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ON SOME FRAISSE LIMITS WITH FREE AMALGAMATION

Yvon BossuT

Abstract : In this work a general way is given to construct some examples of NSOP; theories as
limits of some Fraissé class satisfying strong conditions. These limits will satisfy existence, that Kim-
independence coincides with algebraic independence, and that forking independence is obtained by
forcing base monotonicity on Kim-forking. These theories also come with a stationary independence
relation. We conclude by asking some questions around stabilizers in NSOP; groups. This study is
based on results of Baudisch, Ramsey, Chernikov and Kruckman]

1 Introduction

NSOP; theories have recently been studied as a generalisation of simple theories. The notion of Kim-
forking plays a similar role in NSOP; theories than forking in simple theories. Kim and Pillay [22]
have shown that forking independence in simple theories is characterised by some of its properties
(see [25] for example). Chernikov and Ramsey have shown a similar result for Kim-independence in
NSOP; theories, [12, Theorem 5.8]. The properties of Kim-forking in NSOP; theories have recently
been studied by Ramsey, Kim, Chernikov, Kaplan ([19], [20] among others). In this work we shall
study independence relations in NSOP; theories.

At the origin of this work is an interesting construction which appears in [5] : The parameterization
of a theory. Given some theory T in a language L, consider the language Lp where we add a new sort
P and one variable in P to every symbol of L, and denote by O (for object) the original sort. Then
an Lp-structure A consists of its set of parameters P(A) and of its set of objects O(A) which has an
L-structure A, := O(A), induced by every parameter p € P(A). There does not always exist a model
companion to the theory Tp expressing that for every parameter p, the L-structure induced by p is a
model of T

Examples of such model companions are given in [12, Section 6.3] and constructed as Fraissé limits.
Ramsey and Chernikov consider a relational language L and a class K of structures with the strong
amalgamation property. Then the parameterized class Kp is defined as the class of Lp-structures A
such that for every p € P(A) the L-structure induced by p on A is in K, and show that the limit of
this class is NSOP;. They give some condition on K under which the limit of Kp is non-simple. One
example of the theories they build is the theory of parameterized equivalence relations.

Here we shall give a context in which we can parameterize in the same fashion without assuming that
the language is relational. The cost of this is to have strong assumptions about the generated structure,
namely a set of condition (H) which strengthens the usual Fraisse properties. We obtain similar results
as Ramsey and Chernikov : If some class K satisfies (H) then its limit 7" is NSOP; and we can compute
forking independence and Kim-independence in T' (Corollary B.2.10] and Proposition B:22.15]). This is
done through the use of some stationary independence relation which comes from the assumption that
K is closed under free amalgamation in the categorical sense. This independence relation was already
mentioned in [6], and it does not coincide with the notion of Free Amalgamation of [I3], which also
is a stationary independence relation but requires the algebraic closure to be generically trivial : If A
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and B are independent and algebraically closed then their union is algebraically closed - this will not
hold in our case unless the algebraic closure is trivial.

It is also shown that the condition (H) is preserved under some modifications of the language L and the
class K : parameterizing K and adding generic structure to K. We also give a condition under which
the limit of the parameterized class is non-simple. This context allows us to build model companions
of some exotic theories, for example the theory of an abelian group with a unary function f such that
f(0) = 0. This example is studied to exhibit some behaviour of NSOP; groups which we try to explore
in the last section. Here we set some definitions and try to find analogous notions to the stabilizer in
stability and simplicity theory in the NSOP; context.

2 Preliminaries on independence relations

Let M = T be a monster model of some complete theory. We introduce the different relations of
independence that we will work with. See [I] and [16] on the topic of the axiomatic approach to
independence relations.

Definition 2.1. Let by, e be tuples of M and ¢(z,by) be a formula.
1. @(x,bg) divides over e if there is an e-indiscernible sequence I = (b; : i < w) such that {p(x,b;)
: i < w} is inconsistent. In that case we say that ¢(x,by) divides over e with respect to I.

2. A partial type p(x,b) forks over e if it implies a finite disjunction of formulas each of which
divides over e.

3. Let a € M. We write a LZ b to denote the assertion that tp(a/eby) does not fork over e and
a Lg by to denote the assertion that tp(a/eby) does not divide over e.

4. A sequence of tuples (a; : i < w) is called e-Morley if it is e-indiscernible and if a; J/g a~; for

every ¢ < w.

Definition 2.2. A set e C M is an extension basis if a Lg e for every a € M. A theory T has
existence if every set is an extension basis. This is equivalent to saying that for every e € M and every
p(z) € S(e) there is an e-Morley sequence in p.

Remark 2.3. Every model is an extension basis, simple theories satisfy existence, and it is a conjecture
that NSOP; theories do as well.

Definition 2.4. Assume that e is an extension basis. Let by € M and ¢(x, bg) be a partial type.
1. @(x,by) Kim-divides over e if there is an e-Morley sequence (b; : ¢ < w) such that {p(z,b;) :
i < w} is inconsistent. We will say that ¢(x,by) Kim-divides over e with respect to (b; : i < w).

2. p(x,b) Kim-forks over e if it implies a finite disjunction of formulas each of which Kim-divides
over e.

3. Let a € M. We write a |.X by to denote the assertion that tp(a/eb) does not Kim-fork over e
and a Lf 4 b to denote the assertion that tp(a/eb) does not Kim-divide over e.

4. I = (a; : i <w) is Kim-Morley over e if it is e-indiscernible and if a; | X a; for every i < w.

Definition 2.5. We define algebraic independence as the relation A | ¢ B iff acl(AC) Nacl(BC) =
acl(C).

Definition 2.6. We define M-independence as the weakest relation implying | * and satisfying base
monotonicity and closure, i. e. A | ¥ B iff acl(AC") | %, acl(BC) for every C C C' C acl(BC).



This relation was defined by Onshuus in the context of rosy theories (see [24] for reference), but we
will not make further use of rosiness because of Remark [3.2.16]

There are a lot of simplicity-like results characterising NSOP;-theories in terms of properties of Kim-
forking. We shall see some of them in Section 3., but for now let us set the following definition :

Definition 2.7. Let T be a theory with existence. 71" is NSOP; if and only if Kim-independence is
symmetric, meaning that a ij biff b Lf a for all tuples a,e, b € M.

If we were to remove the hypothesis of existence we would have to restrict ourselves to the study of
Kim-forking over models, which is also interesting. However since we will mostly work with existence
we will not add the definitions for this case. They can be found in [19].

3 Constructing the limit

In this section we consider some set of hypotheses (H) on a class K of structures. We begin by showing
that if K satisfies (H) then we can construct the limit theory 7' of K. We show that this limit T is
an NSOP; theory, has existence, that | K= ¢, that | M= f=_ ¢ over arbitrary sets and that it
has weak elimination of imaginaries. We give some basic examples of such classes K. The bases of
this study are [12, Section 6.3] and [5]. The construction of Baudisch works in a much more general
context, but we focus here on the study of independence relations, which appears in his paper in [3]
Theorem 4.1] under some stronger hypotheses.

3.1 Hypothesis on the class and basic examples

Definition 3.1.1. We consider a countable language L and a class K of countable L-structures with
the following properties, which we will refer to as (H):

1. Hereditary Property : If A C B € K is a substructure then A € K.

2. Axiomatisability : If an L-structure A is not in K there is a quantifier free formula ¢ and a
finite tuple a € A such that A = ¢(a) and A’ B~ p(a’) for every o’ € A’ € K.

3. Quantifier Elimination : For every quantifier free formula ¢(z,y) satisfied in some structure
of K there is a quantifier free formula v (z) such that if a € A € K and A | ¢(a) then there is
A C B € K an extension and b € B such that B = ¢(a,b).

4. Free Amalgamation : If C C A, B are structures in K (where we allow C' = () when the
language does not have any constants) there is D € K and some embeddings i4,ip of A and B
respectively to D satisfying ia|lc = ig|c, ia(A) Nip(B) = ia(C), D is generated by the images
of A and B and such that given any morphism of L-structures ¢4 : A — D', pp : B — D’ to
D’ € K there is a unique morphism ¢ : D — D’ such that ¢4 = pois and g = poig. We
will write A ®&¢ B for this structure D. We also assume that the elements of K agree on the
structure generated by the constants, which is equivalent to the joint embedding property when
Free Amalgamation holds.

5. Generic Extension : If A € K and V' is a sort there is an extension A @) {z} € K generated
by a single element x € V over A such that for every morphism ¢ : A — A’ € K and every
element a’ € V/(A’) there is a unique morphism ¢ : A @ {z} — A’ extending ¢ by sending = to

a'.

