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We give a description of operator algebras of free wreath
products in terms of fundamental algebras of graphs of
operator algebras as well as an explicit formula for the
Haar state. This allows us to deduce stability properties
for certain approximation properties such as exactness,
Haagerup property, hyperlinearity and K-amenability. We
study qualitative properties of the associated von Neumann
algebra: factoriality, fullness, primeness and absence of Cartan
subalgebra and we give a formula for Connes’ T-invariant and
T-invariant. We also study maximal amenable von Neumann
subalgebras. Finally, we give some explicit computations of K-
theory groups for C*-algebras of free wreath products. As an
application we show that the reduced C*-algebras of quantum
reflection groups are pairwise non-isomorphic.
© 2024 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

After Woronowicz developed the general theory of compact quantum groups [60-62]

which covers, in particular, the deeply investigated g-deformations of compact Lie groups
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constructed by Drinfeld and Jimbo [20,21,33], new examples of compact quantum groups
emerged from the works of Wang [57,58]. A particularly relevant quantum group for the
present work is the quantum permutation group SR’, (see Section 2.6) for which the repre-
sentation theory has been completely understood by Banica [1] and its operator algebras
(as well as approximation properties) have been extensively studied by Brannan and
Voigt [9,54]. In order to find natural quantum subgroups of SR}, quantum automorphism
groups of finite graphs were introduced in [7]. Since the classical automorphism group
of the graph obtained as the N-times disjoint union of a finite connected graph G is
given by the wreath product of the classical automorphism group of G by Sy, it became
important to introduce a free version of the wreath product.

The free wreath product construction was achieved by Bichon in [8]: given a compact
quantum group G, Bichon constructed and studied the free wreath product G (. S;{, of
G by S?\', (see Section 2.7). Some generalizations of free wreath products by S?{, were
considered in [39,27,46,29,28]. Concerning the representation theory of G S;{h it has
been studied in many specific cases before achieving the general result [10,36,37,39,27,
46,29]. While some approximation properties are known to be preserved by the free
wreath product construction, very little is known about the operator algebras associated
to G U SJJ{,. It seems that the main reason why these operator algebras are not already
completely understood is that there is no explicit computation of the Haar state. The
first result of the present paper is an explicit formula for the Haar state of G 1, S]‘f,
(Theorem 3.2). While studying free wreath products, we realized that the full C*-algebra
C(G . SF;) of the free wreath product can actually be written as the full fundamental
C*-algebra of a graph of C*-algebras [22]. However, in contrast with [22], G 1. S is
not the fundamental quantum group of a graph of quantum groups. Nevertheless, our
description in terms of graph of C*-algebras allows us to produce a specific state, called
the fundamental state in [22], which is shown to be the Haar state of C(G 1. Sj;). This
allows a complete description of the reduced C*-algebra C,(G 1. S;) as the reduced
fundamental C*-algebra of a graph of C*-algebras as well as a description of the von
Neumann algebra L°(G 1, SX,) as the fundamental von Neumann algebra of a graph of
von Neumann algebras.

Concerning approximation properties, our description in terms of graph of operator
algebras of the free wreath product allows us to deduce the following. To state our
result, we will the following terminology: we will always denote by G the discrete dual
of a compact quantum group G, and we say that G has the Haagerup property if L>=°(QG)
has the Haagerup property (with respect to the Haar state see [15]) and that G is ezact
when the reduced C*-algebra C,.(G) is an exact C*-algebra. When G is Kac, we say
that its dual @ is hyperlinear if the finite von Neumann algebra L*°(G) embeds in an
ultraproduct of the hyperfinite IIy-factor. Finally, G is called co-amenable when the
canonical surjection from its full C*-algebra C(G) to C,.(G) is an isomorphism, and we
say that G is K-amenable when this canonical surjection is a KK-equivalence.

Theorem A. Given N € N* and G a compact quantum group. The following holds.
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1 is exact if and only if G L. SIJ([ is exact.
2

3
4

G
G has the Haagerup property if and only if Gﬁ;{, has the Haagerup property.
If G is Kac then G is hyperlinear if and only if G/Z*FX} is hyperlinear.

e« If N>5, G SJJ{, is not co-amenable for any G.

o If N € {3,4} then G Sj{, is co-amenable if and only if G is trivial.

e G S is co-amenable if and only if G is trivial or if G ~ 7./27.

(5) G is K-amenable if and only if G/Z*ER} is K-amenable.

(1)
(2)
3)
(4)

Let us mention that some of the statements in Theorem A are already known in specific
cases but our proofs, based on our description in terms of graphs of operator algebras,
are completely different. The stability of exactness under the free wreath product with
S]"\’, is known [37,27] for N > 4 while the stability of the Haagerup property is not known
in the form above. Actually, most of the previous proofs of approximation properties
were based on a monoidal equivalence argument so that it was not possible to deduce
properties which are not stable under monoidal equivalence. To deduce approximation
properties, the common trick was to strengthen the definition of these properties so that
they become invariant under monoidal equivalence. Hence, what is known in relation
with the Haagerup property is actually the stability of the central ACPAP [36,37,27,46].
One exception is the case N = 2 which has been completely described by Bichon [7].
From Bichon’s de%ion, it has been possible to deduce in [19, Corollary 7.11] that,
when G is Kac, G 1, S5 has the Haagerup property if and only if G has the Haagerup
property. Concerning hyperlinearity, it is already known that 5’,}?\? (for all N) and the
discrete duals of the quantum reflection groups 2: L Sj\', (for 1 < s < 400 and N > 4)
are residually finite hence hyperlinear [2]. The now classical argument is based on the
topological generation method developed by Brannan-Collins-Vergnioux [3]. The stability
of hyperlinearity of Theorem A is completely new and our argument is not based on the
topolo/g\ical generation method. The stability of K-amenability is also new. It was known
that SIJ([ is K-amenable [54] and, again by using a monoidal equivalence argument, it
was knﬂvi[%] that if G is torsion-free and satisfies the strong Baum-Connes conjecture

then G, SJJ\F, is K-amenable. One of the consequences of our result on K-amenability
which seems to have been unknown is that duals of quantum reflection groups are K-
amenable. A more interesting application of our description in terms of graph of operator
algebras is about the qualitative properties of the von Neumann algebra L (G, S;\r[) for
which nothing is known, outside of the factoriality in some specific cases. It is known that
L (G SX,) is a full II;-factor whenever G = T is the dual of a discrete group and N > 8
[36] and it is also a non-Gamma II;-factor whenever G is a compact matrix quantum
group of Kac type and N > 8 [56]. Using results about the structure of amalgamated
free products von Neumann algebra [49,50,32,31] we are able to deduce the following.
Let () be the modular group of the Haar state on L>°(G) and T'(M) the Connes’ T
invariant of the von Neumann algebra M.
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Theorem B. Suppose that Irv(G) is infinite and N > 4. Then L>®(G . ) is a non-
amenable full and prime factor without any Cartan subalgebra. Moreover:

o If G is Kac then L°(G 1. Sf;) is a type 11} factor.
o If G is not Kac then L=(G . S%) is a type 111y factor for some \ # 0 and:

TL®(GL SH)={teR : o =id}.

Moreover, the Connes’ T-invariant of the full factor L>°(G Sj\}) is the smallest
topology on R for which the map (t — ¢) is continuous.

To our knowledge, there was no result about the maximal amenable von Neumann
subalgebras of L>(G 1. S%) in the literature. A von Neumann subalgebra A C M is
called with expectation if there a normal faithful conditional expectation P —+ A. A C P
is called mazximal amenable if A is amenable and, for any intermediate von Neumann
algebra A C P C M if P is amenable then A = P. A C P is called mazimal amenable
with expectation if A is amenable with expectation and, for any A C P C M, if P is
amenable with expectation then A = P.

Recall that L>®(G 1. S¥) is generated by N free copies of L>°(G) given by v;
L®°(G) — L®°(G . S%), 1 <i < N, and by L®(S};) € L=(G 1. S3) plus some relations
(see Section 2.7). Let u = (u;;);; € My (C)®L>®(S%) be the fundamental representation
of S, so that L>°(S7) is generated by the coefficients u;; of u. We use [5] to deduce the
following.

Theorem C. Let G be a compact quantum group and N > 2. The following holds.

(1) If L>=°(G) is amenable and Irr(G) is infinite then, for all 1 < i < N, the von
Neumann subalgebra of L°(G 1. S¥) generated by {vi(a)u;; : a € L®(G), 1 <
j < N} is mazimal amenable with expectation in L>=(G 1, S¥).

(2) If G is Kac then L>®(S}) € L>®(G . Sf) is mazimal amenable.

Finally, we compute K-theory groups of the C*-algebras C(G 1. S¥) and C,.(G 1. S3;)
(recall that they are KK-equivalent whenever G is K-amenable). In the next Theorem,
we denote by Co(G) either the full C*-algebra or the reduced C*-algebra of G.

Theorem D. For any compact quantum group G and integer N € N* we have,

Ko(Ca(G 1 S)) = Ko(Ca(@)) @ (ZN7) @ Ko (C(S))/(ZN)

Ko(Co(G))EN" /22N =2 if N # 3,

= { Ko(Co(G)EN /73 if N =3 "

K1(Co(G 1 8%)) = Ky (Cu(@)®N @ K1 (O(S%))
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_JE(CUG)EN @ Z if N > 4,
) K1 (C(G))BN if 1< N <3.

In particular, for the quantum reflection groups H]S\,Jr = i\s L S]T,, which have K-amenable
duals, if N > 4,

2 .
ZN T G s = +oo,

ZNTANA2 if 5 = foo
© K (Cu(HY)) ~
A B NN

s+ ~
KO(C'<HN ) ~ {ZSN2—2N+2 if 5 < 400,
and if N € {1,2,3},

N’ if s =400,
0 if s < 400,

N if s = +o0,

KO(O-(HJS\/+)) = {Z(S—I)N2+N! if 5 < +oo

Ky (Co(HY)) ~ {

It seems that the only attempt to compute the K-theory of free wreath products was
done in [26] in which they compute K-theory groups of some quantum groups which
are not free wreath product with SX} but only monoidally equivalent to a free wreath
products with SJJ{,. Actually the K-theory is computed for some quantum groups of the
form G 1, SO4(3), where the free wreath product is in the sense of [27]. The method
of computation in [26], which is based on the ideas of the works of Voigt [53,54] and
Voigt-Vergnioux [55] is to prove the strong Baum-Connes property and then find an
explicit projective resolution of the trivial action. However, they could not do it for free
wreath products by S¥; but they showed that this can be done for G, SO,(3) with some
specific G such as free products of free orthogonal and free unitary quantum groups as
well as duals of free groups. While our method cannot provide results on the stability of
the strong Baum-Connes conjecture for free wreath products, it has the advantage to be
extremely simple and also applicable to any free wreath product with S]J{,. Our K-theory
computations are based on our decomposition as fundamental algebras and the results
of [23]. We also use the result of [54] on the computation of the K-theory of C4(S3).
As mentioned to us by Adam Skalski, it seems unknown whether or not the reduced
C*-algebras of quantum reflection groups H fv"' are isomorphic or not for different values
of the parameters N,s. Our K-theory computation in Theorem D solves this question:
we show in Corollary 7.1 that for all N, M > 8 one has C,.(Hy") ~ C,.(H}yf) & (N, s) =
(M,t). We do have to restrict the parameters to N, M > 8 since our proof uses the
unique trace result of Lemeux [36], which is valid only for N > 8. We also compute
some other K-theory groups of free wreath products, such as ﬁm L S]T, and deduce that
reduced (as well as full) C*-algebras C, (]ﬁ m b S7;) are pairwise non-isomorphic.

The paper is organized as follows. After the introduction in Section 1, we have in-
cluded preliminaries in Section 2 in which we detail all our notations concerning operator
algebras and quantum groups. We also prove in this preliminary Section that the von
Neumann algebra L*>°(G) of a compact quantum group G is diffuse if and only if it is
infinite-dimensional. This result, which will be useful in the study of von Neumann alge-
bras of free wreath product, also solves a question left open in [2] in which it is mentioned
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that it is unknown if the von Neumann algebra of a quantum reflection group Z; . S’]f,
is diffuse when N < 7. Section 2 also contains important remarks on free product quan-
tum groups, semi-direct product quantum groups, quantum permutation groups and free
wreath product quantum groups, as well as amalgamated free wreath products (in the
sense of Freslon [28]). In particular, we identify the amalgamated free wreath product
G Ly S, at N = 2 with a semi-direct product. In Section 3 we explain how operator
algebras of amalgamated free wreath products can be described as fundamental algebras
of graphs of operator algebras. Section 4 contains the proof of the amalgamated version
of Theorem A, Section 5 contains the proof of the amalgamated versions of Theorem B
and C. In Section 6, we give a formula describing an amalgamated free wreath product of
a fundamental quantum group of a graph of quantum groups by S]J\r, as the fundamental
quantum group of a graph of quantum groups given by free wreath products. Finally,
section 7 contains the proof of Theorem D and some other K-theory computations.

2. Preliminaries
2.1. Notations

All Hilbert spaces, C*-algebras and preduals of von Neumann algebras considered
in this paper are assumed to be separable. The inner product on an Hilbert space H
is always linear on the right. The C*-algebra of bounded linear maps from H to H is
denoted by B(H) and, given vectors §,n € H we denote by w, ¢ € B(H)* the bounded
linear form on B(H) defined by (x — (n,z€)). For T € B(H), we denote by Sp(T) the
spectrum of 7" and by Sp,(7T') the point spectrum of 7. The symbol ® will denote the
tensor product of Hilbert spaces, von Neumann algebras as well as the minimal tensor
product of C*-algebras.

2.2. Full von Neumann algebras

Let M be a von Neumann algebra with predual M,. We consider on Aut(M) the
topology of pointwise convergence in M, i.e. the smallest topology for which the maps
Aut(M) — M., a — w o « are continuous, for all w € M,, where M, is equipped
with the norm topology. It is well known that Aut(M) is a Polish group (since M, is
separable). When w € M, is a faithful normal state, we may consider the closed subgroup
Aut(M,w) < Aut(M) of automorphisms preserving w. Note that the induced topology
from Aut(M) to Aut(M,w) is the smallest topology making the maps Aut(M,w) —
L3*(M,w), a + ala)é, continuous, for the norm on L?(M,w), where &, is the cyclic
vector in the GNS construction L?(M, w) of w. We record the following Remark for later
use.

Remark 2.1. Note that if (M,w) is a von Neumann algebra with a faithful normal state
w and A C M is a von Neumann subalgebra with a w-preserving normal conditional
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expectation M — A then, the subgroup Auts(M,w) = {a € Aut(M,w) : a(4) =
A} < Aut(M,w) is closed and the restriction map Aut(M,w) — Aut(4,w), o — |4
is continuous.

Let Inn(M) C Aut(M) be the normal subgroup of inner automorphisms and
Out(M) := Aut(M)/Inn(M) be the quotient group. Equipped with the quotient topol-
ogy, Out(M) is a topological group and it is Hausdorff if and only if Inn(M) C Aut(M) is
closed. In that case (since M, is assumed to be separable) Out(M) := Aut(M)/Inn(M)
is actually a metrizable topological group so the convergence of sequences in Out(M)
completely characterizes the topology. Following Connes [14], a von Neumann algebra is
called full if Inn(M) C Aut(M) is closed. A normal faithful semi-finite weight ¢ on M
is called almost-periodic if its modular operator V,, has pure point spectrum. Connes
defines [14] the invariant Sd(M) of a full von Neumann algebra as the intersection of
point spectrum of V, for ¢ a normal faithful semi-finite almost-periodic weight and
shows that the closure of Sd(M) is the S-invariant S(M).

The famous noncommutative Radon-Nykodym Theorem of Connes [13] shows that,
for any pair of normal faithful states (actually semi-finite weights) wy and we on M, their
modular groups oy’* and ¢} have the same image in Out(M), for all ¢ € R. Hence, there
is a well defined homomorphism ¢ : R — Out(M), called the modular homomorphism,
defined by §(t) = [0¥], where w is any normal faithful state on M and [-] denotes the
class in Out(M).

Connes defines in [14], the invariant 7(M) of a full von Neumann algebra M as the
smallest topology on R for which the modular homomorphism § is continuous. When M
is full (and M, is separable), Out(M) is clearly a metrizable topological group hence,
(R,7(M)) is also a metrizable topological group. In particular, the topology 7(M) is
completely characterized by the knowledge of which sequences are converging to zero.

2.3. Compact quantum groups

For a discrete group I' we denote by C*(T") its full C*-algebra, C}(I") its reduced
C*-algebra and L(T") its von Neumann algebra. We briefly recall below some elements of
the compact quantum group (CQG) theory developed by Woronowicz [60-62].

For a CQG G, we denote by C(G) its mazximal C*-algebra, which is the enveloping
C*-algebra of the unital x-algebra Pol(G) given by the linear span of coefficients of
irreducible unitary representations of G. The set of equivalence classes of irreducible
unitary representations will be denoted by Irr(G). We will denote by e¢ : C(G) — C
the counit of G which satisfies (id ® e¢)(u) = idy for all finite dimensional unitary
representations u € B(H) ® C(G).

Let us recall below the modular ingredients of a CQG. Let us fix a complete set of
representatives u* € B(H,) ® C(G) for x € Irr(G). It is known that for any x € Irr(G)
there exists a unique T € Irr(G), called the contragredient of x, such that Mor(1,z ®
Z) # {0} and Mor(1,7 ® ) # {0}, where 1 denotes the trivial representation of G.
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Both the spaces Mor(1,Z ® x) and Mor(1,z ® T) are actually one-dimensional. Fix non-
zero vectors s, € H, ® Hz and sz € Hzy ® H, such that s, € Mor(l,z ® T) and
sz € Mor(1,Z®x). Let J, : H, — Hz be the unique invertible antilinear map satisfying
(Jz&,m) = (sz, £ ®@n) for all £ € H,, n € Hz and define the positive invertible operator
Qn = JiJ, € B(H,). Then, there exists a unique normalization of s, and sz such that
52|l = ||sz|| and Jz = J 1. With this normalization, @, is uniquely determined, we do
have Tr(Q.) = Tr(Q; 1) = ||s:|?, Qz = (J.J7)~! and Sp(Qz) = Sp(Q.)~* (Tr is the
unique trace on B(H,) such that Tr(1) = dim(H,)). The number Tr(Q,) is called the
quantum dimension of x and is denoted by dim,(x). From the orthogonality relations:

Opyl
id b T\ * * Du?) = x,Y —1
(8 ho)()" (6 © DY) = 320 (1,059
it is not difficult to check that, with L?(G) = D.cine) Ho®Hz, (g :=1€ Hi@Hy =C
and \g : C(G) — B(L?(G)) the unique unital *-homomorphism such that

Ao ((wne @ 1) (u"))éq = dimy(2)"2¢ ® Jin,

G is Ag-cyclic and hg(z) = (€g, Aa(a)ée) Va € C(G). Hence, the triple (L%(G), Ag, &)
is an explicit GNS construction for the Haar state hg on C(G).

