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Abstract

When considering the minimization of a quadratic or strongly convex function, it is well
known that first-order methods involving an inertial term weighted by a constant-in-time
parameter are particularly efficient (see Polyak [32], Nesterov [28], and references therein).
By setting the inertial parameter according to the condition number of the objective function,
these methods guarantee a fast exponential decay of the error. We prove that this type of
schemes (which are later called Heavy Ball schemes) is relevant in a relaxed setting, i.e.
for composite functions satisfying a quadratic growth condition. In particular, we adapt V-
FISTA, introduced by Beck in [I0] for strongly convex functions, to this broader class of
functions. To the authors’ knowledge, the resulting worst-case convergence rates are faster
than any other in the literature, including those of FISTA restart schemes. No assumption
on the set of minimizers is required and guarantees are also given in the non-optimal case,
i.e. when the condition number is not exactly known. This analysis follows the study of the
corresponding continuous-time dynamical system (Heavy Ball with friction system), for which
new convergence results of the trajectory are shown.

1 Introduction

In many image processing or statistical problems, the optimization of a convex function F' from
RY to RU {+o0o} with a non empty set of minimizers may be needed. In this context, when N is
large (i.e. for large scale problems), second order algorithms cannot be used and only gradient or
sub-gradient of F' can be computed to get a minimizing sequence (2, )nen-

If F is convex, differentiable and has a L-Lipschitz gradient, the explicit gradient descent
algorithm (GD) with step s = 1 defined by

Tpt1 = Tp — SVE(xy,)

is a simple first order algorithm that provides a sequence converging to a minimizer z* of F'. This
method is actually slow on this class of convex functions since its asymptotic convergence rate is

F(z,) = F(z*) =0 (n").

This decay rate can be improved when considering u—strongly convex functions, since the worst-

case guarantee is then
m

F(z,) - F(z*) =0 (e_f"> . (1)

This asymptotic decay is faster that the one obtained for convex functions but when x := £ <1,
this decay can still be slow in practice. As k is the inverse of the condition number of F'; GD is
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particularly slow for large scale problems.
Two remarks can be made about these decays. First, if F' is not differentiable but composite, GD
can be replaced by the Forward-Backward algorithm and the two decays above are still valid. We
provide an exact definition of composite and Forward-Backward algorithm in Section 2. Second,
the above exponential decay of the error is given under a strong convexity assumption but can be
extended under weaker hypotheses such as a quadratic growth condition.

In 1964 Polyak introduces the Heavy Ball (HB) scheme inspired by mechanics, which improves
the decay of gradient descent on the class of C? strongly convex functions by incorporating inertia.
This scheme generates a sequence of iterates (x,)nen ensuring that:

F(z,) - F(z*) = O (e—mn) . (2)

If k < 1, this convergence rate is significantly faster than guaranteed by the Forward-Backward
algorithm. This theoretical improvement reflects a better performance in practice. At the core of
the Polyak’s analysis is the fact that in the neighborhood of its unique minimizer, F' behaves like
a quadratic function. But the C? assumption is crucial in the Polyak’s analysis, and examples of
simple C! strongly convex functions F such that the (HB) provides diverging sequences can be
found in [21].

In 1983 Nesterov [27] proposes an inertial scheme built to speed up the convergence of GD
on the class of convex functions. This acceleration process is at the core of FISTA introduced by
Beck and Teboulle [I1], which applies to composite functions and provides a sequence such that

F(z,) — F(z*) =0 (n7?).

The details of this algorithm and convergence rates are given in the Section[2l The main difference
between the Heavy Ball algorithm and the Nesterov scheme is the inertia parameter which is
constant over iterations and depends on x := % for Heavy Ball while it depends on the iteration
number and tends to 1 when n goes to +oo for FISTA.

Many variations of these schemes have been proposed during the last decade, see table 1 for
various examples, and the behavior, rates and stability of these various schemes are now well
understood. A common approach is to study an associated dynamical system via a Lyapunov
analysis before deriving convergence results on the scheme, see e.g. [9] and the references therein.

Several Heavy Ball schemes have been proposed to provide fast decays of the type under
weaker hypotheses than C? and strong convexity [28, [10, 35, 37, 36]. But for all these schemes,
a fast geometrical decay such as is achieved only on classes of functions having a unique
minimizer: no known inertial scheme achieves such rates on the class of convex functions satisfying
a simple quadratic growth condition,

>0, Vo e RN, Va* € X*, F(z)— F(z*) > gd(x, X*)2, (3)
or equivalently in the convex setting a Lojasiewicz property with parameter 6 = %, without
introducing additional uniqueness hypothesis. In others words, no known inertial scheme provides
better asymptotic bounds compared to (GD) within the class of convex functions satisfying a
quadratic growth condition. Thus, it remains unclear if inertia holds any real significance for this
class of functions.

The main contribution of this work is to provide Heavy Ball schemes, similar to Beck’s V-
FISTA, ensuring rates of O(e‘cﬁ") on the class of convex functions satisfying some quadratic
growth condition, where the value of ¢ will be specified later. The inertia parameter depends
on the knowledge of L and p, but this new scheme guarantees exponential decay even if k = &
is overestimated. We prove that an overestimation of x only results in suboptimal exponential
decay. Theorem [I] provides a straightforward Lyapunov analysis and a fast convergence rate for
a given friction parameter, while Theorem [2] yields rates that can be achieved even if the friction
parameter is not set in an optimal way, demonstrating that fast exponential decay is robust to a
mild overestimation of the quadratic growth parameter .



The paper is organized as follows: in Section [2] we introduce the main geometric assumption
made on the function to minimize, namely the quadratic growth condition, and propose a review
of the literature on the convergence rates of inertial algorithms under this condition. In Section
is devoted to our two main theorems and corollary proving that Heavy Ball like methods can
be properly parameterized to achieve fast exponential decay for this class of function. Section
[4] presents the continuous counterpart of the discrete analysis proposed in Section [3] providing a
guide to construct the proofs of the Theorems presented in Section [3 as well as new results for
the convergence rate for the trajectories of the Heavy Ball dynamical system. All the proofs have
been gathered in Section [5] and the more technical ones are detailed in the Appendix.

2 Geometry of convex functions and inertial algorithms:
definitions and state of the art.

Let us first recall some basic notations and definitions. We assume that RY is equipped with the
Euclidean scalar product (-,-) and the associated norm || - ||. As usual B(z*,r) denotes the open
Euclidean ball with center z* € RY and radius » > 0. For any real subset X C R¥ | the Euclidean
distance d is defined as:
Vo e RY, d(z, X) = inf ||z —y].
yeX

2.1 Framework and notations

In this paper we focus on the class of composite functions: F' = f 4+ h where f is a convex,
differentiable function having a L-Lipschitz gradient and & is a proper lower semicontinuous (l.s.c.)

convex function whose proximal operator is known. The proximal operator of h is denoted by prox;,,
and defined by:

. 1
pro () = arguin ez () + 5l o). (@)

For this class of functions a classical minimization algorithm is the Forward-Backward algorithm
(FB) whose iterations are described by:

2
o €RY,  z,.1 = proxy,(z, — sV f(z,)), s € <0, L) . (5)

Without further assumptions on F', the convergence decay of the FB algorithm, i.e. the decay of
F(z,) — F* along the iterates, may be slow. In this paper we are interested in inertial methods,
which are among the most effective first order optimization methods, and may ensure a better
convergence rates, especially when F' is additionally strongly convex:

Definition 1 (Strong convexity S,,). Let F: RN — R U {+oc} be a proper lower semicontinuous
convez function. The function F is said p-strongly convex for some real constant p > 0 if the
function x — F(z) — &||z|? is convex.

