N

N
N

HAL

open science

Testing mean changes by maximal ratio statistics
Jovita Gudan, Alfredas Rackauskas, Charles Suquet

» To cite this version:

Jovita Gudan, Alfredas Rackauskas, Charles Suquet. Testing mean changes by maximal ratio statis-

tics. Extremes, 2022, 25 (2), pp.257-298. 10.1007/s10687-021-00423-5 . hal-04499952

HAL Id: hal-04499952
https://hal.science/hal-04499952v1

Submitted on 11 Mar 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04499952v1
https://hal.archives-ouvertes.fr

Noname manuscript No.
(will be inserted by the editor)

Testing mean changes by maximal ratio statistics

Jovita Gudan - Alfredas Rackauskas -
Charles Suquet

Received: date / Accepted: date
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scale free. We obtain the limiting distribution of ratio statistics under the null
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extended from i.i.d. samples under Hy to some dependent samples. To sup-
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1 Introduction

For each n > 1, we consider the model
Ynk:;u'nk—"Xku k:1727"‘7n7 (1)

where (pnr) C R and (X, k > 1) is a stationary sequence of zero mean
random variables. Throughout the paper, we denote by X a generic random
variable identically distributed with Xj. Our aim is to construct a test for the
hypothesis

Hy : anzzﬂnnzo (2)

against the alternative
Hy:o opnr = pun(B)1-(k), k=1,...,n, (3)

where I* := {k* +1,...,k* + £*} for some k* = k¥ > 0 and £* = £ < n.

The model (3) includes several types of alternatives that are widely dis-
cussed in the literature. In the case where p, (k) = pf, k= k*+1,... k* + £,
we have the so called changed segment of length ¢* model. The case p, (k) =
fu(k/n), where f,(t) = 0 if ¢t & [t*,¢* + h*], models epidemic type devia-
tion from the usual state with h* called the duration of the epidemic state. If
the function u, (k) is linearly increasing in the interval (k*, k* + £*], then one
speaks about the so called smooth-abrupt type change-point model. Note that
the special cases k* =0 or £* =n — k* in (3) give a simple one change point.

Motivated by the detection of a short length changed segment, we assume
throughout that £* < n/4.

Statistical change point tests are of interest in many areas of applications,
e.g., finance, climate studies, medicine, neuroscience, hydrology, sensor net-
works, to name a few. There is a huge literature on testing changes of a mean
in a sequence of random variables, see, e.g., Basseville and Nikiforov [1], Cs6rgo
and Horvath [7], Brodsky and Darkhovsky [4], Chen and Gupta [5] for some
basics on various methods and models. Previous research related to changed
segment type models has been done by Levin and Kline [18], Commenges,
Seal and Pinatel [6], Yao [29], Gombay [13], Ramanayake and Gupta [27],
Rackauskas and Suquet [25], Enikeeva et al. [8], Rackauskas and Wendler [26],
to name a few. Of course, formally the changed segment type alternative may
be viewed as a special case of multiple change points model. But tests designed
to a special type could be more efficient, see Gombay [13] for an example.

In this paper we assume that X is regularly varying with index a > 0,
denoted X € RV,, in the sense that the tail balance condition

P(X >z)~pr “L(zx) and P(X < —x)~gqx *L(z), z—00, (4)

is satisfied, where L is a slowly varying function, and p,q € (0,1), p+q = 1.
We refer to [3] for basics on regular variation of random variables. We
denote by a,, the 1/n quantile of | X|, that is

ap :=inf{z e R: P(|X| <z)>1-1/n}. (5)
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It is well known that a,, = n'/*L;(n) for some slowly varying function L;.
The test statistics constructed in this paper are motivated by asymptotic
properties of the moving sums

Sk,ZZYn,k+1+"'+Yn,k+€7 6:1723"'777'; k:()’]-a"'vnfga
with weight £7, that is

T = Il :
n' = max (77 max | |Sk| (6)

Statistics 7.\ has been investigated in [25] for v < 1/2 — 1/a and in [21]
for ¥ > 1/2 — 1/a. The choice of the parameter v, constrained by the tail
behavior of X, help to find the minimal detectable length of changed segment.

Assuming n = 4m, we divide the sample Y1, ..., Y, into four equal parts
and introduce for v > 0 the maximal ratio statistics

Tnl Tn3 Tn2 Tn4

M n = T o o om0
R% Hax {Tn3 Tnl Tn4 Tn2 } (7)

where

T =T .= max ¢ a S i=1,...,4.
nj =T, = max (j71)n1%kxgjmfe| kel, 3=1,...,

The idea behind this definition is that under alternative (3) if £* < n/4, then
the changed segment appears either in one quarter or in two adjacent quarters
of the sample only. Then, at least one of the arguments of the max in (7)
should be significantly bigger than under Hy. Not surprisingly, we shall see
that under Ho, the asymptotic behavior of MR, ;, is determined by the one

of Téy). The main advantage of MR, ,, is its invariance under any common
normalization of the T},;’s by homogeneity. In particular, we do not need to
compute or estimate a, or the standard deviation of X. Another interesting
feature is that the independence of the four blocks (under Hy with i.i.d. X;’s)
helps for the explicit computation of the limiting distribution. This can be
somewhat extended beyond the i.i.d. setting since, for the linear processes
considered in Th. 3, the limiting distribution “forgets” the filter.

Before going on, we have to mention that (7) should be considered as an
informal definition of MR, ,, because we deliberately forgot to put an exception
in formula for the case where one of the T},; vanishes, which may happen with
positive probability for each n if the distribution of X is not continuous.

Section 2 exposes and comments our main theoretical results. In Th. 1, we
obtain the limiting distribution under Hy of MR, ;. The situation is conve-
niently pictured by a two phases diagram (in the coordinates system (a,~)).
Above the arc of hyperbola with equation v = 1/2 — 1/a (in the “Fréchet
phase”), the limiting distribution is related to Fréchet distribution with a very
simple formula for the distribution function, while below (in the “Brownian
phase”), the limiting distribution is the one of some functional of the Brownian
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motion and computable (up to now) only approximately by Monte-Carlo meth-
ods. On the boundary between the two phases, that is when v = 1/2—1/a, the
asymptotic behavior in distribution of MR, ,, depends on the slowly varying
function L in (4).

In view of practical applications, e.g., in times series context, it is of some
interest to investigate the extension of Th. 1 to dependent variables. For the
Brownian phase, we prove in Th. 2 that such an extension is valid as soon as
(Xk)k>1 satisfies a Holderian functional central limit theorem. This provides a
large anthology of weak dependence settings for the extension. For the Fréchet
phase, the only results known up to now for the asymptotic distribution of
T,(ﬁ) are due to Mikosch and Moser [20]. We obtain in Th. 3 the asymptotic
distribution of MR, ,, under Hy for the MA(g) model and some regularly
varying linear processes investigated in [20]. In both cases, it is noticeable
that the limiting distribution is the same as for the i.i.d. setting.

Th. 4 is devoted to the consistency under alternative H 4. It relies on the
hypothesis that for some normalizing sequence (¢ )n>1, c,;lT,(ﬂ) =Op(1) un-
der Hy. This is satisfied in the i.i.d. setting as well as in all the dependence
settings involved in Th. 2 and Th. 3. It provides a sufficient condition on £*
and p, insuring the convergence to 1 of the power of the test. If all the values
of p, are equal to some p* = p*(n) inside I*, Th. 4 provides also a condi-
tion separating the (¢*, u*) for which the test with MR, ,, is asymptotically
consistent.

A simulation study of the test under Hy with maximal ratio statistics
MR, ,, is presented in Section 3. In the i.i.d. settings, we generate samples from
the symmetrized Pareto and Log-Gamma distributions to study the effects of
various parameters of the model on the empirical power of the test. This is
complemented by a short study of the test in the setting of a moving average
and an autoregressive processes.

In Section 4 we provide a complete picture of the asymptotic behavior
of T,(LV) which includes already known results from [21,25] and prove some
additional results for the boundary case v = 1/2 — 1/a. Finally the proofs of
theoretical results presented in Section 2 are detailed in Section 5.

2 Theoretical results
2.1 Preliminaries

As already mentioned, the concern about (7) is that the definition of RV, does

not forbid that for some X € RV,, the corresponding T,(L’Y) satisfies P(TT(L’Y) =
0) > 0 for every n. For instance, the symmetric random variable X with
distribution given by P(X =0) = 1 and P(X > ) = 1 if z € [0,1], P(X >
x) = %x_“ if z > 1, verifies (4) with p,q = % and the slowly varying (at
infinity) L given by L(z) = 22 for z € (0,1], and L(z) = % for z > 1. Under
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H)j, noticing that 7 = 0 if and only if all the X;, i = 1,...,n, are null, we
obtain, for independent X;’s distributed as X, that P(Tr(ﬂ) =0)=3""

To remedy this drawback, we will redefine MR, with the help of the
following map M. Let D be the open set of Rj_

D := {(t17t27t37t4) c Ri, t1tatsty 75 0}

We denote by M the map RY — R, defined by

bty t2 t—4) if (t1,ta,t3,t4) € D,

M(ty,ta, t3,ts) := (5’5’5% (8)
0 if (t1,...,ts) € R\ D.