Let C,.(G) = M\a(C(Q)) C B(L?(G)) be the reduced C*-algebra of G. The surjective
unital *-homomorphism Ag : C(G) — C,(G) is called the canonical surjection. Recall
that G is called co-amenable whenever A\ is injective. The von Neumann algebra of
G is denoted by L>®(G) = C.(G)" c B(L*(G)). We will still denote by hg the Haar
state of G on the C*-algebra C,(G) as well as on the von Neumann algebra L>°(G) i.e.
he = (€q, -£¢) when viewed as a state on C,.(G) or a normal state on L>°(G). We recall
that hg is faithful on both C,.(G) and L*°(G). With the explicit GNS construction of
hg given above, it is not difficult to compute the modular ingredients of the normal
faithful state hg on L°°(G) and we find that the closure S of the antilinear operator
xéa — &g has a polar decomposition Sg = ngé, where V4 is the positive operator
on L2(G) given by Vg := @mem(c) Q. ® Qz'. Hence, the Haar state of a CQG is
always almost-periodic and its modular group (o); is the unique one-parameter group
of L>®(@) such that (id ® o) (u?) = (Q¥ ® 1)u®(Q ® 1). Let us recall that G is said
to be of Kac type whenever hg is a trace and it happens if and only if @, = 1 for all
x € Irr(G). Let us also recall that the scaling group (7); is the one-parameter group
of L*(@) given by the formula (id ® 77)(u®) = (Q¥ ® 1)u(Q; " ® 1). It is well known
that the scaling group of G is the unique one parameter group (7¢); of L>°(G) such that
Aocf = (¢ ® %) o A Vt € R. Moreover, the scaling group preserves that Haar state:
hg o 7¢ = hg (this means that the scaling constant of a compact quantum group is 1).

Let us also recall the definition of the T-invariant of a CQG G, introduced by S. Vaes
in [51]:

TG):={tcR : JucUL®(QR)) : A(u) =u®uand 77 = Ad(u)},



P. Fima, A. Troupel / Advances in Mathematics 441 (2024) 109546 9

where Ad(u) is the automorphism of L>°(G) given by a — uau*.
The following result is well known [25, Proposition 2.2].

Proposition 2.2. The set Mod(G) := U, e () SP(Qs) is a subgroup of RY.

Proof. We already remarked in Section 2.3 that Sp(Qz) = (Sp(Q.))~!. Hence Mod(G)
is stable by inverse. The fact that Mod(G) is stable by product follows from the relation

SQZ = (Qx oy Qy)57
for any z,y, z € Irr(G), and isometry S € Mor(z,x ® y). O

Remark 2.3. For convenience, we will use the following non-standard notations.

(1) Let Sd(G) := Sp,(Vg). From the explicit computation of Vg and since Sp(Qz) =
Sp(Qz)~* one has Sd(G) = Uyenn(c)SP(Qz)? € Mod(G) and Sd(G)~* = Sd(G).
(2) We denote by 7(G) the smallest topology on R such that the map (¢ — o) is
continuous. Hence 7(G) is smaller than the usual topology on R. It is not difficult to
check that it is the smallest topology on R for which the maps fy : R — St : (t —
Ai) are continuous, for all A\ € Sd(G), where S! has the usual topology. Note also
that, for any topology 7 on R, the set of A > 0 for which f) is 7-continuous is a closed
subgroup of R*% (for the usual topology on R* ). Hence, 7(G) is also the smallest
topology on R for which the maps f are continuous, for all A € (Sd(G)), the closed
subgroup of R* generated by Sd(G) (for the usual topology on R¥ ). Moreover, the
following is easy to check:
e« Gis Kac & Sd(G) = {1} & 7(G) is the trivial topology. If Sd(G) # {1} then
(R,7(G)) is a metrizable topological group so the topology 7(G) is completely
characterized by the knowledge of which sequences are converging to zero.

o (Sd(G)) =R% if and only if 7(G) is the usual topology on R.

Recall that a von Neumann algebra is diffuse when it has no non-zero minimal pro-
jection. We will use the following simple Lemma. While the arguments for its proof are
already present in the literature, the precise statement seems to be unknown.

Lemma 2.4. Let G be a compact quantum group. The following are equivalent.

(1) Irr(G) is infinite.
(2) L>=(G) 1s diffuse.
(3) C(G) is infinite-dimensional.

Proof. The implication (2) = (1) is obvious. Let us show (1) = (2). By the general
theory, a von Neumann algebra is diffuse if and only if it has no direct summand of the
form B(H). When H is finite dimensional, we may apply [18, Theorem 3.4] (since the
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action of G on L*°(G) given by the comultiplication is ergodic) to deduce that B(H) is not
a direct summand of L>°(G) whenever Irr(G) is infinite. When H is infinite-dimensional,
we may apply [35, Theorem 6.1] to deduce that B(H) is not a direct summand of L>°(G)
whenever Irr(G) is infinite. The equivalence between (1) and (3) is clear. O

Let us now recall the notion of a dual quantum subgroup. We are grateful to Kenny
De Commer for explaining to us the main argument of the proof of the next Proposition
and to Makoto Yamashita for showing to us the reference [11]. Recall that Co(G) denotes
either the reduced or the maximal C*-algebra of G.

Proposition 2.5. Let G and H be CQG. The following data are equivalent.

e 1 : C(H) = C(Q) is a faithful unital x-homomorphism intertwining the comultipli-
cations.

e ¢ : Pol(H) — Pol(G) is a faithful unital x-homomorphism intertwining the comulti-
plications.

e 1 : C.(H) = Cp(G) is a faithful unital x-homomorphism intertwining the comulti-
plications.

If one of the following equivalent conditions is satisfied, we view Pol(H) C Pol(G),
C(H) c C(G) and C.(H) C C.(GQ). Then, the unique linear map E : Pol(G) — Pol(H)
such that

. oy ) u® if x € Irr(H),
(id® E)(u”) = { 0 ifxzelr(G)\Irr(H).

has a unique ucp extension to a map Ee : Co(G) — Co(H) which is a Haar-state-
preserving conditional expectation onto the subalgebra Co(H) C Co(G). At the reduced
level, E, is faithful and extends to a Haar-state preserving normal faithful conditional
expectation L°(G) — L*°(H).

Proof. If ¢« : C(H) — C(G) is a faithful unital *-homomorphism intertwining the co-
multiplications then it is clear that its restriction to Pol(H) has image in Pol(G) and
is still faithful. If now ¢ : Pol(H) — Pol(G) is defined at the algebraic level then, since
it is faithful and intertwines the comultiplications, it also intertwines the Haar states
and so extends to a faithful unital *-homomorphism ¢ : C,.(H) — C,.(G) which is easily
seen to intertwine the comultiplications. It is proved in [52] that E extends to a faithful
and Haar state preserving conditional expectation at the reduced level as well as at the
von Neumann level (which is moreover normal). Also, if ¢ : C,.(H) = C,.(G) is defined
at the reduced level, its restriction to Pol(H) satisfies the second condition. Hence, it
suffices to check that if Pol(H) C Pol(G) is a unital *-subalgebra with the inclusion in-
tertwining the comultiplications then, the canonical extension ¢ : C(H) — C(G) of the
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inclusion, which obviously also intertwines the comultiplications, is still faithful. Note
that it suffices to show that F extends to a ucp map E : C(G) — C(H). Indeed, if we
have such an extension then E has norm 1 and E ot = id¢ (g, so for all a € Pol(H)
one has ||la|cmy = [|E(c(a))llcmy < llu(@)|lce) < llallca). Then, ¢ is an isometry hence
faithful. The fact that E extends to a ucp map is proved in [11, Theorem 3.1]. It is clear
that the ucp extension preserves the Haar states since it already does at the algebraic
level (by definition of E). Now, viewing C(H) C C(G), E is ucp and is the identity on
C(H) hence, it is a conditional expectation onto C'(H). O

If one of the above equivalent condition is satisfied, we say that H is a dual quantum
subgroup of G and we will view Pol(H) C Pol(G), C(H) C C(G), C.(H) C C.(G) as
well as L°(H) C L*°(G). Let us note that, the ucp extension of E at the maximal level is
not, in general, faithful and not even GNS-faithful (meaning that the GNS representation
morphism may be non injective). We will usually denote E at the algebraic, full, reduced
and von Neumann algebraic level by the same symbol Ep.

Remark 2.6. Let C(H) C C(G) be a dual quantum subgroup and define Pol(G)® := {a €
Pol(G) : En(a) = 0} and Co(G)° := {a € Co(G)° : Eq(a) = 0}. Then Pol(G)° is the
linear span of coefficient of irreducible representations x € Irr(G) \ Irr(H ), Co(G)° is the
closure in Cq(G) of Pol(G)°® and A(Pol(G)°) C Pol(G)° ® Pol(G)°. All these statements
easily follow from the property of E'y stated in the previous proposition.

Let us recall that if L>°(H) C L*°(G) is a dual compact quantum subgroup then
o8| Lee () = off and 7F |y = 7/ for all t € R.

Definition 2.7. Following Vergnioux [52], given a dual quantum subgroup C(H) C C(G),
we introduce an equivalence relation ~p on Irr(G) by defining @ ~y y < Is €
Irr(H), Mor(s,T®y) # {0}. Note in particular that z » g y & (Id®Fy)(u*@u?) = 0. We
define the indezx of H in G by the number of equivalence classes [G : H] := |Irr(G)/ ~p|.

2.4. Free product quantum group

We now recall some well known results about free product quantum groups. Given
two compact quantum groups GG; and G4 the universal property of the C*-algebra given
by the full free product C(G) := C(G;) * C(G2) allows to define the unique unital -
homomorphism A : C(G) — C(G) @ C(G) such that Alc(q,) = Ag, for k =1,2. It is
easy to check that G := (C(G),A) is a CQG with maximal C*-algebra C(G), reduced
C*-algebra given by the reduced free product with respect to the Haar states C,.(G) =
(Cr-(G1), h1) * (Cr(Ga2), h2), and L=(G) = (L*(G1),h1) * (L*®°(G2), ha). Moreover the
Haar state on C,.(G) is the free product state h = hy * hs.

We collect below some important remarks about free products. Most of them are well
known to specialists. Since we could not find any explicit statements in the literature,
we include a complete proof.
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Proposition 2.8. Let G1, Gy be non-trivial CQG. The scaling group of G := G1 * Gg is

the free product T = thl * Tth and the Vaes’ T-invariant of Gy x Gy is given by:

T(Gy +Gy)={teR : 717 =72 =id}.
The following are equivalent.

(1) G1 %Gy is co-amenable.
(2) |Irr(Gh)| = 2 = |Irr(G2)).
(4)

4) L>°(G1 * G2) is an amenable von Neumann algebra.

Moreover, if one of the previous equivalent conditions does not hold then L>®°(G * G2)
is a full and prime factor without any Cartan subalgebras and:

e If Gy and Gy are Kac then L>°(G x G2) is a type 11y factor.

e If G1 or Go is not Kac then L>®(Gy x G2) is a type 1Ly factor with X # 0 and its
Connes’ T-invariant is given by {t € R : o =id = o2},

. Sd(LOO(Gl * Gg)) = <Sd(G1), Sd(G2)> and T(LOO(Gl * GQ)) = <T(G1),T(G2)>, where
(-) means either the group generated by or the topology generated by.

Proof. Since h = hq *ho, we have o; = O‘tG ! *O‘tG 2 where o; denotes the modular group of
h. Since 77" is hy-invariant, the free product 7 := 7 * 72 makes sense and it defines a

one parameter group of L>°(G % G3). To show that it is the scaling group, we only have
to check that Aoo, = (1, ® 0y) o A, which is clear. Let T := {t € R : 77" = 752 = id}.
It is clear that 7" C T(G1 xG3). Let t € T(G1 *G2) so that there exists u € L (G *Gs)
a unitary such that A(u) = v ® v and 7, = Ad(u). It follows that u is a dimension 1
unitary representation of G * G, hence irreducible. If u is non-trivial, it follows from
the classification of irreducible representations of Gy * G5 [57] that u is a product of
non-trivial dimension 1 unitary representations alternating from Irr(G;) and Irr(Gs) i.e.
U= UjlUs . ..Uy, Where uy is a unitary in L>(G;, ) with AG% (ug) = ug @ ug, hg(ug) =0
and iy, # 41 for all k. Let [ € {1,2}\ {¢,} and note that, since G| is non-trivial, there
exists a non zero x € L*(G)) such that h;(z) = 0. Then uau* € L>®(G1) * L=(G2) is a
reduced operator so Ej(uzu*) = 0, where E; : L>(G;)*L>*°(G2) — L*°(G)) denotes the
canonical Haar-state-preserving normal and faithful conditional expectation. However,
since 7¢(z) = 77" () € L®(Gy) one has 7(z) = Ei(1(x)) = E(uzu*) = 0 hence x = 0,
leading to a contradiction. It follows that such a w is always trivial and T(G1 *G3) C T".

(3) = (2) = (1) = (4) are obvious. Also (2) = (3) is easy and well known. Let us repeat
however the argument here for the convenience of the reader. Let G be a CQG satisfying
IIrr(G)| = 2 and let u be the unique, up to unitary equivalence, non-trivial irreducible
representation of G and write 1 for the trivial representation. Since u is non-trivial, @
also is hence @ ~ u. It follows that dim(1l,u ® u) = 1. Hence, u ® v = 1 @ du, where
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d = dim(u,u ® u) € N. Let us denote by N € N* the dimension of u so that we have
N2 =1+ dN hence 1 =0 (mod N) which implies that N = 1 and then d = 0. Since u
is of dimension 1, u € C(G) is a unitary such that A(u) = u ® u, u = u* (hence u? = 1)
and C(Q) is generated by u so G = Z/2Z.

Suppose that (2) does not hold so that dim(L>*(Gy)) + dim(L>*°(Gz)) > 5. It fol-
lows from [48, Theorem 4.1] that there exists a central projection z in L*(G; % G3) =
(L*°(G1), h1) * (L>°(G2), ha) such that 2L°(G; * Go) is either a full factor of type IIy
or a full factor of type IIIy, A # 0, with T-invariant given by {t € R : o = o}'2}
and (1 — 2)L°°(G1 * G2) is a direct sum of matrix algebras. Hence, zL>°(G; * G3) is
non-amenable (since it is full and not of type I) so L°°(Gy * G3) is non-amenable either
and it shows (4) = (2). Moreover, we know from [57] that the set Irr(Gy * G2) is in-
finite hence, by Lemma 2.4, L>°(G; % G2) is diffuse so z = 1. Both the primeness and
absence of Cartan follow now from [48, Corollary 4.3]. Finally, the Sd and 7 invariants
are computed in [49, Corollary 2.3] and [49, Theorem 3.2] respectively (recall that our
von Neumann algebras are supposed to have separable preduals and that the Haar states
on CQG are all almost periodic). O

Remark 2.9. It is known that, for G a CQG of Kac type, the co-amenability of G is
equivalent to the injectivity of the von Neumann algebra L°°(G) (see Corollary 3.17 in
[45] and the discussion after its proof). However, the equivalence for general CQG is
open. Proposition 2.8 shows that in the class of CQG which are nontrivial free products
the equivalence between co-amenability and injectivity of the von Neumann algebra is

true.

Let us now recall the amalgamated free product construction [57,52]. Let G1, G2 be
two CQG and C(H) C C(Gy) a dual quantum subgroup of both Gi,Gs. Let Ej :
Cr(Gg) — C.(H) be the faithful CE. The amalgamated free product is introduced in
[57] and its Haar state and reduced C*-algebra is understood in [52]. Following [57], let
us define C(G) := C(Gy) o (*H) C(G2) the full amalgamated free product. By universal

property there exists a unique unital *-homomorphism A : C(G) — C(G) ® C(G) such
that Alc(a,) = Ag, for k = 1,2 and it is easy to check [57] that the pair (C(G),A)
is a compact quantum group, denoted by G = G, * Go. It is shown in [52] that the

reduced C*-algebra is the reduced amalgamated free product with respect to the CE Ej,
Cr(GQ) = (C(Gy), Ey) c >(kH) (Cr(G2), E3) and the Haar state of G is the free product

state hg, * hg,. To study further amalgamated free products, we will need the following
lemma. Let us introduce before some terminology. A unitary representation u of a CQG
G is called a Haar representation if, for all k € Z* one has Mor(1,u®*) = {0}, where 1
denotes the trivial representation and, for k > 1, we define u®~* := 7®*. Two unitary
representation uy, ug of G are called free if, for [ > 1, any (i1, ...,4;) € {1,2}! such that
is 7 is41 for all s and any kq,. ..,k € Z*, one has Mor(1, u%kl ®u2k2®~ . -®u§kl) = {0}.
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Lemma 2.10. Let G be a compact quantum group with two Haar representations which are
free then there exists N > 1 such that L(F2) C My (C)®L>®(G) (with a state preserving
inclusion). In particular, if G is Kac then L°°(G) is not amenable.

Proof. Recall that, for u € B(H) ® L>°(G) a finite dimensional unitary representation,
its contragredient unitary representation u € B(H) ® L°°(G) satisfies the following:
there exists an invertible operator Q € B(H) and an orthonormal basis (e;); of H
such that, writing u = 37, e;; ® u;j, where (e;;);; are the matrix units associated to
(€i)i, then u¢ = (Q @ Nu(Q ™t ®1) = >_i; € © uf;, where e;; are the matrix units
associated to (€;);. Note also that (u®)®* := (u°)1 gr1(u)2 k1 --- (W) i1 = (Q®F @
DE®k((Q ke 1) e B(F®k) ® L>°(G) for all k > 1. Hence, if Mor(1,7®*) = {0} one
has (id ® h)((u®)®*F) = Q®*(id @ h)(@®*)(Q~1)®* = 0, since (id ® h)(T@®*) € B(F@)k)
is the orthogonal projection onto Mor(1,@®*). It then follows that h(z) = 0 for any
coefficient = of (u¢)®*. Since the coefficients of (u¢)®* are exactly the products of k
adjoints of coefficients of u, we deduce that h(xz) = 0 for any product of k adjoints of
coefficients of u whenever Mor(1,7®*) = {0}. We will use this remark in the rest of the
proof.

Let up, € B(Hi) ® L>®(G), k = 1,2, be two free Haar representations and define
vy := (u1)13 and vy := (ug)23 which are both unitary in B(H; ® Hs) ® L*(G) with
respect to w. Consider the faithful normal state w = Tr ® h € (B(H; ® H2) ® L*(G))
Let us show that v; and vy are two free Haar unitaries. Since (id ® h)(ui®*) (i = 1,2) is
the orthogonal projection onto Mor(1,u$*) = {0}, for k € Z*, it follows that h(z) = 0
whenever z is a product of |k| coefficients of u; or a product of |k| adjoints of coefficients

.

of u;, for all k € Z*. Let C; be the linear span of products of coefficients of u; and of
products of adjoints of coefficients of u; so that w(C;) = {0}. Since v} = > €ij @ 1@z
and v§ = Zij 1 ® e;j @ yij, where x5 € C1, yi; € Co, for all k € Z7, it follows that
wF) = (Tr ® id)(id ® h)(vF) = 0 for all k € Z*, i € {1,2}. Hence, both v; and vy
are Haar unitaries with respect to w. Since u; and us are free representations, the same
argument as before shows that h(C) = {0}, where C is the linear span of operators
x € L°°(G) of the form « = y; ...y, | > 1, ys is a product of |ks| coefficients of u;,
if ks > 1 or adjoints of coefficients of w;, if ks < —1 with k; € Z* and is € {1,2}
such that is # is41 for all s. Let now [ > 1 and iy,...4 € {1,2} with is # i511 and
ki,...,k € Z*. We can write vfll Lot = Zi,j,k,l eij ® ext @ Tijp, where x5 € C. It

]
follows that w(vfll ...vZ’) = (Treid)(id® h)(vfl1 ...v;') = 0. Hence vy and vy are free
with respect to w. It follows that there exists a unique normal faithful *-homomorphism
L(F2) — B(Hy, ® Hs) ® L°°(G) which maps one generator of Fo onto v; and the other
onto vy. Hence, if G is Kac, B(H; ® Hy) ® L>°(G) is non amenable either and it implies

that L°°(G) is also non amenable. 0O

Definition 2.11. A dual quantum subgroup C(H) C C(G) is called proper if there exists
an irreducible representation @ of G such that (id ® Ex)(a) = 0 and for any s € Irr(H),
if sCa®a then s =1.
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Note that if C(H) C C(G) is proper then [G : H] > 2.