Weakening this assumption, we consider the class of convex composite functions satisfying
some quadratic growth condition:

Definition 2 (Quadratic growth condition G2). Let F : RN — R U {+oo} be a proper lower
semicontinuous convex function such that: X* = argmin F' # () and F* = min F. The function F
satisfies a quadratic growth condition gg for some real constant p > 0 if:

Vz e RN, F(z) — F* > Zd(z, X*)% (6)

=

Classically the quadratic growth condition QZ can be seen as a relaxation of the strong convex-
ity. Note that satisfying some growth condition does not impose the uniqueness of the minimizer



as it does for strong convexity. In the convex setting, the quadratic growth condition Qﬁ is equiv-
alent to a global Lojasiewicz property with an exponent % [20). The Lojasiewicz property [24] [25]
is a key tool in the mathematical analysis of continuous and discrete dynamical systems, initially
introduced to prove the convergence of the trajectories for the gradient flow of analytic functions.
An extension to nonsmooth functions has been proposed by Bolte et al. in [I3]:

Definition 3. Let F: RY — R U {+oco} be a lower proper semicontinuous convex function with
X* =arg min F # (. The function F has a Lojasiewicz property of exponent 6 € [0,1) if for any
minimizer x* € X*, there exist real constants cg > 0 and € > 0 such that:

Vo € B(a*,e), (F(z) — F(z*))? < cud(0,0F (). (7)
The Lojasiewicz property is said to be global if is satisfied for any x € RN,

A general inertial optimization method can be described as follows:

n = Tn + Qp(Tn — Tp_ )
vneN, { Y ( 2 (8)
Tp+4+1 = ProxXyy, (yn - Svf(zn)) )

where «, > 0 denotes some friction parameter and z, = =z, or y, depending on the consid-
ered method. Historically in his seminal work [32], B.T. Polyak proposes a first inertial scheme
by choosing a constant friction parameter o, = o and z, = x,, for the minimization of C?
strongly convex functions. One of the most popular inertial algorithm is FISTA (for Fast Iterative
Shrinkage-Thresholding Algorithm) introduced by Beck and Teboulle in [I1] to minimize convex
composite functions. Inspired by Nesterov’s accelerated gradient method proposed in [27], the
friction parameter «v, is defined by:
th-1—1

n = ", n — Yn 9
e )

where the sequence (t,)nen is recursively defined by: tp = 1 and t,41 = 1+7V;+4ti. Chambolle
and Dossal propose in [16] a variant of FISTA defining o, = #;il for any n € N* where o > 3.
The original choice of Nesterov can be approximated by setting a = 3.

In this paper we consider the family of Heavy Ball algorithms for which the friction parameter
Qo is set to a constant a > 0 and z,, = y,,. The term Heavy Ball refers to a family of optimization
schemes that can be interpreted as discretizations of the following second-order ordinary differential
equation:

#(t) + ai(t) + VF(x(t)) = 0, (10)

which describes the move of a heavy ball in a potential field with a constant friction. The inertia
coefficient « has to be parameterized according to the geometry of F' to get an optimal convergence
rate. For the class of p-strongly convex functions, Beck in [I0, Chapter 10.7.7] proposes the
following choice (following Nesterov’s choice [2§]):

1_
a= 7\/E, Zn = Yn (11)
1+ vk

where x = £, leading to the algorithm V-FISTA (seen as a variant of FISTA by the author).

2.2 Convergence rate of inertial algorithms under quadratic growth as-
sumptions
Let F = f+ h be a convex composite function where f is a convex, differentiable function having

a L-Lipschitz gradient and h is a proper semicontinuous convex function whose proximal operator
is known.



When the function F' to minimize satisfies some additional growth assumption Qﬁ, Garrigos
et al. [20] prove that the Forward-Backward algorithm provides better theoretical guarantees
than in the general convex case. More precisely, they show that the function values achieve an
exponential decay F(z,) — F* =0 (e_%”) along the iterates of Forward-Backward, without any
assumption on the set of minimizers X*. Observe that this convergence rate depends on the ratio
k = & which represents the inverse of the conditioning of F' and can be very small in large-scale
optimization. Note also that Necoara et al. proved similar results for the projected gradient
algorithm in [26].

While Nesterov’s accelerations allow for speeding up gradient-based algorithms for the class of
convex functions, it is less clear for the class of convex functions satisfying some quadratic growth
condition. Considering FISTA, in its historical form by Beck and Teboulle @ or its variant
introduced by Chambolle and Dossal in [I6], the convergence rate is still polynomial for the class
of convex functions satisfying some quadratic growth condition. Note however that considering the
variant of FISTA introduced by [16], Aujol et al. prove in [9] that the sequence (z,,)nen provided

by with «,, = ni;il and o« > 3 satisfies:

Flzn)— F* =0 (n—*) . (12)

which is better than the rate in the convex setting @ (n~2) from [27, [II] which is in fact o (n™2)
as proved by Attouch and Peypouquet [4]. Although this decay is not exponential, the authors
show that the friction parameter a can be set according to some desired accuracy, and in that
case the number of iterations required to achieve this accuracy is comparable to methods ensuring
a fast exponential decay of the error, i.e. a exponential decay depending on \/% , which can be
much faster than an exponential decay rate solely in k = % as for Forward-Backward. Note that
this result holds under the assumption that F' has a unique minimizer.

A way to accelerate the convergence of FISTA for the class of composite convex functions
having some quadratic growth property, is to use restart strategies. The idea of this approach is
to take benefit of inertia while avoiding oscillations by re-initializing the inertia parameter to zero
when some restart condition is verified. Empiric restart rules have been proposed by Giselsson and
Boyd [22] or O’Donoghue and Candeés [30], offering an improved convergence of FISTA in practice
but without theoretical guarantees. Elementary computations show that re-initializing the inertia

parameter every |2e %J iterations allows the resulting sequence to satisfy:

F(z,) — F* =0 (e—%ﬁ") . (13)

This convergence rate is actually the fastest in the literature for restart methods and does not
require the uniqueness of the minimizer. But note that it requires knowledge of the value of u,
see e.g. [29, 30, 26]. Recently, adaptive restart schemes have been developed aiming at exploiting
the geometry assumption gﬁ to derive improved convergence rates without knowing exactly the
growth parameter p: Fercoq and Qu [19], Alamo et al. [I], Aujol et al. [6, 5] introduce restart
schemes ensuring a fast exponential decay of the error (i.e. depending on /k). The schemes
having the best theoretical guarantees in this setting are that proposed by Alamo et al. in [I]

(F(zy) —F* =0 (e’$\/§”)) and the method introduced by Renegar and Grimmer in [33]

(Flzp) —F*=0 (672%/5\/%”)). As the optimal periodic restart, no uniqueness assumption is
needed on the set of minimizers of F' to obtain these guarantees.

In contrast to FISTA and Nesterov’s accelerated gradient method, Heavy Ball type schemes
are designed for convex functions satisfying additional growth assumptions such as the p-strong
convexity. To this end, these methods require to be calibrated according to the growth parameter
p. In his seminal paper [32], Polyak introduces the first Heavy Ball method for C? pu-strongly
convex functions which guarantees a convergence rate of the error of O (6_4\@”). This decay rate

is significantly fast but relies strongly on the C? assumption. Ghadimi et al. in [21] provide a C*



convex function such that this method does not converge. Nesterov proposes in [28] the accelerated
gradient method for strongly convex functions which only requires a C! assumption ensuring that

the error decreases as O (e*ﬁ”). In this setting, several Heavy Ball schemes have been proposed

such as Siegel’s Heavy Ball method [35] and the geometric descent method [I5] which have the
same theoretical asymptotic guarantees as Nesterov’s accelerated gradient method for strongly
convex functions, the Heavy Ball method by Aujol et al. [7] for strongly convex functions (which
we will denote ADR-S,, Heavy Ball), the triple momentum method by Van Scoy et al. [37] and
ITEM by Taylor and Drori [36]. The latter two schemes are built thanks to the Performance
Estimation Problem approach introduced by Drori and Teboulle [I8] and they provide the best

bounds on the error for this class of function and first-order methods (O (e‘gﬁ")). Some of

these schemes can be adapted to composite optimization as detailed in Table [I| Note that Beck
generalizes Nesterov’s accelerated gradient method for strongly convex functions to composite
optimization in [I0] with V-FISTA proving the same theoretical convergence rate of the error.