M is continuous on D and the set of its discontinuities is the intersection of
Ri with the union of the four hyperplanes with equation ¢; = 0, so is of null
Lebesgue measure in Ri. Therefore, M preserves the weak convergence of a
sequence (V,)n>1 of random vectors in Ri provided that its limit V satisfies
P(V ¢ D) =0, see Corollary 1 to Th. 5.1 on p. 31 in [2]. Throughout the paper
we will refer to this property as “measurable mapping”. Another important
property of M is homogeneity, that is M (ct1, cta, cts, cty) = M(t1,ts,t3,1t4)
for any ¢ > 0.
Now we redefine MR, ,, by

MR’y,n =M (Tnla Tn2; Tn37 Tn4) 3 (9)

with the same T,,;’s as in (7).
Next, we gather some notations used in the sequel of the paper. For any
sequence (Z;);>1, we introduce for integers 0 < u < v, the generic notation

k+4
() — - )
T (u,0,2) = max (77 max ‘_;HZ , (10)

with the following special abbreviations (n, m, j, ¢ being integers, 1 < j < 4)

T’I(L’Y)(Z) = T(W)(Ovnv Z)a n>1,
TT(L:Y])(Z) = T(’Y)((j - 1)m7jma Z)v n = 4m7m > ]_7
(v) o . . B

T, (Z) = T("/)((]fl)m,]qu,Z), n=4m,m>1,q>1. (11)

In particular, TT(LV)(X ) is equal to T,Eﬂ) under Hy. It is worth noticing that

when applied with a finite deterministic sequence (z1,...,z,), 7 () induces
a norm on R".
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2.2 Asymptotic behavior of MR, ,, under Hy
In the first theorem we consider the case of independent random variables,
whereas Th. 2 and Th. 3 are some extensions under dependence.

Theorem 1. Assume for model (1) that (Xj)k>1 are i.i.d., in RV, with ex-
ponent a > 1. The following statements hold under (Hp):

a) if v > max{0,1/2 —1/a},

ifx <1,
lim P(MR, , > z) = 12
n300 MRy > 2) {4x‘1(1 +x4)72 ifz>1, (12)
b) ifa>2and0<~vy<1/2—-1/a,
1 ifo<1
lim P(MR,, > z) = . 2 (13)
s 1— [1 — 2 Py (ay) dFW(y)} ifz>1,
where - -
t —
Ey(y) =P < sp VD =WE y) , y>0, (14)
o<s<t<1  [t—s|7

is the distribution function of the ~y-Hdélder norm of a standard Wiener
process W = (Wy,t € [0,1]);
¢) Ifa>2andy=1/2—1/a, then (12) holds provided

tlggot P(|X]| > t) = o0, (15)
whereas (13) holds provided
. o
Jim ¢ P(|X]|>1t)=0; (16)
d) Ifa>2,v=1/2—1/a and

supt*P(|X| > t) < oo,
>0

then MR, ,, = Op(1) as n — oo.

Now, we discuss the extension of Th. 1 to various dependence settings. Let
us start with the extension for the Brownian phase, i.e., the convergence (13),
assuming a > 2 and 0 < v < 1/2 — 1/a. The relevant theoretical tool is the
Holderian functional central limit theorem introduced hereafter.

We assume throughout that E X, = 0, £ > 1. With the usual convention
> keo = 0, we denote by &, = (£,.(t),t € [0,1]) the polygonal partial sums
process defined by

[nt]

En(t) =Y Xip+ (nt — [nt]) Xpngs1,  t€1[0,1],
k=1
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that is the random polygonal line with vertices (k/n, Zle X;), 0 <k <n.
In what follows, for any 0 < v < 1 and any segment [b, ¢] of R, we denote by
HS[b, c] the space of continuous functions f on [b, ¢| such that

o |f(t) = f(s)]
wi(f;0) = 0<Stlj£)§6 (t—s)r -0
s,tE€[b,c]

Endowed with the norm || f|l, := [f(b)] + w~(f,c — b), HS[b, ] is a separable
Banach space.

We say that (X})i>1 satisfies the Holderian functional central limit theo-
rem with exponent ~, in short HFCLT(«), if for some positive constant o > 0,
n=12071¢, converges in distribution in 73[0,1] to a standard Brownian mo-
tion W. This property is possible only for v < 1/2 because of the Holderian
regularity of W. The first HFCLT for the i.i.d. case goes back to Lamperti [17].
The final result for this case is: (X)r>1 satisfies the HFCLT () if and only if
lims 00 t*P(|X1| > t) = 0, where 1/a = 1/2 — =, [23,24]. Several extensions
of the HFCLT are known in the setting of dependent Xj’s under a moment
condition, possibly stronger than above, e.g., E|X1]|*T® < oo, and an ade-
quate behavior of some “dependence rate”. First results of this type may be
found in Hamadouche [14] for strong mixing or associated (Xj)g>1. The case
of linear processes with short memory is treated in [16]. Nearly non stationary
AR(1) case is studied in [19]. HFCLT for strictly stationary martingale dif-
ference sequences, stationary strong mixing, p-mixing, 7-dependent sequences
are investigated by Giraudo [10-12]. A general method to prove an HFCLT is
provided by Th. 3 and Cor. 4 in [16].

Now we are in a position to provide the key to the extension of the con-
vergence (13) to the case of dependent X}’s. It is worth noticing that in the
following theorem, the assumption of regular variation is not needed.

0.

Theorem 2. Assume that the sequence of random variables (Xi)r>1 satisfies
the HFCLT () for some 0 < v < &. Then MR, verifies the convergence (13).

When the limiting distribution of the ratio statistics MR, is governed by
the Fréchet distribution instead of the HFCLT, the possibility of extensions
of Th. 1 to dependence setting seem to be narrower than in Th. 2. This is
not surprising since the investigation of the limiting distribution of Tr(ﬂ) un-
der dependence is more recent. The first results in this direction and to our
best knowledge the only ones up to now, are due to Mikosch and Moser [20]
and concern in particular the case of finite moving average MA(q) or more
generally linear processes built on an i.i.d. regularly varying noise sequence,
which inherit the regular variation property. The authors also treat the case of
strictly stationary processes (X;) with multiplicative noise, that is of the form
X; = 0,Z; where (Z;) is an i.i.d. sequence, (o) a strictly stationary sequence
of non-negative random variables such that o; and Z; are independent for
each ¢, including the cases of GARCH processes and some stochastic volatility
models. In what follows, we present an extension of Th. 1 (a) to the linear
processes considered in [20].
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Let (X¢,t € Z) be the linear process defined by
oo
Xt = ijet—_'h te Za (17)
j=1

where (€;)tez is an i.i.d. zero mean noise sequence of regularly varying random
variables with index a > 1.

Recall that a sufficient condition in order that the series in (17) converges
almost surely and X; € RV, see [22, Lemma A.3] or [20, Lemma 3.1], is

> 2 for a > 2
i [P < oo, here p= ’ 18
;JW| v P {a5 for some 0 > 0, for a < 2. (18)

Theorem 3. Under the null hypothesis (2) with v > max(0,1/2 — 1/a), the
following hold:

i) if (Xy) is a moving average of order ¢ > 1, that is ¥, # 0 and for every
Jj>q, ¥; =0, then convergence (12) is verified;

i) if (Xi)iez is the linear process defined by (17) with the coefficients 1;
satisfying

D ] < oo, (19)
j=1

then the convergence (12) is verified.

We notice that for a > 1, (19) implies (18), so the series in (17) converges
almost surely and X; € RV,,.

2.3 Asymptotic consistency

Under alternative hypothesis the following consistency type result holds. It is
worth noticing here that this consistency theorem is valid in the i.i.d. setting
of Th. 1 as well as under the dependence settings considered in Th. 2 and

Th. 3. For the notation T\ (X), see the abbreviations (11).

Theorem 4. Let v > 0. Assume X € RV,, a > 1. Then for model (1), under
alternative hypothesis (3), with £* < n/4, the following hold:

i) if for some normalizing sequence (cn)n>1, c;lTr(f’) (X)=0p(1) and

1
Ty |2 ] o (20)
" lier=
then b
MR, , — o0, (21)
a n—o0o

so the test is asymptotically consistent.
In the case where all the pn; for i € I* are equal to some p* = p*(n),
that is p = p* 17+, (20) may be replaced by

oW A S L T ———CY (22)

n— oo
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it) assume that p = p*1« and

Vii= e (T (X). . TR (X)) 20 V. with P(V € D) =1 (23)
If, moreover,
e = ——0, (24)

n—oo

then MR, , = Op(1), so the test is not asymptotically consistent.

Some remarks on the performance of the test are in order here. To simplify
the discussion, we restrict ourselves to the case where all p,,; are equal to the
same p* = p*(n) # 0 for ¢ € I'* and the Xj’s are i.i.d.. An examination of the

assumptions in Th. 1 show that in each case, c;lTyg'Y)(X) = Op(1) with
¢n = max(an,n'/?77). (25)

Then, under the assumptions of Th.4,

p : x| pxl—7y —1
MR, {—>n_>oo oo if |p*|¢* Vet = o0, (26)
=0p(1) if |p* |7t = 0.
In practice, one is interested in the ability of the test to detect an epidemics
when it is present. Intuitively, this detectability increases with the length ¢*
and the amplitude |p*|.

