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Optimal sub-Gaussian variance proxy
for truncated Gaussian and exponential random variables

Mathias Barreto? Olivier Marchall and Julyan Arbel*

March 13, 2024

Abstract

This paper establishes the optimal sub-Gaussian variance proxy for truncated Gaussian and trun-
cated exponential random variables. The proofs rely on first characterizing the optimal variance
proxy as the unique solution to a set of two equations and then observing that for these two trun-
cated distributions, one may find explicit solutions to this set of equations. Moreover, we establish
the conditions under which the optimal variance proxy coincides with the variance, thereby charac-
terizing the strict sub-Gaussianity of the truncated random variables. Specifically, we demonstrate
that truncated Gaussian variables exhibit strict sub-Gaussian behavior if and only if they are sym-
metric, meaning their truncation is symmetric with respect to the mean. Conversely, truncated
exponential variables are shown to never exhibit strict sub-Gaussian properties. These findings con-
tribute to the understanding of these prevalent probability distributions in statistics and machine
learning, providing a valuable foundation for improved and optimal modeling and decision-making
processes.

1 Introduction

The sub-Gaussian property, a fundamental characteristic extensively explored in seminal works such
as Buldygin and Kozachenko (1980), Boucheron et al. (2013), Pisier (2016), has played a pivotal role
in shaping the landscape of probability distributions. This property, defined by the tail behavior
of random variables, has garnered significant attention for its implications in various mathematical
disciplines such as concentration inequalities and large deviation estimates (Hoeffding, 1963, Kearns
and Saul, 1998, Ledoux, 1999, Gotze, 1999, Raginsky and Sason, 2013, Boucheron et al., 2013,
Berend and Kontorovich, 2013, Perry et al., 2020, Ben-Hamou et al., 2017), random series in
relation to the geometry of Banach spaces (Pisier, 1986, Chow, 2013), spectral properties of random
matrices (Litvak et al., 2005, Rudelson and Vershynin, 2009), or Bayesian statistics (Elder, 2016,
Catoni and Giulini, 2018, Vladimirova et al., 2019, Lee et al., 2021, Vladimirova et al., 2021). More
broadly, the sub-Gaussian property holds paramount importance in machine learning and artificial
intelligence applications (Devroye et al., 2016, Cherapanamjeri et al., 2019, Genise et al., 2019,

*Higher School of Economics University, Moscow, Russia, mbarretokonigliaro@edu.hse.ru

fUniversité Jean Monnet Saimt-Etienne7 CNRS, Institut Camille Jordan UMR 5208, Institut Universitaire de
France, F-42023, Saint—Etienne, France, olivier.marchal@univ-st-etienne.fr

#Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France, julyan.arbel@inria.fr



Metelli et al., 2021, Depersin and Lecué, 2022, Choi et al., 2023, Xie et al., 2023, Michal, 2023,
Cole and Lu, 2024).

The sub-Gaussianity of a random variable is a key determinant of its concentration properties
which can be defined as follows.

Definition 1.1. A scalar random variable X is called sub-Gaussian if there exists some s > 0 such
that for all 8 € R:

52 2
Blexp((X ~ ELX))] < exp (45 ). o

Any s? satisfying Equation (1) is called a variance proxy, and the smallest such s? is called the
optimal variance proxy, which shall be denoted as || X||2,. It is well known that

Var[X] < || X3,

and a random variable satisfying Var[X] = || X||7, is called strictly sub-Gaussian.

Note that there exist many equivalent ways for defining this sub-Gaussian property, each can be
more useful depending on the sought application (see Proposition 2.5.2 in Vershynin, 2018). The
one recalled in Equation (1) is often referred to as the Laplace condition. It is equivalent to the
following condition on the tails of X:
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3C > 0 such that V¢ > 0, P(|X| > t) < 2¢”¢2,
as well as the following condition on the moments of X:
3C > 0 such that Vp > 1, E[|X[P] < CPp*.

This shows that a sub-Gaussian random variable has finite moments of any order larger than one.

Truncated random variables. The focus of this paper lies on the relevance of the sub-Gaussian
property to truncated Gaussian and truncated exponential distributions. Truncated distributions
emerge as natural models when data exhibits inherent constraints or boundaries. These distribu-
tions find pervasive use in statistics and machine learning, where understanding and modeling the
statistical properties of real-world phenomena are paramount.

Notable fields include survival analysis, for handling censoring (Balakrishnan and Aggarwala,
2000), reinforcement learning and bandit problems, for representing action probabilities or re-
wards that are bounded within certain limits (Bubeck et al., 2012, Lattimore and Szepesvéari, 2020,
Szepesvari, 2010), Bayesian statistics, to represent prior knowledge or beliefs about parameters that
are restricted to certain intervals (Gelman et al., 2013), or sampling procedures, to reduce Monte
Carlo error (Ionides, 2008, Wawrzynski and Pacut, 2007). More broadly, handling truncation in
data is useful in countless applications, ranging from clinical trials, financial modeling, to environ-
mental modeling, underscoring the ubiquitous nature of truncated distributions in contemporary
research and applications.

Contributions. In general, establishing that a random variable is sub-Gaussian might be easy,
but complication stems from obtaining the optimal variance proxy. This has been achieved for
the most commonly used distributions, including the beta and multinomial distributions (Marchal
and Arbel, 2017), Bernoulli, binomial, Kumaraswamy, and triangular distributions (Arbel et al.,
2020). In the present work, we focus on establishing the optimal variance proxy for truncated
Gaussian and truncated exponential distributions. The proofs are based initially on defining the



optimal variance proxy as the unique solutions to a pair of equations. Subsequently, it is observed
that explicit solutions to this set of equations can be found for the two truncated distributions in
question.

Furthermore, we establish the conditions under which the optimal variance proxy matches
the variance, thereby identifying the strict sub-Gaussianity of the truncated random variables.
In detail, we illustrate that truncated Gaussian variables display strict sub-Gaussian behavior if
and only if they exhibit symmetry, meaning their truncation is symmetric relative to the mean.
Conversely, truncated exponential variables are demonstrated to lack strict sub-Gaussian properties
consistently. These results enhance our comprehension of these common probability distributions
in statistics and machine learning, laying a solid groundwork for enhanced and optimal modeling
and decision-making processes.

Outline. We present the optimal sub-Gaussian variance proxy and the strict sub-Gaussianity
results for truncated Gaussian and truncated exponential random variables respectively in Section 2
and in Section 3, along with the main proofs. Future research directions are proposed in Section 4.
Technical details on the proofs are deferred to Appendix A and Appendix B, respectively for
truncated Gaussian and truncated exponential random variables.

2 Truncated normal random variables

This section establishes the optimal variance proxy for a truncated normal variable. Observe that we
a priori know already that any truncated random variable is sub-Gaussian by Hoeffding’s Lemma
(when it is truncated along a finite interval).

In general, if X is a random variable with density fx and cumulative distribution function Fx
then its truncated version (which we shall denote by X7) inside the interval (a,b) (for a < b) has
the form:

Fx(b)—Fx(a)
0 otherwise.

Frn (1) = {fX(z) for x € (a,b),

Let X ~ N(u,0?) and ¢(-), ®(-) be the density and cumulative density of a standard normal
variable. If we truncate X on (a,b) then it is known that its moment generating function, mean
and variance are given by:

B[] = exp fou+ 0% | [2E o= 2O oD,

2 ?(8) — ®()
E[Xr] = 4 mg, (2)
] 1 Sl _ (st )]
where Nl el )

g g

Our main result establishes the optimal variance proxy for this density, which turns out to have
a closed-form expression:



Theorem 2.1. Let Xt be a normal variable with mean p € R and variance 0 € Rsq truncated
along the interval (a,b) with a < b. Then its optimal variance proxy is given by:

G e )
ba=2ua(ot)—o(22k)

2 2 b—p
HXTHVp =0"Xq1— Z(b;“) 2(;2(1;;{))_1 if —oo<a<b<+4ooanda—+b=2u,

1 if a = —oo and/or b = +o0.

if —oo<a<b<4ooanda+b#2pu,

In particular, X1 is strictly sub-Gaussian if and only if a+b = 2pu, i.e. if and only if the truncation
is symmetric relative to the mean p of the Gaussian variable.

In order to prove Theorem 2.1, let us first note that we can reduce the problem to the one of
truncating a standard Gaussian random variable. Consider the transformation Y := % and let
Y7 be the truncated standard normal along the interval («, ). Then, we have the relation:

b T—
E [e0C¥r-BlXa])] _ / Se-mxr) G de

a o2k — B(SH)
y=T= B
= [ e 0ty + p— Bl W;z)(_%dy
= E[es0r—Elva])] 3)

That is, to optimally bound the centered moment generating function of X, we can restrict
to optimally bounding that of Yr, as (3) implies ||X7||2, = o?||Yr||2,. Hence, an equivalent
reformulation of Theorem 2.1 is the following.

Theorem 2.2. Let Y7 be a standard normal variable truncated in the interval (o, 8) with o < f3.
Then its optimal variance prozxy is given by:

1= (ai(ﬂ(?((%)(gi(@()a)) if —oo<a<f <Aoo and o —p,
HYT||\2/p: 1—2%{?((2()6,)1 if —oo<a<fB<+00and o= -4,
1 if o = —o0 and/or 8 = +o0.