Remark 2.12. In the case of duals of discrete groups, the notion of proper dual quantum
subgroup coincides with the usual notion of a proper subgroup. However, for quantum
groups, there are examples of non proper dual quantum subgroup of index 2. A nice
example is the dual quantum subgroup Aut™ (My(C)) of OF,. Indeed, the representation
category of O;{, is the category such that all the irreducible are self-adjoint, indexed by N,
(Un)nen, with ug = € and fusion rules u, @ Um = Ujp—m| DUy —m|+2 D B Upym. Taking
the full subcategory of Rep(O};) generated by the irreducible representations (v, = ua,),
we get a category isomorphic to Rep(Aut™ (My(C))), with irreducible representations
indexed by N and fusion rules v, ® vy = U2 @ U2m = Vjp—m| B Vjn_m|+1 D"+ D Vntm-
With the fusion rules, we see that it is indeed a full subcategory and that the index of
the corresponding subgroup is 2. However, taking any irreducible u,, of Oﬁ, with n > 1,
we have that v; = us C Uy Q@ Up = Up ® U, so the dual quantum subgroup cannot be
proper because v; € Irr(Aut™ (My(C))).

Proposition 2.13. Let G = Gy xg G5 be an amalgamated free product with H a proper
dual quantum subgroup of G1 and [Go : H] > 3 then there exists N such that L(F3) C
My (C) @ L>=(G).

Proof. There exist an irreducible representation a of G satisfying the conditions of
Definition 2.11 and two irreducible representations by, bo of G5 such that (id® Eg)(b;) =0
and (id ® Ex)(b; ® ba) = 0 (so we also have (id ® Eg)(by ® by) = 0). Define u; =
a®b;®a®b; and let k > 1. Since x(a) € L®(G1)°, x(bi) € L®(G2)°, x(uf*) = x(us)*F =

(x(a)x(b:)x(a)*x(b:)*)" is a reduced operator in the amalgamated free product so:

dim (Mor(1, uf@k)) = h(x(u*)) = 0.
Also, x(@*) = (x(b:)x(a)x(b:)*x(a)*)" is reduced so dim (Mor(1, %)) = h(x(w®"))
= 0. Hence, u; is a Haar representation of G for i € {1,2}. Let us show that u; and usy
are free. It suffices to show that, for any [ > 1, (i1,...,4) € {1,2} with i, # 511 and
ki,...,k € Z* the operator = := X(uz)ki1 R ® uf?k’) is in the linear span of reduced
operators. The case [ = 1 is clear by the first part of the proof and the general case
can be shown by induction by using the same arguments used in the case [ = 2 that we
present below. Let x = X(u?ikl ® u%b). It suffices to show that x is in the linear span of
reduced operator. If k; and k; have the same sign then x is already reduced. If k; > 1

and kg < —1 then,
T = X(uil)le(ﬂiz)il€2
= x(ui,)* " x(@)x(bi,)x (@) x(bi, @ biy)x(a)x(biy)*x(a) x (@i,) 7

Since (id ® Eg)(bi, ® bi,) = 0, we have x(b;, ® b;,) € L>(G2)° hence z is reduced. If
ki1 < —1 and k9 > 1 then
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x = x(@i,) " T x(biy)x(a)x(bi,)*x(@® a)x(biy)x (@) X (biy)* x(uiy)*> 7"
= X(ﬂil)_k1_1X(bi1)X(a)X( i1 ® b12) ( ) ( 2)*X(u12)k2 !
+ Z X (@) T x(biy ) x (@) x (i, )X (8)x (biy ) x (@) X (biy) X (i ) *2 1,

selrr(G1)\Irr(H),sCa®a

The right hand side of this equality is in the linear span of reduced operators since
X(b“ & blz) S LOO(GQ)O. Od

Remark 2.14. The index condition is clearly necessary since it is already necessary in the
discrete group case. Indeed, if I' = I'y >k I'y be a non-trivial amalgamated free product

of discrete groups (i.e. ¥ # Ty, k=1 2) It is well known and easy to check that I is
amenable if and only if ¥ is amenable and [T : ¥] = 2 for all k£ € {1,2} (actually T is
an extension of ¥ by Do, = Zg * Zs).

Example 2.15. The dual quantum subgroup C(Aut*(Mz(C))) € C(OF) is not proper,

+

has index 2 and the quantum group G := Oj OF is co-amenable. The

Auﬁ(j\}z(«:))
inclusion of C(Aut®(M(C))) in C(OF) is the map which sends the fundamental repre-
sentation of Aut®(M(C)) onto v ® v, where v € M>(C) ® C(Oy) is the fundamental
representation of O; . Hence, writing v;, | € N, the representatives of the irreducible
representations of OF such that vg = 1 and v; = v, C(Aut™(M(C))) is viewed in
C(O3) has the C*-subalgebra generated by the coefficients of representations v; for
I € 2N. Let p : C(OF) — C*(Zs) be the unique unital *-homomorphism such that
(id® p)(v) = 1 ® g, where g is the generator of Zs. It is not difficult to check that p
intertwines the comultiplications and,

. 1if I € 2N,
(id @ p)(vr) = {g it ] €aN +1.
In particular, one has p(x) = e(x)1 for all € C(Autt(Mz(C))).

It follows from the preceding discussion that, writing vy ; and vy ; the two copies of v;
in C(G), there exists a unique unital *-homomorphism 7 : C(G) — C*(Zs * Z2) such
that (Id®7)(v;,1) = 1®g;, for ¢ = 1,2 where g1, g2 are the two copies of g in Zg * Zs. In
particular 7 intertwines the comultiplications, 7(x) = e(z)1 for all z € C(Autt (M(C)))
and, whenever u is a representation of the form v = v;, ;, ® --- ® vy, 1, with i # 1541
and ks € 2N + 1 for all s one has (id ® 7)(u) = 1® gy, -..gi,. Let us call such a repre-
sentation a reduced representation and let C be the linear span of coefficients of reduced
representations. By the previous computation, for all € C, 7(z) is a linear combination
of reduced words in Zy * Zs hence, 7 o w(C) = {0}, where 7 is the canonical tracial
state on C*(Zg * Z3). Note also that, since any coefficient of a reduced representation
u is a reduced word in the amalgamated free product C(G), one has E(C) = {0} where
E : O(G) — C(Aut™(My(C))) is the canonical conditional expectation. Since C(G)
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is the closed linear span of C and C(Autt(My(C))) we deduce that T o7 = o0 E. Tt
follows that ker(Ag) C ker(r). Indeed, let E, : C.(G) — C,.(Autt(My(C))) be the
canonical faithful conditional expectation such that E. oA g = Apue+(a,(c)) © £ and take
z € ker(Ag). Then, E,(Ac¢(2*2)) = Aaue+ (a0 (E(z*2)) = 0. Since Aut™ (M(C)) is
co-amenable [1] it follows that F(z*z) = 0 hence e(E(z*x)) = 7(w(z*z)) = 0. Since
Zy % Z4 is amenable, 7 is faithful so x € ker(w). Hence m < Ag and the co-amenability
follows from [34, Theorem 3.11 and 3.12].

2.5. Semi-direct product quantum group

The semi-direct product quantum group is defined and studied in [59]. Let us recall
below the basic facts about this construction.

Let G be a compact quantum group and A a finite group acting on C(G) by automor-
phisms of G, meaning that we have a group homomorphism « : A — Aut(C(G)) such
that Agoay = (ag®ag)oAg for all g € A. Define the C*-algebra C(GxA) = C(G)®C(A)
with the comultiplication A : C(G x A) = C(G x A) ® C(G x A) such that:

Ala®dy) = Z [(id ® as)(Ag(a)];5 (1® 6 © 1@ s-1,).

In particular, the inclusion C(A) C C(GxA) : & — 1®x preserves the comultiplications.
It is shown in [59] that the pair (C(G x A),A) is a compact quantum group in its
maximal version, the Haar measure h is given by h = hg ® tr, where hg is the Haar
state on C'(G) and tr is the integration with respect to the uniform probability on A i.e.
tr(d,) = \Tl\l Hence the reduced C*-algebra is C.(G) ® C(A), the von Neumann algebra
is L=(G) ® C(A) and the modular group oy of G x A is 0, = 0 ® id. Moreover, the
canonical surjection A : C(G x A) = C(G) @ C(A) = C.(GxA) = C.(G) ® C(V)
is A = A¢ ® id, where Ag is the canonical surjection C(G) — C,.(G). The irreducible
representations and the fusion rules of G x A are described in [59]. We could use the
general classification of irreducible representations of G x A from [59] to deduce the one-
dimensional representations of G x A. However, since we only need to understand the
one-dimensional representations, we prefer to include a self contained proof in the next
Lemma.

Lemma 2.16. The one-dimensional unitary representations of G X A are of the form
w®v € C(GxA), where w € C(G) and v € C(A) are one-dimensional unitary repre-
sentations of G and A respectively and a,.(w) = w for all r € A.

Proof. For this proof, we will view C(G x A) = C(A,C(G)) and C(G x A) ® C(G x
A) = C(A x A,C(G) ® C(G)). With this identification, the comultiplication becomes
Au)(r,s) = (id ® a,)(Ag(u(rs))) for all uw € C(G x A) and all r,s € A and it is
then easy to check that the unitary of the form given in the Lemma are indeed one-
dimensional unitary representations of G x A. Conversely, if u € C(G x A) is a unitary
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such that A(u) = u ® u, then u(r) € C(G) is a unitary for all » € A and, for all 7, s € A,
(id ® o) (Ag(u(rs)) = u(r) ® u(s). It follows that w := u(1) is a unitary in C(G) such
that A(w) = w ® w. Moreover, since . intertwines the comultiplication of G one has
€q © o = £, Where ¢ is the counit of G, and,

([d®egoar)(Ag(u(rs))) = ([d®eg)(Ag(u(rs))) = u(rs) = u(r)eg(u(s)).

It follows that v := (r — v,.), where v, := eg(u,), is a one-dimensional unitary repre-
sentation of A and, for all s € A, u(s) =wvs ie. u=w®v € C(G)@C(A) = C(G x A).
Using that A(u) = u ® u, one checks easily that a,.(w) =w for all r € A. O

We collect in the following Proposition some easy observations about G x A that are
not contained in [59]. We use the terminology introduced in the Introduction before the
statement of Theorem A and we denote by A.(G) the Cowling-Haagerup constant of
the von Neumann algebra L°(G).

Proposition 2.17. The following holds.

(1) G x A is co-amenable if and only if G is co-amenable.

(2) G/x\A/@ the Haagerup property if and only zf@ has the Haagerup property.

(3) Acb(G X A) = Acb(@)

(4) The scaling group 7+ of G X A is the one parameter group of L°(G x A) = L (G) ®
C(A) defined by 7, = ¢ @ id, where 7C is the scaling group of G.

(5) The Vaes’ T-invariant T(G x A) is:

{teR: 3w cUC(R)),7F = Ad(w), Ag(w) = w @ w, ap(w) = wVr € A}.
(6) Sd(G x A) = Sd(G) and 7(G x A) = 7(G).

Proof. (1) directly follows from the fact that A = Ag ® id and (2) and (3) follows from
L®(G x A) ~ L>®(G) ® CK, where K = |A|. To prove (4), one can easily check that
the one parameter group 7; := 7 ® id satisfies A ooy = (1 ® 04) o A. To prove (6),
we note that since h = hg ® tr, the modular operator V of h, is the positive operator
on L%(G) ® I2(A) given by Vg ® id, the equality Sd(G x A) = Sd(G) follows, while
the equality 7(G x A) = 7(G) is a direct consequence of o, = ¢ ® id. Finally, (5) is a
consequence of (4) and Lemma 2.16. O

2.6. Quantum permutation group

For N € N*, we denote by S’]T, the quantum permutation group on N points. We recall
that C' (S]J{[) is the universal unital C*-algebra generated by N? orthogonal projections
u;5, 1 < 4,7 < N with the relations Zjvzl u; = 1= Z;.V:l uj; forall 1 <4 < N. In
particular u = (u;;);; € Mn(C)® C(S%) is a unitary. The comultiplication on C(S7) is
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defined, using the universal property of C(S5;), by the relation A(u;;) = ij 1 Uik ® Ug;
for all 1 < 4,57 < N. In particular, u is a unitary representation of S v, called the
fundamental representation. For 1 < i < N we write L; := Span{u;; : 1 <j < N} C
Pol(S};). Since the family (u;;)1<j<n is a partition of unity, the vector subspace L; is
actually a unital *-subalgebra of Pol(S7;) and the map CV — L;, e; — u;; is a unital
s-isomorphism of *-algebras. Since L; is finite dimensional, we may view L; C C(S};)
or L; C C,.(S%) as an abelian finite dimensional C*-subalgebra and also L; C L>(S};)
as an abelian finite dimensional von Neumann subalgebra. We use the same symbol h
to denote the Haar state of Sy on C(S}), Cr(S%) or L=(S};). We also recall that
h(u;;) = % for all 1 <4,j < N, where h is the Haar state on C(S}).

The elementary proof of the next Proposition is left to the reader.

Proposition 2.18. Let 1 < ¢ < N. The following holds

(1) The unique trace preserving conditional expectation E; : L>°(Sf) — L; satisfies:

N
E;(z) = NZ h(zuij)u;;  for all z € L®(S%).

j=1

e map T — . TU;i )i 18 a conditional expectation from Tesp.

2) Th N h(wug)ugy i ditional jon from C(S;
C,(S%)) onto L;. All these maps will be denoted by E;.

(3) The conditional expectation E; : C,.(S%) — L; is faithful.

We collect below some elementary computations concerning the conditional expecta-
tion onto L;.

Lemma 2.19. Let a € C(S%) and 1 <i < N be such that E;(a) = 0. Then,

(1) Forany 1l <s,j <N, we have (h ®id)(A(a)(uis ® ug;)) = 0.
(2) Foralll <s <N, we have (h ®id) (A(a)(u;s ® 1)) = 0.

Proof. (1). We show that Vw € C’( S, 1 <5, <N, (how)(Ala)(uis @us;)) = 0. Let
w(-u

w, s, j be as above, and define sj) € C(SF)*. Using the Sweedler notation,

N
Aaui;) (1 ® ugj) = Za(l)uit ® a(2)Uyjlisj = a(1)lis @ a2)tsj = Aa) (Uss @ ugj) .
t=1
Applying (h @ w), we get
(h @w) (Ala)(uis ® usj)) = (h ©w) (Alaui;)(1 @ us;)) = (h @ p)(Alaui;))
= p(1)h(aui;) =0,
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where we used the invariance of the Haar state h and the fact that h(au;;) = 0 for all
1 < j < N since E;(a) =0 and by definition of F;.

(2). Tt suffices to sum the relation (1) for 1 < j < N and use Z;\le ug; =1Vs. O

We will use the following Lemma, which is an easy consequence of the factoriality of
L>°(S%) when N > 8 [9], but we will need the next result for all N > 4.

Lemma 2.20. For all N > 4 and all 1 <k < N one has LOO(SX,)' NL,=C1.

Proof. Pol(S};) being weakly dense in L>°(S5;) one has L>(S};)' N Ly, = Pol(S3;)" N Ly.
By the universal property of Pol(Sj{,), for all ¢ € Sy, there exist unique unital *-
homomorphisms Ry, C, : Pol(S¥) — Pol(S};) such that R, (u;;) = u,(;); and Cy (ugj) =
Uis(j), for all 1 < 4,5 < N. Note that R, and C, are *-isomorphisms since R,-1 R, =
R;R,-1 =id and C,-1C, = C;C,-1 = id. Denoting by (1,k) € Sy the transposition of
1 and k, one has R(; x)(Lx) = Ly hence, it suffices to show that Pol(S};)' N Ly = C1.

Fix a Hilbert space H with two non-commuting orthogonal projections P, Q) € B(H)
and let us denote by A € My(B(H)) the matrix

P 1-P 0 0
A |- P 0 o |
0 0 Q 1-Q

0 0 1-Q Q

A0
01
Note that B is a magic unitary. Hence, writing B = (b;;), there exists a unique unital
+-homomorphism 7 : Pol(S};) — B(H) such that m(u;;) = b;; for all 1 <4,j < N.

To show that Pol(S};)' N Ly = C1, it suffices to show that the only orthogonal projec-
tions in L; that commutes with Pol(S};) are 0 and 1. A projection p € L1\ {0, 1} is of the
formp =73, u;for I C{1,...,N}with1 <|[I| < N—1.Let o € Sy be a permutation
such that o(I) = {1,..., [I|4+1}\{2} so that q := Co(p) = w11 +uiz+ura+---+uy 741
It suffices to show that ¢ does not commute with uss and this follows from n(¢) = P
and 7(us3) = Q. O

and by B € My(B(H)) the block matrix B = , where I is the identity matrix.

2.7. Free wreath products

For a compact quantum group G and an integer N, the free wreath product of G by
S, as defined by Bichon in [8], is the CQG G 1. S, with

C(Gu S) = C@)™ « C(SH)/I,

where we consider the full free product and I is the two-sided closed ideal generated by:



P. Fima, A. Troupel / Advances in Mathematics 441 (2024) 109546 21

{vi(a)uij; — wivi(a) : a € C(G), 1 <i,j < N} (1)

and v; : O(G) — C(G)*N c C(G)*N x C(S};) is the unital *-homomorphism on the
th_copy of C(G) in C(G)*N, u;; € C(S5) are the coefficients of the fundamental rep-
resentation. If G has a dual quantum subgroup H i.e. C(H) C C(G), then we define,
following [28], the free wreath product with amalgamation G L g SX,. This is the CQG
with C(G g S¥) = C(G)*#N « C(SF;)/1, where the full free product is taken amalga-
mated over C'(H) and the ideal I is the same as in (1). It is easy to check (using both
universal properties) that C(G t.y S5) = C(G 1. S¥)/J, where J is the closed two-
sided ideal generated by {v;(a) —v;(a) : a € C(H), 1 <4i,j < N}. Note that G always
admits the trivial group {e} as a dual quantum subgroup, and we have, for H = {e},

C(Glm Sf) =~ C(G UL SF).

Remark 2.21. The surjective x-homomorphism a — a+I : C(G)*N+C(S};) — C(GL.SF)
is injective when restricted to C(G)*Y as well as to C(S¥). By the universal property,
there exists a unique unital *-homomorphism 7 : C(G . S%) — C(G)*N ® C(S;) such
that 7(z+1) =z®1ifz € C(G)*N and 7(z+1) = 1®@x if z € C(S};). The composition
of z — x + I and 7 is the map sending C(G)* and C(S};) to their respective copies
in C(G)*N ® C(S}), which is injective. The same holds for C(G)*#~ and C(S}) in the
amalgamated case.

Following the previous Remark, we will always view C(G)*#N  C(S}) C C(Gl.uSy).
We endow the unital C*-algebra C(Gl.. g S]f,) with the unique unital *-homomorphism
A C(Glm ST) = C(Glm ST) ® C(G L, SY) satisfying:

N
E v; @v;)(Ag(a))(u; @ 1) and A(u;) Zu’k ® up;.

Jj=1

Remark 2.22.

(1) Both G*#N and S’X‘, are compact quantum subgroups of G . g SJ‘C via the maps
(id®5sj+v)o7r : C(GlgS%) = C(G)*#N and (eg-n ®id)or : C(GlmSy) — C(S%)
(which obviously intertwine the comultiplications), where 7 is the map defined in
Remark 2.21.

(2) Let v : C(H) — C(G . g Si;) be the common restriction of the maps v; on C(H) C
C(G),1 <4< N. Then, v is faithful and, since >, u;; = 1 we see that v intertwines
the comultiplications. Hence, H is a dual compact subgroup of G ., i Sj(,.

