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A high order Newton method to solve vibration problem of composite structures
considering fractional derivative Zener model
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2IRDL, UMR CNRS 6027, Univ. Bretagne Sud, Lorient, France
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This paper presents a numerical method to solve the non-linear vibration problem of composite struc-tures made of many unidirectional
fibers/matrix layers. To take into account damping properties of structures, fractional derivative Zener model for complex moduli is used
in each layer. The frequency dependence of these models leads to a non-linear vibration problem. To solve it, a High Order Newton
(HON) solver based on homotopy and perturbation techniques is proposed. Thus, the initial non-linear problem turns into a set of linear
systems, easier to solve. Numerical results obtained by the HON solver are compared with experimental and numerical results of literature.

1. Introduction

Composite structures are used in a great deal of industrial
fields where noise and vibration controls are sensitive issues.
Indeed, noise dampening and the safety of people or equip-
ments are concerns in industrial sectors, such as transporta-
tion, ship-builing, civil engineering, military engineering, etc.
In order to decrease these vibrations, specific materials can be
used. In this study, we focus on fiber reinforced composite
structures and more precisely on their damped frequency and
their structural damping. Many research-works deal with fiber
reinforced composite damping. For the most part, they are
experimental studies focusing on the influence of fiber rates,
the orientation of the fibers or the matrix. Among these stud-
ies, frequency-dependence of damping has been highlighted
[1-5]. This property is taken into account by considering
complex frequency-dependent moduli. The material constitu-
tive equation relating stresses and strains with respect to time
or frequency and the linear viscoelasticity theory allow to
express the complex frequency moduli variation both in
frequency and time domains [6]. These complex and fre-
quency-dependent moduli lead to frequency dependence of
the stiffness matrix. Studying the vibrations of composite
structures is therefore equal to solving a non-linear complex
vibration problem. In order to analyze viscoelastically damped
composite structures, the modal strain energy method [7, 8]
or the direct frequency response method [8] define approxi-
mative values of complex mode. The QR-method [9] enables
to solve complex problems but only in cases where the prob-
lems have few degrees of freedom or when moduli are con-
stant complex. Three methods allow to solve any large scale
complex eigenvalue problem. Chen et al. [10] propose a
method coupling first order perturbation, an iterative algo-
rithm and a reduced basis technique. The second method [11]

is an Asymptotic Method based on homotopy [12, 13], per-
turbation technique [12, 14-16] and continuation procedure.
In [17], Duigou et al. present a third method: high order
iterative algorithms based on the coupling of homotopy trans-
formation and of a perturbation technique. These three tech-
niques have proved their effectiveness in the case of sandwich
structures. However, none of them have been applied to fiber
reinforced composite structures consisting of several layers
with frequency-dependent behavior moduli. The study herein
consists in adapting some of these techniques to fiber rein-
forced composite structural problems.

This paper aims to study the non-linear vibration problem of
fiber reinforced composite structures made of many layers of uni-
directional fibers. In order to take into account the frequency
dependence, complex moduli of each layer are described here by
the fractional derivative Zener model [6]. This model has four
parameters. The frequency dependence of this model is intro-
duced by an a-power frequency term and leads to a non-linear
vibration problem. In order to solve it, a High Order Newton
(HON) solver based on homotopy and perturbation techniques is
proposed in this paper. Initially put forward by Mallil et al. [13],
this method has provided interesting results to solve the inherent
vibrational problems of viscoelastic sandwich structures [11, 17].
The study herein aims to adapt these techniques to fiber rein-
forced composite structural problems and more specifically by
flax-fibers. Structures with isotropic material or transversaly iso-
tropic material may be considered.

The outline of the paper is the following. Firstly, the
non-linear vibration problem to be solved is presented.
Secondly, the proposed numerical method is described.
Finally, the numerical results obtained are compared with
experimental and numerical results in the literature, ana-
lyzed and used to validate the proposed method.



2. Governing equations

In this section, the problem equations are developed. Firstly,
the modeling formulation of composite structures natural
vibrations is obtained from the virtual work equation:

PU >

where p denotes the density of the material. S, E and U are respect-
ively the stress and strain tensors, and the generalized displace-
ment at a point within the composite structure. Each of these
terms can be expressed as harmonic time functions as follows:

U* = uejw*’ S* = Gejw*) Ef = 86]‘(1)* (2)
with # = —1 and ®* is the complex frequency in damp-
ing presence.

The symbol “*” indicates a complex term in this paper.

The stress-strain law allows to take the viscoelastic behavior
of the composite structure into account:

{o"} = € (") {e"} 3)

where matrix € (w*) represents the viscoelastic constitutive
law of the structure.

The combination of (1) and (3), and the use of the finite
element discretization lead to the following free vibration
problem of the composite structure:

[K*(0") — 0?M|{U"} = {0} 4)

U* denotes the complex nodal vibration eigenmode. M and
K*(w*) are the constant real mass matrix and the fre-
quency-dependent complex stiffness matrix respectively.

The free vibration problem of composite structures is complex
non-linear. In the following section, a method to solve it
is proposed.

3. Proposed method: High order Newton solver

In this section, we start by presenting a numerical method to
solve the equation (4). We focus then on the global stiffness
matrix K*(w*), depending on viscoelastic behavior laws con-
sidered in each layer of the composite structure. Finally, we
develop the case of the fractional derivative Zener model.