Theorem 2.1 and Theorem 2.2 are illustrated in Figure 1. Note that only the case 5 = —« (or,
equivalently, a + b = 2pu), yields strictly sub-Gaussian random variables. In this case, strict sub-
Gaussianity is equivalent to symmetry (with respect to the mode/mean of the original Gaussian
distribution). The relationship between symmetry and strict sub-Gaussianity is studied in Arbel
et al. (2020).

Proof of Theorem 2.2. Recall by Definition 1.1 that the optimal variance proxy of YT corresponds
to the smallest possible s> > 0 such that

o ($50) ) (i) < e
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Variance and variance proxy

Density

Figure 1: Illustration of Theorem 2.1 and Theorem 2.2. The top panel represents the
variance (black curve) and variance proxy (orange curve) of truncated standard Gaussian variables
on intervals («, 8) with a fixed value of & = —2 and varying values for 8 € {—0.5,0,0.5,2}, with
colors from red to blue. The corresponding distributions are depicted on the bottom panel. Note
that only the case § = 2 yields a symmetric distribution, which turns out to be strictly sub-
Gaussian. See the blue dot on the right of the top panel where the variance and variance proxy are
equal.

By defining:
M) =0(B) , _ath
YT ) T2
Fop(0) =®(8—0) —d(a—0), fap®)=In q)(g)af(?(a>]
oy Pla—0)—o(B—0)
hos(0) = 11(®) = 565 — g —d)
w0y = 2= 0@=0 - 6(B-0)(E-6) [¢<a—0>—¢<5—0>r
T (B —0) — Do — ) D(B—0)—d(a—06)]
this is equivalent to finding the smallest w = 522_ L > —% such that:
Pagiw(0) = w0 + ca gl > fo5(0) , VO €R. (4)

The delicate thing is understanding the right-hand side’s function behavior. Note that this
function is independent of the value of w. Let us first start with a lemma regarding the symmetry
of the polynomial p, g.,, and functions f, g and h, g.

Lemma 2.3. For all 0 € R it holds that:

6a7/8 cQ?B
wsiw (52 40) = Pagu (=52 =0) fap (b0 —0) = fas (B0 +0),
p,ﬂ,(2w+) Do o fa,5 (00 —0) = fa,5 (60 +0)
haﬂ (00 — (9) = —haﬂ (90 + 9) .
Proof of Lemma 2.3. The proof is immediate by direct computations. O
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Figure 2: Illustration of the proof of Theorem 2.2 for « = —1 and 8 = 4, such that 6y =
(ae+ B)/2 = 3/2. The function f, g is plotted in dashed black line, while three polynomials p, g..
are plotted in color: purple corresponds to the use of the optimal variance proxy, where we can
observe that f, g and pg g.., are tangent at the purple dot with coordinates (o + 3,0). The red
curve corresponds to a variance proxy that is not optimal, while the value used for the blue curve
is not a variance proxy.

Ca,B
PI)

In particular observe that p, g.,, and f, g share the symmetry line 6 = 6y only when w = —
or when ¢, 3 = 0. A second important point is to note that:

fa,ﬁ(o) =0= pa,,@;w(o) ’ fa,,ﬁ(zeo) = 07 féz,ﬂ(o) = p::v,ﬁ,w(o)
Then, the crucial technical point of the proof of the theorem is the following lemma.

Lemma 2.4. The function hy g is strictly convex on (—oo,80y) and strictly concave on (6p,+00)

for all a < .

Proof of Lemma 2.4. The proof follows from direct and technical computations and is detailed in
Appendix A. O

Using Lemma 2.3 and Lemma 2.4, we obtain the optimal variance proxy for a truncated standard
normal random variable given in Theorem 2.2.

Case a and f finite. Observe that f, g is strictly increasing on (—o0,fy) and strictly decreasing
on (6p, +00). Thus, it achieves its maximum at 6 = . Using the strict concavity of h, g inside the
interval (6p, +00) we propose a geometric proof where the optimal variance proxy case corresponds
to fitting the parabola 6 — p, 5.,(0) inside the function f, g as illustrated in Figure 2.

We now need to split into three cases.

Case o and (§ finite, a # —[(. Let us consider the value w, = (M%((qu(_gf(i%(a)) = —{;’T’f corre-

sponding to a parabola that is tangent to f, g at (0,cq 5) and (20p, —cq g) and with a maximum at




0 = 0. Indeed, we have:

fa,ﬁ(o) = 0 = pa, . (0),
fa 5(290) =0= 4w693 + €a,500 = Pa,pw. (200),
o,5(00) = 0 = 200w, + cap = Pl g, (00), (5)
1 ﬁ(290 = —Co,p = 40owe + cop = p;ﬁ;wc(%o),

)
0,8(0) = ca.8 = Pa g, (0)-

Let us define fu .0 = fa.8 — Pagw and ho g = ho g — paﬁw so that h:)/z,,B,w h” because
Pa,B:w 15 @ parabola. We will now prove that inequality (4) holds for w = w,, i.e., we w111 check
that fo guw.(0) < 0 for all # € R. From Lemma 2.4, hy, 4, is strictly increasing on (—o0,6p) and
strictly decreasing on (0, +00) and thus reaches its maximum at 6 = p. Thus, b/, Bap MAY have
at most 2 zeros and by Rolle’s theorem, hq g.,, may have at most 3 zeros on R. For w = w, (5)
implies that hq, g, has three distinct zeros at 0 € {0,60,200}. This implies that hf, 5., (6o) > 0
and that there exists 1 < 6p < 62 such that h, 5., (61) = h, 5., (02) = 0 and k], 5, is strictly
positive on (01,62) and strictly negative on (—o0,61) U (62, +00) because of Lemma 2.4. Let us
assume that 6y > 0 (the case 0y < 0 is similar but the set of zeros {0, 6y, 260y} is ordered in the
opposite way) then variations of hq g, imply that 0 < 6; < 6y < 62 < 26y and thus that hg g, is
strictly positive on (—oo,0) U (A, 26p) and strictly negative on (0,6q) U (26p, +00). Hence fq ..
is strictly increasing on (—o0,0) U (6o, 26p) and strictly decreasing on (0, 6p) U (26p,+00). Since,
fa.Bw.(200) = fa,8:w.(0) = 0, we conclude that fy g.,, is non-positive and hence that inequality (4)
holds for w = w,.

Let us now prove that w,. is optimal. Indeed, if we take by contradiction that w < w,, then
fa,8(200) = 0 while pq g.,(260) = 4wb? + Ca,pl0 < 4wc0% + o300 = 0. Therefore inequality (4) is
not realized in a neighborhood of 26y. So w, is optimal.

Case a and f finite, o = —f. In this case, we have c_g 3 = 0 and 6y = 0 = 2¢y. Moreover, the
two curves are always tangent at § = 0 for any value of w:

f-,5(0) =0=p_gpu(0) and f,5(0)=0=p, 5,(0). (6)
Consider w, = _QQ?&E@l and let us verify that it is a variance proxy. In this case, the two
curves are tangent at 8 = 0 but the second derivatives are also the same:
2ﬁ¢(5)

Let us define fo 8. = fa,8 — Pa,giw and ho g = hapg — p’a’ﬂ;w as in the previous case. From
Lemma 2.4, h;, 5., is strictly increasing on (—o0,0) and strictly decreasing on (0, +-00). It achieves
its maximum at 6 = 0 and A}, 5., (0) =0 from (7). Thus hy, 4., is strictly negative on R\ {0} and
ha,g:w, is a strictly decreasing function vanishing at 6 = 0. Hence f, g.4, is strictly increasing on
R<o and strictly decreasing on R>¢. Its maximum is thus achieved at § = 0 and is null from (6).
Thus, it remains negative on R and we conclude that inequality (4) holds for w = w..

Let us now prove that w, is optimal. Indeed, if we take by contradiction that w < w,, then
the two curves are still tangent at § = 0 from (6) but the second derivatives satisty f; 5(0) =

—225(%()@1 = 2w, > 2w = p’o’tﬂ;w(O). Hence the parabola p, g., is locally below the function f, g so

that inequality (4) is not realized in a neighborhood of # = 0. So w, is optimal. In the end, using



the fact that s> = 2w + 1, we obtain that s? := 2w, + 1 is the optimal variance proxy.