Algorithm Reference Assumption on F' Convergence rate of
F(xn) — F*
Polyak’s Heavy Ball Polyak [32] Sy and C? O (e’4ﬁ">
Nesterov’s accelerated Nesterov [28] S, and C! @) (e*ﬁ")
gradient method for Necoara et al. [20] O, C! and uniqueness
strongly convex of the projection of the
functions iterates onto X*
Geometric descent Bubeck et al. [I5] Su O (e*\/E”>
method Chen et al. [I7] Adapted to composite
optimization
Triple momentum Van Scoy et al. [37] Sy and C! (@] (e’2ﬁ">
method
ITEM Taylor, Drori [36] Sy and C? @] (e‘zﬁ">
Polyak’s Heavy Ball with Ghadimi et al. [21] Sy and C? O (e="m)
general friction
Siegel’s Heavy Ball Siegel [35] Sy and C? @ <6_\/E">
Adapted to composite
optimization
V-FISTA Beck [10] S, O (e vim)
Adapted to composite
optimization
ADR-S,, Heavy Ball Aujol et al. [7] Sy o (e(fero(N))")
Adapted to composite
optimization
ADR—gﬁ Heavy Ball Aujol et al. [g] gﬁ and uniqueness of the o (e(*(2*ﬁ>ﬁ+o<“))")
minimizer
Adapted to composite
optimization
ADR-G2 Heavy Ball Aujol et al. [8] G2 O (elrtetOlo)n)
Adapted to composite
optimization

Table 1: Convergence rate of F(x,) — F* for Heavy Ball type schemes with various geometry
assumptions on F.

Recently, Heavy Ball type schemes have been studied under weaker geometry assumptions than
strong convexity. Necoara et al. prove in [26] that the convergence rate of Nesterov’s accelerated
gradient method for strongly convex method is actually valid for C! u-quasi-strongly convex
functions i.e. for functions satisfying:

Vo € R, (VF(2), — %) > F(x) - F(a*) + Sl — ", (14)



where z* denotes the projection onto X*, provided that the iterates share the same projection
onto the set of minimizers. In [§], Aujol et al. build a Heavy Ball type scheme (ADR- 92 Heavy
Ball) for functions satisfying the quadratic growth assumption Q2 guaranteeing that

F(z,)—F* =0 (6(7(27\/§)¢E+0(n))n) , (15)

as long as F' has a unique minimizer.

Thus, the theoretical guarantees of Heavy Ball type schemes are the best in the literature
among first-order methods for functions satisfying growth conditions but they do not hold with-
out assuming the uniqueness of the minimizer. If this hypothesis is not verified, the theoretical
convergence rates are similar to those of Forward-Backward, and the relevance of applying such
algorithms in this context can therefore be questioned.

3 Fast exponential decay for Heavy Ball type algorithms

Let us now consider Heavy Ball type methods that can be generically described as variants of the
V-FISTA algorithm proposed by Beck in [10]:

n = s n — \Y n))
n e, {:v 11 = proxy, (yn — sV f(yn)) (V-FISTA)

Yn+tl = Tpt1 + O‘(zn—&-l - xn);

with zg € RY, s = %, Yo = xo and any « > 0. Recall that in the original definition of V-FISTA

[10], the damping parameter « is set to: 1;% where £ = £ denotes the inverse of the conditioning

of the function F' to minimize.

The main contribution in this section is to prove that Heavy Ball methods like can
be properly parameterized to achieve fast exponential decay rates (i.e. depending on /k) for the
class of convex composite functions satisfying some quadratic growth property QZ and without
assuming the uniqueness of the minimizer. An example of such functions is the LASSO functional

1
) = 5\\Ax—y||§+>\llml\1- (16)

This function F' is convex, satisfies a quadratic growth condition but may not have a unique
minimizer. To the best of our knowledge, this is the first result proving that an inertial method
can actually improve the convergence rate of the Forward-Backward algorithm which is in O(e™"")
and not in O(e~°V*"). In large scale dimension, the inverse x of the conditioning of the function
to minimize could be very small, so that decaying in s could be much slower that in \/k.

Our purpose is to build an inertial algorithm providing fast exponential decay, that is ensuri
that F(z,) — F(z*) = O(e~°V"") but not to optimize the value of ¢. Both Theorems |1 I andi
provide such bounds. In Theorem [I} the value of the inertial parameter « is chosen to provide a
fast decay rate under a mild condition of k¥ and by using a quite simple Lyapunov analysis. Indeed,
other choices could have been made leading to slightly different inertia, rates, conditions on x and
Lyapunov functions, using the same approach.

The rates given by Theorem [2| are different from Theorem [1|since the objective is not the same.
This second theorem provides bounds for a large set of inertial parameters and the inertia is not
optimized for a fixed bound on «. Indeed, in various settings, the exact value of k is not precisely
known. For the LASSO functional for example, the value of the quadratic growth parameter
1 may be hard to estimate. The goal of this second theorem is to provide fast exponential decays
even if the inertia parameter is not set to its optimal value, and to provide rates that are more
accurate when « is smaller. The proof of this second theorem is inspired by the proof of Theorem
which provides results on the solution of the Heavy Ball dynamical system.

Theorem 1. Let F = f + h where f is a conver differentiable function having a L-Lipschitz
gradient for some L > 0, and h a proper convex l.s.c. function. Assume that F satisfies a



quadratic growth condition Qﬁ for some real parameter p > 0. Let (x,)nen be the sequence provided

by (V-FISTA|) with o =1 — %\/ﬁ and s = % If k < %, then:

4 2 "
N, F(a,) - F*<=(1- -2 Flzo) — F), 1
W €N, Flan) — " < 5 (1= 22 VR) (Flan) = F) (1
and
VR,
xn—xn_1||=(’)(e 3V3 ) (18)

Theorem [I], whose proof can be found in Section [5.1] ensures that for a well-chosen parameter
« which depends on &, the decay of the error along the iterates of (V-FISTA|) is at worst of order

_2
O (e~ 7vaVeEn), Looking back at the results in the literature, this convergence rate is slower than

those of most other Heavy Ball schemes. However, remember that the required assumptions on
F in these works (summarized in Table [I|) are stronger than those needed in Theorem The
only method proposed for functions satisfying gg, ie. ADR-QIQL Heavy Ball []], ensures a fast
exponential decay of the error:

F(z,)—F*=0 <e<7<2fﬁ>\/ﬁ+0<~>>n) :

if the function F' has a unique minimizer. This theoretical decay is faster than 7 but it does
not hold if F' has multiple minimizers. To the authors’ knowledge, the fast exponential decay of
the error given by Theorem [I] is the first in the literature for Heavy Ball methods in this setting
and without any uniqueness assumption on the set of minimizers.

In addition, the guarantee on the decay of the error given in is faster than that given by
FISTA restarted periodically and optimally as it only ensures (even with some oracle [26])

F(z,)—F* =0 (e—%ﬁ") .

This means that in this setting, is theoretically more relevant than a periodic restart
of FISTA when the growth parameter p is known. In other words, one should define a constant
inertia parameter depending on p and L instead of setting an increasing inertia parameter and
re-initializing it optimally.

The second claim of Theorem [1] gives an asymptotic control on ||z, — z,—1| which ensures
that >y« [0 — 2n_1]] < +00. As a consequence, the length of the trajectory of the sequence
(Tn),cy is finite and it converges strongly to a minimizer of the function F.

Below is a second theorem about the iterates of which gives stronger and more
general results than Theorem [I} The proof is built using the parallel with dynamical systems (see
Section {]) and is located in Section

Theorem 2. Let F' = f + h where f is a convex differentiable function having a L-Lipschitz
gradient for some L > 0, and h a proper convexr l.s.c. function. Assume that F satisfies a
quadratic growth condition QEL for some real parameter p > 0. Let (x,)nen be the sequence provided

by (V-FISTA) with o =1 — w\/k where w € (0, ﬁ) Then, for any n € N:
F(ry) = F* < (14 (w—17)? + (w - 1wrvk) (1 — 7vk +726)" (F(0) — F*), (19)

and .
o = 1] = O (7 FTVEITTVRR), (20)

where T > 0 satisfies the following inequality:

(1-wVk) ™ —w(2—wVk) 7> + (W’ +2)7 —w < 0. (21)



The statements of Theorem [2] are less readable than those of Theorem [I] but they are actually
stronger. The inequality hides the convergence rates which can be obtained for a given

w € (0, ﬁ) Observe that the larger 7, the better the convergence rate. The best rates are
obtained when:

(1-wVk) ™ —w(2-wVk) T + (W +2)T —w = 0. (22)
The admissible maximum value of 7 can be thus obtained studying the limit case when x = 0:
™ 2wt + (W +2)7T —w=0. (23)
i.e. (since T > 0):
1+ 272
w? — + T wt+2+72=0. (24)
This can be seen as a quadratic polynomial in w, whose discriminant is:
1
A = —(1+47* +47° —87° —4r?)
T
1 9 1
= ﬁ(1—47 ) =5 (1-27)(1+27)

Hence the largest value of 7 for which the discriminant satisfies A > 0is 7 = %, which corresponds
to a limit maximum value of w equal to w = % These two observations highlight that the
convergence rates given by Theorem are faster than that given in Theorem [l for suitable
choices of «, as expressed in the following corollary. Note that the convergence guarantees and

best choices of a depend on the value of the conditioning number since k appears in Equation
22).

