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The height gap of planar Brownian motion is

Antoine Jego* Titus Lupu' Wei Qiant

Abstract

We show that the occupation measure of planar Brownian motion exhibits a constant height
gap of 5/m across its outer boundary. This property bears similarities with the celebrated results of
Schramm-—Sheffield [18] and Miller—Sheffield [12] concerning the height gap of the Gaussian free
field across SLE,/CLE, curves. Heuristically, our result can also be thought of as the # — 07 limit
of the height gap property of a field built out of a Brownian loop soup with subcritical intensity
6 > 0, proved in our recent paper [3]. To obtain the explicit value of the height gap, we rely on the
computation by Garban and Trujillo Ferreras [1] of the expected area of the domain delimited by
the outer boundary of a Brownian bridge.
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1 Introduction

In the eighties, Mandelbrot [11] conjectures that the outer boundary of planar Brownian motion is
a fractal curve whose Hausdorfl dimension equals 4/3. The outer boundary, and more generally the
geometry of planar Brownian motion, has attracted a lot of attention ever since (many results and
references can be found in the book [13]). We mention that, in [8, 9] (also see [7]), Lawler, Schramm
and Werner prove Mandelbrot’s conjecture. Actually, the outer boundary turns out to be a random
continuous self-avoiding curve which is distributed as a version of Schramm-Loewner Evolution
(SLE) with parameter £ = 8/3 [5]. The main result of the current article is that occupation measure
of a 2D Brownian trajectory exhibits a constant height gap of 5/7 across its outer boundary. Due
to conformal invariance of planar Brownian motion (in particular invariance under the inversion
map z — 1/z), the same result in fact also holds for the boundary of any connected component of
the complement of a 2D Brownian trajectory.

By definition, the outer boundary of a planar Brownian motion P, that we denote by out(P), is
the boundary of the unbounded connected component of C\ P([0,T(P)]), where T(P) stands for
the lifetime, or duration, of P. On the other hand, the occupation measure of P, that we denote
by L,(P)dz, is a random Borel measure on C that assigns to each Borel set A C C the total time
spent by P in A:

T(P)
/LI(P)dSL’Z/ 1ip,caydt. (1.1)
A 0

To state our main result, let P = (Pt).e[0,1] be a standard two-dimensional Brownian motion
which starts at the origin and denote by v the law of its outer boundary out(P) (see Definition 2.2
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for the associated o-algebra). For any continuous self-avoiding loop ~y, we denote by int(vy) the
“interior” of 7, i.e. the bounded component of C \ .

Theorem 1.1. For v-almost all self-avoiding loop v, the following holds. Let (f.)e be a sequence
of test functions f. : int(y) — R such that [ fo =1 and {f- # 0} C {z € int(v),d(z,7) < &} for all
e > 0. Assume further that they satisfy the integrability conditions of Assumption 1.2. Then

e—0

/fa(:u)Lx(P)dx —>% in LYP(-lowt(P) = ). (1.2)

Assumption 1.2, which will be stated later, holds for a wide range of functions. In particular,
we can consider a sequence (fe). concentrated near a tiny given portion of the boundary, not the
entire boundary. The property near such a tiny portion does not depend on the behavior of the
Brownian motion far away. Therefore, Theorem 1.1 can be read as an almost-sure statement about
the local behavior of a planar Brownian motion. The global behavior of the Brownian motion (such
as time duration, endpoints) is not important. In Theorem 2.3, we prove an analogous result for a
Brownian loop.

Note that Theorem 1.1 is stated directly for the outer boundary v which is an SLEg/3-type
fractal curve. One can in fact also map such a fractal curve to a smooth curve via conformal maps.
In Theorem 4.3, we conformally send the domain encircled by the outer boundary of a Brownian
loop onto the unit disk, and show that the resulting occupation field in the unit disk also has the
same height gap 5/7 on the boundary.

Height gap of the Gaussian free field and Brownian loop soup Theorem 1.1 is a
height gap property for the occupation measure across its outer boundary -: it is constant and equal
to 5/m on v when approaching + from inside, whereas it is equal to zero on v when approaching ~y
from outside.

As discovered by Schramm-Sheffield [18] and Miller—Sheffield [12], the Gaussian free field also
exhibits such height gap properties. Indeed, one can couple it with a collection of self-avoiding
loops, the conformal loop ensemble CLE, with parameter k = 4. Outside of these loops (in the
CLE carpet), the free field vanishes, whereas inside each loop the value of the field jumps by an
additive factor 2, where A > 0 is explicit.

In [3], we construct and study the properties of a conformally invariant field hg defined out of a
Brownian loop soup with parameter 6 € (0,1/2] (a Poisson point process of Brownian loops with
intensity 26 times a loop measure p'°°P (2.1)). Informally, hy corresponds to a signed version of the
local time of the loop soup to the power 1 — 8. When 6 = 1/2, this field coincides with a Gaussian
free field. We show in [3] that, surprisingly, the height gap property generalises to any value of
0 € (0,1/2] across self-avoiding loops distributed according to CLE,,, where x = x(6) € (8/3,4].
The value of the height gap is however explicitly known only when 6 = 1/2. Theorem 1.1 can be
thought of as the limit § — 0T of this result. Informally, hy becomes simply the local time of a
single loop and the CLE,; becomes an SLEg,3 loop (recall that x(6) — 8/3 as § — 07).

We remark that for a critical loop soup, the excursions induced by the loops that touch the
cluster boundary is a Poisson point process of excursions [16], hence the occupation field of these
excursion on the boundary is constant by a law of large numbers. This number can be shown to be
7 /4, thanks to isomorphism with the GFF. In our case, the set of excursions induced by a Brownian
loop (by Proposition 3.3) is not a Poisson point process (by the arguments of [14, Section 3]). It
has a priori a rather intricate law, but interestingly it still has a constant boundary occupation
time 5/m. We expect that for a loop-soup with intensity § going from 0 to 1/2, the occupation field
induced by the loops that touch the cluster boundary should vary continuously from 5/7 to 7 /4. It
is an interesting open question to work out the exact value as a function of 6.

Let us however emphasise that the current paper does not rely on the height gap property for
the loop soup. Indeed, trying to make sense of the limit # — 0T of the loop soup result would
be difficult; for instance, two loop soups with distinct intensities 6; and 65, even when naturally
coupled, are mutually singular and their respective clusters are drastically different. Instead, we
will work directly with a Brownian trajectory. In addition and contrary to the loop soup case, we
compute explicitly the value of the height gap in our setting.

Some proof ideas We now comment on some of the ideas involved in the proof of Theorem 1.1.
We start by considering a Brownian trajectory which possesses a higher level of symmetry than a
plain Brownian motion stopped after one unit of time. The trajectory that we will consider will be
sampled according to the Brownian loop measure. Proceeding as in [14, Section 3], we conformally



map the inside of the outer boundary of the loop to the unit disc D, and get a Brownian loop in
D, “conditioned” on the event that its outer boundary agrees with the unit circle OD. We will
denote the resulting law by Pﬁfgﬁﬁ. It has the nice feature that it is invariant under any conformal
map preserving . As a consequence of this symmetry, we will show in Corollary 4.6 that the
expectation of the associated occupation measure is a constant Ay times Lebesgue measure in D.

The computation of the value of the constant Ay is achieved in Lemma 4.8. As we will see,
we relate it to the expectation of the area of the domain delimited by (it naturally appears for
instance on the right hand side of (2.4) when one takes f = 1). We eventually rely on a result of
Garban and Trujillo Ferreras [1]: the expected area of the domain delimited by the outer boundary
of a Brownian bridge of duration 1 equals /5.

At this stage, we know that, under the law IP’E%%?, the occupation measure has a constant
expectation which has an explicit value. We want to show that it concentrates around its expectation
when integrated against test functions whose supports are close to the unit circle. To do so, we will
show in Lemma 4.13 that the occupation measures of two small sets, near 0D and at a macroscopic
distance to each other, become asymptotically uncorrelated. This decorrelation property consists in
the most involved part of the paper. It starts with a partial exploration of the outer boundary of a
Brownian loop together with a decomposition of the resulting loop into conditionally independent
excursions (analogous results were obtained for loop soups in [16, 14, 15]). As a key tool, we will
also use estimates that we derived in [3] for general point processes of Brownian excursions which
satisfy some conformal restriction property; see Corollaries 3.6, 3.7 and 3.8.

We finish this introduction by stating the integrability assumptions satisfied by the sequence of
functions (f.). in Theorem 1.1. Given a continuous self-avoiding loop ~, we assume:

Assumption 1.2. For alle > 0, fint(,y) fe=1and {f. # 0} C {z € C,d(=z,v) < e}. Moreover,

€

Sup/ max(1l, —log|z — y|) fe(x) fe(y) dz dy < oo, (1.3)
int(y) xint ()

and lim lim sup/ 1fjp—y|<sy max(1l, —log |z — y[) fo(x) fo(y) dr dy = 0. (1.4)
int(v) xint(y)

0—0 -0

In Section 4, we give a broad family of examples of test functions satisfying these assumptions; see
Ezxample 4.2 and Lemma 4.4.

Organisation of the paper

e Section 2: We define more precisely our setup and state a version of Theorem 1.1 for a path
distributed according to the Brownian loop measure (see Theorem 2.3). We will then recall
and prove some preliminary results.

e Section 3: We show that we can condition a Brownian loop on a portion of its outer boundary
and study the resulting probability law.

e Section 4: This section is the main contribution of the current paper where we prove our main
result Theorem 1.1.

2 Setup and preliminaries

In this section, we will first describe precisely the setup we will be working with. We will then state
a version of Theorem 1.1 that is of independent interest for a path “sampled” according to the
loop measure p'°°P (2.1); see Theorem 2.3. The rest of the section will then be dedicated to some
preliminary results.

