
HAL Id: hal-04503360
https://hal.science/hal-04503360v1

Submitted on 13 Mar 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A numerical scheme accurate at low Mach number based
on space velocity enrichment

Jonathan Jung, Vincent Perrier

To cite this version:
Jonathan Jung, Vincent Perrier. A numerical scheme accurate at low Mach number based on space
velocity enrichment. 36ème séminaire CEA/SMAI-GAMNI de mécanique des fluides numérique, Jan
2024, Paris, France. �hal-04503360�

https://hal.science/hal-04503360v1
https://hal.archives-ouvertes.fr


Anumerical schemeaccurate at lowMachnumber
based on space velocity enrichment

Jonathan Jung, Vincent Perrier
LMAP & Inria CAGIRE team, UPPA, Pau, France

Model
Compressible barotropic Euler equations:{
∂tρ+ divx(ρu) = 0
∂t(ρu) + divx(ρu⊗ u) +∇x p = 0

where ρ 7→ p(ρ) is a convex function

Properties:
• System of conservative laws : ∂t W + divx f(W) = 0.

• Hyperbolic system of conservation laws with 3 different eigenvalues

λ1 = u·n−c (acoustic), λ2 = u·n (material), λ3 = u·n+c (acoustic)
where c =

√
p′(ρ) is the sound speed.

Motivation
Numerical scheme able to compute accurately

• low Mach number flows (M = ‖u‖/c << 1), • acoustic waves.

Collocated finite volume scheme
∫

Ωi

∂tW + divxf(W) = 0

⇒ |Ωi|
d

dt
Wi +

∑

Γij⊂∂Ωi

|Γij | F (Wi,Wj ,nij)︸ ︷︷ ︸
numerical flux

= 0.

Numerical flux: Rusanov or Roe

F (Wi,Wj ,nij) =
f(Wi) + f(Wj)

2
· nij− ? ∆ρ− ?∆(ρu).

Two time scales asymptotic analysis
Scaling variables: x0, ρ0, u0

ρ̃=
ρ

ρ0
, p̃=

p

p(ρ0)
, ũ=

u

u0
, x̃=

x

x0
, t̃=

t

x0/u0
, τ=

t

x0/c0
=

t̃

u0/c0
=

t̃

M
.

Dimensionless system:



∂t̃ρ̃+
1

M
∂τ ρ̃+ divx̃(ρ̃ũ) = 0,

∂t̃(ρ̃ũ) +
1

M
∂τ (ρ̃ũ) + divx̃(ρ̃ũ⊗ ũ) +

1

γM2
∇x̃p̃ = 0.

Develop each variable as power of M :

ψ̃(x̃, t̃, τ ,M) = ψ̃(0)(x̃, t̃, τ) +M ψ̃(1)(x̃, t̃, τ) +M2 ψ̃(2)(x̃, t̃, τ) +O
(
M3
)
.

Continuous case: (p̃(1)/γ, (ρ̃ũ)(0)) = (p,u) = U satisfies a first order
wave system {

∂τp+ c20 divx̃u = 0,

∂τu +∇x̃p = 0,
where τ = t̃/M −→

M→0
+∞.

Discrete case: Rusanov and Roe schemes are asymptotically consistent
with a wave system discretization

∂τUi +
1

|Ω̃i|
∑

Γij⊂∂Ωi

|Γ̃ij |
[
A(nij)

Ui + Uj

2
+D(nij)(Ui −Uj)

]
= 0,

with A(n) =

[
0 c20n

T

1 0

]
, DRusanov/Godunov(n) =

c0
2

[
1 0
0 I/nnT

]
.

Low Mach number limit/long time wave [1, 2]
Euler system

Well-prepared initial/boundary condition
{

0 = p̃
(0)
0 = p̃

(1)
0 = p̃

(0)
b = p̃

(1)
b ,

0 = divx̃(ρ̃ũ)
(0)
0 =

∫
∂Ω

(ρ̃ũ)
(0)
b · n.

Low Mach number limit{
p̃ = p∞ +O

(
M2
)
,

ρ̃ũ = u∞ +O (M) .

Wave system
Initial/boundary condition
{

0 = p0 = pb,

0 = divx̃u0 =
∫
∂Ω

ub · n.

Long time limit{
p∞ = 0,

divx̃u∞ = 0.

Wave structure
∂τ (curlx̃ u) = 0

Hodge-Helmholtz decomposition: u = uϕ + uΨwhere
{

curlx̃ uϕ = 0,
divx̃uΨ = 0.

Preserving a curl ↔ preserving uΨ.

Triangular mesh [3]
Discrete Hodge-Helmholtz decomposition: dP0(Ω) 3 uh = uϕh + uΨ

h where
• uϕh = ∇xϕ with ϕ ∈ CR(Ω), • uΨ

h = ∇⊥x Ψ with Ψ ∈ P1(Ω).

Structure preserved on wave system with Godunov’ numerical flux:
• Periodic domain:

(
∇⊥x̃
)?

uh is preserved over time,

• Bounded domain:
(
pb,u

Ψ
h (u0)

)
is preserved over time and the rela-

tive entropy is decreasing.

Quadrangular mesh: velocity enrichment

∇⊥x Q1,∇xRaTu ⊂ dS0 := span

((
1
0

)
,

(
0
1

)
,

(
x− 1/2
−y + 1/2

))

Discrete Hodge-Helmholtz decomposition: dS0(Ω) 3 uh = uϕh + uΨ
h where

• uϕh = ∇xϕ with ϕ ∈ RaTu(Ω), • uΨ
h = ∇⊥x Ψ with Ψ ∈ Q1(Ω).

Structure preserved on wave system with Godunov’ numerical flux:
• Periodic domain:

(
∇⊥x̃
)?

uh is preserved over time,

• Bounded domain:
(
pb,u

Ψ
h (u0)

)
is preserved over time and the rela-

tive entropy is decreasing.

Numerical results on quadrangular mesh
Wave system: preservation of the adjoint curl
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Euler cylinder scattering:


ρb = 1

ux
b =M × cb

uy
b = 0

⇒
p̃− p̃(0)

b
?
= O

(
M2
)
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divx(ρ̃ũ)
?
= O (M)
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Conclusion
• Low Mach accuracy is equivalent to curl preserving for wave system.

• Triangular mesh+Godunov flux is curl preserving.

• Quadrangular+Godunov+change velocity basis is curl preserving.
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