Corollary 1. Let F' = f + h where f is a convex differentiable function having a L-Lipschitz

gradient for some L > 0, and h a proper convex l.s.c. function. Assume that F satisfies a

quadratic growth condition gﬁ for some real parameter pn > 0. Let k = %.
Let (w,7) € (Ry)? be two real parameters chosen such that:

(I-—wVk) T —w(@2—wVk) T+ (W +2)r—w=0 (25)

and the value of T is mazimum. Let (x,)nen be the sequence provided by (V-FISTA) with o =
1 —wy/k. Then:

F(z,) = F* < C(1-0v&)" (F(zo) — F*) (26)
and

& = 2n-al] = O (757 (27)
where:
C=14(w—-7)+ (w—1wrVE, o=7—71/k,

and there exist three real-valued functions €;, i = 1,2,3 such that: lim;_,0&;(t) =0 and:

3 1 1

w:§—€1(/€)7 7':5—52(/1), 025—62(14).

Table 3| provides admissible sets of parameters (w, T) for Corollary

H

w T o C’H

1.2 039 023 204
1.32 042 0.31 2.1
10°Y 139 045 038 2.07
1072 146 048 045 2.03
1073 149 0.494 0.486 2.02
1074 1.495 0.498 0.495 2.002

colm || =

Table 2: Admissible sets of parameters for Corollary
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can remark that the guarantees given by Aujol et al. in [§] for ADR-G;, are still better with the

additional assumption that F' has a unique minimizer.

In fact, Theoremand inequality hide more than improved convergence rates. To illustrate
this, we provide a graph displaying the evolution of T with respect to w and k such that (1, w, k)
satisfy in Figure An interactive graph can be found on the link https://www.desmos.
com/calculator/syrtiatos6. We can see on this graph that inequality allows to obtain
convergence guarantees even for non-optimal choices of «, i.e. large values of w.

Thus, Corollary (1| provides better convergence rates than Theorem (since —2= ~ 0.38). We

P =1

v = 0.1

« = 0.01
« = 0.001

Figure 1: Evolution of 7 with respect to w for several values of k such that (7,w, k) satisfy .

By exploiting this observation, the following corollary provides convergence rates for (V-FISTA))
if av is too small which can be the case if p is overestimated. A brief proof is given in Section [5.3

Corollary 2. Let F' = f + h where f is a convex differentiable function having a L-Lipschitz
gradient for some L > 0, and h a proper convex l.s.c. function. Assume that F satisfies a
quadratic growth condition Qg for some real parameter p > 0. Let (x,)nen be the sequence provided

by (V-FISTA) with s = % and o =1— 0 for some 0 € [%\/E, 1). Then, if k < 1—10,

F(zp,) = F =0 (e7™"), (28)
and

lxn — 2pn-1] = O (eif"m) (29)
where 7 = Z (1 — k).

Corollary allows us to derive convergence rates for (V-FISTA|) even if « is far from its optimal
value. Let us describe two examples:

e Suppose that a = 1 — C'y/k where C' > 3. Then, applying Corollary 2| with 6§ = C/k, we
get that the iterates of (V-FISTA| for this inertia parameter ensure a decrease of the error

in O <e*7\/§”) where 7 = %. Thus, if we choose a = 1 — %\/E where & is an upper
estimation of x, then we get a theoretical guarantee on the error with C' = % % In this

way, we obtain that if £ = 10k, then the error decreases as O (e_“/g"> where 7 ~ 0.12.

S

e Assume now that « is arbitrarily set to a = 1% without knowing the actual value of k.

Consequently, we have that a = 1 — 0 where 6 = . Ifo > %\/E (ie. if K < ﬁ), then
Corollarystates that the error along the iterates of (V-FISTA|) for this choice of « decreases
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where 7 = 2 (1 — 22,/k) which can be upper bounded by 12 ~

in the worst case as e 3 > &
3.7. As a consequence, if F' is sufficiently ill-conditioned, (V-FISTA]) has better theoretical
guarantees for this choice of « than Forward-Backward which ensures that F'(z,) — F* =

O (e=") [20).

—TKN

The convergence guarantees obtained in non-optimal cases and the robustness to an overestima-
tion of the growth parameter are the main contributions of this work. To the authors’ knowledge,
there are no such results in the literature. This provides a better understanding of the behavior

of the iterates of (V-FISTA) for a wide range of values of «.

4 Convergence rates for the trajectories of the Heavy Ball
dynamical system

The so called Heavy Ball equation
Z(t) + ax(t) + VF(x(t)) =0 (30)

where o > 0 denotes the friction parameter, has been studied from decades now. See for example
Attouch et al [3] for a general study of the dynamical system : existence of solutions, link with the
mechanical system and convergence of the trajectories to critical points if no strong assumptions
are made on F. The main result of this section is to prove that if F'is convex, differentiable and
satisfies a quadratic growth condition, the solution of ensures a fast exponential decay. A
crucial point here, is that the uniqueness of the minimizer of F' is not needed to get such fast
rates. Before stating Theorem |3 we give an overview of the literature. We highlight that slower
exponential decays are already known in this setting, that a fast decay is known if the minimizer of
F' is supposed to be unique and that various other decays can be achieved in non convex settings.
Note that the proof of Theorem [3|has served as a guide for the analysis of the Heavy Ball algorithm
as performed in Section [3|and for the proof of Theorem [2|

4.1 State of the art

The first study of the convergence rate of F(z(t)) — F*, where z is a solution of (30), under
strong convexity analysis is due to Polyak [32] . In his seminal work Polyak observes that if the
function F is a quadratic function, F(z) = ||Az||®, the solution of ensures the fastest decay

of F(z(t)) — F(z*) when o = /i where i is the smallest non negative eigenvalue of AT A. He
deduced that if F is C? and p-strongly convex (S,,), the solution of (HBF]) satisfies

F(x(t)) — F(x*) = O(e™ 2V, (31)

Both C? and strong convexity are necessary to achieve such a decay. During the last decades several
works provide various bounds depending on geometrical assumptions made on F. A summary is
given in Table[3] To achieve an exponential decay of F(x(t)) — F(x*) a Lojasiewicz condition with
parameter % is required in all these work. In [12], the authors proved that with other Lojasiewicz
exponents only polynomial decay can be achieved. Nevertheless the exact exponential decay highly
depends on the assumptions made on F. If F is p-strongly convex and C'! it was first proved that
the decay was O(e~VH!), see for example Siegel [35] for a simple proof. Aujol et al [7] extend this
former result giving a better rate for functions that are quasi-strongly convex and having a unique
minimizer, and a weaker convergence rate if F' satisfies only a quadratic growth condition and has
a unique minimizer, see Table [3] for more details. All these results ensure fast exponential decays
of F(x(t)) — F(«*) and assume the convexity of F, a quadratic growth condition and a uniqueness
of the minimizer of F.

In [13], Bégout et al. provide several results on the trajectory (), solution of if Fis
a C? function satisfying some Lojasiewicz hypothesis but is not necessarily convex. The authors
prove that under such hypothesis the trajectory strongly converges to a minimizer of F', and
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provide several decay rates. If F' satisfies a Lojasiewicz hypothesis with an exponent 6 €]0, %[,
the decay rate is polynomial, see [I3, Corollary 5.1]. Indeed this polynomial bound are similar to
the ones of achieved by the gradient flow under similar hypotheses. If F' satisfies a Lojasiewicz
hypothesis with an exponent 6 = %, the rate is actually exponential. More recent works by Polyak
et al [31] and Apidopoulos et al [2] also provide exponential decay under Lojasiewicz hypothesis
on F depending on L and p, see Table 3]

Reference Assumption on F Exponential rate K of
Fx(t)) — F*

Polyak [32] S,,, C? and convexity 2,/

Siegel [35] S, and convexity Vi

Aujol et al. [§]

G2 and convexity

2-V2)yi

Uniqueness of the minimizer

3
Polyak, Shcherbakov [31] C?, Lojasiewicz with 6 = § 2%
and constant ¢y, L-Lipschitz with g = =1y
gradient 2
Apidopoulos et al. [2] Lojasiewicz with 6 = 1 and 2 (\/% - ,/%) N
constant ¢y, and L-Lipschitz with p = =Ly
gradient 2er

Table 3: Convergence rate of F(z(t)) — F* where x is solution of (HBF) for the best choice
of o (which depends on the assumptions satisfied by F'). The constant K is defined such that
F(z(t)) — F* = O (e &1).