The Brownian loop measure. Our approach to Theorem 1.1 crucially relies on the Brownian
loop measure. Let us recall its definition and some important facts. As introduced by [10], the
Brownian loop measure on the plane C is defined by

dt 1
loop _ t,2,2
(P (dP) [C dz/o 5B AP) (2.1)

where P“## denotes the probability law of a Brownian bridge from z to z with duration ¢. In this
paper, we consider standard Brownian motion with generator %A. We will view the measure z!°°P
as a measure on the following space of loops L:



Definition 2.1 (Space of loops L£). It is the space of unrooted loops, up to monotone time
reparametrisation. It is defined as the space of continuous maps from the unit circle St to C
where two maps P1 and Py are identified if there exist Oy € [0,27] and an increasing bijection
o :[0,21] — [0, 2] such that Py(e'0F0%)) = Py(ei)) for all 6 € [0,27]. We will endow L with the
following metric: for two loops Py and Po, let

dg(P1,Po) = einf sup {|P1(e0+00)) — Py (7)) 0 € [0, 27]} (2.2)

where the infimum runs over 0y € [0,27] and increasing bijections o : [0,27] — [0,27]. We will then
use the topology and o-algebra naturally associated to this metric.

Definition 2.2 (Space of self-avoiding loops T). It is the subset of L consisting of injective maps
St to C. We denote this space by T and we endow it with the metric dz (2.2) and the associated
topology and o-algebra.

It will be convenient for us to consider loops as unrooted and up to time parametrisation since,
in this way, the loop measure p'°°P is conformally invariant [10]. We now mention a few more
important results. The push forward of the measure p!°°? by the map P € £ ~ out(P) € T is equal
to an SLEg/3 loop measure (measure on the space I') that we denote by vspg [20]. Moreover, the
Brownian loop measure p!°°P factorises into

JooP(dP) = / 1P (AP s (). (2.3)

where p!°°P(dP|y) is now a probability measure: the Brownian loop measure “conditioned on the
event that the outer boundary agrees with +”. Additionally and as shown in [14], if one conformally
maps the interior of 7 to the unit disc D, the push forward of u'°°?(dP|y) is now a probability
measure on loops in D that does not depend on +, or on the specific choice of conformal map. See
Proposition 3.1 below for a precise statement.

Recovering the time parametrisation. Although we consider loops, and more generally paths,
up to time reparametrisation, we now explain that we can recover the original time parametrisation
deterministically from the path modulo parametrisation.

To recover the original time parametrisation, one simply needs to notice that the occupation
measure of a Brownian path P is solely a function of its trace K = P([0, T(P)]). Indeed, it is equal

to the Minkowski content of K with gauge function r — 2r%|logr|?. That is, for any open set

AcCC,
1
/ L,(P)dz = = lim |logr||[ANK"|
A T r—0
where K" is the r-enlargement of K, i.e. the set of points at distance at most r to K, and |[A N K"|
denotes the Lebesgue measure of AN K". A related and more difficult result by Taylor [19] states
that the occupation measure agrees with a constant multiple of the Hausdorff measure of the
path in the gauge = — z2log % logloglog % As a result, the occupation measure, and thus the
parametrisation of the path, can be recovered only from the path modulo time reparametrisation.

From now on, we will not mention time parametrisation any more and consider loops up to time
reparametrisation, i.e. work with the space L.

We now state a version of Theorem 1.1 for P sampled according to p!°°P(:|y). It contains an
additional property ((2.4) below) that is reminiscent of the conformal invariance of y'°°P.

Theorem 2.3. For vspg-almost all v, and P sampled according to p'°°P(-|y), the following holds.
o (Constant expectation) For all test function f:C — R,

E| / J(@) L (P = % /mm) /. (2.4)

o (Constant boundary conditions) Let (f.)c be a sequence of test functions fe : int(y) = R such
that [ f- =1 and {f. # 0} C {z € int(y),d(x,v) < €} for all e > 0. Assume further that they
satisfy the integrability conditions of Assumption 1.2. Then

/fg(x)Lx(P)dx 2 (2.5)

In the remaining of this section, we collect preliminary results that we will need in the paper.



2.1 Green’s function and Poisson kernel

We recall the definition and some explicit expressions of the Green’s function and Poisson kernel
for ease of future reference. For any domain D, let Gp be the Green’s function in D. In our
normalisation,

|z — 9l

L |
=—lo .
lz -yl

vxay € Da GD(Iay)

1
and Vz,y € H, Gy(x,y) = - log (2.6)

T 7 |z —yl
Suppose that 9D is smooth. Then for z € D and z € 9D, the Poisson kernel is given by
Hp(z,z) = lim._,ge 'G(x, 2z + en,), where n, is the inward unit normal vector of D at z. We
have

Im(x)

11— |z?
Vo € D,Vz € 9D, Hp(z,z) = — - Tz — 2]
Py

2|z — 2|2

and Vz e H,Vz € 0H, Hy(z,z) = (2.7)

For z,w € dD, let the boundary Poisson kernel be Hp(z,w) = lim._,oe ' Hp(z + en,,w). Under
this normalisation, we have

1 1

VZ,'U) S 8D7 H]D)(Z,U)) = W and vZ,'LU S 8H, HH(Z7'LU) = m (28)

The Green’s function and Poisson kernel are conformally invariant/covariant in the following sense.
For any conformal map f: D — D', x,y € D and z,w € 9D such that 9D (resp. dD’) is locally
smooth near z and w (resp. near f(z) and f(z)),

Gp (.f(x)v f(y)) = GD(xvy)’ (29)
Hp/(f(x), f(2)) = |f' ()] ' Hp(z,2) and Hp/(f(2), f(w)) = f/(Z)|_1|f'(w)|_1HD(Z7Ugﬂ))

We will also use the explicit expression of the Poisson kernel in a horizontal strip R + (0, wh)
where h > 0: for all x € R+4(0,7h) and z¢ € R,

1 sin(Im z/h)
Hgy; = 2.11
Ri(0.mm) (2 0) 27h cosh((Re x — xg)/h) — cos(Im x/h)’ (2.11)

. sin(Im x/h
Hg 1i(0,xn) (%, 20 + imh) = ( /M) (2.12)

27h cosh((Re & — x0)/h) + cos(Im z/h)’

See for instance [21]. (Thanks to the change of coordinate formula (2.10), this amounts to finding
an explicit expression for a conformal transformation mapping the strip to the upper half plane, or
the unit disc.) The boundary Poisson kernel is given by: for all x1,x2 € R,

1 1
Hg.y; = Hg.y; ih ih) = 2.13
R+:(0,7h) (3317 332) R+z(0,7rh)(x1 +imh, x2 +m ) 2h2 COSh((iCl — xg)/h) 1 ( )
1 1
Hg.; ih = Hg; iTh) = . 2.14
R+i(0,xh) (T1 +imh, T2) R+i(0,xh) (T1, T2 + imh) 27h2 cosh((z1 — a2)/h) + 1 ( )
Moreover, for all z € R +4(0, wh),
Im(x
/HR+i(O,7rh) (1’71'0) d.’EO =1- ( ) (215)
R 7Th

Indeed, the left hand side corresponds to the probability that a 1D Brownian motion starting at
Im(z) hits 0 before wh. The latter turns out to be equal to the right hand side term of (2.15).

2.2 Hulls and conformal maps
We call a bounded subset A C H a H-hull if A =HN A and H \ A is simply connected. For every

H-hull A, there is a unique conformal transformation g4 from H\ A onto H with

lim [ga(z) — 2] = 0.

Z—00

We recall the following result:



Lemma 2.4 (Proposition 3.38, [6]). Suppose that A is a H-hull, (B;)i>0 s a planar Brownian
motion, and let T be the smallest t such that By € RUA. Then for all z € H\ A,

Im(z) = Im(ga(2)) — E.[Im(B, ).

The following lemma is the main result of this section. It gives a quantitative control on the
distance between g4 and the identity map, for points not too close to the set A. For € > 0, let

Ri={z+iy:ze[-1¢,y€0,¢]} and Ry ={x+iy,x € [-1—¢,2¢],y € [0, 2¢]}. (2.16)

Lemma 2.5. There exists ¢ < oo such that if ¢ < 1/10 and A is a H-hull contained in the rectangle
Ry, then for all z € H\ Ry, we have

lga(z) — z| < ce|loge]. (2.17)

Proof. Many ideas of this proof come from [6, Proposition 3.50]. Let h(z) = ga(z) and v(z) =
Im(h(z)). Note that v(z) is harmonic. By Lemma 2.4, we have v(z) > 0. Let r = dist(z,RU A).
For all ¢ € B(z,r), we have

v(() = / v(w)F (¢, w)|dw], where F((,w) = iRe (w—l—C—?z) .
OB(z,r)

27r w—(

Letting ¢ = z + iy, we have |0, F(C, w)|._, < 1/(7r?) and |0y F(C,w)l—, < 1/(7r?). Therefore
o) < [ ow)(mr®)dul = 20()
OB(z,r)

and similarly |0,v(z)| < 2v(2)/r. This implies |h’(2)| < 2v/2v(z)/r. Since h(z) — 0 as y — oo, we
have

|h(2)] S/ |h (x+zu)\du<2\f/ x + du) dist(z + du, R U R) ™ *du. (2.18)
y

We now bound the value of v(z 4 iu) using Lemma 2.4. We distinguish a few cases. There exists a
constant ¢ > 0 such that the following holds.

