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1 Abstract 

The dispersion of a shear-thinning non-Newtonian fluid using in-line mixers to prepare 

double emulsions is investigated experimentally and numerically in this study. A two-step 

method is adopted for the preparation of double emulsions, comprising in a first step the 

preparation of a reverse water-in-oil (W/O) emulsion using a high-shear rotor-stator device. 

This inner emulsion is dispersed in a second step into an outer aqueous phase by continuous 

parallel pumping of both phases through a set of static mixers. The second preparation step is 

modelled using a population balance equation (PBE) accounting for droplet breakage inside 

the mixers. Since the inner emulsion behaves as a shear-thinning fluid, the breakage 

efficiency depends on the local shear rate. Using classical turbulent breakage kernels is 

therefore inappropriate, hence there is a need for a kernel accounting for the shear-thinning 

character of the dispersed phase. To tackle this issue, single-phase CFD simulations of the 

fluid flow through the mixers are carried out showing a high shear rate magnitude near the 

walls of the pipe and the mixer crossbars. To avoid CFD-PBE direct coupling, the probability 

density function (PDF) of the shear rate is extracted from the CFD simulations. This PDF is 

then used to develop a volume-averaged PBE, where a classical Ostwald-de Waele model is 
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employed to relate the apparent viscosity of the inner emulsion to the shear rate. Different 

experimental parameters influencing the quality of the dispersion are investigated, including 

the fraction of the inner emulsion phase, the oil viscosity and the inner and outer aqueous 

phase viscosities. In the different cases, the model captures the transient evolution of the 

droplet size distribution of the W/O/W double emulsions at the outlet of the mixers while the 

computational time remains very low.  

Keywords: Double emulsions, static mixers, droplet breakage, shear-thinning fluids, 

population balance model, probability density function of shear rate. 

2 Introduction 

Liquid-liquid dispersions are commonly encountered in many applications including food, 

pharmaceutical, agricultural, and petrochemical industries (Bibette et al., 1999). The whole 

properties of these multiphase systems, referred to as emulsions rely on the dispersion quality 

in terms of the droplet size distribution (DSD). Practically, the dispersing unit, the operating 

conditions, and the physicochemical properties and concentrations of the constitutive 

ingredients contribute to the final preparation attributes (Piorkowski and McClements, 2014).  

The complexity of liquid-liquid systems increases regarding quality control when considering 

multiple emulsions. In the case of double emulsions, the preparation is commonly achieved in 

two successive steps (Ding et al., 2019). In the first step, a fine emulsion is obtained using 

high-shear devices (Muschiolik and Dickinson, 2017). In the second step, the inner emulsion 

obtained in the first step is dispersed in a continuous phase using moderate shear devices to 

form the outer droplets. To stabilize the system, at least, two surfactants are employed and 

dissolved in the intermediate and the outer phases. This formulation process is, for instance, 

adopted for the encapsulation of pharmaceutical active ingredients to provide their controlled 

release (Fabiilli et al., 2010). Since one of the objectives of double emulsion systems is 

achieving a high encapsulation efficiency, the inner emulsion is usually concentrated. 

However, increasing the dispersed phase fraction strongly impacts the rheological behaviour 

of the emulsion (Pal, 2006). Mixtures of non-miscible Newtonian fluids with fractions more 

than 5 wt.% show a shear-thinning behaviour that is also sensitive to the droplet size 

distribution (Pal, 1996). 

Several experimental and numerical studies investigated the impact of various operational 

conditions on the quality of turbulent liquid-liquid dispersions. These parameters ranged from 
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the dispersed phase viscosity (Calabrese et al., 1986; Hert and Rodgers, 2018), to continuous 

phase viscosity (Hert and Rodgers, 2019; Lebaz and Sheibat-Othman, 2022), dispersed phase 

volume fraction (Becker et al., 2011; Lobry et al., 2011), energy dissipation (Buffo et al., 

2016; Zainal Abidin et al., 2014), surfactant type (Li et al., 2017; Skelland and Moeti, 1989) 

and other similarly relevant parameters. However, only a few modelling studies were devoted 

to the emulsification of non-Newtonian fluids even though these fluids are omnipresent in the 

food engineering and pharmaceutical applications. For instance, shear-thinning droplet 

formation mechanisms were studied in small-scale devices, such as capillary tubes and 

microchannels (Davidson and Cooper-White, 2006; Liu et al., 2022; Wong et al., 2019). 

