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Model

Compressible barotropic Euler equations:

[ Oyp + dive(pu) = 0

<\ O(pu) + dive(pu®@u) + Vyp =0

Properties:
e System of conservative laws : 9y W + div, f(W) = 0.

e Hyperbolic system of conservation laws with 3 different eigenvalues

A1 = u-n—c (acoustic), Ay = u-n (material), A3 = u-n+c (acoustic)

where ¢ = /p/(p) is the sound speed.

Motivation

Numerical scheme able to compute accurately

e low Mach number flows (M = |[u||/c << 1), e acoustic waves.

Collocated finite volume scheme

/ W + div (W) =0
Q2

d
—W,+ Y |Ty] F(W;, W;,n;;) =0.

dt F,,;j C OS2,
Numerical flux: Rusanov or Roe
2

numerical flux

F(W;, Wj n;;) = ‘1;— % Ap —*A(pu).

Two time scales asymptotic analysis

Scaling variables: zg, pg, ug
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Dimensionless system:

1
Oip + —0rp + divg(p) = 0,
1 1
Or(pua) MaT(ﬁﬁ) + divg(pu ® ) - YE Vip = 0.

Develop each variable as power of M:

~

b(x, 1,7, M) =0 (x,t,7)+ M W (x,E,7)+ M P2 (x,1,7)+ O (M?).

Continuous case: (p\1) /v, (pa)?) = (p,u) = U satisfies a first order

wave system { 0.7 + E(Q) divet = 0.
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where 7=t/M — +oc.
M—0

Discrete case: Rusanov and Roe schemes are asymptotically consistent
with a wave system discretization

1 ~ U, + U,
0:Ui+ — ) [Tyl |Amy)———" +D(ny)(U; - U;)| =0,
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Low Mach number limit /long time wave |1, 2|

Euler system Wave system

Well-prepared initial /boundary condition Initial /boundary condition

0= ﬁ(()O) — ﬁ(()l) — 151(;0) — ]51(91)7 { 0 =DPo = D,
0= diVi(ﬁﬁ)(()O) - faﬂ(ﬁfl)z()o) - 1. 0 = divelp = [5o W - 1.

Low Mach number limit Long time limit

p=p>+ 0 (M?), P> =0,
pu=u>+ 0O (M). i

where p — p(p) is a convex function

T= = = —.
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Wave structure

O, (curlzu) =0

(

curl; u” = 0,

Hodge-Helmholtz decomposition: U = u” + U~ where <\ divea¥ = 0.

Preserving a curl <> preserving u-.

Triangular mesh |3]

Discrete Hodge-Helmholtz decomposition: dPy(Q2) > uw, = u; +u, where
e U] = Vyp with ¢ € CR(), e uy = VLW with ¥ € P(Q).
Structure preserved on wave system with Godunov’ numerical flux:

. . . * . .
e Periodic domain: (V%) u,, is preserved over time,

e Bounded domain: (py,uy (Up)) is preserved over time and the rela-

tive entropy is decreasing.

Quadrangular mesh: velocity enrichment

Vi Q1, VxRaTu C dSg = SP&“(( (1) >( (1) >< xy_I 11//22 >>

Discrete Hodge-Helmholtz decomposition: dSqg(£2) > Uy, = uf +1u,, where

e uf = Vyp with ¢ € RaTu(2), e uf = V¥ with ¥ € Q(Q).

Structure preserved on wave system with Godunov’ numerical flux:

. . . * . .
e Periodic domain: (V%) u,, is preserved over time,

e Bounded domain: (py,uy (Up)) is preserved over time and the rela-

tive entropy is decreasing.

Numerical results on quadrangular mesh

Wave system: preservation of the adjoint curl
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Conclusion

e Low Mach accuracy is equivalent to curl preserving for wave system.
e Triangular mesh+Godunov flux is curl preserving.

e (Quadrangular+Godunov+change velocity basis is curl preserving.
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