1. If u > 1, then v(x + iu) < ce/u.
2. If v € (—oo,—1 —¢], then let r = —1 — 2 > . We have v(z + iu) < csu/r? for u € (0,7%] and
v(z +iu) < e for u € (r?,1].
3. If x € [26,00), then let r = x — e > . We have v(x + iu) < ceu/r? for u € (0,7%] and
v(z +iu) < e for u € (r?,1].
4. If x € [-1 — ¢,2¢] and u € [2¢,1], then v(z 4 iu) < e.
Now, if x € (—o0, —1 — €], then let r = —1 — & > . We plug the bounds 1 and 2 into (2.18), and
get that there exist ¢, co > 0, such that for all z € H with Rez =z € (—o0, —1 — €],

r? 1 00

|h(2)] < cl/ e/ridu + cl/ eutdu + cl/ eu2du < cyelogel.
0 r2 1

If z € [2¢,00), then let r = 2 — e > . We plug the bounds 1 and 3 into (2.18), and get similarly for

all z € H with Rez = z € [2¢,00) that |h(z)| < cae|logel|. If z € [-1 — &,2¢] and u > 2¢, then we

plug the bounds 1 and 4 into (2.18), and get for all z with Rez = x € [-1 — ¢, 2¢] and Imz > 2¢,

1 e
|h(z)] < cl/ e/(u—e)du+ ¢ / eu"Hu —e) " tdu < cae|logel.
2 1

€

This completes the proof. O

We now state a consequence of Lemma 2.5 that we will use later. Recall that the rectangles R
and Ry are defined in (2.16).

Corollary 2.6. There exists c; > 0 such that the following holds. Let € € (0,1/10) and suppose
that v is a curve parametrized by [0, 7] with v(0) = 0, v(r) € [-1,—-1 +ie] and v([0,7]) C R;.
Let f be the unique conformal map from H\ v([0,7]) onto H with f(07) =0, f(v(r)) = —1 and
f(o0) = 00. Then for all z € H\ Ry, we have

|z — f(2)] < cie]loge].



Proof. Let g be the unique conformal map from H\ v([0, 7]) onto H with lim,_,+[g(z) — 2] = 0. By
Lemma 2.5, we know that there exists a constant ¢ > 0, such that for all ¢ < 1/10, almost surely
on the event E., for all z € H\ Ry, we have

lg(z) — 2| < ce|loge|. (2.19)

Note that f(2) = (g(z) — g(07))/(g(0") — g(v(7))). To conclude, it suffices to show that there
exists ¢ > 0 such that

9(07)] < coelloge|  and  [g(y(7)) = (=1)| < ce|loge]. (2.20)
Note that
9(07)] < [g(2¢) — 2¢] + 2¢ + |g(2¢) — g(07)| (2.21)

Let B be a Brownian motion and let o be the first time ¢ that B, hits R U ([0, 7]). Let o¢ be the
first time ¢ that B; hits R. Then

g(2¢) — g(0") = lim myP¥[g(B,) € [g(07), g(26)]] = Jim myPI W[B_ € [0, 2¢]]

Y—r0o0
= lim myP¥[B, € [0,2¢]] < lim myP¥[B,, € [0,2¢]] = 2. (2.22)
Yy—00 Yy—00

Plugging (2.19) and (2.22) into (2.21), we get |g(0")| < c1¢]loge| for some ¢; > 0. We also have

l9(v(7)) = (=D < lg(=1—¢) = (=1 =) + e+ [g(=1 =) = g(7())I. (2.23)
Let I be the union of [—-1 — ¢, 0] together with the left hand-side of v([0, 7]). We have

9(v(7)) —g(=1—¢) = lim 7yP™[B, € I].
Yy (oo}
Let o1 be the first time ¢ that By hits R U [—1,v(7)] U~(]0,7]). Let I; be the union of [-1 — ¢, —1]
with the left-hand side of [—1,v(7)]. Then P¥[B, € I] < P¥[B,, € I;]. Let o2 be the first time ¢
that B; hits RU [—1,7(7)]. Then P¥[B,, € I] < P¥[B,, € I ], hence

9(1(7) = 9(~1- ) < Tim 7yP[B,, € 1] = Gr(r)) — (-1~ <),

Y—00

where g is the unique conformal map from H \ [—1,~(7)] onto H with lim,_,[g(z) — 2] = 0. Let
§ = |y(1)| € [0,¢], then G(2) = ((z + 1)% + 62)Y/2 — 1, and G(y(7)) — g(—1 — &) = Ve2 + 62 < 2e.
This implies g(y(7)) — g(—1 — ) < 2e. Plugging it back into (2.23), adjusting ¢; if necessary, we
get |g(v(7)) — (=1)| < c1¢]logel|. This completes the proof of (2.20) and thus of Corollary 2.6. [

3 Conditioning a loop on a portion of its outer boundary

Let us start by recalling a result that we already alluded to.

Proposition 3.1 (Proposition 3.6, [14]). There exists a probability measure Pﬁfgﬁnﬁl on the space of

loops {P € L : P C D} which is invariant under any conformal map of the unit disc and such that
the following holds. For vsig-almost all «y, the following holds. Let ¢~ : D — int(y) be a conformal
transformation. Then the push forward of nggﬁ)ﬁ by ¢ is distributed according to p'°°P(-|y) (2.3).

The probability law Pyl was denoted by P in [14]. Informally, it corresponds to the law of
a Brownian loop P ~ p!°°P conditioned on the event that its outer boundary agrees with the unit

wired wired

circle. Let ¢ : D — H be a conformal map. We will denote by Pjy'g™® the push forward of PF55 by

¢. By conformal invariance of PJired. P¥ired does not depend on our specific choice of conformal

map .

In this section, and inspired by [14], we will explain how to explore only partially the outer
boundary of a Brownian loop. We will define in this way a loop wired only on a portion of the
boundary that satisfies one-sided conformal restriction with parameter o = 5/8; see Lemma 3.2.
We will then show that this partially wired Brownian loop can be decomposed as the concatenation
of a locally finite point process of Brownian excursions. This will be the content of Proposition 3.3
which is the main result of this section. We will carry out this procedure through the Brownian
bubble measure, introduced in [5] and [10].



Brownian bubble measure The Brownian bubble measure in the upper half plane H rooted
at 0 is defined as

Obub _ 1. T . ic,0
My —gl_%EHH(ZS»O)PH ) (3.1)

where Pﬁ’o is the probability measure on Brownian excursions in H from ie to 0 and Hg(ie,0) is

the Poisson kernel in H from ie to 0. For x,y € R, we also denote by uﬁﬂg’bub the bubble measure

in H + iy rooted at x + iy (obtained from ,ugﬂ’bUb by translation). The following decomposition (see
[10, Proposition 7]) relates the Brownian bubble measure to the Brownian loop measure

loop __ 1 * * l‘+iy7bUbd d 3.2
pem = Hpit iy zTay. (3:2)
—o0 J —o0

It was shown in [5] that if P is distributed according to ,u%beb, then out(P) is distributed according

to a constant times of SLEg,3 bubble measure. More precisely, we define the SLEg /3 bubble measure
as
pOPUP iy e 2PSLE

H e—0 0, >

where IP’S,];E is the probability measure on SLEg/3 curves in H from 0 to . Note that Vﬂ%’bub and

u%{bUb are infinite measures, but are finite when we restrict to big loops.

Suppose that P; is a Brownian bubble sampled according to the probability measure obtained

by renormalizing ,u]%fbub restricted to loops that intersect —1 + ¢RR:

Pr o~ " (AP) L pr1simyzoy /g (P P 0 (=1 +1R) # @}). (3.3)
We regard v := out(P1) as a curve from 0 to 0 oriented clockwise and we define
T:=1inf{t > 0:7y(t) € —1 +iR}. (3.4)

Let f be the unique conformal map from H \ ([0, 7]) onto H with f(0%) =0, f(y(7)) = —1 and
f(o0) = oo.

Lemma 3.2. The law of f(P1) is invariant under all conformal maps from H onto itself that fizes
—1,0, and satisfies one-sided conformal restriction with parameter oo = 5/8. We will denote this

law by Pﬁ,ifﬂ,o] )

We define ]P’ﬁf?d for any interval I # R as the image of Pﬁifidl 0l under a conformal map from H
onto itself that maps [—1,0] to I.

Proof. By definition of the SLEg,3 bubble measure, the image under f of the part of v after 7 is
distributed as a chordal SLEg,3 curve 7 in H from —1 to 0. The law of ¥ is invariant under all
conformal maps from H onto itself that fixes —1,0, and satisfies one-sided conformal restriction
with parameter 5/8 (see [5]). By Proposition 3.1 and (3.2), we know that f(P;) has the same law
as the following random object: We first sample a chordal SLEg/3 curve 7 in H from —1 to 0. In
the bounded connected component C(¥) of H \ 7, we choose a random point z, say uniformly in
C(7). Let ¢ be the conformal map from D onto C(5) with ¢(0) = z and ¢(1) = 0. Let K be an
independent set with law Pﬁfg%i. Then ¢(K) has the same law as f(P;). Due to the conformal
invariance of IP’B{’ing? and 7, we can deduce that the law of p(K) is invariant under all conformal
maps from H onto itself that fixes —1,0. O

We can now state and prove the main result of this section.

Proposition 3.3. Let P be distributed as Pﬁfiﬁﬂ]' Then P is the concatenation of a locally finite

point process of Brownian excursions in H with endpoints in [0, 1].