Case a = —oco and/or 3 = +oo. Note first that the case when 8 = —a = +o00 boils down to not
truncating the original standard Gaussian, which trivially implies strict sub-Gaussianity, while the
case « finite and 8 = +o00 is equivalent to the @« = —oo and S finite by symmetry. Let us thus
focus on the latter. Most of the results proved for arbitrary finite values of a extend by taking the
limit o« — —oo. In particular, h_., g is a strictly concave function on R. Moreover, one can take
the limit « — —oo in (4) since all quantities, including w.(«), are continuous functions of «. This
provides that s = 1 is a variance proxy (i.e. w = 0) for the truncated Gaussian on (—oo, ). Let
us now prove that this value is optimal. We observe that for w < 0 we have:

ffoo,ﬁ;w<9) = ffoo,,b’(e) - pfoo,ﬁ;w<9) =In <W> — wh?* — 6700”3(9 9_)—_>OO +00, (8)

so that (4) is obviously not verified in a neighborhood of —oo. Hence s = 1 is the optimal variance

proxy when a@ = —oo. Similarly, s = 1 is the optimal variance proxy for § = 4oc0. This concludes
the proof of Theorem 2.2. O

3 Truncated exponential random variables

This section considers the truncated version of the classical exponential distribution. Let X ~
Exp(A) be an exponential random variable with rate A (thus with mean 1/X), and let X1 denote
the truncation of X along the interval (a,b) with 0 < a < b < 400 (recall that the untruncated
version is not sub-Gaussian). Its density, mean, and variance are of the form:

e—)\t
Fxx(®) = A g 1en(®),
1 ber—aer 1 ae ™ —be NP
S e Wrs Vs Vil Wt V s VR
1 (b— a)2e>‘(a+b)
Var[Xr] = 55 - NEDEE

It is easy to see that b must be finite in order for Xt to be sub-Gaussian. Indeed, we have:

= AE[X
A(b—a)e [XT] A=$o0 A(a—E[Xr))

E[exp<6(XT - E[XT]))] ‘9:,\ = P VY

b, (9)

so that the inequality required in Definition 1.1 at # = X\ cannot be realized for any s> > 0 when
b — +o0.

Theorem 3.1. Let Xt be an exponential variable with scale X truncated along the interval (a,b)
with 0 < a < b < oo. Then its optimal variance proxy is given by:

(b—a) (e +er) 1

Xrl2. = - —.
H Tva 2)\(6)\b_e)\a) A2

In particular, Xt is never strictly sub-Gaussian.

Similarly as in the Gaussian case, in order to prove Theorem 3.1 we restrict ourselves to the
case of a standard exponential random variable Y ~ Exp(1). Indeed, let Y ~ Exp(1) and Y7 be
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Figure 3: Illustration of Theorem 3.1 and Theorem 3.2. The top panel represents the
variance (black curve) and variance proxy (orange curve) of truncated standard exponential random
variables on intervals («, 8) with a fixed value of @ = 1/2 and varying values for 8 € {2,4} (in
violet and blue). The corresponding distributions are depicted on the bottom panel. Note that
truncated standard exponential random variables are never strictly sub-Gaussian (the black and
orange curves on the top panel never coincide).

its truncation on [«, 8] with 0 < a < § < 400, then defining X = %, (a,b) = (%, %) and X7 the

truncation of X on [a, b], we have that Xt = % Thus, we get:

E [exp(G(XT - E[XT]))} ~E [exp (i(YT - E[YT])H , VO ER,

from where it follows that A?[| X[, = [|[Y||2,. Hence an equivalent formulation is:

Theorem 3.2. Let Y1 be an exponential variable with mean 1 truncated along the interval (o, 3)
with 0 < a < B < 4+o00. Then its variance proxy is given by:

(8 —a) (ea + 65)
2 (ef —e2)

1Yzl = -1

In particular, Y1 is never strictly sub-Gaussian.

As discussed above, the exponential random variable obtained with § = +00 and any « is not
sub-Gaussian. As a result, the variance proxy given in Theorem 3.2 needs to compensate for this
lack of sub-Gaussianity by diverging to +o0o as 8 — +o00. More specifically, we have that ||YT||‘2,p
is equivalent to 3/2 as 8 — 400, for fixed o. Theorem 3.1 and Theorem 3.2 are illustrated in
Figure 3.

The proof of Theorem 3.2 relies on a direct study of the difference

82 2
i (0) = Blexp(O(1e ~ EWE))] - exp (T3 ) (10)



The most important step is to verify that the optimal variance proxy is characterized by the
unique pair (6., [|Y1|lvp) that solves the following system of equations:

9o B,V lvp (Bc) = 0 and g(,)c,,B,HYTHVp(eC) =0 with sipe(a, 8) < [|Yr[lvp < s1(e, 8) and 6. #0, (11)

where:
15292
)= G0
ga,ﬁ,s( B _ e a,B,s\V),
1 25 - « —=8 o—
Ga,ﬂ,s(g) = ea — 65 + m (e_é 292+(5 ]E[YT])9+ e é 292+( E[YTD9+B> 7
(6 - a)26a+ﬁ (/8 _ 06)2(,8 _ E[YT] + 2) 5, 5
in s = l—-— , — B
sint(v, B) \/ (cF — o)’ s1(a, B) (RS
1

(12)
Furthermore, by uniqueness and observing that:
(B—a+2)e*+(8—a—2)?
2(ef — e)

is a solution of (11) we conclude the computation of ||Yr||2, . Eventually, the statement that
Y7 is never strictly sub-Gaussian follows from a direct analysis of the difference between ||YTH\2,p
and Var[Yr] that is detailed in Appendix B.1.

b =2, V13, =

Proof of Theorem 3.2. We will prove that ||Y7||Z, is the optimal variance proxy if and only if it is
the solution to (11) and that such solution is unique. First note that g, s and G, g have the
same sign and that they are smooth functions on R'. Clearly s? is a variance proxy if G, g5(f) < 0
for all # € R. In particular, we have:

9a,8.5(0) =0, gl 5,(0) =0, Vs >0,
Gaps(0) = Gope(0) =0, lim Gops(0) =e ~ B <0 (13)

Thus, another necessary condition for s? to be a variance proxy is that G 3 s(0) <0, ie., we
get the claimed lower bound for the optimal variance proxy:

(B — a)2ea+s
(ef — e2)?
In the following, we shall thus assume that s > siy¢(a, 3). A simple computation yields that

w.5.s 18 given by

Yrllvp = sint(a, B) = \/1 - (14)

1

« —1g2¢92_
woall) = e eI T e 0), (15)

! Although the function g, g, defined in Equation (10) itself is undefined at @ = 1, setting it equal to —e**/? makes
it smooth. In the proof of Theorem 3.2, we may have to avoid § = 1 at some places. Still, it is obvious by continuity
of ga,3,s that the inequality of Definition 1.1 extends at 6§ = 1 if it is proved valid in a neighborhood of this point.
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where:
haps(0) = (=5%0> + (s> + B — E[Y1])0 + E[Y7] — 8 — 1) 0D
+5%0% — (s> + a — E[Y7])0 — E[Y1] + o + 1
e—(0—-1)(8—a)

m (0) = WPQ’Q,S(G),

a,fB,s
with:
Pa,ﬁ,s(e) = Aa,B,SQQ + Ba,B,se + Ca,ﬁ,s;
Anps = —52(8 — a)?,
Baps = (o= B)(a—B+6)s* + (8 — )(8 - E[Yq]),
Cops =3B—a—-2)s"+(B—a)((B—a—3)EYr]+aB— B +a+28).

The discriminant of the second-degree polynomial F, g is crucial in establishing the previously
mentioned characterization of the optimal variance proxy, as shown in Lemma 3.3. It is given by:

Aa,ﬁ,s ::BC%,Q,S - 4Aa,ﬁ,sca,ﬁ,s
=(8 - ) (B —a)® +12)s* = 2(8 — a)*(8 - E[Yr] + 2)s* + (8 — a)*(8 — E[Y1])?).

Lemma 3.3. If A, g5 <0, then s? is always a variance prozxy because Gap,s has a unique mazimum
at 0 = 0 which is vanishing. On the contrary, if Aqps > 0 then Gopgs has exactly two local
mazimums. One at @ = 0 which is vanishing and also another one denoted by 0.(«, 3,s) which is
nonzero.

Proof of Lemma 3.3. For the proof we will need the following immediate results:

i B (0) =25° >0, lim k5 (6) = oo,

lim hloa,ﬁ,s(e) = 09, :)4,,8,5(1) =0,

0—+oo

9_11_1100 0‘7675( ) +00, CX,B,S( ) O,
li ha s 0) = —oo0. 1
9—11-51-100 B ( ) o0 ( 6)

"

Case A, g, < 0. Let us assume that A, g, < 0. Since A, g < 0, we get that ha,,B,s is a strictly
negative function on R except at one point where it vanishes when A, g, = 0. This implies that
h’& gsisa strictly decreasing function on R. From the first two equations of (16), we conclude that
there exists a unique value 6; € R such that hg,& <(61) = 0. Moreover, hg@ , is strictly positive
on (—o0,61) and strictly negative on (61, +00). Thus, hy, 4 is a strictly increasing function on
(—00,61) and a strictly decreasing function on (61, +00). Since we know that h;, ;5 (1) = 0 and

ligl h!, 3 4(0) = —o0, we conclude that R/, 3,5 may have at most two zeros. We have two subcases:
ﬁ o0 ? ) ? ?