But even an epidemics of length 1 is detectable if the corresponding ampli-
tude is significantly higher than maxj<;<y | X;|. This is clear when ¢,, = a,, for
n large since then, under the choices of v by Th. 1, (26) provides the condition
|p*la,t — oo and we know that maxi<i<y, |X;| = Op(a,) when X; € RV,.
With the choices of v allowed by the case where ¢, = n'/2=7 for n large,
this detection is possible only with v = 1/2 — 1/a because then (26) provides
the condition |u*|n=1/2%" = |u*|n~1/* — oo, and when sup,~; L(z) < oo,
an = O(n'/?). Clearly, the same detectability conditions hold for an epidemic
of length ¢* not depending on n.

On the opposite side, epidemics with a small amplitude |p*| should require
to be detected larger lengths and this can be quantified by (26). To fix the idea,
let us focus on the special case where |p*| > 0 is constant (i.e., not depending
on n). In this setting, the detectability condition provided by (26) becomes

l*l_wc; PN
n—oo
Let us remark at once that the choice v > 1 has to be discarded here because
it implies [*!=7¢,; 1 — 0. Now, it is easily seen that the detectability condition
when ¢, = a,, ultimately reduces to

a0 =o(¢*) with {1-l<y<1l ifa>2
y=1-1 if a > 2 and lim, o L(z) = 0.
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In particular, when a > 2, the minimal length detectable when ¢, = a,, ulti-
mately is obtained from the third subcase above and satisfies

a2te = nﬁzaLl(n) e = o(¢"),

noticing that when lim,_,, L(z) = oo, L1(n) — oo.
Next, it is easily seen that the detectability condition when ¢, = n'/2=7
ultimately writes

1-2y
nz-2v = o(£*).

Noticing that % is a decreasing function of v on [0,1/2 — 1/al], we can
conclude that the minimal length detectable for the choices of « allowed when

¢, = n'/?=7 ultimately satisfies
nrta = o(f").

The simulations presented in Section 3 show that when a > 2, the empirical
power of the test is maximal for 7 close to 1/2 — 1/a. This observation is in
accordance with the above result which shows that when a > 2, the minimal
detectable length €7 which separates consistency and non-consistency of the
test is obtained for v = 1/2 — 1/a. Indeed, for a given length ¢* of epidemics
in the simulated sample, the probability of rejection of Hy increases with the
ratio £* /(7.

Consider now the general case where both ¢* and p* vary with n. It is
convenient here to see the epidemics as a rectangular signal hidden in a noise.
We can then choose a function 7(u*, £*) non-decreasing in each of its arguments
and try to interpret the detectability condition in terms of 7. Particularly,
we can choose some norm of the rectangular signal. The L' and L? norms
correspond to 71 (u*, €*) = *|p*| and o (u*, £*) = V0*|p*|, respectively. The
latter is the square root of the energy of the signal. For this one, the minimal
value of 15 provided by (26) for the detection of the signal depends essentially
on a non-increasing function of the relative length of the signal ¢* /n, namely,

1/a
VI = max(Lu ), D ()
obtained with v = 1/2 — 1/a. In [9] a similar problem of testing the presence
of a constant change in mean within an interval of a given size was considered
for the model with independent Gaussian noise.
Here, the following condition that separates the detectable signals with
mean p, from the non-detectable ones was obtained by using the minimax

approach,
\/li*|,un\xx/§aw/loglﬁ*, */n—0, n— oo,

where o is the noise variance. To obtain a final result of this type for noise
in RV, remains an open question. One may remark, nevertheless, that it is
possible to reach some logarithmic rate for the function of relative length of
the signal with our ratio statistics if we can afford some excursion outside the
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framework of regular variation of the Xj’s. This can be done like in [25] by
using the Holderian functional central limit theorem with generalized weight
function p, see [24], assuming some exponential moments for the noise. To this
end, we replace TT(L’Y) by T,(Lp) = maxi<s<n p({/n) " maxo<k<n_¢ |Sk | Here
under Hy, T = Op(n'/?). A simple adaptation of the proof of Th. 4 leads to
the condition d,, := £*p*n=2p(¢* /n)~! — oo under an adequate assumption
on the tail of X;. In particular, if for some 5 > 1/2 and every positive A,
E exp(AX1]'/#) < oo, then one can choose p(h) = h'/?|log(ch)|® for some
constant ¢ > 0 and this leads to the detection sufficient condition

VO |pt| = dy log? (c%) , with d,, — 0.

3 Tests with the maximal ratio statistics
3.1 Critical values

In this section, we consider model (1), where X € RV, with a > 1. The null
hypothesis Hy is rejected in favour of the alternative H4 when

MR, > B, (27)

where the asymptotic critical value B, has the preassigned asymptotic level
of significance a. Due to Th. 1, B, > 1 is determined by the equation

4BS(1+ B2 % =« (28)

if v > max{0,1/2 — 1/a} and by the equation

oo

Ey(Bay) dFy (y) =

-« (29)

N | =

0

ifa >2and 0 <5 < 1/2—1/a, where the function F, is defined in (14).
The distribution of F,, was evaluated on a grid of size 1000 and by running
Monte-Carlo simulations with 400 runs. The results are presented in Table 5
given in the Appendix.

If one takes v = 1/2—1/a, then the choice of the critical value B,, depends
on the either of conditions (15), (16).

From equation (28) we find

Byi=[a"'2—a+2V1— oz)]l/a.

Hence, in the case v > max{0,1/2 —1/a}, B, depends on v only indirectly. If
1 < a <2, then the test can be written as
1/a

sup MR, > [a7'(2 - a+2V1—a)]
0<y<1
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And if a > 2, then the test can be written as

sup MR, > [e7'(2—a+2V1—a) e,
1/2—1/a<~<1

To find approximate values of B,, satisfying (29), we proceed as follows. We

consider i.i.d. standard normal random variables Z1, Zs, ..., Zn with N = 4m
and define TJ(\;;-)(Z), 1 < j <4 as in the abbreviations (11). Put also

Qn(z):=P (M (T}]l)(Z), . ,T}VQ(Z)) > x) Cz>0

Then the limit tail distribution of MR, is limy 00 Qn (), x > 0.

We note in passing that by absolute continuity of the distribution of the
Z;, TS)(Z) > 0 as. for j = 1,....,4, 50 M(T}V?(Z),...,T}VQ(Z)) > 1 almost
surely, whence Qn(z) = 1 for 0 < x < 1 and the same holds for its limit. By
independence and identical distributions,

V) (2) T3(2) 2
1-Qn(z)=[(1-P | max ot ) > .
Tyn3(Z2) Ty (2)
For z > 1, the events {T](\,VI)(Z)/TJ(\;Q(Z) >} and {T](VWQ)(Z)/TJ(VWB(Z) >z}
are disjoint, hence

() () (7 T (7
p<maX{Tf(v§)<Z>,Tf(V3)(Z)} > :v) P(T%( ) >x>+P< w2 ).
Ty (2) Tyi(2) Ty (2) Tyi(2)
By identical distribution of (T{00(2),7{)(2)) and (T{}(2), T (2)),

) (2) i
QN(x)=1—<1—2P<TZ%£(Z) >x>) , x> 1. (30)

Hence, we find approximate asymptotic critical values B, = B,(7y) by solving
1
P (23" > Ba(m) = (1= VI=a),

where 2 = T)(2)/T()(2).
The distribution of Z](J) was evaluated on a grid of size 10000 and by

running a Monte-Carlo simulation with 3000 runs. The results are presented
in Table 6 given in the Appendix.
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3.2 Simulation study: independent random variables

To illustrate the finite sample behavior of test (27) with independent ran-
dom variables, we conduct an experiment using Monte-Carlo simulations.
We use the symmetrized Pareto and Log-Gamma distributions to gener-
ate X regularly varying with index a. Data are generated by the model
Yor = /.L:‘ﬂ{k*+1’... ,k*+£*}(k) + Xk.

To investigate the effect of test (27) on various alternative conditions we
consider samples of sizes n = 200, 300, 600, 1000 with various relative lengths
of changed mean segment ¢*/n, adapting the parameter v to match the various
cases in Th. 1. The power of the test is estimated with 1000 repetitions. The
nominal size was chosen as o = 0.05, 0.1.

3.2.1 Performance of the test with varying parameters of tail index a,
amplitude 1 and relative length €* /n

First, to illustrate the effect of the tail index a on empirical power scores,
we take only two values of the parameter of regular variation, a = 2.5 and
a = 5, since clearly, bigger values of a cause higher empirical power of test (7).
Figure 1 illustrates the empirical power in setting (13) for different values of
a for the samples generated from Pareto distribution with n = 300, £*/n =
7/30,5=1,..,7,u% =02¢c,c=1,..,10 and a = 0.05.

