.  [J

4.3 Proof of Theorem 3.3

The proof relies on the local equivalence in law between the solutions to (3.1) and (3.2). In the
entire proof, let T" > 0 be fixed.

Let us first prove the statement for Y solution to (3.2) on P,.

First, we suppose that o, ¢/, and 1/0 are all bounded by 1/e for some € > 0. In this case,
since the function /0y is continuously differentiable, the transformation 75 defined in (4.1)
satisfies the condition (3.7). Also, its inverse T} ! satisfies T, 1(0) = 0, (75 ')'(0) = 1,

_ 1 _ 1
ST <5 and [T ) < 5,
for all y € R.

Defining the process Z := T5(Y') and applying the It6-Tanaka formula (Lemma A.1), we
see that it satisfies P -a.s. the system of equations

A7, = 00(Z)Liz,40y AB, + BALY(Z), t€[0,T),
Lizi—oydt = pdLY(Y) = pdLY(2),  t€[0,T].

11



This qualifies Z as an SOS-BM of speed measure my (see (3.4)).
Direct application of Theorem 3.4 and the a.s. identity L°(Y) = L%(Z) yield that

n

[n] [n] -
U, Z o Unp, Z -1 _ Ps-ucp 0
n i3 g(uny%> T on i=1 gn[T2 Kunzg) n—o0 (/Rgdmg> L (Y>

For the general case (¢,0’,1/0 unbounded), consider an increasing sequence of compacts
(Kn)m of the state space J of Y such that 0 € K,,, for all m € N, and U,, K,, = J.

1

e Incase J =[0,7): let K, = [0,r,] where r,, = m if r = oo; otherwise r,, = r — —.

e In case J = (I,r): let K, = [ly, ) where [, = —m if | = —o0; otherwise [, = [ + %,
and 7, as above.

For all m, let 7,, be the exit time of K,, by Y. By the boundary behavior of Y, we have
that 7,, — oo almost surely as m — oo. Therefore, by localization, we fall in the previous case
(0,1/0,0" bounded). More precisely for all t > 0, e > 0 m € N,

P, | sup |—
s<t

<P, (sup

[ns]

S (i) 2] )

[ns]

Zg u,Y, (/ﬂ{gdmg)Lg(Y)IZ»s,Tmzt)+I~3x(7‘m<t).

s<t

For every m, the summand of the right hand side of the latter inequality vanishes as n — co.
Therefore, letting m — oo yields that

[n]
o S 8 (] gma) 10,
n3 "
By local equivalence of the laws of X and Y one can show that

[nt]
@Zg(unXg) — (/ gdmo) LX), forallte [0,7).
noia mo e
Since T > 0 was chosen arbitrarily, by Lemma 2.2, the convergence is also P,-ucp. This
completes the proof.

5 Preliminary results on SkS-BM

In this section we present several results on SkS-BM that are key for our derivations. First, we
present some bounds on SkS semigroup. Then, we prove a preliminary local time approximation
based on a sequence of test functions g, and present an asymptotic of g,. The proofs of the
bounds and of the asymptotic are deferred to Appendix D.

Given p > 0 and 3 € (—1,1), let X9 be the SkS-BM, that is, the unique (in law) weak
solution to the following system, which is a special case to (3.1) (it is (3.3) with g9 = 1):
dtiﬂ H{X(P 220y dB, +BdL§(X("’5)),

5.1
dt = pdLY(X*), o

Lixtrn—oy

12



where B is a standard BM and L°(X??) is the local time of X(»%) at zero.

Let us introduce the following notations.
Notation 5.1. Let

« m(,p be the speed measure of X which is special case of (3.4) and admits the
decomposition
mp,p)(dx) = m,3)(dz) + pdo(dz).

The measure m g is absolutely continuous with respect to Lebesgue measure A;

o Dpp)(t,z,y) be the transition density of X (P:8) with respect to my,,3), Whose existence
follows from [17, p. 151]. We provide it explicitly in the next section.

o If X9 is the solution to (5.1) on P,, then the transition semigroup (Pt(p’ﬁ))tzg reads

Pt(p’ﬁ)f(fl?) =B, [f(Xt(p”B))} = /Rp(p,ﬁ) (&, z,y)f (y) mpp) (dy),

for all £ > 0, x € R, and every suitable f.
Notation 5.2. For every measure m, m-integrable function f, measurable function h, and v > 0,

let m(f) := Jz f(z) m(dz), m™(h) == Jg |2["|h(z)| m(dz).

5.1 The transition density of SkS-BM

The probability transition kernel p(, 5 of the (p, 5)-SkS-BM with respect to m, gy was computed
in [35, Theorem 2.4]:
1
p(PvB) (tv x, y) = @ (ul(tv x, y) - uQ(t7 x, y)) + Uﬂ(tv xz, y)v (52)

for all ¢ > 0 and x,y € R, where a is the function defined in (3.4), and wuy, ug, v, are defined for
allt >0, z,y € R by

uy(t, @, y) = (2mt) "2 e~ @)/t
us(t, x,y) = (2mt) "2 e~ Ueltluh?/2
! o (5.3)
0yt y) = —eXIeHHol/o+26/6 g <Ix| + 1yl \/_> RV
P V2t P
Uo(t’ Z, y) = u2(t7 X, y)

Remark 5.3. 1. For p > 0 and xy < 0, the expression of the probability transition kernel
simplifies to p, ) (t, z,y) = v,(t, x,y).

2. The term v,(t, z,y) does not appear in the probability transition kernel of the standard
BM and skew BM. The probability transition kernel of the skew BM for § # 0 and
of the standard BM with respect to their speed measure (mg)(dr) = a(x)dz and
mo,0)(dx) = dx), are respectively

p(O,ﬁ)(t, l’,y) = (ul(ta xvy> - u2(t7 xvy)) + u2(t7 xvy)

a(y)
)

and  po) = ui(t, x,

13



5.2 Bounds on the SkS-BM semigroup

Lemma 5.4. There exists a constant K > 0 such that for allt > 0 and z,y € R,

p(ﬂﬁ)<t7xvy) < Kul(tvxuy)v

where K does not depend on p. In particular there exists a constant K > 0 (not depending on
p) such that
Up(t7 T, y) S Kul(ta z, y)a

forallt >0,p>0 and x,y € R.

We now present bounds on the SkS-BM semigroup. These play a central part in proving
the main results of this paper. The proofs are deferred to Appendix D.

Lemma 5.5. There exists a constant K > 0 such that

pV/2t K
—— 75 o [MO) + —=m (|h]) <

1P () < K 7

S =

for allh € LY(R), t >0, and x € R.

Lemma 5.6. For every v > 0, there exists a constant K., > 0, that does not depend on (p, 3),
such that

) ")
Mg (h)  mg(h)
L+ |z/VEr 1+ )7

1
PP h(a) = i) (h)pn (1 2,0)| < Ky (mgé?ﬂ)(h) "

for allh € L'(R), t > 0, and z € R.

We now present the last semigroup estimates we need for our main proof (of Theorem 3.3).
The result is expressed in terms of the following functional, which aggregates the action of the
semigroup over the sampling data. This functional arises naturally when we consider moments
of our statistics. It is defined for every suitable (e.g. bounded or positive) measurable function
h,t>0,neN,and z € R, as

[nt]

[nt]
AP R](t, x) = S E, (h(ﬁng))) = Zp;ylﬁ,ﬁ)h(\/ﬁa:),
i=2 " =2

where the last equality is consequence of the time-space scaling of X see Corollary C.4.

Lemma 5.7. (i) There exists a positive constant K > 0 such that, for everyt >0, n € N,
and suitable function h:

m(}pﬂ) [h](x,t)] < Km(pﬁ,ﬁ) (|h|)\/E,

(ii) Assume that m( s, 5 (h) =0, for all n € N. Then, there exists a positive constant K > 0
such that, for everyt >0, n € N:

W) (,t) < Kmg(h)(1+ max(0,log(nt))).

14



5.3 A preliminary local time approximation

In this section we establish a preliminary local time approximation result based on the Tanaka
formula. We prove also a property of this approximation that will prove useful for our further
derivations.

The statistic used for our first approximation of the local time is the rescaled mean absolute
displacement of the process. Given the parameters p > 0 and 5 € (—1, 1), the statistics is
constructed from the sequence of functions

Gu(w) =B, XV~ lal], neN, (5.4)

where X(#v™8) is the SkS-BM on P, for all z € R. Recall that the state space is R, since
pe(—1,1).

