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Abstract

In this paper, we propose a Bayesian inversion approach combining adaptive Polynomial Chaos Kriging (PCK)
surrogate models and a rare event estimation method called Subset Simulation (SuS). It is based on the re-
cently introduced Bayesian Updating with Structural reliability (BUS) framework that enables to reformulate
the classical Bayesian inference into a rare event estimation problem. In this context, the SuS method aims
at drawing samples from the posterior distribution as well as estimating the model evidence, which is usually
computationally intractable when considering classical MCMC approaches. The proposed approach involves the
construction of a PCK surrogate model which provides both global and local approximations of the likelihood
function, through the combination of a Polynomial Chaos and Kriging surrogates. Furthermore, we propose an
adaptive scheme for enriching the PCK surrogate throughout the SuS sampling procedure, in order to improve
its accuracy near informative regions. The applicability and the efficiency of the proposed approach are assessed
through its application to three cases studies with increasing complexity. Results highlighted that the proposed
approach enables to accurately approximating posteriors with a limited amount of full model calls, even in the
case of multi-modal posteriors, which are usually difficult to sample when using classical MCMC algorithms.
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1. Introduction

In science and engineering, computational models are widely used for assessing the response of a physical
system. Such models can be seen as input-output maps, which predict measurable quantities related to the
system response for a given set of input parameters. Inverse problems consist of inferring these parameters given

a set of observations of the system response [1].

In most cases, solving inverse problems remains a challenging task due to their ill-posedness in the Hadamard
sense: indeed, a solution may not exist and/or be not unique, and may not be continuously varying with
respect to the observation data. In this context, the Bayesian formulation for inverse problems provides a
general framework for quantifying epistemic uncertainties on parameters, and assimilating noisy observation
data in order to update these uncertainties. Based on probability theory, it requires the definition of a prior
distribution which represents the beliefs before collecting observation data, and contributes to the regularization
of ill-posed inverse problems [2, 3]. A discrepancy model is also required in order to link model predictions
to observations, through the definition of a so-called likelihood function. Then, Bayesian inference provides a
posterior distribution which summarizes all the available knowledge on parameters once the observation data
have been collected and analyzed. This posterior distribution may subsequently be used for computing some
Quantities of Interest (Qol) related to parameters, such as mean or covariance matrix, or marginals distributions.
It is also possible to make new predictions by integrating over the posterior. Furthermore, the so-called model
evidence, given by the normalization constant of the posterior, may be used for quantifying the plausibility of a

given model given the available data, in the framework of model selection [4].

The computation of the posterior constitutes a major task of Bayesian inference. In general, a closed-
form expression is not available, notably due to the fact that the model evidence is often a multi-dimensional
integral, the calculation of which is often intractable. Then, the posterior is usually estimated from samples, and
Monte Carlo estimates are often considered for computing posterior Qol. In this context, Markov Chain Monte
Carlo (MCMC) techniques constitute a widely used class in the framework of Bayesian computations [5, 6].
They typically consist of generating Markov chains in the parameter space to draw samples from the posterior
distribution, by avoiding the computation of the model evidence. In this context, the Metropolis-Hastings (MH)
[7, 8] constitutes the cornerstone of MCMC algorithms. A wide range of MCMC variants have been developed,
including adaptive variants [9, 10], algorithms based on Hamiltonian dynamics [11], or affine-invariant algorithms
[12]. Nevertheless, MCMC algorithms suffer from several drawbacks: firstly, the Markovian nature of such
processes induces sample auto-correlation, which may alter the reliability of Monte Carlo estimates of posterior
Qol. Secondly, the absence of clear convergence criterion constitutes a major drawback. Instead, numerical
heuristic criterion have been proposed in the literature [13, 14, 15]. Lastly, MCMC algorithms require a large
amount of likelihood evaluations, which make such algorithms intractable when dealing with computationally

extensive models.

Then, few alternatives to MCMC-based approaches have been proposed in the literature, such as Variational
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Bayesian (VB) inference [16] aiming at computing the posterior by solving an optimization problem, Approximate
Bayesian Computation (ABC) [17], Laplace approximations [18] or Nested Sampling [19, 20]. Recently, some
authors have proposed novel sampling-free approaches, in the sense that an analytical form of the posterior is
computed instead of drawing samples for estimating it. El Moselhy & Marzouk [21] introduced an approach
based on optimal transport maps, which push forward the prior to the posterior. Nagel & Sudret [22] introduced
the so-called Spectral Likelihood Expansion (SLE) approach, based on a spectral representation of the likelihood
function in a basis of polynomials which are orthonormal with respect to the prior. Then, as a generalization
of SLE, Wagner et al. [23] proposed an adaptive approach based on Stochastic Spectral Embedding (SSE) [24],

which aims at constructing local spectral expansions of the likelihood function.

Another recent novel framework for Bayesian computations has been introduced by Straub & Papaionannou
[25], known as Bayesian Updating with Structural reliability methods (BUS). It aims at reformulating the
classical Bayesian inference formulation into a rare event estimation problem [26]. Structural Reliability (SR)
methods [27, 28] have been developed in order to estimate the probability of rare events, based on physical
and engineering models. Then, such methods can be used in the BUS framework, in order to compute the
posterior as well as the model evidence, since the latter can be written as the probability of a rare event [26]. In
particular, the Subset Simulation (SuS) method [29] constitutes a widely used SR method, enabling to estimate
the probability of rare events for a wide range of applications. Such method has been recently implemented in

the BUS framework [30], in order to efficiently draw samples from posterior distributions.