Remark 3.4. By “locally finite”, we mean that for any § > 0, there are a.s. finitely many excursions
with diameter > 0. By “point process”, we mean that given the pairs of endpoints of the excursions,
the excursions are distributed as independent Brownian excursions in H connecting those endpoints.
By “concatenation”, we mean that these excursions come with a natural cyclic ordering allowing us
to glue them together to recover the unrooted loop modulo time parametrisation. Note however
that this cycling ordering is a priori not measurable w.r.t. the point process of excursions. This
proposition is analogous to [15, Lemma 9] where a similar result is proved for a Brownian loop soup
wired on the entire boundary.
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Figure 3.1: On the left, we depict the decomposition of a Brownian bubble P, where the event E.
occurs. The excursions in (1) (2) (3) are respectively drawn in blue, red and green. The picture on the
left is mapped by f to the picture on the right.

Proof of Proposition 3.3. The “locally finite” property immediately follows from the fact that
that P is a continuous loop. To prove the “point process” property, we first make the following
decomposition for a loop P; distributed according to (3.3). See Figure 3.1 for an illustration. Fix
0 >2e>0. Asin (2.16), let Ry be the rectangle with corners —1 — € and 2¢ + 2¢i and let R be
the rectangle with corners —1 — § and § + ¢d. Then P; can be decomposed as the concatenation of

(1) a finite number of excursions in H \ Ry which have both endpoints on ORs, and intersect OR3;
(2) excursions in Rz that connect the endpoints of the excursions in (1);

(3) an excursion in R3 from 0 to an endpoint of an excursion in (1), and an excursion in R3 from
an endpoint of an excursion in (1) back to 0.

The strong Markov property of Brownian path measures ensures that given the endpoints, the
excursions in (1) are distributed as independent Brownian excursions in H\ Rs that are conditioned
to intersect OR3.

Lemma 3.2 and its proof allow us to decompose P; into three independent random objects: the
curve ([0, 7]) (see (3.4)), the curve 7 distributed as an SLEg,3 from —1 to 0, and K distributed as
Pyt As before, we will denote by f the unique conformal map from H \ v([0,7]) onto H with
F(0T) =0, f(v(1)) = —1 and f(co) = co. Consider the event

Ee = {7([0,7]) € Ru}. (3.5)

This event is determined by (2) and (3), and is independent from the excursions in (1) (conditionally
on their endpoints which are determined by (2) and (3)).

The event E. only depends on ([0, 7]), not on 7 nor on K. Because f(P;) is independent
from ([0, 7]), the law of f(P1) conditioned on E. is the same as its unconditioned law, which is
Pﬁ‘fedl o- Now, let Ry := f(Ry) and R3 = f(Rs) which are independent of f(P;) (they only depend
on v([0,7])). We have therefore > proved the following statement: Suppose P is sampled w.r.t. the
law Pw‘fed Suppose Ry and Rj are sampled according to f (R2) and f(R3) conditioned on E.,
1ndependent1y from P. Then P can be decomposed into three parts:

(1) a finite number of excursions in H \ Ry which have both endpoints on Ry, and intersect ORs;
(2’) excursions in ég that connect the endpoints of the excursions in the previous bullet point;

(3’) an excursion in Rs from 0 to an endpoint of an excursion in (1), and an excursion in R3 from
an endpoint of an excursion in (1) back to 0.

Moreover, let £ be the set of excursions in (17). Conditionally given the endpoints of the excursions,
& is distributed as a set of independent Brownian excursions in H \ EQ connecting their endpoints
on 8]?22 and conditioned to intersect 8]?23.

Let & be the collection of excursions away from [—1,0] induced from P. Let £(R3) be the
collection of excursions in € that intersect OR3. Note that both & and £(Rs3) are finite sets, due
to the “local finiteness”. Corollary 2.6 ensures that OR, converges a.s. to the segment [—1,0] and
6§3 converges a.s. to OR3, both w.r.t. the Hausdorff distance, as € — 0. Therefore, £; converges to
E(R3) as € — 0, in the following sense: For e small enough, there is a bijection between & and
E(R3). Moreover, each excursion in & is a subset of the corresponding excursion in £(R3) and
it converges to a corresponding excursion in £(R3) w.r.t. the Hausdorff distance. This implies
that given the endpoints of the excursions, £(R3) is distributed as a set of independent Brownian
excursions in H connecting their endpoints on [—1, 0] and conditioned to intersect dR3. Since this
is true for any § > 0, it implies the proposition. O



Notation 3.5. A loop P sampled according to Pﬁfg‘ﬁ)ﬁ is the concatenation of countably many

Brownian excursions in D with endpoints in OD. Let us denote by Esp such a collection of
excursions. For each excursion e € Egp, let a(e) and b(e) be its end points. For symmetry purposes,
a(e) is randomly chosen to be one of the two endpoints with equal probability 1/2 and b(e) is the
other endpoint. Similarly, if P ~ Pw“ed (resp. P ~ ]P’W‘red for some interval I C R), then P is the
concatenation of countably many excursions in H that we denote by Eg (resp. E1).

Consequences of Lemma 3.2 and Proposition 3.3. We now list a few important
consequences of the Lemma 3.2 and Proposition 3.3 that were derived in [3].

Corollary 3.6. Let a = 5/8 be the conformal restriction parameter. For all r > 0,

Forall0<ry <ry,

(a(e) — b(e))? be;))”
DI ey e R D DS | <4—b(ej>>2]

€€€]R_ 61;5626811Ji j=1, 2
B o! n a N ala—1) (37)
ri(re—r2)®  r3(ri—re)®  orird '

Proof. By Lemma 3.2 and Proposition 3.3, &g- is a locally finite point process of Brownian
excursions and its filling satisfies one-sided conformal restriction with exponent a. As shown in [3]
(see in particular [3, Remark 6.6]), these two properties yield the identities (3.6) and (3.7). O

Corollary 3.7. There exists C > 0 such that the following holds. Let I,Is C R be any intervals
with respective lengths r1 and ro. Then,

E[ zg: (a(e)fb(e))z}SCrlrg. (3.8)
a(e)e(;ibi(ie)EIz

Moreover, if in addition I; C I, then
2
]EK 3 (ale) —b(e))2) } < Cryrd. (3.9)
ecér
a(e)el,b(e)els

Proof. (3.8) is the analogue of [3, Lemma 6.20] and follows from (3.6). See [3, Section 6.4] for
details. Moving to the proof of (3.9), we first notice that, by scaling and translation, the left hand

side of (3.9) is equal to )
HE( Y (ale) = be)?) ]

e€lr
a(e)€l;,b(e)€[0,1]

where I{ C [0,1] is an interval of length 71 /r2. By the analogue of [3, Lemma 6.19] which is derived
from (3.7), the above expectation is at most Cry/ry which concludes the proof. O

Corollary 3.8. There exists C > 0, such that for all x,y € H,

limsup |logr|?P (Je, e’ € Er,e N B(x,r) # @,¢' N B(y,r) # @) < Cmax(1, Gu(r,y)).
r—0

Proof. This result is the analogue of [3, Proposition 6.4] and follows from Corollary 3.7. See [3,
Section 6.5] for details. O

4 Proof of Theorems 1.1 and 2.3

The goal of this section is to prove our main result, Theorem 1.1 and its analogue Theorem 2.3 for
a Brownian loop. We start in Section 4.1 by showing that Theorem 2.3 implies Theorem 1.1. We
will further reduce the problem by showing that Theorem 2.3 follows from a third version of this
result, Theorem 4.3 below.
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4.1 Reduction

We first state a version of Theorem 2.3 for P ~ Pﬁfg%i. We will need to consider the following
assumption on a sequence (f¢). of test functions f. : D — R:

Assumption 4.1. For all e > 0, f. is compactly supported in {x € D : d(x,0D) < £} and fD fe=1
Moreover,

sup/ max (1, —log |z — y|) fo(z) f- (y)dzdy < oo, (4.1)

€ DxD

and lim lim sup/ 1f|z—y|<sy max(1, —log |z — yl) fo () f-(y)dady = 0. (4.2)
§—0 e—0 DxD

Example 4.2. If f: C — R is a smooth test function compactly supported in D with [ f =1, then
one can check that the sequence f. :x € D +— %f(l_lx‘ =

e |zl

instance, (4.1) boils down to the fact that the integral

), € > 0, satisfies Assumption 4.1. For

/DXD max (1, —log ‘% — |y?| )f(sc)f(y)dxdy

is finite (a logarithmic singularity is integrable in dimension 1).
Theorem 4.3. Consider a loop P sampled according to ngg%ﬂ (see Proposition 3.1).

o (Constant expectation) For all test function f,
wired 5
By | [ f@)La(Pdz] =2 [ f. (4.3)
D

o (Constant boundary conditions) Let (f.): be a sequence of test functions satisfying Assump-
tion 4.1. Then
Ll ]Pwirc‘d 5
(Pp5p ) 5 (4.4)
™

e—0

[ @)Ly

The proof of Theorem 2.3 assuming Theorem 4.3 will essentially follow from the following lemma.
Together with Example 4.2, this lemma also gives a wide family of examples of test functions
satisfying Assumption 1.2.

Lemma 4.4. For vgrg-almost all v and any conformal map ¢~ : int(y) — D, there exist a constant
c=c(v) € (0,00) and a deterministic exponent h > 0 such that the following holds.

o If(f.)e is a sequence of test functions satisfying Assumption 1.2, then (f.). satisfies Assumption
4.1 where, for e >0,

for o yeD — froum(el W)@ ()2 (4.5)

« Conversely, if (f-)e is a sequence of test functions satisfying Assumption 4.1, then (f.)e
satisfies Assumption 1.2 where, for e > 0,

foov weimt(n) = (o (@)le (@) (4.6)

L are uniformly

Proof of Lemma 4.4. The key property is that for vgpg-almost all v, ¢, and ¢
Holder continuous: there exists ¢ = c(y) € (0,00) and h > 0 such that for all y,y’ € D and

x, 2’ € int(7y),

03 ) =3 @I < Ty =" and oy (2) — @y (2))] < ¢ Ha -2l (4.7)

Indeed, v is locally an SLEg,3 curve and the map uniformising the complement of an SLE,; curve is
known to be Holder continuous when x < 4; see [17] (see also [2] for the optimal Holder exponent h).