!/

® Iy, 5 has a double zero at 61 = 1. In this case, from the limit at infinity given by (16), h, 5,
is strictly negative on R\ {1} and thus h, g s is a strictly decreasing function on R. From
(16), we have hqygs(1) = 0 so that it implies that h, g, is strictly positive on (—oo,1) and
strictly negative on (1, +00) and so is G, 5 , from (15). But this is a contradiction to the fact
that G7, 5 ,(0) = 0 in (13) so that this subcase may be discarded.
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e hy, 5 has two distinct zeros, i.e. there exists a unique ¢ # 1 such that A, 5 (62) = 0.
Let us denote #; = min(1,6;) and f; = max(1,6). Then hy, p.s 18 strictly negative on
(—00,601) U (B2, +00) and strictly positive on (f1,02). Thus, hy g is strictly decreasing on
(=00, 01), strictly increasing on (01, 60:) and strictly decreasing on (fa, +00). But from (16)
we have hq 3 s(1) = 0 so that hypgs has a local extremum at § = 1 that is null. Hence
ha,,s has constant sign locally around 6 = 1. Thus, there exists a unique value 63 # 1 such
that hq gs(03) = 0. Moreover, ha s is strictly positive on (—oo, 63) and strictly negative on
(03, +00) and so is G, 5, from (15). However, from (13) and the fact that s > sine(c, 8), we
know that ¢ = 0 is a local maximum of G, g s so that we necessarily have 3 = 0. Hence
Go,p,s achieves a unique maximum at # = 0 and this maximum is null from (13) so that we
conclude that G, g s is negative on R, i.e. that s? is a variance proxy.

Case A, 35 > 0. Let us assume that A, g, > 0. We get that there exists two distinct values
0o # 61 such that /s (60) = hy/ 5 (01) = 0. Moreover, since A 55 < 0, we get that hy/ 5 is
strictly negative on (—o0,61) U (02, +00) and strictly positive on (61, 62). Thus, h’.f[ﬁ’s is strictly
decreasing on (—o00,6;), strictly increasing on (6;,602) and strictly decreasing on (62, 400). Since

hm haﬁs(H) > 0 and hm haﬁs(e) = —oo we conclude that hf 5 may have one or two (one

s1mple and one double zero) or three distinct zeros depending on the sign of h'a, 3, s(6;) and
‘a, B, 5(62).

The case when A 3,5 has only one or two zeros is identical to the previous case (because in both

cases h” a.f.s changes sign only at the unique simple zero) and we refer to its conclusion. Let us thus

assume that h, 5 ¢ has three distinct zeros 91 < by < 92 <01 < 93 Then A, B ¢ is strictly positive on
(=00, 01) U (B, 03) and is strictly negative on (6, 05)U (03, +00). Thus, since gglfoohlaﬁys(e) = —00,

h;@ s may have two distinct zeros or three distinct zeros (in this case, one double zero and two
simple zeros) or four distinct zeros.
Cases corresponding to two or three distinct zeros are identical to the previous case (note that
in both cases, h., 5. only changes sign twice) and we refer to its conclusion. Let us thus assume that
o B s has four distinct zeros. These zeros are necessarily simple zeros and from Rolle’s Theorem we
conclude that hq g, may have at most 5 distinct zeros. However, we have hq g,5(1) = by, 5 (1) =0
so that 0 = 1 is always a double zero of h, g . Hence, hq g may only change sign at most thrice.
However since lim hq g s(f) = oo and lim hq g s(6) = —oo, it cannot change sign twice so that
0——o0 0——+o00

ha ,s may only change sign at one or three distinct locations and so is G/, 8. from (15).
The case when h, g, changes sign once is identical to the previous one and we refer it its
conclusion. Let us thus assume that G, Bis changes sign at three distinct locations denoted 6; <

05 < 05. From the limit at infinity, G’ w.p,s is necessarily strictly positive on (—oo, 01) U (62, 63) and

strictly negative on (1, 62)U (03, . +00). This implies that Gy, g s is strictly increasing on (—oo ,01) and
then strictly decreasing on (91, 02) then strictly increasing on (02, 93) and finally strictly decreasmg
(03, +00). Hence, Gy .5 has two local maxima and one local minimum. However, from (13), w

know that § = 0 is a local extremum of G, g and from (14) we have assumed s > siye(ar, 5) so
that G B, 4(0) < 0. Hence 6 = 0 is necessarily a local maximum of G, g s and its value is null from
(13). Hence we conclude that G, g has a vanishing local maximum at # = 0, a local minimum
with a strictly negative value, and a second local maximum at f3 # 0. The sign of this second
local maximum determines the sign of G, g s and hence is equivalent to deciding if s? is a variance
proxy. This concludes the proof of Lemma 3.3. O

By the condition on A, g, we also get the claimed upper bound of the optimal variance proxy
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from this lemma. Indeed, A, g < 0 is equivalent to have s € [s1(c, 3), s2(c, )] while A, g5 > 0

is equivalent to have s € (0, s1(a, 5)) U (s2(cv, 8),+00). Therefore ||Yrl||vp < s1(e, 8), with:

o f) e BB BT +D =g oy [(B= )8~ E[¥e] +2) + 8
I (B — )2+ 12 PR (6 —a)?+12 ’

and where d, 3 was defined in (12). It is obvious that the position of the second maximum
0.(, B, s) depends smoothly on s. Moreover, we know that the optimal variance proxy exists and
is non-zero because of (14). The previous analysis implies that for s < ||Yr|/vp we must have
Aqps > 0 and the existence of O.(c,3,s) # 0 with Gqg4(0:(c, 3,5)) > 0. Thus, taking the
limit s — [[Yr|lvp with s < |[Yr|lvp implies that Gq g |y |.p(fc(, 8, [Yrllup)) = 0. Notice that
Oc(a, B, [|Y1|lsp) = £00 is not possible because we have GEIEOOGQ,@S(H) = e — ¢ < 0 independent

of s. Hence we must have

Ga8,)[Yrlep (Oc(, B, [[YT[lvp)) = 0.

To finish it remains to prove that 6.(c, 5, ||Yr|/vp) # 0. Indeed, let us assume by contradiction
that 6c(a, B, [[Y1(vp) = 0. The previous analysis shows that for s < [[Yr|vp, G, 5, has two
distinct zeros inside (0, 60.(«, 8, s)) and thus by Rolle’s theorem that G’C’Y’ 5. has at least one zero
n (0,6:(c, B,5s)). Thus at the limit, we would get GZZ,B,”YTva (0) =0, i.e. 8 =0 would be at least
a triple zero of G, g ||yy||,,- In fact, in order to remain locally negative around 6 = 0, we would

necessarily have a zero of order four, i.e. G:)/z,ﬂ Yo (0) = 0. Hence # = 0 would be a zero of

order four of g, g |yy|,,- This would imply [[Yr|vp = sint(a, B) (triple zero using the definition of

sinf(a, B) and ggtﬁ,sinf(a,ﬂ)(o) (zero of order four). However we have:

2e% — (3 4+ 6)e* + (6 —€®)e —2  P(e)

"
ga7a+6ysinf(a7/8) (0) - (66 _ 1)3 (66 _ 1)3.
From Lemma B.1 in Appendix B we have that g/ . (o a+e)(0) > 0 for all € > 0 so that
gg’,ﬂ,anf(a,ﬁ)(o) > 0 for any a < 3 i.e., we cannot have 0.(c, 3, [|Y1|vp) = 0. We conclude that the

optimal variance proxy is characterized by the unique solution of the below system of equations,
which is coherent with the illustration of Figure 4. This concludes the proof of Theorem 3.2. [

4 Future research directions

In summary, our work has identified the optimal sub-Gaussian variance proxy for truncated Gaus-
sian and truncated exponential random variables, while also delineating the conditions under which
strict sub-Gaussianity may or may not be observed in these truncated distributions.

Moving forward, there are several avenues for extending this work. Firstly, exploring additional
commonly encountered distributions beyond Gaussian and exponential would broaden the scope of
our findings. Additionally, investigating the truncation of multivariate distributions, such as the
multivariate Gaussian distribution, could provide valuable insights into more complex scenarios.

Furthermore, considering the sub-Weibull property of truncated random variables represents a
promising direction for future research (Vladimirova et al., 2020). This concept, which serves as a
generalization of the sub-Gaussian property, offers an intriguing framework for further understand-
ing the behavior of truncated distributions across various contexts.
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Figure 4: Illustration of the proof of Theorem 3.2. Function g, g s defined in Equation (10)
is represented with @ = 1 and 8 = 4 and for different values of s. Non-positivity of the g, g s
function is equivalent to s? being a variance proxy. In purple is the optimal variance proxy case
s2 =52 = ||YT||\2,p (s = s, &~ 0.8107). Red represents s = 0.812 > s. (with s? being a variance
proxy) and blue represents s = 0.8095 < s. (with s? not being a variance proxy).
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A Proofs for truncated Gaussian random variables

This entire Appendix A is devoted to proving Lemma 2.4, showing that the function h,, g is strictly
concave on [y, +00) for any finite o < .

Proof of Lemma 2.4. To begin with, observe that it is sufficient to check the concavity of the

function only for the case when a@ = —f (i.e. 6y := O‘Tw = 0). Indeed, suppose that h” 5 5(0) <0

for all B € Ry and € > 0. Then, this implies that h_s—a s—a (0) = hqa,g(0 + 6p) is strictly concave
2 7 2

for 6 > 0, i.e. that x — h, g(z) is strictly concave for x > 6.