Let us now describe another specific compact quantum subgroup of G . g S’X,. The
only mentions of this subgroup that we could find in the literature are in [8, Proposition
2.6], when N =2 and G = T is the dual of a discrete group, and in Gromada’s recent
work [30] where it appears under the name wreath product, in the non-amalgamated case.
We would like to thank the referee for showing us this reference.
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Fix 0 € Sy. By the universal property of C(G)*#~ there exists a unique unital *-
homomorphism a, : C(G)*#N — C(G)*#¥N such that a, ov; = o) forall 1 <i < N.
Since we clearly have a,a, = -, for all o,7 € Sy, « is an action of Sy on the
C*-algebra C(G)*#N by unital *-isomorphisms. Moreover, it is easy to see that, for all
g€, (ay®ay)oAgen = Agen 0y, where Ag.~ is the comultiplication on C(G)*# ¥,
Note that this action by automorphisms of G*#%V is actually the restriction of the action
of S]J{, on the compact quantum group G*# to the compact quantum subgroup Sy
which was described in [8, Proposition 2.1]. Let us now consider the semi-direct product
quantum group G*#¥ x Sy associated to this action, as described in Section 2.5. We
show below that the quantum group G*#% x Sy is actually a compact quantum subgroup

of G be,H Sj\}.

Proposition 2.23. Given N € N*| there exists a unique unital x-homomorphism

W(uij) =1 X Xij
where x;; € C(Sn) is the characteristic function of A;; == {o € Sy : o(j) = i}.
Moreover,

(1) 7 is surjective and intertwines the comultiplications.
(2) m is an isomorphism if and only if N € {1,2} or if N = 3 and the inclusion
C(H) — C(G) is an isomorphism (a special case being when G is the trivial group).

Proof. The existence of 7 is a direct consequence of the universal property of the C*-
algebra C(G ., S¥;) and the fact that the matrix (y;;);; € My(C(Sy)) is a magic
unitary.

(1). Since C'(Sn) is generated by the y;;, the surjectivity of 7 is clear. Let us check that 7
intertwines the comultiplications. Recall that the comultiplication on G, i S} is denoted
by A, the one on G by A, the one on G*#¥ by Ag.n~ (it satisfies Agenov; = v;@1;0A¢)
and let us denote the one on C(G*#" x Sy) by A,. On the one hand, V1 < 4,5 < N,
a € C(G),

As(r(uig) =Asl@xi) = D A(1®6)

UESN,O'(j):i

Z Z (126, 1R 6,-1,),

c€SN,o(j)=i TESN

As(r(vi(@) = ) As(vila) ®65)

oESN

D [(d®an)(Ag (1i(a))]y (1@ 6, @ 1@ 5,-1,)

T,0€ESN
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= 3 [([d®an) (v © v)(Aa(a)]; 1 @6, © 1@ 1),

TESN

On the other hand, for all 1 <i,5 < N and all a € C(G),

] =

(r@m)(Awi(e) = ) _(r®@m) (v @v;)(Ac(a))(m(uiy) ® 1)

<.
Il
—

[(vi @ vj)(Ag(a))] ;3 (1@ xi; ® 1@ 1)

hE

1

<.
Il

I
] =

S [(d®an)w ©v)(Ac@)],; 185 ©181)

1 TESN, T(]):Z

[(([d® ar)(vi @ vi)(Ac(a)] s (1@ 6 @1®1)

J

m
n

T N

where, in the last equality, we use the partition Sy = [_|§-V:1{T € Sy : 7(j) = i}
Moreover,

N

m(uin) @ wung) = Y 1@ ik @ 1@ X
k=1

(@ 7)(Aluy)) =

M= [

Z 106, 1®6, = Z 100, 91®06,-1,,

1 o, TESN, o,TESN,
T(k)=i,0(j)=k o(j)=i

£l
Il

where we use, in the last equality, the following partition:

N

{(r,77 o) € S% - 0(j) =i} = H{(T, o) € 8% : 7(k) =i and o(j) = k}.

(2). Suppose that N = 2. In that case, Bichon’s proof of [8, Proposition 2.1] can be
directly adapted. It is well known that C(S5) is commutative: the surjection C(S5) —
C(S2), uij + Xij is an isomorphism. Hence, we view C(S3) = C(S2) and we have
u = gi (;I , where 7 is the unique non-trivial element in Ss. Now, for ¢ € {1,2}
and a € C(Q), vi(a) € C(G g S¥) is commuting with the line i of u hence, it is
also commuting with the other line. Hence, C(G)*#2 and C(S5) are commuting in
C(G t,i SF;) and it follows that 7 is actually injective.

Suppose that N > 4. In that case, it is well known that C (SX,) is infinite-dimensional
(the classical argument is actually contained in the proof of Lemma 2.19). In particular,
C(S5%) — C(SN), wij — xij is not injective which implies that r itself is not injective.
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The non injectivity in the case N = 3 is a consequence of Theorem 3.2 (the proof of
which does not rely on this isomorphism even in the case N = 3), using the fact that
an isomorphism between these quantum groups would intertwine the Haar measures.
It is then enough, when G is non-trivial to show that there is a reduced operator in
C(G .1 S7), hence of Haar measure 0, which is sent to an element of C(G*#3 x S3) ~
C(Q)*#3®C°. Since H is a strict (not necessarily proper) dual quantum subgroup of G,
then Rep(H) is a full subcategory of Rep(G), with a non trivial irreducible representation
v of G which is not a representation of H, and a,b € C(G)\ C(H) non trivial coeflicients
of v and U respectively such that ab has non zero Haar measure (using the unique
intertwiner between the trivial representation and v ® T). Then we can consider the
element v1 (a)ugav1 (b) € C(G L. S5 ), which is sent to v1(a)v1(b) @ ugs = v1(ab) @ ugs €
C(G)*#3 @ CS. However, the word vy (a)uszry (b) is reduced in the sense of 3.2, because
a and b are coefficients of a non trivial irreducible representation, and therefore of Haar
measure 0 and the element ugs is such that Ep (ug2) is equal to 0 if N > 3 and to ugs
if N € {0,1}, while the element v (ab) ® ugz is of Haar measure hg(ab)/3 # 0, because
the Haar measure on C(G*#3 x S3) ~ C(G)*#3 ® C° is the tensor product of the Haar
measures on C(G)*#3 and on C(S3).

If G is the trivial group then the surjection is the canonical morphism C(S};) - C(Sy)
which is an isomorphism if and only if N <3. O

Remark 2.24. The condition C'(H) — C(G) not being an isomorphism is equivalent to
the index [G : H] being greater than 2, as defined in 2.7.

Let us show that this semi-direct product agrees with the wreath product by Sy
as defined in [30]. We first start by defining a well-known family of compact quantum
subgroups of G . g S]"\’,.

Proposition-Definition 2.25. For any compact quantum subgroup Ky < S’X} with p :
C(S4;) = C(Ky), we have a corresponding compact quantum subgroup Gl g Ky <
Gty S§y, with C(G g Kn) := C(G)*#N « C(Ky)/I, where the double-sided closed
ideal I is once again defined as in (1), replacing the elements u,; by their images through
w in C(Ky), with the comultiplication defined in the same way as for the free wreath
product with S7. In particular G Ly Sy is a compact quantum subgroup of G U, i S,
where Sy is seen as a compact quantum group of SIJ(,.

Proof. It is enough to show that the quotient map

Y(vi(a)) = vi(a)

. +
¥ C(Gln Sy) = C(Glm Kn) sit. {w(uw) = p(ug;) ’

intertwines the comultiplications but this is obvious by the definitions. O
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Remark 2.26. Note that the considered dimension of the generating matrix of the com-
pact quantum group Ky matters a lot, as it changes the numbers of free copies of C(G)
in the definition of the free wreath product. Take H to be the trivial group and Ky and
Ky for N # M two presentations of the trivial group (seen as acting on CV and CM
respectively), then we have that G . g Ky = G*N and G beovH Ky = G*M  which are
oftentimes not isomorphic.

Proposition 2.27. The wreath product G 1 Sy from [30] is isomorphic to the semi-direct
product G*N x Sy.

Proof. It is enough to prove that the map 7 : C(G 1. S%) —» C(G*™N x Sy) ~ C(G)*N @
C(Sn) defined in Proposition 2.23 is the composition of the maps C(G 1. S¥) = C(G 1.
Sn) and C(Gl. Sy) — C(G*N x Sy). Let v be the matrix (xi;)1<i,j<n, with coefficients
generating C'(Sy). Then the map C(G . Sy) = C(G1Sn) as defined in [30] sends v;(g)
to v;(g9) ® 1 and x;; to 1 ® xij;, so the composition with the previous quotient coincides
exactly with the map n. O

Remark 2.28. For many quantum groups G we can also use K-theory to distinguish
between the free wreath product and the semi-direct product. Indeed, the K-theory of
the algebra of the semi-direct product G*3 x S3 is just the K-theory of the tensor product
C(G)*3 @ C8 which is

Ko(C(G)? @ C%) ~ (Ko(C(G))?/2%)3, and, K1(C(G)** ® C%) ~ K,(C(G))*,

which can only coincide with the K-theory of the free wreath product algebra if
Ky(C(G)) ~ Z and K;(C(G)) = 0, using the computations of Theorem D which are
independent from Proposition 2.23

In [2, Section 3.4] it is mentioned that the question whether the von Neumann algebra
of a quantum reflection group HJSV"' =L U 5'7\} is diffuse is open when N < 7. We add
the following Proposition in order to provide a complete answer to this question.

Proposition 2.29. The von Neumann algebra L>°(G 4 u S;\L[) is diffuse if and only if at
least one of the following conditions holds:

e N >4,
o Irr(G) is infinite,
o [G:H|>2 (i.e. C(H) — C(Q) is not surjective) and N > 2.

Proof. If G is trivial, it directly follows from Lemma 2.4 since S7; ~ Sy for N < 3 and
C(S3) is infinite-dimensional for N > 4. Suppose that G is non-trivial and let N > 3. Let
us denote by u = (u;;) and v = (v;;) the fundamental representations of S}, and S¥,_,
respectively. By the universal property, there exists a unique unital *-homomorphism
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p: C(GluSH) = C(GlmSy_,) such that p(u;;) = vi; if 1 <i,j < N—1, p(uij) = ;
if i or j is equal to N and p(v;(a)) = vi(a) if 1 <i < N —1, p(vny(a)) = vy_1(a) for
all a € C(G). Since p is clearly surjective a direct induction implies that, for all N > 2,
C(G g Sy) is infinite-dimensional (hence L>(G 1.z SF;) is diffuse by Lemma 2.4)
whenever C(G . g S5) is. By Proposition 2.23, C(G ..z S5) ~ C(G*x G) ® C2. Hence,
it is infinite-dimensional as soon as C(G#* g G) is. There is an embedding C(G) — C(G*pg
G), so the case |Irr(G)| = oo is a direct consequence of Lemma 2.4. If C(H) — C(G)
is not surjective, then there is a non zero element a € C(G) such that Eyx(G) = 0
(for example, take a coefficient of an irreducible representation of G which is not in
the representation category of H). Then the words by = v1(a)rz(a)...v;(a) taking a
product of k elements, where k is 1 if k is odd and 2 if k is even, form a family of linearly
independent reduced elements in C(G *gy G), which is therefore infinite dimensional. O

2.8. Graphs of operator algebras

We recall below some notions and results from [22,23]. If G is a graph in the sense of
[44, Def 2.1], its vertex set will be denoted V(G) and its edge set will be denoted E(G).
We will always assume that G is at most countable. For e € E(G) we denote by s(e) and
r(e) respectively the source and range of e and by € the inverse edge of e. An orientation
of G is a partition E(G) = ET(G) U E~(G) such that e € E(G) & e€ E~(G).

The data (G, (Ag)qev(g), (Be)ecE(g), (5c)ecE(g)) Will be called a graph of C*-algebras
if:

e (G is a connected graph.

o For every g € V(G) and every e € E(G), Ay and B, are unital C*-algebras.
o For every e € E(G), Bz = Be.

+ For every e € E(G), s : Be — Ag(e) is a unital faithful *-homomorphism.

Define 7e = sg: Be — Ag(e)-

Fix a maximal subtree 7 C G and define P = m(G, Ay, Be,T) to be the maximal
fundamental C*-algebra of the graph of C*-algebras (G, Aq, Be, s) with respect to the
maximal subtree 7. This means that P is the universal unital C*-algebra generated by
Ay, for ¢ € V(G) and unitaries u., for e € E(G) with the following relations:

o For every e € E(G), us = u}.
e For every e € E(G) and every b € B,, ugsc(b)u. = rc(b).
o Forevery e € E(T), ue = 1.

It is known that P is non-zero and that the canonical unital *-homomorphisms 4, — P

are all faithful [23, Remark 2.2]. Hence, we will always view A, C P for all ¢ € V(G).
Assume now that there exists, for all e € F(G) a conditional expectation Ef : Ag) —

Se(Be). For p € V(G), an element a € P will be called a reduced operator from p to p
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if it is of the form a = ague,ay ... Ue, a, where n > 1, (e1,...,e,) is a path in G from
p to p (i.e. e € E(G) are such that r(ex) = s(eps1) and s(ey) = r(en) = p), ap € Ap,
ax € Ay(e, and, for all 1 <k <n — 1, if exy1 = € then E:k+1(ak) = 0. Then one can
construct [23], the unital C*-algebra P, called the vertex reduced fundamental algebra
which is the unique (up to canonical isomorphism) quotient A : P — P, of P satisfying
the following:

(1) There exists, for all p € V(G), a ucp map E, : P. — A, such that E,(A(a)) = a for
all a € A, and E,(A(a)) = 0 for all reduced operators a € P from p to p. Moreover,
the family {E, :€ V(G)} is GNS-faithful.

(2) For any unital C*-algebra C' with a surjective unital *-homomorphism p : P — C
and a GNS-faithful family of ucp map ¢, : C — A,, p € V(G), such that ¢, (p(a)) =
a for all @ € A, and ¢,(p(a)) = 0 for all reduced operators a € P from p to p there
exists a unique unital *-isomorphism v : P, — C such that v o A = p.

We recall that, given unital C*-algebras A, B;, i € I, a family of ucp maps ¢; : A — B;
is called GNS-faithful if N, ; Ker(m;) = {0}, where (H;, m;,&;) is the GNS-construction
of @i

iel

Note that a ucp map satisfying (1) is necessarily unique and property (1) implies that
A : P — P, is faithful on A, for all p € V(G) so that we may and will view A, C P, for
all p € V(G) and the ucp maps E, : P. — A, become conditional expectations under
this identification. If all the ucp maps E? are supposed to be GNS-faithful then the
vertex reduced fundamental algebra P, is the same as the reduced fundamental algebra
constructed in [22] and the conditional expectations E, : P, — A, are all GNS-faithful.

3. Free wreath products as fundamental algebras

Let N € N* and Ty be the rooted tree with N + 1 vertices pg,...,pn, po being
the root and 2N edges v1,...,vN,T1,...0N, source maps s(vx) = po and range maps
r(vg) =pg forall 1 <k < N.

3.1. The full version

Consider the graph of C*-algebras over Ty given by A,, = C(H) ® C(Sf), A,, =
C(GY®CN, B, =By, = C(H)®CY (1 < k < N) with source map s,, : C(H)@CY —
C(H)®Ly, C C(H)®C(SY), h@e; — h®@uy,; and range map r,, : C(H)@CYN — C(G)®
C™ being the canonical inclusion. Note that our graph of C*-algebras has conditional
expectations id® Ey, : C(H)®C(S};) — C(H)® Ly, (Proposition 2.18) which can be non
GNS-faithful and Ey ®id : C(G) ® CN — C(H) ® CV, coming from Proposition 2.5,
which can also be non-GNS faithful.

Let us denote by A the maximal fundamental C*-algebra of this graph of C*-algebras
relative to the unique maximal subtree Ty itself so that A is the universal unital C*-
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algebra generated by A,, for 0 < k < N with the relations s,,(a) = 7y, (a) for all
a € C(H)®CN and all 1 <k < N. Recall that v; : C(G) — C(G)**N C C(G v g S%)
denotes the i*"-copy of C(G) in C(G)*# Y we also denote by v the common restriction
of the v;’s to C(H)

Proposition 3.1. There is a unique isomorphism 7 : A — C(G i S¥;) such that 7(h ®
uij) = v(h)uij (h@wu;j € Ay, = C(H) ® C(S%)) and, m(a ® e;) = vi(a)u;; fora®e; €
Ay, =C(G)®@CN, 1<4,j<N.

Proof. Let us show the existence of m. Note first that, since v;(a) and u;; commute in
C(G 4,1 SF;), there exists a unique unital *-homomorphism 7; : A,, = C(G) @ CN —
C(G t.i Sf;) such that m;(a ® e;) = vi(a)uij, for all a € C(G) and 1 < j < N. We also
define my : Ay, = C(H) ® C(S%) = C(G t,m S%), mo(h @ uij) = v(h)u;;. Next, for
all 1 <4,j < N,and h € C(H), one has my(s,,(h ® €;)) = mo(h ® u;5) = v(h)u;; and
i (ry; (h ® e;)) = mi(h ® e;) = v(h)u;;. By the universal property of A, there exists a
unique unital *-homomorphism 7 : A — C(G b ug SJJ(,) satisfying the properties of the
proposition. Moreover, since the image of 7 contains u;; for all ¢, j and Zjvzl mi(a®e;) =
Z;Y:I vi(a)u;; = vi(a) for all a € A and 1 <4 < N, it follows that 7 is surjective.

To show that it is an isomorphism, we will give an inverse, using this time the universal
property of C(G L. g Sj\}) By the universal property of the full free product, there exists
a unique unital *-homomorphism p : C(G)*N *C(S}%) — A such that, for all 1 <4 < N,
a € C(G), be C(SY),

p(vi(a)) =a®1 € C(G)RCN = A,, C Aand pu(b) = 1@be C(H)RC(S%) = Ay, C A

Recall that C(G tp S¥) = C(G)*#N x C(S};)/1, where [ is defined in Equation (1).
Note that

pvi(a)uig) = (a®@ 1)(1 @ uij) = p(vi(a))sy, (1 ® ¢) = p(vi(a))ry, (1 © e))

— (@@ 1)(10¢) = 10e¢)(a® 1) =r,(1®e))u(vi(a))
= 5o, (1@ €;)p(vi(a)) = A @ uij)u(vi(a)) = puivi(a)).
Moreover, we have that for every h € C(H), and 1 <4,j < N,
pie(h)) = (Wh) @ 1) = s, (h@ 1) =y, (h®1) = (h® 1)
—ry (h® 1) = s, (h® 1) = (u(h) ® 1) = (v (1)),
Hence, the images of C'(H) through p coincide and I C ker(u) so there exists a unique

unital *-homomorphism p : C(G L.z S¥) — A which factorizes . It is clear that p is
surjective and it is easy to check that p is the inverse of 7. 0O
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3.2. The reduced version

Consider the graph of C*-algebras over Ty given by A,, = C,.(H) @ C,.(S%), Ap, =
C.(G)®CN B, = By, = C.(H) @ C¥ for all 1 < k < N with source map s, :
Cr(H)®@CN - C.(H)® L, C Cr.(H) ® C(S%), h® ej — h ® ug; and range map 7y, :
C.(H)®CN — C,.(G)® CV, being the canonical inclusion. Note that our graph of C*-
algebras has faithful conditional expectations id ® Ey, : C,.(H)® C,.(S};) — C.(H) ® L,
(Proposition 2.18) and Fg®id : C.(G)®CY — C,.(H)®C¥, thanks to Proposition 2.5.
Let A the vertex reduced fundamental C*-algebra of this graph of C*-algebras with
faithful conditional expectations and view A,, C A for all 0 < k < N. By the universal
property of A defined in Section 3.1, there exists a unique unital *-homomorphism (which
is surjective) \' : A — A such that X4, =g ® Agt and Nla,, =Ac®idew for all
1<k<N.Let E : A— C.(H)®C,(S%) the GNS-faithful conditional expectation and
define w := hy ® hg o E so that wla,, =hu® hgt and w(c) =0 for ¢ € A a reduced
operator. The state w € A* is called the fundamental state. Let \ : C(G g Sf) —
Cr(G 1 S7%) be the canonical surjection.