More precisely, for the values v = 0.09 and v = 0.29, Figure 1 depicts
the variation of the empirical power as a function of one of the parameters
amplitude p and relative length £*/n for several fixed values of the other.
The choice of the parameter 7 in this case is made arbitrarily since under
setting (13) the requirement for v to be less than the threshold 1/2 — 1/a is
fulfilled. From both types of figures it can be seen that the greater the index
a, the amplitude of the change p or the length of the changed segment ¢*,
the bigger the empirical power of the test when fixing any two of these three
parameters. The intuitive explanation is as follows (see also the comments
after Th. 4):

— tail parameter a: the lower the index a, the heavier tail the generated
sample. Consequently, it is complicated for the test to distinguish epidemic
periods when there are many large values in the sample, thus the power of
the test may be naturally lower;

— the amplitude of the change p: anew, the effect on the test of u is the
same as with parameter a: a lower mean value may indicate a lower power
of the test (7);

— the length of the changed segment ¢*: it is also clear in this case that a
shorter length of the changed segment may reduce the test performance.

Of course the three parameters can offset each other in favor of the test
power. For example, although the amplitude u} is small and the length of the
changed segment ¢* is also short, the test power improves significantly with a
larger parameter a. Figure 5 in the Appendix represents the latter simulation,
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but with a significance level o = 0.1, from which it can be seen that all the
findings are valid in this case as well, but test (7) performs condiderably better.

3.2.2 Performance of the test with varying parameter v and sample size n

So far, only one part of the maximal ratio test with various parameters has
been examined, i.e., under the setting (13). However, the performance of the
test with particular realization can be controlled via the parameter v allowing
distinct limiting distributions.

5 n=300, y=0.09 a=2.5, 0=0.05 S n=300, y=0.09 a=2.5, a=0.05
2100 A 3100 g —
9 Z P> ey e
5 3 X P . .
2 075 Relative length: 2075 ;"f - e Ampjnude.
S L. o A P w'=0.2
& I'/n=1/30 < 2 . -

0.50 “In= o f 4 ® =06
50 ® '/n=1/10 . 0.50 o Al =1
H 4 I'/n=1/6 g L=
20.25 + '/n=7/30 g * W14
= Z0.25 W=18
2 £
000 Eo00
w 02040608 1 12141618 2 [ T R e e e

Amplitude p Length
(a) Case: a=2.5 (b) Case: a=2.5
§ n=300, y=0.29 a=5, a=0.05 5 n=300, y=0.29 a5, a=0.05
21.00 W—H 3 Y S—
k7] / g
S S Hude:
2075 / Relative length: Qo Amplitude:
g o ° H'=0.2
0550 I./n:1/30 & ° W'=06
50 OI{n—l/lO - 0.50 A =1
H 4 I'/n=1/6 2 ‘l{h
<3 + '/n=7/30 2 M=l
£0.25 <025 =18
8 g
£0.00 2000
W 02040608 1 12141618 2 u o o X o 7
Amplitude p* Length
(c) Case: a=5 (d) Case: a=5

Fig. 1: Empirical power of the test under the setting (13) with a = 0.05

Figure 2 depicts the empirical power of test (7) under various vy =
0.01,0.1,0.2,0.29,0.3* refer to (15), 0.3, refer to (16), 0.31,0.5,0.7,0.9 val-
ues with tail index a = 5, a = 0.05, sample size of 1000, changed mean
segment of 0.2 for Pareto and 0.3 for Log-Gamma distributions, and 1000
Monte-Carlo simulations. In such a scenario, due to Th. 1, the threshold
v = max(1/2 — 1/a,0) = max(1/2 — 1/5,0) = 0.3 (red vertical line) divides
the alternative into four settings: (12), (13), (15) and (16). Remarkably, the
effect of v is quite strong in the results of the empirical power of the test where
it’s the highest when ~ is very close to % — % from the left. Figure 6 in the
Appendix illustrates the latter simulation with « = 0.1 and the distinction
between two limiting distribution is even more evident, when, again, the per-
formance of the test is superior when ~ is very close to % — % under limiting
distribution (13).
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n=1000, a=5¢=0.05 Monte Carlo=1000,=0.2 n=1000,a=5,0=0.05 Monte Carlo=10004=0.3
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(a) Pareto distribution (b) Log-Gamma distribution

Fig. 2: Empirical power of the test under various v values with a = 0.05

Now, we investigate the role of the parameter v in more depth by ac-
counting other parameters. The detailed exploration under various settings
in Th. 1 is illustrated in Figure 4 with samples of a size n = 300 from the
Log-Gamma distribution with tail index a = 2.5 and a = 0.05 under different
relative lengths ¢*/n = j/30,7 = 1,...,7, and sizes of changed mean segments
pn = 0.2¢,c = 1,...,10. In Figure 4a and 4b the depicted situation is under
setting (12), in Figure 4c and 4d under setting (13), in Figure 4e and 4f under
setting (15), Figure 4g and 4h under setting (16).

For all the settings in Th. 1, the empirical power of the test is much larger,
when the length of changed mean segment is longer and the amplitude p* of
the change is bigger. This result is straightforward. Nevertheless, in the same
circumstances, the tests under setting (13) have higher empirical power than
the tests under (12), (15) or (16) settings. Figure 7 in the Appendix illustrates
the latter simulation with oo = 0.1.

Let us return to the tail parameter a. In reality, its true value is seldom
known, so various estimators are used to evaluate a. We choosed here the
well known Hill’s estimator [15]. When analyzing both settings (12) and (13),
the choice of «y is arbitrary. Moreover, settings (15) and (16) give the same
limiting distribution as settings (12) and (13), respectively. Accordingly, the
performance of the test with Hill estimator is analyzed only for the settings (15)
and (16), when ~ depends directly on the parameter a via y = max(3 — +,0).
Figure 3 portrays the empirical power of the test with evaluated parameter a
from Hill estimator where samples of a size n = 300 are generated from Log-
gamma distribution with true tail parameter a = 2.5. Results are estimated
with o = 0.05. Most of the time, Hill estimator is bigger than the true value of
a by Ea = 4 under the setting (15) (see Figure 3a and 3b). For this reason, the
solution of (28), which directly depends on the parameter a, is smaller than
the true critical value. For example, for a = 0.05, the true critical value is
equal to By o5 = 3.82 and the evaluated critical value is approximately equal
to E By.o5 ~ 2.56. Consequently, the performance of the test is slightly better
when a is evaluated from Hill estimator. Figure 8 in the Appendix illustrates
the latter simulation with o = 0.1.
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Fig. 3: Empirical power of the test under settings (15) (top row) and (16)
(bottom row) when parameter a is estimated from Hill estimator with a = 0.05

As mentioned earlier, the lower is the index a, the heavier is the tail of the
generated sample. For this reason it is interesting to investigate type I errors.
Figure 9 in the Appendix illustrates false positive probability of the test with
Log-Gamma distribution under settings (12) and (13) with various values of
th parameter a , n = 300, o = 0.05.

Table 4 given in the Appendix summarizes the performance of test (7)
under the Log-Gamma and Pareto distributions with regular variation index
a = 5, sample size of n = 200,600, 1000, amplitude of the change u* = 0.3,
with length £* of approximately %, %, i of the sample size n. Increasing sample
size, length and amplitude of the change also increase the empirical power.
However, the choice of the parameter v depends on the threshold % - % where
the empirical power is the highest when ~ is very close to the threshold from

the left, regardless of sample size or length of changed segment.
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Fig. 4: Empirical power of the test under various settings with o = 0.05. The
top row corresponds to the situation under setting (12), second row corre-
sponds to the situation under setting (13), third row corresponds to the situ-
ation under setting (15) and bottom row corresponds to the situation under
setting (16).
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3.3 Simulation study: dependent random variables

This section briefly investigates the performance of test (7) under some de-
pendency settings used in Th. 2 and Th. 3 as the findings differ little from
the above ones. To illustrate the finite sample behavior of test (7) we use the
autoregressive and the moving average processes

P
AR(p): X:= quth,j + egl); MA(q) : ijet it et ,
j=1

where ¢1 = 0.5, 1 = 0.5 for p,g = 1 and ¢ = 0.5, ¢ = 0.25, ¥y = 0.5,
1o = —0.25 for p,q = 2. The innovations eil) are i.i.d. from symmetrized
Pareto (denoted as i = 1) and symmetrized Log-gamma (denoted as i = 2)
distributions with the parameter a = 2.5. For the change in mean, we consider

Yot = pnLgpe g1, o003 (t) + X with various values of p).

As mentioned in Section 2, Th. 2 and Th. 3 generalizes the extension to the
dependence case. The illustrations of the latter theorems are analyzed accord-
ing to the parameters selected in the previous section. More precisely, Table
1 portrays the empirical power of the maximal ratio test under various alter-
natives corresponding to Th. 2 with n = 300, ¢*/n = j/30,7 = 1,5,7,u =
0.2¢,c = 1,...,10 and o = 0.05. Parameter ~ is chosen to be equal to 0.09.
AR(p) and MA(q) processes are generated with Pareto and Log-gamma inno-
vations having a tail index a = 2.5 in both cases. First, the performance of the
maximal ratio test seems superior for processes with Pareto innovations and
when the order of the process is smaller for both AR(p) and MA(q). More-
over, the empirical power of an autoregressive process seems higher than with
a moving average process. However, other findings are similar to the ones of
independent case as the detectability of a change increases with the length £*
and the amplitude p*.