A.1 Some notations and preliminary results

Let us recall that we have:

Fogp(0) =2(B8—0)—2(—8-10),
_ F_p5(0)
f-ps(0) =1In (WH) )

F35(0) = 60+ 8) = 6(0 = B) = —= (e O = eh0-07)
Flp(0) = \/12? (—(ﬂ +0)e 20+ 4 (9 — Ble2 (0~ ﬁ)2>

5,5(0) = \/12? (6 2O [(B40)2 1] + e 20F [1 - (8- 0) ]) A1)
. F'y 4(0)

_575( ) - f—ﬁ ﬁ( ) m

0) = F_gg(0)F" 5 5(0) — (F' 5 5(0))?

o Fp3(0)? ’

" (9) _ (F_ﬁ,ﬁ(ﬁ))zFﬁlﬁﬁ(Q) — 3F_/375(G)Fiﬁ,ﬁ(ﬁ)Fgﬁﬁ(Q) + 2(F/,5,5(9))3

o Fop,5(0) ’
Jm Flgg(6) = lim FZg5(6) = lim F755(6) =0,
QETOOF_’B s(0) = 0.

It is obvious by definition that F_g g is strictly positive on R. It is also straightforward to obtain
the important linear relation

5 5(0) = —=P3(0)F g 5(0) — Pa(0)FL 5 5(0), (A.18)

where

Py(0) = 60> +1— % (A.19)

In order to prove the strict concavity of h_g g on R>q, we shall need information on the function
F_3 3 and its derivatives. Thus, we shall first prove the following lemma.

Lemma A.1. We have the following results:

o We have FLBﬁ(H) < 0 for any B >0 and any 0 € Rg.
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o For 0 < 8 < /3: The function F", 5 has only one zero on Rxq that we shall denote ;.
Moreover, it is strictly positive on (0, 91) and strictly negative on (61, —I—OO) Consequently, the

function Ffﬂﬂ is strictly increasing on [0, 61] from F’_’Bﬁ(O) = —\/% 35 <0 to Fﬁﬁ’ﬁ (61) >

0 and strictly decreasing on (61,400) from F’_’Bﬁ(ﬁl) >0 to 0. In particular F” g has only
one zero on Rsq denoted oy satisfying aq > 0.

e For > \/3: The function F’” has two distinct zeros on Ry denoted 61 < 05 on Rsy.
Moreover, it is strictly negatwe on (0,61) U (62, 4+00) and strictly positive on (01,02). Con-
sequently, the function F” "33 s decreasing on (0,601) from Fi’ﬁﬁ(O) = —%e_%w < 0 to

F75 5(00) < F"55(0) < 0. F”j 5 is then increasing on (01,02) up to F” g 5(02). It finally
decreases from F’ "5 5(02) to its imit 0 at 6 — +oo. In particular, we must have Fg 5(02) >0
and Fﬁ 5.3 has only one zero on Rsqg denoted oy that verifies ag € (61,02).

Proof of Lemma A.1. The first point is obvious from (A.17). Let us observe that

2
V2T

In particular F”; 5(0) = —j—’i exp (—36%) < 0 and lim F”w(e) = 0. Let us assume by contra-

Fl55(0) = —=exp <—;(62 + 02)> (0'sinh(86) — B cosh(B9)) . (A.20)

diction that F5" does not vanish on R-o. This 1mphes that F" 5 5 would be a strictly monotonous

function and therefore would be a strictly increasing function because of the values of F” Za, ﬁ( ) and

F" 5 5(+00). Since ehm F" 5 5(0) = 0, it implies that F”; 5 would be a strictly negative function
) %_’_m 1 bl

on R so that F” 5.8 would be a strictly decreasing function on R-y. This is a contradiction with

the fact that lim F” "5, 6(6) =0and F”. 5,5 1s strictly negative on Rx¢. Therefore, we conclude that
0—+o0 ’

there is at least one value of . € Rsg for which FZ’B 5(96) = 0. This point shall be used later to
determine the sign of some quantities by contradiction®. Let us now compute

uo-3)- e ()= (- 69) (- 6))

Therefore, the sign and zeros of F' i’fg 3 are equivalent to the sign and zeros of gg(s) defined by

g8(s) = <1 - <; - ,6’>2> e —1+ <;, + B)z. (A.22)

We have
di(s) = 2Bt —2(s +;2)62 + 52 + 5) s 2(5;;—5)
Jis) = 2028 - 4&25—65%%23 +4s+1) e 622
JU(s) = 428 — (48% — 6);24— 25" —88°+3) 5

2In fact, the reasoning implies that there exists a non-trivial interval on which Ff'ﬁy s is strictly positive.
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The discriminant of the numerator of g7’ is given by A = 4(46% + 3) > 0. Hence g5 has two
distinct zeros on R and we need to study the sign of these zeros. Let us denote
P(p) =28"—88%+3, S(B) = 48% -6, (A.23)

so that the product (resp. the sum) of the two zeros of gg’ are given by %P(,B) (resp.
%S(ﬁ)). P(p) is strictly positive on (O, VS_QQ\/E> U <”8+22\/ﬁ,+oo> and strictly negative on

\/8722\/ﬁ7 \/8+22m> . S(p) is strictly positive on (@, —i—oo) and strictly negative on (O, @) We
shall also observe:

n

lim gg(s) = lim gj(s) = lim g5(s) = lim gg'(s) = —oo,

s—400 s—400 s—+400 s§—400
" 4P

93 (0) = —6(26),

95(0) = 4(3 - %),

95(0) = 2(3 - 8°),

95(0) = 0.

Let us now study the following four cases.

Case > 7v8+22\/ﬁ. Here, gi' has two roots on R and their product in strictly positive and their
sum is strictly positive. Thus, g'ﬁ” has two distinct roots on R+ denoted 0 < s; < sg9. It is strictly
negative on (0,s1) U (s2,+00) and strictly positive in (s1,s2). Therefore gy strictly decreases on

(0,51) and since g5(0) < 0 it remains strictly negative on (0,s1). gj is then strictly increasing

from g5(s1) up to gg(s2). We have gi(s2) = % <62ﬂ2+ 42H3-3(\ /462 43 — 1) + 1) > 0. Since
g/’é diverges towards —oo when s — 400, we end up with fact that there exist exactly two values
(s3,51) € (Rx0)? such that 95(83) = gs(sa) = 0 and they satisfy s3 < s2 < s4. Moreover gj is
strictly positive on (s3, s4) and strictly negative on (0, s3)U(s4, +00). Therefore g} strictly decreases
on (0, s3) and since g5(0) < 0 it remains strictly negative on (0, s3). Note that we necessarily have
9gp(sa) > 0. Indeed, if gj(sa) < 0 then gj would be strictly negative on R so that gg would
be strictly decreasing and since gg(0) = 0 it would not vanish on R which is a contradiction
(because we have proved that ' 5 must vanish at least once). Since gj(s4) > 0, we obtain that
there exists exactly two values (s5,s¢) € (Rso)? such that 95(85) = g5(s6) = 0 and they satisfy
53 < 85 < 84 < 8. gp is thus strictly decreasing on (0, s5) and since gg(0) = 0 it remains strictly
negative. Again gg(sg) must be strictly positive otherwise gz would not vanish and nor would ’_”/3 3
which is a contradiction. Therefore, the variations of gg implies that there exists exactly two values
(s7,88) € (R>0)? such that gg(s7) = gs(ss) = 0 and they satisfy s5 < s7 < s < ss.

Case 8 € (\/g, 7”822\/%}

their sum is strictly positive. This means that g7 has exactly one root on R~ that we shall denote
so > 0. gg is strictly positive on (0, s2) and strictly negative on (s2,+00). Since g5(0) < 0 and

gh(s2) = % <6252+ AF243-3(\ /452 43 — 1) + 1) > 0 and SEngg(s) = —o0, we get that there

exists exactly two distinct values (s3,s4) € (Rxg)? such that 95(s3) = gj(s4) = 0 and they satisfy
s3 < 89 < s4. Moreover, 923 is strictly decreasing on (0, s3), strictly increasing on (s3, s4) and strictly
decreasing on (s4,+00). We have g;(0) < 0 so that gi(s3) < 0. Similarly to the previous case,
we must have g’ﬁ(54) > 0 otherwise gg would not vanish on Rsq (it would be strictly decreasing

. Here, g’ﬁ” has two roots on R and their product in negative or null and

"

18



on Ry with gz(0) = 0). We obtain that there exists exactly two values (s5,s6) € (Rs0)? such
that 9’5(55) = 9/5(86) = 0 and they satisfy s3 < s5 < s4 < s6. gp is then strictly decreasing from
93(0) = 0 to gg(ss) < 0. We must have gg(sg) > 0 otherwise gz would not vanish on R (which is
a contradiction since we know that F ZIB, 5 has at least one zero on R<0). Therefore, the variations
of gz implies that there exists exactly two values (s7,ss) € (Rsg)? such that gs(s7) = gz(ss) = 0
and they satisfy s5 < s7 < s¢ < ss.