Proposition 5.8. Let X be an SkS-BM on P,. The following convergence holds:

1 [n} —~ P, -uc
T 2 On(VRXEY) S5 LAX O,
i=1 "

n—oo

Proof. Since the process (Xt(p & ))tZO is a semimartingale, the (symmetric) Tanaka formula (see
e.g. It6—Tanaka formula in Lemma A.1) ensures that

t
X0 = fo] = [ sgn(XP)x, oy dB 4+ LX),
Since [; sgn(X )1 x, .0y dBs is a martingale,
B, [|X07] = X)) = By [L(X09) - LX)

Also, from the scaling property (Corollary C.3),

L
\/ﬁgn
Thus, from [18, Lemma 2.14],

(Vax(ed) = B, | X09| — |xeP||F L.

[nt] [nt]
1M , P
T LX) = S [ (X0 - L (X F | S )

and, from Lemma 2.2, the convergence is locally uniform in time, in probability (ucp). ]

Proposition 5.9. It holds that m, / 5 (Gn) — 1 as n — oo.

6 Proof of Theorem 3.4 for SkS-BM

Throughout this section, let X(*#) be a SkS-BM (i.e., solution to (5.1)) on P,, and my, s be
its speed measure (see (3.4)). Recall the state space J = R since § € (—1,1).

We now prove Theorem 3.4 for SkS-BM, i.e., that if (u,), is a sequence that diverges slower
than n, T is a twice differentiable functions that satisfies (3.7), ¢ is an integrable and bounded

15



function with g(0) = 0, and g,[T] := ¢.[T](v) := g(u,T(y/uy)), for all (n,y); then the following
convergence holds:

]

Un , P, -uc

2 ol (un XE) S50 (/R gdm(p,m) LO(X D). (6.1)
=1 "

For this, we consider separately two different modes of convergence for the normalizing
sequence (Uy, )y.

m1l. The mode (uy,), : logn/u, — 0, u, — co. We prove this in Section 6.2 via rescaling to
the case u,, = n'/? which is considered in Section 6.1.

m2. The mode (uy,), : u2/n — 0, u, — co. We prove this in Section 6.3 using properties of
the local time of the process, namely its continuity on each half-plane and its time-scaling
(Lemma C.2).

Note that any sequence (u,,), that satisfies (3.5) falls necessarily in at least one of these
modes. Note also that:

e The mode n® with € [1/2,1) is m1 but not m2. In fact, m1 includes the case u,, = n®
with @ € (0,1). Both modes include u,, = n®* with a € (0,1/2).

e The mode logn is m2 but not m1.

The proof of the mode m1 relies on an intermediate result that quantifies the asymptotic
behavior of the statistic for more general sequences of test functions than n — g,[T’] and for the
specific normalizing sequence u,, = n'/2. This intermediate result, which is stated and proved in
the next Section 6.1, relies on our new estimates on the sticky semigroup (Lemma 5.6) and of
its action (Lemma 5.7(ii)), as well as on a linearization which leads to consider Proposition 5.8.
We refer to the subsections containing the proofs for more insight.

Comments on Related Literature. The modes m1-m2 are an improvement with respect to [1,
Theorem 1.2] for sticky BM, which considers only m2 and does not deal with skew-oscillating
thresholds. The modes m1-m2 are an improvement with respect to the results for skew BM
in [25] and skew-oscillating BM in [27], where only the normalizing sequence u, = n'/? is
considered and do not deal with sticky thresholds. Therefore, m1 is new in the context of sticky
thresholds and m2 is new in the context of skew-oscillating thresholds.

The ideas of the proofs and their main steps are detailed in the respective subsections.

6.1 A first result for u, =+/n

For convenience, we fix , and we let X% be solution to (5.1) on P,. We use Notation 5.2 and
introduce the sequence of functionals (B,,), defined for all bounded measurable f, and n € N as

_ ) myas ()
n NG
migs (f) (1 +1log(n)) fF(v/nz)  (1+1log(n))mms(lf])
n * vn '

The main result of this section, Proposition 6.3, works under the following condition on the
sequence of test functions (g, ).

B[ fl(x) -

_|_
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Condition 6.1. The real sequence n +— By[g,](x) vanishes as n — oo.

Remark 6.2. If two sequences of functions (f,)n, (gn)n satisfy Condition 6.1, then the sequence
(fa + gn)n also satisfies Condition 6.1.

We can now present the result, which reads as follows.

Proposition 6.3. Let (g,)n be a sequence of functions that satisfies Condition 6.1 and
My, 00 M ymp gy (gn) = M. Then, for all t > 0,

1 [nt] b,
D 9o (VX )  MLY(X0). (6.2)

Also, if sup,, {m(\/ﬁpﬁ)(|gn|)} < 00, then the above convergence is P, -ucp.

The proof relies on a linearization of the statistic in (6.2) with respect to the approximation
from Proposition 5.8. More specifically, instead of considering the sequence (g, ),, one considers
the sequence (¢,g,)n With (c,), a suitable sequence converging to M. We then establish that
the difference between the statistic with ¢, and the one constructed from its approximation
CnGn is bounded in L*(P,) by K B,[gn — ¢ngn](x), where K > 0 is a constant. (See Lemma 6.5.)
Therefore, Condition 6.1 on (g,), guarantees that also (g, — ¢,gn)n satisfies Condition 6.1 and
so, the two corresponding statistics have the same limit in probability.

Before proving Proposition 6.3, we provide a couple of preliminary results that are useful to
the proof. The first one is not directly applied in this paper, but contains steps used in proofs
of subsequent sections, like Proposition 6.8 and the one of Lemma 6.12.

Lemma 6.4. Let (g,), be a sequence of functions such that
Tim m(m, 5)(19n]) + gn(Vnz)/v/n = 0.
Then, as n — 00
| )
77 L (VX2 =0,
locally uniformly in time, in L'(P,).

Proof. We observe that

E. | sup
s€[0,t]

Thus, from Item (i) in Lemma 5.7,
1 |9n (/)|
Eo | sup | o= 3 gu(VaX PP | < FEEEES
(sE[O,t] \/ﬁ; ( 2 ) vn

which vanishes as n — oo. This completes the proof. O]

[ns]

3 gu(v/n X0

i=1

) < gn(zvn)| 4 nllgnl](z, ).

[ns]

+ Km0 (19a])VE,

The next result is an adaptation to this context of [19, Lemma 4.2].
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Lemma 6.5. Let (g,)n be a sequence of functions that satisfies Condition 6.1 and for alln € N:
myips) (gn) = 0. Then,

Proof. 1t holds that

[nt] 2

E, | 3 ga(vnXx®D)
i=1 n

< g,(Vna) + lgz](t, @)

+2 sup_{algnl(s,9)1} (92 (V) + lgal (t = 1/n, 2))

yeR;s<t

From Lemma 5.7, for some K; > 0,

sup {[7algnl(s,9)[} < Kemiys) (gn) (1 +log(n)) ,
yeR;s<t
'7n[gn](t7x) < Ktm(\/ﬁp,ﬁ)(|gn|)\/ﬁ7

Therefore,
2

1 [nt]

which converges to 0 as n — oo. [

Lemma 6.6. The sequence of functions (G,), defined in (5.4) satisfies Condition 0.1. Moreover,
lim g,(0) = 0.

Proof. In this proof, with abuse of notation, we make vary the probability space P,, y € R,
to underline when the process we are considering starts at y. By [32, p. 277] or [35, above

Proposition 2.2], for all n, there exists a skew BM X% defined on an extension of the
probability space such that X %) = (X f/g’(ﬁt;)tzg, where the time change 7, is (the right-inverse
of t = t + cpy/n LY(X®P)), with ¢ a non-negative constant and it is) strictly increasing,
a.s. continuous, and 0 < v,(t) <t, for all ¢ > 0. By the above we have that

0 < gu(y) =By, (XY™ = Jyl) = B, (1X500] = wl) < B, (1IX"7] = 1y]) -

Recall the scale function s of X5 defined in (3.4). We observe that s(X©%) is a martin-
gale and z + |s7'(2)| is convex. This qualifies the process | X®9| = |s7! 0 s(X©®)] as a
supermartingale. This, combined with Lemma 5.4, yields

0 < Gn(y) < KE, (|Bi] — |y]) =: Kg(y).