Now, consider a sequence of test functions (f.). satisfying Assumption 1.2 and define f. as in
(4.5) with ¢ and h as above. The inequality (4.7) for ¢~ together with the fact that the support of
f is contained in {z € int(y) : d(x,7) < e} implies that f. is supported in {y € D : d(y, D) < }.
The fact that fD f. =1 follows directly from the fact that fint(ﬂ fe =1 together with a change of

11



variable. Finally, to check (4.1), we compute with the help of the change of variables y = ¢, (z),
Y = ¢, (2) and & = (cg)/":

sup max(1, —log |y — /|) f-(y) f- (v )dydy/
€ DxD

- / max(1, - log |y () — oy (2)]) fe(2) fo(a’)dada’
int(vy) xint(vy)

é

< Csup/ max (1, —log |z — 2'|) fz(z) fz(z")dzdz’.
€ Jint(y)xint(y)

In the last inequality we used that ¢, is Holder. The above right hand side is bounded by assumption

on (f.)e. This shows that (f.). satisfies (4.1). (4.2) is similar. This concludes the proof that (f.).

satisfies Assumption 4.1. The reverse direction is analogous. O
We now prove Theorem 2.3 assuming Theorem 4.3.

Proof of Theorem 2.3, assuming Theorem 4.3. Let v be a continuous simple loop and P be sampled
according to p'°°P(-|y), as in the statement of Theorem 2.3. Let ¢, : int(y) — D be any fixed
conformal map. Recall that Pt := . (P) is distributed according to Pﬁlg%ﬁi and is independent of
v; see Proposition 3.1.

Let f be a test function. By doing the change of variables x = 2 L(y), we have

B[ [ fe)La(P)ds]] | / T3 W)Ly (@5 (PN () Py

Because chfl(y)(ga;l(Pmt))dy = L,(P™*)dy a.s. and because P is independent of v, we have by
Theorem 4.3, (4.3), that the right hand side equals to

§ 1 —1\/ 2d — E X dl’
7T/Df(% WN)Ie™) (y)"dy w/inm)f( )
This proves (2.4).

Moving to the proof of (2.5), let (f:)e be a sequence of test functions satisfying Assumption 1.2.
By Lemma 4.4, the sequence (f.). defined in (4.5) satisfies Assumption 4.1. We can thus perform the
same change of variables as above and use Theorem 4.3, (4.4), to deduce that [ f.(z)Ly(P)dz — 2
in L'. This concludes the proof. O

Finally, we prove Theorem 1.1, assuming Theorem 2.3:

Proof of Theorem 1.1, assuming Theorem 2.3. For t > 0 and z € C, we denote by v, ; the push
forward of P%## by the map P € L + out(P) € I', where we recall that P%*Z is the probability law
of a Brownian bridge from z to z with duration ¢ and the spaces £ and I' are defined in Definitions
2.1 and 2.2 respectively. Since vspg is the push forward of p'°° by the map P s out(P) [20], and
by the identity (2.1), the probability measures v, are related to vgpg by

/d /°° dt 1
v = z — V.
SLE )L, Tt om ot

Let z € C, t > 0 and + be a continuous self-avoiding loop. Let (f.). be a sequence of test functions
fe :int(y) — R satisfying Assumption 1.2. Let E, ;(y) be the event that

/fE cl:c—>§ in LY(P%2(-|5)).

e—=0 T

By translation and scaling, v, ¢(E, (7)) does not depend on z or t and we know by Theorem 2.3

that &1
/ / 7 o et (Bt (1)) = 0.

Hence v, +(E, (7)) = 1, that is to say, Theorem 1.1 holds for v, ;-almost all 7, for P ~ PH2(-|y).

We now specify this result to z = 0 and ¢ = 2 and cut the Brownian bridge P = (Pt):e[o,2] into
two pieces P! = (Pt)tefo,1) and P? = (P14t)tef0,1)- Notice that, for almost all realisations of P,
conditionally on P!, the probability that P? stays in int(out(P')) and at a positive distance to
out(P?!) is positive. On this event, the outer boundaries of P and P! coincide and their respective
local times in the vicinity of out(P) also agree. Therefore, Theorem 1.1 also holds for P*. Since P!
is mutually absolutely continuous with respect to a Brownian motion starting at 0 of duration 1, it
concludes the proof. O

12



The rest of this section is dedicated to the proof of Theorem 4.3. The proofs of (4.3) and (4.4)
will be obtained in Sections 4.2 and 4.3 respectively.

4.2 First moment - Proof of (4.3)

Lemma 4.5. The measure ngg%? [L.(P)dx] possesses a density with respect to Lebesgue measure
in D given by

1 Hp(x,a(e))Hp(z,b(e
rep o E Y S oo 9

With a slight abuse of notation, we will denote this density by x € D — ngg%i [L:(P)]. Moreover,
for all x € D, we have

BN (L (P)] = ~ lim | log r[PY5E(P 0 Bl 1) # 2). (4.9)
Proof. (4.9) is a consequence of the standard fact that the occupation measure of P coincides with
its Minkowski content in the gauge r > Lr?|logr|. To check that the multiplicative constant 1
is correct, one can look at the limit as r — 0 of |logr| times the probability that a Brownian
motion starting at « € D hits B(y, r) before dD. This limit is equal to 7Gp(z,y) and in particular
diverges like —log |z — y| as  —y — 0 (recall that Gp is defined in (2.6)). On the other hand, the
Green’s function diverges like —% log |« — y| which explains the multiplicative factor % appearing
in (4.9). For (4.8), a small calculation first gives that for any distinct boundary points a,b € 9D,
the expectation of the occupation measure of a Brownian excursion from a to b in ID possesses a
density w.r.t. Lebesgue measure on D given by

1 Hp(x,a)Hp(x,b)
D s - .
ve 7 Hp(a,b)

(4.8) is then obtained by Fubini. O

Corollary 4.6. E'5[L,(P)] does not depend on x € D. We will denote this common value by Xo.
We will show in Lemma 4.8 below that Ao = 5/7.
Proof. Let x,y € D and let ¢ : D — D be a conformal transformation mapping = to y. By Lemma

4.5 and conformal invariance of Esp (see Proposition 3.1) and then by performing a change of
variable ¢/ = ¢(e), we have

wired _l HD(yua(e/))HD(yvb(el)) _l H]D)(yv(p(a(e)))HD(yvso(b(e)))
EEILPI= 1B Y e ) rEL X T ety

e’€p(Ean) e€&on

By conformal covariance of the Poisson kernel (see (2.10) and notice that the derivatives of ¢ at
the points a(e) and b(e) cancel out), we deduce that

Hp(x,a(e))Hp(z,b(e))
Hp(a(e), b(e))

EY5L,(P) = ~E[ 3

7T
e€&sp

| = B35 1L.(P)]

by Lemma 4.5. This concludes the proof. O

Recall that we denote by I" the space of self-avoiding loops; see Definition 2.2.

Lemma 4.7. For any measurable function F : T' — [0, c0],

/ dp'*°® () F (out(p)) Ly (p)dz = Ao / dvsLe(Y) F (1)1 zeint()) d2- (4.10)

Proof. Let F : T' — [0,00] be a measurable function. By Proposition 3.1, the left hand side of
(4.10) is equal to

[ st ()P O etmon B La o, (P,

where ¢, is any conformal transformation mapping int(7y) to D. The proof then follows from the
fact that

EB55 (Lo (9 (P))da] = EE5[L -1, (P)dz] = Aoda
where the last equality is obtained by Corollary 4.6. O
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Lemma 4.8. \g =5/7.

Proof. Let us denote by @ = [0,1]? and let ¢ > 0. We apply the relation (4.10) to F(vy) =
1{ycQ.diam(y)>c}- Since for any loop o, [ Ly(p)dz = T(p), integrating the relation (4.10) over
x € @ yields

/Hloop(dp)l{pCQ,diam(p)x}T(@) = >\0/#lOOp(d@)1{pCQ,diam(p)>s}Area(im(p))- (4.11)

We are going to show that

i 1 loop _ 1
and
li 1 loop (4g5)1 . Area(int(p)) = ~ x 1 (413
El—r>r(l) |10g5| w £ {pCQ,dlam(@)>g} rea(1nt( o = R ﬂ.' )

Together with (4.11) this will imply that Ao = 5/7 as claimed. As already alluded to, the proof
of (4.13) relies on a result of Garban and Trujillo Ferreras [1] concerning the expected area of the
domain delimited by a Brownian bridge.