Theorem 3.2. The Haar state h € C(G . i SF;)* is the unique state such that:

h (aol/il (bl)all/ig (bg) e Vin (bn)an) = 0

whenever ay, € C(S¥%) C C(G by S¥), and b, € C(G) are such that Eg(by) = 0 for all
k and if iy = iky1, then E;, (a;) = 0.

There exists a unique unital x-isomorphism m, : A — C.(Gle 1 S}{}) such that Aom =
w0 XN, wherew : A— C(Gl.n Sj\}) is the isomorphism of Proposition 3.1. Moreover,
7 intertwines the Haar state on C,.(G L. Si) and the fundamental state w € A*.

An element of the form agv;, (by)a1vi, (b2) - .. vi, (bp)an € C(G U i Sf;) and satisfying
the conditions of Theorem 3.2 will be called a reduced operator.

Proof. Consider the state @ := woAyou = hy ®thv oFoAyopu € C’(GZ*,HS;{,)*, where
pi=7"1": C(Gl,nuSy) — Ahas been constructed in the proof of Proposition 3.1. Let
C C A be the linear span of C(SY;), ¥(C(H)) and all reduced operators in C(G t.,i S3;)-
Note that C is dense in A. By construction, the state w satisfies °~J|C(Sj(,) = hsj\r” wov = hy
and W(c) = 0 for ¢ € C(G L g S¥) a reduced operator so & satisfies the property of the
state h stated in the Theorem hence h = w by density of C. We will show that w is
A-invariant, which will imply that it is the Haar state, and thus (since E is GNS faithful
and hpg ® hgt is faithful on C.(H) ® C.(S%)) that A is isomorphic to the algebra
obtained through the GNS-construction applied to the Haar state, namely the reduced
C*-algebra C; (G l. i S7;), which will complete the proof of the Theorem. It is enough
to show that w is A invariant when restricted to C. An element in C is the sum of an
element x¢ € C’(S]T,) ® C(H) and elements of the form = = agv;, (b1)ay ... an—1v4, (bp)an



30 P. Fima, A. Troupel / Advances in Mathematics 441 (2024) 109546

with n > 1, a;, € C(S%), by € C(G)°, where C(G)° := {b € C(G), Ey(b) = 0}, for all
0 < k < N, and if there is k such that iy = 9541, then E;, (ax) = 0. It suffices to show
A(z) € COC(G i S¥) (where @ is the algebraic tensor product). Using the Sweedler
notation,

Ax) = (a0) 1)V, (1) 1)), .5, (@1) (1) Vi (B2) (1) g5 - - - (@) (1)
®(ao0)(2)Vs: ((b1)(2))(@1) (1) Vs, ((02)(2)) - - - (an)(2)-
By Remark 2.6 one has Ex((br)(1)) = 0 hence, the left part of every term of the sum
is a reduced operator whenever there is no k such that iz = ix41 and Ej, ((ax)q)) # 0,
we need only to take care of the remaining cases. Assume that we have k such that
ix = irt1, and Ey, ((ax)(1)) # 0, with & being the smallest such integer. Then we can write

(ak)(l) = Eik((ak)(l)) + (ak)‘()l), with Eik((ak)‘(’l)) = 0. FiXil’lg s = (Sl, 82, ..., Sn) e N™,

we can write

(a0) (1) Viy ((01) (1)) tiy 51 (@1) (1) - - - (@n) (1) @ (@0) (2)Vs, ((b1)(2))(a1) (1) Vs, ((b2) (2)) - - - (@n) (2
=(a0) 1)V, ((b1) (1)) Wiy ,s1 (@1) 1 - - - (ar)(1y - - - (an) (1) ® (@0)2) - - - (an)(2)
+ (a0) (1)Vi, ((b1) (1)) iy 5 (al)u) By ((ak) 1)) - - - (an) (1) @ (a0)(2) - - - (an) ()

we see that the first term of the decomposition is itself reduced up to the k-th term, and
we can iterate the process with the next term such that ix = i 41. In the end we get a
sum of tensor such that the first term is always reduced, and we only have to show that
the second vanishes. The second term is always of the form

ak,s = (a0) (1)Vi; (01) (1)) tiy 51 (@1) 1y - - - By ((ak) (1)) - - - (an) (1) ® (a0)2) - - - (@n) (2),

with maybe other conditional expectations appearing after rank k. The definition of the
conditional expectations (Ej;) gives Ej, ((ar)n)) = Nzt 1 h((ar) ()it )i, ¢ hence,

N
ks =N h((ar)@ytige)(@0) 1)V, (01) (1)) tiy,s, (@1) 1) - - Vi (0k) 1))ty 123, (Brs1) 1))

(an)@) ® (a0)(@) - - - (an)(2)

—~ 7
= I
—_

=N hl(ar) 1ytint) (@0) 1) Viy (01) (1)) 50 (@1) 1) - - - Vi (0k) (1) (Bha1) (1) it
t=1
.. (an)(l) (4 (ao)(2) L (an)(Q)
N
= N> hl(ar) @y tig) (@0) )i, ((b1) 1)y 60 (1) (1) - - Vi ((0k) (1) (k1) 1)) iy 1
t=1

.. (an)(l) ® (Cl,o)(g) e (ak)(l)/ L. (an)(g)
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The symbols (1)’ and (2)" are used to differentiate between the summation indices of
the scalars we will now move to the right side of the tensor product and the others
summation indices:

N
o =N Y (a0) )i, (1)) iy s (@1) (1) - Vi (08) (1) (br1) (1)) Wit - - (@) 1)

t=1

® (a0)(2) - - - hM((ar) 1y wire)(ar) 2y - - - (@n)(2)-

Now, by Lemma 2.19, we get > ), o) h((ar) (1) wi.t)(ax) (2 = 0. This is true for every
value of ¢, hence «, vanishes whenever we considered k as before. This proves that w is
A-invariant. O

The explicit computation of the Haar state can be used to show the following property
of dual quantum subgroups in free wreath products.

Proposition 3.3. Let C(H) C C(G) be a dual quantum subgroup and consider, by the
universal property of C(H 1. S3;), the unique unital x-homomorphism v : C(H 1, S?\}) —
C(G . Sf;) such that Lov; =v; : C(H) — C(G . S¥) for all1 <i < N and L|C(S;G)
is the inclusion C(S%) C C(G . SF;). Then, ¢ is faithful so H 1. Sy is a dual quantum
subgroup of G L. Sf;.

Proof. It is clear that ¢ intertwines the comultiplications and, by Theorem 3.2, it also
intertwines the Haar states so the restriction ¢|p,, gt : Pol(H & S¥) = Pol(G . S%)
is injective (by faithfulness of the Haar states) and still intertwines the comultiplica-
tion. Hence, H 1. S}{} is a dual quantum subgroup of G 1, SX} and ¢ itself faithful by
Proposition 2.5. O

3.3. The von Neumann version

Consider the graph of von Neumann algebras over 7Ty given by M,, = L*(H) ®
L>®(S%), My, = L®°(G)® CY, N,, = N;, = L®(H)®@ CN for all 1 < k < N with
source map S, : L®(H) @ CN — L®(H) ® L, C L®°(H) ® L>=(5%), h® e; — h @ uy;
and range map 7., : L®(H) ® CY — L*®°(G) ® C¥ being the canonical inclusion. We
also consider family of faithful normal states wp, = hu @ hgt, wp, = hg ® tr (where
tr is the normalized uniform trace on C¥ ie. tr(e;) = +) and we, = hy @ tr for
all 1 < k < N. Hence, we get a graph of von Neumann algebras as defined in [22,
Definition A.1]. Let us denote by M the fundamental von Neumann algebra at py and
view M,, = L>®(H) ® L>=(S};) C M. Let ¢ the associated fundamental normal faithful
state which is a trace if and only if G is Kac from the results of [22], as H is automatically
Kac in that case. As a direct consequence of Proposition 3.2 and [22, Section A.5] we
have the following. Note that, by Theorem 3.2, the unital faithful *-homomorphism
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vi + C(G) = C(G l.,u S¥) preserves the Haar states hence, it induces a unital normal
faithful *-homomorphism v; : L®(G) — L®(G tu S5).

Proposition 3.4. There exists a unique unital normal x-isomorphism =« : M —
L°°(G Ly S¥) extending the isomorphism m. @ A — Cp.(G Ly S¥) from Theorem 3.2.
Moreover, h o !l = ¢, where h also denotes the Haar state on L=(G . i ST).

Recall that Autpe gy (L*(G), ha) = {8 € Aut(L>(G), hg), B(L>®(H)) = L>(H)}.

Proposition 3.5. For all a € Autpe ) (L>(G), ha) there exists a unique h-preserving
automorphism () of L®(G . i SF;) such that

Y()|p sty =1d and Y(a)ov;=vioa VI<i<N. (2)

Moreover, 1 : Autyee(s)(L%(G), he) — Aut(L®(G Vg S), h) is a continuous group

homomorphism.

Proof. Let a € Autpes)(L®(G), he) and write (L%(G 4,g S¥),A,§) the GNS of
the Haar state. To show that ¥(«) exists, it suffices to show that there exists a
well defined unitary U, € B(L2(G l.pg S7;)) such that, for all reduced operator
aoViy (b1) - .. vi, (bn)an € L®(G b S¥),

Ua(aguiy (b1) ... vi, (bn)an€) = aguiy, (a(br)) ... v, (a(by))ané

Indeed, if such a unitary is constructed, then t(«a)(z) = UaxUZ does the job.
To show that such a U, exists it suffices to check that, for any reduced opera-
tor x = aov;, (b1)...vi, (by)an, € L®(G tm SY;) one has h(z*z) = h(y*y), where
y = agvi, (a(br))...v;, (a(by))a,. This can be shown by induction on n, by first ob-
serving that Fpy oa = a o Ey, where Ey : L™(G) — L*°(H) is the canonical normal
faithful conditional expectation. Indeed, since a~! o Ez o« is a normal h-preserving con-
ditional expectation onto L°°(H), we have, by uniqueness in Takesaki’s Theorem, that
a~loEygoa = Ey. It follows that the element y is reduced whenever z is. Then, one
can easily use the Haar state formula in Theorem 3.2 to prove our claim by induction.
The uniqueness of ¥(«) and the fact that it preserves the Haar state are clear.

The fact that it is a group homomorphism follows by uniqueness. To prove continuity,
it suffices to check that the map ¢, : Autpee(m)(L*(G), hg)) — L%(G tn S]'f,,h)7
(o = () (z)E), is continuous for all z € L°(G L.,z Sy), where € € L2(G i SF;, h) is
the canonical cyclic vector. Define C C L*®°(G 1. S;) to be the linear span of L>(S5;)
and the reduced operators and observe that C is a o-strongly dense unital *-subalgebra
of L>®(G l g S¥). Note that the subset:

{2z € L®(G i Sf;) : ¥, is continuous } C L(G i S¥)
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is a clearly a subspace and it is o-strongly closed since, ¥ () being h-preserving, we
have,

[va(a) =y (@)* = () (@)€ = (@) ()E]I* = Il () (@ = y)El* = h((z —y)* (= — )

for all a € Autye gy (L®(G), he) and z,y € L®(G ti S¥). Hence, it suffices to show
that 9, is continuous for all z € L°°(S};) or for x a reduced operator. When z € L>(S5;)
the map v, is the constant map equals to z§. When x = aovy, (b1) ... v, (bn)an €
L%(G i S7) is a reduced operator, we have, by induction on n, ¥, (a) — 9, (id) =
> ore i ¢r(a), where:

k() == agvy, (br)ar ... vy, (br)arvi, ((br) —br)arvi,, , ((bry1))ars1 - .- vi, (c(by))ané

with the natural conventions so that (@) and ¢, () make sense. Using the formula
for the Haar state given in Theorem 3.2 and the fact that « is hg preserving, a direct
computation gives:

lon(a)|* = <H||az|23+> I 1lBe | ler) — bl q

1<i<n,l#k

where, for a CQG G, || - ||2,¢ is the 2-norm given by the Haar state on L>°(G). It follows
that if o, — id in Autpee(m)(L°(G), hg) then, for all 1 < k < n, pr(as) —s 0 in
L?(G l,u SF;) for the norm. Hence, v, is continuous at id so it is continuous since it is
a group homomorphism. O

3.4. An inductive construction for free wreath products algebras

We define inductively the C*-algebra A; (1 < i < N) containing C(H) ® C(S%) with
a state w; € Af by 49 =C(H) ® C’(S]"\’,) and wg = hy ® hSX, the Haar state on Ag. Let
Ap = C.(H)®C,.(S%) be the GNS-construction of wy and My := L>®(H)®@L>(S};) = Aj
the von Neumann algebra generated in the GNS construction. Write Ay : Ay — Ag
the GNS morphism. We still denote by wy the associated faithful state on Ay (resp.
faithful normal state on Mj). Suppose that (A;,w;) is constructed and let A; be the
C*-algebra of the GNS construction of w with GNS morphism A; : A; — A; and
M; = Al the von Neumann algebra generated in the GNS construction. Define the full

free product A; 11 := (C(G)®CYN)  x  A;, where the amalgamation is with respect
C(H)®CN

to the faithful normal unital *-homomorphisms ., , : C(H) ® C¥ — C(G) ® CV and
i1 C(H) X CcN — C(H) ® Li+1 C O(H) ® C(SJ—G) C A;. Let Ai+1 = (CT(G) ®

CN,hg ® tr) * (A;,w;) be the reduced free product with amalgamation with
C(H)®CN

respect to the same maps but at the reduced level. Let ;11 : A;41 — A; the unique

Se

surjective unital *-homomorphism such that A;y1(a ® z) = Ag(a) ® « for all a € C(Q),
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z € CV and A\ij1|a, = Mi- Define w; g1 := ((hg ® tr) * w;) o ;11 and note that A; ; is
the C*-algebra of the GNS construction of w;11 and A\jr1 : A;r1 — Ay is the GNS

morphism. It follows that M;1, = A/, = (L®(G) ® CV) LOO(I-;k)®(CN M;, where the

amalgamated free product von Neumann algebra is with respect to the faithful normal
unital *-homomorphisms 7., : L(H)®@ CY — L>®(G)®@CY and s,, : L°(H)®CY
L®°(H)® L;y1 C L®(H)®L>®(S%) C M, and with respect to the faithful normal states
he ® tr and w;. We still denote by w;11 the faithful free product state on A;;1 and the

faithful normal free product state on M.

Proposition 3.6. There exists unique state preserving x-isomorphisms
p: (C(GluSH)h) = (An,wn) and py i (Co(G o SH), h) — (AN, wn)

and a normal x-isomorphism p!! : (L=(G g S%),h) = (Mn,wn), where h the Haar

state on G Lo H SJJ{,, such that, writing Ay = UZT.Ai, p maps C’(Sj\',) onto Ag = C(H) ®

C(S};) via x — 1®x and, for all1 <i < N, p(vi(a)) =a®1 € C(G)@CN C A, =

(C(G) ® CN) * "
C(H)®CN=C(H)®L;

"= pll o AN, where
A C(G o SY%) = Co(G lm SRy) is the canonical surjection.

A1 and, Xop = p. oAy, Aop

Proof. Uniqueness being obvious, it suffices to show the existence and that p inter-
twines the states. The existence of p, and p!’ follows from that. It is easy to see, by
the universal property of C(G L. g S¥) = C(G)*#N x C(S%)/I that there exists a uni-
tal *-homomorphism p satisfying the conditions of the statement. To show that p is
an isomorphism, we construct an inverse p’ : Ay — C(G l,x SF;). To do so, we
construct inductively unital *-homomorphisms p} : A; — C(G l,u S3;) by letting
Pyt Ag = C(H) @ C(S) — C(G lm S), a®@b — v(a)b and, if p_; + Ai_1 —
C(G ltm SX,) is defined, we use the universal property of the full amalgamated free

duct A; = (C(G)aCN i—1 to defi LA = OGSt
product A; = (C(G) ® )C(H)®CN*:C(H)®L1-A 1 to define p} : A; — C(G L, u S3) to

be the unique unital *-homomorphism such that p| 4, , = pi_; and p}(a®e;) = v;(a)u;;
for all a ® e; € C(G) ® CN, where (ej)1<j<n is the canonical orthonormal basis
of CN. Then, since pl|a,_, = pi_,, there exists a unique unital *-homomorphism
P Ay = UA; = C(Gln S%) such that p'|4, = pj. It is then easy to check
that p’ is the inverse of p. It remains to show that p intertwines the states. By the

uniqueness property of the state h stated in Theorem 3.2, it suffices to show that
wn(p(c)) = 0 for ¢ € C(G tu Si) a reduced operator in the sense of Theorem 3.2.
So let ¢ = agv;, (b1)ai ... v, (by)an € C(Gl,m Sy) be a reduced operator and note that,
if at least one the i is equal to N then p(c) is a word with letters alternating from
C(G)®CNoCH)®CY, and Ay_1 © C(H) ® Ly (where, when, for C C B with
conditional expectation, B © C' denotes the kernel of the conditional expectation onto
() so, by definition of the free product state, wn(p(c)) = 0. If for all k, i < N —1,
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then we can view p(c) € Ay_1 and since wn|a,y_, = Wn—1, We can repeat the argument
inductively and eventually deduce that wy(p(c)) =0. O

In the setting of von Neumann algebras, the inductive construction implies the fol-
lowing.

Proposition 3.7. The following holds for G l. g S%;, with v defined in Equation (2),

(1) The modular group of the Haar state h is oy := (c), for allt € R, where (0);cr
is the modular group of the Haar state of G on LOO(G).

(2) The scaling group is T := 1/1( &), Vt € R, where 7 is the scaling group of G.

(3) T(Gu S%) ={teR : 7F =id} VN > 2 and N # 3 and 7(G tum S3) = 7(G)
VN € N*.

Proof. (1). We first note that, for all t € R, of € Autpe(g)(L>(G), he). From [47,
Theorem 2.6], the modular group of the free product state w; on the amalgamated

f duct M; = (L*(G cN L>~(H L>(S7; tisfi
ree product M; = (L*°(G) @ )LOC(H)®(CN*:L°°(H)®L1 (L>°(H) ® L>(Sy)) satisfies

0 Lo (@) = O'ZLS% = id and oy(z ® 1) = 0% (x) ® 1 for all x € L>®(G). Identifying
(My,wn) =~ (L%®(G 4 g S¥), h) with the isomorphism of Proposition 3.6 and applying
inductively [47, Theorem 2.6] to our finite sequence of von Neumann algebra (M;)i1<i<n
gives the result.

(2). Note that, for all ¢ € R, 7& € Autpe(gr)(L>®(G), he). To show that 7 := ¢ (7F) is
the scaling group we have to show that Ao; = (1 ® o¢)A. Using the properties of o4, 7%
and the definition of A we have, for all 1 <7 < N and all a € Pol(G),

N
Alor(vi(@) = Ao (@) = 34 © 1) (A (of (@) © 1)

(v @ v (7 @ o) Ag(a)) (uy; @ 1)

<
Il
—

I I
M= 1=

(e ® o) (v @ vj)(Ag(a))(ui; @1) = (1t @ 1) A(vi(a)),

<.
Il
_

where, in the last equality, we used that 7 (u;;) = w;;. Since the modular group and
scaling group act as the identity on L°(S5), the equality Acy(u;;) = (1: ® 04)A(uy5) is
clear.