The goal of the next part is to show that under convexity and quadratic growth conditions,
a faster exponential rate, independent of L, can be achieved for the solution of the Heavy Ball
dynamical system (HBF) without assuming the uniqueness of the minimizer.

4.2 Fast exponential decay under quadratic growth conditions
We consider the Heavy Ball Friction (HBF) system defined as follows:
Vt > to, @)+ ad(t) + VE(x(t) =0, (HBF)

where tg > 0, > 0 and F : RY — R is a convex differentiable function satisfying some quadratic
growth condition. Generalizing recent works [35] 8, [7] and making assumptions about the regularity
of the boundary of the set of minimizers, we prove that the trajectories of can achieve a
fast exponential decay:

Theorem 3. Let F be a convex differentiable function having a non empty set of minimizers X*.
Suppose that X* has a C? bound or that it is a polyhedral set. Let x be a solution of (HBF)) for
some ty = 0 and o > 0. If F satisfies the assumption gﬁ for some p >0 and o = (2 — ?) N/

then

11
Vt > ty, F(z(t)) — F* < <2 - 2\/5) Moye~C=VDVili—to) (32)

where Mo = F(z(tg)) — F* + | &(to)||*. Moreover,
V2
i)l =0 (00, 53

We give elements of proof in the following section and a demonstration of the second claim is

given in Section
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Proposition 1. Let F be a convex differentiable function having a non empty set of minimizers
X*. Suppose that X* has a C? bound or that it is a polyhedral set. Assume that F is a pi-quasi
strongly convex function, i.e there exists p > 0 such that:

Ve € RN, (VF(z),z —a*) > F(z) — F* + gnx — 22

where x* denotes the projection of x onto X*. Let x be a solution of (HBF)) for some ty > 0 and
a > 0. Then if a = %\/ﬁ

Vt > to, F(x(t)) — F* < 39Mge™ V2H(—to), (34)

where My = F(xz(tg)) — F* + %||j?(t0)||2-

Remark 1. Theorem[3 and Proposition[]] are based on the assumption that the set of minimizers
X* has a C? bound or is a polyhedral set. More generally, the corresponding statements hold if
the set X* is second order regular by the definition of Bonnans et al. [T]|], which is a weaker
assumption. Given the technical nature of this hypothesis, the results are given for special cases.
We refer the careful reader to the above reference for more details.

Remark 2. The fact that a regularity assumption on the set of minimizers X* is needed to obtain
these results is a curiosity, since mno such hypothesis is required in the discrete case, i.e. for
Theorems[1] and[3 It is directly related to the time-continuous nature of the trajectory x.

4.2.1 Comparisons and comments

The first study of has been proposed by Polyak [32]. In this seminal work, Polyak consider
a C? p-strongly convex functions. Polyak proved that for such functions the solution z of
satisfies F(z(t)) — F(z*) = O(e2vH?) for a suitable choice of the friction parameter a. If the
function F is C' and p-strongly convex the convergence rate is weaker, see for example [35] [7].
If Fis C, satisfies a quadratic growth condition and has a unique minimizer, which is a weaker
assumption than strong convexity, Aujol et al. [7] proved that the solution of satisfies
F(z(t))— F(z*) = O(e~ & V2VAt) for another choice of the friction parameter «, which is slighlty
slower that the rate achieved by Polyak. All the above works use the fact that the function f
to minimize has a unique minimizer. Indeed if F is C', convex and satisfies a quadratic growth
and has several minimizers, there were no results ensuring that the solution of satisfies
F(z,) — F(2*) = 0(e”“V#) for any C > 0. As far as we know Theorem [3|is the first one ensuring
such decay rate on this set of convex functions. This fast decay allows to prove the Theorem
ensuring a fast decay of an inertial algorithm on the same set of convex functions.

Several other articles provides interesting results decay rate of the solution of the Heavy Ball
ODE . In [31] 2, 12] authors provides general analysis considering Lojasiewicz properties.
In these three articles, some results on the trajectory x(¢) or the error F(z(t)) — F(x*) are given.
It is not simple to perform a fair comparison between these results and Theorem [3| because our
analysis relies on the convexity and the global analysis of these works do not use this assumption.
Nevertheless, in [I2] and [2] provides some decay bounds when the convexity assumption is added.
More precisely, in [12], Corollary 5.5 ensures that if F is convex, C? and satisfies a quadratic
growth condition with parameter p then the trajectory z(t) converges to a minimizer x*of F,
the length of the trajectory is finite and |jz(t) — z*||*> = O(e~#!). Indeed, for such functions
d(z, X*)? < %(F(az(t)) — F(2*)) and the Theorem 3| ensures a better decay rate of the trajectory
to the set of minimizers.

The work of Apidoupoulos et al. [2] deepens the one of Polyak et al. [3I] providing explicit
decay of F(x(t)) — F(x*) under similar hypothesis i.e Lojasiewicz properties, C? assumptions and
a uniform bound on the Hessian of F' in the neighborhood of the set of minimizers. That is why
we compare our results to those in [2], but the same conclusions hold with [3I]. The bounds
provided by the authors depend on a uniform bound L on the Hessian of F' which is not the case
for Theorem [3[ whose bound is better than Theorem 2 of [2] when % > 3. It turns out that the
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analysis of Apidopoulos et al has been developed in a non convex setting and in this setting, the
use of this bound on the Hessian seems the only known way to get bounds on F(z,) — F(z*). The
convexity seems to be a price to pay to get bounds independent of this Lipschitz constant L.

This analysis of the Heavy Ball dynamical provides a guideline for the analysis of the analysis
of the Heavy Ball algorithm.

Remark 3. Even if the convexity of F' seems to be a key hypothesis to reach such decay rate, the
careful reader may notice that Theorem [3 actually holds for star convex functions i.e functions
satisfying:

Ve e R", Vo* € X*, F(z) — F(z*) < (x — 2™, VF(z)) .

where X* denotes the set of minimizers of F.

4.2.2 Elements of proof

The results obtained in this paper rely on a Lyapunov approach. Let us recall that when F' has a
unique minimizer i.e X* = {*}, then a classical Lyapunov choice for (HBF) is:

£(t) = Fa(t) — F* + 2IA@() — a*) + a0 + Slatt) - oI, (3)

for some well-chosen parameters A > 0 and £ € R. Our approach to extend that type of analysis
without the uniqueness assumption is to adapt the Lyapunov energy to our relaxed setting. Let
F have a non empty set of minimizers X* which is not reduced to one point. Let

E7(t) = F(a(t) = F" + S [M(@(t) — 2" (1) + @)1 + 5 [|=(t) — 2|, (36)
where for all ¢ > to, *(¢) denotes the projection of z(t) onto X*, i.e.
() =arg inf z(t) = 7|7 = Px- ((1)).

This slight modification leads to a question when attempting to differentiate the Lyapunov energy:
is t — x*(t) differentiable?

The smoothness of ¢ — z*(t) is related to the smoothness of Px+. In fact, if Px- is directionally
differentiable then t — x*(¢) is right-differentiable (and left-differentiable) and its right-hand
derivative is equal to P%.(z(t), (t)).

In [I4] Theorem 7.2], Bonnans et al. prove that if a closed convex set S C X is second order
regular at Ps(x) for some z € X, then Ps is directionally differentiable at . We refer the reader
to [14], [34] to have a complete understanding of the notion of second order regularity. Note that
this geometry assumption is satisfied by sets having a C? bound [23] and polyhedral sets [34].

Throughout the rest of this section we assume that the set of minimizers is second order regular.
Consequently, ¢ — x*(t) is right-differentiable as well as £. For the sake of simplicity, let * and
& denote the corresponding right-hand derivatives. We can write that:

E5(t) = D(t) — (A + )(a(t) — z*(t), 2* (1)) — Ma(t), * (1)), (37)
where
D(t) = (VF(x(t)), 2(t)) + (Ma(t) — 2 (1)) + (t), \&(t) + (1)) + &(x(t) — 2™ (¢), 2(1)).