6. Algebraically Independent 3-Amalgamation : Given a commutative diagram in K as on
the left below, where the arrows are embeddings, ¢p, (B;) Nwa,(A) = va,0ia(E) = ¢p, oip, (E)



for i = 0,1 and p,(Bo) N¢¥p,(B1) = ¥, ©ig,(E) = ¥, o ip,(E), we can complete it inside
of K to a commutative diagram as on the right (where the arrows are embeddings) such that
¢p,(Di) N¢p(B) = ¢p, © ¢p,(Bi) = ¢p o Yp,(B;) for i = 0,1 and ¢p,(Do) N ¢p,(D1) =
0D, © Pa.(A) = ¥p, o a,(A) (the blank arrows of the right diagram are those of the left
diagram; their names have been omitted for clarity).

D, Dy oD, D
%/ﬂ] / 1\ AO
A oag Dy A > Dy ¥B
-] j
iA By . > B By B
1
ip, %Bo / /
E A > Bo E By
iBg

Notice that we do not assume that there are countably many isomorphism classes, nor that the struc-
tures in K are finitely generated. To check condition 5. for a formula it is enough to check it for a
strengthening of this formula that is also realised in K. The notation A @@y {z} can be read as a Free
Amalgam over the structure generated by the constants. The notation {z} is here to insist on the fact
that what is between the braces is considered only as a set of generator. This notation A @), {D}
where D € K means the Generic Extension with generators indexed on D and should not be confused
with A @@y D which is the Free Amalgam. Also 2. implies that K is closed under unions of countable
chains and implies 1.

6. is a strengthening of 3-amalgamation for | *; the fact that the images of A and B; are disjoint over
the image of F in D; should be read as A and B are algebraically independent inside of Dy’ (which is
written A J/%Dl B with the notations of [4], see this reference for some use of independence relation
in categories). In the usual 3-amalgamation we would ask that D; or B are generated by the image of
the two embeddings from A and B; or from By and Bj respectively. Here however we allow ourselves
to take an extension of the generated structure which will be useful when adding structure in Section
4.2.

Some examples of classes K satisfying (H) are one based stable theories that can be presented as
Fraissé limits : The class of countable vector spaces over a finite (or countable) field (which is in the
language), the class of countable abelian groups, the class of countable sets with no structure, and the
class of countable graphs. In all those cases the conditions 1. — 5. are easy to check, and the condition
6. is a consequence of the following proposition.

Lemma 3.1.2. Suppose some class K satisfies 1. — 5. and that free independence and algebraic
independence coincide, i. e. that for every E C A, B € K such that A, B C D € K, the canonical map
¢ : A®p B — D is an embedding if and only if AN B = FE (the examples previously quoted satisfy
this). Then condition 6. holds.

Proof. The hypotheses imply in particular that algebraic independence | % satisfies base monotonic-
ity in the structures of K (it is shown later in Proposition [3.2.9] that free independence always satisfies
base monotonicity, and it is clear that | P satisfies transitivity). Given E, A, By, B1, Dy, D and a
diagram satisfying the assumptions of 6. consider the following diagram, where D := [Dy®p, B|® A¢,B
[Dy ®p, B]. We want to show that Do N Dy = A, Dy N B = By and D; N B = By inside of D (i. e.



Dq J/Z’D Dy, Dgy \LEOD B and D, \LED B). We abuse notation and write (AB) for the substructure
of D generated by the images of A and B, and for substructures F, G, H of D such that FNG = H,
we will indifferently write (FG) and F @y G for the generated structure.

D, &p, B D

Dl/A@EB/)/ DOEBBB/
e

i
I~ 17

By

The maps from A®g B to D; ®p, B come from the fact that A and B are free over £ in D; ®p, B : In
fact if some element of D; ®p, B is in the image of both A and B, then it is also in the image of D;, so it
is in the image of B;, and by assumption B; and A are free over F in D;. This diagram is commutative
and all arrows are embeddings. If some element of D is in the image of D; and B then it is in the
image of B;, so D; J/%Z_D B for i € {0,1}. If some element of D is in the image of Dy and D; then it
is in the image of A @ B which is just the substructure generated by the images of A and B. Since
D, \LEiD B by base monotonicity D; \L?A%» (AB), so it is enough to show that (ABy) | %" (AB).

Now A L%D B since Dg J/%f) B and A L%D By. By base monotonicity (ABy) JJ%OD (ByBy), since

By L%P By transitivity yields (ABy) | %” B, so (ABy) 1 %" (AB;) by base monotonicity and 6.
holds. O

3.2 Properties of the limit theory

We begin by constructing the limit theory T of K and then we prove some of its properties. We shall
assume the continuum hypothesis as we need an uncountable regular cardinal s such that 2<% = k,
and it is convenient to take Ny as such.

Definition 3.2.1. Given an L-structure M and a cardinal x the k-age of M is the class of the
substructures of M of cardinal < k.

Definition 3.2.2. Let K be a class of countable structures in some countable language L. An L-
structure M is K-Rq-saturated if its Ni-age is K and if for every U, B € K countable and any embed-
dings fo : U — M, f1 : U — B there is some embedding g : B — M such that go f; = fo.

Proposition 3.2.3. There exist an L-structure M which is K-N;-saturated and has cardinal Ny.
Every structure of Xi-age included in K and of cardinal < X; embeds into M, and M is unique up to
isomorphism.

Proof. Let (B;)i<x, enumerate the elements of K up to isomorphism. We construct by induction an
chain (U;)i<x, of Lp-structures in K. Let Uy = By. If U; has been defined, for every k < N; let

( fjui’k)jaql enumerate the embeddings of U; into By. We begin by showing that we can extend a

countable number of partial embeddings in K.



Claim : If Y € K, B; € K for i < w and f; : U — B, are partial embeddings, then there is an
extension U C U’ € K and embeddings g; : B; — U’ such that g; o f; is the identity on its domain for
all i < w.

Proof : We build an increasing sequence (U]);<., of extensions of Y. Let E; C U be the domain of f;
for ¢ < w. Consider the extensions Fy C U and fy : Fy — By. By Free Amalgamation we can define
Uy =U &g, By € K, and we set gy to be the natural embedding By — U. Assume that U/ ; and
gi—1 are defined for i — 1 < w. Consider the extensions F; C U/_; and f; : E; — B;. We can define
U] =U]_, &g, B;, and we set g; to be the natural embedding B; — U!. Now let U’ := |J U/. Since K is

<w
closed under unions of countable chains this is a structure in K and it clearly satisfies the condition.[]

We can now construct the chain. Assume that U/; has been defined for j < i < Ny. Let U’ := |J U;.
j<i

Consider the sequence of embeddings ( flu J ’k)j,k7l<i seen as partial embeddings on U’ O U;. By the

claim there is an extension U; O U’ and a sequence of embeddings (gluj’k)j,m@ : B, — U; such that

gg’{j’k ) fluj’k is the identity on its domain U; for every j, k,l < i. We define M := |J U;.

T<Ng

Now we show that M is K-Nj-saturated. Let U be a countable structure of M. By isomorphic
correction we can assume that the map fo of the saturation property is the inclusion. Then U C U;
for some i < Wy so U € K by Hereditarity thus Ry-age(i/)C K. Now consider an embedding f : U —
B € K. B is isomorphic to By for some k < Wy via ¢ : B — Bg. By Free Amalgamation there is
some k' < ®; and some embeddings ¢ : By — By and f' : U; — By such that gopo f = f' (By is
isomorphic to U; &y By). Now f' : U; — By is equal to fluj’k for some | < Ny. Set i = max{j,k,1},
by construction, there is a h = gf/{j ok : Bir — U1 such that ho f’ is the inclusion U; € Uiy1. Then
h o g oy is the embedding we want.

U; c > Uipr S M
<

T Th
L@ bid > By

: [

C g

|

U—f— 3B —w—s By

For the second point we proceed as in Fraissé theory and only use the property of Ni-saturation and
the fact that we can amalgamate over the structure generated by the constants : if M’ is a structure
of age inside of K and of cardinal < ¥y we fix an enumeration (m;);<x, of M’ and define by induction
an increasing sequence of embeddings f; : (m<;) — M, then the union f = |J f;: M — M’ is our
I<Nq
embedding. Let fy be the embedding of the constants from M’ to M (possibly fy is the empty set). If
fj is defined for j < i <Ny, let f/:= J f; : B € M’ — M. Let B be the image of M and ¢’ : B — B’
j<i
be the inverse map of f’, we can compose ¢’ with the inclusion B’ C (m;). Since (m<;) € K we can
use the Wj-saturation of M to find a map f; : (m<;) — M such that f; o ¢’ = idp, which implies that
filpr = f by pre-composing with f, i. e. that f; extends f; for j < i. In a similar fashion, to show
uniqueness we construct an isomorphism by back and forth. O

Let T be the theory of M constructed in Proposition B.2.3], we refer to T' as the limit theory of K.