The function g satisfies Condition 6.1 with p = 0 in B,[g](z) (see the proof of [19, Theorem 4.1]).
To show that (g,), satisfies Condition 6.1 for p # 0, it remains to prove that

lim g(0) =0 and lim (1 +logn)g,(0) — 0.

n—o0

18



Indeed, since 0 < a(y) < 2,
3u(0) = Eo (IXI™ 1) = [ 1ylp(oym e (1.0,5) My ()
<2 [ ylupya(1.0.5) dy

= \2/—/ |y|e2¥/PVt2/ 0P o fe ( ] V2 ) dy.
p/n Jr

Therefore, ((1 +logn)g,(0)) — 0 as n — oco. Similarly,
(30" < B (|1XIV12) <2 [ [y[0,(1,0,y) dy

. / |y|262|yl/’3‘/ﬁ+2/”2” erfc ( |y| V2 ) dy
pv/n Jr NG

Therefore, g2(0) — 0 as n — oo and Condition 6.1 is satisfied. This finishes the proof. O

V2 oy

We are now ready to address the main proof of this section.

Proof of Proposition 6.3. Let (Gn)nen, (hn)nen be the sequences of functions defined for all
y€R,neN by

(gn) _ 0
hay) = galy) — e DIG ), Galy) = B, (1XV) < 1y))
m(yp,5) (Gn)
Note that g, was already defined in (5.4).

From Proposition 5.9, Remark 6.2, and Lemma 6.6, the sequence (h,,),, satisfies Condition 6.1.
Also, for all n € N, m( sz, )(hn) = 0. Thus, from Lemma 6.5,

[ni] 2

Zh (Vax )

Z‘

—— 0, forallt>0.
n—o0

Convergences in probability follows, i.e.,
[nt]

Z ho, \/_X ) 0, forallt>0. (6.3)

—00

This, combined with Prop081tlons 8 and 5.9, proves (6.2).

It remains to prove that the convergence is P,-ucp under the additional assumptlon that
supn{ ﬁp75)(|gn|)} < o0o. If (gn)n are all positive, the processes fzi”t} gn(\/_X ) are
non-decreasing and have a continuous limit, P,-almost surely. Thus, by Lemma 73 2, the
convergence is locally uniform in time, in probability (ucp). More precisely, for an arbitrary
(gn)n satisfying the conditions of Proposition 6.3, let g, = g —g,,, where g (y) = max{g,(y),0}
and g, (y) = max{—g,(y),0}. Since (g;"), and (g, ), are both sequences of positive functions,

if iy, 00 M mp.5) () =1 M, and lim,HOO M /rp) (9n ) =3 M_, then

Zgn u X D) B A 10 x 00
and Zgn up X =P M_LO(X P,

TL%OO

From this, one easily deduces that the convergence (6.3) is also ucp. This completes the
proof. O
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6.2 Proof of the mode ml

The statement in this case is the following.
Proposition 6.7. The convergence (6.1) holds under the additional assumption that

logn/uy, — 0.

The proof of this mode reduces to applying Proposition 6.3 after a proper re-scaling of the
test function. More precisely, we first prove Proposition 6.8 which allows to pass from considering
u, = +/n (for which Proposition 6.3 holds) to general u,,. The proof of Proposition 6.8 is based
on showing that the asymptotic behavior of the same statistics associated with a sequence (g, ),
is similar to that of the statistics with g,1(_,,), r > 0, instead of g,. Next, in the proof of
Proposition 6.7, we show that the sequence (g,[T]), satisfies the assumptions of Proposition 6.8.

Proposition 6.8. Let (g,), be a sequence of functions and (u,), a sequence of real numbers
such that

1. asn — o0: u, — oo, logn/u, — 0, and u,/n — 0,

2. (gn)n a sequence of functions such that

sup A(|gn|) < oo, Sup |9 (y)] < o0,
lim m n) =: M, lim lim su / n dy = 0.
lim m 5 (9n) mlimsup | 19 (y)] dy
Then,
e S (X ED) T M)

Proof. Let (k,), be the sequence of functions defined for all y € R by k,(y) = %gn (%y)
Assume first that sup,, A(*(g,) < co. Then, for some K > 0,

Un,
k()] < Kﬁ, m.p) (kn) =mop)(9n), M8 Enl) =m0 (lgn]) < K,

m(o,ﬂ)( n) w m(oﬁ)(gn) = ) ( n) \/_ ( ) \/_

From the hypotheses made on (uy), and (g,),, we have also that (k,), satisfies Condition 6.1.
Thus, from Proposition 6.3,

Zk (vVn. X ) = MLY(X D), (6.4)

This completes the proof under the condition sup, A"(g,) < cc.
Consider now sup, A(!)(g,) = oo. For all 7 > 1 consider h,, := Gnl(—rry. Then,

mgé?ﬁ)(hm) < rmp)(lgn]) < oco. Moreover, for all 7, mg)(hny) = ar as n — oo (up to
considering a subsequence) for «,. such that a,, — M as r — oo. Hence, from (6.4),

u” Zhnr Up X p,B)) Pz-ucp; %LO(X(pﬁ))'

n—oo 9
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Since a, — M as r — 00, it remains to show that

Zgn unXS’Jf U”Zhnrun pﬁ))

) 0. (6.5)

If Bnr(y) = 90(y) = Py (¥) = gn(y) L5}, then the expectation in (6.5) is bounded by

lim limsup E, ( sup

o0 n—oo s€[0,t]

[nt]

1 o~
nr nXgplﬁ) D < 7hnr n = nhnr 13

(1 X2} < 2 ) + =l o),
where h,, ,(y) = “—\/%Enyr(%y) = [kl (W)L >rvafuny and Yolhn] (y, ) defined in Notation 5.2.
Since |ky,| is bounded by Ku,/\/n,

lim %ﬁm(unx) =0.
n—oo n,

It remains to check that ]
lim sup lim sup —=",,[7n,] (2, ) = 0.
n

r—00 n—oo

Indeed, since hy,,(0) = 0, Lemma 5.7 yields
1

Vn

which converges to 0 as r — oo. [

Yalhn ) (@, 1) < Kmgo gy ([ )VE,

Proof of Proposition 6.7. We observe that

0 ga[ ()] < gl MgnlTI1) < Mgl [ 2]] , < >,
Jim o6 (9a[T]) = mo,8)(9)-
Also,
[ e dy = [ 1o (wT()]uade
ly|>¢ |y‘>ﬁ
1 1
<— [ lgtuplundy << [ o)l dy.
un|y|>q ly|>q

which converges to 0 as ¢ — 0o. Since g(0) = 0 and mg gy is equal to A up to a multiplicative
bounded weight, the conditions of Proposition 6.8 are satisfied for (g,), = (ga[T])n. The proof
is thus completed. O

6.3 Proof of the mode m?2

The object of this section is to prove the next Proposition 6.9. The proof relies on reduction of
the problem of convergence for the discrete empirical statistic

[nt]

Un Zgn w, X Pﬁ))
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to one for the continuous quantity
/ 9l TV )L, (X)) dy.

We show that (i) the continuous quantity converges to the desired limit (Lemma 6.10) and
that (ii) discrete and continuous quantities have the same limit. For the former, we use For
the latter, we use the functionals introduced in Lemma 6.11, the limit therein, and the bound
from Lemma 6.12. Note that Lemma 6.11 consider only Lipschitz functions vanishing in the
vicinity of the origin, with whom we approximate in L' the test function g in the proof of
Proposition 6.9.

The strategy of our proof is inspired by the ones of [1, Theorem 3.1] for sticky BM and [19]
for standard BM, as the semigroups of sticky BM and SOS-BM scale similarly in time, space,
and stickiness parameter. The main particularity of SOS-BM is the discontinuous character
of the local time field in space at 0, caused by the skew-oscillating behavior of the process.
Therefore, whenever we use continuity arguments (as in Lemma 6.10), we need to handle the
behavior on each half-line separately. Moreover, we provide a detailed proof to complete and
revise some steps in [1].

Proposition 6.9. The convergence (6.1) holds under the additional assumption that (u?),
satisfies (3.5), that is:
u? /n —— 0 and u, — oo. (6.6)

For this, we use the following preliminary results.

Lemma 6.10. Assume X% P, w,, g, and T as in the foreword of this section. The following
convergence holds

Un, P.
/ gnlT E?[Jn/t]/n( ﬁ)) dy — m(p’ﬂ)(g)Lg(X(p,ﬁ))_

Proof. We first prove that the right and left local times (£/(X®?);¢t > 0,y € R) and
(7= (X»); t > 0,y € R) are both almost surely (,%)-jointly continuous on each half-plane
and

QXD = (1+ LX), (- (XPP) = (1= B)LY(X ). (6.7)

For this we reduce to the case of skew BM. Indeed, as seen in Lemma 6.6, there exists a

skew BM X (5 defined on an extension of the probability space such that X %) = (X i(()t? ))tZO’

where v a a.s. continuous strictly incerasing time-change. By [30, Exercice VI.1.27], we have
that £)(X ) = £5, (X)) for all t > 0.