Let us start with the proof of (4.12). We are going to show that we can essentially replace
the conditions that ¢ C @ and diam(p) > € by the conditions that its root belongs to @ and its
duration belongs to [¢2,1]. By definition of p!°°P (2.1), the resulting integral will be explicitly given
by:

1
dt 1 1

/dz —— xt=—|loge|
Q 2 t 2wt m

which is consistent with (4.12). We now make this reasonning precise. By definition of x!°°P, the
left hand side of (4.11) is equal to

*° 1
/ dt/ de—P"*%(p C Q,diam(p) > ). (4.14)
0 Q 2rt
If £t > 1, we bound

1 1
—P""7(p C Q,diam(p) > ¢) < ~—P"*"(p C Q) = pq(t, =, z)
27t 27t

where pg is the heat kernel in Q. Because t — sup,.cq pq(t, 7, z) decays exponentially fast, this shows
that the contribution of the integral from 1 to oo is bounded, uniformly in e. If ¢ € [¢?|loge| 72, 1],
then we simply bound the probability in (4.14) by 1, showing that the contribution of the integral
for t € [e?|loge|~2,1] is at most

1
/ dr = l(|10g6|—|—log\log<€|).
e2|loge|—2 27t ™

Finally, if ¢ < ?|loge|~2, we bound the probability in (4.14) by P“®?(diam(p) > ¢). The z-
projection and y-projection of a 2D Brownian bridge are two (independent) 1D Brownian bridges. If
the 2D bridge has a diameter larger than e, then at least one of the two 1D bridges has a diameter
larger than £//2. Moreover, by symmetry, the probability that the diameter of a 1D bridge exceeds
£/4/2 is at most twice the probability that its maximum exceeds 273/2¢ (compared to the starting
point). By the reflection principle, this latter probability equals e/ (41): see e.g. (3.40) in [4]. The
contribution of the integral for ¢ € [0, 2| loge|~?] is then at most

e?|loge| =2 1 5 |loge| =2 )
/ — xde” wdt = / Zem e

which goes to 0 as € — 0. Altogether, we have obtained the upper bound of (4.12). The lower
bound can be obtained in a similar manner, showing (4.12).
We now move to the proof of (4.13). By definition of p'°°P,

/QJMdexuchAMmmﬁx}Ana@nup»

oo dt .
= [ F [ do pte.m B a9 L o>l (4.15)
0
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As before, one can argue that the contributions of the integral for t > 1 and for t < £2|loge|~2 are
bounded, uniformly in €. To this end, one can for instance use Cauchy—Schwarz inequality and
bound the expectation in (4.15) by

E®[Area(int(p))?])/2PH*% (o € Q, diam(p) > €)*/2.

The area of int(p) is well concentrated around t: E“®®[Area(int(p))?]'/? < Ct. This follows
from similar argument as above, using 1D Brownian bridges. We then deal with the probability
PLo% (o C Q,diam(p) > €) as in the proof of (4.12). Notice in particular that the exponent 1/2
coming from Cauchy—Schwarz inequality does not affect the reasoning. For ¢ € [¢?|loge|~2, 1], we
bound the expectation in (4.15) by E*~%*[Area(int(gp))]. By Brownian scaling, this is equal to ¢
times the area of the interior of a Brownian bridge of duration 1 which is equal to 7/5; see [1]. We
deduce that the integral for ¢ € [¢2|loge|~2,1] is at most

™

1
dt w1
T LT log | log e]).
3w = 5 losel o oge)

Putting things together leads to the upper bound of (4.13). The lower bound is similar, concluding
the proof. O

We can finish this section with the proof we were after:

Proof of Theorem 4.3, (4.3). It is a consequence of Lemma 4.5, Corollary 4.6 and Lemma 4.8.

4.3 Second moment - Proof of (4.4)

Lemma 4.9. The measure Eﬁgfgﬁg [Ly(P)Ly(P)dzdy] possesses a density with respect to Lebesgue
measure on D x D given by

(z,y) EDXD —GD(x y) E[ S Hp(z,a(e)) Hp(y IS;();(JF)T(D;)J; b(e))HD(yva(e))}

e€€sp

L 1R 3 Hp(x, a(e)) Hp(x, b(e)) Hp(y, a(e’)) Hp(y, b(e ))}_
L= Hp(a(e), b(e)) Hp(a(e’), b))
eFe oD
With a slight abuse of notation, we will denote this density by (z,y) € DX D Eﬁfgﬁi [Lz(P)Ly(P)].
Moreover, for all x,y € D with x # y, we have

. 1

B [La(P)Ly(P)] = — 1 lim | log r[*PR55' (P N B(a,r) # @,P N By, r) # 9). (4.17)
' ‘ T

Proof. (4.17) is a consequence of the fact that the occupation measure of P coincides with its

Minkowski content in the gauge r — %r2| logr|. To prove (4.16), let a,b,a’,b' € D be pairwise

distinct boundary points and let e and e’ be independent Brownian excursions in D from a to b

and from @’ to b respectively. A small calculation shows that the measures E[L,(e)L,(e)dzdy] and

E[L,(e)L,(e)dzdy] have densities with respect to Lebesgue measure on D x D respectively given by

Hp(x,a)Hp(y,b) + Hp(z,b)Hp(y, a)

1
(x,y) eDxD — ;G]D)(l',y)

HD(a7 b)
1 Hp(x,a)Hp(z,b) Hp(y,a')Hp(y, V')
d DxD —
md e e ) Ho (1)
(4.16) then follows by Fubini. O

Proposition 4.10. There exists C' > 0 such that for all z,y € D,
EB 55 [La(P)Ly(P)] < Cmax(L, Gp(z,y)).
Proof. 1t follows from Lemma 4.9, Corollary 3.8 and conformal invariance. U

In the proof of (4.4), we will make use of the following notational convention:
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¥4 B(Z, 5100)

Figure 4.1: lllustration of the two scenarios forbidden by the good event G5(z). On the left, a blue
loop with one end point outside of (z_, z) hits the ball B(z, %) depicted in yellow. On the right, a
blue loop with one endpoint in (z_, z;) has a diameter exceeding §'/1%0.

Notation 4.11. If z,w € 9D are two points of the unit circle, we will denote by (z,w) (resp. [z,w])
the counterclockwise boundary arc from z to w, excluding the points z and w (resp. including the
points z and w).

Proof of Theorem 4.3, (4.4). Let (fc): be a sequence of test functions satisfying Assumption 4.1
and denote by

Q:Aﬂ@%@ﬁn

We want to show that I. — 5/7 in L'(Pyi5i!). As before, we will denote by Esp the associated
collection of excursions in I with endpoints on 0D. We start by introducing a “good” event.

Good event G5(z). Let 6 > 0 and z € dD. Let
2=z (0)=e 22 and zy; =z, (0) = e?/22 (4.18)
Recalling Notation 4.11, we define the following event
Gs(2) := {Ve € Egp,ale) & (z_,zy) or b(e) ¢ (2—,2,) = eN B(z,6') = &} (4.19)
N {Ve € Exp with a(e) € (z_, z;) or ble) € (z_, 2z} ), diam(e) < §1/10}
and the slightly more restrictive version

G5(2) := {Ve € Eap, ale) ¢ (e7/42,e1/42) or ble) ¢ (e7/*2,e/*2) = e B(z,20'%) = 2}
(4.20)

N {Ve € Esp with ale) € (e772,e2) or ble) € (e z,€2), diam(e) < 61/10/2}.

See Figure 4.1 for an illustration of the event G5(z). Denote by

I8 ::/fs(l")ch(P)ng(w/\wl)dx
D

[{))

where the superscript “g” stands for “good”. I implicitly depends on 4.
We now state two key intermediate lemmas. We will then show that Theorem 4.3 follows from
these two results (this step will be elementary) before returning to their proofs.

Lemma 4.12. The random variable I. — I¢ is small in L* in the sense that:

lim lim sup E}y%53'[1. — 18] = 0. (4.21)

=0 =0 N

Lemma 4.13. For all § > 0 fized,

: wire: 52
thUP/D DEm,amﬁj[Lx(P)Ly(7’)1Gg(m/|m|)ncg(y/|y|)]fs($)fs(y)1{|w—y\>51/mo}dxdy < (;) :
X

e—=0
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We assume that Lemmas 4.12 and 4.13 hold and conclude the proof of Theorem 4.3. Let § > 0.
By the triangle inequality and Cauchy—Schwarz, we have

Eps (11 — 5/7l] < ESB51IE — 5/ )% + BB — 18],

€

The second right hand side term is handled by Lemma 4.12. For the first term, we expand the
square and, recalling that EI. = 5/7 (Theorem 4.3, (4.3)), we get that
Episs (118 — 5/71%] = E5p [(18)"] — (5/7)% + (10/m)EB 55 I — IE].

€

By subadditivity of u — +/u, this shows that
wir Ewir 1/2 wir Wir
3l (11, — 5/71] < (B35 1(15)%) — (5/m)%)}% + (10/m) Byl (1. — 1]/ + B3I (1. — 1),

where (u)+ = max(u,0). We further expand

Epo5 ((1£)%] =

S—

5 DEﬁ,igﬁ)?[Lm(P)Ly(7’)1G;(z/|z\)mc;(y/|y\)}fe(ﬂf)fe(y)1{|r_y\>51/wo}d$dy
X

+ /D ) Egjg%i[LCC(P)L?J(’P)]-Gg(z/\xl)ﬂGg(y/\yl)]fs(x)fs(y)l{\x_y|§61/100}dxdy'
X

By Lemma 4.13, the limsup as € — 0 of the first right hand side term is at most (5/7)2. Putting
things together, this shows that

€

lim sup B35 — 5/7]] < limsup((10/m) V2 Egi5e (1. — I8]Y/2 + EYs(L. — I2))
e—0 e—0
. ired 1/2
+ lim sup (/ Eg,aeﬂ) [Lw(P)Ly(P)}fa(iﬁ)fe(y)1{|r_y\<51/100}d37d3/) .
e—=0 DxD =

The left hand side is independent of §. On the other hand, the first right hand side limsup vanishes
as § — 0 by Lemma 4.12, whereas the second right hand side limsup vanishes by Proposition 4.10
and the assumption (4.2) on (fe).. This concludes the proof that I. — 5/7 in Ll(IP’ﬁ’D‘{‘g%i) To finish
the proof of Theorem 4.3, it remains to prove Lemmas 4.12 and 4.13.