Remark 3.2.4. A consequence of the Free Amalgamation property is that dcl(A) = acl(A) = (A) for
every set A C M.



Lemma 3.2.5. T has Quantifier Elimination in L.

Proof. This is clear from the condition 3. : If we consider any Nj-saturated model it is K-X;-saturated,
so partial isomorphisms between finitely generated structures have the back and forth property. O

Let now M be a monster model of T'.

Lemma 3.2.6. The relation of algebraic independence | * on subsets of M satisfies the independence
theorem : If B, A;,B; C M for i € {0,1}, Ay =g A1, Ai 1§ B; for every i € {0,1} and By | % B:
there is an A such that A =p, A; fori € {0,1} and A | &, BoB;.

Proof. Consider E, A;, B; for i = 0,1 as in the statement, T4 a tuple of variable indexed on Ay (and
A; thought the isomorphism ¢ induced by Ag = A1) where z, is the variable associated to a € Ay
and p(a) € A;. We extend it into T4y, a tuple of variable indexed on (A¢By) and T4y, a tuple of
variable indexed on (ABj) disjoint with 7,. Let ¢;(Ta7y;) := qftp((A;B;)/B;) for i = 0,1. We show
that qo(TaYy) U q1(Tay;) U {t(Tg) & (BoB1) : For all terms t and tuples @ € Ag such that t(a) ¢ E}
is consistent. By compactness is it enough to consider finitely generated structures F, A;, B;, and in
that case we get consistency by just applying 6. O

Definition 3.2.7. We define the I'-independence relation on small subsets of the monster model : for
E C A, B say that A | T, B if the structure (AB) and the inclusions i4 : A — (AB), ip : B — (AB)
satisfy the universal property that every common extension of A and B in M factorises uniquely
through (AB).

Lemma 3.2.8. Full existence : For every E C A, B C M such that AN B = E there is A’ =g A such
that A’ | I B.

Proof. We want to construct an L-structure D extending B and an embedding i4 : A — D such that
for A" := is(A), D = (A'B) and A’ |}, B. For countable substructures ' C E, A’ C A, B' C B
and E' = A’ N B’ we consider A’ g B’ € K. The D we want to build is the inductive limit of these
structures, we show that they indeed form an inductive system. Let £/ C B/ C E, A” C A’ C A,
B" C B’ C B be countable substructures such that £/ = A’ N B’ and E” = A” N B”. Then there is
a canonical map from A” ®pr B” to A &g B’ where E" C E', A” C A, B"C B'and E' = AN B'.
We describe it in the following diagram. This map assures us that the system of the A’ ®p B’ we are
considering is directed and that we can define the L-structure D as its direct limit. Also Diag(D/B)
is consistent with T' because any formula that appears in it is satisfied in some of the A’ g B’ € K

Al ®E’ B/
Tﬂlcp

" EBE” Bl/

\

/X
\X

4>ui

%

El

|

E//

%

Now we show that D satisfies the right property : Let D’ C M, and ¢4 : A — D', g : B — D’
form a commutative square over E. For every B/ C E' C E, A” C A C A, B” C B’ C B countable
substructures such that E' = A'N B’ and E” = A" N B” the restricted morphism ¢g g C ppp,
vajar S paja, peBr C @pp factorises uniquely via parg gy and parg B respectively trough



A" ®gr B” and A’ &g B’ respectively. By uniqueness if ¢ is the canonical map from A” &g B” to
A @ B’ then PAG B O P = PAVG B SO the system of the PA® B 1S also directed and we can
consider its limit ¢ 4q, B, which is the map we want. O

The difference with the previous free amalgam notion is that it was defined for the elements of K
only, which corresponds to the countable substructures of M, whereas this notion is defined for small
substructures. Also since our class K is axiomatisable every countable substructure of M is inside
of K so there is no problem in considering the structures A’ ®g B’ for any countable substructures
E' A", B of M.

Proposition 3.2.9. The relation A J/g B defined for structures £ C A, B is invariant, symmet-
ric, satisfies existence, extension, monotonicity, finite character, stationarity, base monotonicity and
transitivity.

Proof. By existence here we mean that A i,g FE for every extension E C A. The properties of
symmetry, existence and the fact that it implies | * are immediate. Stationarity is a consequence of
Q. E. : Up to isomorphism over B there is a unique structure D = A &g B that satisfies A LI},} B,
which means a unique type over B. For monotonicity assume that A LE B and consider E C C C B
a substructure (this is enough by symmetry). We consider the free amalgam D of A and C and the
associated embeddings i4,ic. Now let us consider the free amalgam D’ of D and B over C and its
associated embeddings jp,jp. There is a unique morphism ¢p : D — (AB) such that ¢p oig = idy
and pp oic = idc and ppr o jp = idg. Since (AB) = A @ B there is a unique morphism ¢p, : D' —
(AB) — D’ such that 1p, restricted to A and B respectively is jp oi4 and jp respectively. From
this we get that pp o Ypr = idp and Ypr o opr = idp, o @ps is an isomorphism. There is a unique
morphism ¢p/ : D' — (AB) such that ¢p o jp = ¢pp. So pprojpois =ida, and we get that D’ is
generated by the images of A and B and that ¢ps is an isomorphism. We know that D is generated
by the images of A and C, and that it is sent to (AC) C (AB) by jp, so ¢pr o jp : D — (AC) is an
isomorphism by a similar argument, so A LE C.

(AB)
D
Jjp
D
A
ic
E

\ .

e
N

7/ N

N
v

A

\

For transitivity, given structures £ C A,C, C C B such that A | T, C and (AC) | {, B we want to
show that A J/E B. Consider a structure D and two embeddings ¢4, ¢p that coincide in E from A
and B respectively to D. Then the embeddings ¢4 and ¢p|o coincide over E, and by assumption
there is a unique map ¢y : (AC) — D such that pp|o = PAC) | and w4 = ac)|,- Now we
consider the two maps ¢ 4¢y and ¢p which coincide over C. Since (AC) J/g B there is a unique map
¢ : ((AC)B) = (AB) — D such that 5 = pp and @|acy = Pac), S0 in particular ¢4 = p4. This
proof consist just in saying that the square formed by two adjacent pushouts forms a pushout.



For extension and stationarity, given structures £ C A,C, C C B such that A LE C we can form the
free amalgam of (AB) and C over B inside of M thanks to Lemma B.2.8 This allows us to find some
A’ such that (A'C) = (AC) (since the free amalgam defines a unique isomorphism type), so by Q. E.
A" =p A and (A’'B) J/% C, so A’ LI},} C by transitivity, and this gives us a unique type over C for
the same reason. Finite character is also a direct consequence of the universal property : assume that
A g B, so there is a structure D and two embeddings ¢4, ¢p from A and B respectively to D that
coincide in E such that there is no map ¢ : (AB) — D satisfying p4 = ¢|a and ¢p = ¢|p. This is
equivalent to saying that the function that to an element ¢(a@,b) € (AB) associates t(p4(@), ¢r(b)) is
not well defined (since this function is the only candidate) or that it is not a morphism. In either of
those cases we can find some finite tuples @ € A, b € B such that the same thing is happening with
the function that to an element t(ﬁ’,g/) € (Eab) associates t(p4 (@), ch(E/)), soa ) Kb.

For base monotonicity, given structures £ C A, C and C' C B such that A LE B we want to show that
(AC) J/g B. We take the same notations as for transitivity. As previously A LE C' (by monotonicity
this time). Consider a structure D and two embeddings ¢ acy, ¢ from (AC) and B respectively to
D that coincide on C'. Then the embeddings ¢ ac) | A and p coincide over E. By assumption there is
a unique map ¢ : (AB) = ((AC)B) — D such that ¢4 = ¢(a0y|, and ¢ p = ¢p. Then we also have
that ©1c = ©BIc = P(a0) |7 SO @) (ac) = P(ac) since A J/E C. This proof consists just in saying that
if the square formed by two adjacent squares is a pushout and the left one also is then the right one is
also a pushout. O

Corollary 3.2.10. For every E C A, B if A i,g B then A LJ}; B, so T has existence. Also T is
NSOP; and for every E C A, B we have A J/g B if and only if A | % B.