By [30, Theorem VI1.1.6], the right local time field (¢,5) — ¢/(X©#) and symmetric local
time field (¢,) — LY(X©#) are both almost surely (¢, %)-jointly continuous on each half-plane
(R; x(—00,0)), (R; x[0,00)). The relation between right and symmetric local times of X ()
at the skew threshold 0 is given by the identities (see e.g. [5, Theorem 2.1])

EOXON) = U BLXOD), @ (XOP) = (1= HLIXC)

Since v~ ! is a.s. continuous, the first step of the proof is demonstrated.
From the a.s. piece-wise continuity of (¢,y) — €/(X %), for all t > 0 and y > 0,

wy/% (X(pﬁ ) — 50( pﬂ))| Pz-as o0 and |g[:l?l{]/;;n<X(Pﬂ)) — Eg_(X(p’ﬂ)M Pecas, g, (6.8)

nt]/n n—00
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Let us fix ¢t > 0 and an event {2y of full probability such that the convergences (6.8) hold for
all w € )y. We now prove that, on g,

/0 gn[T) (W) 17 (X m)@mﬁi’()((”’m)/o 9(y) dy

and

0 0
| alTw) s (X0 dy — 67X [ g(y)ay.

—0o0
We focus on the first convergence. The second convergence can be proven with similar arguments.
We observe that

oI (X ) dy - ((x) /O Tl dy
_/ gl 6%1]‘7”( (pﬁ))_&?(X(p,ﬁ))) dy
£ (X0) /0°°<gn[T]<y>—g<y>> dy. (6.9)

Regarding the second additive term of the right-hand-side of (6.9), note that

1
Hy/un))

And, since 7" is lower and upper bounded by a positive constant, 77(0) = 1, and g is bounded,
by dominated convergence we have

[ slri = [ o)z . 6.10)

[ 110 = s a0 < [ 1o |y 1| 0

Let us consider the first additive term of the right-hand-side of (6.9). By the non-explosive
nature of the process, it holds a.s. that for every s > 0

—oo<1an < sup X, < 0.

u<s

Note that Ey/"” (XeB)) < @2 (XA = 0 for all y > u,, supu<tX(”’5) and by continuity in

[nt]/n
space K := Sup,c(p o) ¢ (X B = sup 3 (X PP < oo. For all y >0,

yel0,sup, <, X7

[T () (€l (XOP) = (X))

nt]/n

< |gal 1) (€225, (X02) 4 O(x ) < (K + £(X)) |g,[TI(y)].

By (6.10) and lower boundedness of | T”|, the above expression is integrable, and [5 |g,[T](y)| dy <
11/T"| o Jo< l9(y)| dy < +o0. Moreover, for every y € (0, +00) we have
9aT1(0) (G0 (XD = RXEM)[ < Yl |15, (XP2) = (XD,

nt]/n

which converges to 0 by joint continuity of the local time. By dominated convergence,
| 9alT)w) (6857, (X07) = 1(x9)) dy
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vanishes as n — oo.

We have thus obtained the almost sure convergence

> Un, P, -a.s. o0
|7 Tl (X0 dy 2= ([ gly) dy) (X 0)

n—0o0

An identical argument applied to the interval (—oo,0) yields

[ s, comyay et ([ g ay) doxe)

Adding these two results together, we conclude that the P, -almost sure limit of the sequence of
integrals n — g 9.[T](y )E[yn;]l;Ln(X(p’ﬁ)) dy, as n — oo is

( /0 9(y) dy) O (X By 1 ( /0 "9y dy) PO(x D),

By the relation between right and symmetric local times (6.7), the proof is complete. [

Lemma 6.11. Let k be a bounded Lipschitz function with compact support that vanishes on an
open interval around 0, (u,), be a sequence that satisfies (6.6), T a function that satisfies (3.7)
and (ku[T))n, (FLlk])n be the sequences of functions defined for all t € R, n € N as

Mﬂmﬁwmﬂwmm,fmww:AXﬂ$WMHm—mwm»m.

The sequence (m(unpﬁ) (Fn[k:])) vanishes as n — 0o.

n

Proof. For all 6 > 0, let Us = {z € R: |z| € (§,1/)}. We choose § > 0 such that for all
x & Us, k(x) = 0. We observe that there exists some ng € N such that, for all n > ng and
\z| & Us 2, kn[T)(z) = 0.

In what follows, we consider separately the absolutely continuous and singular parts of
M(unp,8)- By Fubini’s theorem,

( / ( S(Z;’jff)knm () — k[T (x)) ds> my. g (dz)

</(/

PO RlT)(w) — kalT)()] m.(de) ) ds.

su2 /n

Also,

Lemma 5.4 yields

s 1 kT () — k[T ()
< [ RalT1) = Bl T10) | Pl (22 0,2, ) ()

<K [ kalT1(y) = kalT)(&) s (s /. 2, y) dy
+ K |k [T)(2)] uy (su? /n, z,0). (6.11)
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Regarding the second additive term of the right-hand-side of (6.11), by the convergence
lim,, oo u2 /n = 0 and boundedness of k (and of k,), it follows that

lim K |k,[T)(z)|ui(su?/n,2,0) =0, forallz € R and s € [0,1].

n—oo

It also follows that there exists some ny > ng such that for all n > ny and s € [0, 1],

K |ko[T) (@) ur (st /n, 7, 0) < K ||kl o w1 (sup /n, 2,0) 1y, ,

<l Luya(e) sup (st /m,,0)
(BET](;;Q

<K ||kHoo ul(uil/nlv O? 5/2)1U5/2<‘T>7
which is L'(R). Thus, from dominated convergence,

lim /RK|kn[T] (2)|ur (su2 /n, x,0)m, ) (dz) = 0.

n—oQ

Regarding the second additive term, if Z is a Gaussian A (0, 1) random variable, by assump-
tions on k, for every n > ng and s € [0, 1],

L Ll T)w) = kalT)(w) s (st /. ) dy . ()
_E (/R kalT] (2 + 222 2) — ko [T] () m(.,mdx))
_E ( /R (L0 () + Loy, (24 8 2)) [ka[T) (2 + 2£2) — ka[T)(@) m(.ﬁ)@x))
< Wl Il B (121 f, (R0 (0) 4 L (2 4 252)) )

U, 8

2D,

which, since E(|Z]) < oo, converges to 0 as n — oo.

< Nkl 171,

Since the bounds do not depend on the variable s, from the dominated convergence theorem
on L'([0,1]), we obtain
M.y (Fulk]) — 0.

n—oo

Regarding the singular part of the measures, from (5.2),

p%Pwmmm@—MWWWQMKAWFM%WFWWMM@M&ww

su3, /n
= ok [ |k TI(0)] v (502 /m,0.9) dy.
5/2
Thus, by symmetry of y — v,(¢,0,y), and the fact that erfc(y) < KMiuSe_yQ/y (see [14, p. 98]),

ptn [ IkalT)(w)| v (52 /n,0, ) dy
Us /2
2/s lyl . uls 1yl V/28u5/n
S 2 HkHOO exXp 27 —|— 2? erfC + dy
8/2 Unp  NUZP \/25u2 /n Unp
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uppy/2s/n _n

2/6 .
< 2|kl KMills/(s e i dy

/2 |ylp + 2su,/n
pJ2uZ/n (2§
< 4k o, Kmins———— < ) ;

op 5 2

which converges to 0 as n — oo.

Again, since the bounds do not depend on s, from Lebesgue’s dominated convergence
theorem on L*([0, 1]),

lim (pu,) F,[k](0) = 0.

n—oo

This finishes the proof. O

Lemma 6.12. Let X*%) be the (p, 3)-SkS-BM on P,. Then, there exists a positive constant
K > 0, such that for allt > 0 and integrable function g,

E. (sup
s<t

Proof. We observe that

[ns]

Zg w, X (pb’))

=1

)g@@wﬂ+Kmen+;m@mmwnwﬁ

/R |9(uny) M8 (dy) = plg(0)] + uln /R 19(y)|Imo,8)(dy) = plg(0)] + ulmm,m(lgl)-

n

From Lemma 5.5 and the fact that z?ﬂ i~1/2 < 2+/nt, there exists a positive constant K > 0
that does not depend on (¢, g) such that

[ns] [n1]
e g o) < e (o)
s =1 o =1 "
m%m+zﬂ”m
1 i /n
< lo(wa) 4 K (plaf0)] +—mios(lol) ) 3 V2
=2 ?
1
< lg(uaw)] + K (plg(O)] + —mo(lgl) ) 0V
This finishes the proof. O

We are now ready to address the proof of Proposition 6.9.