Nevertheless, such approach requires an important amount of likelihood evaluations, as MCMC sampling
techniques. Firstly, some authors proposed to accelerate MCMC calculations by using surrogate models. In this
context, surrogates may be constructed offline, and then used for replacing the full forward model throughout
MCMC sampling. Such strategy has been considered with Polynomial Chaos (PC) surrogates based on the prior
distribution [31, 32, 33], or with Kriging surrogates [34]. Another approach consists in adaptively refining the
surrogate model throughout the sampling procedure, as proposed in [35] for PC surrogates or in [36] for Deep
Neural Networks (DNN), to name a few. Likewise, in the BUS framework, some authors recently proposed
approaches based on surrogate models: Giovanis et al. [37] proposed an approach based on SuS and Artificial

Neural Networks (ANN), whereas Wang & Shafieezadeh [38] combined adaptive Kriging and Rejection Sampling
(RS).

Moreover, SR methods provide a wide range of active learning approaches, enabling to construct surrogate
models with adaptive experimental designs, which are iteratively enriched to improve the accuracy of surrogate
model predictions of Qol related to rare events [39, 40]. In particular, such approaches tend to limit the number
of model calls, which makes their use suitable for computationally expensive models. In this context, local
surrogate models such as Kriging [41, 38] are often considered, due to the local error measure they provide,
which can be used for selecting new enrichment points for experimental designs. Recently, Schobi et al. [42]
proposed a new surrogate modeling technique named Polynomial Chaos Kriging (PCK), which combines a PC

for approximating the global behavior of the model, and a Kriging for catching local variations. PCK provides
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Kriging local features (e.g. prediction variance) to a PC surrogate, by embedding a PC into the trend of a
Kriging process. Hence, PCK surrogate models are well suited for Kriging-based active learning approaches,

which makes it a powerful candidate for rare event estimation, as highlighted in [43].

In this paper, a hybrid Bayesian inversion approach based on the BUS framework is proposed, which uses

adaptive PCK surrogate models within SuS. In this context, our main contributions are the following:

e We propose an implementation of PCK within SuS in the BUS framework, to accelerate the SuS sampling
procedure. The main idea is to construct a PCK surrogate of the log-likelihood function, which can be

enriched in an adaptive way throughout the rare event estimation procedure performed with SuS.

e In order to improve the accuracy of the PCK in posterior high-probability zones with a limited number
of full model calls, we propose an active learning scheme for adaptively refining the PCK surrogate in

posterior high-probability zones.

Firstly, a global approximation of the log-likelihood on the prior support is constructed, by using an Exper-
imental Design (ED) of limited size. It is well known that the accuracy of prior-based surrogates near posterior
high-probability zones cannot be guaranteed in general [44, 35]. This motivates the introduction of the pro-
posed active learning scheme: the ED of the PCK is then iteratively enriched by selecting points in informative
zones, based on a combination of PCK local features and a clustering technique [45]. The proposed approach
enables to efficiently improve the local accuracy of the PCK surrogate with a limited amount of full model calls.
More specifically, such adaptive scheme enables to handle multi-modal posteriors, which are difficult to sample
when using classical MCMC sampling approaches. The approach fully exploits the versatility of PCK, by firstly

capturing the global trend of the posterior and subsequently focusing on informative zones.

The paper is organized as follows: the basics of Bayesian inference and the BUS framework are briefly
presented in Section 2. Then, Section 3 establishes the main theoretical and practical basics related to PCK
surrogate models. The proposed Bayesian inversion approach is subsequently described in Section 4. The
performance of the proposed approach is assessed in Section 5, through four cases studies of increasing complexity.

Lastly, the paper is summarized and concluded in Section 6.

2. Bayesian Updating with Structural reliability methods (BUS)

2.1. Bayesian inference

Let (Q, F,P) be a probability space, where € is a sample space, F a Borel algebra on 2 and P a probability
measure on (2, F). Consider a system with uncertain parameters, which are represented by a random vector
© : Q — Dy C R™. The behavior of the system is represented by an computational model M : Dg — D,, C R"

which maps a set of parameters 8 € Dy to a response M(0). The random vector © is assumed to admit a
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Probability Density Function (PDF) denoted by p(8), which expresses the prior belief in ®. Then, let suppose
that a set of observations of the system response is available, and gathered in a vector y € D,. The so-called
likelihood function L£(0;y) is proportional to the probability of observing y given a realization ® = 6 of the
uncertain parameters. In order to link observations to responses of M, an additive Gaussian discrepancy model
is often considered:

y=M(0)+e (2.1)

where € ~ N, (0,X,) is a normal random vector with zero mean and covariance matrix .. In this case, the
likelihood function reads:

L(0;y) = én (y — M(8); ) (2.2)
where ¢y, (+; 2¢) is the PDF of the distribution N, (0,X,).

Then, applying Bayes’ theorem, the posterior PDF 7(0|y) of ® can be written as follows:

0)L(O;y
r(oly) = ") (23
where Z is a normalization constant, known as model evidence:
Z = p(0)L(0;y)do (2.4)

De

The posterior PDF (2.3) summarizes all available information on uncertain parameters © after the data
have been collected. In most cases, the posterior PDF does not admit a closed-form expression. Moreover, the
model evidence is often a multidimensional integral which is computationally expensive to evaluate. In this
context, Markov Chain Monte Carlo (MCMC) methods are widely used for drawing samples from the posterior

distribution, without computing the model evidence [5, 6]. Such methods aim at constructing an ergodic Markov

chain (8(7)> . whose invariant distribution is the posterior distribution, which writes:
TE
w6 Vy) = [ w6 KO, 60" (2.5)
Do

where K(0,8') is the density of the transitional distribution from the state ™) of the chain (9(7)> N to
TE
the state 871, A sufficient condition for Eq.(2.5) to apply is the so-called detailed balance condition, which

expresses the time-reversibility of the Markov chain:
(07 ]y)K (0,00 ) = m(6T D [y)K(0HY, 07 (2.6)

This condition is generally verified for most MCMC algorithms, such as the well-known Metropolis-Hastings

algorithm [7, 8], which constitutes the cornerstone of MCMC.
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2.2. The BUS framework

2.2.1. Structural Reliability problems

The BUS framework, initially introduced in [25], consists in reformulating the classical Bayesian updating
problem presented in Section 2.1 into a Structural Reliability (SR) problem. SR methods aim at estimating the
probability of rare events [27, 46]. Such events are usually described in terms of a limit state function (LSF)
h : Dy — R, whose values are classifying safety and failure domains D,, Dy respectively, in the space Dy of

the random parameters X of the reliability problem:

D,={x €Dy| h(x) >0} (2.7)

Dy ={z €Dy | h(z) <0}

The main goal of SR methods is to estimate the failure probability P; = P(h(X) € Dy), which can be written

as the following integral if X admits a density p(x):

IP’f:/ 1p,(x)p(x)dx (2.8)

@

where 14 is the indicator function of A C D,.