Multiphase Computational Fluid Dynamics (CFD) can also be used for tracking single drop 

formation in microchannels (Wong et al., 2017). 

The population balance equation (PBE) is now a well-established framework for modelling 

dispersed systems including emulsions, bubbly flows, crystallization and precipitation 

operations (Ramkrishna and Singh, 2014). Extensive research has been reported on modelling 

turbulent liquid-liquid dispersions in stirred tanks (Gao et al., 2016), high-shear rotor-stator 

mixers (Michael et al., 2017), high-pressure homogenizers (Bagkeris et al., 2019) and static 

mixers (Lebaz and Sheibat-Othman, 2019a). In the case of the double emulsions, (Khadem 

and Sheibat-Othman, 2019a) developed a population balance model for the prediction of the 

outer droplet size distribution and inner droplet leakage during the preparation process using a 

high-shear rotor-stator device. A correlation of the outer droplet viscosity was considered to 

correct for the fraction of the inner emulsion, but the dispersion was considered as a 

Newtonian fluid.  

Recently, an original process based on the use of a combination of a high-shear device for the 

preparation of the inner emulsion and a continuous process of static mixers for the second 

step of emulsification was demonstrated to be efficient for the preparation of water-in-oil-in-

water (W/O/W) double emulsions (Lebaz et al., 2023). This study pointed out the non-

Newtonian behaviour of the inner emulsion. The shear-thinning character was found to be 

strongly dependent on the inner phase fraction, and less on the inner phase viscosity or droplet 

size. Regarding the second emulsification step, static mixers allowed monomodal DSDs under 

the different investigated conditions with a high encapsulation efficiency, since the 

preparation time (residence time inside the static mixers) took less than one second. 

In this study, a specific focus is set on modelling the second emulsification step, following a 

population balance approach, to predict the outer DSD of W/O/W emulsions at the outlet of 
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the static mixers. The originality of the developed model is the consideration of the shear-

thinning behaviour of the inner emulsion which means that droplet breakage will be 

dependent on the local shear rate inside the mixers. It is worth noting that droplet coalescence 

is negligible in our case because of the low dispersed phase fraction and the use of a 

stabilizer. To do so, single-phase CFD simulations are conducted to access the flow properties 

throughout the static mixers. To avoid direct CFD-PBE coupling which is computationally 

intensive, a volume-average model is formulated by considering a spatial distribution of the 

shear rate for which the probability density function (PDF) is extracted from the CFD 

simulations. This allows us to accurately capture the interaction between the dispersed and 

continuous phases with a very low computational cost. Several operating conditions are 

varied to identify the model parameters and validate its prediction quality. 

3 Materials and experimental methods 

3.1 Materials 

The W/O/W double emulsions are prepared using ultrapure water (Synergy unit system, 

Millipore, France) and silicone oils of different viscosities as reported in Table 1 (provided by 

Sigma-Aldrich, Germany). As stabilisers, two surfactants are employed: Abil
®
 EM97S 

(offered by Evonik, Germany) dissolved in the oil phase and Polysorbate 20 (Tween
®
20, 

Sigma-Aldrich, Germany) dissolved in the outer aqueous phase. For osmotic pressure 

regulation, sodium chloride (Sigma-Aldrich, Germany) is dissolved in the internal aqueous 

phase. Glycerol (VWR Chemicals, France) is used as a viscosity enhancer of the aqueous 

phases. All chemicals used are of analytical grade and are used as received without further 

purification. 

3.2 Double emulsion preparation and characterization 

The procedure adopted for the preparation of the double emulsions is schematically 

summarized in Figure 1, following a classical two-step method. First, a reverse W/O emulsion 

is prepared by mixing silicone oil, containing 2 wt. % of the lipophilic surfactant Abil 

EM97S, with an aqueous phase, in which sodium chloride is previously dissolved at a 

concentration of 0.1 M. Since a fine emulsion is intended, a high-shear rotor-stator device 

(IKA T 18 digital ULTRA-TURRAX
®

) is used for 4 min at 12000 rpm in all the preparations. 