Next, we examine the realization of maximal ratio test under conditions of
Th. 3, which are shown in Table 2. Except for ~, all the parameters are the same
as for the latter simulation. Our choice of v, restricted by v > max(0,1/2 —
1/a), is here v = 0.11. Note that a = 2.5. As in the independent case, the
empirical power of the maximal ratio test is significantly smaller under the
same conditions, but greatly improves with higher values of the length ¢*
and the amplitude p of the change. However, it does not reach the level
specified in the setting (13). And again we come to the same conclusion that
the empirical power is the highest when the alternative limiting distribution
has the form (13). For comparison with i.i.d. case, see Table 3.
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AR(1) AR(2)) MA(1) MA(2)
« =10 v
=02 0.4981 03971 04233 04038 0.4246 03390 03481 0.3998
4, =06 04536 05096 0.4990 03911 04865  0.5665 03788 04702 05764
=005 yuy=1 05009 06308 03873 0.6490 04242 06500  0.7579 03977 0.6615  0.7508
Jh=16 04886  0.7452 04034 0.8375 04309 0.8394  0.9097 04025 08673 0.9444
Log-Gamma 08162 0.8889 04337 0.9327 04640 09019 0.9504 04280 0.9404 09841
innovations 05529~ 0.57 05087 05095 05 T 04606 04673
06038 06121 05625 0.6458 0.4953 0.6081 04754 0.5615
@=01  pp=1 05521 06962 07401 07365 0.8264 05284 0.7986 04782 0.7625
4L =16 05890 08212 08780 09038 0.9593 05133 0.9484 04924 0.9096
ph=2 05653 08795  0.9425 09423 0.9831 05322 0.9692 05417 0.9673
=02 05701 05760 05029 05417 0. 05764 04688 05029 05169
4 =06 05597 0.6635 06644 05559 0.6490  0.7113 04773 0.6721 07163
@=005 p=1 05748  0.7490 0.8240 05218 08038  0.8681 04981 08192  0.8909
uh=16 06302 08423 09221 05461 0.9702 05786 09104 09742

Pareto
innovations

"o

0.

0.6022°

06326 0.7183 05786 0.7029  0.7996 0.7907 05729 07317 0.8056
a=01 06259  0.8000 06042 0.8673  0.9246 3 0.8889 05407 0.8606  0.9236
06761 09106  0.9335 06487 09529 0.9891 06420 09442 0.9802 06439 09587 0.9841
0.6638 09337 0.9782 06610 0.9740  0.9921 0.6723  0.9663  0.9871 0.6581 09798 0.9940

Table 1: Empirical power of the test under Th. 2 conditions with a = 2.5,
v =0.09 and n = 300

AR(1) AR(2)) MA(1) MA(2)
=10 r=10 =5 =10 £=10 =50 =70
0.0377 00511 00510 0.0556 00256 0.0288
0.0843 00407 00769  0.1131 00350 0.0635
0.2351 00473 01779 0.2431 00379 0.1625
0.4970 00473 03087 0.4732 00341 0.3644

Log-Gamma 0.6131 05154

innovations G 77004 -9 -
0.2077 00881 01779 02058 0.2381 0.1080  0.1990
0.2673 01023 0.3135 02933 03780 01117 0.3404
0.4163 01288 0.5471 0.6399 01288 0.5827
0.5279 01307 0.6837 0.7788 01326 0.7125

0.1676 0.1192 0.1300 01070 0.1020

0.1439 0.1827 0.2728 0.0909  0.1875
=005 0.1525 0.3500 0.4503 00994 03519
0.1515 0.5673 0.6806 01212 05644
Pareto 3 081 0 7

innovations 7702661 02750 T 0.2450

03125 03317 04018 0.4286 04196
03153 04779 30 0.6379 0.6706
03097 0.6404 0.8720 0.2680 0.8442 3 07615 0.8671
03030 0.7067 0.9296 0.2808 0.8968 02718 08336 0.9385

Table 2: Empirical power of the test under Th. 3 conditions with a = 2.5,
v =0.11 and n = 300

AR(1) AR(2) MA(1) MA(2) iid
099 0.78 0.8242 0.7883 0.8192 0.8742
Pareto = 0.8133 0.8525 0.845 0.8533 0.9117
innovations 041 a=10.05 0.6233 0.6891 0.645 0.6758 0.7425
T a=0.1 0.7292 0.7641 0.7433 0.7633 0.8458

Table 3: Empirical power of the test under Th. 2 and Th. 3 conditions with
changed mean segment p = 0.5, a = 5, length £* = \/n, where n = 300

4 Asymptotic of the weighted maximal increment
Now we present theoretical results about the asymptotic behavior of T,SV) for

v € [0,1] under Hy for i.i.d. X, X5,... Throughout this section, =1 (X).
If X € RV, and v > max{0,1/2 — 1/a}, the limit distribution of 7" is
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found in [21]. In the following theorem we recall the result and add the case
vy=1/2—1/a, a > 2 as well.

Theorem 5. Assume that X, X1, Xo,... are i.i.d. random variables, X € RV,
with a > 1, and EX = 0.

(a) If v > max{0,1/2 — 1/a}, then

lim P (a;1T157) < x) =exp(—ax~?) =: D,(z), x>0. (31)

n—oo
(b) Ifa>2,v=1/2—1/a and

. _
tliglct P(|X]| > t) = o0, (32)

then (31) holds as well.

Statement (a) is proved in [21]. To prove (b) one needs to do some mod-
ifications in the proof of (a) only. For the reader’s convenience, we provide
all the details. The following auxiliary results are the main ingredients of the
proof.

Lemma 6. Assume that X € RV,, a > 1 and EX = 0. Let X1, X5,... be
independent copies of X, So =0, Sy = Zle X;, k> 1. Then for any v >0
and h > 1,

lim Pla ! max £ max |Spir—Si|<z)| =&, (x), = >0.
n— 00 ( " {<¢<h nggn—é‘ ke = Skl < a(®),

Lemma 7. Let (Y;) be a sequence of i.i.d. random variables. Then, for any
b>0,vy>0,h>1and H <n,

k+£ Jo
P | max /77 max ‘ E Y]’ >b] <2 E Qj,
h<(<H 0<k<n—t| :
j=k+1 j=J1

Q= 2jP< max

1<k<2n2—7

Zk:Yj] > b(n2 7)),
j=1

where Jo = loga(n/h), J1 =logza(n/H) + 1 and logs x denotes the dyadic loga-
rithm.

Lemma 8. Let X € RV,, a > 1.
(i) For any 0 < s < a,

2a —1, 5—a
EIXPLx>yan) < —ann Yyt (33)

for n large enough, uniformly in y € [1,00).
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(i) For any s > a,

5 2a S — S—a
E|X‘é]l{‘x‘§yan} < s_aann ly , (34)

for n large enough, uniformly in y € [1,00).
First two lemmas are proved in [21] (see, Lemma 2.2 and Lemma 3.3
therein), whereas the third one is proved in [28] (see Lemma 2.4 therein).

Proof of Th. 5 (b). By Lemma 6, we only need to prove that for each ¢ > 0,
lim limsup @, (h,e) =0, (35)

h—o0 pco
where
Qn(h,e) = P(hrgggxnﬁ_” ogrl?gr)z(—z ‘Sk+g — Sk| > Ean).
Here and throughout the proof we take v = v, = 1/2 — 1/a. To our aim, we
consider the truncated random variables
X! = X 1{|X;| < hVan}, X;=X,—E(X]),i=1,...,n,

and the corresponding partial sums
k N ko
Sp=> X and Sp=>» X; k>1
i=1 i=1
with S} = S = 0. From Lemma 7, we conclude

< > p - oy — S
Qn(h,e) < P(l?}?%(n'XH >h an)+P(hI££a§Xn£ og?gaif_ew’““ Skl > Ean)

loga(n/h)
§ P<1r<nk?§n |Xk| 2 h”an> +2 z:l QJan(hvg)v
j=

where

Qnj(h,e) =P < max || > 5(n2j)7an> .

1<k<2n2—7

Since

lim P( max [Xg|>h"a,)=1—exp(-h~"") —— 0,
n—00 1<k<n h—oo

the proof of (35) reduces to

loga(n/h) .
Jim nﬂs;p 2 21Qnj(h,e) = 0. (36)
j:

Noticing that EX" = E(X — X1{x|>hva,}) = —E(X1{x|>h7a,}) because
EX =0, we have by Lemma 8 (i)

2
E(S0)] < KIE(X)] < kE (XILqx15h7a,)) < k- _alannflmﬂf'l).
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This yields

max  |S}| < max |Sk| +2n277
1<k<2n2-7 1<k<2n

2a a,n thY(1-a),
-1

Moreover, as j < loga(n/h), we have 277 <1 < (nZ’j)7 since v > 0. Hence
for h large enough and uniformly in j < loga(n/h),

max |S,| < max |Sk\ + = (n27j)'7an.
1<k<2n2-J 1<k<2n2-7

Hence for h large enough and uniformly in j such that 27 < n/h,

an (h') 6) S évzj(h7 6)7
where

Qe =P (o 151l > /20270, ).