Proof. We show that A LI},} B implies A L% B. Assume that A LI},} B and let (B;)i<, be an E-
indiscernible sequence with By = B. By extension we can find A’ =p, A such that A’ J/EO B.,. By
transitivity and invariance A’ J/% B.,,. By indiscernibility B; =g By for every i < w. Since By J/% A
and B; | % A’ it follows from stationnarity that A’B; =g A'By =g ABy for every i < w. So A | 4 B.
Since | ! satisfies extension we get that if A LI;J B then A i,é B, and existence for |/ follows from
existence for | '

Now that we know that 7" has existence we can consider Kim-independence over arbitrary sets. We use
the Kim-Pillay theorem for Kim-forking [I1, Theorem 5.1]. By [23, Lemma 2.7] | * satisfies extension,
existence, monotonicity, symmetry, strong finite character, and witnessing. By Lemma [3.2.0] it satisfies
the amalgamation theorem, and it is clear that it satisfies transitivity. We now show that it satisfies
the local character condition. Let @ be a finite tuple, £ an uncountable regular cardinal, (A;);<x a



continuous increasing sequence of structures of cardinal smaller than x and A, = |J A;. We want to
1<K
show that there is an i < s such that (A;a) J/szlz Ay. We choose some ig < k. If (A;;@) [ %ioAH
the set (A;,a) N A, is non empty and has cardinal smaller than s, so it is contained in A;, for some
i1 > ip. We iterate this process to define a sequence (7)<, and set i = J 4; which is smaller than s
J<w
by regularity. Now if a € (A;a@) U A, it is in (4;,@) U A, for some j < w so by construction it is inside
of Aij+1 g Az |
Remark 3.2.11. In the case where the limit 7" of the class K is a stable theory | =] f=] 2 and
2= T since both of these relations are stationary and satisfy existence. Also the Kim-Pillay criterion
for simple theories applied to the stationary relation | ! tells us that | ! satisfies local character if

and only if T is stable.

Remark 3.2.12. By [21I, Theorem 2.7] we know that when applying the amalgamation theorem to
E, Ay, A1, By, B; (as in the statement of the amalgamation theorem) for J/K in an NSOP; theory with
existence we can take A such that AB; | g, BoBi for ¢ = 0,1. In our setting by Lemma and
(Algebraically Independent 3-Amalgamation) we also have AB Lf AB;. However I do not know if
this is true in every NSOP; theory with existence, see Section 7.2 later on this topic. Also notice that
in order to get this result we only need 1. — 5. and Lemma to hold and not the full generality of
Algebraically Independent 3-Amalgamation.

Remark 3.2.13. The proof of Corollary [3.2.10] can be generalised to show that in any theory 7" with
some stationary independence relation | satisfying Proposition and such that | @ satisfies the
independence theorem over arbitrary sets, | implies J/f , so that T is NSOP;, has existence and
1. 2= ¥ over arbitrary sets.

The following proposition is a general fact for theories such that algebraic independence satisfies the
amalgamation theorem, a proof can be found in [23] Proposition 3.22]. This fact is part of some
more general results about deducing weak elimination of imaginaries from the properties of some
independence relations (see [14] Section 4.4] for example).

Proposition 3.2.14. The theory T has weak elimination of imaginaries.
Proposition 3.2.15. For any £ C A, B we have A LJ}; Biff A L% Biff A J/%[ B.

Proof. We begin by showing that in M the relation |  satisfies extension. Consider E C A, B C M
such that A | ¥ B and B C B’. We can find A’ such that A’ =5 A and (A’'B) |% B, let
us write D' = (A’B’). We show that A’ | ¥ B’. Consider ¢! C B’ and define C = C' N B,
we want to show that (A'C') N B’ = C’. By 6, since (A/CYNC" = C, (AC) N B = C (because
A ¥ B)and BNC' = C, the following diagram with the solid arrows, where (A’C") is the structure
generated by A" and C’ in D’, can be completed with the dashed arrows and a structure D¢ such that

o (B") Ve ((A'C)) = op (C") = warcn (C').

10
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1 c N e e
<A C> c > D /Hypg DC”
/ T _,/’ oarm) v
(A'c) = L om
C/ 1\ N B//
C > B

There is a unique map ¢ such that | ap, = papy and @[ = ¢p. The two maps ¢acry and
©|(arcry coincide on the sets C" and (A'C'), and these sets generates (A'C’), so o|(arcry = @rarcry. If
t(a’, ) =t/ (V) for for two terms t, ', a’ € A', ¢ € C" and V/ € B’ inside of D’ then by applying ¢ we get
that @ aron (t(d, ")) = p (t'(b')), so by 6. there is a ¢ € C’ such that v a4y (c) = @rareny(t(a’, ') and
¢p(c) = op (t'(b')). Since the maps wp and ¢ 4/cry are embeddings we get that t(a’,c') = t'(V') € B/,
so (A'C"YUB' = (C". So | M satisfies extension.

It is always true that | ¢ = | ™. To show that | ™ = | 7 it is sufficient to show that | ¥ — | ¢
by extension. For this assume that A L%f By and consider an indiscernible sequence I = (B;);<,. We
begin by showing that we can assume that B; | § B<; for every i < w, then the proof is straightforward
using LemmaB.2.61 Begin by adding a copy of w at the beginning of the sequence (Bg)kewiw = I’ —~ I,
by extension we can assume that A | ¥ ((Bj)rewiw). Now set B’ = ((Bg)r<o) the structure generated
by I'. Consider the structures B} = (E'B;) for i < w. They form an E’-indiscernible sequence. Define
A" = (E'A), by base monotonicity A’ | 3 ((B!)i<w). Now, if b; € B! is also in (B.,) then it has to be
in £’ by indiscernibility of (By)gew+e (this is the point of adding the negative part : algebraic relations
happening in the sequence are already happening inside the negative part). So, replacing A by A’, F
by E' and (B;)i<w by (B})i<w We get the hypothesis we wanted.

Now assume that B; \L“E B_; for every i < w. Since By =g B; there is some A; such that ABy =g A;B;.
We define by induction on i < w a sequence of structures A such that A; | % B<; and for all j <
ABy =g ABj. Let Ay = A = A. If A} has been defined then A, | % B<;, Aix1 L% Bit1,

B % % B<Z and Al =g A;, so by Lemma [3.2.6l we can find a suitable AZ +1- By compactness there is
some A” such that A”B; =g ABy for all i < w. Soif A | % B then A | 4 B, by extension A J/é B
also holds, so these three notions are equivalent. O

Remark 3.2.16. We get from the previous proposition that in T thorn-forking coincides with forking
(see [3] for an introduction to thorn forking in terms of independence relations), so rosiness of 7' (which
is defined as thorn-forking satisfying local character) coincides with simplicity of T'.

In the previous proposition we insist on the fact that we are considering two algebraically closed sets
A, B containing the basis F; the reason for this is that in NSOP; theories it is not always true that
1 f=_17 over arbitrary sets. A counterexample is given in [15] Section 3.2] : if Tf@ is the model
completion of the empty theory in a language containing only a binary function and T]fq its imaginary
expansion, then they give some real tuple a, small model M and some unordered pair d such that

a 4, Mdanda [ % acl®(Md).
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4 The parameterized class

In this section we consider a Fraissé class Ky in a language Ly satisfying (H), its limit theory T and
a second Fraissé class Kp in a language Lp satisfying (H) which is one sorted and its limit theory Tp.
We show that we can ’parameterize’ the class Ky by Kp to get a new class K of structures in a new
language that also satisfies (H), and that in some cases the limit theory of K is not simple, and so

strictly NSOP; by Corollary B.2.10l

Let My and M be monster models of Ty and Tp respectively. By the previous section we know that
Ty and Tp have Q.E., satisfy acl(A) = dcl(A) = (A) and that | * satisfies the independence theorem
over arbitrary sets, which implies that Ty and Tp are NSOP; and that | = | @ over arbitrary sets in
Mg and Mp.