Proof of Proposition 6.9. For simplicity, in this proof we fix ¢t > 0. We observe that X ®#) is a
semimartingale with quadratic variation d <X(p’5)> = IL{X(p,/;)#O} ds. By the occupation times
S s

formula [30, Corollary VI.1.6], for any non-negative measurable function f, it holds that

t
| FEENL gy ds = [ F) Loy (X ) dy.

In particular, if f(0) = 0, then the formula becomes

[ 59y ds = [ p)exe) ay. (612)

0
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Applying consecutive change of variables and (6.12) yields

nt]/n
T gl T, X507 ds = w, / onlT] (1, X @) ds
0 0

n
= u, /R InlT) (uny) (X PP dy = /R galT) () CL307 (XP2)) dy.
And, from Lemma 6.10, we have

T/ Up, P.
/Rgn[T](:v)é[Jt]/n(X(p,ﬁ)) dr —= m(p,g)(g)Lg(X(Pvﬁ)),

n—oo

By these assertions, to complete the proof, it suffices to show that

Un (b)) _ Un [ (0:8)) g5 Pz
o L 0T X2) = [T g Tl X7 ds 20, (6.13)

Indeed, once (6.13) is proven, we obtain

[nt]
un s Pz
L T X L) S i () LX),

With the same arguments, based on Lemma 2.2, as in the closure of the proof of Proposition 6.3,
the P -ucp convergence is proven.

Let us now prove (6.13). First, let us note that

[nt]

U N G [T (u, X EP)) —
nois o

2Py =2 [ g 1) XL ds

[nt] 1
Up, 7 7
=03 [ (9710, X2 = [T, X7 ) ds
Uy, nt—[nt]
+2 [ (gan X ) = gnlT) X E0) ) s (6.14)
The second additive term of the right-hand-side of (6.14) is bounded by 2 ||g||,, . /7, therefore

Up, nt—[nt] n—00
o P (TG — TN ) ) ds 2 0

n n

By [13, Lemma 9], and since ¢ is bounded, to show that the first additive term of the right-
hand-side of (6.14) converges to 0 in probability, it suffices to prove that

(0:,8) (p:B)
i-1 ) - gn[T](X@+§)

1
D =" [k, <gn[T](X .7-““) ds "5 0,

n i1 0 T n n n n—0o0
Using the notation of Lemma 6.11, D,S") reads
() _ tn 2 9
DY =" Y Ffgl(x2Y)
i=1 "



By Lemma 6.12, we have the bound
E, (ID”1) < I Efgl(we)| + 2 (B0 + —mos (Elgl)) nV2

First assume ¢ is Lipschitz continuous, with compact support and vanishes on an open
interval around 0. Then, by Lemma 6.11, the upper bound of the above inequality vanishes as

n — 00. And, in this case,

L' (Pz)

DtN) n—o0 0,

which implies convergence in probability.

Now assume the general form of g. We now approximate g by functions which satisfy the
assumptions of Lemma 6.11. Since g is bounded and integrable, for every p > 0, there exists a
Lipschitz-continuous function with compact support k) that vanishes in the vicinity of 0 such
that m,s (lg — k®|) < 1/p (see the proof of [19, Lemma 4.5]). Moreover, by positive Fubini’s
theorem, triangle inequality, the vanishing nature of ¢ and k® at 0, and the symmetry of the
SkS kernel p(, g)(t, 2, y) = p(pp) (L, y, x) (see [17, p.149]), we have that

(|P(\fﬂﬁ)g P(\fﬂﬁ p)|>
< [ [ 196) = K@) byt 5) mi g () m s ()

< / 9ly) — kP \( /Rpwp,ﬁ)(tv%x) m(ﬁpm(dx)) m(p,5)(dy)

= /R 9() = kP ()] M) (dy) = mi(lg = k7)) < 1/p. (6.15)

M(p,B)

Similarly, since T' was assumed to satisfy ¢ < T"(y) < 1/¢, for all y € R, by a suitable change
of variables we obtain for all ¢ > 0, m, ) (|g.[T] — kP [T]|) < [|1/T"||, (1/p) < 1/(pe). This,
combined similar arguments as in (6.15), yields that

i (1P g T] = PP RPIT]) < 1/(pe).
By the above, Fubini’s theorem ensures
() (1 Falg] - )< [ i (PSS 0nlT) ~ PRt KT ds
+ [ min (a7 = KPTI ds < 2/ (pe).
Also, from (5.2)—(5.3),

(pun)p(unpﬂ) (tui/n7 07 y) = (pun)vunp(tui/n 0 y)

2l lylvn | V2 > n—00
= eune T2 erfc > C' > 0.
<\/_un Vnp

Combining the above, by dominated convergence

lim sup u, |F,[g](0) — Fn[k(p)](0)|

n—o0
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1

<limsup [ u, Ps(:;/pf)gn[T](O) Pg;/pnﬂ)k( )[T](O)’ ds
n—00 n
< limsup /0 [ 19a[T1) = K1) 512 /1.0, 50,0 (Ay) s

< (C/p)mipp)(lgalT] = EPT]) < C/(ppe).

By Lemma 6.12, and the above bounds,
Ex (ID™)) < 2 Fulg)(un)] + V2 (] FalkP)(0)] + o,y (| Fu[KP]) + €42,
- n ’ pe  pE
Thus, by Lemma 6.11, there exists a constant C” such that for all p > 0, we have

limsup E, (ID) <C'/p = lim E, (ID{]) =0,

the implication is due to arbitrariness of p > 0. Thus, we have proven (6.13) and this completes
the proof. O]

7 Proofs of Propositions 3.5 and 3.6

This section develops the proofs for our parameter estimation results, combining occupation time
approximations with local time convergence to deduce consistent estimators for the stickiness
and skewness parameters.

Proof of Proposition 3.5. We consider the following statistics

1 [nt] Un [nt] Un [nt]
Zﬂ{x 1 =0}, V(+) = n ZQ>0 (un Xz 1) Vn(_ : n Zg<0 (U X i 1)

i=1 i=1

and
W = Spt(X) + S57(X) W) — Spr(X) — SZ_OQ'
2 ’ " 2
By (3.1) and Lemma 3.7,
VO Ly ) 0(x), (1)

n—>oo

By Theorem 3.3,

[nt]

?Zg” (nXe) 22 a2 0+ </0 gl ) %)

=1

[nt]

8 i) 2 252 ([ a0

=1

Thus, it holds that

SIH(X) — (1+ B)LY(X), and SI7(X) —= (1 - B)LYX),

n—00 n—oo

and consequently that



We consider the event £ = {7;* < t}. We observe that on (£)¢ all the aforementioned
statistics converge to 0. On £ = {7f <t} they converge to non-zero random quantities. Thus,
from (7.2),

(=) (+)
Bn(X) = /W m B.
Also, from (7.1) and (7.2),
v
pu(X) = VO JWD = p,
This finishes the proof. O

Proof of Proposition 3.6. Let X be the SOS-BM such that (X, B) solve the system (3.3) for a
standard BM B. From the It6-Tanaka formula, X = max{X, 0} solves

dX;" = 00(Xy) x50 dB, + 25 ALY(X),

It is thus a semimartingale with explicit Doob—Meyer decomposition, and quadratic variation
given by

t t
d<X+>t = Ug(Xt)I]-{Xt>O} dt, <X+>t :/0 US(XS)]]-{XS>0} dS = UiA I]_{X5>g} dS.

By [30, Definition 1.2.3],
[nt] )
S0 - X ) P (X)) = 0+/ 1ix,50y ds.
=1 " "
With similar arguments, one can show that

[nt]

t
i 2 (), [ 1t

4 s o n—00
=1

The above convergences and Lemma 3.7 yield the results. O]

A Singular symmetric Ito6 calculus

In this section we derive explicit version of classical stochastic calculus results for the semi-
martingale X that solves (3.1). Namely, the Ito—Tanaka formula and Girsanov theorem. The
first is used in Section 4 for extending the local time approximation from SkS-BM to X. The
second justifies essentially Remark 3.2.