1<k<2n2-7

Fix p > a. Since (|Sk|,k > 1) is a submartingale, by Doob and Markov in-
equalities we obtain

Qnj(hie) < <p:>p <2>p ((n277)%a,) "E ’§2n2,j 3

e

By Rosenthal inequality,

~ p
E ‘SQnQ*j

< ¢ [(m_j)p/Q(E (IX 121 x1<anny)P/ 2 +n277E |X‘p]l{|X|§anh“f}}a

where the constant ¢, > 0 depends on p only. Applying Lemma 8, we obtain

‘SZnZ J

< Jyp/2 2\p/2 J p—1pv(p—a)
c[(n2 JYPI2(E X2)P/2 4 2~ piaa h }

This leads to

a aﬁn‘liﬂ(”_a)}

@nj(h,s) < Cp (i)p [(nQ‘j)’Yan}—P (n2—j>P/20.p +n2d

2a nflhv(pfa)(ngfj)ﬂpﬂ}’

2\* .
—c (2 Po—P(n2 =3\~ YP+P/2
P (E) [J Qan, (Tl ) + p—a

where C), := (1 — 1/p)~Pc, and 0 = E X2. Hence, recalling that v = v, =
1/2 —1/a and p > a, we obtain

loga(n/h) logz (n/h)

Z 21Qni(h,¢) Z 2 Qnj(h,€)

IN

2 p logz(n/h) 2 loga(n/h)
Cp () Upnp/aa;p Z 9—(p/a=1)j a_,—pp—a) Z 9YPi
13

Jj=1 Jj=1

P 241
Cp 2 72p/a oPa,PnP/ + 2% a pi=a/2| .
c op/a _ 9 (p — a)(2r/2 — 2p/a)

IN
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We see, that when a > 2, (36) and hence (35) are valid provided that

lim,, o a; 'n'/® = 0. This is guaranteed by condition (32). Indeed, as a,, =

inf{z € R; P(|X| > z) < 1/n}, P(|X| > 2a,) < n~1, so choosing t = 2a,

in (18) gives 2%a2 P(|X| > 2a,) — oo, hence 2%a%n~! — oo or equivalently

/%1 = 0. O
The following theorem proved in [25] is the key of the proof of (b) in Th. 1.

Theorem 9. Let a > 2. Assume that EX =0 and

lim *P(|X| > t) = 0. (37)

t—o0
Then for 0 <~y <1/2—1/a,

lim P(n~Y*e 1T < z) = P(TY) <), x>0,

n—oo
h 2=EX? and
where 02 = an

W) —-w
TO) .=  sup W) (5)‘, (38)
o<s<t<1 |t —s[7
W denoting a standard Brownian motion on [0, 1].
Theorem 10. Let a > 2 and v = 1/2 — 1/a. Assume that EX = 0. The
sequence (n_l/“Tr(ﬂ))nzl is stochastically bounded if and only if

A :=supt?P(|X]| > 1) < c0. (39)
>0

Proof. We estimate for arbitrary b > 0 the probability
P,(b) = P (n—l/aT}ﬂ) > b) .

1/a

First, we truncate the random variables X; at the level bn'/® by setting

j(v'i = Xl]l(|Xz| Sb’l’bl/a)7 Xz/ = j(ti_E)’(ti’ Z:L,?’l

Recalling the abbreviations (11), this gives
P (n_l/aT,(ﬂ) > b) <P <1I£1_a<X | X5| > bnl/a) +P (n_l/aTT(ﬂ) (X) > b) .

Next, T(X) < T{(X') + T (EX) and by stationarity, T\ (EX) =
n*|EX]|.

Since EX = 0, [EX| = [EXL{|X| > bn'/*}|, so using (39) and the ele-
mentary equality E |X|1{|X| > c} = cP(|X| > ¢)+ [.° P(|X]| > t)dt, leads to
EX| < Aapl=apl/a=1_Consequently,

nfl/aT(v)()?) <n VT (X" + Aa pl/a=1/2p—a+1
n — n 1
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By Lemma 6,

logn

P(n~ YT (X)) > b) < 2 Z 2jP( max
=1

1<k<2n2-7

> bnl/a(nQ_j)'V).

k
>
i=1

Proceeding as in the proof of Th. 5, see the estimation of @nj(h, €), we obtain

Jj=

P~ YT (X)) > b) < ¢,b7P

for b > 1, and complete the proof of sufficiency.
As for the necessity of (39), we just notice that the stochastic boundedness

of n~Y/a(Y yields n'/? max; <<, | Xx| = Op(1) which for i.i.d. X’s implies
the boundedness of L, giving (39). O

5 Proofs of the theorems on MR,
5.1 Proof of Th. 1

First we prove (a). Since the random variables T,,;,j7 = 1,...,4 are indepen-
dent and recalling that n = 4m, we have by Th. 5 a)

_ D
an (To1, Toa, Tnz, Tna) ——— (Th, To, T3, Ty),

m—r o0

D e e L. .
where — denotes the convergence in distribution and T3,75,7T5,7T, are inde-
pendent random variables with Fréchet distribution:

P(T; <z)=exp(—2~%), >0,

for any j = 1,...,4. By measurable mapping,

as. T T3 Tp T
MR%,LLMRW:M(TMTQ,T&T@:max( 1 -3 22 4>.
n— o0

Since the random variables max (T /T35, T5/T1) and max(Ts/Ty, Ty /T») are in-
dependent and identically distributed,

T, T;
< z) = P? L2 )<z,
PMMR,<z)=P <max <T3’ T1> < x)

Next, we observe that P(MR., < z) =0 for « < 1, whereas for z > 1,

T T\ _ 1 _T_
max { —, — = — — .
& Tg’Tl =7 .’E_T3_x

Hence for x > 1,
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The distribution function of the ratio 77 /T3 of two independent Fréchet ran-
dom variables with the same parameter a is easy to derive:

P(Tl/Tg S a:) = P(T1 S ajTg) = /R </]R ]l{ugm,} C].PT1 (u)> dPT3 (’U)
:/ exp (—(zv)~*) dPr,(v)
Ry

= /oo exp (—(zv) ) av™ " exp (—v %) dv
0

L 1
:/ t@ ) dt = .
0 1+zx@

Hence

1 1 ¢ —1
Pl—-<—=<z|= — = .
x T3 1+z=2¢ 142¢ 2241

This yields

1 if <1,

P(MR, > z) =
(MR, > z) {4m“(1—|—x“)2 it 2> 1,

and completes the proof of (a).
Similarly, one proves (b). Since the random variables T,,;,7 = 1,...,4, are
independent, we have by Th. 9

m A (T, T, Tag, Tar) —— (00,00, U, U7) |

m—» 00

where U™, U U U are independent random variables with the same
distribution as T(") defined by (38). By measurable mapping,

Ul(’Y) U?E’Y) Uz(’Y) Ui’Y)
U™ g g g |

MR, —— MR, " max (

Since max (U{” Jus U /U{”) and max (UZW Ju» /Ué”) are inde-

pendent and identically distributed random variables,
M 77 1 )
P(MR, < z) = P? | max %,% <z|=P? ngl()gm .
UB"/ Ul"/ €T UB’Y

Observing that
Ul("/) o
Plom =7 :/O Fy (zy) dF, (y),
3

we complete the proof of (b) following the same steps as for (30).
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The statement (c) combines both proofs of cases (a) and (b) together with
Th. 5 and Th. 9.
Finally, (d) follows from Th. 10, noting that with A defined by (39),

A )n — exp{—Ad~“}

P T{) < 8) < Pn™/* mas |Xel <8) < (1
an,

1<k<n

—l/aT7S7)

as m — 00, SO N is Op(1) and bounded away from 0 in probability.

5.2 Proof of Th. 2

Let Hg ., denote the product Holder space endowed with || |4, where

|4, = 12122{4 1 £51l-

Hiy = HH" [ L= j] o G fo fa )
Clearly, Hj ., is a separable Banach space. For f € H?[0,1] and j = 1,...,4,
denote by R f the restriction of f to the segment [(j —1)/4, j /4], put Rof
R;f — f((j—1)/4). We remark in passing that w, (R; f,d) = w-(RYf,9). Next,
we define &(f) := (RYf, Rf, R3f, RYf). The linear map & : H3[0,1] — Hg _ is
continuous since || P(f)||4,4 < || f]l+- To complete these functlonal preliminaries,
we introduce the map ¥, : Hg , — RY,

(f1, f2, f3, f4) — <W’Y(f17i)7w’y(f2a éll)’wv(f&zll)’wV(f‘l’i)) .

As each w, involved in this formula is absolutely scalable and subadditive,
these properties are inherited by ¥, . It follows that ¥, is Lipschitzian, hence
continuous on Hj .,

Recalling that n = 4m, we express 7T, 7(1';) in terms of &, as

_ gn Lj;f _fn Lm
7 = (4m)™"7 max max ‘ (4 ) > (4 )’

am.j 1<0<m (j—1)m<k<jm—1 (%)
m

Since for a polygonal line function g on the segment [b, ¢], w~ (g, c—b) is reached
at two vertices, see Lemma 3 in [19], this can be recast as

1 I 1 .
Ty =477 m w, <Rj£4m; 4) — 4T, (R;?g4m; 4) =14
It follows that for n = 4m,
n~ 21 (Tﬁ), . ,Tr(LZ)) = (U, 09) (n71/2071§n).