3.1. High order Newton algorithm

In this paper, the viscoelastic behavior of each composite
structure layer is represented by a frequency-dependent law.
This leads to a composite structure whose stiffness matrix
depends on the frequency in a complex way. Then, the prob-
lem of composite structure vibration is non-linear. In order to
solve it, we propose to apply a High Order Newton (HON)
method. Initially proposed by Mallil et al. [13], the HON
method is based on homotopy and perturbation techniques.
This principle of high order iterative algorithms has already
been presented in the case of the following non-linear prob-
lems: vibrations of viscoelastic beams [17], geometrical and
material defaults in beams [18] or a vibroacoustic interior
problem [19]. As this principle has been effective in the cases

mentioned above, we propose to apply this method to a com-
posite structure vibration problem.

In order to simplify the resolution, the vibration problem
(4) is rewritten as follows:

[K* (") + Q'M{U"} = {0} (5)

with QF = —®*2. Then, solutions to the problem are sought
in incremental form:
U* = Uj + AU*
0" = wj + Ao* (6)
Q= Q) + AQ"

where (U;,Q,) is a starting point which has to be chosen
for the first iteration.

In the case of viscoelastic composite structures, layer’s behav-
ior laws are frequency-dependant. This leads to a stiffness matrix
dependant on the frequency and that cannot be written simply
as a function of w* (see Appendix A). Like the unknowns of
non-linear vibration problem (5), the moduli and the stiffness
matrix are searching in the following incremental form:

A (w*) = A" (wf) + AN* )
K*(0*) = K*(wp) + AK"

Using previous incremental forms (6) and (7), the main

equation (5) of the problem is rewritten:

[K* (w) + QM AU + [K* () + QM | U;

+ [AK* + AQ'M | U; + [AK* + AQ*'M]AU* = 0

We introduce a Linear operator L and the initial
residual operator R} defined as follows:

{L* = K*(w}) + QM

9
R, =1L'U; ©)

Therefore, the equation of the non-linear problem (8) is

written as follows:
L*AU" + AQ'MU; = —R; — AK"U; — AK*AU*

(10)
— AQ'MAU*

At this step, we use the homotopy technique by adding
an artificial parameter & ranging from 0 to 1 such as for ¢ =
1, we have the exact problem to solve:

L*AU* + AQ'MU; = —¢R; — eAK*U; — AK*AU*

(11)
— AQ*'MAU*

The unknowns are sought as truncated integro-power series.
The perturbation parameter is the homotopy parameter ¢ :

N

AK" (o) =Y ¢K;

. i=1
AQ =D Q)

. (12)
Aw* = Zsiw,.*

1;1
AU = ¢U;

i=1



Moreover, in order to keep a problem properly posed, the
following orthogonality condition is added:

U*™U; =0 (13)

The latter choice is the same as in [17], and has already
led to accurate results in studies about vibrations of visco-
elastic shells. By inserting expansions (12) in (11) and add-
ing the orthogonality condition (13), a set of linear
problems coming from the identification of identical powers
in ¢ is obtained:order 1:

LU} + QMU; = —R; (14)
UMU; =0
order 2:
L'U; + MU = -KjU; — Q'MU; — K[ Uf (15)
U;MU; =0
order i > 2:

i—1
LU + QMU; = -K; Uy — > (QMU; + K U; )
j=1
U:MU; =0
(16)

In the second member of (15) and (16), it appears terms
K? | of the previous orders. Consequently, it is necessary to
calculate them in order to solve each linear equation. The
details of the computation are presented in Appendice (A) and
the following subsections. Resolution of the systems (14, 15)
and (16) allows to determine the unknowns X; = (U, Q})",
and to deduce w; and K for each order i. Finally, all the previ-
ous linear problems can be rewritten in the following form:

L (X)X = F; (17)

where F; stands for the right-hand side defined previously

for each order i. The complex tangent operator which is the

same for all the linear problems is given by:
sy | LY MU

Lt (3‘0) y |: UgtM 0 :|

Resolution of the linear problems (17) is achieved by only
one complex tangent operator triangulation and “i” fore-
ward-backward substitution.

The final solution X* of the non-linear problem (with

X7 = U}, Q) is achieved by setting ¢ = 1 as follows:

N
hop(e=1) =X+ ¥
i=1

(18)

(19)

Polynomial representation (19) can be replaced by Padé
approximants in order to improve the convergence of the
HON method. These Padé approximants are defined by the
following expressions:

(N-1)
Xpre(8=1) = X+ D &file)X] (20)
i=1

where f;(¢) are rational fractions having the same denomin-
ator as defined in [20].

In order to check the convergence, the relative residual
Res?) is estimated at each order (p) of the iteration:

[K*@(w*) n Q*@W { o) }H
K@ { U }

Symbol || e || stands for the Euclidian norm of the vector e and
K(0) for the elastic stiffness matrix. To determine residual,
U*?) and Q" are computed from series or Padé representa-
tion. K*?)(*) will be calculated directly by integrating the Q*
final form (19) or (20) in constitutive laws of stiffness matrix.