Observe that D is exactly equal to respectively & if F has a unique minimizer z*. The objective
is then to control the additional terms (x(t) — *(t), x*(¢)) and (&(t),x*(t)). We introduce Figure
to give an intuition of the behaviour of these terms.

We can first prove that (#(t), z*(t)) is positive by using the expression z*(t) = %ir%
.
and the property of the projection onto a convex set. Indeed, as X™* is a closed convex set, for any

xRN and u € X*:

z* (t+h)—z* (t)
h

(x — Px«(x),u — Px«(z)) < 0.
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Figure 2: Behaviour of z* for a set of minimizers having a C? bound (on the left) and a polyhedral
set of minimizers (on the right).

Thus, for any A > 0 we have:

(x(t+h)—z@), 2"t +h)—z" @) =(@E+h) —z"(t+h),z"(t+h) —z"(t))
+ |z (t+h) — 2" (1))
T (o(t) — 2 (6), 7 (8) — " ( + ) > 0.

By considering h tending towards 0 we can deduce that (@(t), 2*(t)) > 0.
In [I4) Theorem 7.2] the authors give an expression of the directional derivative Pg(z, d) for a
closed convex set S C X being second order regular at Ps(z) for some x € X'. This directional

derivative satisfies:
<1‘ - PS(Q?),P&(.I,dD =0.

Considering the assumptions made on X* we can deduce that (z(t) — z*(t),z*(t)) = 0 for all
t > to.

These results ensure that for any choice of parameter A > 0 and § € R,E*(t) < D(t). From
this point, the proofs of the convergence results stated in Theorem |[3|and Proposition [I| follow the
original proofs, taking D instead of £ and by applying the following lemma. A proof is given in
Section

Lemma 1. Let ¢ : R — R be a continuous function which is right-differentiable. Assume that

Vit > to, ¢4 () < (t), (38)
where ¢4 (t) = haloin}»o w denotes the right derivative of ¢ at t. Then,
t
Ve to, 9(0) < olto) + [ vl (39)
to

5 Proofs of Theorems [1] and [2

The proofs of Theorems [I| and [2| are built around the following discrete Lyapunov energies

2
£n = 7 (Flen) = F*) - |Manoy = 250) +20 = 20| (40)

and
2
En = 7 (F(ea) = F*) + |\ = 5) + n = 2nal + ML= aPan — 22 (41)
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where A > 0 and 2, denotes the projection of x,, onto X* for any n € N. For the sake of clarity,
we use the following notations:

w = 7 (F(zn) = F7)), hn = on = 3],

On = [|70 — xn,1||2, Vo = |2y, — 33:271\\2'

(42)

The following lemma is necessary in order to handle the terms related to non uniqueness of the
minimizers. We give a proof in Section [A-3]

Lemma 2. For all n € N*, the following equalities hold:
1. <xn - x:mxn - xn71> = %(hn —hp_1 +0p — 77*1) + <xn71 - x;szlax:z - $:171>'
2. (Tpo1 — X _1, Ty — Tp—1) = %(hn —hp_1 = 0n + )+ (xp — k2 — 2k _q).

Moreover, we introduce a lemma which encodes the fact that the sequence (z,,)nen is provided
by (V-FISTA]). The proof is based on the descent lemma proved in [I6] and it can be found in

Appendix [A.4]

Lemma 3. Let (z,)nen be the sequence provided by (V-FISTA) with s = % Then, for any
n € N*,

Wp1 — Wy < a25n - 5n+17
< (L+a)hy +(@® +a)dy — ahyo1 = hng1 — o1~ ¥

* * * * * *
+2@<In_1 —Tp_1Ty — xn—1> - 2<In+1 Tt Tpy1 — ‘Tn>

wnJrl

We would like to point out that several controls are deduced from the properties of the pro-
jection onto a convex. Indeed, if C' is a closed convex set such that ¢ C RY, then for any 2 € R
and y € C,

(z—py—p) <0,

where p denotes the projection of x onto C. This property directly guarantees inequalities such as
(n =y, 25, — x5 ) 20,

or
*

(Tn—1 — @,y 25 — a5, _) <O

5.1 Proof of Theorem 1

Let (2, )nen be the sequence provided by (V-FISTA|) for some « > 0 to be defined. We define the
following discrete Lyapunov energy:

En = Z(F(xn) = F*) 4 [l#n = @1+ Maa—r — 25,20)|%, (43)
where A > 0 and z* denotes the projection of z,, on X* for any n € N. By setting A = /k and
considering that F' has a unique minimizer, we recover the energy considered by Beck in [10].

The aim of this proof is to find 7 > 0 as large as possible such that for a well-chosen set of
parameters,

Eni1 — (1 — TVR)E, < 0. (44)

The proof is divided into three parts. We first use the lemmas introduced in the introduction
of Section [5] and the properties of the projection onto a convex to handle the terms related to
the non uniqueness of the minimizers. Then, we give a set of parameters which leads to the
wanted inequality by using the geometry assumption satisfied by F. The convergence of the
trajectories is obtained in the last section using the previous results and elementary computations.
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5.1.1 Preliminary work

We recall that we use the notations defined in . By rewriting and using the second claim
of Lemma ] we have:

En=wp + (L= N3y + My — hne1) + Nhyo1 + M +2X 2, — 2,2 — 2 _y). (45)
Lemma [3] ensures that if A < 1:
Wpt1 — (1= Nw, < a(a4+ Mo, — (1= Ndnt1 + ar(hy — hp1) + A(hp — hpt1)
= M1 — @Ay, + 20X (@01 — 25, g, 2, — ) (46)
= 2MTnt1 — Tpg1s Tpgy — T)-
This inequality combined with ensures that:
Ent1— (1= N)E, < a6, + az(hy — hy—1) + ash, + X7, (47)
where:
ar=ala+ ) — (1 =22 az =aX = A1 —=X)+ (1 = MN)A?, a3 = A3,
and X7 is defined by
Xr=—XM1l=-A+a)y +2aXzp_1 —x) 1,20 — ) 1)
—2X(1 = N{xy, — ), ) — ) _q).
Due to the properties of the projection onto a convex set we have that for all n € N:
(Tn-1 — 21,2, —a,_1) <0,
{ (X —ay,xr —xy_q) = 0.
and since v, > 0, we can conclude that X7 < 0 and consequently that:

gn+1 - (1 - )\)gn < a15n + CLZ(hn - hn—l) + a3hn~ (48)

5.1.2 Getting the convergence rate

Recall that we want to find 7 > 0 such that: £,41 — (1 — 7/k)E, < 0. We choose the following
set of parameters:

5

VE=1-— -\

T = — )\:73\/E7 OLZI 3

_ 5
3v3
Then we get that:
2 1
5" -1-7 K:gn:n 717}\5714’ —_— = —= Hgn
= (1= TR = Enr — (1- W) <3¢§ ﬁ)f
1
< (115” + aQ(hn - hn—l) + a3hn - ﬁ\/ggnv
where for this parameter choice we have:

N 3
1—3):27(\@—3\/3), a3=/\3=37\/§7

? (i) =55 ()

Under the condition s < %, we have that a; < 0 and hence,

ai

Il

|
W >
7N

az

2 K 1 K3 1
g’rl-‘rl - (1 - 3\/3\/%) gn < 37\/3 (\/g - \/E) (hn - hn—l) + ﬁhn - ?ﬁ\/ggn (50)

Moreover, as the condition k < % ensures that as > 0 we can apply the following lemma which

is proved in Section
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Lemma 4. Let (x,)nen be the sequence provided by (V-FISTA|) and A = %\/E Then for all

n € N: Y
3
Lemma [4| guarantees that if k < %:
2 K2 \/E( 1 ) K
Eni1— (11— —4=VK)E, < —=hp— — | —= — VK | w, — =&n. 52

Wy
K

Moreover, as F' satisfies gﬁ we can write that h,, < and consequently:

2 VE \/E< 1 )) K
Eni1—(1——VR)E S| F—=—"—=—V&| |w,— =&,
= 3V3 ) (3\/3 3 \V3 vk 3 (53)
< Te
X 3wn 3 n.
Noticing that w,, < &, we can conclude that:
2

Ent1— (11— —=VK)E, 0. 54
41— ( 3\/3\/) (54)

Hence: &, < (1 - 3%&) Eo. As we consider that z_; = xo, we have that & = wg + A\2hg. As

a consequence, the geometry condition Qﬁ ensures that & < %wo and
P~ 1 < 3 (12 222VR) (Fow) - F) (55)
Tp) — <= (1-——=vk o) — .