(3). Let us compute the T-invariant in the non-amalgamated case. For N > 4, the
irreducible representations of G SIJ([ are completely classified in [27] and it follows
that the only dimension 1 irreducible representation is the trivial representation. Hence,
T(GL.S%) ={t € R : 7, = id} and we conclude the proof using assertion (1). For N = 2,
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we know from Proposition 2.23 that G S’; ~ (*2 1 Sy and the T-invariant of such
quantum groups is computed in Proposition 2.17. Using also Proposition 2.8 concludes
the computation.

To compute the T-invariant, we may and will assume that N > 2. Since % is contin-
uous, one has 7(G L. g SF;) C 7(G). Let us show that 7(G) C 7(G . SY;). Applying

Remark 2.1 with M = L*®(G . g S¥) = (L=(G) ® CN) * Mn_1,
L (H)QCN=L>(H)QLy

w the Haar state and A = L*°(G) ® CV we see that the map R — Aut(L>(G)),
t = oyla = 0 ®id is 7(G L g Si)-continuous. Hence, (t — oF) is 7(G b u S¥)-
continuous so 7(G) C 7(G Ly S¥). O

4. Approximation properties

Theorem A is a consequence of the following more general statement.

Theorem 4.1. For G a CQG with H a dual quantum subgroup and N > 1, the following

holds

(1) G is exact if and only if Gl g SJJ\F, is ezact.

(2) If Irr(H) is finite, then G has the Haagerup property if and only if G L. g S¥% has
the Haagerup property.

—

(3) If G is Kac and H is co-amenable then G is hyperlinear if and only if G L g S’X, is
hyperlinear.
(4) o If N >5, Gl Sy is not co-amenable for all G and all H.
o IfN € {3,4} and H is a proper dual quantum subgroup of G (2.11) then Gl S¥
is not co-amenable whenever G is Kac.
o Glm Sy is co-amenable if anﬂm\ly if G*H2 {s co-amenable.

(5) G is K-amenable if and only if G Lt Sy is K-amenable.

Proof. (1). It is known from [9] that C,.(S¥) is exact. Hence, the result follows from [22,
Corollary 3.30].

(2). Note that, at N < 4, S% is a co-amenable Kac CQG [1] so that L>(S};) has the
Haagerup property and, at N > 5, L°°(Sy) has the Haagerup property by [9]. We
show the result by using the inductive construction of L>(G . g Sj\}) = My, with

My = L>®(H) ® L*(Sf;) and M;11 = (L®(G) @ CV M;. At i =0, My =
o = L(H) @ L2(55) and My = (L¥(G) 9 C%) |« M At =0, My
L®°(H) ® L*°(S};) has the Haagerup property, because L>(H) is finite-dimensional.
Assume that M; has the Haagerup property. It follows from [12, Corollary 8.2] that

~

M1 = (L®(G) ® CN) * M; also has the Haagerup property whenever G has
Lo (H)@CN

the Haagerup property. By induction, My = L (Gl i SR‘,) has the Haagerup property.
Suppose now that G . g S’X, has the Haagerup property. It is easy to check, using the
definition of Haagerup property of [15] with respect to a faithful normal state (f.n.s.)
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that if (M,w), w € M, a f.n.s., has the Haagerup property and P C M is a von Neumann
subalgebra with a normal and state-invariant conditional expectation £ : M — P then,
(P,w)p) also has the Haagerup property. Hence, since by construction of amalgamated
free products we do have such conditional expectations on each leg of the amalgamated
free product we first deduce from the inductive construction state-preserving isomor-
phism

(G S0 = (2@ 9T |« My

that L°(G) ® CV has the Haagerup property which implies that L°°(G) also has it.

(3). By Proposition [2, Corollary 3.7], S}, is hyperlinear for all N € N*. Assuming that G
is Kac (so that Gl g Sy also is), and that H is co-amenable so that L>(H) is amenable,
we can apply the strategy of the proof of (2) by using [4, Corollary 4.5] to deduce the

7

fact that if G is hyperlinear then so is G ., g SX,. The converse is clear.

(4). The case N = 2 is a consequence of Propositions 2.23 and 2.17. Suppose that N > 3
and Gl g SX, is co-amenable. Since G*# % and SX, are both compact quantum subgroup
of G L., Sy by Remark 2.22, it follows that G*#™ and S}, are both co-amenable [43].
It implies that N < 4, since SIJ([ is not co-amenable for all N > 5 [1]. Moreover, since
N >3, G*#" is not co-amenable whenever H is proper by Proposition 2.13 since H has
infinite index in G xg G.

(5). By [54] g}j\rf is K-amenable hence, if G is K-amenable, so is H and, a direct applica-
tion of [23, Theorem 5.1 and 5.2], implies that GZ-H\SIJ{[ is K-amenable. Let us prove
the converse. To ease the notations we write A = C(G t.m SI"\’}) and A = C.(G l4u Sj\',)

during this proof. Let A : A — A be the canonical surjection and assume that G . g S}
is K-amenable i.e. there exists o« € KK(A,C) such that [\] ® a = [¢] € KK(A,C),
where ® denotes here the Kasparwoduct and ¢ : A — C the counit of the free
wreath product. Let us show that G*# ¥ is K-amenable (and so G also is). Consider the
canonical inclusion 7 : C(G)*#N — A. Note that m does not intertwine the comulti-
plications so that we can not deduce the K-amenability of C?H\N by using the stability
of K-amenability by dual quantum subgroup. However, by Theorem 3.2, the canonical
inclusion 7 : C(G)*#N — A intertwines the Haar states hence, there exists a unital *-
homomorphism 7, : C,.(G*#) — A such that w0 \g = Aom, where \g : C(G*#N) —
C.(G*#N) is the canonical surjection. Define 3 := [r,] ® « € KK (C,.(G*#N),C). One
has:

DeleB=g]®[m]@a=[molg]R@a=[ o7 @«
=meNea=[rel]=I[eon] =[]

This shows that aH\N is K-amenable. O
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Remark 4.2. To deduce Theorem A it remains to deduce the co-amenability statement
for N = 2 which follows from Proposition 2.8.

Remark 4.3. As explained in the Introduction, except for N = 2, the stability of the
Haagerup property under the free wreath product construction was open. In the case
where G = T is the dual of a discrete group, and H is a finite subgroup, then the
stability of the Haagerup property and of the weak amenability with constant 1 has
been proved in [28]. In the general but non-amalgamated case, only the stability of the
central ACPAP, which is a strengthening of both the Haagerup property and the weak
amenability with constant 1 was known. However, it follows from Proposition 2.17 that

~

A (Gl SF) = A (G). For N > 3, we believe that weak amenability with constant 1
is also stable under the free wreath product construction and one obvious way to do
the proof would be by induction, using our inductive construction of the von Neumann
algebra as well as an amalgamated version (over a finite dimensional subalgebra) of the
result of Xu-Ricard [42]. Let us mention that for classical wreath products it has been
proved by Ozawa [38] that for any non-trivial discrete group A and any non-amenable
discrete group I', the classical wreath product AT is not weakly amenable.

5. The von Neumann algebra of a free wreath product

This section contains the proofs of Theorems B and C. Recall that (¢);cgr denotes
the modular group of the Haar state on L>°(G).
Theorem B is a direct consequence of the following more general statement.

Theorem 5.1. Suppose that Irr(G) is infinite, Irr(H) is finite, L°(G) NL>*°(H) = C1
and N > 4. Then L>®°(G 4 1 Sj\',) is a non-amenable full and prime factor without any
Cartan subalgebra and the following holds.

o If G is Kac then L°(G L.z S3) is a type 11y factor.
o If G is not Kac then L=(G t.u ST;) is a type 111 factor for some X # 0 and:

T(L®(G g Sf)) = {t €R : Ju c U(L®(H)), of = Ad(u)}.
Moreover, in the non-amalgamated case, we have T7(L>°(G 1. SF)) = 7(G).

Proof of Theorem B. First observe that, by Lemma 2.4, both L>(G) and L>(S¥) are
diffuse (since N > 4). Hence, L™°(G) ® CV and L™ (H) ® L>(S%) are also diffuse and
the inclusions L®(H) ® CY € L®(G) ® CN and L™ (H) ® Ly C L®(H) ® L>(S};) are
without trivial corner for all 1 < k < N, in the sense of [32] (since L>°(H) ® C¥ is finite
dimensional hence purely atomic, see [32, Lemma 5.2]).

We show the result by using the inductive construction of L (Gl g Sj{,) = My, with

My = L>®(H)®L>(S}%) and M, 41 = (L°°(G)®(CN)LOO(H*)®CNM1». At i = 0, we know that



P. Fima, A. Troupel / Advances in Mathematics 441 (2024) 109546 39

My and L= (G)®@CY are diffuse so the inclusions B = L*(H)®@CN c L=®(G)®C" and
B =L*(H)®L; C My are without trivial corner. Moreover, it follows from Lemma 2.20
that:

MiN(L=®(G) o CNY N B c (L®(G) NL*®(H)) ® (L=(S%) NL;) = C.

Hence, we may apply [32, Theorem E] to deduce that M is a non-amenable prime factor.
In particular M is diffuse and a direct induction shows that M}, is a non-amenable prime
factor for all 1 < k < N, in particular, My = L>®(G 4. g Sj\',) is a non-amenable prime
factor.

o +y N :
Suppose that A C M = L*°(G t,u Sy) = (LOO(G) ®C ) Loo(;)@(CN My_1 is a

Cartan subalgebra. By the previous discussion, My_; is a non-amenable factor. Hence,
it has no amenable direct summand and we may apply [6, Theorem B] to deduce that
A <y L°(H) @ CN. Since L*°(H) ® CY is finite dimensional, this contradicts the fact
that A, being maximal abelian in the diffuse von Neumann algebra M, is itself diffuse.

To see that L (G, Sf;) is full, we may now apply [50, Theorem 4.10] (since L (G)®
CN is diffuse and L>°(H) ® C is finite dimensional so the inclusion L>°(H) @ CV C
L>®(G) ® C¥ is entirely non trivial and, as shown before, My _; is diffuse).

When G is Kac, G L g SX, is also Kac hence, L*°(G L. g SJJ\?) is a II;-factor. When
G is not Kac, L™(G 4. u SJJ(,) is a non-amenable factor by the first part of the proof
but not a finite factor by [24, Theorem 8]. Hence, it is a type III, factor with A # 0
since it is a full factor [14, Proposition 3.9]. To compute the T-invariant, we view again

M = L>®(Gl,u S¥) = (L=°(G)® CN) * My _; and we also note that, since
Lo< (H)@CN

My is diffuse and the amalgam B := L™ (H)® Ly = L>°(H)®C?¥ is finite dimensional,
we have My_; Ay B. We can now use [31] to deduce that T':= T(L®(G ti S§)) =
{t eR : Ju e U(B) o, = Ad(u)}, where (0;)¢cr is the modular group of the Haar state
on L>®(G i S¥), which coincides with the free product state. In particular one has
Ot (@yecy =of ®id. Let T' :={t € R : of =id}. It is clear that 7" C T. Let t € T
and u € U(B) such that oy = Ad(u). Write u = Zi\;l ur ® ex € L®(H) ® CV; where
ug € L°°(H) is unitary for all 1 < k < N. For all b € L*°(G) and all 1 < k < N we find
or(b®@ep) =0l (b) ®e, = u(b® ep)u* = upbu} ® ex. Hence, off = Ad(uq) which implies
that ¢ € T”. Note that we could also have computed the T-invariant by using the results
of [50]. Let us now compute Connes’ 7-invariant in the non-amalgamated case. It suffices
to show that, for any sequence (t,),, of real numbers, one has ¢, — 0 for 7(G . S%) if and
only if ¢, — 0 for 7(G). Assume that ¢, — 0 for 7(L>(G 1. S};)). Then, viewing again
L® (G Sf) = (L>*(G) @ CV) ;gMN,l, where this time B = CY = Ly, we may apply
[31, Theorem B], to deduce that there exists a sequence of unitaries v, € U(B) such that
ay, = Ad(vy,) ooy, — id. To conclude the proof, we apply the restriction argument from
Remark 2.1 to deduce that an|pe(g)ecy — id in Aut(L>®(G) ® CV). Note that, since
B is in the center of L>°(G) ® C¥ one has QLo (G)aCN = of ®id and we deduce that
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of —idie. t, = 0in 7(G). The converse statement follows from the continuity of the

group homomorphism 1 defined by Equation (2). O

Remark 5.2. The assumption N # 2 in Theorem B is necessary. Indeed, when N = 2,
we know from Proposition 2.23 and Section 2.5 that L°(G 1, S3) = (L*°(G*?)) ® C2.
In particular, L°(G 1. S5) is never a factor. For N = 3, our proof does not work
(Le°(S5) ~ €5 is not diffuse) but we don’t know if L>(G 1, S5) can nonetheless be a
factor. However, whenever |[Irr(G)| > 3 if N = 2 or whenever G is non-trivial if N = 3,
Proposition 2.8 shows that L°(G*Y) is a full and prime factor without any Cartan
subalgebras and of type II; if G is Kac or of type III), A # 0, with T invariant given
by {t € R : ¢ = id}, if G is not Kac. Finally, let us mention that the assumption
|Irr(G)| = oo in Theorem B does not seem necessary but is useful in our proof.

Theorem C is a direct consequence of the following.

Theorem 5.3. Suppose that Irr(G) is infinite, Irr(H) is finite and N > 2. The following
holds.

(1) IfL>°(G) is amenable then, V1 <i < N, the von Neumann subalgebra of L°(G l i
S%) generated by {vi(a)uij : a € L®(G), 1 < j < N} is mazimal amenable with
expectation.

(2) If G is Kac then L®(H) @ L°(S{) ~ (v(L®(H)) UL>(S]))" € L®(G 1. ST) is
maximal amenable.

Proof. (1). We use Serre’s dévissage in the following way. Fix 1 < i < N and Let 7} be
the graph obtained from Ty by removing the edge v; as well as its inverse edge v;. This
graph is still connected. Let us denote by Ms the fundamental von Neumann algebra
of our graph of von Neumann algebras restricted to 73 so that we have L®(H) ®
L>°(S%) C Ms. It follows from [22] that L°°(G .z S¥) is canonically isomorphic to
M, ; My, where the amalgamation is B = L*(H) ® CcN c M, = L>*(G) ® CY and

B = L*(H) ® L; C L®(H) ® L>(S};) C Ms. Note that the von Neumann algebra
generated by {v;(a)u;; : a € C(G), 1 < j < N} is then identified with M; C M, EMQ

and M; ~ L*®°(G) @ CN ~ L>®°(G x Z//N\Z) is diffuse, by Lemma 2.4. Hence My 4y, B
and since M; is amenable, we may apply [5, Main Theorem| to deduce that M; is
maximal amenable.

(2). Consider the inductive construction L>(H) @ L=(Sf) = My € M} C --- C My =

L>(G .,z Si), where Myy1 = (L®(G) @ CN) . (H*) on M. Recall that L°(S]) is
°(H)®
diffuse and amenable and so is L°°(H) ® L>°(S]) = M. Let My C Q C My be an

amenable von Neumann algebra. Then My C QNMy_1s0 QNMy_1 £ L*(H) ®CHN

IN -1
since My is diffuse. Hence, we can apply [5, Main Theorem] to the amalgamated free
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product My = (LOO(G) ®(CN) L°°(H*)®CN Mpy_1 and deduce that Q € My_;. By a

direct induction we find that Q C My. Note that the Kac assumption on G is to ensure
that each M}, is finite so the inclusion Q N My C My, is always with expectation. We do

not know if this result still holds in the non Kac case. O
6. Free wreath product of a fundamental quantum group

Let (g,(Gq)qev(g),(Ge)eeE(g),(se)eeE(g)) be a graph of CQG over the connected
graph G i.e.:

o For every ¢ € V(G) and every e € E(G), G, and G, are CQG.

o Forall e € E(G), Gz = G..

« For every e € E(G), sc : C(Ge) — C(Gy(e) is a faithful unital *-homomorphism
intertwining the comultiplications (so G is a dual quantum subgroup of G()).

Consider the graph of C*-algebras (G, C(Gy), C(Ge), s¢) and fix a maximal subtree 7 C
G. Define C(G) as the maximal fundamental C*-algebra of the graph of C*-algebras
(G,C(Gy),C(Ge), s¢) relative to the maximal subtree 7. By the universal property of
C(G), there exists a unique unital #-homomorphism A : C(G) — C(G) ® C(G) such
that Alcq,) = Ac(a,) and A(ue) = u. @u, for all ¢ € V(G) and all e € E(G). The pair
G := (C(G),A) is a CQG, known as the fundamental quantum group and studied in [22].
We will denote this CQG by G = m1(G, Gp, Ge, T). It is known from [22] that C(G) is
indeed the full C*-algebra of G. Let us note that, since s, identifies G, as a dual quantum
subgroup of G, we have conditional expectations E : C(Gy()) — 5.(C(Ge)) which
are non-necessary GNS-faithful.

Since Ge C Gy is a dual quantum subgroup s, factorizes to a faithful unital *-
homomorphism s, : C.(G.) — C.(Gy()) intertwining the comultiplications and we
have Haar-state-preserving faithful conditional expectations Cy(Gye)) — 5¢(Cr(Ge)).
Hence we get a graph of C*-algebras (G,C,(Gy), Cr(Ge), s.) with faithful conditional
expectations whose vertex-reduced fundamental C*-algebra is the reduced C*-algebra

C(G) of G [22).

Definition 6.1. The loop subgroup of G is the group I' C U(C(G)) generated by {u. : e €
E(G)}-

Note that the inclusion I' C U(C(G)) extends to a unital x-homomorphism 7 :
Cc*(I') — C(G).

Proposition 6.2. For G = m1(G,Gp, G, T) with loop subgroup I' the following holds.

(1) m : C*(T) = C(G) is faithful and intertwines the comultiplications.
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(2) Foralle € E(G), N € N*, there exists a unique unital *x-homomorphism
sév : C (Ge U S;{’,) - C (Gs(e) L SR}) such that sévoui = 1;08,, sév|c(51+v) =id, V.

Moreover, sév intertwines the comultiplications and restricts to a faithful map Pol(Ge
S5%) < Pol(Gy(e) b SFr) d.e. Ge t S¥ is a dual quantum subgroup of Gi(e) 1 S

Proof. (1). Let Cr be the image of 7 i.e. the C*-algebra generated by {u. : e € E(G)} in
C(G). To show that that 7 is faithful, it suffices to check that Cr satisfies the universal
property of C*(I"). Recall that e4(cy0s.(b) = €.(b), where, for p € V(G), &, is the counit on
C(G,) and, for e € E(G), €. is the counit on C(Ge). Let now p : I' = U(H) be a unitary
representation of I'. By the universal property of C(G) = (G, C(G,),C(Ge), T), there
exists a unique unital x-homomorphism p : C(G) — B(H) such that p(u.) = p(ue)
and p(a) = ep(a)idy, for all a € C(G,) and all p € V(G). Hence, plc,. : Cr — B(H)
is a unital *-homomorphism such that p(g) = p(g), for all g € T'. Tt follows that =
is faithful. The fact that 7 intertwines the comultiplications follows from the equality
Aue) = ue @ u, for all e € E(G).

(2). The existence and the properties of the morphism s follows from Proposi-
tion 3.3. O

By the previous Proposition, we will always view C*(I') = C(I') C C(G) as the
C*-algebra generated by {u. : e € F(G)} and such that the inclusion intertwines the
comultiplications. In particular, T is a dual quantum subgroup of G. Moreover, the
previous Proposition shows that (G, (G4 & S§)eev(g)s (Ge b S¥)ecr @), (sY)eer(g)) is a
graph of quantum groups. Its fundamental quantum group is determined in the following
Theorem.