Definition 4.1. Let L be a new language built from Ly by adding a new sort P equipped with an Lp
structure. We will refer to P as the parameter sort, we will refer to the sorts of L as the object sorts,
denoted O. We replace every symbol of constant ¢ in Ly of sort O by a function symbol ¢ : P — O,
every function symbol f : [[,., Oi — [I;<,, O by a function symbol f : P x [[,_,,0; = [l O:
and every relation symbol R C [],_,, O; by a relation symbol R C P x [[,_, O;. For an L-structure
A and p € P(A) we write A, to denote the Lg-structure induced by p on O(A). For a set of objects
A and a tuple of parameters p we will write (A)z for the structure generated by (A,p), we will also
write (A) for the structure generated by a set A (possibly containing parameters and objects), so

(A) = (O(A))(pay-

Definition 4.2. Let K be the class of countable L-structures A such that A, € Ky for every p € P(A)
and P(A) € Kp.

Let us fix some notations : We will write A® gy {Z} for the Lo-structure freely generated over A C M
by a tuple T of distinct elements in O. Such an extension exists by Generic Extension. For a symbol
of function f € L we will sometimes write f,(Z) instead of f(p,Z), and similarly for relation symbols.
For an Lo-formula ¢ and a parameter p we will write ¢, for the L-formula parameterized by p.

Remark 4.3. We will most often consider the case where Lp is the empty language and so Kp is the
class of countable sets. It might be easier to read the proofs with the case Kp = = in mind.

Remark 4.4. The class K is axiomatisable : if an L-structure A is not in K then either for some
parameter p € P(A) there is some p € A such that A, ¢ Ky, so there is an Lo-formula ¢ such that
A, = ¢ and such that no structures in Ky satisfy ¢. So A = ¢, and no structure in K satisfy this
formula. Else P(A) ¢ Kp, which is then also expressed by a formula by condition 2. in Kp. Also K
clearly satisfies the Heredity Property.

Lemma 4.5. The class K satisfies Free Amalgamation.

Proof. Consider some structures £ C A, B € K. We construct an L-structure in K satisfying the Free
Amalgamation property. Let us write £ = (O(FE), P(E)), A= (04, P4) and B = (Op, Pp). We begin
by forming the free amalgam P(D) := P(A) ©p(g) P(B) € Kp which will be the parameter sort of the
free amalgam in K.

Let (p;)i<w enumerate P(D). We define a sequence ((D]’,fi)Kw) k<w Of tuples of countable Lg-structures
indexed by P(D) by induction such that the sequence (D;f)k<w is a chain of Lg-structures for any

p € P(D) and that for any k£ < w the sequence (D;fi)Kw is an increasing sequence of sets. Let

D27 =AU (B\ A) and let Ey be the structure generated by the constants inside of K.

12



We define

DS :=(Ay, O, Bp) ®) {D5,_, \ (D))} if pi € P(E),
Dy, :=A,,i@ { \A} if p; € P(A)\ P(E),
)\

Dgi —EOEB { }lfpi € P(D)\ (P(A)U P(B)).
Set D° = |J DY If DF is defined for some 1 < k < w we set D}’,f;r 1= D}’,fo D) {D*\ D’;O}, similarly if
<w
DF is defined for some 1 < i < w we set D;ftll Dk 1 B {DF! \ Dk 1.
Every D{j is an Lo-structure for the parameter p. We set O(D) = |J DF, this set is countable and
k<w
has an Lo-structure for the parameter p € P(D) given by D, = J D}’; € Ky, so D € K. This defines
k<w

an L-structure D = (O(D), P(D)) € K which extends A and B, and such that AN B = E inside of D.
Also if A and B are generated by (a, P(A)) and (b, P(B)) respectively (ab, P(A), P(B)) generates D.

Now that we constructed the structure D we show that is satisfies the amalgamation property. Consider
D' eK,ps:A— D' and pp: B— D’ as in the statement, and write g their restriction to E. The
uniqueness of ¢ is clear from the fact that D is generated by the images of A and B. For existence
we define ¢ on the parameters : By free amalgamation in Kp there is a unique morphism pp of
K p-structures from P(D) to P(D') such that the diagram commutes. We then construct an increasing
sequence of tuples of morphism of Lg-structures indexed on P(D) : (( Dk — Dw(p ))i<w) k<w-

For k = 0, if p; € P(F) we take the unique morphism gpgi : Dgi — D’ that extends ¢a(p,_) :
A, — Dgop(p) and ¢p(p,-) : By — D:op(pi) and sends any element d € DSFl \D1871 to 9022-,1(‘1)- If
p; € P(A)\ P(F) we take the unique morphism gpgi : Dzou — D:OP(PZ') that extends pa(p,-) : 4p —

D:O () and sends any element d € DSFl \ A to 9022-,1(51)’ similarly if p; € P(B) \ P(F) we take the

unique morphism gpgi : Dgi — D:D (1) that extends ¢p(p,-) : By, — Dso () and sends any element
d G DY\ Bto ) (d), and finally if p; € P(D)\ (P(A) U P(B)) we take the unique morphism
D0 —> D:D (p;) that sends any element d € D;)Fl to ‘Pgi,l(d)-

Assume that for every i < w the functions 90’;1_ : Dgi — D’ o(p2) have been defined. Define gpk“ D;f;r L
D:p (py) B the unique morphism extending gplgo : D’;O — Dfp »0) by sending z € D’;Z_ to gppi( x) for every
1 < w. We just repeat the same steps for the other parameters. Once all these functions are constructed
we consider ¢ = (J cp’; for every p € P(D). This function defines a map in K from D to D’ such
k<w
that its restrictions to A and B are ¢4 and @p respectively, and it is a morphism of Lg-structure
since ¢ = | cpp D, — D' ) is a morphism of Ly-structure for every parameter p € P(D) and
k<w
op : P(D) — P(D') is a morphism of L p-structure. O

e

Remark 4.6. This means that K seen as a category has pushouts for pairs of monomorphisms. The
proof also implies that the construction of D does not depend (up to isomorphism) on the choices of
the bases of A and B and on the enumeration of the parameters : given the same construction for a
different enumeration D* = [ D;;k, by the same proof D* also has the universal property.

1<w
Remark 4.7. From the proof of Lemma 3] it is clear how to show that K satisfies Generic Extension.
If we add an element from a sort among the object sorts, we fix some enumeration (p;);<, of the
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parameters of the L-structure A. Begin by adding one object x in the right sort and consider the

associated Lo-structure A = A, @ {2}, then Agiﬂ = Ay, ®p {A),\ A}, A’;;ll = A’;Hl ()
{A];jl \ A’;i N .} and so on. Else if we add a parameter p we consider the Lo-structure Ej it generates,

i. e. the structure generated by the constants in the class Ko, and form A &g (Ep, p) the free product
in K. We can indeed send p to any parameter because any parameter agree with p on the structure
generated by the constants.

A substructure of a finitely generated structure is not necessarily finitely generated : If we consider
the examples of parameterized vector space over a finite field with Lp = =, the structure E = (p1p2)
freely generated by two parameters is infinite however the substructure (O(E), p1) where we removed
one parameter is not finitely generated. With the properties of K that we have proven so far we can
construct the limit M with Proposition [3.2.3] consider its theory T" and M a monster model of it.

Lemma 4.8. K satisfies condition 3. : For every quantifier-free formula ¢(Z,a) satisfied in some
structure of K there is a quantifier-free formula (z) such that if @ € A € K and A |= (@) then there
is AC B € K an extension and b € B such that B = ¢(@,b).

Proof. Consider a quantifier free formula (T, 7w) satisfied by some apbg € A € K with 7,7 in the
object sorts and T, w in the parameters. We can assume that ¢(Zv,yw) is of the form /\Z ; E;i(fi,9i) N
A, Ri(vi,ni,mi) AN, E;(wi,ng,mg) AN E;(wg,ng,mg) where R;, R, are relations symbol or negated
relations symbols from Lo, n;,n;, m;, m, are terms in Zv,yw, E; are relations symbols or negated
relation symbols form Lp and w}, f;, g; are terms in 7, .

We consider a strengthening of ¢ satisfied by @pbg. Let (h;);<m enumerate the interpretation of all the
sub-terms of the variable terms appearing in ¢ when we fix 7w to be pg. Let (¢;);<, enumerate the
interpretation of all the sub-terms of the object terms appearing in ¢ when we fix Zogw to be @pbg.
Let k = (ki)i<m and Z = (2;)i<n be tuples of variable of the same length. Enlarging @p we assume that
it contains every term ¢; and h; such that ¢; € (ap) and h; € (p), let Tu be the corresponding tuples
of variables. We replace the tuple bg by begh, write ¢ = (T, yzwk). We add to ¢ the formulas that
expresses the fact that k; is a sub-terms, meaning that if h; = ;(p,q, h<;) for t; an Lp-term we add
k; = t;(%, 7y, k<;) to ¢ and replace the occurrences of t;(T, 7, k<;) by occurrences of k;. Similarly we add
to ¢ the formulas that expresses the fact that z; is a sub-terms, meaning that if ¢; = #;(p, @, b, c<;) for
1; an Lo-term and p € pbh we add z; = ;(v, 7,7, 2<;) to ¢ where v € Twk is the variable corresponding
to p and replace the occurrences of ¢;(v, T, 7, 2<;) by occurrences of z;. After this the object terms that
appears in @ only use one parameter.