Dynamic light scattering (Malvern Zetasizer Nano ZS
®
) is used for DSD measurements after 

significant dilution in silicone oil. The rheological behaviour of the inner emulsions is 
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assessed using an MCR 302 rheometer (Anton Paar, France) equipped with a 25 mm cone-

plate geometry under a shear rate ranging from 0 to 1000 s
-1

. It is worth noticing that all the 

individual phases are Newtonian fluids. Besides, the inner W/O emulsions remain stable for 

several days due to their high viscosity (limiting droplet diffusion and collision), the use of 

emulsifier, and the low solubility of water in oil (limiting Ostwald ripening). DSD 

measurements were carried out (by DLS) before and after shearing, leading to identical 

measurements, so indicating that there was no impact of shearing on the DSD under these 

conditions. Second, the prepared (inner) emulsion in the first step is pumped in parallel with 

the aqueous phase (containing 2 g.L
-1

 of Tween
®

20) through a set of static mixers (using 

MCP-Z Ismatec gear pumps) at a constant dispersed fraction of 1 wt. %. Because of the 

significant difference between the flow rate of the two phases, a needle is used to introduce 

the dispersed phase in parallel to the tube (of 5 mm) where the continuous phase circulates. 

The internal diameter of the needle is sufficiently bigger than the water droplets to avoid 

modifying the inner emulsion properties. A total of twenty SMX+ (Sulzer) elements were 

mounted inside the tube, each being rotated by 90° with respect to the previous one to 

minimize preferential fluid flow pathways. The technical characteristics of these mixers are 

summarized in (Lebaz and Sheibat-Othman, 2019b).  

A pressure gauge (Keller LEO1: 0–3 bar, ± 3 mbar, Germany) was installed upstream of the 

static mixers for pressure drop measurement during the emulsification process. For each 

experiment, two samples were withdrawn for DSD and conductivity measurements: after 5 

and 20 mixing elements. The DSD of the prepared W/O/W double emulsions was measured 

offline using laser diffraction (Mastersizer 3000, Malvern Instruments, France) after 

significant dilution in water. The measurements were repeated 3 times to minimize the 

uncertainties on the DSD. The interfacial tension ( ) between the inner emulsion and the 

outer aqueous phase was obtained by a Drop Shape Analysis System DSA10 Mk2 (Krüss 

GmbH, Germany) based on the pendant drop method. The encapsulation efficiency was 

directly related to the released amount of salt during the emulsification process (second step) 

and was therefore monitored by electrical conductivity measurement using a Transmitter 

M200 probe (Mettler-Toledo). Table 1 summarizes the different physicochemical and 

operating parameters varied during the W/O/W double emulsions preparation. 
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Figure 1: Experimental set-up for the preparation of W/O/W double emulsions using a two-step 

method based on a high-shear device (Ultra-Turrax) and SMX+ static mixers. 

 

Table 1: List of experiments carried out for the preparation of the W/O/W double emulsions. 

Case

n° 
     
[mPa s] 

    
[mPa s] 

    
[mPa s] 

    
[wt. %] 

Reh  

[-] 
    
[m

2
 s

-3
] 

   
[mN m

-1
] 

1 1 5 1 40 1000 237 6 

2 1 10 1 40 1000 237 6 

3 1 20 1 40 1000 237 6 

4 1 100 1 40 1000 237 6 

5 5 5 1 40 1000 237 6 

6 5 10 1 40 1000 237 6 

7 5 20 1 40 1000 237 6 

8 5 100 1 40 1000 237 6 

9 10 5 1 40 1000 237 6 

10 10 10 1 40 1000 237 6 

11 10 20 1 40 1000 237 6 

12 10 100 1 40 1000 237 6 

13 20 5 1 40 1000 237 6 

14 20 10 1 40 1000 237 6 

15 20 20 1 40 1000 237 6 

16 1 10 5 40 300 665 2 
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17 1 10 10 40 300 3963 1.5 

18 1 10 1 30 1000 237 6 

19 1 10 1 20 1000 237 6 

20 1 10 1 10 1000 237 6 

 

To ensure turbulent emulsification, the hydraulic Reynolds number (   ), given by the 

following equation, is kept higher than 260 in all the cases (Theron and Le Sauze, 2011) : 

    
      

   
  (1) 

Where    and    are the density and the dynamic viscosity of the continuous phase 

respectively,    is the superficial velocity,    is the hydraulic diameter of the pipe equipped 

with the static mixers and   is the global porosity of the mixers. 

4 Theoretical framework 

4.1 CFD simulations 

The hydrodynamics of flows through SMX+ mixers were previously investigated in our 

earlier study (Azizi et al., 2022), where turbulent single-phase flows passing through a series 

of mixing elements were simulated, and the impact of varying the velocity and viscosity of 

the flow on the velocity field, extensional efficiency, helicity, and turbulence were reported. 