The integral which defines the probability (2.8) can not be solved analytically in the general case. The
Rejection Sampling (RS) method aims at estimating Py by Monte Carlo simulation:

N
—~ 1 N
n=1
where (w(l), o )) are samples drawn from the distribution of the parameters X. The accuracy of this

estimate may be measured by computing the Coefficient of Variation (CoV) of I@f, which is given by:

CoV [@f} = (2.10)

It appears from Eq. (2.10) that such direct Monte Carlo estimation may become inefficient when failure proba-
bilities are small. Indeed, the required number of samples to obtain a target CoV dramatically increases when

the failure probability is decreasing.

In this context, several alternative SR methods have been developed in order to provide more efficient
estimations of failure probabilities, such as First Order Reliability Method (FORM) [28], importance sampling
[47], or Subset Simulation (SuS) [29]. One will focus on the latter method in the present paper.
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2.2.2. BUS framework formulation

Keeping the notations introduced in Section 2.1, let p : & — D, = [0,1] a random variable uniformly
distributed on [0,1] (i.e. p ~ U ([0, 1])), which is assumed to be independent from the parameters ®. The BUS
framework proposes to consider the parameters (@, p) which take values in the augmented space Dg x Dp, as

well as the failure event F' C Dy x D,, defined by:
F={(0,p) €Dg xD,|p<cL(B;y)} (2.11)

where ¢ > 0 is a constant, chosen such that ¢£(0;y) < 1, VO € Dg. The choice of such constant will be detailed

in further sections.

It has been demonstrated in [25] that the posterior PDF 7(6|y) given in Eq. (2.3) rewrites as follows:

7(0ly) = ]P}f /D 1,(8.p)p(8)dp (2.12)

p

where P is the failure probability given by:
B =200 € F)= [ [ 100.m)0(0)1pa0 (2.13)
Do JD,

Thus, Egs. (2.12) and (2.13) ensure that sampling from the posterior distribution is tantamount to solving the

reliability problem in the augmented space Dg x D, with the LSF given by [25]:
h(0,p) = p — cL(6;y) (2.14)

Moreover, it is worth noting that the failure probability Py is directly linked to the model evidence given by Eq.
(2.4). Indeed, rewriting the integral in Eq. (2.13) yields:

Py=c L(0;y)p(0)d0 = cZ (2.15)
De

2.3. BUS and subset simulation

2.8.1. Formulation

Subset Simulation (SuS) [29] is a widely used SR method which enables to efficiently estimate small failure
probabilities in high-dimensional random variable spaces. The main idea of SuS consists in expressing the rare
event F' in Eq. (2.11) as an intersection of nested intermediate events F, C --- C Fy C Fy, where Fj is the

certain event (i.e. P(Fy) = 1) and F,. = F. In this framework, the failure probability in Eq. (2.13) rewrites:

Pp=P <h Fz) = ﬁP(FHFiA) (2.16)
i=0 i=1
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Thus, the failure probability Py is expressed as a product of larger conditional probabilities, which can be
more efficiently estimated than a single small probability. Following [29] and [30], the intermediate events are

defined by using a sequence of threshold values 0 = h,. < --- < hy < hg = +o00:
F; ={(0,p) € Do x Dy | hi(0,p) < h; } (2.17)
where h;(0,p) is a modified form of the LSF function h(8,p) given by Eq. (2.14):

hi(8,p) = log (p) —log (c) — log (£(8)) (2.18)

where the dependence to data y of £ will be omitted for the sake of concision.

Such LSF formulation has been introduced in [30] in order to ensure smooth transitions between intermediate

events, and therefore to improve numerical stability of SuS within BUS [37].

The threshold values (h;)1<;<, are chosen so that the corresponding conditional probabilities (P(F;|Fi—1)), <i<r
are equal to a value IP; in average, usually chosen as P, = 10% [29, 48, 30]. In this way, the estimation of the
probabilities (P(F;|F;—1)),<;<, through Monte Carlo estimation is sensibly more efficient than the direct estima-
tion of ;. The generation of samples splits into two parts: firstly, samples are drawn from the prior distribution
in order to estimate the probability P(Fy|Fy) through direct Monte Carlo (see Eq. (2.9)). Next, for each
i € {1,...,r}, samples conditional to intermediate event F; are generated with MCMC sampling, as described
by Algorithm 1. Finally, samples of the last SuS level correspond to samples of the posterior distribution of
parameters ©. It is important to underline that the model evidence (see Eq. (2.4)) is available as a by-product
of the SuS procedure, due to the relation given in Eq.(2.15). Then, unlike classical MCMC sampling methods
which provide posterior samples by avoiding to compute the model evidence, the SuS procedure applied in the

BUS framework enables to both draw posterior samples and compute the model evidence.