Theorem 6.3. If G = 71(G, Gp, G, T) with loop subgroup I' then
Gl 58y =m (G, Gpl S§, Gt SE, T) -

Proof. Define A := C (7r1 (Q,Gp L S]J\F,,Ge U S]J{,,T)) and B := C (G L S]f,) For all

p € V(G), we have a unital *-homomorphism ¢, : C(Gp l Sy) — B coming from the
inclusion C'(G,) C C(G). Moreover, Ve € E(G)\E(T), there is a unitary u. € B such that

U:Qé’s(e) o se(a)ue = @T(e) o Te(a) Va S C(Ge U 51—5)7

the unitary being the one in C*(I"), which is unique because of the amalgamation and
works for every copy of C(Ge) in C(G. . S¥;) by construction of G. Hence, the universal
property of A gives a morphism 7 : A — B which clearly intertwines the comulti-
plications. We will give an inverse of this map, using the universal property of B. For
1 <4 < N, there is for any p € V(G) a map v; : C(G,) — A sending C(G,) on its
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i-th copy in the free product defining C(Gp U S]J\r,) in A. There is also for every edge
e € E(G)\ E(T) a unitary u. € A, which satisfies the relations of the universal property
of B, and is the same for every one of the N copies of C(G,). Therefore, we get a map
Yo @ C(G U S%) — A which factors through B, because the unitaries u,. are independent
of the copy of C(G.), thus we can factor the map through the quotient amalgamating
the algebras generated by the u! for 1 < i < N, which is exactly B. We get a morphism
1 : B — A for which it is easy to see that it intertwines the comultiplications. The maps
are inverse of each other, because they send the N copies of C(G) to N corresponding
copies of C'(G) and respect the unitaries from the fundamental algebra construction. O

Example 6.4. Suppose that G has two edges e and €. We have two cases.

(1) If s(e) # r(e) then G is a tree so T = G and the loop subgroup is trivial. We are in
the situation of an amalgamated free product G = G, * G5 and, by Theorem 6.3,
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(2) If s(e) = r(e) then T has no edges and the loop subgroup is I' = (u.) ~ Z.
We are in the situation of an HNN extension i.e. H and ¥ are CQG such that
C(X) c C(H) is a dual quantum subgroup and § : C(X) — C(H) is a faithful
unital *-homomorphism intertwining the comultiplications then the HNN extension
G := HNN(H,%,0) is the CQG with C(G) the universal unital C*-algebra gen-
erated by C(H) and a unitary u € C(G) with the relations 6(b) = ubu* for all
be C(¥X) C C(H) and comultiplication given by A(u) = u ® u and Alcgy = Ag.
The loop subgroup I' = Z satisfies C*(I') = (u) C C(G) and, by Theorem 6.3,
HNN(H, %, 0) 1, 1 53 ~ HNN(H 1. S, 5. 5%, 6).

7. K-theory

In [23] is obtained a 6-term exact sequences for the KK-theory of the reduced and the
full fundamental algebras of any graph of C*-algebras (G, A, Be, s.) with (non-necessary
GNS-faithful) conditional expectations. It is shown in [23] that the canonical surjection
from the full fundamental C*-algebra P to the vertex-reduced fundamental C*-algebra
P, is a KK-equivalence and, denoting by P, either P or P, one has the following exact
sequences, for any C*-algebra C.

*
T

Seior
Becrs (o) KE(C.B) =5 @, ) KK (C, A,) ———— KK°(C, P,)

| |

KE'(C,P) ——— @yev(o) KK (O A)) dm. Bcn (g) KK (C, Bo),
(3)
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@Becrr o) KE (Be, Ot B (o) KK (4, 0) ———— KK°(P,C)

| |

KK'(Py,C) ———— @yevie) KE (A, OF "5, o (g) KK (B... C).

(4)
Recall that, given a CQG G, Co(G) denotes either C(G) or C,.(G).

Proof of Theorem D. We can use the exact sequence (3) with C = C and with the
graph of C*-algebra over Ty from Section 3.1 in the case of C'(G) and from Section 3.2
in the case of C,(G) since both graphs of C*-algebras have injective connecting maps
and conditional expectations.

B Ko(ColH) © CNY8 @ Ko(Ca(G) ® CN) @ Ko(Ca(S3)) —— Ko(Ca(G tuss S5))
veEE+ peEV\{po} l

[

Ki(Co(Glon SP) ¢ @  Ki(Ce(G)®CN) @ K1 (Co(SR))é5—. D Ki(Co(H) ®CN).
peV\{po} v tweEt

Using the compatibility of the K-theory with direct sums, we get the following:

Ko(Co(H)) 9 2% =25 (Ko(Co(6) @ 2V ) @ Ko(Co(S§) — Ko(Co(G to ST)

T |

K1 (Co(G oyt S)) —— (Kl(c.(c;)) ® ZN2) & K1(Ca(S%)) s K0 (Cal) 0 2.

In what follows we restrict to the cases where H is the trivial group, so that the maps
> sk —rk are always injective, as shown just below. We will however come back to the
above sequence in some special cases. Let e; € CN, 1< j < N the canonical basis made
of pairwise orthogonal rank one projections so that {[e;] : 1 < j < N} is a basis of
Ko(CN) ~ ZN. One checks easily that {[l®e;] : 1 < j < N} is linearly independent in
Ko(Co(G) ® CN) hence for every 1 <i < N, the elements

[1® ej] = [uji] € Ko((C(G) ® CY)) @ Ko(Co(SY)), 1 <5< N
are also linearly independent and the map
55,75+ Ko(©Y) = ZY 5 Kol(C(G) © CY)) @ Ko(Ca(S3),
(s0, =m0, [es] = [1 @ e5] — [uy]
is injective, for all 1 < i < N. Now, let us denote by [e;;] € (ZN)@N the element [e;]

viewed in the i*"-copy of Z" so that {[e;;] : 1 <1i,j < N} is a basis of (ZN)@N and,
similarly, we denote by [1 ® e;;] € Ko(Co(G) ® CN)®N the element [1 ® e;] viewed in



P. Fima, A. Troupel / Advances in Mathematics 441 (2024) 109546 45

the i'" copy of Ko(Ce(G) ® CV) so that the map ¢ := > _py sh — 1) (ZN)®N —
Ko(Co(G) @ CMYEN B Ko (Co(SF)) is given by 1([e;;]) = [1 @ €] — [wji]. As before,
since {[1®e;;] : 1 <i,j < N} is linearly independent in Ko(Ce(G) @ CN)®N it follows
that {[1 ® e;;] — [uj] : 1 < 4,57 < N} is also linearly independent in K¢(Ce(G) ®
CM)EN P Ko(Cu(S)) so ¢ is injective.

From this we get the isomorphism for K7 and, for K, we have:

Ko(Ca(G U SY)) = (Ko(Co(G) ® CY)*N @ Ko(Cu(SF))) /Tm ()

The K-theory of C4(S7;), where the two algebras are KK-equivalent because Sj; is K-
amenable, is computed by Voigt in [54] for N > 4 and, for 1 < N < 3 we have C’.(SX}) =
C(Sy) = CN* hence,

ZN?2N+2 if N > 4 Zif N >4
+ ~ - b + ~ - ’
Ko(Ce(Sy)) =~ {ZN! if1<N<3. and  K3(Ce(Sy)) = {O if 1< N <3.

When N > 4, a family of generators of Ko(Ce(S};)) is given by the classes of (N — 1)?
coefficients of the fundamental representation of Sj;, [u;;], 1 < i,5 < N — 1, and the
class [1] of the unit.

Ko(Ca(G . S3))
~ (Ko(Ca(G) © CV)*N @ Ko(Ca(S5))) /m(y)
~ (Ko(Ca(G) ®ZN") & 2N 72N+ /(1] ® [eys]) — sl 1 < i, < N)

~ (KO(C.(G)) ® zNz) /(1] ® Z2N-2).

The last quotient is obtained after identifying the classes [1®e;;] with [u;;]. This gives the
first part of the statement of Theorem D for N > 4. For the computation of the K-theory
of quantum reflection groups H5' = Z; L SJJ{,, for 1 < s < 400, which have K-amenable
duals, note that, for s < oo, since C*(Z,) ~ C’(Z:) ~ C*, we have Ko(C*(Z,)) ~ Z*
and K;1(C*(Z,)) ~ {0}. Hence,

Eo(CoH3 ) = (Ko(CH(Z) 9 2Y°) /(1) @ 2°V72) = (20 0 27 /([1] © 2V )

~ Z5N272N+2

The same computation works when s = +o00 with Ko(C*(Z)) ~ Z, for Ky, but for Ky,
as Ko(C*(Z))~7Z. O

We are grateful to Adam Skalski for suggesting to us to use the uniqueness of the
trace from [36] to deduce the following from Theorem D.
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Corollary 7.1. If M, N > 8 and s,t > 1, then C.(Hy") ~ C,.(H}yf ) & (N, s) = (M,t).

Proof. The dimensions of the K-theory groups may happen to be equal for different
pairs of integers, so we need to go a bit further to differentiate between them. We use
the value of the Haar state applied to the generators of Ko(Cy(Hy")) ~ ZsN*-2N+2,
Thanks to the computation, we know that there are, in addition to the class of the unit
[1], N2 — 2N + 1 generators coming from the ones of Ko(C,(S5;)), namely [1 ® u;;] for
1 <i,j < N — 1, they are equal to [u;;] in Ko(C(H%")). The trace of such elements is
the same as the trace of the corresponding element in C,(S7;), thanks to 3.2, which is
equal to 1/N. The (s—1)N? remaining generators are the ones coming from the N copies
of Ko(C*(Zs) ® CN) and are of the form [, ® e;], for k € Zg, k # 0, and 1 < j < N.
Such a class, in the i-th copy, is sent to [;(d)u;;], which is of trace 1/(sN). Thus, using
the uniqueness of the trace of these algebras, as proved in [36], we get that the pair
(N, s) can be retrieved from the data of the K-theory, and it allows to discriminate the
algebras of the different quantum reflection groups. 0O

Corollary 7.2. For all m > 1, and N > 4, the dual of Fm Ux SX, is K-amenable and we
have:

Ko(Co(Frm 0 55)) ~ ZN'72N42 4nd Ky (Co(Fpy 2 SH)) = ZN ™1
If 1 < N < 3, then the dual of Fm s SIJ([ is also K-amenable, with
Ko(Co(Fr s S5)) ~ ZN' and Ky (Co(Frn 1y Sf)) ~ ZN*™.

In particular, for alln,m > 1 and N,M > 1, C.(ﬁn L SJJ{,) ~ C.(ﬁm s S;\}) < (n,N) =
(m, M).

Proof. K-amenability of free groups has been proved by Cuntz in [17], when he intro-
duced the notion of K-amenability for discrete groups. The K-theory for the maximal
C*-algebra was initially computed in [16] and for the reduced C*-algebra in [40]. The
result is Ko(C*(F,,)) ~ Z and K;(C*(F,,)) ~ Z™. Using this and Theorem D, we get
the first result. For the last statement, we first use equality of the Ky-groups to deduce
that N = M and then, equality of the K;j-groups to deduce that n =m. 0O

We can use the results of Section 6 to compute the KK-theory of C*-algebras of a free
wreath product of a fundamental quantum group of graph of CQG. The main theorem
is the following, using the notations of Section 6 and denoting by E+ and V the positive
edges and vertices of the connected graph G.

Theorem 7.3. If G = m1(G,Gp,Ge,T) for any C*-algebra A, there is a cyclic exact
sequences:
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B KKO(A,ColGote S5 Z2N @ KKO(4,Co(Gy 1. 5%)) ——— KKO(A,Cu(G, 1 57))

ecEt+ peV l

[

K (4,Ca(G1, 5 S3) 6 @ KK (4,04(Gy L S{)) e, @ KK (4,Ca(C 1. S7)
peV e ‘eecEt

© KE(CGol. SO )b @ KEC(Gy 1. 57 4) ¢ KK(CG L 571, )
ecE ex Te*pe

| T

KEN(Co(G 15 81),4) —— @ KK (Cu(Gy . 53),4 A>Ty @ KK GGt 1), 4)
pe eckE

Proof. As observed in Section 6 we have, at the level of full as well as reduced C*-
algebras, a graph of C*-algebras (G, Ce(Gy U SF), Co(Gy U S}C),sg) with conditional
expectations (which are GNS-faithful only at the reduced level). By Theorem 6.3 the
full /reduced C*-algebra Co(G, 3 7 S¥) is the full/vertex-reduced fundamental algebra of
(G, Cu(Gy l ST), Co(Gy s SIT,) ). Hence, we may apply the exact sequences (3) and
(4). O

We compute now K-theory groups of some free wreath products of an amalgamated
free product with SJJ{,.

Corollary 7.4. If G = G1 *g G2 then there is a cyclic sequence of K-theory groups:

Ko(Co(H 1 S%)) —— Ko(Co(G1 U SF)) @ Ko(Co(Ga 1 Sfy)) —— Ko(Co(G 1 S))

[ |

Ki(Co(G U S%)) ¢+ K1(Co(G1 0 ) ® K1(Ca(Ga2 1 SY)) +—— K1(Co(H 1 S)).

Proof. As observed in Example 6.4 the loop subgroup is trivial in the case of an amal-

gamated free product. The proof follows from the first exact sequence in Theorem 7.3
with A=C. O

Corollary 7.5. For the compact quantum group Sm)z* Sj\}, which has K-amenable dual,
we have for N > 4:

Ko(Co(SLa(Z) 1. S§)) ~ Z3N =2N+2 4nd K\ (Cu(SLa(Z) 1, S)) ~ Z.
For1 < N <3, we have:

VAL if N =3,

ZEN-2N¥2 i N € (1,9}, and  K1(Co(SL2(Z)1,SF;)) =~ 0.

Ko(Ca(SLa(Z)0.57)) =~ {

Proof. We use the well known isomorphism SLs(Z) ~ Zg *z, Z4 which implies the K-
amenability of SL2(Z) hence of the dual of SL2(Z)1, S5, as well by Theorem A. Moreover,
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by Example 6.4, we have SLy(Z) U SIJ([ ~ Hgﬁ g2 Hf(ﬁ. We may use the K-theory of
th/eilantum reflection groups computed in Theorem D to deduce the one for the group

SLo(Z) 1 Sy Applying Corollary 7.4 and K-amenability, we get the following cyclic
exact sequence

Ko(Co(HZH)) —— Ko(Co(HST)) @ Ko(Co(HET)) —— Ko(Co(SLa(Z) 1 SF))

|

K1(Co(SLa(Z) 1, S3)) +—— Ki(Cu(HE)) @ K1 (Co(HE)) +——— Ky (Cu(HZH)).

The maps in the bottom line are the diagonal embedding and the map (z,y) — = — y,
which are respectively injective and surjective Z — Z & Z — Z. Hence, the top line is a
short exact sequence and the map v is injective, and we have

Ko(Ca(SLa(Z) 1. §%)) = 20N -2N+2 @ 7AN"=2N42 1y ),

The map v sends the generators of Ko(Co(Hz')), coming from the classes of the form
[v®e;] in Ko(C*(Z2) ® CV) to the corresponding classes [*v ® e;] — [a*v @ e;], where
B :Zo — Zg and « : Zo — Z,4 are the canonical embeddings. Hence, the quotient by

Im(v)) identifies free copies of Z and the group is isomorphic to Z8N*-2N+2

Remark 7.6. We can use Proposition 7.4 to give another proof of Corollary 7.2. It is also
possible to compute first the K-theory of the amalgamated free products and then apply
Theorem D to get the results of 7.4.

Let us now do a K-theory computation in the context of an HNN extension. Recall
that the Baumslag-Solitar group BS(n,m), for n,m € Z*, is defined by generators and
relations:

BS(n,m) := (a,b|ab™a™" = b™).
Let (a) < BS(n,m) be the subgroup generated by a and view @ as a dual quantum

subgroup of the compact quantum group BS(n,m).

Proposition 7.7. The dual of the compact quantum group BS/(n,\m)Z* @\)SJJ{, is K-amenable
for any nym € Z* and N > 1. Its K-theory groups are given by the following, for any

n,m € Z*: if N >4 and n =m, then

—

Ko(Co(BS(n, m), 5%)) = 22V “2NF3 and Ky (Ca(BS(n,m)t, 5 S%)) ~ 22N 72N+,

and if n #m,
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Ko(Co(BS(n, m) 1, @ S = ZN' N3

2

K1(Co(BS(n,m) z*,@ S)) = ZN 2N @ (Zppy )Y

For1 < N <3, if n=m, then

-

Ko(Ca(BS(n.m) 2, 5 S%)) = 2NN and Ky (Ca(BS(n,m) 2, 15 53)) = 2+

and if n # m,

—

Ko(Co(BS(n,m) LD SH)) ~ 2N and K,(C, (BS(n,m) o S+)) ~7zMN'® (Z‘n,m‘)Nz
Proof. Note that BS(n, m) is the HNN-extension BS(n, m) = HNN(Z, Z, 6,,,6.,,), where
0, : Z — Z is the multiplication by I € {n,m}. In particular, BS(n,m) is K-amenable
and the CQG BS/(n,\m) is also an HNN-extension. We still denote by 6, : Cy(Z 2, SY%) —
Co(Z 1, S%) the map defined by 6;(v;(k)u;;) = vi(lk)u;; for all | € {n,m}, k € Z and
1 <i,j < N. By Example 6.4, the loop subgroup is I' = (a) and, by using Theorem 7.3
(with A = C), we get,

K (Cu (20 S+)) i (ce(Zr8%)) ——— KoB)

1 |

K (C (Z L va)) s K (C. (2 b SZ+V>)

where B := C.(Bm) Lla S¥%). As the group KO(C’.(z L S)) is generated by the
image of Ko(Ce(S5;)) in it, and since we have, for I € {n,m}, 07 ([ui;]) = [0i(ui;)] = [wij]
and 6] ([1]) = [0;(1)] = [1], where [u;;] and [1] are the generators of the K group, the map

— 67 is trivial at the K level. It is however nontrivial at the K level: Kl(C(i LSH))
is generated by the images of the generator [1] of K1(C*(Z)), the one of the generator
of K1(C(S%)). The action of 6,, at the K-theory level is thus given by multiplication by
n on the generators coming from K;(C*(Z)), and acts trivially on the one coming from
K1(C(SF;)). Thus the sequence splits differently depending on if m and n are equal or
not. If n = m, then the maps are trivial and the sequence splits in two short sequences
as follows:

0— ZN 72N+2 | K(B) —» ZV T 50 and
0— ZNH 5 Ko(B) - 2V 72N+2
giving the first part of the result. If m # n then the map is still trivial at the Ky-level,

but acts as the multiplication by m —n on the N first generators of K1(C(Z1, S§;)) and
as 0 on the last one. The sequence splits in two short sequences:
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0 ZN"2N+2  K(B) - Z — 0 and

0= zZN* L ZN o K (B) - 2NN

the map % in the second being multiplication by (n—m) on each of the first N? terms of
the sum, and the sequence becomes 0 — (Z‘n,m‘)Nz B Z — Ki(B) — ZN*~2N+2 5
and thus the result in the remaining case because the group on the right-hand-side is
free. The proof for the cases 1 < N < 3 works the same way. 0O

Remark 7.8. The computation of this case can also be achieved thanks to the six-term
exact sequence for the free wreath product with amalgamation of Theorem D, written in
the beginning of the proof in section 7. The main point in the use of this exact sequence
is that the maps > s* — r* appearing in the sequence are injective and explicit in this
special case, allowing an easy computation.

We can compare it to the non-amalgamated case, using the following proposition
about the K-theory of the Baumslag-Solitar groups BS(m,n) = HNN (Z, Z, 0., 0,,). We
include a proof as we couldn’t find the result stated except in the solvable case in [41].