As (Xi)r>1 satisfies the HFCLT(vy), this gives, by measurable mapping,

n—%ﬂg—l(TfL ”) ,.,,Tflz)) m (w7 (R?W, i)w"?wﬁ’ (RZW, i)) - (40)
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In view of the independence of the increments of W, the four components of
the above limiting random vector are independent random variables. To find
the marginal distribution we observe that

1 t) —
(B =y WO
4 0<t—s<l (t—s)
s tE[Tl,%
Wizl y v Lou
Ly WEREn oWy
O<v—u<1 (” “)
u,ve(0,1]
= 47w, (V}, 1),
where _— _—
= w (I 8y s () )
Vi(w) =W ( —+3)-w(I=), uepu
V; is a centered Gaussian process on [0, 1] with V;(0) = 0, independent incre-
ments and EV;(u)? = u/4. Hence W; := 2V; is a standard Brownian motion

on [0, 1]. Noticing that w, (R?VV, i) =5 2, (W;, 1), we can rewrite (40) as

3n_l/QJr'VU_l (T,(L ) T(W)) -2 <w7 (Wl, i), Wy (W4, i)) ,

47 n=4m—oo
where W7, ..., Wy are independent standard Brownian motions on [0, 1]. Since
n = 4m, the normalization above is 2n~1/*¢~1 = m~1/275=1. Now,
putting

U = wW(Wj&), j=1,...,4,
the proof is completed exactly as the proof of Th. 1 (b).

In the i.i.d. case, the proof was simpler due to the independence of the
components for each n which enabled us to apply directly the HFCLT com-
ponentwise. In the above proof we use only asymptotic independence which is
encoded in the independence of the increments of the Brownian motion.

The constant ¢ in the definition of HFCLT(7y) is not necessarily equal to
E X?. For instance, in the strong mixing case or in the associated case, see
eg [14], 0 =EX{+ Y 2, EX1 X,

In [12], Giraudo obtains an extension of the HFCLT with a limit /7 W
where the random variable 7 is independent of W. The above proof can be
adapted to this case via Fubini arguments (keeping the same 7 for the four
subsegments of [0, 1]). Clearly,  disappears in the computation of MR

5.3 Proof of Th. 3

We notice that for a > 1, (19) implies (18), so the series in (17) converges
almost surely and X; € RV,,.
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Proof of Th.3 i). Here the sequence of observations is (X;);>1 where

X(Q) ijez _j

By [20, Th. 3.2],

a T(X@D) —2 e Ty, j=1,....4

n=4m-—oco
where T has the Fréchet distribution with parameter a and

k4-0—1

Cyg:= max £~7 max g i

T isise 1sk<g-th| v
im

Unfortunately, the random variables Tf;yj)(X (Q)), 7 =1,...,4 are dependent,
so we cannot deduce from the above weak convergences the convergence of the
vector a,! (Té"’l) (X@), ... ,Tﬁf (X@)). To avoid this drawback, we remove
of each of the blocks the ¢ last variables X/, replacing T,SVJ) (X (@)) by the
corresponding T(V) X (@), defined by (11), which are independent. Let us
check this. In the sp1r1t of (11), we denote by mf(u, v, Z) the set of random
variables of the form f(Z,+1,...,Z,) where f is real valued, defined on some

Borel subset of R¥~%*1 and Borel measurable. Then for i > 1, Xi(q) € mf(i —
g—1,i—1,€), whence

T(jj)’l(X(q)) emf ((j — Vm, jm — ¢, X)) Cmf ((j — 1)m — q,jm — g — L,¢)
Cmf ((j —m —q,jm —q,¢).

So the four random variables T,(LVJ) (X (@)) are independent as measurable func-
tions of disjoint subsequences of the independent sequence (€;):cz. A similar
result could be obtained by removing only the ¢ — 1 last variables X in each
block. Our preference for the g last variables leads to some writing simplifica-
tion below.

Now, exactly as in the proof of Th. 1, by independence of components,

a,', (Téf (X(Q))a-~-7T7(J4),q(X(Q))) m Cy,q(Th, T2, T3, Ty),  (41)
where Ti,...,Ty are i.i.d. with Fréchet distribution with parameter a. As
R4 \ D, the discontinuities set of M, has null measure for the distribution
of (T1,...,Ty), this gives by measurable mapping and homogeneity of M,

M(Tm (x@),..., 7 (X<q))) :M(a;} () (x@),..., 1) (X(q))))

n,l,q n,4,q n,l,q n,4,q
D
E— M(T17 TQa T3) T4)

n=4m—oo
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Now, to prove Th.3 i), it is enough to prove the convergence in probability
tozeroof M (77 (X@),..., T7) (X@)) -0 (T (X @), T (X @)
or by homogeneity that of

M (a,jl{qT,S71)7q(X(q))7 . ,a;l{qTT(lQ,q(X(q)))

= M (o TN (X D), L T (X))

This last convergence in turn is implied by

a TO(X@) ot TO) (X@) — 20, j=1,...4. (42)

n=4m—oo

To check (42), we will prove the L! convergence, which reduces the problem
in checking that E|A,| tends to zero, where

B a7 T (XO) — a0, (X9,

Noticing that TT(LW)(X(‘J)) > Tr(lz)q(X(q)) > 0 and that (a,') is non-increasing
in n, we get

E|A,| <E (angTEW)(X(Q))) _ n-ap (a;quTEZ)q(X@)))

Qn

U _
+ (1 - q) E (aniqTsz)q(X(q))) .

an

As (ay) is a regularly varying sequence, it is easily seen that a,_q/a, tends
to 1, so the problem is reduced in proving the convergence of moment

E (a;IT;y) (X(‘”)) S E (ey,T), with P(T < z) = exp(—2~%), z > 0.
n—oo

Since we already have the convergence in distribution by [20, Th. 3.2], we

need only to check the uniform integrability. To this aim we will prove that

for 1 <r <a,

T
supE (' T (X)) < oo, (43)
n>1
Now, we observe that
k+£ q
TOW(X@) = max 77 max i
D) = max 7 e |3 Y v
i=k+1 j=1
q k+e
= max {77 max 4 €
1<f<n 0<k<n—( Z% Z =
j=1 i=k+1
q k+e
< | max 77 max €
_Z|,¢)]|1Sé§" ngfn—é 4 11—
J=1 i=k+1
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By convexity of ¢t — t", puting K := 23:1 [, we get

k+¢ "
T (x( < K1 E [¢;] | max £77 max E €—il | -
I<t<n osksn—t| £
1=

By stationarity of (e)tez, maxi<e<p ™Y maxXo<p<n_¢ ‘Zl jt1 Gim J‘ has the

. This implies that

same r-moment as mMaxi<¢<n £~ Y MaXo<k<n—_¢ ‘Zi:kﬂ €;

r k+¢ r
E (G;ITT(LV)(X((]))) < K'E |a,;' max 77 max Z €
I<t<n osksn—t| £

=K'E (a;lTﬁ)(e))r.

By (4.5) in [28, Th. 4.2], E (angM(e)) tends to ET}", so (43) follows and
the proof of i) is complete. O

Proof of Th.3 ii). Now, the observations X; have the representation

X; = ijez jt Z 1/)]51 ]—X(q + Z 1/1361 j-

Jj=q+1 Jj=q+1

We introduce the following random vectors of Ri.

Vi o= (TLX), - TEA0) , VD o= (T @), T (@),

s ) s tm,4 m,4
V= (Ty,...,Ty).

If we prove the weak convergence of a,,'V;, to ¢V for some constant ¢, then the
convergence (12), i.e., the weak convergence of M(V,,) to M(V), follows by
measurable mapping and homogeneity of M. For the choice of ¢, it is natural

to try with
k+£—1

Zwl

€= Cyo0 = hm 0 Cyq = =sup ¥~ 7 sup ) (44)

>1 k>1

which is finite in view of (19).
To establish the weak convergence of a,,'V,, to Cy,00V, it suffices to prove
that

lim E /(' Vin) = E f(eq,50V) (45)
for each bounded function f : Ry — R such that |f(z) — f(y)| < ||z — ]|,
z,y € RY, where say ||(21,...,24)| := Zj’:l |;|. To this end we note that

’Ef ailvm)* f(c'y ooV)’ <
E flaz' (Vin = ViS)ll + |E £(a5 Vi) = Ef(e1.4V)| + e = er.c[ENV
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From (41) and (42), a;an,gq) converges in distribution to ¢, 4V, hence
i sup [ (a7, Vi) — E f(e,00V)| < 510 E [l (Vi — V)]
n—o0 m>1

+ [ey,q = cy,00[EIV]]. (46)

Next, setting V,,,; := Tg}(X), Vygbqj = Ty(rzg(X(‘I)) forl=1,...,4,

00 k+¢€
V, l—V(q) < E | max £77 max €i
[Von, mil = ‘¢]‘1§Z§m (I—1)ym<k<im—¢ | v
Jj=q+1 i=k+1

Like in the proof of i), this implies by stationarity of (e;)ez,

E Vi — V')

m,

< X Wil | E (')

Jj=q+1
By (4.5) in [28, Th. 4.2], limp e E (a;anﬁ)(e)) = ETi, whence C' =
sup,,>1 E (afan,Q)(e)), is finite and therefore

oo
sup Ellay,! (Vin = VAD)[| <4C D |91,
mz1 j=q+1

Thanks to this estimate and (44), letting ¢ tend to infinity in (46) gives
limsup |E f(a,,' Vin) — E f(¢y,00V)| =0,

n—0oo

which proves (45) and completes the proof of Th. 3. O

Remark 11. As a by-product of this proof, we obtain a slight improve-
ment of [20, Th. 3.6], where the convergence of a 1TéV)(X ) to Ty is proved
under a stronger assumption than (19), namely E;’;?, [j]k; < oo, where

1/r

#j = (jloglogj)'/? if varey < oo or /7 for some r < a, if a < 2 or a = 2,

and var ¢y = 00.