For every parameter variable v € Twk consider the Lo-formula ¢, (Z,7Z) that specifies every equality
zj = t;(V,T, Y, z<;) (we consider the previous equalities and only mention those where the parameter v
is used), the relations R;, that holds between the elements of @b¢ (so here we look at the Lo-structure
induced by v), and we include the instances of equality and inequality among these relations.

We consider the formula ¢p that specifies every equality k; = t;,(Z,7, k<;) (we consider the previous
equalities and only mention those in the parameter sort), the relations F; that holds between the
elements of pph, and we include the instances of equality and inequality among these relations. We
can write the formula ¢ as (0, yzwk) = ep(T,Wk) A N\ ¢ (T,7Z).
vevwk

We can consider ¥p which is the Lp-formula associated to ¢pp by 3. in Kp and 1, the Lg-formula
associated to pp by 3. in Ky for every v € vwk. Let ¥(T,0) := ¢p(0) A A,y v (T). It satisfies the
condition, and we conclude as in Lemma [L.8: If ¢(7,7) is satisfied by @p’ € A’ € K we can extend
P(A) in Kp thanks to 1p, choose an extension for every parameter variable 7wk, and amalgamate
these extension in an L-structure extending A. O
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Proposition 4.9. T proves the following statements :

1. If @ is a n-tuple of objects, 7;(Z) is a n-type in Ty for every i < n such that m; - x; # x; for
j # j' and ¢(v) in a type in Tp, then there exist an infinite number of tuples of parameters
(pi)i<n such that = m;(a,,) for every i < n and = q((p;)i<n)-

2. It p = po, .., pn 18 a n-tuple of parameters and m; (T,bp,) is a type in M,,, over a n-tuple of objects
b such that the induced type in any of the z; is non-algebraic and that m; - x; # x; for j # j'

then there is a tuple of objects @ such that = m;(a@p,, bp,) for every i < n.

Proof. Consider the limit M of K built in Proposition B.2.3] a finite tuple of objects @ € M and
a finite set of types m;(Z) as in the first point of the statement. We can build a structure A € K
containing @ and with parameters (p;);<, such that = m;(@,,) for every i <n and |= q¢((pi)i<n). Then
by saturation we can embed this structure A inside of M over @ and find the parameters. The second
point is similar : consider the structure B generated by b,p and types m; (%, Epi) as in the statement.
We can extend B into B’ € K that contains a tuple of objects @ such that @b has the right type for
the parameter p; for every ¢ and then embed B’ into M over B to find the right objects. O

Definition 4.10. A formula ¢(z,y) has the independence property, 1.P. for short, if there is (a;)i<w
and (br)rc., two sequences of tuples such that = ¢(a;,br) if and only if ¢ € I. A theory T has L.P. if
some formula in it has L.P. .

Corollary 4.11. The theory T has I.P. if there are two distinct non-algebraic types in Ty, and is
non-simple if Tj is non-trivial, in the sense that there are a,b € My such that (a,b) \ ((a) U (b)) # 0.

Proof. For I.P. consider two distinct Ty-types 7; in T for ¢ = 0, 1. Now if we consider a sequence (p;)i<w
of distinct parameters in M, then by for every I C w we can find @ such that = mgp, (ar) if and
only if i € I.

Now for simplicity let ¢(z,y) be a Lo-term such that ¢(a,b) € (a) U (b) and consider a tree of param-
eters all distinct (p)ycw<e. Lets now consider a tree of distinct objects (a,),ec,<w and the formulas
o(z,y, ap~i,pp) = tp,(v,y) = a,~; along this tree. Clearly {o(z,y, a,~,py) 1 i < w} is 2-inconsistent
for every p € w<¥, and by L9 every path is consistent. O

Remark 4.12. The relation | ' in M does not necessarily satisfy local character (otherwise it would
satisfy all conditions of the Kim-Pillay theorem) : Take some distinct objects 0 = 01, 02,03 and a set
P = (p;)i<x of parameters for k = |Tp|™ such that o3 € (0102)p, for every i < k and o; ¢ (P) for every
j € {0,1,2}. Then there is no subset Py of cardinal |T'| of P such that o LI;DO P.

Remark 4.13. In the case where we can find in Kg some ¢ = t(a,b) € (ab)\({a)U(b)) the relation | *in
M does not admit 4-amalgamation : Take 3 distinct parameters pg, p1, p2 and distinct objects by, b1, by
such that b;,b; € (pg) for every 4, j, k such that {i, j, k} = {0, 1,2} and such that t,, (b1, b2) = tp, (bo, b2),
tp, (bo, b)) = tp, (bo, by) and tpo(b17 by) # tp, (b1,b2). Then the type tp(po/b1be)Utp(p1/bobe)Utp(p2/bob1)
is inconsistent.

Since the theory Ty has Q.E., Kim-independence and algebraic independence coincide, and since the
algebraic closure and the generated structure coincide in My we can represent non-Kim-forking exten-
sions as commutative squares in the following way : The arrows are embeddings, the structure D is
generated by the images f(A) and g(B), and f(A)Ng(B) = foj(E) = goi(FE). Then the isomorphism
type of D over B gives us a type over D which corresponds to a non-forking extension of tp(A/E).
We will refer to such squares as strong amalgams. However for the (Algebraically Independent 3-
Amalgamation) the squares we are considering consist in an extension of such a square, meaning that
we compose with an embedding from D to some D’ € K.
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Proposition 4.14. K satisfies Algebraically Independent 3-Amalgamation.

Proof. Consider the following diagram in K, which is as in the definition of (Algebraically Independent
3-Amalgamation) and where for simplicity we take the embeddings to be inclusions. We want to
complete it. First by condition 6. in Kp we can complete the parameter part of this diagram with an
L p-structure P(D) € Kp which is going to be the parameter sort of our structure D. After this we
begin by choosing a completion for every parameter. Fix an enumeration (p;)i<w of P(D). Looking
at the Lo-structure indexed by any of the parameters p; € P(E) we can find an Lg-structure D;;.O
as in the right diagram. We begin by filling the cube for the Lg structures induced by each of the
parameters.

*,0
Dy D1y, e D}
%A%\ / I AO
A Y Do Apj a Do’pj YB
¥Bg I 1\
iA B . » B B p, > By,
E > By Epj BO,pj

iBg

These sets D;;.O for p; € P(E) are also equipped with the L-structure on the sets pp(B) and ¢p,(D;)
for ¢ = 0,1 induced by the embeddings. We construct the Lg-structure D;;.O for j € P(D)\ P(E) and
consider the natural mappings from Dy, D and B to DI*,;.O.

If p; € P(A) \ P(E) set Dy = [Dop, @4, Dip,] @) {B\ (BoU B1)}
If p; € P(Bi) \ P(E) set Dy’ = [Dy @, B] @y {D1\ (AU B1)}
If p; € P(Do) \ (P(A) U P(Bo>> set Dy* = Doy, @) {(B\ Bo) U (D1 \ A)}
It p; € P(B)\ (P(By) U P(B1)) set D30 = By, @) {(Do\ Bo) U (D1 \ By)}
If pj € P(D)\ (P(Do U P(D1) U P(B)) set Dy° = Ey @) {(Do U D1 U B)}
In this last union we assimilate elements that have the same predecessors in the diagram. Now that

we have all of our Lg-structures we will just put them together in a canonical way : we define an
increasing sequence of tuples of Ly-structures ((D;fj )j<w)k<w- Let DIOJO = D0 if Dlo,j has been defined

for some j < w let D p o= D;ﬂl S () <D2j \ (Do U D1 U B))) where we assimilate Dy, D; and B
with their image in DO_ Once ng has been defined for every j < w we set D° = J D0 . If DF is

<w

defined we let DEF! = DF @ g (DF \D]’,f ). Now assume that Dk“ is defined for some k < w,j < w,
we set DFF1 = Dk S () (D’“rl \ Dg, +1> Then take D = Dk, with the Lg-structure induced for

Pj+1 Pji+1
k<w
every j < w, this defines an L-structure, the natural mappings we had from Dy, D1 and B to D are
embeddings for the L-structure we put on D and they satisfy the conditions. O
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Finally we can state that the class K satisfies the conditions of (H). By Corollary B.2.10] we know that
T is an NSOP; theory with existence such that | %= @ over arbitrary sets.