2.8.2. MCMC sampling within SuS

In this paper, MCMC sampling (Step 5 of Algorithm 1) will be performed by using the adaptive Conditional
Sampling (aCS) algorithm introduced in [49]. The samples are generated in an underlying standard normal
probability space, also known as U-space, by considering an isoprobabilistic transform 7 : Dg x D), — D,, =
R™*! which maps the random vector (®, p) to a standard normal uncorrelated random vector U. Such mapping
can be performed by using the Nataf [50, 51] or Rosenblatt [52] transform. Then, considering a Markov chain
state u € D,,, a candidate sample v ~ N, 1(u,I) is drawn, by imposing that u and v are jointly Gaussian with
component-wise cross-correlation coefficients equal to p € [0,1]. This correlation parameter is adapted on the
fly through MCMC sampling, in order to obtain an optimal Markov chain acceptance rate. For further details,
the reader is referred to [49].
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Algorithm 1: Subset Simulation in the BUS framework [29, 30].
Input: Number of samples per subset K, probability of intermediate subsets P;, BUS normalizing
constant ¢
Output: Samples (B(i’k),p(i’k))(i’k)e{o’m,r}X{l,m’K}, failure probability Py
Initialization;
1. Draw K samples (B(O’k),p(o’k))ke{l
2. Set i = 0 and pg = 1;
while h; > 0 do
3. 8eti=i+1;
4. Sort (B(ifl’k),p(i_l’k))ke{l’w;{} with respect to the LSF values (hl(H(ifl’k),p(i_l’k)))ke{l,w;{} ;
4. Set h; as the P;-percentile of the set (B(i_l’k),p(ifl*k))ke{17...,K} with respect to the LSF values

(ha (8 1R) pl=1R)) i kys
if h; < 0 then

‘ Set h; = 0 and P; = £, where n = Card {k e{1,...,K} hl(B(ifl’k%p(i_l’k)) < max(h;,0) };
else
‘ Set Pz = ]P)t ;
end
5. Generate the samples (B(i’k),p(“k))ke{l,_“’K} by using MCMC. n Markov chains of length K/n
are generated from the seeds (0(i_1’k),p(i’l’k))ke{17.__,n} :

iy from the prior distribution of (©,p) ;

.

end
6. Set r =i and Py = [[/_,Py;

2.8.3. Choosing the BUS normalizing constant

Lastly, the choice of the BUS normalizing constant ¢ plays a crucial role in the generation of posterior
samples with the SuS procedure. The choice ¢! = Ly.x = maxgep, £(60) clearly constitutes the optimal
choice. However, such value is not known in advance in general. Moreover, evaluating the likelihood function
may require an important computational cost, which makes Maximum Likelihood Estimate (MLE) potentially
intractable. On the one hand, if ¢! < L.y, samples produced by BUS do not follow the posterior distribution
[25, 53]. On the other hand, if ¢=! > L.y, the efficiency of the BUS procedure may be affected, since the failure
probability in Eq. (2.13) is proportional to c.

In this context, adaptive approaches have been proposed [54, 30] in order to learn the constant ¢ during the
SuS procedure. More specifically, such approaches consist in taking c as the largest likelihood within the already

generated samples, and updating it when larger likelihood values are computed.

3. Surrogate modeling

3.1. Polynomial Chaos

3.1.1. Formulation

Keeping the notations introduced in Section 2, one supposes that the computational model takes scalar values,

i.e. M : Dg — R. The following can be easily extended to the case of vector valued models. Furthermore,
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the random vector ® : @ — Dy is supposed to have independent components, denoted by (01,...,0,,).
Polynomial Chaos formulations for dependent input random variables can be found in [55, 56]. The marginal

parameter space associated to ©; will be denoted by Dy,, so that Do = H:il Do, .

The PDF p; of each component ©; enables to define a Hilbert space, namely the space IL?(p;) of functions

defined on Dy, which are square integrable with respect to p;:

L2(p) = {¢ 1Dy, — R|E[6(0:)2] = | 6(6)°pi(6:)d6; < +oo} (3.1)

This space is equipped with the following inner product:

(D), = A G(0:)1(6:)pi(6:)d0; = E [$(0;)¥(0;)] (32)

04
for all ¢, € L2(p;). Then, it is possible to construct a Hilbert basis of I.?(p;) formed by univariate polynomials
(wj-i))jeN which are orthonormal with respect to p; [57, 58]. Such construction has been originally introduced
for Gaussian random variables by Wiener in [59], and then generalized to other distributions in [58] and [60].

In general, it is possible to construct a Hilbert basis of polynomials for a given probability distribution, under

some conditions precised in [61].

Moreover, let IL?(p) be the Hilbert space of functions defined on Dy which are square integrable with respect
to p. This space is equipped with the inner product defined by (®|¥), = st $(0)V(0)p(6)d0 = E[9(O)T(O)].
Knowing that the components (04, ...,0,,) are mutually independent, their joint PDF 7 can be expressed as

the tensor product of the marginals PDF:

p(0) =[] pi(03) (3:3)
i=1

for all @ = (61,...,0,,) € Dg. This ensures that L?(r) is isomorphic to the tensorial product of Hilbert spaces
(L*(pi))1<i<m:
L2(p) = QL2 (p:) (3.4)
i=1

Consequently, the following multivariate polynomials define a hilbertian basis of L2(p):

m
Va(0) =06 (3.5)
i=1
where the multi-index notation & = (aq,...,®,) € N™ has been used. Such polynomials are orthonormal

with respect to m (i.e. (¥a|Vg), = dag, Where dog is the multi-index version of the Kronecker delta), and
any function which belongs to L?(p) can be expanded in the basis (V4 )qen=. Assuming that M € L%(p), the
so-called Polynomial Chaos Expansion (PCE) [57] of M reads:

M(O) = " aaVa(O) (3.6)

aceN™

10
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where (aq)aenm are the PCE coefficients. For each multi-index e € N™, the coefficient a, can be interpreted

as the coordinate of the orthogonal projection of M(®) on the vector space spanned by U,:

o = (M(O)[Vq), = E[M(O)Va(O)] (3.7)

3.1.2. Calculation of PC coefficients

For computational purposes, the PCE representation (3.6) is truncated by using a finite set A C N™ of
multi-indices:

M(@) ~ MPE(0) = Y aqVa(O) (3.8)

acA

Re-indexing the multi-indices {a € A} by {1,..., P} with P = Card(A) yields the following vector notation:
MFPC = aTw (3.9)

where a = (a1, ...,ap) and ¥ = (Uy,...,¥p). The PCE coefficients a can be computed by using non-intrusive
methods, from point-wise model evaluations. This refers to projection methods [62, 63], stochastic collocation
[64] or regression [65, 66, 67]. In the context of regression approaches, Ordinary Least Squares (OLS) are usually
considered [65, 66]. Given an experimental design (ED) X = (8V,...,0%)) and the corresponding model
outputs Y = (M(8WY), ... ,M(O(K ))) such approaches aim at solving the following minimization problem:

a = argmin |y — Aa*|’ (3.10)

a*cRpP
where A is the K x P matrix with coefficients A;; = \Ilj(H(i)), and | - || is the Euclidean norm of R” i.e.
|lz||? = Zf;l 22 for x = (z1,...,2zp) € RF. In most cases, PCE representations are compressible, in the sense

that only few terms are significantly contributing to the variance of the model response. Then, compressive
sensing [68] techniques have been recently used in the PCE framework in order to construct sparse PCE with
ED of limited sizes. One refers to [69] for an recent in-depth review and benchmark on sparse PCE. Finally, once
PCE coefficients are computed, the generalization error of the truncated PCE defined by E [(M(@) - M\(@))Q]
may be estimated by using cross-validation techniques [70]. In this context, the Leave One Out (LOO) error is

commonly used as an estimate of the PCE generalization error (see [67] for further details).

3.2. Polynomial Chaos-based Kriging

Polynomial Chaos Kriging (PCK) [42, 43] consists in a Kriging [71] whose trend is given by a PCE:

M(8) ~ MPCK(0) = 3 aaTa(8) + 02 Z(6) (3.11)

acA
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where Y . 4 aa¥a(0) is a truncated PCE, 02 the PCK variance and Z a zero-mean stationnary Gaussian

process with a correlation kernel Rz(6,80’;m).

The interest of such formulation is twofold: the trend provides a global approximation of the model response
on the support Dy of input parameters, whereas the Gaussian process enables to catch the local variability of the
model response. Furthermore, the prediction variance associated to the Gaussian process provides a local error
measure for PCK model predictions, which can be used as an indicator of the sparsity of the ED. Indeed, Kriging
is an exact interpolating method, in the sense that pg3(0) = M(6) and oy(0) = 0, VO € X, where 5(6) and
05(0) are respectively the Kriging prediction mean and standard deviation at the point 6. Thus, the prediction
variance is low near ED points and becomes important in unexplored zones of the parameter space. Such local
indicator has been exploited in the framework of adaptive surrogate modeling [39, 43], in order to enrich EDs.
Note also that a global error measure consisting in a formulation of LOO error is available for Kriging surrogates

72).

Moreover, it is worth noting that global surrogates such as PCE do not dispose of local error measures as
simple and direct as Kriging prediction variance, but rather global error measures, such as the LOO error [67].
The PCK formulation then provides a simple way to assess the local error of PCE predictions. It is also worth
noting that recent work of Sudret & Marelli [73] provided a local error estimate for PCE surrogates, based on

bootstrap resampling.

The setup of a PCK surrogate model requires the calculation of the PC coefficients a = (aq)aer as well
as Kriging variance o2 and correlation hyper-parameters 1. In this context, Schébi et al [42] propose two
computational approaches, namely Sequential PCK (S-PCK) and Optimal PCK (O-PCK). The first approach
consist in constructing a PCE surrogate by using the LAR algorithm [67], and then using this PCE as the trend
of a universal Kriging model, whose parameters are calibrated through Maximum Likelihood Estimation (MLE)
[74]. The second approach aims at iteratively constructing a PCK by adding polynomials one-by-one to the
trend, and selecting the surrogate which minimizes a LOO error estimate. For further details, the reader is

referred to [42].

4. Bayesian updating using adaptive PCK within subset simulation

4.1. General framework

The proposed Bayesian updating methodology aims at constructing a PCK surrogate which is enriched in
an adaptive way throughout the SuS procedure described by Algorithm 1. Keeping the notations introduced
in the previous sections, an initial ED X(©) = ((917 . ,GKU) of size Kg is defined. Then, the log-likelihood
L(6) = log (£(0;y)) in Eq. (2.18) is approximated by a PCK surrogate by using the ED x'(©):

LO)~ L) = aaTa() +*Z(0) (4.1)

acT
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where the polynomials (U, )qe7 are chosen to be orthonormal with respect to the prior density p(6).

This surrogate model aims at approximating the global behavior of the log-likelihood on the support of the
prior distribution. The PCE trend is built by using the LAR-based procedure introduced in [67], in order to
provide sparse PCE which can be trained with an ED of small size (typically with Ky ~ 10! —10?). Substituting
the full log-likelihood by its surrogate in the modified LSF expression given by Eq. (2.18) yields a surrogate
LSF, given by:

h(8,p) = log (p) — log (c) — L(0) (4.2)

Firstly, given a prescribed number N of samples per subset, the Monte Carlo Simulation (MCS) step of SuS is

performed, by using the surrogate LSF instead of the full one. In this way, samples {(O(O’k),p(o’k))} . are
1<k<K

generated, and the corresponding log-likelihood values {E(B(O’k))}KIKK are computed. Then, a critical step
is the calculation of an initial value of the BUS normalizing constant c. In the adaptive BUS-SuS approach
introduced in [30], this value is set as the largest log-likelihood of the generated samples. In the framework
of the proposed approach, a modification of this approach is required: indeed, samples drawn through Monte
Carlo sampling which are too far away from the ED X'(®) may lead to inaccurate PCK predictions. This implies
to potentially sensibly underestimate the optimal value c,,+ = max L, or conversely, to strongly overestimate it
and altering the efficiency of the SuS procedure, as mentioned in Section 2.3.3. Consequently, we propose to set

the initial value of ¢ as the maximum likelihood on a subset of S(9) = {H(O’k)} K’ formed by points which

1<k<
are not too far away from X(9). At this point, the question is to define a criterion for filtering points whose

predictions are deemed to be not accurate.