The results showed that at a constant    , the viscosity had no noticeable effect on these 

parameters as opposed to the flow velocity. The analysis revealed that both the radial and 

tangential components of the velocity vector are of considerable magnitude inside the mixer, 

so the flow cannot be considered as one-dimensional. The strain rate distribution within the 

mixer was found to be non-uniform, with its peak values situated at the solid walls of either 

the pipe or the mixer crossbars, thereby corroborating the findings of (Liu et al., 2006).  

The simulations also showed that the majority of the stretching and elongation of fluid 

elements occur in the first part of the mixing element where the extensional efficiency is 

highest, indicating good dispersive behavior. Nonetheless, various parameters and average 

values become constant beyond the second mixer. The presence of consecutively rotated 

mixers induced a rotational flow downstream of the final mixer. In this region, a central core 

of spiralling flow, coupled with a near-wall region characterized by fluid elements whirling 

orthogonal to the flow direction, was observed. For more detailed information on the CFD 

simulation and analysis of the flow, the reader is referred to our earlier work (Azizi et al., 
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2022). It should be noted that the single-phase simulations were performed using a constant 

apparent viscosity of the mixture consistent with our previous population balance work 

(Lebaz et al., 2022). 

4.2 Modelling droplet breakage in static mixers 

In the double emulsification process, the first step consists of the preparation of a single 

reverse emulsion using a high-shear device (Ultra-Turrax). Modelling single emulsions is 

widely addressed in the literature, hence it will not be considered in this study (Gallassi et al., 

2019; Li et al., 2022). The modelling task here will focus on the second step dealing with the 

dispersion of the inner reverse emulsion into the outer aqueous phase within static mixers to 

form the double emulsion (DE). The few available studies in the literature on the modelling of 

DE preparation employed different processes than static mixers. These investigations 

proposed correlations for either the release rate of the inner droplets (Klahn et al., 2002; 

Okazaki et al., 1992) or the prediction of the outer droplets mean diameter (Gallego-Lizon 

and Pérez de Ortiz, 2000; Khadem and Sheibat-Othman, 2019b).  

The second step of double emulsification may be viewed as a single emulsification in which 

the dispersed phase is a fine emulsion (Schuch et al., 2013). As a continuity of our recent 

works on modelling single emulsification using static mixers (Lebaz et al., 2022; Lebaz and 

Sheibat-Othman, 2022), a population balance equation is used to describe the evolution of the 

outer droplet size distribution during their residence time within the static mixers, where only 

breakage is considered (equation 2). 

         

  
                                           

 

 
  (2) 

where          is the number-based DSD density at position   and time  ,   is the droplet 

volume,        is the breakage kernel of a droplet of size  , and         is a function 

describing the volume distribution of daughter droplets generated by the breakage of a droplet 

of volume   . The first term on the right-hand side accounts for the birth of droplets of 

volume   resulting from the breakage of bigger droplets of volume   , and the last term is the 

death term due to the loss of droplets of volume   because of their breakage. 

The choice of droplet breakage as the unique mechanism occurring within the static mixers is 

justified by the low dispersed phase fraction of the second emulsion (1 wt. %) and the use of a 

hydrophilic surfactant with a concentration higher than its critical micellar concentration 

which makes droplet coalescence negligible (Raikar et al., 2009). Moreover, because of the 
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low solubility of silicone oils in water, Ostwald ripening is negligible. Finally, one of the 

interesting features of static mixers is the uniform spatial distribution of turbulence intensity 

unlike in rotor-stator devices or classical stirred tanks (Azizi et al., 2022). This allows the 

formulation of the population balance equation without the convective term as the dispersion 

is spatially uniform. However, the shear rate is not uniformly distributed, as it will be 

highlighted later. And, as recently reported for W/O/W double emulsions, the inner emulsion 

is non-Newtonian showing a strong shear-thinning behaviour (Lebaz et al., 2023). This is 

mainly due to the high internal aqueous phase fraction ranging from 10 to 40 wt. %. The 

viscosity of the inner emulsion, and therefore their breakage,       , will depend on the local 

shear rate. Therefore, we need to relate the breakage kernel to the local shear rate in the static 

mixers. In the current study, to avoid direct coupling between CFD and PBE, a 0D volume-

averaged PBE combined with the probability density function (PDF) of the shear rate is 

developed, in analogy to the work by (Buffo et al., 2016) for the PDF of energy dissipation 

rate. 