At each order, the residual with polynomial (19) or Padé
(20) representation is determinded and stocked. At the end
of iteration, a selection is made between polynomial (19) or
Padé (20) representation at each order. The representation
with the lowest relative residual (21) is selected, as it is con-
sidered as the “best order” among the N orders calculated
[13]. The iterative procedure is stopped when the relative
residual is lower than a given tolerance. If it is not the case,
a new iteration is needed with an initial point corresponding
to the solution of the previous iteration:

:{g(p+l) _ %*(p)

Res'?) = ‘ 1)

(22)

Then, a new operator L; is computed and a new inversion
matrix is necessary. It is to be noted that the tangent matrix
is complex, which leads to a real matrix with a double size
and so which induces a large computational cost.

When the convergence criterion is satisfied, damped pul-
sation Qj and structural damping #, are estimated from the
real and imaginary parts of @*. In this work, two definitions
are used. The first one has been introduced in Duigou et al.
[17] and defined by the following relations:

Q4 = /()" — (@)’

20" ®!

(23)
s =

The second one has been proposed by Litewka et al. [21]
and Lewandowski et al. [22]:

Qq = /(o) + (o)’
v @)
’15 Qd
with:
\/_Qr+ /(Qr)2+(Qi)2
o =
4 (25)
i -
w =
20"

In the previous equations, symbols “r” and “i” represent real
and imaginary part of complex number, such for example
o* and Q. Damped frequency is defined from damped pul-
sation by f; = Q4/(2n).

This procedure is applied in an iterative way. The starting
point of the first iteration is chosen as the solution



(Qua> Uyg) of the undamped problem associated to the
damped problem (5), as defined in [17].

3.2. Fractional derivative Zener model

Composite structures are made of several layers and its behav-
ior is introduced in expressions of moduli A* : Ej, E}. and G
of each layer, with L and T being the longitudinal and the trans-
versal axis of the considered layer. From the vibration tests of
flax-fiber composite structures, it has been shown that they
have a damping property [5, 23]. This property is a characteris-
tic of viscoelastic materials [24, 25]: stress is a function of the
strain history. That is why, here, we consider that each modulus
A" is frequency-dependent: E} (w*), Ef(0*), G} (w*).

In this paper, we consider the fractional derivative Zener
model (Figure 1) for each layer and each orientation (L, T, LT).
Fractional derivative Zener model has already been used to
describe the viscoelastic behavior: [6, 21, 26]. Hafidi et al. [6]
have investigated the characteristics of the fractional derivative
Zener model of a flax-fiber reinforced composite structure with
dynamic tests. Litewka and Lewandowski [21], have studied the
dynamic characteristics of a viscoelastic plate by describing the
plate material using the fractional derivative Zener model.

In the fractional derivative Zener model, the stress
(0)-strain (€) relation function of time (t) is defined in the
following form:

a(t) + 1°D%[0(t)] = Aoe(t) + AooT*D*[e(2)]

where T and o are respectively the relaxation time and the a
real order fractional derivative coefficient (0 < a < 1). D*[e]
is an a-order fractional derivative operator. The mechanical
stiffnesses g and A are the dynamic moduli at very low
frequency and at high frequency, respectively. Fourrier
transformation allows us to write the equation (26) in the
frequency domain, in the case of a steady state harmonic
excitation, and thus obtain the following complex modulus:

. Ao + Ao (jor* )"
A (t) = 20T 2o U Y)
(%) 1+ (jo*1)*

(26)

(27)

In this model, the four real rheological parameters are Ag, Aso, T
and o. In equation (27), the symbols 4, and A4, are the constant
values of the rheological model and are defined by:

Jo = (Er,, Et,, Gr1,)
(28)
/’LOC = (EL,C)ETOC) GLTOC)

In order to solve the nonlinear vibration problem of com-
posite structure, K terms must be determined. For this,

Ao

T(Aeo — Ag) Ao — Ag

Figure 1. Fractional derivative Zener model.

moduli (7) are developped in series. The fractional derivative
Zener model is complex non-linear and has in its expression
a superscript parameter. So, the identification at each order
of A} is not easy to carry out. To express these terms at
each order, a new script is introduced. In order to express
the real A"(»*) and imaginary A'(w*) parts of the moduli,
we rewrite the terms w** and j* in the following forms:

(0*)* = |w*|*(cos(ab) + jsin(x0))

i* = cos d + jsin d
= 2 J 2
0 = arctan <2>

wr

with | e | represents the modulus of the complex number e.
Then, by successive mathematical operations, the real and
imaginary parts can be written as:

(29)

(14 (c1 4 1) [cos(ab)c; — sin(ab)cs] + ¢1(w,)>

A (w*) = o ‘ - 5
1+ 2(w,)*[cos(a0)c, — sin(a:)cs] + (w,)™*

Jo(c1 — 1)w?[cos(a0)cs + sin(ad)c,)

A’((DX) = o . 20
1+ 2(w,)*[cos(af)c; — sin(a0)c3] + (w,,)
(30)
with w, = t|w*| and with the following constants:
A
===, ¢ =cos <o<_n), c3 = sin (oc_n) (31)
AQ 2 2

With its a-power term, fractional derivative Zener-type model
is highly non-linear. So, the identification at each order of A]
and Al are not easy to carry out. Indeed, terms in powers of o
appear in their expressions. In order to develop unknowns in
power series, equations have to be rewritten in quadratic
forms [27]. As a consequence, new variables have to be intro-
duced and their differential forms have to be used in order to
rewrite the equation (30) in quadratic form. So as to present
clearer expressions, frequency-dependency “(w)” of these
terms is not included purposely. The following expressions
will take the four rheological parameters: Ay, A, T, & into
account. In order to introduce the polynomial approxima-
tions, the following expressions are defined:

* = (o 4 <)

<

I

<
T
K

|
g %

I
"%

(32)

NN > W
I Il
o Q
2 2
o~ S
& £

sin (o)

= (a1 + [T — 38
2[e; T — ¢39)

(c1 = [T + &S]

<=
(!
3

and their differential forms:



vdA — 20Adv =0

vdB — oaBdv = 0
1
do = 1+—ZdX (33)
dT = —aSdo
dS = oTdO

¢ is a regularization parameter whose value is defined by
the user. In numerical applications, this parameter varies
between ¢=10"°% et 107°. This regularization avoids
numerical difficulties in the vicinity of a null pulsation.
Symbol “d” designates the differential of the variable.

So, equations (30) become:

A(or) = g E DB+ aA
1+Y+A
(34)
. HB
AN(w*) = fg——
(@) =hivia

As »* is an unknown developed in series, variables A, dA,
B,dB,v,dv,D,F, H, 0, T,S, X, Y, Z are sought in power series.
Once the asymptotic developments of all variables in & are
introduced, the expressions of moduli and all variables at each
order are obtained from the identification of the identical
powers. Their expressions at order 0 and order 1 are given in
Appendice B and at k-order, their expresssions are as follows:

Order k > 2:

Jo (BoDi+ BiDy + 577 (BDiy) + 1A ) = Ay(Yie A) = S AT (Ve + Awc)

A=

14+ Yo+ A
. (BOHk + BiHo + zj;;(B,Hk,j)) — AN (Ye+ AK) = ST AN (Y + Acy)
A =
k 1+ Yo+ A
(35)
with:
200 Wk + Z]’f;llwnjwy,k,j - z}’:llvjvk,j
Ve = 2vy
dvi_y = kvg
2 (Aodvk,l + (S Advi ) + Ak,ldvo) = v rdAg = Y PvdA
dAj- = 4
0
O{(Bodvk,l + (Zj{;lszde,/,Q + Bk—ld"o) — Vk_1dBy — Z;:lzv;dBk—]—l
By = 3
0
dAy_
A = kk !
dB;._
By = %
o} = Xowf — T X
Xk = w—()
0 kX — Y20, 7%
KT TR+ Zo)

k-1
Zi = 2X0Xe + Y XXk
j=1

k=1
Ty = 7% {ksoek + Zjejsk,}
j=1
o k=1
S =1 |KTolk + ;iojn,j

Dy = (c1 + 1)[ea Tk — 38
Fy = Z[Csz - C3Sk]
Hi= (a1 = D]esTi + 28]
k-1
Yi = BoFi + BiFo + ) _BiFi

j=1

(36)

In this subsection, moduli are expressed at each order.
However, it should be noted that moduli will not be esti-
mated from the formula (7) at the end of an iteration.
Indeed, each modulus (E; (w*), E-(w*) and G} (w*)) will be
calculated by replacing o* by its final value.

The expressions of moduli at each order allow to define
each stiffness matrix K;. Once the identification of the set
of unknowns is achieved at all orders, the damped frequency
and the structural damping of the non-linear problem of
vibration of composite structures are determined by solving
a linear problem sequence.

These moduli enable to define the global stiffness matrix
K*(w*) in the following form, as demonstrated in
Appendix A.

4. Numerical results

The present numerical procedure is applied to the vibration
analysis of different composite structures. For each layer, we
consider the Fractional derivative Zener model. The finite
element method is used. The structures have been discre-
tized using an eight-nodded quadrilateral C° isoparametric
flat shell element with eight degrees of freedom per node. In
order to describe the kinematics of the structure, the Third-
Order Shear Deformation Theory (TSDT) is used [28, 29].
This theory is more accurate than the Classical Laminate
plate Theory (CLT) and the First order Shear Deformation
Theory (FSDT) as the TSDT theory takes the shear stress
deformation into account. In order to validate the proposed
High-Order Newton method, we propose to compare its
results to examples from the literature [5, 6, 21]. In a first
time, we consider an isotropic material plate with one layer.
E and G follow Fractional derivative Zener model. In a
second time, fiber-reinforced composite structures with sev-
eral layers are studied. Each layer has three moduli E;, Ep,
Gpr defined by Fractional derivative Zener model. In all
cases, the tolerance for relative residual (21) is set to 1078,

4.1. Validation of the HON method

The aim of this section is to apply the HON method to
solve the non-linear vibration problem of one viscoelastic
layer. We consider numerical tests presented by Litewka and
Lewandowski [21]. We study a square plate (0.5 X 0.5 x
0.05m>) simply supported on all four edges and made of an
isotropic material. We mesh the plate with 100 elements,
leading to 341 nodes. Poisson ratios v and density p are
equal to 0, 45 and 1000 kg/m> respectively. The material fol-
lows the fractional derivative Zener-type viscoelastic law.
The first damped pulsation and structural damping of the
plate are considered. They are calculated with definitions
(24). As in [21], damped frequency and damping of the
plate will be studied according to the ratio of spring moduli
in the fractional derivative Zener material E./E; and
Goo/Gy. For the following three examples we represent them
with the general expression Ay /. In theses examples, the
studied structure has different material properties.