A quite natural choice proposed in [37] or [75] is based on the convex hull of the points of the ED. The convex
hull of X, denoted by Conv(X(?) is the smallest convex set which contains the points of X(®. If the ED
points are sufficiently dense, such set may be seen as the "representativeness domain” of the trained surrogate

model. Then, the initial constant ¢ may be set as the maximum surrogate likelihood on this set:

¢= max exp(L(8)) (4.3)

where £(© = S N Conv(X(®). The Quickhull algorithm [76] will be used for computing the convex hull, as in
(75, 37].

Next, at SuS level ¢ > 1, the surrogate LSF l?l is used for setting the threshold value h; (see Algorithm 1).
Subsequently, n Markov chain seeds {(B(ifl’k),p(i_l’k))}1<k<n are selected according to surrogate LSF values.
We propose to enrich the ED X1 of the surrogate log-likelihood E, by adding K; > 1 new points, based on a
point enrichment criterion, which will be described in Section 4.2. A new PCK is then trained on the enriched
ED X®. The adaptive Conditional Sampling [49] procedure is then launched by using the surrogate LSF, in
order to generate the samples {(G(i’k),p(i’k))}1<k<K of the current subset. Then, the value of the constant c is
updated at the end of the SuS stage 7. For the same reasons underlined for the MCS step, this constant is the
maximum likelihood on the set defined by K = Conv(X®) N {O(i’k)}qu(, i.e. as ¢* = max(c,¢;), where
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¢; = Maxgexx exp(L(@)). Such update is a priori modifying the definition of the current subset F; (see Eq.
(2.17)) since the latter explicitely depends on the scaling constant. However, as derived in [30], updating the
scaling constant ¢ does not affect the distribution of the samples of F; if its corresponding threshold value h; is
adjusted as follows:

ht = hi +log — (4.4)
&

Moreover, we also follow the procedure of [30] aiming at decreasing the dependence of the samples of each subset.
Knowing that for a fixed 8 € Dy, any p € D, which satisfies log (p) < log (¢) — L(0) + h; lies in the subset F;,
the p component of a sample (8,p) € F; may be resampled by drawing p* ~ U([0, min(1, cexp(h;)£(0)])). This
enables to increase the performance of the BUS procedure, since the rejection of a sample during the MCMC

sampling phase implies to duplicate an existing sample.

Then, the SuS procedure is continued until reaching the last subset, i.e. until h; < 0.

4.2. Point enrichment step

In the framework of active learning structural reliability methods [77, 39, 78], learning functions are used in
order to measure the information gain related to quantities of interest provided by adding a new point to the
ED. In this context, a wide range of functions has been developed, including the Fxpected Feasibility Function
(EFF) [77], the so-called U-function [39], the Fraction of Bootstrap Replicates (FBR) [73] or the constrained

min-maz function [78].

The U-function introduced in [39] is particularly well suited for Kriging-based approaches, by focusing on
the accuracy on the sign of the surrogate LSF: sample points with non-positive LSF values are classified as
failure points, which traduces in the BUS framework by points which are distributed according to the posterior
distribution. Therefore, the potentially important uncertainties on predictions at points which are close to the
Limit State Surface (LSS) given by 0D; = {(0,p) € Do x Dp| hi(6,p) = 0} can cause them to change sign, which
may lead to misclassification. The U-function aims at selecting points in zones where points are announced to

be close to the LSS, and/or where Kriging prediction variance is important [39]. This function is given by:

|17 (0, p)|

VO = e
h\Ys

(4.5)

where 1i7(0,p) and 07 (8,p) are, in turn, the prediction mean and variance of the surrogate LSF given by Eq.

(4.2). Note that, for a fixed value of ¢ and p € D, E(O,p) is a Gaussian random variable:

7(8,p) ~ N (log (p) — log (¢) — u7.(6),0%(6)) (4.6)

where p7(0) and o7 (0) are the prediction mean and variance of the surrogate log-likelihood (4.1). Therefore,
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in the framework of the proposed approach, the U-function (4.5) rewrites:

U(0.p) = | log (p) —(I;g(t(qc; — 1z (9)

(4.7)

The misclassification probability of a point (8, p) € Dg x D), is defined by the probability of having u7 (8, p) > 0
and h(0,p) < 0 or vice-versa. This probability may be expressed as follows [79, 43]:

P (6,p) = ® (~U(6,p)) = ® ( |log (p) — log () — ﬂz(9)>

2 (6) (4.8)

Such probability is bounded between 0 and 0.5. The case P,,(8,p) — 0 corresponds to points whose prediction
variance is low, and/or points which are far away from the LSS. Conversely, the case P,,,(6,p) — 0.5 corresponds

to “dangerous” points, which are close to the LSS and/or whose prediction variance is important.

In the case where only one enrichment point is needed, the latter may be selected as the point which
maximizes the misclassification probability (4.8). In the case of multiple point enrichment, clustering techniques
[45] applied in the framework of adaptive surrogate modeling for SR analysis [43, 41, 80] enable to efficiently

selecting new points. In this paper, the weighted k-means algorithm [45] is considered.