Assuming a uniformly distributed number density, the volume-averaged density of droplets 

can be obtained by: 

        
 

 
           
 

 
  (3) 

where   is the volume of fluid in the mixers. So, equation 2 becomes: 

        

  
                 

 

 
          
 

 
           

 

 
         
 

 

 

 
  (4) 

The only spatial dependency is therefore related to the breakage kernel. To consider the 

dependence of droplet breakage on the local shear rate, and since the dispersed phase is non-

Newtonian, a volume-average kernel is formulated as follows:   

      
 

 
         
 

 
                 

 

 
  (5) 

where    is the shear rate and       is the PDF of the shear-rate in the mixers, so that          

represents the fluid volume fraction experiencing a shear rate between    and       . 

The dispersed phase is considered a shear-thinning pseudo-single-phase system with an 

apparent viscosity   . The latter is modelled using the Ostwald-de Waele (power law) model 

with a maximum at low shear rates and a plateau at high shear rates (Meriem-Benziane et al., 

2012; Rosti and Takagi, 2021): 
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            (6) 

where   is the consistency coefficient and   is the fluid flow index. These two parameters 

are identified from experimental data fitting. Other viscosity models such as the Herschel-

Bulkley model and the Carreau model are also commonly used, but they require knowing the 

viscosity at zero and infinite shear stresses, contrary to the Ostwald-de Waele model 

(Dubbelboer et al., 2016; Ferrari et al., 2023). 

4.3 Breakage kernel and daughter size distribution 

One of the most popular breakage kernels for liquid-liquid systems is that developed by 

(Coulaloglou and Tavlarides, 1977). In the classical phenomenological Coulaloglou and 

Tavlarides model framework, the droplet breakage is assumed to be effective if the disruptive 

turbulent energy of eddies is higher than the cohesive energy due to surface tension. It was 

later proven that the viscous force of the dispersed phase contributes to the cohesion of the 

droplets to be then integrated into the breakage probability (Chen et al., 1998). Another basis 

of the Coulaloglou and Tavlarides model is the assumption of breakage events occurring 

exclusively within the inertial subrange of isotropic turbulence. However, it was recently 

demonstrated that during emulsification in SMX+ static mixers, droplet breakage occurs 

within the inertial and dissipative subranges of turbulence, and a kernel considering the full 

spectrum of turbulence was employed (Lebaz et al., 2022): 

        
     

       

 
     

   

      
        

 
        

 
 
   

  
    

             

   (7) 

where d is the droplet diameter,    is the mean velocity of a turbulent eddy,   the surface 

tension,    and    are the densities of the dispersed and continuous phases respectively, and 

  ,   , and    are adjustable parameters. The mean fluctuating eddy velocity          may be 

approximated by the second-order longitudinal structure function            (Karimi and 

Andersson, 2018), for which a semi-empirical formula is proposed for the inertial and 

dissipation subranges (Kolmogorov, 1941; Sawford and Hunt, 1986): 

                    
  

  
    

 
   

  
(8) 

where   is the Kolmogorov constant,   is the eddy size,   is the turbulent energy dissipation 

rate and    is a length scale relation (equation 9) proportional to the Kolmogorov length scale 

  (equation 10). 
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      (9) 

   
  
 

 
 
   

  
(10) 

where    is the kinematic viscosity of the continuous phase. In our specific case, the mean 

turbulent energy dissipation rate    is accessible experimentally through the measurement of 

the pressure drop induced by the static mixers: 

   
    

    
  (11) 

where    is the total length of the static mixing elements and    is the interstitial velocity 

estimated as:  

   
  

 
 

  

   
 

 

 
  (12) 

where   is the volume flow rate of the fluid and    is the internal diameter of the tube. 

Regarding the daughter size distribution function, the beta function is adopted, which assumes 

a binary breakage with the highest probability for symmetric events (Hsia and Tavlarides, 

1983; Laakkonen et al., 2006): 

         
  

  
 
 

  
 
 

   
 

  
 
 

  
(13) 

4.4 Numerical aspects 

The population balance equation (equation 2) was solved numerically using the finite volume 

method initially proposed by (Filbet and Laurençot, 2004) for the coagulation equation and 

later extended by (Kumar et al., 2009) for breakage processes. The spatial axis was divided 

into 100 bins with a geometrical progression, following the Mastersizer grid measurements. 