Lemma A.1 (Singular It6—Tanaka formula). Let X be a solution to (3.1) on P.. If f is a
difference of two convex functions, such that f" € C*(R\{0}), then f(X) = (f(X}))i>0 satisfies

f(X2) = f(Xo) +/ ( Vs + f”( $)o (Xs)g) Lix.z0p ds
_|_/ (X))o (Xs)Lix, 20y dBs + Ef,( >52+Af/(0)LS(X)a
/0 Tix,—oy ds = pL{(X),
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where Af'(0) = f'(0+) — f'(0—) and Xf'(0) = f'(0+) + f'(0—). If f is further assumed
invertible, it holds that
Af'(0)5 + X f'(0)

LX),

Ly (f(X)) =

Proof. The process X is a semimartingale as,

X, = Xo + / vl (x, 20y ds + / 1 gx,z0 B, + BLY(X),

where

L. (f(f Vsl {x, 20y ds + 6Lg(X))t>O is a process of bounded variation,
2. (fg o(Xs)Lix, 20y dB$>t>0 is a local martingale.

Thus, from [30, Theorem VI.1.5],

px) = )y + [ TEETED ax L oo, 4

where f’ is the right derivative of f, f'(z—) := lim,_, f'(z — h), and f”(dz) is the measure
defined such that for every g € C,

/Rf’gdx = —/Rgf”(dx).

Since f € C'(R\{0}), f"(dz) = f"(z)1lr\(o} () dz + Af'(0)d(dz) and from the occupation

times formula

1 " A , // 9
5/RL%’(X)J"‘ (dy) f Ly 2/ F(X) Lix, 2000 (X,)? ds. (A.2)

From (A.1) and (A.2),

F(X,) = f(Xo) +/ < s)Vs + f”( $)o (Xs)2> Lix,z0p ds
+ / P X0 (X)L oy B, + 21105 ;Af O porx). (A.3)

This proves the first statement.

Assume now f is invertible and f(0) = 0. To complete the proof, it suffices to verify the
relationship between the local times. Applying (A.3) to the function |f| yields

FXD] = 150 + / sen(F00) (FCE)+ 5 (X)) Lixy ds

‘l'/ sgn X) (Xs)ﬂ{xﬁgo} dBS

L AL >52+ Ef’( )

The It6—Tanaka formula also yields

LO(X). (A.4)

O = 17 C00) |+ [ sen(f(X0)) 47 (X,) + LX),
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Thus, since sgn(f(0)) = sgn(0) = 0,

PO = 1£Xa) + [ sen(FOG) (£ 08w + 30" (K)o (X0)?) Tx. sy ds

+ [ se( ) £ (X)L, oy B, + LX), (A.5)
From (A.4) and (A.5),
A /! /
L)) = 2O EELO) oy,
The proof is thus completed. O

Lemma A.2 (Singular Girsanov theorem). Let X be a solution to (3.1) on P,, T > 0 be some
fized time-horizon, 6 be a process that satisfies P, (f (05)* ds < oo) = 1, and E(0) be the process

t 1 rt
5t(9):exp</0 9sd38—5/0 62 ds), £>0.

Consider QL be the probability measure on (0, Fr) such that dQL o Ep(0)dPL, where P

x 2

is the restriction of P, on (2, Fr). If (&(0); t € [0,T]) is a P,-martingale, then the process
B = (Bt — ¥ o, ds)te[o - is a standard BM on (Q, F, (Ft)cpm, QL). Moreover, under Q. the

process X solves the system

dB, + BdLY(X),

{ X, = (v +0:0(X0) 15,40y A + 0 (X)L 5 20 (A6)

L%,y At = pdL{(X),
for all t € 10,T].

Proof. By [22, Theorem 3.5.1], the process (Bt)te[o;f] is a standard BM under Q. and the
probability measures Pf and Qz are equivalent. By substitution,

dX; = (e + 0,0(X0)) Lix, 20y dt + 0( X)L, 20y dBy + BALY(X).

Thus, under Q% X solves (A.6). O

B Proof of Lemma 3.7

Without loss of generality, we can always assume that the interval U is contained in .J. By
Lemma 2.2, it suffices to prove for every ¢ > 0 that

— Y LX) 2 OV (X)
=1

Let t > 0 be fixed.
Let us first assume X is an SkS-BM on P,.
We need some additional notation For all € > 0, let

Us:={yeR:dist(y,U) <e} and U_.:=R\{y e R:dist(y,U°) < e}.
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Define for every € > 0 the pair of functions (1., ¢.) as

0uly) = Lo (o) + (S dist(u.U9) T (). Vo€ R
pelw) = 1uly) + (1= S dist(y. 1)) Loo(y), Yy e R.
Note that for every € > 0,
Ty . (y) < ¥e(y) < Tu(y) < ¢:(y) < 1.

Step 1: U a closed interval with non-empty interior. Without loss of generality we take
U=Il,r],l#r. Foreverye e (0,(r—1)/2), wehave U. = (I —e,r+¢e) and U_. = (I +¢,1r —¢),
U\NU_.=[l,l+e)U(r—e,rjand U.\U = (I — &,1) U (r,r + ). Without loss of generality, we
can suppose that 0 does not belong to Int(U \ U_.) U (U, \ U), otherwise, we consider a smaller
E.

Since any continuous function on [0, ¢] is Riemann integrable, and the functions [t — ¥.(X})]
and [t — p.(X;)] are a.s. continuous, it holds a.s. that

1 [t

lim — Z¢€ /1/15 s, and lim — Z% —/Ot%(Xs)ds.

n—o0 n n—oo n

From simple computations, we have that

[nt] ¢
1imsup< ZILU /ILU(XS)ds>

n—o0

n—o0

[nt] t t t
Slimsup( nge / ]lU(Xs)ds> S/ gpe(Xs)ds—/ 1y(X,)ds
0 0 0
¢ 1 ¢
</ (1 - gdist(Xs,U)> Tpaw(X,) ds < [ Tu(X,) ds. (B.1)
0 0

On the other hand,
1 [nt] "
[nt] "
> liminf | ~ Zws /0 1y(X,)ds
1 t
>/ bo(X ds—/ 1y(X,) ds > —g/ dist(X,, U)Ling(X,) ds
0

> —/0 Lineno_.) (Xs) ds. (B.2)

Lemma 5.5 ensures that

t t
B, ( /0 ]llnt(U\Us)u(Ug\U)(Xs)dS) < /0 E: (Lowvouwan(Xs)) ds

< KU\ U U UAD)) | 12 ds < AKeVA,
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for some constant K € (0, 00) that depends on p, 5. The right-hand side of the latter inequality
vanishes as ¢ — 0 which implies convergence probability. Let us consider a subsequence (&x)ren
that vanishes for £ — co. By (B.1)-(B.2) we have that a.s.

[nt] ¢
0= hm / Linen\v_e, X;)ds < hmmf ( Z Iy(X / 1y (Xs) ds)

0

n—o00 k—o00

[nt]
glimsup< Z]lU / Ty (Xs > < hm/ Ty, \v(Xs)ds = 0.
From this, we conclude that P -a.s.
t
1 1 / 1(X,) ds. B.3
nI_{IQOnZ u(X | Lo(X,)ds (B.3)

Step 2: U is a degenerate closed interval U = {a}. Assume U = {a} and consider
the sets U® := [a —g,a + €], UMY := [a — ¢,a], and U® := [a,a + ]. We observe that
1y + 10 = lga) + e . Since (B.3) holds for each of U, UM and U®| it also holds P,-a.s.

Jim -~ » Zﬂ{x , =a} —/ L (x,=a} ds.
This completes the proof for the case U = {a}.

Step 3: U is half-open or open interval. Let U half-open and a € U \ U. From the previous
case, since U is closed, we get

1 [nt] 1 [nt] 1 [nt] P, _ "
p LX) = 23 Lp(Xe) = 2 ¥ A, =) o OF(X) = 01 (X) = OF (X)),

With a similar argument the convergence also holds for an open interval U.
As in the proof of Theorem 3.3, we deduce the general case (SOS-diffusion) from SkS-BM.

First let Y be solution to (3.2) with 0,0’,1/0 bounded. The transformations 7 and T
defined in Section 4, are all bijective, continuous, with continuous inverses and we have seen
that Z := T} o T5(Y') is an SkS-BM. Since T7 o T; is bijective, continuous, with continuous
inverse,

o if U is an open (resp. closed) interval, so is (T} o T5)~"H(U) = Ty ' o Ty H(U),

* Z[nt 1y (Y; )_ Z[m]l T (U)(Zifl)a

n n

« and OV(Y) = O{"°™)" 1(U)(Z).