5.1.3 Convergence of the trajectories

Let b, = ||xy — p_1+ Map—1 — 25 _1)||?. Using the inequality |jul|? = 2||u + v||? + 2||v||?, we get

that: )
On < 2b, + th—y (56)

Thus, using the definition of £ and the geometry of F:

2
5n < 2(9” + mwn_l. (57)
Then, by applying inequality , we deduce that:
<21 2 Ve + 2 & (58)
n X 3\/§ R \2r n—1,
and consequently,
on < <2 (1 - 2\/E> + 2) (1 - Qﬁ)nl & (59)
n X 3\/§ )\21{ 3\/§ 0-
Hence,
1
|Zn — Zna]| = O (e*mﬁ") : (60)
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5.2 Proof of Theorem [2
5.2.1 Structure of the proof

The proof of Theorem [2is built around the approach provided in [§] in order to prove convergence
rates of the trajectories of the Heavy Ball system described by:

#(t) + aci(t) + VF(a(t) = 0, (HBF)

for some a. > 0. Indeed, the sequence generated by (V-FISTA|) can be seen as a discretization of
(HBF) (when F' is differentiable) and the strategy can be adapted to the discrete setting. Note

that the parameter a. in (HBF]) does not play the same role as « in (V-FISTA|). Indeed, we have
that a. behaves as vVL(1 — a).
This proof relies on the analysis of the following Lyapunov energy:

2
VneN, &= 2 (F(zn) = F) +afzn — 2n-1+ Azn — )l + A1 = @) [lan —ap ] (61)

The strategy of the proof is straightforward: we aim to find a set of parameters («, A\, v) € (R+)3
such that for any n € N,
gn+1 — &, + I/En+1 <0. (62)

In this way, simple calculations show that it ensures
vneN, &,< (1—1/—|—1/2)n50 (63)

which leads us to the conclusion.

5.2.2 Proof
Let (zn,)nen be the sequence provided by (V-FISTAJ). Following the notations introduced in ,

we can rewrite:
Vn €N, & = wn + A Aa+ (1 — a)?)hy, + ad, + 20\ @y — 25,20 — Tp1). (64)
Following the first claim of

En =wn + XA+ (1 — )by + Aalhy — hyy) + (1 + Nad,

— Aoy, + 2 a{Tp_1 — Xy _q, X0 — Xy _q).
Observe that due to the properties of the projection onto a convex, for any n € N:
En < wp + AN+ (1 — ) hy + Aa(hy, — hn1) + (1 4+ N)ad,. (66)

By exploiting the expression 7 we can show the following lemma. The proof can be found in
Section [A.6l

Lemma 5. For any n € N, we have that:

Ent1—En < — A1 +Aa(A+a—1)(hpt1 — hy)

67
+ Aa+a—1)01 —a(l —a—Aa)d,. (67)

This inequality combined to guarantees that for any v > 0,

Eni1—En V€1 S (V=Nwpy1 + da(A+a—1+v)(hpt1 — hy)
+(1+XNa(l+v)—1)0p+1 —a(l —a— Aa)dy, (68)
+ A A+ (1 — @)y
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We make the following choice of parameters:
a=1-w/k, v=1Vk, A=1—a—v=(w—T)Vk (69)
This set of parameters ensures that the following inequality is valid:

Eni1 — En +TVEE 1 < (2T — W)VEWny1 — (WT + (W — 7')2 + wr(w — 7)VK)Kbn11
= (1= wVE)(T + (w = 7)VE)VEd, (70)

+T7(w—7)w—74+ wr\/E)H%hn_,_l.

Note that we consider a parameter a > 0 which implies that 1 — wy/k > 0. Suppose in addition
that w > 27. Then, we get that for any n € N,

Eni1 — En + TVEEns1 < —(w — 27)WEWni1 + T(w — 7)(w — T+ WTVE)E . (71)

As F satisfies the assumption gg, we can write that xkh,+1 < w,4+1 and hence:

En1 — En + TVEE 11 < (T(w = T)(w — T+ wTVK) —w + 27) K/%hn+1. (72)
Thus, if
(1-wVk) ™ —w(2—wVK) 7° + (w? + 2)7 —w <0, (73)

then for any n € N,
5n+1 - &, + T\/Egn_;_l <0. (74)

Note that the solutions of automatically satisfy w > 27. Elementary computations show that
this implies

&< (1 —T\/E+72H)n80. (75)
Note that since x_1 = xo,
E=wo+A(Aa+(1—a)?) hg=wy+ ((w—7)*+ (v — T)wTVE) Kho, (76)
and using the assumption G7,
& < (1+ (w=71)*+ (w— 1)wTVK) wo. (77)

Moreover, for any n € N, w,, < &,. Thus, if is satisfied, then for any n € N:

F(ry) = F*< (14 (w—17)? + (w - 1wrvk) (1 — 7k + 72k)" (F(x0) — F*). (78)

In addition, by applying the inequality ||ul|?> = 2||lu + v||? + 2||v||?, we get that:

2
O < 2by + 3P, (79)

where b, = [[A(z, — #},) + &, — 2n_1]|*. The assumption G, gives that

2

+ A2k

Wy, (80)

and given the definition of &£, we obtain,

2 2
8 < (a + W) & (81)

By combining the above inequality with , we can finally prove that if is valid, then

2 — Tna] = O (6—%7\/E(1_T\/E)n) _ (82)
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5.3 Proof of Corollary

Let (z,)nen be the sequence given by (V-FISTA) for some a@ > 0 and s = % According to

Theorem if @ =1 — wy/k for some w € (O7 \F) then ) and are valid for any 7 > 0
satisfying:

(1-wVk) ™ —w(2—wVk) T + (W +2)T —w < 0. (83)
Corollary [2| relies on the following lemma.

Lemma 6. Let
P:(r,w,Kk) — (1—w\/E)T?’—w(wa\/E)72+(w2+2)T—w

If k < then for any w > g, P(%,w /<;) < 0.

10’
Proof. Given the expression of P, simple computations give that for any « € (0,1) and w > 0,

2 8 —12w? 8 —3w?
Pl = =(1-— . 4
(3w7w’ K) (1-wvi) 7 T ow (84)

We define the function ® as follows
P(w; k) = —9w? + 1203k + 1202 — 8wk + 8,
such that 2(;’ K p (55, w, k). We get that:

3w’
0P 9
%(w; k) = —36w”(w — VK) + 24w — 8/k. (85)
Consequently, if w > % and k < & 15> we have that w — /k > 1 and
0P
3 —(w; k) < —36w? + 24w < 0.
w

Since @ (2; k) = —182 4 57 /k which is strictly negative if x <

for any w > 3. As (1)2(;’ K = p (%, w, k), this lemma is proved.

In fact, w — g is a lower bound of the highest value of 7 satisfying (22)) for some w >
3w
K= % as illustrated in Figure

10, we can deduce that ®(w; k) < 0

3
5 and

2

£

Highest constant allowed for & = ﬁ

Figure 3: Comparison of the highest rate 7 satisfying (22) for x = % and w > 0 with the function
2

W =
3w

According to Lemma|§|, if k < % and w € (% T) then l 9) and (20) are valid with 7 = ==

Moreover, if we consider &« = 1 — 6 for some 0 € [%f ) then and are satisfied Wlth

T= 32—9\/E This leads to the conclusion of Corollary
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A Technical proofs

A.1 Proof of Theorem [3

Our analysis follows that introduced in [§]. We set o = (2 - ?) /1t and we consider the following

Lyapunov energy:
E(t) = F(xz(t) — F" + %II/\(I(t) —a* (1)) + ()| + €l t) — 2 (0], (86)

with A = /i and € = — (1 %) .
Following the discussion of Section [£.2.2] the assumptions of Theorem [3| ensure that & is right-
differentiable and for all ¢ > tg,

E(t) < —MVE(2(t), x(t) — " (1) + (A = ) |&(®)|* + (€ + A — a)(z(t) — 2™ (t),&(1)),  (87)

where € denotes the right derivative of £. By using the convexity of I’ and replacing the parameters
by their value,

E(t) < =P (x(t) = F") — (1 - g) VAlE@)® = (2 = V2)ula(t) — 2™ (1), &(2)). (88)