Case 8 € (7”8_22\@, \/3} . Here, g3’ has two roots on R and their product is strictly negative.

This means that ¢’/ has exactly one root on R~ that we shall denote so > 0. g ! is strictly positive

n (0,s2) and strictly negative on (s2,+00). We have gz(0) > 0 and hm gﬁ( s) = —oo. Thus,

since g’é is strictly increasing and then strictly decreasing, we get that there exists exactly one value
s4 € Ry such that g’é (s4) = 0 and it satisfies so < s4. Moreover, g’ﬂ is strictly increasing on (0, s4)
with g5(0) > 0. It then strictly decreases from gj(s4) > 0 towards —oco. Hence, there exists exactly
one value sg > s4 such that gg(s(;) =0 and 9,/8 is strictly positive on (0, sg) and strictly negative on
(s6,4+00). Thus, gg is strictly increasing from gg(0) = 0 to gg(se) > 0 and then strictly decreasing
towards —oo. We conclude that there exists only one value sg on R such that gg(ss) = 0.

Case f3 ¢ (0, V8-2V10 } . Here, gi has two roots on R, and their product is positive or null, while

2
their sum is strictly negative. This implies that gg’ does not vanish on Rsg and thus is strictly

negative. gj is thus strictly decreasing on R with g3(0) > 0 and gj(+00) = —oco. We get that
there exists exactly one value s4 € Rsg such that gg(54) = (0. Moreover, g% is strictly increasing
on (0,s4) with gi(0) > 0. It then strictly decreases from gj(s4) > 0 towards —oc. Hence, there
exists exactly one value sg > s4 such that gj(se) = 0 and gj is strictly positive on (0, ss) and
strictly negative on (sg, +00). Thus, g3 is strictly increasing from gg(0) = 0 to gg(ss) > 0 and then
strictly decreasing towards —oo. We conclude that there exists only one value sg on R~ such that
ga(ss) = 0.

Summarizing the four different cases and using 6 = 3, we conclude that for 8 € (0, \/3}, ey

has exactly one root 6; on R~ and it is strictly positive on (0,6;) and it is strictly negative on
(61, 400). On the contrary, for § > /3, F", 5 has exactly two distinct roots on Rso denoted
01 < 03 and it is strictly positive on (61,602) and strictly negative on (0, 6;) U (02, +00). The rest of
the lemma is then obvious, which concludes the proof of Lemma A.1. O

A.2 A sufficient condition for strict concavity

Let us first prove that for any 3 > 0, the function h_g g is strictly concave in a positive neighborhood
of 6 = 0. It is a straightforward computation by taking Taylor series around 6 = 0 to observe that

exp (-2
W s 5(0) = _W ( exp <—B;> + 2(5%3)(2@(5) - 1)) 0+0(62).  (A.24)

The leading order is strictly negative for 3 > /3 because both terms are negative or null. For

B € 10,v3) we define

A9 =~ e (<) + e - ) (A25)
N R (82 = 3) P 2 V2 7 .
48% exp f%
whose derivative is f(8) = ——ar - < 0. Therefore f; is strictly decreasing on [0,1/3) and

since f1(0) = 0 we get that f; is strictly negative on [0,+/3). This implies that the leading order of
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" P 6(0) as @ — 0 is strictly negative on R~g. In particular, we get that for any 8 > 0, there exists
a positive neighborhood of ¢ = 0 on which h_g g is strictly concave.

Let us now reformulate the problem of strict concavity more simply. From (A.17), the equation
h” 5 5(0) = 0 is equivalent to

Z3(0) = (F_3,3(0))F"5 5(0) — 3F_5 3(0)F 5 5(0)F" 5 5(0) + 2(F' 5 5(6))* = 0. (A.26)
We shall denote

a5(9> = 2/6,5(0)7
bs(0) = —3FL5’5(9)F'_’,375(6),
cp(0) = Q(Fiﬁ,ﬁ(e))g,
so that
Z5(0) = ag(0)(F-5,5(0))% + bg(0) F_p.5(6) + cs(0). (A.27)

Let us observe that if we can prove that Zz(#) does not vanish on R, then it proves that h_g g is
strictly concave on Rsq. Indeed, the function Zg(#) is continuous in §. Moreover, we have proved
that it is strictly negative in a positive neighborhood of 8 = 0 so that if it does not vanish on
R<g, then the intermediate value theorem implies that it must remain strictly negative on Rsg.
Therefore, we obtain the following sufficient condition to prove strict concavity of h_g g on Rq.

Proposition A.1. Let B > 0. Proving that Zg does not vanish on R~q is a sufficient condition to
proving the strict concavity of h_g g on Rsg.

The next step is to use the fact that the r.h.s. of (A.27) may be seen as a polynomial of degree
21in F_p5(0). In particular, zeros 0. of Zg are either zeros of Fg’ or solutions of the system

IF. 5 5(0))2(F5.5(0)) — 8(FLg 5(6:))° F5 5(6e) > 0,

F’ 0)F" , ,(0.
Fog, ,3(‘9 ) = ; PE///) (_06;/8( )

A.28
* s ¢9 O R 00— S SO0 )
_ bg(be)
= e 2% \/bﬁ — 4ag(0:)cs(6.).

The first inequality in (A.28) is necessary otherwise (A.26) which is polynomial of degree 2 in
F_33(0.) would have no real roots and thus (A.26) would not have solutions on R ending the
proof. Therefore, we shall define

F o, 4(0)F", 4(6
%¢W%:_Rﬁﬂ@+g_%?}ggﬂ)
S V OF 5 5 0)2(F 5 5(0) — 8(F, s(6))5F" 5(6)
~ by(

and we have the following proposition.
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Proposition A.2. Let B > 0. A sufficient condition to prove strict concavity of h_gg on Rxq is
to prove that the function Sg is strictly positive on R~q where

Sp(0) = 90(F" 5 5(6))°
+ (426° — 9) F' 4 5(0)(F" 5 5(6))*

15 (52 0 2> O(F" 5 5(0))2(F"5.5(6))°

+ (750" — (428% + 36)0% — B* + 1287 — 3) (F' 5 5(0))*(F” 5 5(0))?
9 9., 3
4 <994 - (1052 + 2) 0%+ 5"+ 58° - 2) O(F 5 5(0)) F” 5 5(6)

+ (76° — (1387 + 3)0* + (58" + 687 — 3)0% + (82 — 1)%) (F/ 5.5(0))°.

(A.29)

Proof of Proposition A.2. As explained in Proposition A.1, a sufficient condition to prove the strict
concavity of h_g g on Ryq is to show that Zg does not vanish on R-y. Moreover, the previous
discussion implies that zeros of Zg are either zeros of F’ HCB g or zeros of Ty g. Let us first prove that
the functions Ts 1 and T — do not vanish on R\ R where Ry is the set of zeros of F”; ;. Let
us observe that for any 0 € R-o \ Rg:

3, )+ JO(F 2(F7, (0)2 — S(F, ,(0)*F", (0)\
Té,i(e): \/ B52F£/ (0) o > _F,*ﬁﬁ(e)

! / / /"
" 2 /b(0)2 — das(0)cs(0) ((a5(0)05(0) = as(O)0(0) = 2675 5(0)) \/b5(0)” — 4as(0)cs(0)

F (ba(0)*aj(0) — b3(0)as(0)b3(0) + 2a5(0)cs(0) — 2a5(0)cs(0)aj(0)) )

(A.30)

is only expressed in terms of F” 8.8 and its derivatives that are classical functions. Zeros of Té 4
must satisfy (taking the square of the numerator of (A.30) to remove the + sign):

2
(bp(0)2a3(0) — bs(0)as(0)b3(0) + 2a5(0)c3(0) — 2a5(0)cp(0)a3(0))
2
— (a5(0)bs(0) — ap(0)bjs(0) — 2F'55(9)) (b5(6)* — dap(8)cs(8)) = 0.
Replacing F”; 5 and F ( B) g in terms of I 5 5 and F” 5 5 using (A.18) gives after a tedious compu-

tation that the r.h.s. is of the form 8F”; (9)2F’ 5(0)Sp(0). Therefore zeros of T} | are among
those of Sg. Simple asymptotic expansmns around 9 = 0 and 8 — +oo provide the following results:
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lim T3 +(0) =0,

0—~o0
V21 (26(8) — 1) (8% — 3)exp (5 ) +68) exp (-5 ) V2
! Sl (% L
Tp(0) = ‘3\2/62?6%9 +0(6%) , VB € Rxo\ {V3},
Tp_(0) = —28(B) + 1+ 0(0%) , VB € Roo \ {V3},
5 152

T5,-(0) = —3\/2—7:?2_3)26_26 0+0(0%) , V5 eRso\ {V3}, (A.31)
T (0) = Si/%926

, 667%\/6
T =~
T5_(0) = —29(vV3) + 1+ 0(67),

e~ 260 + O(62).