By a localization argument, as in the proof of Theorem 3.3, we can remove the boundedness
assumption on o, o/, 1/0. Local equivalence in law Condition 3.1-c¢2 yields the conclusion for

X SOS-diffusion.
The proof is thus completed.
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C Time scaling of SkKS-BM

The occupation time of the positive half-line [0, 00) by the process X is defined as
O+ / ]1{Xs>0} dS t>0.
In case the process is an SkS-BM (solution to (5.1) with 8 € (—1,1)) the following results
hold.

Lemma C.1. The joint law of the (p, 3)-SkS-BM on P, with its local time and its occupation
time of the positive half-line is
P.(X, € dy, LY(X) € d¢,0;(X) € do)
= g(t, x — y)do(dl) <5t(d0)ﬂ{x,y>0} + 50(d0)ﬂ{x,y<0}) dy
+h(o—plial +zy +yp)h(t—o, (1 —a)l —x_ —y_) Lypcocym(dy) dl do,

where for any real number x, x4y = xV 0 and x_ = —(x A0), and (f, g) are the functions defined
as
(to) = — e, htr)= % foralit>0andzeR
X)) = ——e 2, ,T) = e 2, fora and x .
g V27t V23
Proof. See [35, Theorem 3.3] and [§]. O

Lemma C.2 (Scaling property). For any p > 0, 3 € (0,1) and z € R let X*»?) solve the
equation for (p, 8)-SkS-BM (5.1) on PP = (Q, F, (Fi)is0, PP, Then,

law .9 (Xc(fﬁ)v LX), O%(X PPt > O)
= law e (VXY VLY (X OIVED), cOF (XWIVeM) 1 > 0),
where PO (XWIVP) = fex) = 1 and
(LO( ) O+(X(p6)))’(LO(X(p/\/Eﬂ))7(9+(X(p/\/5ﬂ)))
are the local times at 0, occupation time of Ry pairs of X PP and X /VeB) respectively.
Proof. We observe that
PO (XY7 e dy, L (XP) € df, 04(X"P) € do)

= g<Ct7 T — y)(SO(dg) <5ct<d0)]1{x,y>0} + 50(d0)1{x,y<0}) dy
+h(o—plial + 2, +yi)h(ct —o,(1 —a)l —x_ —y_) Lygpcocrym(dy) dl do.

In particular,

glct, x = y)do(de) (6er(do) Lz g0y + 0(d0) Lz <oy ) dy
l 0 0
(i) ) (2) v () ) 2

35



and since for all ¢ >0, ¢t > 0 and = € R, h(ct,z) = ¢ h(t,z/\/¢), a(cx) = a(x), (cx)y = cxy,
(cx)_ =cx_

h(o—plyal + 24 + ) h(ct —o,(1— )l — 2 — y_) Ligpeoceryaly) dydl do
BRI P

-h(c(t—Z),(l—a - y)ﬂ{f,]<  _yaly) dydido

(2= Grveeet () 4 (7 ))

-2 () ~(2) o () () (2):

%l@

Thus,
PUAXGT € dy, LY(X ) € dt, 04(X"?) € do)
dy ds do
— plved) [ xe/veB) o SY poxe/ves)y ¢ S8 o xe/ves)y ¢ £2
x/\/c t \/E’ t( ) \/E’ t ( ) c |
which is the desired result. O]

Corollary C.3 (Density scaling). Let p(, ) be the probability transition kernel of the (p, 5)-
SkS-BM with respect to its speed measure m,gy. Then, for any measurable h : R? - R,

x
/Rh(%y)P(p,m(Chx,y)m(p,m(dy) = /R (@, Vey)piosvep) (t» \ﬁ79> My e (dY).
Proof. From the proof of Proposition C.2,

/ h(x, y)pep.s)(ct, T, y)m, 5 (dy)

_ //R /R (z,y) P (thv,m € dy, L0.(XPP) € de, 0% (X®P) e do)
+ /Ry

(L&=:8) dy (2.8) ds ) do
= VP [ X,V — LY X'V —, OF(X'Ve —
= [ L manps, (x5 € e e S op e e

_ EAWEAE o, =
- Rh(xay)p(%,ﬁ) ta\/Ea C) d(\/g) /Rh<x, \/Ey>p(%,ﬂ) (ta\/z>y> dya

which completes the proof. O

S

Corollary C.4 (Semigroup scaling). Let X be the (p, 3)-SkS-BM and (Pt(p’ﬁ))tzo the associated

semigroup. Then,
PO hw/n) = B (h(vix ).

Proof. 1t is a special case of Corollary C.3. n
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D Proofs of Section 5

In this section we prove all postponed proofs of Section 5. More precisely, we prove: Lemmata 5.4,
5.5, 5.6, and 5.7 and Proposition 5.9. For reader’s convenience, we recall the statement of every
result before presenting its proof.

Lemma 5.4. (Restatement) There exists a constant K > 0 such that for all ¢ > 0 and z,y € R,

p(lhﬁ)(t’ L, y) < Kul(ta xZ, y)>
where K does not depend on p. In particular there exists a constant K > 0 (not depending on
p) such that for all ¢ > 0,p >0 and z,y € R,
v,(t, x,y) < Kuy(t, z,y).
Proof. Let uy, us,v, be the functions defined in (5.2)-(5.3). We first observe that
1 (ur(t,x,y) —us(t, x,y)) < Lul(t,:zc,y) < Kuy(t,z,y), (D.1)

a(y) a(y)
for some positive constant K, since a(y) > 1 — |f|. From the Mills ratio (see [14, p. 98]),
erfe(z) ~ e *" /2 and thus there is a constant Kyys > 0 such that erfe(x) < Kyse ™ /. Thus,
if p >0,

vp(t,z,y) = 162(“”"Jr|y|)/p+2t/"2 erfc (m + 1yl + \/2_t>
p V2t p
< KMills;p(|x| f)f—\|/y2_|13 n 2t€_(|w‘+‘y|)2/2t < VT Knnsua (t, 2, ). (D.2)
If p =0, from (5.3),
vo(t, x,y) = ue(t, z,y) < ui(t, x,y). (D.3)
Combining (D.1), (D.2) and (D.3), completes the proof. O

Lemma 5.5. (Restatement) There exists a constant K > 0 such that

| pV2 K K
|Pt(p5)h(:17)| < Km|h(0)| + %m(owg)ﬂhb < %m(p,ﬁ)ﬂhwa

for all h € L'(R), t > 0, and = € R.
Proof. By definition of the probability transition kernel,

PP h(z) = /R h(Y)P,s) (t 2, y) M) (dy).-

This, Lemma 5.4, and the identity p, ) (t,2,0) = v,(t,z,0), yield that
PP@)| < [ 1A st 2.9) mi (dy)

= plh(0)[p(pp)(t, 2, 0) + /R \h(Y) (o, (t, 2, y) Mo 5y (dy)
< pKuy(t,2,0)[h(0)| + K [Jus(t, 2, )|l o m(0,8)(|R])

< = (HO)] + ms(4D).

which proves the results. O
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Lemma 5.6. (Restatement) For every v > 0, there exists a constant /K, > 0, that does not
depend on (p, 3), such that

(1) )
(0B)p (o _ 1, o mogh)  Mios ()
’Pt h(z) m(p,ﬁ)(mp(pﬂ)(t»xvo)’ < Kvt (m(O,ﬂ)(h) + 1+ |z/VEp + 1+ |z )’

for all h € L*(R), t > 0, and = € R.
Proof. We observe that

|PEAR() = mip s (h)pis)(t 2, 0)

’/ (Peos) (8 2,9) = po (12, 0) ) mo ) (dy)‘
‘/ (ur(t,z,y) — ui(t, x,0)) dy‘ ‘/ ) (ug(t,x,y) — us(t,x,0)) dy
| [ 1) (plts9) = vylt.,0)) i (). (D.4)

For every v > 0, there exists a constant K7/ > 0 such that, for every z € R and ¢ > 0,

2 2 1
—x /t < —x /2t < K// ) D5
e <e s T YN (D.5)
From [19, Lemma 3.1], for every v > 0, there exists a K; > (0 such that
K’ A (R) A (R)
(t — 0@1’<7 AV (R) + + : D.6
[ e e 0] ] < 5 (W0 20 S g