4.1.1. Example 1

In the first case, the plate is made from the viscoelastic
material - Nitrile-Butadienne Rubber (NBR) described in
[30].The full data used are defined in Table 1.

In [21], Litewka and Lewandowski have analyzed the
plate under the influence of the ratio of spring moduli in
the fractional derivative Zener material Ey/Ey and G, /Gy
taken from the range between 1 to 10. Here, we consider
the ratio of 1/4¢ equal to 10. We focus on the first mode
of vibration according to their works. Figure 2 represents
the number of needed iterations as a function of the trunca-
tion order in order to achieve convergence. The numbers of
considered truncation order are N=1, which corresponds to
the Newton algorithm, N=5, N=15, N=20 and N=25.
The figure shows that the number of iterations needed to
achieve the convergence criterion decreases when the trun-
cation order increases. That is to say that the number of
matrix inversion decreases. This figure highlights the benefit
of a HON algorithm with high truncation order. That is a
caracteristic of HON method.

Table 2 indicates the number of iterations to reach the
damped pulsation and structure damping of [21] for several

Table 1. Rheological parameters of fractional derivative Zener model for
simply supported square plate of NBR isotropic material - Example 1.

Jo (MPa) Jo (MPa) 1(s) o
E 1,263 12,63 0,005 0,88
G 0,4355 4,355 0,005 0,88
lteration

0 2 1 G B 10 12 14 16 18 20 22 24

Figure 2. Simply supported square plate of NBR isotropic material - Example 1.
Evolution of logio(Res) along the iterative process. Convergence is achieved
when the convergence criterion is obtained (- - -). Five different scenarios pre-
sented: Newton (——), HON N=5 (——), HON N=10 (——), HON N=15
(———),HON N =20 ( ), HON N =25 ¢ ).

ratio A.o/4p. A comparison is realized between Newton
method and HON method with polynomial or Padé approx-
imations. In this table, the number between parentheses
indicates the truncation order of the last iteration. From
Joo/%0 = 3, we can see that HON method allows to decrease
the number of iteration compared to a Newton method and
so the number of matrix inversion. The interest of Padé
approximants is shown for A,/ =10. Indeed, Padé
approximants enable to gain one iteration, so one
matrix inversion.

In this example and the following ones, the 25™ trunca-
tion order does not reduce the number of iterations. So, we
will consider truncation order equal to 20.

4.1.2. Example 2

In this example, the plate is made from the viscoelastic
material - Paulstrane’s Deltrane 350 rubber described in
[31]. It follows the fractional derivative Zener-type viscoelas-
tic law. The set of data used is given in Table 3.

Litewka and Lewandowski have analyzed the plate under
the influence of the ratio of spring moduli in the fractional
derivative Zener material A, /4y taken from the range
between 1 to 365. We focus on the first mode of vibration
according to their works.

Figures 3 and 4 represent influence of ratio A,/ on
damped pulsation and structural damping. These figures
show good agreement between Litewka and Lewandowski’s
results [21] and HON method results. This example con-
firms that the calculation of the damped frequency and
damping is correctly performed by the proposed method in
the case of large ratio of Ay /4¢ for a little relaxation time,
1=5,2x1077s. In the following example, a higher relax-
ation time is considered.

4.1.3. Example 3

In this third example by Litewka and Lewandowski [21], the
plate is made from the viscoelastic material - Nitrile-
Butadienne Rubber - NBR- described in [30]. It follows the
fractional derivative Zener-type viscoelastic law whose data
set used is given in Table 4.

Litewka and Lewandowski have analyzed the plate under
the influence of the ratio of spring moduli in the fractional
derivative Zener material 1,//y taken from the range
between 1 and 10. We focus on the first mode of vibration
according to their works. The relaxation time 7 is 0,016, i.
e. higher than in the previous examples. The problem to be
solved is therefore more intricate.

Table 2. Example 1, considering different A.,/4o. The damped pulsation and structure damping are computed using equations (24). Comparison between the
number of iteration obtained with Newton Method (N = 1) and with HON solver with polynomial or Padé approximants for different truncation orders. The trun-
cation order to achieve the required accuracy for the last iteration is given between parentheses.

R Results N=5 N=10 N=20 N=25

Joe /20 _— N=1

Qy(rad/s) s Poly. Padé Poly. Padé Poly. Padé Poly. Padé
1 42,20 0 1 1(1) 1(1) 1(1) 1(1) 1(1) 1(1) 1(1) 1(1)
3 47,38 0,21 1" 3(1) 3(1) 2(2) 2(2) 1(13) 1(12) 1(13) 1(12)
5 56,11 0,40 17 4 (3) 4 (3) 2 (10) 2 (10) 2 (5 2(5 2(3) 2(3)
7 70,37 0,52 22 5(3) 5(3) 3(8) 3 (6) 2 (16) 2 (14) 2 (15) 2 (13)
10 95,95 0,55 24 6 (1) 5 (5) 4 (3) 309 3(7) 2 (19) 3 (4) 2 (19)




Table 3. Rheological parameters of fractional derivative Zener model for
simply supported square plate of Paulstrane’s Deltrane 350 rubber.