5.4 Proof of Th. 4

Proof of Th.4 i). Denote for, 1 </ <n,0<k<n-—{¢
Ine={k+1,....k+ 1},

and set I* = I« ¢~. For any subset I C {0,1,...}, we denote by |I| the

number of elements in I. Consider I\ = {G=Dm+1,...,9m},ji=1,...,4.

If ¢* < n/4, then either I* C I,(,{) forone of j =1,...,40or I* C I,(j) U L(lj'H)
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for one of j = 1,2,3. If I* C Ig), we have, denoting by 4 the other integer
with same parity as j in {1, 2, 3,4},

%

J
Tni

MR, 2>
By Th. 5, [max(a,,n'/2=7)]"'T,; = Op(1), whereas

Ty > 7] 3 G+ X0 2 77 3 o

kerl* iel*

— Op(Cn)

and the result follows.
1 c 1 u IT(,{H), then with 7 # j and of same parity, ¢’ # j + 1 and of
same parity as j + 1,

oy Tn,j+1> o _Tnjir + Ty

MR, , > T = '
oy = Mmax <Tnz Tni’ 2 maX(Tnh Tnz’)

Both Ty,; and T,,;s are of order max(a,,n'/?~7) in probability. Since

iel*

Tnﬁj+1 + Tnj Z g*—'y - Op(cn),

the result follows. O

Proof of Th./ ii). First, we recall that D = (0,00)%. It is elementary to check
that M is Lispchitzian on every compact subset of D and that in particular
on K, :=[r,1/r]*, 0 <r <1,

2
— < — i — Ti|.
|M(y1a 7y4) M(IM ,ZL’4)| = ,',,3 112’?%(4 ‘yl xl‘ (47)

In what follows, we use the abbreviations (11) for sequences of random vari-
ables as well as for sequences of real numbers.

We recall in particular that Ty)(z) induces a norm on R". As TT(L'Y) =
Tfﬂ)(Y) =1 (X + p), where u represents (i (k))1<k<n, this implies

T = T (X)) < T (). (48)
As p = p*1 g+, it is easily seen that
T () = 00| (49)

Let us fix an arbitrary positive €. By tightness of the distribution of V,
there exists a compact subset K of D, such that P(V € K) > 1 — . Next,
we observe that if v < r, K, C K,» and that D is the union of all the K,
0 < r < 1. Moreover, for r # r’, the boundaries K, and 0K, are disjoint
and the collection {9K,;0 < r < 1} is uncountable. All this implies that we
can replace K by a compact K, containing K and such that P(V € 90K,.) = 0:

PVeK,)>1—¢, PV edK,)=0. (50)
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In view of assumption (23), P(V € 0K,) = 0 implies that P(V;, € K,) tends
to P(V € K,.), so there is some integer n; such that

PV,eK,)>1—-2¢, n>n. (51)
Now, by assumption (24), there is some integer ny such that
e = || < g, n > ns. (52)

Putting

Vi=e (T, 1)),
we remark that by (48), (49) and the elementary fact that if 0 < s < r < 1,
1/s = 1/r > r — s, for n > ny the membership of V,, in K, implies the
membership of V,; in K, /5. Consequently,

P(V, € K2,V € Ky o) >1—2e, n>mng:=max(ni,ng).  (53)

Accounting (47), (48), (49), (52) and (53) this implies that

8

P(|MRM—M(V”)\§ 2)>1—25, n > no,

<

which gives the result by arbitrariness of € and assumption (23). O

Remark 12. As a by-product of this proof, we obtain the following consis-
tency result for the test with the statistics Téw instead of MR ,,. Indeed, from
(48) and (49), it immediately follows that if for some normalizing sequence
(Cn)n>1, c;lTyg'Y)(X) = Op(1), then c;le{Y) tends to infinity in probability if
;10077 *| tends to infinity while c,lefﬂ) = Op(1) if ¢;; 10+ =) |u*| tends
to zero. So roughly speaking, the boundary between the detectable and not
detectable epidemics is the same for both test statistics MR ,, and ).
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6 Appendix
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setting (15) and bottom row corresponds to the situation under setting (16).
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Fig. 8 Empirical power of the test under settings (15) (top row) and (16)
(bottom row) when parameter a is estimated from Hill estimator with o« = 0.1

n =200 n = 1000

=10 £ =140 =200 =235
04377 0.6581 07520 0.8006
0.4061 0.6413 07520 0.7748
0.5741 0.7945 08314 0.8829
0.7026 0.8367 08824 0.9415
0.6848 0.7678 08157 0.8482
0.5336 0.7826 08578 0.9087
0.5000 0.7194 07804 0.8165
0.4881 0.7045 07824 0.8145
05168 07696 0.8103
0,513

Log-Gamma L
0.7043

06918 0.7421
07769 0.8043
08674 0.8587
07841 0.8221

0~ 05524 0
04812 05296
06260 06344
07063 07273
07192 07194

a0t 0.6488  0.6680 08159 0.8814
05952 0.6255 07545 0.8053
0.6190  0.6383 07832 08113
06022 0.6156 07796 0.7945
0.5744 0.6235 07652 0.8103
0.8522 0.9042 09884 0.9970 9 1
0.8383  0.8893 09818 0.9970 1 1
09345 0.9437 09973 1 1 1 1
o005 09514 0.9661 0.9982 1 1 1 1
0.8899  0.9308 09419 09964 09990 09951 0.9990 1
0.8849  0.9249 09505 0.9928  0.9990 0.9990 1 1
0.8839  0.9160 09621 0.9964  0.9960 0.9980  0.9990 1
0.8849  0.9219 09657 0.9919  0.9990 09980 0.9990  0.9990

Pareto

0.9167 X 0 9980 1 1 1
0.8839  0.9338 09551 0.9982  0.9990 09941 0.9990 1
09395 0.9651 09824 0.9982 1 0.9990 1 1

0.97¢ 09930 0.9991 1 1 1 1

0. 09762 0.9955 1 0.9990 1 1
09325 0.9654 09789 0.9982 1 1 1 1
0.9375  0.9605 09877 0.99046  0.9990 09990 0.9990 1
09177 0.9555 09692 0.9982 1 0.9971 1 1

Table 4: Constant change in mean, u = 0.3, a = 5, 0.3* refer to (15) and 0.3,
to (16)
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Ye | 001 | 0025 | 005 | 0075 | 01 | 015 | 0.2
0 2.9541 | 2.6914 | 2.3608 | 2.2338 [ 2.1297 | 1.9124 | 1.8734
0.05 | 2.7869 | 2.6455 | 2.5091 | 2.4334 | 2.1182 | 2.0001 | 1.8852
0.1 | 3.0655 | 2.6363 | 2.4194 | 2.2677 | 2.1697 | 1.9778 | 1.7648
0.15 | 2.9574 | 2.3971 | 2.0329 | 2.0086 | 1.9711 | 1.8637 | 1.8004
0.2 | 25323 | 2.1146 | 2.0384 | 1.9896 | 1.9384 | 1.8224 | 1.7526
0.25 | 2.1312 | 2.0824 | 2.0030 | 1.8593 | 1.7569 | 1.7296 | 1.6374
0.3 | 2.0613 | 1.8489 | 1.7989 | 1.7331 | 1.7079 | 1.6168 | 1.5263
0.35 | 1.6921 | 1.6238 | 1.6077 | 1.5399 | 1.5282 | 1.4405 | 1.4162
0.4 | 1.6583 | 1.5223 | 1.4805 | 1.4561 | 1.4259 | 1.3669 | 1.3411
0.45 | 1.3999 | 1.3559 | 1.3212 | 1.3053 | 1.2856 | 1.2578 | 1.2219
Table 5: Asymptotic critical values for 0 <y < 1/2—1/a, a > 2.
a\a | 0.01 | 0025 | 005 | 0075 | 01 | 015 | 0.2
4 4.4665 | 3.5454 | 2.9717 | 2.6764 | 2.4824 | 2.2277 | 2.0582
10 | 1.8197 | 1.6591 | 1.5460 | 1.4826 | 1.4386 | 1.3777 | 1.3347
50 | 1.1272 | 1.1066 | 1.0910 | 1.0819 | 1.0754 | 1.0662 | 1.0594
100 | 1.0617 | 1.0519 | 1.0445 | 1.0402 | 1.0370 | 1.0326 | 1.0293

Table 6: Asymptotic critical values for v > 1/2 —1/a, a > 2.
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Fig. 9: Type I errors of the test under settings (12) and (13) with various
parameter a values, n = 300, o = 0.05
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