For the second additive term on the right-hand-side of (D.4), an integration by parts yields
that

d¢ dé.
y=¢o

[ 100 uattsz) ~ walt 2.0 dy = [ [ OGS ualtw

Since there exists a constant ¢ > 0 such that |ze*°| < ¢, for all z € R, we have that

0 1 ]y|+|x| (zl+1)? e/
9 it _ < VT forally € R.
‘ayug( ,x,y)| sgn(y )t\/_ N7 <——, fora y €
Setting ¢ = ¢/+/7 yields
[ hw) )~ u2<t, ,0) dy\
(1)
o(t, x,y) d¢do < c’)\ (h) (D.7)
y=(t t

We now bound the third additive term at the right-hand-side of (D.4) and first consider the
case p = 0, where for all (t,z,y) € (0,00) x R?, vy(t,x,t) = us(t, z,y). We observe that

[ ) )~ wate .0 dy = [ [ Q)G uattnn)|  dca,

y=¢0
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d¢ dé.
y=¢0

[, ) fuat) — wattsz, 0 dy = [ [ WG unltp

Applying the same arguments as for the second additive term on each half-line yields the bound

m(l)ﬁ)(h)

[ 1) (ot 9) = volt,,0)) mi gy )| <

(D.8)

For the case p > 0, let M be the function defined for all ¢ > 0 and z,y € R by

_ vtry) Vet a4yl +2t/p
M<t’x7y> - Ug(t,fb,y) N \/ﬂpf< \/ﬂ )7

where f(z) := e* erfc(z). This yields that

Up(tax7y) = uQ(t,x,y)M(t,x,y)
= us(t, z,y) (M(t,z,y) — M(t,z,0) + M(t,z,0)),

and therefore

vp(t, ,y) — v,(t, 2,0) =us(t, z,y) (M(t,x,y) — M(t, z,0)) (D.9)
+ (ua(t, x,y) — uz(t, z,0)) M(t,z,0).

We observe that f is decreasing and |z|f(|z|) € [0,1/+/7]. Hence, for all t > 0 and z,y € R, we
have

0< M(t,z,y) < M(t,z,0) < M(t,0,0) = \/\/:2ptf<2\7_p>§1

This and (D.8) yield

‘/ [ua(t, 2, y) — ua(t, x,0)] |M(t, 2, 0)| mo.s (dy)‘ <len g )

Moreover,

0 < M(t,2,0) — M(t, z,y) < J\C?pt/

Since | f'(¢)] = %(1 —/7Cf(Q)) is decreasing,

V2t

2 f’<|x|+2t/p+c>'d§

7|, 2
o< wr) s <] (2

iy (7w ()

Note that the function {x = (1 — /mze”’ erfc(x))} : R — R takes values in of [0,1/4), so

0< M(t,z,0) — M(t,z,y) < ——.



Therefore, we have that
[ 1) [t 2, )] [M (1, 9) = Mt ,0)] 05 (dp) (D.11)

< T L B st ) o 5)(dy)

W (e s < K mld, 1
< Emy(he T < ()

where the last inequality comes from (D.5). From (D.9), (D.10), and (D.11),

[ 1w) (@0, 9) = 0p(t,2,0)) 10 (dp)

1)
1(, K 0 M (h)
— + — h) + . D.12
< i (¢ pm) (mim+ o2 D.12)
From (D.4), (D.6), (D.7), (D.8), (D.12), and since that for all v > 0,
(1= BDAD (B) < migly () < (14 B)AD (h),
the desired bound holds for
2 K//
e+ 5)
1B (16 +¢) 4/

This completes the proof of Lemma 5.6. n

Lemma 5.7. (Restatement) For every n € N, t > 0, and every suitable function h, let
7 »A)[h](x,t) be the functional defined in Notation 5.2.

(i) There exists a positive constant K, not depending on ¢, n, h such that

BB (2, 1) < Km(p\/ﬁﬁ)“hl)m

(ii) If m(mpp(h) = 0 then there exists a positive constant K not depending on ¢,7n, h such
that
PR, 1) < Km gy (h)(1 + max(0, log(nt))).

Proof. From Corollary C.4, which is a consequence of the scaling property,

[nt] [nt]

WO, 1) = Y B [n(/axE)] = > P,
i=2
Thus, from Lemma 5.5 and since zﬁ’ﬂ‘l i3 < 2v/nt,

(pB

(fpﬁ \/_x)‘

[nt] 1

<K Z \/—m(p\fﬁ ([R]) < 2Km,m ) (!hl)\/_

I
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which completes the proof of the first statement.

When m( sz, (h) = 0, from Lemma 5.6 (with v = 1) and the fact that zﬁﬂ‘l

1 + log(nt) we obtain

[nt]

v Vi)
W yeal (1)
< Kmyg(h) > A < Kmyylg () (1 + max (0, log(nt))),
=2

which proves the second and last statement. The proof is thus completed.

Proposition 5.9. (Restatement) It holds that m, s 3)(gn) — 1 as n — oco.

Proof. In the proof we use the analytic expression of the probability transition kernel of S

IN

kS-BM

(t,2,y) = pp)(t,z,y) defined in terms of the functions u;, ug, and v, (see (5.2)-(5.3)).

For simplicity, let m,, := m, /m ). Note also that u; is the Gaussian kernel and us(t
uy (¢, |z], —|y|), for all (¢,z,y). Moreover, for every t > 0, the following identities hold:

1 1
. t,,dd:—,// t,y)dyde = .
/R+/R+(y r)u(t, 2, y)dyde = 3 e R+xu2( z.y)dyde = 7
We first consider the case p = 0, so that

~ . 0,
M(p/m3) = T0,8)5 g, =0g:1— E, (|X{ B)| — |m|) )

From (5.2)—(5.3),

ma(@) = [ 3@ mios(aa) = [ [ (vl = lal) P (1 2,9) mios (dy) mio s (da)

\

+//R ly| — |z]) us(1, 2, y)a(z)aly) dy dz.

By (D.13), and since for all t > 0 and z,y € R, us(t, x,y) = us(t,y, x),

[ [ vl = laly (1.2, p)a(a) dy a = 1,
/]R/]R (|y| - |£E|) U2(1,l‘,y)a(;p) dyd:L‘ =0,
/]R/]R (ly] = |z]) ue(1, 2, y)a(x)a(y) dy dz = 0.

Thus, m,(g,) = 1.
We now suppose that p > 0. Then,

ma(@n) = [ Gal)ma( da)
= [ [ (g1 = 12D iy (1. 2. y)ma dg)ma( o).
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,T,Y) =

(D.13)

= [ [ (sl =lahw(ta.pa@) dyde— [ [ (4] = [2]) wa(l, 2. y)a(e) dy da

(D.14)



Since m,, is defined for all n € N and = € R by m,,(dz) = a(z)dz + p\/ndy(dz),

ma(@) = [ [ (ol = le) pymps (L, pla(@)aly) dy do
v ([ 19lpmpn(1.0.9)a(y) dy = [ alpgry (L2 0)alw) do ) . (D.15)

We now show that the last additive term of the right-hand-side of (D.15) vanishes. In-
deed, we observe that [g |y|p( mps) (t,0,9)a(y)dy < oo and that for all £ > 0 and 7,y € R,

Piv/ipd) (T, Y) = D(ympp) (t,y, 7). Thus,

/R!y\pwp,ﬁ) (t,0,y) a(y) dy = /]R [Y|D(mpp) (9, 0) aly) dy

and

Vip (/R y|p(ymp,p) (1,0, y)aly) dy — /R ylp(ymps) (1,9, 0) aly) dy> = 0.

For the first additive term of the right-hand-side of (D.15), from (5.2),

/R/R (lyl = [2z)p(mps) (1, 2, y) a(z)a(y) dy dx
:/R/R(|y| —z]) (i (1, 2,y) — us(1, z,9)) a(x) dy dz
+/R/R(!y|—|x|)vﬁp(1,x,y)a(x)a(y)dydx'

We observe that v s, (,7,y) vanishes as n — oo. Also, from Lemma 5.4,

(lyl = |2) vymp (£, 2, y) alw)aly) < Kyl + [z]) ur(t, 2, y)

which is an integrable function with respect to (z,y) € R?. Thus, from Lebesgue’s convergence
theorem,

lim [ [ (gl = J2]) vy, (1,2,) a(w)a(y) dy dz = 0.

n—oo Jr JR

Therefore,

dim m;,(gn) // (lyl = |z]) (ur (1, 2, y) — u2(1, z,9)) a(z) dy dz,
which by (D.14) equals 1. This proves the result. ]
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