+ O(1),

+0(0),

1
/ P —
Ts-O=—37

In particular, in all cases, we get that the functions (Té,_,T[’;’ +) are always strictly negative

in a positive neighborhood of § = 0 for any value of 8 > 0. Let us show that proving that Sg
is strictly positive on Ry is a sufficient condition to get that both functions (73,73 +) do not
vanish on Rs¢. Indeed, if we assume that Sz(0) is strictly positive on R then it implies that Té, n
cannot vanish. Depending on the value of 3, we have three cases:

e For B < v/3: we have that Téi is strictly negative on (0,6;) so that T 1 is a strictly
decreasing function on (0, 67). Note that T, 5,— diverges at #; and changes sign (because
3F 5 5(01)F" 5 5(61) < 0 from Lemma A.1). Moreover, from (A.31), we have Tj _(0) < 0.
This implies that elim Ts, - = —oo and lim Tg_ = +o00. Therefore, the sign of T[’gﬁ is

—01,— 0—601,+
necessarily negative on (61, +00) so that T _ is strictly decreasing on (#1,400). Since its
limit is zero at infinity, it remains strictly positive on (61, +00). Thus, we conclude that T _
never vanishes on R-o. The situation for T ; is simpler. Indeed, T3 1 is a smooth function
at = 61 (because 3F/—B,B(01)F/—/B,B(01) < 0 from Lemma A.1). Therefore the sign of T,é,+
remains constant on R-¢ and thus T}z 4 is a decreasing function on R-¢. Since its limit at
infinity is null, we get that it remains strictly positive on R>o. In both cases, T3 + does not
vanish on R+g.
e For 8 = /3: we have that T\//Ei
decreasing function on (0, 6;). Note that T' V3 diverges at 6; and changes sign (because
3F’_\/§’\/§(91)F’_’\/§’\/§(91) < 0 from Lemma A.1). Moreover, from (A.31), we have T, 5 (0) <

is strictly negative in (0,6;) so that T V3.4 1s a strictly

0. This implies that el}gf’,T\/&_ = —ooand lim T\/gj_ = +00. Therefore, the sign of T\//g,,

09—>917+
is necessarily negative on (61, +00) so that T\ _ is strictly decreasing on (61,+0oc). Since
its limit is zero at infinity, it remains strictly positive on (61, +00). Thus, we conclude that
T /5 _ never vanishes on R-¢. The situation for T 5 is simpler. We have from (A.31) that
T5.,(0)>0and T, 5, is asmooth function at § = 6; (because 3F’_\/§7\/§(91)F”\/§’\/§(91) <0
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from Lemma A.l). Therefore the sign of T\’[ remains constant on Rsg and T V34 is a

decreasing function on Rsq. Since its limit is null, we get that it remains strictly positive on
R>¢. In both cases, T' 5 , does not vanish on Rx.

e For 8 > /3, we get that Téi is strictly negative in (0,6;). Note that T is smooth
at ¢ but diverges and changes sign at § = 61 (because 3 5 5(61)F”; 5(01) < 0 and
3F” 5 5(02)F” 5 5(62) > 0 from Lemma A.1). Moreover, we have from (A.31) T 4(0) < 0

so that lim Tg, = —oo and lim Tg, = +oo. Therefore Ts | must be decreasing
9—)01 — ’ 0—0 1,4+ ’

n (6;,+o0) and since its limit is 0 at infinity we conclude that it is strictly positive on
(01,400). The situation for T _ is similar. It is smooth at ¢; but diverges and changes
sign at 02 (because 3F” 5 5(01)F” 5 5(01) < 0 and 3F” 5 5(62)F” 5 5(02) > 0 from Lemma A.1).

We have T _(0) < 0 so that it is strictly negative on (0,62) and li(gn T = —oo and
. hén T, = +0o. Therefore it must strictly decrease on (62, +00) and since its limit is 0 at
—U2 4+

infinity, we end up with the fact that it is strictly positive on (62, +00). In both cases, Tj +
does not vanish on R+g.

Thus, we conclude that proving that Sg is strictly positive on R is a sufficient condition to
get that T 1+ does not vanish on Rs¢ \ Rg. Let us prove that the fact that Ss is strictly positive
on R+ also excludes the zeros of F' ’7”57 5 as potential zeros of Zg. Under the assumption that Sg is
strictly positive on Rsg we have

e For 8 >+/3, F /—//Bﬁ has exactly two zeros denoted ¢, < 62 on Rs¢. As explained above, Tp |
cp(2)

is a smooth function at # and we have T 4 (62) = ~b30) F_33(02). We have proved
above that Tj | is strictly positive on (61, +00) so that T 4 (6) = —ZZEZ;; — F_33(02) > 0.

However, if 65 was a zero of Zg, then we would have from (A.26) F_g g(62)+ ZZEZE; = 0 leading

to a contradiction. Therefore 6 is not a zero of Zg. Similarly, we have proved that T _ is a

smooth function at 6; and we have T _(0;) = — IC)ZEZS — F_3 (61). Moreover, we have proved

above that T _ is strictly negative on (0,62) so that T _(61) = —% — F_p3(01) < 0.
cs(61)

However, if 61 was a zero of Zg, then we would have from (A.26) F_g g(01)+ 2 ) 0 leading

to a contradiction. Therefore 67 is not a zero of Zg.

e For B < /3: F", 5 has exactly one zero denoted 61 on Rso. As explained above, T .
is a smooth function at § = 6; and it is strictly positive on Rsg. In particular we have

Tp 4 (01) = _csl0) _ F_33(61) > 0. However, if §; was a zero of Zg, then we would have

bs(61)
from (A.26) F_p3(01) + 72 501; = 0 leading to a contradiction. Therefore 6 is not a zero of
Zs.
This concludes the proof of Proposition A.2. O

A.3 Proof of the sufficient condition

From Proposition A.2, a sufficient condition to have strict concavity of h_gg on Ry is to prove
that Sg is strictly positive on R-¢. In this section, we shall propose a sufficient condition to obtain
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this result. Let us first observe that:

2 1

F'(0) = ——=e 37757 sinh(50),
nogy 2 —302—1p2 : _
F"(0) = me (0 sinh(B0) — 5 cosh(56)) .

The term \/%6_%92_%B2 factors out of Sz because we have homogeneous powers. Therefore, let us

thus rewrite Sg(0) = 2 (\/%67%927%52)5 S5(0). We have:
Sg(0) = sinh(580) + (48° + 4(36% + 6)3* + 128% — 5) sinh(356)
+ (—128°% + 4(36° + 18)8* — 3653 + 10)) sinh(30)
— 4 (38% + 6% + 6) 8°0 cosh(3/30)
+4 (=338 + 6% + 6) 3°0 cosh(59).

Proving that Sg is strictly positive on R+ is equivalent to prove that S g is strictly positive on Rg.
Let us perform the following change of variables: s = 6 and define Ag(s) = 55 <%> Since 8 > 0,
it is obvious that proving that 5’5 is strictly positive on R is equivalent to proving that Ag is also
strictly positive on Rsy. We obtain:
Ap(s) = sinh(5s) + (48° + 248* + 125?58 + 12% — 5) sinh(3s)
+ (—128°% + 728" + 125*8* — 3653 + 10) sinh(s)
— 4(38* + 64 + 5%)s cosh(3s) + 4(—338* + 6% + s?)s cosh(s).
Let us observe that Bs(u) :== Ag(s) is a polynomial of degree 3 in u = 2
By() = A,2(s)
= 4 (sinh(3s) — 3sinh(s)) u*
+ 4 (6 sinh(3s) + 18sinh(s) — 33s cosh(s) — 3s cosh(3s)) u?
+4 (3(52 4 1) sinh(3s) + 3(s® — 3) sinh(s) + 65 cosh(s) — 6s cosh(3s)) p
+ sinh(5s) — 5sinh(3s) + 10sinh(s) + 45> cosh(s) — 45> cosh(3s).
Let us first notice that B,(0) = sinh(5s) — 5sinh(3s) + 10sinh(s) + 45 cosh(s) — 453 cosh(3s) > 0

for any s > 0 so that Bj is strictly positive in a positive neighborhood of s = 0. Indeed, we have
the following lemma.

Lemma A.2. For any s > 0, we have

sinh(5s) — 5sinh(3s) + 10sinh(s) + 453 cosh(s) — 453 cosh(3s) > 0. (A.32)
Proof of Lemma A.2. One may rewrite
sinh(5s) — 5sinh(3s) + 10sinh(s) + 4s” cosh(s) — 4s® cosh(3s) = 16sinh(s)? (sinh(s)® — s® cosh(s))

— 16sinh(s)2 cosh(s) (iﬂiﬁ; - 33> .
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sinh(s)?3

Let us then define a(s) = — 53 for s > 0. We have

cosh(s)

/(s) = 2 cosh(s)* + (=352 — 1) cosh(s)? — 1

@8 = cosh(s)? ’

"s) = (4sinh(s) cosh(s)* — 65 cosh(s)? + 2sinh(s))
@)= cosh(s)3 ’

2 sinh(s)*(4 cosh(s)? + 3)
®3)(g) =
() cosh(s)* >0,

so that a” is strictly increasing on Rsg and since a”(0) = 0, we get that a” is strictly positive
on R-g. This implies that o’ is strictly increasing on R~ and since a/(0) = 0 we end up with o
strictly positive on R-q. In the end, a is strictly increasing on R and a(0) = 0 so that a is strictly
positive on R, ending the proof of Lemma A.2. O

Then, we observe that the leading coefficient of the polynomial u — Bg(p) is given by sinh(3s) —
3sinh(s) and is obviously strictly positive for any s > 0. We want to prove that for any s > 0,
w— Bs(p) is a strictly positive function on R~y. We have:

B/

(1) = 12| (sinh(3s) — 3sinh(s)) p*
+ 2 (2sinh(3s) 4 6sinh(s) — 11s cosh(s) — scosh(3s)) p
+ (s® 4 1) sinh(3s) + (s? — 3) sinh(s) + 2s cosh(s) — 2s cosh(3s)|.