The identification of the parameters appearing in the breakage kernel (equation 7) was carried 

out by minimizing the absolute difference between the experimental volume-based DSD 

histogram and the corresponding model predictions. To do so, the least-square non-linear 

solver lsqnonlin (Matlab
®

) was used over the total set of experiments reported in Table 1. 
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5 Results and discussion 

5.1 Rheology of the inner emulsions 

As reported in the literature and our recent work, the rheology of emulsions is importantly 

affected by the dispersed phase fraction and can be affected by its DSD (Lebaz et al., 2023; 

Pal, 2006, 1996). In our case, the prepared inner W/O emulsions show an increasing shear-

thinning behaviour as the dispersed aqueous phase fraction increases (Figure 2-left). Also, 

increasing the inner water phase increases the viscosity significantly. It is worth noting that in 

this case, the inner DSD remained the same since the different phase fractions were obtained 

by dilution of a concentrated emulsion of           . Thus, the difference in the apparent 

viscosity of the inner emulsion shown in Figure 2-left is only due to the difference in phase 

fraction. 

 

Figure 2: Apparent viscosity of the inner emulsion as a function of the shear rate under different 

conditions. The symbols refer to the experimental data and the continuous lines to the shear-thinning 

viscosity model (equation 6). 

 

As expected, increasing the continuous phase viscosity of the inner reverse emulsion (i.e. oil) 

shifts the rheological behaviour towards higher viscosities as shown in Figure 2-right. In this 

case, the inner DSDs are slightly different but this parameter (as well as the inner aqueous 

phase viscosity) was not significantly influencing the apparent viscosity of the emulsions as 

reported by (Lebaz et al., 2023). In the different cases shown in Figure 2, the shear-thinning 

Ostwald-de Waele model (equation 6) gives a very good fit of the apparent viscosity of the 

emulsions as a function of the shear rate. The two parameters (  and  ) of the Ostwald-de 

Waele model are fitted for each experiment separately and the result is implemented in the 
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breakage kernel where an accurate estimation of the viscosity of the dispersed phase at any 

given shear rate can be obtained. The fitted parameters are within the intervals              

and                 . 

5.2 Shear rate distribution 

As fluid elements pass through the static mixers, they are progressively sheared due to the 

development of the shear stress field. The shear rate magnitude,      , can be computed using 

equation 14, which relies on the magnitude of the shear rate tensor,    , (shown in equation 

15). The components of the latter are functions of the mean velocity field following Reynolds 

averaging for the turbulent flow field. 

                 (14) 

    
 

 
                    

 
   (15) 

where        is the mean velocity component of the instantaneous velocity     . The simulations 

were done for the three cases (15, 16 and 17) reported in Table 1 for which the viscosity of 

the continuous phase was varied.  

Figure 3 shows the contour plots of the strain rate magnitude at various locations within the 

second mixer in the series. The results are reported at various dimensionless lengths,   , 

whereby a value of    = 0 corresponds to the inlet of the mixing element, while    = 1 

indicates the outlet of the same element. As can be observed, and regardless of the variations 

in the viscosity, density, and average velocity, the shear rate magnitude is always highest near 

the walls of the pipe and the mixer crossbars. This is expected since the highest velocity 

gradients exist in these regions. 
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Figure 3: Contour plots of the shear rate magnitude at various locations within the 2
nd

 mixing element 

for cases 15, 16 and 17. 

 

To quantify the shear rate distribution within the mixer volume and to better evaluate how it is 

affected by the flow conditions, the PDF of the shear rate magnitude within the 3
rd

 mixing 

element was extracted from the CFD simulations. A set of 400 sample points representing the 

distribution of the shear rate magnitude for each element was used. These ensured that 99 % 

of the total number of cells within the mixer volume were accounted for. Figure 4a shows the 

shear rate PDF in the third mixer for the various cases as a function of the shear rate 

magnitude. It can be clearly observed that the PDF for all cases resembles a log-normal 

distribution with the length of its tail being dependent on the operating conditions. Increasing 

the fluid viscosity while maintaining comparable velocities (compare cases 15 and 16) results 

in similar PDFs, albeit with a lower peak for the higher viscosity, which indicates that varying 

the viscosity did not impact the distribution of the shear rate. However, changing the velocity 
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of the flow while maintaining the same ratio of inertial to viscous forces, i.e., the same Reh 

(compare cases 16 and 17), had a more pronounced impact on the shear rate distribution. 