Jo (MPa) Jso (MPa) (s) o
E 1 365 52 %1077 0,59
G 0,35 127,75 52 x1077 0,59
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Figure 3. Simply supported square plate of Paulstrane’s Deltrane 350 rubber -
Example 2. Relation between first damped frequency and spring stiffness.
Comparison between Litewka and Lewandowski [21] numerical results for o =
0,59 (——), «=0,80 (—) and =1 () and HON numerical results
(respectively: x, x, X).
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Figure 4. Simply supported square plate of Paulstrane’s Deltrane 350 rubber -
Example 2. Relation between structural damping and spring stiffness.
Comparison between Litewka and Lewandowski [21]) numerical results for o =
0,59 (—), «=0,80 (——) and «=1 (——) and HON numerical results
(respectively: x, x, X).

Figures 5 and 6 represent respectively the damped pulsa-
tion and the structural damping in function of the ratio
Joo/29. On Figure 6, the HON method allows to find the
Litewka results in the case of oo = 0.95, where the evolution
of the damping is not linear. Thus, this method can solve
high complex non linear problem. This example shows the
robustess of HON method. It takes the influence of stiffness
on the damping of the structure and the frequency-depend-
ence of the damping into account.

By looking at the convergence of these solutions (Table
5), we can see once again, the interest of Padé approximants
paired with a high order of truncation compared to the clas-
sical Newton method. Indeed, for example at o = 0,95,
HON solver associated with Padé approximants needs 2 iter-
ations with truncation order egal to 10 whereas Newton
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Figure 5. Simply supported square plate of NBR isotropic material - Example 3.
Relation between first damped frequency and spring stiffness. Comparison between
Litewka and Lewandowski [21] numerical results for &« = 0,52 (——), « = 0,76
(——)and & = 0,95 () and HON numerical results (respectively: x¢,,=).

Table 4. Rheological parameters of fractional derivative Zener model for
simply supported square plate of NBR isotropic material - Example 3.

Jo (MPa) oo (MPa) 1(s) o
E 1,263 12,63 0,016 0,52
G 0,4355 4,355 0,016 0,52
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Figure 6. Simply supported square plate of NBR isotropic material - Example 3.
Relation between strucural damping and spring stiffness. Comparison between
Litewka and Lewandowski [21] numerical results for o« = 0,52 (——), « = 0,76
(——) and & = 0,95 (——) and HON numerical results (respectively: x, x, x).

Table 5. Example 3 [21] considering A../20=10 and different values of o.
Comparison between the number of iteration obtained with Newton Method
and with HON solver with Padé approximants. The number of orders for the
last iteration is represented between brackets.

Results ,
o Newton HON + Padé
Qq (rad/s) s
0,52 108,73 0,16 10 2(8)
0,76 118,85 0,21 12 2 (10)
0,95 129,34 0,22 14 2 (10)

algorithm needs 14 iterations. In other words, HON method
gains 12 iterations, so 12 matrix inversions. It leads to
decrease of computational time.

With the help of these first three examples of isotropic
material plates [21], we are able to validate the method by



Table 6. Rheological parameters of fractional derivative Zener model of a
transversely isotropic material layer: flax-fibers/polymer.

Jo (GPa) /oo (GPa) 7 (s) o
E 19,2 20,70 2 x10°° 0,422
Er 5,03 5,63 2 x107° 0,422
Gir 2,65 2,90 2 x10°° 0,422

Table 7. Free-fixed rectangular plate - transversely isotropic material.
Comparison of iterations number between the HON solver (with or without
Padé representation) and the classical Newton algorithm to compute the
damped modes 1 to 7. Truncation order is indicated in brackets. Based on
Hafidi et al. work [6].

Bending mode 1 2 3 4 5 6 7
Newton 3 3 3 3 3 3 3
HON + Padé 103) 103) 1(4) 1(5) 1(6) 1(7) 1(11)

Table 8. Set of rheological parameters of fractional derivative Zener model
obtained through an identification process based on the five bending mode
given in Mahmoudi et al. [5].

Jo (GPa) Jo (GPa) 7 (s) o
E 25,28 29.66 52x1073 0,433
Er 2,265 2.90 52x1073 0,433
Gir 1,591 1,591 52x1073 0,433

considering a viscoelastic layer following the fractional
derivative Zener model for different parameters, more or
less complex. The association of the method with the Padé
approximants in some cases proved again to be effective. In
the following example, a composite structure is studied.

4.2. Application of the HON method for composite
material applied to flax-fiber reinforced
epoxy composite

We consider a free-fixed rectangular composite plate, pre-
sented by Hafidi et al. [6]. The flax-fiber reinforced epoxy
composite plate (Vy =40%) has the following geometrical
characteristics: 170 x 10 x 1mm?>. It consists of 4 layers
[£60°],. Each layer has the same material parameters. Poisson
ratios vy 1, vy and density p are respectively equal to 0, 43, 0,
11 and 1289 kg/m>. The viscoelastic law of fractional deriva-
tive Zener type has the parameters defined in Table 6. The
mesh used has 10 elements, leading to 53 nodes.

The results in Figure 7 show the evolution of the structure
damping (23) as a function of the vibration frequency for the
[£60°], laminate case and allow us to compare our numerical
results with the experimental and numerical results by Hafidi
et al. [6]. We only focus on the bending modes detected.