Let us define § = (2 — \/i)\/ﬁ The above inequality guarantees that for all ¢ > #q:

V2-1
2

As F satisfies G7 and ||z (t) — z*(t)|| = d((t), X*) for all t > to, we obtain that for all ¢ > to:

E)+08() < (1= V2) VE(P(2(t) - F*) + p3 () — 2 (1), (89)

E(t) +6€(1) < ((1 —V2) Vi% + \/52‘ 1;/3) le(t) - =* ()]* < 0. (90)

We refer the reader to the proof of [8, Theorem 1] for further developments on each of the above
steps and a discussion on the value of the parameters. Lemma [I] then guarantees that, for all
t 2 th

E(t) < E(tg)e~ @~ VDVEli—to) (91)

Since F' satisfies gi, elementary computations show that:

F(a(t)) = F* + &lla(t) —a* (@) > (V2 = 1)(F(z(t)) - F*), (92)
and consequently,
Vi > to, £(0) > (V1) (F((t) — F) + 2 IAG(0) — 2°(0)) + (1) (93)
This inequality implies that for all ¢ > tg:
. 1
Fla(t) = F* < —=—&() (09
and
[A((t) — 2" (1) +(1)]|* < 26(2). (95)

The first statement of Theorem [3| can be demonstrated by combining and and rewriting
E(to) (see [8, Section 6.1] for further details). We prove the second result as follows.
Using inequality [|u]? < 2|lu + v||? + 2/|v||?, we get that:
1217 < 2\ (t) — 2% (1) + @) + 2pllz(t) — 2" (@)
<2/ (2(t) = 2*(1) + 2O + 4(F(a(t)) - F).
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By applying the previous inequalities, we have that:

el <41+ ) e o7

The bound on the energy given in lead us to the conclusion:

i)l =0 (%)), (98)

A.2 Proof of Lemma [T

Let ¢’ denote the derivative of ¢ when it is well defined. According to [38], the function ¢ is
differentiable except at a countable set of points. This implies that there exists (t;);eq1,n7 and
N € N* U {+o0o} such that for any i € [0, N — 1] and ¢ € (¢;,ti41), ¢'(t) is well defined and equal
to ¢4 (t). We suppose that the sequence is ordered such that tg < t; < t;41 for any ¢ and that
tny = +oo when N # 4o0.

Suppose that t € (to,t1).

e If ¢ is differentiable at ty, then ¢ is differentiable on the interval [to,t1) and ¢’ = ¢ in this
interval. Consequently inequality ensures that,

B(t) < ¢(to) + t Y (u)du.

e If ¢ is not differentiable at ¢y, then inequality guarantees that for h > 0 sufficiently
small,

B(to + h) < é(to) + hp(to).

Then, the previous discussion allows us to say that ¢ is differentiable on [tg + h,t1). As a
consequence, we can say that there exists H € (0,¢ — tg) such that for any h € (0, H):

t

t to+h
o) <ottt + [ wldu <ot + [ wldur [ @it) —v(w)du.

to+h to
As this inequality is valid for any h € (0, H), we finally get the wanted inequality .

We now suppose that ¢t = t;. We just proved that is true for all t € (tg,t1). Therefore, for all
te (to, tl),

o(t) < olto) + | w(wydu,

to

and as ¢ is continuous we get the same inequality at t = ¢;.

By using the same arguments, we can prove that is valid for any ¢ > t;. Indeed, if t > ¢1, then
it means that t € (t;,t;+1) or that ¢t = ¢; for some ¢ € [1, N]. In both cases, we get the wanted
inequality by applying the above reasonings to the consecutive intervals (¢;,¢;41) for 0 < j < 4.

A.3 Proof of Lemma 2]
Let n € N*. By rewriting
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we get that:

(n = 0 = n 1) = 300+ 51 = ) (g = 25) + (o = 23), 00 — 2.
Noticing that z, — xp—1 = (zn, — @) + (@ — 2k _1) + ()1 — zp—1) leads to:
2<mn—m;,xn—xn_1> :5n+<zn—1 _‘T’n 19Tn — z;) < $Z—1az;_$;—1>
= hpo1 = (), — 2y 1a33n ) + (Tt — T 1, T — Ty q)
= Yo T (1 — T T, — T ) <$n—1 — Ty 1, n — Ey) + P

*

=hp —hp_1+ 571 - 7n + 2<$’n_1 - :L'n—bxn - x’tL—l>'

The second claim is proved using the same approach. We rewrite

* 1 * * * *
Tp—1—Tp_1 = 5 ((‘T"—l - {En) + (l'n - zn) + (xn - $n—1) + (xn—l - $n_1)) )
and consequently:
2@n—1 = T 1, Tn — Tn-1) = =0 + (@ — 27) + (27, — 25_1) + (T4 — Tn—1), Tn — Tn—1)-

By applying the same rewriting of z,, — x,,—1, simple calculations give that:
1

(Tn-1— Ty 1,Tn — Tpo1) = i(hn —hp—1—06n + '77*1) + (Tn — Ty Ty, — x2—1>'

A.4 Proof of Lemma [3

The first claim is straight forward as Lemma 3.1 of [I6] ensures that:

L
F(xn-&-l) - F(xn) < 9 (”yn - an2 - Hxn-i-l - -THHQ) .
By writing y,, = @, + an(zn, — 2p—1) and 2(F(2p41) — F(2)) = Wpy1 — wy, we can conclude.
By applying Lemma 3.1 of [16] to an other couple of points, we get that:

L
Fant) - F" < 5 (lyn = 231 = lznsr — 2ll?) -

It follows that:
Wit < [|Tn + an(Tn — Tp-1) — x;HQ — [(@n41 — 2p41) + (2540 — x;)||2
< h, + ai(;n — D1 — Vg1 T 200 (T — 23, Ty — Tp—1)
= 2(Tng1 — Ty Tg — L)

Recall that the first claim of Lemma Bl ensures that:

1 * * * *
7(hn —hp—1 + 571 - ’yn) + (.’L‘n,1 T Tp_1, Ty — xn71>’

*
nyTn — -’L'n71> = 2

(X —x

we can deduce that:
Wpt1 S (1 + an)hn + (Ol

+ an) n— Qphn_1 — hn+1 - ’Y;+1 - O‘n’YZ
+ 20 (Tp_1 — x, —

—1s Ty_1) = 2(Tpy1 — xr*urlax;kwrl —Tp)-

A.5 Proof of Lemma [

Let (2,)nen be the sequence provided by (V-FISTA|) and s = % We can write the Lyapunov
energy (£, )nen in the following way:

En = wp + (L= N0y + Ao — hn—1) + Nhy1 + My 42Xy, — 28, 20 — 25 _4).
Since (x, — ak,x} — xk_1) > 0, we can write that:
En 2 wp + ANhp — hpn—1),
which leads to the final result.
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A.6 Proof of Lemma [Gl

Let (z,,)nen be the sequence provided by (V-FISTA). By using the expression of &,, we get
that:
Ent1 —En = Wny1 —wy + A (a+ A+ (1 — @)?) (hps1 — hn) + (1 4+ A6yt

—Aa(hp = hp—1) —a(1 + A)d, — Aoy + Aay,, (99)

* * * * * *
+ 2 @y — Ty, Ty g — Xy) — 2MQ{Tp1 — X g, Ty — Ty ).

The first claim of Lemma 3] combined to the inequality —Aay;s, | + 2Xa(e, — 5, 25 — 23,) <0
lead to:
Ent1—En K A+ da+ (1= a)?) (hpgr — hn) + (@ + A — 1)8,41
—Aa(hy — hp—1) —a(l+ X —a)d, + Aoy, (100)
— 2 a(xp_1 —x) g,z —xl_q).

According to the second claim of Lemma [3] we have

0< — Mupr1 + Ma+a?)s, +Aa(hy —hp1) = Mhng1 — hn)
— M1 — Ay, + 22a(Tn—1 — 251, T;, — Ty_q) (101)

* * *
- 2)‘<x’ﬂ+1 - xn+17$n+1 - xn>7
and as (Tp41 — T 41,251 — 25) = 0, it follows that

Ent1 —En < —Mopg1 + A (a+ da+ (1—a)? = 1) (hpg1 — hn) (102)
+(a+ra— 1,41 — a(l —a— Aa)d,.

By developing o + Aa + (1 — a)? — 1 we get to the conclusion.
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