Recall that at SuS stage ¢ > 1, we dispose of n Markov chain seeds {(B(i_l’k),p(ifl’k))}1<k<n. As proposed
in [43, 41], the weights considered for clustering are set as the corresponding misclassification probabilities
{Pm(O(Fl’k),p(i_l’k))}1<k<n. However, the surrogate log-likelihood E(G) is defined on the physical parameter
space Dg, and then does not depend on values of p € D,. Hence, performing a clustering in the augmented
space Dg x D, may lead to redundant enrichment points, since the obtained clusters may lie on a line of
the form {0} x D,. Consequently, we propose to perform weighted k-means clustering on the candidate set
given by {B(ifl’k)} by using the same misclassification probabilities {Pm(ﬁ(ifl’k),p(i_l’k))} as

1<k<n 1<k<n
weights. This is tantamount to projecting the seeds onto the parameter space Dg by using the canonical
projection Dg x D, — Dg. In this way, the centroids {0* € )}1<j<Kt of the K; obtained clusters are selected

in order to enrich the ED of the surrogate log-likelihood E(B) The updated ED of E(G) is then given by

X — xi-1 {9*(1')} .
1<G<K:

4.3. Stopping criterion

The stopping criterion of the surrogate model learning phase may be defined based on the variability of
estimated failure probabilities [74], the stability of the estimated failure domain [43, 78] or learning functions
[39, 73]. In this paper, we use the stopping criterion based on the U-function introduced in [39]. At SuS stage
i, this criterion writes:

min U (0,p) > ey (4.9)
(6.p)ess?
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where Séi) is the set formed by the n Markov chain seeds selected for the i-th subset (see Algorithm 1), and ¢y is a
threshold value. Following [39], we choose the value ey = 2, which has provided satisfactory accuracy in several
application examples. Choosing this value is tantamount to impose a maximal misclassification probability
of ®(—2) = 0.023. Notwithstanding its widespread use, it should be underlined that such value may be too
conservative in some cases, for complex LSF functions and/or for high dimensionalities [41]. However, the
search for an optimal stopping criterion is out of the scope of this paper, and the reader is referred to [41] for

further details about recent improvement strategies.

4.4. Summary of the proposed method

The proposed approach, which will be named BUS-PCK in the following sections, is summarized hereafter:

1. An initial ED X(© of size K| is selected, in order to build a PCK surrogate L ~ L of the log-likelihood
(Eq. (4.1)). This induces the definition of a surrogate LSF h (see Eq. (4.2)).

2. Level 0 of SuS procedure (MCS): K samples are drawn from the prior distribution, and the corresponding

surrogate LSF values are computed.

3. Initialize BUS normalizing constant ¢ from the generated sample according to Eq. (4.3). This implies the

computation of the convex hull of MCS samples with the Quickhull algorithm [76].
4. At SuS level 7 > 1:

a. The threshold value h; of the current subset F; is computed as the P;-percentile of the surrogate LSF
values on the samples of level ¢ — 1 (with P; = 10%, following [29, 30]). The intermediate probability
P; = P(F;|F;—1) is then computed (see Algorithm 1).

b. Learning phase of the PCK surrogate (see Section 4.2): K; points are added to the ED X061 at
previous SuS level, by using the seeds (i.e. the P; K samples which are lying in F;) as candidate
points. If the stopping condition of the learning phase is met (see Section 4.3), the PCK surrogate
model is deemed to be sufficiently accurate near posterior high-probability zones.

c. Generation of conditional samples: the population of the next SuS subset is generated by using the

aCS MCMC algorithm [49], from the previously identified seeds.
d. Update the BUS normalizing constant ¢ and the threshold value h; according to Section 4.1.

e. Convergence of SuS procedure: if h; < 0, the SuS procedure is stopped, and the failure probability Py
is computed as described in Algorithm 1. The samples of the last SuS level correspond to posterior

samples.

5. Set r = ¢ and compute the failure probability Py = H§:1- Posterior samples are given by the projection

on Dg of the K samples which lie in the subset F' = F,.. The model evidence is computed as Z = Py /c.

The flowchart of the proposed approach is shown in Fig. 1.
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Figure 1: Flowchart of the proposed approach.
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5. Case studies

In this section, three case studies of increasing complexity are presented for assessing the performance of

the proposed Bayesian updating approach, which will named BUS-PCK in the following. The PCK surrogates
will be constructed by using the Optimal PC-Kriging (O-PCK) approach described in [42]. The PCE trends

> et @aVa Will be constructed by using the classical isotropic truncation sets given by:

T4

m
acN"| |a| = Zai <q
i=1
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where ¢ < 10 is the PCE degree. Sparse PCE are constructed with these truncation sets by using the LAR-
based approach introduced in [67]. Moreover, we consider the Matern kernel with shape parameter v = 3 for all

Kriging Gaussian processes. This kernel is given by:

R(HG—B’II;W):ﬁQV 1r()(\ﬁ9 ) 1,<f9 0 ) (5.2)

i=1

where I' is the Euler’s Gamma function and K, is the modified Bessel function of the second kind. In this

context, we use the software UQLab [81] which provides an implementation of PCK.

The PCK approximation E(G) of the log-likelihood L (@) induces the definition of a surrogate posterior PDF:

6) exp(L(6
7(0) = LE(()) (5.3)
Z
where Z is the surrogate model evidence:
Z= / p(8) exp(L(6))dO (5.4)
De

In order to assess the accuracy of the approximation of the posterior PDF, measures taken from information
theory are often considered. Indeed, the Kullback-Leibler Divergence (KLD) [82] is usually used for measuring
the similarity between the surrogate and the true posterior PDF [32], and is defined by:

Dicr(Rlm) = /D w6 o (ZEZ;) a6 (5.5)

This measure does not define a distance in the mathematical sense, especially due to the fact that it is not

symmetric, i.e. Dgr(7||7) # Dk (7||7). A symmetrized and somewhat regularized version of KLD is given by

the Jensen-Shannon Divergence (JSD), defined by [83]:
~ 1 S -
Dys(xlm) = 5 (Do (x[|7) + Drr(x]|7)) (5.6)

where 7 = % (7 + 7). In this paper, we will use the average Jensen-Shannon Divergence (aJSD) introduced in

[23], given by:

DJS 7T||7T ZDJS 7TzH7Tz (57)

where 7; and m; are the i-th surrogate and true posterior marginal PDF. This measure enables to summarize
the accuracy of the approximation of the posterior PDF in a single scalar, which is computationally affordable

since it is based on an average of univariate integrals.