Figure 4a clearly shows that case 17 (i.e., higher flow velocity), spans a larger range of shear 

rates and consequently, the fluid elements can be subjected to higher shearing as they pass 

through the mixer. This is also obvious in Figure 4b which plots the normalized PDF against 

the shear rate magnitude within the same mixer. Cases 15 and 16 resulted in almost identical 

probability density functions, while case 17 shows a much broader span over larger values of 

the shear rate magnitude.  

 

Figure 4: (a) PDF of the shear rate magnitude for the various cases within the third mixing element; 

(b) Normalized PDF of the shear rate magnitude within the same element. 

 

5.3 Model identification and predictions of the outer DSD 

The model parameters appearing in the modified Coulaloglou and Tavlarides breakage kernel 

were identified using the entire set of the available experimental data depicted in Table 1. A 

global optimization method was adopted by starting from various initial points to avoid 

convergence toward local minima. The results are given in Table 2. 

Table 2: Identified breakage kernel parameters using all the available experimental data (Table 1) 

C1 C2 C3 

5.8×10
-3

 3.30 0.37 

 



16 

 

For liquid-liquid single emulsification in stirred tanks, the pre-exponential factor is generally 

set equal to          
   which is nearly the same as that identified by (Li et al., 2017). 

Regarding the two other constants, there is no consensus in the literature since different 

formulations of the breakage kernel (with only surface stresses in the original kernel, 

with/without extension to the dissipation subrange of turbulence, … etc.) and different 

systems/devices are investigated.   

 

Figure 5: Comparison of the predicted and experimental DSDs of the W/O/W double emulsions at the 

outlet of the static mixers obtained in different conditions (variation of the inner aqueous phase 

fraction and viscosity, the oil viscosity and the outer aqueous phase viscosity). The subplot number 

(n°) refers to the case number in Table 1.  

 

Regarding the model predictions, Figure 5 gives a comparison between the experimental 

volume-based DSD and that predicted by the PBE when varying different parameters such as 

the inner aqueous phase fraction and the viscosity of the three different phases. It can be seen 

that despite the shear-thinning character of the dispersed phase and the large interval of 

variation of the investigated parameters, the model captures in most cases the transient 

evolution of the DSD. The physical interpretation of the model is that, despite the fact that the 



17 

 

viscosity of the inner emulsion might be high at low shear, the droplets might undergo fast 

breakage because their viscosity decreases radically at high shear rates. The model over-

predicts however the outlet droplet sizes when the viscosity of the continuous phase is 

increased (see the two last subplots). This may be explained by the low number of 

experiments accounting for this effect (only 2) in the optimization procedure on one side, and 

the experimental difficulty in measuring with good accuracy the interfacial tension of double 

emulsions in the presence of glycerol on the other side. In fact, glycerol, used in our case as a 

viscosity enhancer of the aqueous phase, is known to have a surfactant-like role that might 

reduce the interfacial tension of the system (Yang and McClements, 2013). This can be seen 

in Table 1 where the interfacial tension decreases from 6 mN m
-1

 when      mPa s, to 

2 mN m
-1

 when      mPa s, and to 1.5 mN m
-1

 when       mPa s. However, the 

experimental uncertainty on such very low values is high.  

When increasing the inner phase fraction (subplots 1-3 in Figure 5), the viscosity of the inner 

emulsion is increased leading to the shift of the DSD towards bigger sizes. The model slightly 

overpredicts the experimental DSD for low fractions while the inverse is obtained at high 

fractions. This may be explained by the fitting quality of the viscosity curves as can be seen in 

Figure 2, since the shear-thinning behavior increases when increasing   . At high fractions, 

the Ostwald-de Waele model underpredicts the viscosity at high shear, so breakage is 

enhanced numerically leading to DSD underprediction. Similarly, increasing the oil viscosity 

(subplots 3-6) enlarges the DSD because of the increasing viscosity of the inner emulsion, and 

the deviation between the model and the experiments also increases probably for the same 

reason, or other experimental or modelling uncertainties. 
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Figure 6: Overall comparison of the predicted volume-based mean diameter (D43) against that obtained 

experimentally. 