Proof of Lemma 4.12. Let 0 < € < §. We have

Ep'ss L / fe(@)ERES [La(P) ey (2 1epye]dz.
We are going to show that
EN55 [La(P) ey (a/japyc] = 0 as 6 =0, (4.22)
uniformly in z € D with |z| > 1—4. Since f.(z) vanishes for |z| < 1—¢ and since [ f. = 1, this will

prove (4.21). Let x € D with |2| > 1 —J. Let G; and G2 be the first and second events appearing
on the right hand side of (4.20) with z = x/|z|. We will show separately that

B35 [La(P)lge] =0 as 6 —0, (4.23)
and .
E555 [La(P)lgg] =0 as 60, (4.24)

uniformly in |z| > 1 — §. We start with (4.24).

Consider the two boundary points wy,ws that are at distance 6'/19/100 to z/|z| and let Cs be
the hyperbolic geodesic between these two points; see Figure 4.2. If an excursion e with at least one
endpoint in (e~®x/|z|, etz /|z|) has a diameter at least 61/1°/2, it has to intersect Cs. Hence,

E 55 [La(P)Las] < EE5E [Le(P)1@eceon.ale) or b(e)e(e—idzlal,c+i52/|2]),enCs 2o}
< 2E]‘I);,l('r)%)i [Lw(P>1{36653[@,(1(6)E(e*’i‘sx/\zl,e“‘sz/lml),eﬂc{s#@}]' (425)

We now map the unit disc D to the upper half plane H, send z/|x| to oo, —z/|z| to 0 and w; to
1. By symmetry ws is sent to —1 and Cj to the hyperbolic geodesic between 1 and —1 which is
simply dB(0,1) NH. Moreover, the arc (e~®x/|z|,e*x/|z|) is sent to (—oo, —R) U (R, 0o) where
R = R(0) — 400 as d — 0. We will denote by z the image of x. By symmetry, z is purely imaginary.
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Figure 4.2: lllustration of notations and an event appearing in the proof of Lemma 4.12. On the
left, an excursion with an endpoint in (e~ /|z|,e™x/|z|) has a diameter at least 6'/1°/2 and thus
intersects Cs. The right picture is the image of the left picture under the conformal map sending x/|z|
to infinity, w; to 1 and —x/|z| to 0. The points e**x/|z| are then mapped to FR, ws to —1 and z
to z.

See Figure 4.2 for a schematic representation of these notations. Since |z| > 1 — ¢, Im(z) — oo as
0 — 0. By conformal invariance and then by a union bound, the right hand side of (4.25) is equal to

2EW1red[Lz(P)1{He€5]R, la(e)|> R,enB(0, 1)#(5}] < QEWIYEd |: Z Lz (6)1{6/03(0,1)75@}} .

e,e’ €Er
la(e)|>R
The right hand side term is further equal to
H / / H ! b /
z/ E[ HH(Zva( ))HH( 7b( )) H\B(O,l)(z ’a/e )) ,H<Z’ (e )):|d2:/ (4.26)
oo LA Hala(e), b(e)) H(a(e). b(e))
la(e")|>R
2/ Hy\ p(0,1) (2, ale)) Hu(z', b(e))
+ — H 2,2 )E . dz 4.27
8B(0,1)NH mso.(% ) [ e% Hy(a(e),b(e)) } (4.27)
la(e)|>R
Hyn p(0,1)(2', a(e)) Hu(z, b(e))
+2/ Gu(z, 2 )E dz 4.28
LY T ) 429
e€&p
la(e)|>R

The term (4.26) corresponds to the case e # €’ whereas the terms (4.27) and (4.28) correspond to
the case e = €’. In (4.27) (resp. (4.28)), the excursion e visits the point z before (resp. after) it
reaches 0B(0,1) N H, when thinking of the excursion e as oriented from a(e) to b(e).

We start by bounding the term in (4.26). Let 2z’ = 2’ + 4y’ € 9B(0,1) N H. Let us denote by
y = Im(z) and recall that z is purely imaginary. For n > 0, let

I' =2 =y, 2 +4] and I, =[2 —2"Tly/ o/ — 2"/ ) U (2' + 2", 2" + 2" T1y/].

Define similarly I,,, n > —1, with 0 and y instead of 2’ and y’. Let n,m,n',m’ > 1. When a(e) € I,,
ble) € I, a(e’) € I/, and b(e') € I],,, we can use the explicit expressions (2.7) and (2.8) of the
Poisson kernels to bound

Hu(z, a(e))Hu(z, b(e))

’ —29-2n-2m, (o) _ p(e))2
Hala(e), b)) =Y 2 (ale) — b(e))

and
Hyg\po,1)(#',ale’))Hu (2", b(e"))
H(a(€'),b(€))

We deduce that the expectation in (4.26) is at most

_ -2 _ ’ ’
Cy 2y Y p e Og[ST (afe) < be)Plale) ~ b)Y (29)
e#e' €&p
a(e)€ln,b(e)€ly,
a(ehel!, b(e)el! ,

S Cy/—22—2n/—27n' (a(e/) _ b(e'))Q.
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where the first sum is over n,m,n’,m’ > —1 such that 2’ + 2" *1y/ > R. We can bound the above
expectation by v X X’ where

x=e[( ¥ (ale)-be)?)]

ec&r
a(e)ely,ble)€ly,

and similarly for X’. By (3.9), X < Cyt23mVntmAn < Cydodmtdn ang X/ < Cy/*23m'+3n (4.29)

is thus at most ,
C > 27" /2 < C\/y RY2,
n’>|log, (R/y’)]

Integrating with respect to 2z’ = 2’ + iy’ then shows that the whole term written in (4.26) is at
most CR~1/2.

We now bound the term in (4.27). We first get an upper bound by removing the condition that
la(e)| > R. As we will see, doing so will still produce a good upper bound because Im(z) — co. We
can then use similar arguments as before to show that the expectation in (4.27) is bounded by a
universal constant. The term (4.27) is thus at most

C Hy p(o,1) (2, 2')dz".
8B(0,1)NH

This integral corresponds to the probability that a Brownian motion starting at z = 4y hits B(0,1)
before R. By considering an appropriate conformal map, we can see that this probability is of the
same order as the probability of hitting [—1, 1] before R\ [—1, 1] which is equal to 2 arctan(1/y).
Since y — 0o as § — 0 (uniformly in z € D with |z| > 1 — J), this proves that (4.27) goes to zero as
0 — 0. Similarly, the term (4.28) is bounded by

C Gu(z, 2')d7
0B(0,1)NH

which goes to zero as § — 0. Altogether, we have proved that each term in (4.26), (4.27) and (4.28)
vanishes as § — 0, uniformly in |z| > 1 — . This concludes the proof of (4.24). The proof of (4.23)
is similar. This finishes the proof of the lemma. O

Proof of Lemma 4.13. Let z,w € dD be such that |z —w| > §/19°. Let (2.). and (w.). be two
sequences of points in D with |z — z.| < € and |w — we| < . By Proposition 4.10 and dominated
convergence theorem, it is enough to show that

lim sup B35 (L. (P) Lu. (P) 16 (z. /12 oGy (we /)] < (5/7).

e—0
In this proof, we will always assume that ¢ < §'°%°, For such small values of &, we have the inclusion

G’5(ze/|2¢]) € Gs(z) where we recall that Gs5(z) and G%(z:/|2:|) are defined in (4.19) and (4.20)
respectively. We are thus aiming to show that

lim sup B 555 [ L. (P) Lu. (P)1a, ()nes ] < (5/7)°. (4.30)

E—r
Brownian loop in H wired on [—1,1] — Setup. We start by introducing the setup. See Figure
4.3 for an illustration. Consider a Brownian loop P ~ Pﬁifﬁdl 1 in H wired on [-1,1]. P is the
concatenation of excursions e € &_1 1] in H attached to [—1,1]%. Let v = out(P). Recalling the
definition (4.18) of z_ and 24, let ., : D — int(~y) be the unique conformal map that sends z_ to —1,

z4 to 1 and w to the boundary point with maximal imaginary part (which is a.s. unique). We will

denote by X = Re(¢,(w)) and Y = Im(p,(w)). The compact Uees[,l,l] ©5*(e) is the closure of the
union of excursions in D with both endpoints on JD. With a slight abuse of notation, we will denote
this collection of excursions by ¢ !(€/-1,17). In addition, we will denote by ¢ (G5(z) N Gs(w)) the
event that Gs(z) N Gs(w) occurs for the collection of excursions 3! (€-1,1)). By Lemma 3.2, for
all €,
EST 1L 20) (P) L () (P) L, (G5 (290G ) Y] = BB 55 (L. (P) L, (P) 1ty ()0 ()] (a~S~ )
4.31
Almost surely, there is a unique excursion epayx € 1,1 With maximal imaginary part, i.e. such
that max Im(emax) > maxIm(e) for all e € £_1 17 \ {€max}. This excursion will play a special role
in the following.
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P P = pr (P R AP P

Figure 4.3: Illustration of the setup of the proof of Lemma 4.13. The outer boundary -y is the doted
red curve and epax is the blue excursion. On the event El(é’[,m]), emax 1S the only excursion reaching
H,,. On the event E5(£[_1 1)), €max does not visit ¢, (B(z,6'°°)) which is the region depicted in
yellow.