The points representing the numerical results obtained by
the HON method follow the experimental and numerical
curves obtained by Hafidi et al. [6]. This shows us that the cal-
culation of the damped frequencies, necessary to calculate the
structural dampings, is correctly performed by the proposed
method. From the works by Hafidi et al. [6], bending modes 1
to 7 are studied. The iteration number between the classical
Newton algorithm and the HON solver (with or without Padé
representation, with best truncation order in brackets) are
compared in Table 7. As these two methods give the same
damped frequencies and damping, only the number of itera-
tions is indicated. So, in the case of Free-fixed rectangular

s (%)

1.0 1

r
0 1000 2000
fa (Hz)

Figure 7. Free-fixed rectangular plate - transversely isotropic material.
Frequency dependence of the structure damping for a [i60°]5 laminated com-
posite. Comparison between numerical (——) and experimental () results by
Hafidi et al. [6] and HON numerical results ().

flax-fiber reinforced epoxy composite plate, convergence is
gained with one iteration when using the HON solver whereas
the classical Newton algorithm needs three iterations that is to
say three complex matrix inversions. We can note that the
truncation order increases with the mode number. We apply
Padé representation from the fifth order of truncation there-
fore, for the previous modes, Padé is not needed because con-
vergence is obtained in the first four orders.

This example allows the HON method to be validated in
the case of composite structures. HON enables to take into
account several viscoelastic layers of different orientation
and whose parameters follow the fractional derivative Zener
model. In the following section, an identification of frac-
tional derivative Zener model’s parameters is performed
from experimental results.

4.3. Application of the HON method for parameter
identification of a flax-fiber composite structure

Now, we propose to study the example of Mahmoudi et al.
[5]. We consider a free-fixed rectangular composite plate.
The flax fiber reinforced epoxy composite plate (Vy = 50%)
has the following geometrical characteristics: (250 x 100
x3.1mm?®) for the plate made of 12 layers with 0 /90 as
fiber directions and (250 x 100 x 4.5mm?>) for the plate
made of 16 layers oriented at =45 . 50 mm of the specimen
length is clamped directly to the shaker. The structure is
meshed with 10 elements leading to 53 nodes. The engineer-
ing constants of the composite are E; = 25,28 GPa, Er =
2,265GPa, Gy = 1,591 GPa, vy = 0,46, p = 1117 kg/m>.

We focus on the bending mode detected experimentally by
Mahmoudi et al. for two fiber orientations 0° and 90°. We pro-
pose to test the proposed numerical method by taking into
account one set of rheological parameters constructed from the
engineering constants of the material. This set (Table 8) is
obtained with an optimization algorithm. Five configurations
corresponding to the first five experimental bending modes (two
in the fiber orientation 0" and three in the fiber orientation 90°)
are used. To carry out the identification process, we use the well-
known Nelder-Mead algorithm [32] for multidimensional



Table 9. Comparison of the damped frequencies f; (Hz) obtained experimentally and numerically by Mahmoudi et al. [5] and HON method
with identified rheological parameters computed with expressions (23). Only the bending modes are analyzed.

0 90’
Mod Results from [5] Proposed method Results from [5] Proposed method
ode
fa(exp ) fa(num.) fq fa(exp ) fa(num.) fq
1 58.8 59.8 62.821 18.2 17.2 18.943
2 3779 3711 39533 119.4 111.9 121.72
3 - - - 304.0 313.2 344.40

Table 10. Comparison of the structural damping 7 obtained experimentally and numerically by Mahmoudi et al. [5] and HON method with identified rheological
parameters computed with expressions (23). Only the bending modes are analyzed.

0 90’
Mode
Results from [5] Results from [5]
Proposed method Proposed method
rls(e_xp.) Ns(num.) s r’s(e_xp) Ns(num.) s

1 0,0295 0,0293 0.0271 0.0487 0,0484 0.0441
2 0,0172 0,0294 0.0192 0.0270 0,0484 0.0382
3 - - - 0,0401 0,0484 0.0306

unconstrained optimization without derivatives. The mesh used
has 120 elements, leading to 405 nodes.

In this study, Mahmoudi et al. [5] investigate damped
frequency and structural damping using an hysteretic model.
We compare his results to the ones obtained with the pro-
posed method (Tables 9 and 10).

These tables highlight the better accuracy of the identifi-
cation process compared to hysteretic one. The proposed
method respects the frequency-dependent damping behavior
of the material observed experimentally. This aspect is not
present in the numerical results of the previous model [5].
However, the objective is not achieved, a gap still exists
between the numerical and experimental results. For greater
accuracy, we need more bending modes leading to add-
itional configurations for the optimization algorithm.

5. Conclusion

In this paper, a solver has been presented to study damped
vibrations of fiber reinforced composite structures. These struc-
tures are made of many layers of unidirectional fibers and
epoxy matrix. The damping is introduced considering a visco-
elastic constitutive law for each layer. Here, viscoelasticy behav-
ior is taken into account by fractional derivative Zener
rheological model depending on angular frequency and tem-
perature, so the problem to be solved is strongly non-linear.
The proposed method, High Order Newton method, is based
on homotopy and perturbation techniques, according to the
method introduced by [13]. The HON solver can use
Polynomial or Padé representation.