 

To give a more global picture of the model prediction capabilities, Figure 6 compares the 

predicted volume-based mean diameter (   ) with that obtained experimentally. Despite the 

large range of variation of the mean diameters (from 30 m to 190 m) due to the notably 

different process and physico-chemical parameters, the predictions remain acceptable. 

6 Conclusions 

In this study, the emulsification of a shear-thinning non-Newtonian fluid for the production of 

water-in-oil-in-water (W/O/W) double emulsions is investigated. A classical two-step method 

is followed for the preparation of double emulsions in which a reverse W/O emulsion is first 

prepared using a high-shear rotor-stator device. In the second step, the reverse emulsion is 

dispersed in an aqueous phase by continuous mixing inside in-line static mixers. The 

efficiency of this system to produce W/O/W double emulsions under different conditions was 

recently reported by (Lebaz et al., 2023). Here, the emphasis is put on modelling the DSD 

evolution within the static mixers. For this purpose, a population balance model is used to 

tackle the transient behaviour of the DSD. Since the dispersed fluid is a reverse emulsion with 

a high inner aqueous phase fraction (from 10 to 40 wt.%), it shows a shear-thinning character 

with a variable intensity depending on the inner emulsion composition. This shear-thinning 

behaviour is well reproduced using the Ostwald-de Waele model. Regarding the 

implementation of the PBE, and while the classical breakage kernels are most usually 

developed for Newtonian fluids, the extended Coulaloglou and Tavlarides breakage kernel is 

employed in this study with a shear rate-dependent viscosity (Coulaloglou and Tavlarides, 

1977). Single-phase CFD simulations are conducted and the shear rate probability density 

function (PDF) is extracted. The shear rate profiles demonstrated that the shear rate 

magnitude is always highest near the walls of the pipe and the mixer crossbars. The initial 

homogeneous population balance model is hence reformulated as a volume-averaged PBE 

that accounts for the dependence of the dispersed phase viscosity on the local shear rate. 

After a global optimization of the breakage kernel parameters, the model prediction 

capabilities are tested against experimental data obtained in different cases. The model 

showed very good predictions with a very low computational demand. This work constitutes 
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the first contribution to the modelling of shear-thinning non-Newtonian fluids dispersion in 

static mixers using a volume-averaged population balance model.  

7 Nomenclature 

        Breakage daughter size distribution m
-3

 

  Kolmogorov constant (equation 1,       ) - 

   Parameters of the breakage kernel - 

  Droplet diameter m 

   Hydraulic diameter of the pipe m 

   Diameter of the pipe m 

    Volume-based mean droplet size m 

     The probability density function of   - 

     Volume-based breakage frequency s
-1

 

  Consistency coefficient Pa s
m-1

 

   Length of the SMX+ mixer element m 

   Non-dimensional mixer length - 

  Fluid flow index - 

         Number-based density  m
-4

 

        Volume-averaged number density  m
-4

 

   Pressure drop Pa 

  Volumetric flow rate m
3 

s
-1

 

    Hydraulic Reynolds number -  

  Time s 

   Mean velocity in a turbulent eddy m s
-1

 

     Instantaneous velocity vector m s
-1
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       Mean velocity vector m s
-1

 

   Interstitial velocity m s
-1

 

   Superficial velocity m s
-1

 

        One-dimensional second-order longitudinal structure function m
2 

s
-2

 

    Mean rate of strain tensor s
-1

 

      Magnitude of mean strain rate tensor s
-1

 

     Droplet volume m
3
 

  The volume of the fluid in the mixers m
3
 

 

   Shear rate s
-1

 

  Energy dissipation rate m
2 

s
-3

 

   Volume-average turbulent energy dissipation rate m
2 

s
-3

 

  Kolmogorov length scale m 

  Eddy size m 

   
Length scale for the transition from the inertial to the dissipation 

subrange of turbulence 

m 

   Dynamic viscosity of the continuous aqueous phase Pa s 

   
Apparent dynamic viscosity of the inner emulsion (dispersed 

phase) 

Pa s 

   Dynamic viscosity of the oil phase Pa s 

    Dynamic viscosity of the inner aqueous phase Pa s 

   Kinematic viscosity of the continuous phase m
2 

s
-1

 

   Continuous phase density kg m
-3

 

   Dispersed phase density kg m
-3

 

  Surface tension N m
-1
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  Global porosity of the static mixers - 

   Internal aqueous phase weight fraction - 
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