5 Examples and non-examples

Let K be a class of countable L-structures satisfying (H). We describe now how adding generic
structure to the class K might affect the conditions (H) and some properties of the theory.

5.1 Adding a generic predicate

Definition 5.1.1. Consider a new symbol U for a unary predicate in some sort S, we define Ly =
LU {U} and the class Ky of Ly-structures consisting of a structure A in K equipped with a subset
U(A) C S(A).

Proposition 5.1.2. The class Ky satisfies (H).

Proof. The conditions 1. ,2. are satisfied in K. For condition 4. we just take U(A @®g B) := U(A) U
U(B) where A© g B is the free amalgam in K. For condition 5. set U(A® g (z)) := U(A). Similarly for
condition 6. we find an amalgam D using condition 6. in K and set U(D) to be U(By)UU(B;)UU(B).
For condition 3. consider a finitely generated structure (a,b) € Ky and a quantifier free Ly formula ¢

such that = ¢(a,b). W. L o. g. we can assume that p(z,y) = ¢'(z,y) A \ U(ti(z,y))A N\ U (t(z,y))
<n i<n
where ¢(z,y) is an Lo-formula and the ¢; and ¢, are Lo-terms. By taking a strengthening of ¢ we
can assume that ¢'(z,y) = A ti(z,y) # t;(z,y) for every i < n. Now we consider the formula ¢'(z)
j<n
associated to the Lo-formula ¢'(z,y) A A (ti(x,y) # t;j(x,y)) by condition 5. in Ky. If A" |=1(a’) for
2,j<n
some a’ € A’ € K then by assumption we can find some ' € B’ an extension of A’ in K such that
B' = ¢/ (d )N N (t(d, V) € (tj(a',V))j<n)). Define the subset U on B’ to be U(A")U{t;(a’,V"))j<n},
i<n

we get that B’ = =U(t/(/,b')) for all i < n, so B' |= p(d/,b’), and B’ is an extension of A" in Ky. O

Remark 5.1.3. If there are some a,b € A € K and a term ¢(x, y) such that t(a,b) € (ab) \ ({(a) U (b))
the limit theory Ty of Ky is non stable, in fact the formula U(¢(x,y)) has the order property.

Definition 5.1.4. Let Lr = L U {R} be a new unary predicate symbol. We define the class Kg of
Lp-structures consisting of a structure A in K equipped with a substructure R(A).

Proposition 5.1.5. If the structures of K are uniformly locally finite the class Kg satisfies condition
1. — 5 However if the generated structure in K is non-trivial the condition 6. need not to hold.

Proof. The conditions 1. 2. 4. 5. are still true by the same arguments as before, we will need the
local finiteness assumption on K to get condition 3. We define P(A &g B) := (P(A)P(B)) and
P(A @@y (x)) == P(A). For condition 5. consider a finitely generated structure (a,b) € Kg and a
quantifier free Lg formula ¢ such that (a,b) E ¢(a,b). W. L. o. g. we can assume that ¢(z,y) =
o' (x,y) A N\ R(ti(z,y)) AN N\ ~R(t;(z,y)) where ¢'(z,y) is an Lo-formula, for all ¢ € R({ab)) there is
i<n <n
some ¢ < n such that ¢ = t;(a,b) and for all ¢ € (ab) \ R((ab)) there is some i < n such that ¢ = t}(a,b).
Since our theory is uniformly locally finite the condition t/(z,y) € ((tj(z,y))j<n) is definable. Now

we consider the formula ¢/(x) associated to the Lo-formula ¢'(z,y) A A (ti(x,y) € ((tj)j<n)) by
i<n
condition 3. in K, and then the formula ¢ (z) := ¢'(z) A A Rt (z)) A N\ —R(t;,(x)), where t;, (x)

k<m k<m
enumerates the terms ¢ such that R(f(a)) and ¢ (r) enumerates the terms t' such that —R(t'(a)).

17



If A = ¢(a') for some o' € A” € Kp then by assumption we can find some b’ such that (a't/) |

o(d VYN N (V) & (tj(a',b))j<n)). Define the substructure R on (a'b’) to be (t;(a’,b))j<pn). We
i<n

obtain that (a't') = —R(t;(a’,V')) for all i < n, so (a't') = ¢(a’,b'), and this property still holds in

B':= A" © gy (a'V), which is an extension of A as an Lg-structure.

Now about condition 6. : By condition 6. in the class K we can find some structure D € K
and some embeddings as in the statement. We want to define R(D). We know that in any case
(R(Do)UR(D1)UR(B)) C R(D), however it might happen that b € (R(Do)U R(D;)U R(B)) for some
b e (B\ R(B)), and in that case the Lo-embedding ¢p can not be an Lr-embedding. O

To give a simple example of this last fact, let us look at some vector space over a finite field with
a predicate for a subspace. Take some independent vectors ag,ai,bg,b; as in the statement of the
independence theorem for | ® such that =R(ag + bg), R(a; — b1) and R(bg + by1) are satisfied. Then
R(a+ bg) is satisfied if a satisfies tp(a;/b;) for i = 0,1, which is a contradiction. In that case the limit
of Kp still exist, and it might be NSOP;, however in that case | % | ¢ in this limit.

Remark 5.1.6. If we assume that the class K is uniformly locally finite we can restrict it to the class
of finite structures in K and have a Fraissé class in the usual sense, and its limit is w-categorical.

As we have seen in the previous section condition 6. puts a strong restriction on what we can add
to the structure, and some classes with an NSOP; limit can satisfy the conditions 1. — 5. and not
satisfy condition 6. For example the class of finite equivalence relations, with limit the (stable) theory
of the equivalence relation with an infinite number of classes all infinite (which we will write T),
or its parameterized version (see [19] or [7]) which is strictly NSOP;, satisfies existence and that

1K M:¢f = ¢ over arbitrary sets.

Definition 5.1.7. Consider a new symbol E for a binary predicate in some sort S, we define the
language Ly = LU {V, E,p} where V is a new sort, E a binary relation on S, and p a unary map
form S to V. Define the class K of Lg-structures consisting of a structure A in Ky equipped with an
equivalence relation E4 C S(A)2, a new sort V(A) and a map p : S(A) — V(A) realizing the quotient.

Proposition 5.1.8. The class K satisfies (H).

Proof. If we do not add the quotient to the structure conditions 1. — 5. are satisfied but condition 6.
is not, also if we ask for the map p to be surjective the condition 3. will not hold. It is easy to see that
conditions 1. — 5. are satisfied in Kg : The only structure on the quotient is equality and we can do
‘in parallel’ free amalgamation in K and in the quotient. For 6. we proceed similarly by forming the
amalgam in K on one end and the amalgam of the quotient on the other end. O

This construction is the same as adding a new sort V' with no structure other than equality and then
some function from S to V.
5.2 Adding generic functions

Definition 5.2.1. Consider a new symbol f for a binary function, we define Ly = LU{f} and the class
K of Ly-structures consisting of a structure A in Ky equipped with a binary function f4: Ax A — A
such that the structure generated by the constants is some specified L ¢-structure (in order to have the
joint embedding property and uniqueness of the limit the structures need to agree on the constants).

Proposition 5.2.2. The class K satisfies (H).
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Proof. Conditions 1. and 2. are clearly satisfied in Ky. For condition 4. we construct some L -
structure D using 4. and 5. in K. Consider £ C A, B two extensions of L j-structures. We define an
increasing sequence of Lg-structures (D;);<,, equipped with a partial binary function f;;q : D — Di;1.
Let Dy := A®p B and fo = fg. Now set Dy := Dy &y {DO \ (A2U B?)} and consider f; : D3 — Dy
defined the following way : if (z,y) € A2, fi(z,y) := fA(a: y), if (z,y) € B?, fi(z,y) = fp(z,y)
and else (x,y) is sent to the element of D; with the corresponding label. We iterate this process : if
D;, fi+1 are defined for i > 0 we let D; 11 1= D; Oy {D2 \ (D% )}, and f;+1 extends f; by sending

(z,y) € D?\ (D? ;) to the element of D;;; with the correspondmg label. We then set D := |J D; and
1<w
= | fi: D?> — D. This structure satisfies the universal property : it is generated by the images of
<w
A and B as an Ly-structure, given D’ and embeddings p4 : A — D', ¢ : B — D’ as in the statement
we can define an increasing sequence of morphisms of Lg-structures ¢; : D; — D’ in a canonical way
and show that its union is a morphism of L-structure. The construction of A @y {z} in K follows

the same method.