Several examples have been studied: isotropic material plate
with different parameters of fractional derivative Zener rheo-
logical model, composite plates (different fractional derivative
Zener rheological parameters for each modulus according to
the directions (L, T, LT) and for each layer). Through these
examples, HON solver has been valided by comparison with
results from the literature or/and results obtained with the clas-
sical Newton algorithm, considered as the reference. The solver
takes into account the frequency-dependance of the rheological
model on structural damping. Also, its robustness has been
proven. Indeed, the HON solver requires fewer iterations than

the classical Newton method. Complexity of the fractional
derivative Zener model renders convergence more intricate
with the classical Newton method. It is to be noted that the
same tangent operator is used at each order in the polynomial
perturbation. Thus, the tangent operator is computed only
once by iteration and kept for all the orders, contributing to
reducing the number of iterations needed and the computa-
tional time. Moreover, the use of Padé representation greatly
improves convergence. Finaly, we have considered the example
of Mahmoudi et al. [5]. The HON solver validated and one set
of parameters of fractional derivative Zener rheological model
are tested in order to obtain experimental damped frequency
and damping of the flax fiber reinforced epoxy composite plate.
This last example highlighs the potential of such viscoelastic
model compared to others such as an hysteretic one with an
identification process. However, this kind of process needs a
great number of configurations to give precise rheological
parameters. That is why a serious experimental campaign will
be organized in the future.

Therefore, the HON solver is able to solve the non-linear
vibration problem of fiber-reinforced composite structures with
fractional derivative Zener rheological model for each modulus
(L, T, LT) in each layer. Hence, it will allow the identification
of fractional derivative Zener law parameters associated with a
consistent test campaign and/or an other identification algo-
rithm such as Particle Swarm Optimization (PSO) [33, 34].
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Appendices: A. Complex and frequency dependent 7 T

stiffness matrix

The composite structure is made up of a stack of UD composite layers.
In order to have its complex constitutive relation, a layer is considered
(Figure 8). In this study, the following hypotheses are applied: each
layer has an transverse isotropic behavior ([35, 36], Poisson ratios are
real and constant ([37, 38]) and longitudinal Ej(w*), transverse
Ej(w*) and shear storage modulus Gj (") all have the shape of frac-
tional derivative Zener model (27), (30). Finally, we consider the plate
theory in order to simplify the constitutive law to a [5 x 5] dimension
matrix with o7, (@) = 0. Therefore, in the local coordinates (L, T, T"),
the constitutive law is written:

{o"(0) }(L, 7)) = [C(@) [{&(w) }(L, T,7) (A1)
either in a detailed manner: Vo =/l + &
o7 () Cli(w) Ch(w) 0 0 0 Ag = Véx
(o) C,(w) 0 0 0 By =1}
Thp (@) = Ciy(w) 0 0 wz’)
T () sym. Cis(w) = Ci(w) 0 Xo = o
(@) J @ Cos(@) 0y = arctan(Xy)
&5 (w) Zy = X(z)
&rr(®) Ty = cos(a0y)
Vip (@) = 267(0) ), OV s
() = 260 (0) 0N 0
Vir(w) = 2e () (LT, T) Do = (e + DleoTo = e55]
(A 2) F() = Z[CzTO — C3So]
H() = (C1 — 1)[C3To + CzSO}
Cii(@) = PEi(®) fo= ol
Cyh(w) = BE (o) order 1:
Cy(w) = prirEr(w) )
Ei0) A — Jo(BoD1 + BiDg + c1A1) — Ap(Y1 + Ay)
Ciy(0) = Gpp(0) = ——"——— 1=
with, () 1 (@) 201+ vrp) 14+ Yy + A
Czﬁ(w) = GzT(w) Ai - j.o(BoHl + BlHo) - AE)(YI +A1)
__ b 14 Yo+ Ao
1 —vrrvm
Ei(w ith:
VL= vir EZ((w; with:
t _ 2000
In order to study the composite structure vibration problem, the layer "= 2vp
behavior law must be expressed in the structure frame, i.e. in the global dvy = v,
frame (X, Y, Z):
20(A0d1/0
. . T dAO =
{Q @)} vz = [TO{C @)} p ) [TO)] (A3) Yo
O(B()dl/'o
with [T(y)], classical basis change matrix. dBy = e
Once the expression of the layer behavior law is obtained in the 0
frame of structure reference, the homogenization technique allows to Ay = dAo
determine the behavior law of the structure. In this paper, for all B, = dB,
layers, moduli Ej(w*), Ef(w*) and Gjr(w*) have the shape of frac- i _ X0
tional derivative Zener model. This leads to a composite structure X, = wlirowl
behavior law depending on frequency and using the variation @o
Hamilton principle to a frequency-dependant stiffness matrix K*(w*). 0 — X
Y117,
P . . . . Z) =2XoX
B. Identification of moduli and variables in the case of P
fractional derivative Zener law Iy = —aS0s
order 0: Si = oToly
L4 BoDo + 1A Dy = (a + 1)[e; Ty — 381]
A} = jp—— 00 TAT0 Fi = 2[c,T) — ;81
0 14+ Yo+ Ap ®B.1) 1 211 391
i ByHy ’ Hy = (c; — D3 Ty + &S]
0 M7 Ty A
1+ Yo+ 4o Yi = BoFy + BiFy
with:

—il

Figure 8. Representation of a layer.
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