Figure 4.4: Schematic representation of all the excursions in @;1(5[,1’1]) with at least one endpoint in
(2=,2+). Zmax,+ (resp. Zmax,—) is the endpoint of such an excursion that lies on the arc (z,w) (resp.
(w,z)) and whose distance to z is maximal. By definition, there is no excursion in ¢3! (&1 1)) with
one endpoint on (z_, z;) and one endpoint on (Zmax,+, Zmax,— )-

Let 11,72 > 0 be small with n; < 72 < . In the following, we will always assume that ¢ is
smaller than n;. We consider the following half plane and horizontal strips:

H,, =H+i(Y —n2), Sy, ={2€C:0<Im(2) <Y — 2},
Smax ={z€C:0<Im(z) <Y}

We will consider four events, two of them concerning solely the outer boundary v and two other
events concerning more globally the set of excursions £[_; 1;. We define the events:

e FEi(7): int(y) NH,, is contained in ¢ (B(w, %)) and contains ¢. (B(w,n1));
o [s(7): 7 does not intersect 9H,, N ((—o0, X — \/1m2) U (X + {/72,0));

e E1(£-1,1]): €max is the only excursion of £_; ;) that reaches H,,;
o E3(E-1,1)): €max does not intersect ¢ (B(z,6'?)).

Note that F1(y) N Ez2(vy) has a positive probability. With some effort, one should be able to show
that P(E1(v) N Ea(vy)) — 1 as g1 — 0 and then 7o — 0, but we will not need this stronger fact.

Inclusion of events. In this paragraph, we will show that

@V(Gg(Z» C EQ(S[,LH) (4.32)
and
B1(2) N1 (Gi(2) 1 Gi(w)) € By(f-1.1)- (133)

To this end, consider the set of excursions e € @;1(5[,1,1}) with at least one endpoint in (z_, z4).
Define now Zmax,+ (T€Sp. Zmax,—) to be the endpoint of such an excursion that lies on the
counterclockwise arc (z,w) (resp. (w, z)) and whose distance to z is maximal. See Figure 4.4 for an
illustration. Observe that
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* excursions e € 1(5 1,1]) With at least one endpoint in [zmax,+, Zmax,—] belong to @Jl(emax);
« excursions e € ¢3! (£[_1,1)) with both endpoints in (z_,zy) do not belong to ¢! (€max).-
),

On the event ¢,(G5(2)), the excursions e € @ '(€j_11)) that intersect B(z,6'°’) have both
endpoints in (z_, z; ) and therefore do not belong to ¢ (emax) This shows (4.32).

On the event ¢~(G5(z)), the excursions with at least one endpoint in (z_, z4) have diameter at
most §*/10. On this event, we thus have |zmax+ — 2| < 619 and, because |z — w| > §/1%0 the arc
(w—,w4) is included in [Zmax,+; Zmax,— ). In addition, on the event ¢~ (Gs(w)), the only excursions
e € o7 (E-1,1)) that visit B(w,5'%°) have both endpoints in (w_,w). On ¢, (Gs(z) N Gg( ),
these excursions must have both endpoints in [Zmax,+; Zmax,—] and therefore belong to w5 (emax)
This shows that, on ¢, (Gs(z) N Gs(w)), the only excursion e € &_4 1 that visits ¢~ (B(w, §'%)) is
emax- Because on Ej () we have int(y) NH,, C ¢, (B(w,§*)), we obtain (4.33).

Change of measure. In this step, we are going to change the law Pﬁ”[redl 1]( |X 4 ¢Y) into a new

law ]P’W”[wd1 3 |X +4Y) which is mutually absolutely continuous with respect to Pﬁf’ffdl’l]HX +13Y),
with a Radon—Nikodym derivative close to 1. As before, X + Y will correspond to the point with
maximal imaginary part. This change of measure is motivated by the following fact. Because
of the interdependence of the endpoints a(e),b(e), e € £_1,1}, the maximal excursion epax is not
independent of the other excursions {e € &1 1 \ {emax}} under IP’W“e 9 1]( |7)- On the other hand,

the excursion ey, or rather the top part €2, Aed.. of emax (see below for precise definitions),
will be independent of {e € /1 1] \ {€max}} under the new law I@ﬁffidl’l](-h).

Let U € OH,, and V € OH,, be the first entrance and last eXit of emax in H,,. We can
decompose e,y into the concatenation epay = el Ae2.  Aed  Aeb Where e (resp et )
is an excursion in Sy, from a(emax) to U (resp. from V to b(emax)) and €2, (vesp. e2,.) is an
excursion in Spax from U to ¢, (w) (resp. from ¢, (w) to V). Moreover, conditionally on the
endpoints, the excursions e!, ,i=1,...,4, are independent.

Conditionally on a(emax), b(eémax) and ¢~ (w), the joint law of (U, V') is given by
Pﬁffﬁil](U € du,V € dvla(emax), b(emax), o (w)) (4.34)

= Hs,,..(a(emax); ¢~ (w))ilHSmmx (b(emax);s Py (w))71
x Hs,, (a(emax), W) Hs o (U, 05 (W) Hs,,,o,, (0, 04 (w)) Hs,,, (D(€max), v).

These Poisson kernels turn out to be explicit; see (2.11)-(2.14). It follows that the above display is
further equal to

2 a(emax) — €max) —
411(}/}—/172)4(“)8}1 (w%) + 1) (cosh (WW) + 1)

X (cosh (wW) + 1>_1 (cosh (WW) + 1)_1

X (sin(wn2/Y))2<cosh (w%) - cos(7r772/Y)>_1 (cosh (WM) - cos(m]g/Y))_l.

Let U , Ve OH,, be ii.d. with common distribution (the following expression is indeed a density,
i.e. integrates to 1 by (2.15))

P(U € dulp,(w)) = ;%(cosh (WW) fcos(wé/Y))_l.

On the event Ey(7), |[U — X| < V6 and |V — X| < V4. In particular, on this event,
1 Pﬁ"fedl y(WU € du,V € duly)
L+n— (UEdu,VEdvh)

<140 (4.35)

for some 7 = n(p,(w)) that goes to zero as 1y, — 0.

We can now define the aforementioned law Pﬁ‘fe(il 1 (-|X +iY). Under this law, P is, as before,
the concatenation of excursions in H attached to [—1, 1], except that the law of the highest excurslon
emax is different. It is the concatenation of four excursions emax,z =1,...,4, where et (resp.
ek ) is an excursion in Sy, from a(emay) to U (resp. from V to b(emax)) and €2 (resp. €2..)

is an excursion in Syax from U to X +iY (resp. from X + Y to V) The only difference with
Pﬁ‘fedl 1] (+|X +14Y") is that the law of the first entrance and last exit of emax in H,, are given by the

law of (U, V).
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Let F be the sigma algebra generated by {e € &_ 1 17\ {emax}}. The probability measure

Pﬁ‘fedl 1] has the desired property that, under this law, €2, and €3,  are independent of F.

Before moving on, we rephrase slightly (4.35) and claim that for any nonnegative measurable
function F', and on the event Es(7),

T B F (P < B P (P)R] < (1 mEET y [F(P)) (4.36)

Indeed, from (4.35) and the definition of Eﬁfffdl’l] [F(P)], it follows directly that for any nonnegative
measurable function F,
EEi) y[F(P)] < (L+nEES y[F(P)).

In particular, for any nonnegative measurable functions F' and G,

Ef {9,y [GOEE ]y [F(P)]] = EE] 4 [G() F(P)]
< (L+nEE y[GMF(P)] = (L+mEE 1 [GEE 4 [F(P)Y]]
which shows the second inequality in (4.36). The first inequality is similar.

Wrapping up. By (4.32) and (4.33), on the event Ej(7), we have

wired

B 1291 Le, (20) (P) L, (o) (P) Ly (G (2)nGs (w)) ]
<ERT 1L, 20) (P) L, (we) (P)LE, (611 1) a6 1.0 [T

Moreover, on E1(y) N E1(E—1,1)) (resp. on Ei(y) N Ea(E—1,1])), €max is the only excursion that
contributes to the local time at ¢~ (w.) (resp. emax does not contribute to the local time at ¢ (z:)).
That is, on Ey(v),

ﬁife% 1] [va(ze) (P)LWW(U)E) (P) 1¢7(G‘5 (2)NGs(w)) |F)/]
< EWlfe 1,1] [LLP'Y(ZE)(P \ emax)wa(’ws)(e?nax A efnax)]‘El(5[*1=1])OE2(8[’1’1])h/]
< Ewu[erl 1][ Py (Za)(P \ emax)LSaV(ws)(eIQnax A eilax)|7]'

By (4.36) and on Es(7), the right hand side is at most

(1 + n)EWlfe 1,1] [LLPA, (25)(7) \ emax) QD—y('U)E)( max A efnax)h/]
= (14 EFTS 1L 2) (P \ emax)EET 1) L, w2) (Ehmax A €ma) [ F Y] 1]-

We now focus on ]E]‘}’Eifidl L

Byired (),

EﬁIEEdl 1][ o (we) (efnax A e?nax)‘]:’ '7] = Eﬁffidl,l] [Lﬁov(wa)(e?nax A e?nax)|7]'

€2 Ned  )F,]. By independence of €2, Aed . and F under

oy (we) (

Moreover, by (4.36) and on the event Ea(7),

B3 1 L o) (Ehnax A €max) 1Y) < (1 MERTS 1L ) (Ehnax A €max) 7]

< (L+EFTS Ly, ) (P)] = (1 +n)5/7.

Wrapping up, we have proved that, on F1(vy) N Ea(y),

wire: 5
EFT° Lo, o) (P) Ly (w.) (P) 1y, (G (x)nGs(wp Y] < (1 + W)Q;E[L%(zs)(P \ €max)[7]
5 5\ 2
< 2z = 22
< (L4+)?2E[Ly, (o) (P)] = (L4 (2)

By (4.31) and since P(E;(y) N Ex(7y)) > 0, we have obtained that

e 52
BB (Ls. (P)Lu. (P) 16, onaau]) < L+ (2)

Because 7 — 0 as € — 0 and then 7y — 0, this shows (4.30) which concludes the proof. O
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