Condition 6. is easy to check, we just apply 6. inside of Ky, find the embeddings, take fp|p2 to be

the image of fp, by ¢p,, similarly for B, and we can set f to be anything outside of D? and B2
Now for condition 3. consider a structure (ab) € Ky and some quantifier-free L ¢-formula ¢ such that
(ab) & ¢(a,b). By replacing every instance of f in ¢ by a new variable and separating the instances
of f applied only to elements of (a) from the other ones we can reshape ¢(x,y) in the following form :

gpl(x7xSM7y7y§n)/\ /\ (‘Tz = f(si(x7x<i) .’L' x<l /\ /\ .’L' x<muy y<2)7 Z(‘T ‘T<muy y<l)))

i<m i<n

¢’ is an Lo quantifier-free formula and the ¢;, s;,t;, s; are Lo-terms. By strengthening the formula ¢

we can assume that, if we define by induction zy(a) = f(sk(a, z<k(a)), s} (a, x<x(a))) and

yk(a, b) = f(ti((l, $§m(a)a b7 y<i(a7 b))v té(av $Sm(a)v b7 y<i(a7 b)))

) and if yk(a7 b) 75 yk’(av b)7 then (pl(x7 T<m, Y, ySn) SpeCiﬁeS that (tk(ﬂj‘, T<m, Y, y<k)7 t;g('l'? T<m, Y, y<k)) 75
(tk(x7 xﬁmn Y, y<k)7 tz,(ﬂ:, ‘Tgma Y, y<k))7 and Similaﬂy fOI' Ty ‘TZ; and Ty Yk! -

Now consider the Lo-formula ¢/ (x, z<,,) associated by condition 3. in Ky to ¢'(z,x<m,y,y<n) and
then the Ly-formula ¢/ (z) := ¢/ (z,z<m) A A (z: = f(si(z,2<i), si(z, x<;))). Assume that A’ = 1(a’)
i<m
for some o’ € A’. By assumption there is an Lg-extension A" C B’ and V',b, € B’ such that
B' = ¢/ (d,a,, V0 )N N (af = f(si(d,dl,), si(a,al;))). We just need to define a binary function
- - i<m

fp on B’ extending fa such that b, = f(ti(d',a.,,, 0/, 0_,), ti(a',az,,, b, b ;) for every k < n. We
begin by setting these values, this is possible thanks to the strengthening we had, and we can let fp/
be whatever outside of this, we write B} for the L-structure defined on B', then B} |= ¢(a’,0). O

Remark 5.2.3. Adding a generic binary function assures us that the theory of any limit is strictly
NSOPq, as proven in [23] Section 3]. Also we get that the generated structure is non-trivial. With the
same construction we can add generic functions of any arity.

Definition 5.2.4. We define L, = L U {m, 7!} new symbols of unary functions and the class K, of
L, -structures consisting of a structure A in Ky equipped with a bijection w4 of inverse function WZI
such that the structure generated by the constants is some specified L -structure.

Proposition 5.2.5. The class K, satisfies (H).
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Proof. Conditions 1. and 2. are clearly satisfied in K, for the conditions 3. ,5. and 6. we can proceed
as previously. Now we describe what to pick as the free amalgam for condition 4. . Let £ C A, B be
two extensions in K.

In the same fashion as previously we construct an increasing sequence of Lg-structures (D;);<., and
an increasing sequence of subsets H; C D; and two increasing sequences of functions m;, 7, Y H, » D,
such that D; C H;y1 and w41 o7rl._1 = 7TZ-_+1107T2' = idg, for every i < w. Let Dy := A®g B, Hy= AUB,
and Ty = TAU7p, 1yt = 7, Ung'. Di = Dy ©y {[Do \ (AU B)lkez\fo} }> i-e., we consider the
Ly-structure freely generated over Dy by copies of Dy \ (AU B) indexed on Z\ {0}, we see the element
of Dy \ (AU B) as those corresponding to the copy of index 0. Set H; = DU |J [Do\ (AU B)].
keZ\ {0}
We define 71 as the extension of 7y that send an element of [Dy \ (A U B)]i to its copy of index
k+1, i e. it sends t(a,b)g to t(a,b)xi1, similarly for 75! which sends an element of [Dg \ (AU B)]x
to its copy of index k — 1. Assume that D, q,H; and m;, 7, I have been defined for i > 0. We set
Diy1 := D; @y {[Di \ Di-1liez\joy }> Hiv1 := D; U kU [D; \ D;_1]r and take m; 11 to be the function
<w
extending 7; that sends an element of [D; \ D;_1]i to its copy of index k + 1, similarly for 7 ! which
sends an element of [D; \ D;_1]x to its copy of index k — 1. Once this is done we take D := |J D;,
1<w

1 This defines an L,-structure of bijection 7p, and D satisfies the

= U mand 7yt = U 7wt
1<w 1<w
universal property : it is generated by the images of A and B as an L,-structure, given D’ and
embeddings ¢4 : A — D', og : B — D’ as in the statement we can define an increasing sequence of
morphism of Lg-structures o; : D; — D’ in a canonical way and show that its union is a morphism of
L -structure. We take ¢; : Dg — D’ to be the only morphism of Lg-structure such that ;|4 = ¢4 and
il = ¢p. If p; : Dy — D' is defined we take ;11 : D;11 — D’ to be its unique morphism extending

¢; that sends 75 (t) to 75, (¢(t)) for every t € D;. Set ¢ := |J ¢;, it is a morphism of Lg-structures
i<w

and by construction it commutes with 7, so it is a morphism of L, -structures. The construction of

A @@y {z} in K follows the same method. O

Definition 5.2.6. We define L, = L U {0,0~'} new symbols of unary functions and the class K,
of L,-structures consisting of a structure A in K equipped with an automorphism o4 and its inverse
function ng.

In K, condition 1. — 5. are easy to check : we use the Free Amalgam property to show that if
E C A, B € K, then there is an (unique) automorphism o4g,5 of A ®r B extending o4 and op
and (A @p B,04g,B) satisfies the universal property. For condition 4. we consider the Lo-structure
A D) ((xi)iez) equipped with the unique automorphism that extends o4 and sends xj to zj, for
every k € Z. As for the generic substructure we need the structures of K to be uniformly locally finite
for condition 5. to hold, in this case the proof follows the same method. Also condition 6. need not to
hold even in this case for similar reasons as in K. The limit of K, still exist, and it might be NSOP,
however in that case | K% | @ in the limit.

To sum up this section, the theories we are building are model companion of theories which are made
from basic one-based stable theories, like the theory of a Fo-vector space, to which we added some
basic structure (equivalence relation, bijection,..) that does not interact. This is slightly more general
than the model companion of the empty theory, and it allows us to give some minimalist example of
strictly NSOP; theory : The model companion of the theory of an abelian group with a unary function
f such that f(0) = 0.
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6

Some strictly NSOP; theories with strong amalgamation

The theory T of the limit of some K satisfying (H) is not a free amalgamation theory in the sense of

[13],

our strong independence relation | ! does not in general satisfies the closure condition (which

is defined as : if C C A, B are algebraically closed and A | , B then AU B is algebraically closed),
however the relation | ! is interesting.

Remark 6.1. There are other known examples of NSOP; theories admitting a strong independence
relation satisfying Proposition [3.2.9] which could motivate the study of such theories :

1. The theory of w-free PAC fields of characteristic 0 (see [I0] and [9]) with the the relation | /7

defined as : for C C A,B, A | H' Bif A | " B and acl(AB) = AB. This relation is named
strong independence in [8, Definition 4.5], written as here in [10, Section 3.6], but this definition
is not the same as the strong independence of [9 Definition 1.2].

. The theory of vector spaces of infinite dimension over an ACF with a non degenerate bilinear

form with the relation | U (see [2], [I7] or [7] for the definition of | ). This is not a free
amalgamation theory because of the closure condition.

The theory ACFG of an ACF with a generic multiplicative subgroup, see strong independence
in [I8], Section 2.2] and the remark following [I8], Section 4.4].
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