The discriminant 144A(s) of this polynomial of degree two is given by A(s) := —64 cosh(s)A(s)
with
A(s) = =3 cosh(s)® + 2ssinh(s) cosh(s)* — 652 cosh(s)® + 14s sinh(s) cosh(s)?

— 3cosh(s)® — 3s% cosh(s) + 2ssinh(s) + 6 cosh(s).
Let us assume that A is strictly positive on R<( so that A(s) is strictly negative, i.e. B’ does not
vanish on R and thus remains strictly positive on R- (because its leading coefficient is strictly
positive). Since we have proved in Lemma A.2 that Bs(0) > 0, we obtain that Bj is strictly
positive on R which is equivalent to say that for any (8,s) € Rso x Ruo: Ag(s) is strictly
positive. Therefore, a sufficient condition to obtain that Sz is strictly positive on Ry is that A is
strictly positive on R<q. In order to prove this sufficient condition, let us observe that

A’(s) = sinh(s) [105 cosh(s)? sinh(s) — 13 cosh(s)* — 18s% cosh(s)?
+ 32ssinh(s) cosh(s) + 5 cosh(s)? — 35 + 8]
= sinh(s)Q(s),
with
Q'(s) = 2sinh(s) |20s sinh(s) cosh(s)? — 21 cosh(s)® — 18s% cosh(s) + 19s sinh(s) + 21 cosh(s)}
:= 2sinh(s)R(s),
with

R(s) = 20ssinh(s) cosh(s)? — 21 cosh(s) — 1852 cosh(s) 4 19ssinh(s) + 21 cosh(s).
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Let us assume that R(s) > 0 for any s > 0, then @ is a strictly increasing function on R with
Q(0) = 0 so that it is strictly positive on Rsq. This implies that A is a strictly increasing function
on R~ so that since A(O) = 0 we get that A is also a strictly positive function on R~q. Therefore,
we have the following result.

Proposition A.3. Let 3 > 0. A sufficient condition to obtain that Sg is strictly positive on R~ is
to prove that s — R(s) = 20ssinh(s) cosh(s)? — 21 cosh(s)? — 1852 cosh(s) + 19s sinh(s) + 21 cosh(s)
18 strictly positive on Rsg.

Finally we may prove this sufficient condition using the following proposition.

Proposition A.4. Let 3 > 0. The function s — R(s) := 20ssinh(s) cosh(s)? — 21 cosh(s)? —
18s% cosh(s) + 19ssinh(s) + 21 cosh(s) is strictly positive on Ro.

Proof of Proposition A.4. Let us first rewrite:

R(s) = 20ssinh(s) cosh(s)? — 21 cosh(s)® — 1852 cosh(s) + 19ssinh(s) + 21 cosh(s)

= 20ssinh(s) cosh(s)? — 21 cosh(s) sinh(s)? — 18s% cosh(s) 4 19s sinh(s)

=—(18 cosh(s)s? — (20sinh(s) cosh(s)? + 19sinh(s))s + 21 cosh(s) sinh(s)z) ,
and observe that 64

_ =6 7
R(s) = T + O(s"),

so that R is strictly positive in a positive neighborhood of zero. Moreover, equation R(s) = 0 may
be seen as a polynomial of degree two in s. In other words R(s) = 0 with s > 0 is equivalent to

_ 20sinh(s) cosh(s)? + 19 sinh(s) n sinh(s)
N 36 cosh(s) 36 cosh(s

S

] /400 cosh(s)4 — 752 cosh(s)2 + 361.  (A.33)

Let us define

20 sinh(s) cosh(s)? 4+ 19 sinh(s) sinh(s)
R =5 — — =+ 400 cosh(s)* — 752 cosh(s)? + 361.
+(s) =5 36 cosh(s) 36 cosh(s) V400 cosh(s) cosh(s)? +

Note in particular that

Ry(s) = 555 + 0(s%), N
R \ (A.34)
R_(s) 55~ 18 + O(s%)

Moreover, we have

(—40 cosh(s)* + 56 cosh(s)? — 19)4/400 cosh(s)* — 752 cosh(s)2 + 361 % (800 cosh(s)® — 1152 cosh(s)* + 361)

R (s) =
36 cosh(s)2+/400 cosh(s)* — 752 cosh(s)?2 + 361

Therefore, zeros of R/, must satisfy
(—40cosh(s)* + 56 cosh(s)® — 19)2 (400 cosh(s)* — 752 cosh(s)® + 361) — (800 cosh(s)® — 1152 cosh(s)* + 361)2 =0,

which is equivalent to

—576sinh(s)* cosh(s)? (2000 cosh(s)* — 3781 cosh(s)? + 1805) = 0.
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Since the discriminant of 2000X?2 — 3781X + 1805 is negative (equal to —144039), we conclude that
R/, does not vanish on R-( and thus has a constant sign on R~¢. In particular, from (A.34), we
get that R/ is strictly positive on Rs¢ so that R, is strictly increasing and since R, (0) = 0 we
conclude that R is strictly positive on R~q. Similarly, from (A.34) R’ is strictly negative on R<q
so that R_ is strictly decreasing and since R_(0) = 0 we conclude that R_ is strictly negative on
R<o. In both cases, the function R do not vanish on R so that (A.33) cannot be satisfied on
R<o and eventually R does not vanish on R<g. Since we have shown that it is strictly positive in
a positive neighborhood of zero and since it is a smooth function, we conclude that function R is

strictly positive on R+ . This concludes the proof of Proposition A.4. O

Finally, we conclude from Proposition A.3 and Proposition A.4 that for any 3 > 0, Sg is a
strictly positive function on R so that from Proposition A.2 we obtain that h_g g is a strictly
concave function on R<y. This concludes the proof of Lemma 2.4 stated in the main part of the
paper. ]

B Proofs for truncated exponential random variables
Lemma B.1. For any € > 0, we have

P(e) == 2¢% — (€2 +6)e* + (6 — €3)et — 2 > 0.
Proof of Lemma B.1. We have:

P'(e) = e* ((6 — 3¢* — €*)e ™ — (12 + 3€* + 2€6°)e™“ + 6) = > Q(e),
Q'(e) = e [(2€® + 3€® — 6e — 12) e + 26° — 3¢* — b€ + 12] == e “R(e).

It is then straightforward to compute R™W(e) = e~“¢(2¢? — 21€ + 42) whose roots are e = 2 +
v/1054. Thus R" is strictly increasing on (0, ¢_) and then strictly decreasing on (¢_, ¢, ) and finally
increasing on (€4, +00). Since R”(0) =0 and R"”(e4) > 0 we conclude that R is strictly positive
on (0,+00). Thus, R” is strictly increasing on R>¢ and since R”(0) = 0 it is strictly positive on
Rso. Hence R’ is strictly increasing on R>( and since R'(0) = 0 it is strictly positive on Rsg.
Eventually, R is strictly increasing on R>q and since R(0) = 0, we get that R is strictly positive on
R so that @ is strictly increasing on R>g. In the end, since Q(0) = 0, @ is strictly positive on
R+ so that P is strictly increasing on R>¢. Since P(0) = 0, we conclude that P is strictly positive
on R+, which concludes the proof of Lemma B.1. ]

B.1 Proving that the truncated exponential is never strictly sub-Gaussian

Let us study the sign of

a+p
[¥]2, — Var[va] = = ) ((a=B—0e" P+ (B—a—2)e’*+2(8—a)* +8).

2(ef — e

Observe that the last term is only a function of e = # —a > 0. Thus, the sign of ||Yr||2, — Var[Y7]
is the same as the sign of the function K on R defined by

K(e) = (e —4)ef — (e +4)e  + 2¢* + 8 = 2esinh e — 8cosh e + 2¢% 4 8.
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We have:

K'(€) = 2e cosh € — 6sinh € + 4e,
K" (€) = 2esinhe — 4 cosh e + 4,
K" (€¢) = 2 (ecosh e — sinhe) .

It is obvious that K" is strictly positive on R~q. Since K”(0) =0, K'(0) = 0 and K(0) =0 we
get successively that K”, K’ and K are strictly increasing and strictly positive on R~q. Thus, we
conclude that for all o < 3, we have ||YT||‘2,p > Var[Yt] so that the truncated exponential is never
strictly sub-Gaussian.
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