Proposition 7.9. Let m and n be integers, then the Baumslag-Solitar group BS(m,n) is
K-amenable and its K-theory is given, if n =m, by

Ko(C:(BS(m,m))) ~ Z* and K,(C;(BS(m,m))) = Z?,
and if n #m, by
Ko(Cy(BS(m,n))) ~7Z and K1(Cy(BS(m,n))) =Z & Zjp—p)-

Proof. The Baumslag-Solitar groups are the fundamental group of the graph with only
one vertex and one edge, with Z on each and with Z being sent to the subgroups nZ and
mZ by multiplication by m and n. Thus, the corresponding C*-algebras are the full and
vertex-reduced fundamental C*-algebra of this graph with C*(Z) and the maps induced
from the multiplications, which are K-equivalent. The exact sequence of K-theory is then

Ko (C*(2)) —222"5 Ko (C*(Z)) —— Ko(CE(BS(m, n)))

| |

Ky(C2(BS(m,m)) +— K1 (C*(Z)) 45— K1 (C*(2)),

*
m

which becomes
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% b Ty KolC3(BS(m,n)
Ky(CE(BS(m, ) — Z s L,

giving the result as the map (m — n) is injective if m #n and 0 if m=n. O

From this we can compute the K-theory of the free wreath products using Theorem D.
Proposition 7.10.£et\m and n be integers and N > 4, then the dual of the compact
quantum group BS(n,m) U, Sj\} is K-amenable and if n = m, then

— —

Ko(Co(BS(m,n) 1 S§)) 2 22N 7242 and K1 (Co(BS(m, n) 1. S§)) = 22V L.

If n #m,
Ko(Co(BS(m,n) 1. S§)) ~ ZN* =242 gpg

K1(C-(BST”:”) Uk SJ—C)) = ZN2+1 ® (Zlnfml)Nz'
For1 < N <3, if n=m, then
Ko(Co(BS(m,n) & S5)) ~ Z¥" N and K1 (Co(BS(m,n) 1. %)) = 22V°

Ifn#m,

Ko(Ca(BS(m, ) 1. $§)) = ZN* and Ky(Ca(BS(m,n) . $7)) = 2V & (Zjp )™
Acknowledgments

The authors would like to thank Kenny De Commer, Adam Skalski, Roland Vergnioux
and Makoto Yamashita for their help and their suggestions during the redaction of this
article.

References

[1] T. Banica, Symmetries of a generic coaction, Math. Ann. 314 (4) (1999) 763-780.

[2] M. Brannan, A. Chirvasitu, A. Freslon, Topological generation and matrix models for quantum
reflection groups, Adv. Math. 363 (2020) 106982, 31.

[3] M. Brannan, B. Collins, R. Vergnioux, The Connes embedding property for quantum group von
Neumann algebras, Transl. Am. Math. Soc. 369 (6) (2017) 3799-3819.

[4] N. Brown, K. Dykema, K. Jung, Free entropy dimension in amalgamated free products, Proc. Lond.
Math. Soc. (3) 97 (2) (2008) 339-367.

[5] R. Boutonnet, C. Houdayer, Amenable absorption in amalgamated free product von Neumann
algebras, Kyoto J. Math. 58 (3) (2018) 583-593.

[6] R. Boutonnet, C. Houdayer, S. Raum, Amalgamated free product type III factors with at most one
Cartan subalgebra, Compos. Math. 150 (1) (2014) 143-174.


http://refhub.elsevier.com/S0001-8708(24)00061-6/bib58E5B6B9506FBDBE4F24B766156C6F21s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF99D41DA379B79B1192202C7151A3F5Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF99D41DA379B79B1192202C7151A3F5Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib02E6DE29F0AF7B66559EEDBF1C78419Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib02E6DE29F0AF7B66559EEDBF1C78419Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib2144C32C1602E6D95E85F01B8BDE4F6As1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib2144C32C1602E6D95E85F01B8BDE4F6As1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib50A4011DA37579B7F75AD613EDF0B8B8s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib50A4011DA37579B7F75AD613EDF0B8B8s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibAEB6094AAC130E4266AF99DD05D73C5Es1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibAEB6094AAC130E4266AF99DD05D73C5Es1

52 P. Fima, A. Troupel / Advances in Mathematics 441 (2024) 109546

[7] J. Bichon, Quantum automorphism groups of finite graphs, Proc. Am. Math. Soc. 131 (3) (2003)
665—673 (electronic).

[8] J. Bichon, Free wreath product by the quantum permutation group, Algebr. Represent. Theory
7 (4) (2004) 343-362.

[9] M. Brannan, Reduced operator algebras of trace-perserving quantum automorphism groups, Doc.
Math. 18 (2013) 1349-1402.

[10] T. Banica, R. Vergnioux, Fusion rules for quantum reflection groups, J. Noncommut. Geom. 3 (3)
(2009) 327-3509.

[11] A. Chirvasitu, Cosemisimple Hopf algebras are faithfully flat over Hopf subalgebras, Algebra Number
Theory 8 (5) (2014) 1179-1199.

[12] M. Caspers, M. Klisse, A. Skalski, G. Vos, M. Wasilewski, Relative Haagerup property for arbitrary
von Neumann algebras, Adv. Math. 421 (2023) 109017.

[13] A. Connes, Une classification des facteurs de type III, Ann. Sci. Ec. Norm. Supér. (4) 6 (1973)
133-252.

[14] A. Connes, Almost periodic states and factors of type III;, J. Funct. Anal. 16 (1974) 415-445.

[15] M. Caspers, A. Skalski, The Haagerup property for arbitrary von Neumann algebras, Int. Math.
Res. Not. (19) (2015) 9857—-9887.

[16] J. Cuntz, The K-groups for free products of C*-algebras, in: Operator Algebras and Applications,
Part 1, Kingston, Ont., 1980, in: Proc. Sympos. Pure Math., vol. 38, Amer. Math. Soc., Providence,
R.I., 1982, pp. 81-84.

[17] J. Cuntz, K-theoretic amenability for discrete groups, J. Reine Angew. Math. 344 (1983) 180-195.

[18] K. De Commer, P. Kasprzak, A. Skalski, P. Soltan, Quantum actions on discrete quantum spaces
and a generalization of Clifford’s theory of representations, Isr. J. Math. 226 (1) (2018) 475-503.

[19] M. Daws, P. Fima, A. Skalski, S. White, The Haagerup property for locally compact quantum
groups, J. Reine Angew. Math. 711 (2016) 189-229.

[20] V.G. Drinfel’d, Quantum groups, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI),
Differentsialnaya Geometriya, Gruppy Li i Mekh. VIII 155 (1986) 18-49, 193.

[21] V.G. Drinfel’d, Quantum groups, in: Proceedings of the International Congress of Mathematicians,
vol. 1, 2 (Berkeley, Calif., 1986), Amer. Math. Soc., Providence, RI, 1987, pp. 798-820.

[22] P. Fima, A. Freslon, Graphs of quantum groups and K-amenability, Adv. Math. 260 (2014) 233-280.

[23] P. Fima, E. Germain, The KK-theory of fundamental C*-algebras, Transl. Am. Math. Soc. 370 (10)
(2018) 7051-7079.

[24] P. Fima, On locally compact quantum groups whose algebras are factors, J. Funct. Anal. 244 (1)
(2007) 78-94.

[25] P. Fima, Kazhdan’s property T for discrete quantum groups, Int. J. Math. 21 (01) (2010) 47-65.

[26] A. Freslon, R. Martos, Torsion and K-theory for some free wreath products, Int. Math. Res. Not. (6)
(2020) 1639-1670.

[27] P. Fima, L. Pittau, The free wreath product of a compact quantum group by a quantum automor-
phism group, J. Funct. Anal. 271 (7) (2016) 1996—2043.

[28] A. Freslon, Free wreath products with amalgamation, Commun. Algebra (2022) 1-23.

[29] A. Freslon, A. Skalski, Wreath products of finite groups by quantum groups, J. Noncommut. Geom.
12 (1) (2018) 29-68.

[30] D. Gromada, Quantum symmetries of Cayley graphs of abelian groups, Glasg. Math. J. 65 (3)
(2023) 655-686.

[31] C. Houdayer, Y. Isono, Factoriality, Connes’ type III invariants and fullness of amalgamated free
product von Neumann algebras, Proc. R. Soc. Edinb., Sect. A 150 (3) (2020) 1495-1532.

[32] C. Houdayer, S. Vaes, Type III factors with unique Cartan decomposition, J. Math. Pures Appl.
(9) 100 (4) (2013) 564-590.

[33] M. Jimbo, A g¢-difference analogue of U(g) and the Yang-Baxter equation, Lett. Math. Phys. 10 (1)
(1985) 63-69.

[34] M. Kalantar, P. Kasprzak, A. Skalski, R. Vergnioux, Noncommutative Furstenberg boundary, Anal.
PDE 15 (3) (2022) 795-842.

[35] J. Krajczok, P.M. Soltan, Examples of compact quantum groups with L>(G) a factor, arXiv
preprint, arXiv:2203.10976, 2022.

[36] F. Lemeux, The fusion rules of some free wreath product quantum groups and applications, J.
Funct. Anal. 267 (7) (2014) 2507-2550.

[37] F. Lemeux, P. Tarrago, Free wreath product quantum groups: the monoidal category, approximation
properties and free probability, J. Funct. Anal. 270 (10) (2016) 3828-3883.


http://refhub.elsevier.com/S0001-8708(24)00061-6/bibAB7F1E52032289D23BC70463BF9C3AC6s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibAB7F1E52032289D23BC70463BF9C3AC6s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib8BDB59786F456797798FF56EC7116537s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib8BDB59786F456797798FF56EC7116537s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib152A9B84DDD08C69FF141FAE89DEC8E6s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib152A9B84DDD08C69FF141FAE89DEC8E6s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibD54955941096F6F44BE524EA96C42008s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibD54955941096F6F44BE524EA96C42008s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib9E9EA5A79F7634B09A3A43D6635E697Es1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib9E9EA5A79F7634B09A3A43D6635E697Es1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib84290A81ED797FE7666A1A8AB217BECEs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib84290A81ED797FE7666A1A8AB217BECEs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib3F1D208F1E032C286A9518AB3DB4EFF7s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib3F1D208F1E032C286A9518AB3DB4EFF7s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib5619D8B13BE3DC7866C8F207B9B12828s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib96E5F6088401950CB494E324975F8274s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib96E5F6088401950CB494E324975F8274s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibA093B953730D84ED742C7A5CDAFBCCD1s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibA093B953730D84ED742C7A5CDAFBCCD1s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibA093B953730D84ED742C7A5CDAFBCCD1s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib54B5E67C83212A77390CD5E20B9FF413s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib4B251442DA18E99465409A0BBDC26C30s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib4B251442DA18E99465409A0BBDC26C30s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibB529FF9A95B0F5BFF5213727E4B9A9CAs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibB529FF9A95B0F5BFF5213727E4B9A9CAs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibFB4C6C9312F034FAD0B7AC343815D1EAs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibFB4C6C9312F034FAD0B7AC343815D1EAs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib77C6CC4660CC992FB0D51B95E1900089s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib77C6CC4660CC992FB0D51B95E1900089s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib93149E78E40BED1D25D9621557326EA4s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib4DED10AE9E489B3A6387D678E55435DDs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib4DED10AE9E489B3A6387D678E55435DDs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib0396760994D91F85443A9107B148298As1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib0396760994D91F85443A9107B148298As1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF50463D117DA99914A5A64B55034AC83s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibC9B15CE00A49D8D5A346D03199EC2F0Bs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibC9B15CE00A49D8D5A346D03199EC2F0Bs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibA4BF99D6945C25077FD6660D536AF8A0s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibA4BF99D6945C25077FD6660D536AF8A0s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibE27E5080EE28C92C253C3445F64E86F3s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF97C5762F917F59881A150ECB2BE442Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF97C5762F917F59881A150ECB2BE442Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibCD3FF71462B4D39197F2969B07E49A19s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibCD3FF71462B4D39197F2969B07E49A19s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib71460F9807B5605C683F424960EFE7EAs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib71460F9807B5605C683F424960EFE7EAs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib2B4611FAFBF3392288CA916044199E17s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib2B4611FAFBF3392288CA916044199E17s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib1D5F6AB8B04C6626FAB03DB706FCBE13s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib1D5F6AB8B04C6626FAB03DB706FCBE13s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibDFA0F9A11112A9A5E381BDABAD43A288s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibDFA0F9A11112A9A5E381BDABAD43A288s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibD7F6FFA34FFE5F3984F52D7967EFD67Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibD7F6FFA34FFE5F3984F52D7967EFD67Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibD909F15D8C7FB4E5D7AEA4D3ABDC49F4s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibD909F15D8C7FB4E5D7AEA4D3ABDC49F4s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibEDB1FFF1BBAC5049FD54081F97253295s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibEDB1FFF1BBAC5049FD54081F97253295s1

P. Fima, A. Troupel / Advances in Mathematics 441 (2024) 109546 53

[38] N. Ozawa, Examples of groups which are not weakly amenable, Kyoto J. Math. 52 (2) (2012)
333-344.

[39] L. Pittau, The free wreath product of a discrete group by a quantum automorphism group, Proc.
Am. Math. Soc. 144 (5) (2016) 1985-2001.

[40] M. Pimsner, D. Voiculescu, K-groups of reduced crossed products by free groups, J. Oper. Theory
8 (1) (1982) 131-156.

[41] S. Pooya, A. Valette, K-theory for the C*-algebras of the solvable Baumslag-Solitar groups, Glasg.
Math. J. 60 (2) (2018) 481-486.

[42] E. Ricard, Q. Xu, Khintchine type inequalities for reduced free products and applications, J. Reine
Angew. Math. (2006) 27-59.

[43] P. Salmi, Quantum semigroup compactifications and uniform continuity on locally compact quantum
groups, Ill. J. Math. 54 (2) (2010) 469-483.

[44] J.-P. Serre, Trees, Springer-Verlag, Berlin-New York, 1980, Translated by John Stillwell.

[45] R. Tomatsu, Amenable discrete quantum groups, J. Math. Soc. Jpn. 58 (4) (2006) 949-964.

[46] P. Tarrago, J. Wahl, Free wreath product quantum groups and standard invariants of subfactors,
Adv. Math. 331 (2018) 1-57.

[47] Y. Ueda, Amalgamated free product over Cartan subalgebra, Pac. J. Math. 191 (2) (1999) 359-392.

[48] Y. Ueda, Factoriality, type classification and fullness for free product von Neumann algebras, Adv.
Math. 228 (5) (2011) 2647-2671.

[49] Y. Ueda, On type III; factors arising as free products, Math. Res. Lett. 18 (5) (2011) 909-920.

[50] Y. Ueda, Some analysis of amalgamated free products of von Neumann algebras in the non-tracial
setting, J. Lond. Math. Soc. (2) 88 (1) (2013) 25-48.

[61] S. Vaes, Strictly outer actions of groups and quantum groups, J. Reine Angew. Math. 578 (2005)
147-184.

[62] R. Vergnioux, K-amenability for amalgamated free products of amenable discrete quantum groups,
J. Funct. Anal. 212 (1) (2004) 206-221.

[63] C. Voigt, The Baum-Connes conjecture for free orthogonal quantum groups, Adv. Math. 227 (5)
(2011) 1873-1913.

[54] C. Voigt, On the structure of quantum automorphism groups, J. Reine Angew. Math. 732 (2017)
255-273.

[65] R. Vergnioux, C. Voigt, The K-theory of free quantum groups, Math. Ann. 357 (1) (2013) 355-400.

[66] J. Wahl, A note on reduced and von Neumann algebraic free wreath products, Ill. J. Math. 59 (3)
(2015) 801-817.

[67] S. Wang, Free products of compact quantum groups, Commun. Math. Phys. 167 (3) (1995) 671-692.

[58] S. Wang, Quantum symmetry groups of finite spaces, Commun. Math. Phys. 195 (1) (1998) 195-211.

[59] H. Wang, On representations of semidirect products of a compact quantum group with a finite
group, Preprint, arXiv:1909.02359, 2019.

[60] S.L. Woronowicz, Compact matrix pseudogroups, Commun. Math. Phys. 111 (4) (1987) 613-665.

[61] S.L. Woronowicz, Tannaka-Krein duality for compact matrix pseudogroups. Twisted SU(N) groups,
Invent. Math. 93 (1) (1988) 35-76.

[62] S.L. Woronowicz, Compact quantum groups, in: Symétries Quantiques, Les Houches, 1995, North-
Holland, Amsterdam, 1998, pp. 845-884.


http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF7351D1D0BE09D9CB978C406340A0653s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF7351D1D0BE09D9CB978C406340A0653s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibE1567862FC6A1DD1A12EF911F908FDC3s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibE1567862FC6A1DD1A12EF911F908FDC3s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib4D114852884EB43A70C8E7D5425FDF51s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib4D114852884EB43A70C8E7D5425FDF51s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF91D0AA2F5CE41D39C40EF40010CCC6Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF91D0AA2F5CE41D39C40EF40010CCC6Ds1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib0599FF7631F7B3A7D09659F654E06522s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib0599FF7631F7B3A7D09659F654E06522s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF0AF8FCFE62AEB213FDF780528D92A47s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibF0AF8FCFE62AEB213FDF780528D92A47s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib7A3A37A9DEA365DF0C724D290C0D7346s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibCF0702E2FDA94FFCF09BBBC47B74865Fs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib03888791566E6A47F4084C26991681C5s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib03888791566E6A47F4084C26991681C5s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib6A5B32071B03D9E8433A9BE02F01D803s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib5F075B3B6D025BE57A11971BB82B8A17s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib5F075B3B6D025BE57A11971BB82B8A17s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib3578EBBFA604CEA91C537E298DA2D355s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib00DF71EC3E5A9AF4B4584208034612B5s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib00DF71EC3E5A9AF4B4584208034612B5s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibB2FA5EC2E8717FF1291C63BAC3C86364s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibB2FA5EC2E8717FF1291C63BAC3C86364s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibB5D601CD523E5900742CD3558004C3CEs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibB5D601CD523E5900742CD3558004C3CEs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib582F05C75B2CAC715A261B0721E33065s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib582F05C75B2CAC715A261B0721E33065s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib9761BA8621697F697BD6C6E4ADA24274s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib9761BA8621697F697BD6C6E4ADA24274s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib6A63F254D00A9843CA0527E7EACBE827s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibC6A9D6F9819F9BC7C44DD58F7221746Es1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibC6A9D6F9819F9BC7C44DD58F7221746Es1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib9285CDE09313ADEDDF50D435E972B6DBs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibC7FAC44AA88D915536EE0C57C69AE253s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib12EB49EE2F7C3F4DB93664823190662Cs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib12EB49EE2F7C3F4DB93664823190662Cs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib597ADF7A990E3099DCB2ABB9BA725035s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibC30C99807AAAF456DD4441E6FC3310A7s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bibC30C99807AAAF456DD4441E6FC3310A7s1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib9AFDE5515B52C1B5ADB18C6B06B4CFDFs1
http://refhub.elsevier.com/S0001-8708(24)00061-6/bib9AFDE5515B52C1B5ADB18C6B06B4CFDFs1

	Operator algebras of free wreath products
	1 Introduction
	2 Preliminaries
	2.1 Notations
	2.2 Full von Neumann algebras
	2.3 Compact quantum groups
	2.4 Free product quantum group
	2.5 Semi-direct product quantum group
	2.6 Quantum permutation group
	2.7 Free wreath products
	2.8 Graphs of operator algebras

	3 Free wreath products as fundamental algebras
	3.1 The full version
	3.2 The reduced version
	3.3 The von Neumann version
	3.4 An inductive construction for free wreath products algebras

	4 Approximation properties
	5 The von Neumann algebra of a free wreath product
	6 Free wreath product of a fundamental quantum group
	7 K-theory
	Acknowledgments
	References