In the following sections, one will consider K = 5000 samples per subset, based on [26, 30]. Indeed, in the
framework of the numerical examples presented hereafter, such sample size has been observed to be sufficient for

exploring the posterior distribution with the SuS procedure [26, 30]. In the general case, when combining the SuS
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procedure with surrogate models, it might be possible to consider an “overkill” sample size (i.e. K ~ 10° —10°)
[84], in order to ensure that all posterior high-probability regions are discovered. The intermediate probability
P, is chosen as P, = 10%, based on [30]. The SuS procedure described in Section 2.3 is first applied by using
the full model, and the corresponding results will be considered as a reference. Regarding to the proposed
approach, varying initial ED sizes Ky and ratios k = K; /K will be considered. Moreover, 50 replications of the

calculations will be produced.

5.1. One-dimensional analytical function
5.1.1. Problem description

The first case study focuses on a one-dimensional analytical function, which presents a combination of a

global trend and a localized behavior:
4 2
M(0) =1+ cos 3 + 3exp(—4(0 — 2)°) (5.8)

The first two terms may be well approximated by a low-order PCE, whereas the third term induces a peak which
requires a sensibly high PCE degree for providing an accurate approximation. Hence, such behavior would make
classical PCE-based Bayesian inversions fail, since global approximations are not sufficient here to accurately
mimic the model near the high-likelihood zone (around 6 = 2). One considers a random variable © with prior
N(0,1), an observation data y = M(2) = 4.54 and an additive Gaussian discrepancy model with noise variance

o = 0.4. This leads to the following likelihood function:

2mo

£ = e (5 (MO ~)?) (5.9)

5.1.2. Posterior distribution

First, the proposed methodology is illustrated in Fig.2, for the case Ky = 20 and x = 0.2. At level 0 of SuS
procedure, a PCK surrogate model of the log-likelihood is built on the initial ED X(©) of size K. The points
of X are sensibly dense around the prior mean § = 0, whereas the log-likelihood peak is located near 6 ~ 2.
As shown in Fig.2a, the predictions of the PCK surrogate for 8 > 2 are sensibly uncertain and overestimate the
log-likelihood, which leads to indicate a wrong location of the posterior high-probability zone. Then, at SuS level
1, the point enrichment step described in Section 4.2 enables to select K; = KKy new points X,y = {0@ }1<i<4
to add to the ED, based on the misclassification probability given in Eq.(4.8). These points locate in the vici;li;y
of the log-likelihood peak, near 6 = 2, as shown by the white diamonds in Fig. 2. Then, the PCK surrogate
model is updated, by using the ED X = X U X,,.,,. The predictions of the updated surrogate model are

sensibly more accurate near the log-likelihood peak, as underlined by Fig.2b.

Then, the convergence of JSD with respect to the effective number of model calls denoted by E[N,] is shown

in Fig.3. For a single run, the number of model calls is given by N. = Ky(1 + ngk), where ng is the number
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Figure 2: 1D analytical function: illustration of the proposed method at SuS level 1

of subsets required for stopping the SuS procedure. For moderate ED sizes Ky ~ 50, the proposed approach
is more efficient than its non-adaptive counterpart (k = 0), since the JSD for x > 0.1 is at least one order of
magnitude smaller than that for k = 0. In the case of larger EDs, JSD values for x € {0,0.1,0.2} are closer,
which can be explained by the fact that more informative points (i.e. with high likelihood) are drawn during
the initial sampling step aiming at constructing the initial ED of the surrogate model. For a fixed amount of
model calls, the JSD decreases when « increases, though. This underlines the efficiency of the point enrichment

step, which enables to better focus on high-likelihood zones for enriching the surrogate model.

--0--K;/Ky=0

—o0—K,/Ky=0.1
10-1 & --a--Ki /Ko =02[|

- K Ky = 0.5

1072 4

(@,7)

(&

S 1077 4

10744 3
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E[N,]

Figure 3: 1D analytical function: convergence of JSD with respect to the average number of model calls E[N,].

The posterior PDF obtained with the reference calculations and the proposed approach are shown in Fig. 4.
Visual inspection of PDF confirms the analysis of the convergence of JSD, since the reference posterior PDF is
well approximated by its surrogate counterpart as the experimental size increases. Lastly, several Qol obtained
from calculations, namely the effective number of model calls E[N.], the posterior mean E[f]y], the standard
deviation \/W , and the model evidence Z are summarized in Tab. 1. The corresponding relative errors
€ = |X — Xref|/Xres are given in brackets, in %. The results emphasize the efficiency of the BUS-PCK approach,

since a satisfactory approximation of the posterior PDF is provided for E[N,.| = 100 model calls, which represents
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w  a reduction of 99.3% of the full cost of the SuS procedure described in Section 2.3, namely 1.5 - 10* full model

ws  calls.
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Figure 4: 1D analytical function: prior and posterior PDF: (a) K¢/Ko = 0.1; (b) K¢/Ko = 0.5.

Ko Ki/Ko E[N(] E[0]y] Var[6]y] Z
BUS-PCK 20 0.1 24 1.938 (0.2) 0.213 (59.3) 0.028 (16.1)
20 0.5 40 1.954 (0.6) 0.147 (10.1) 0.037 (53.3)
50 0.1 60  1.944 (0.1) 0.168 (25.4)  0.025 (4.2)
50 0.5 100 1.942 (0.0) 0.138 (3.4) 0.025 (3.4)
100 0.1 120 1.941 (0.0) 0.148 (10.5)  0.024 (0.1)
100 0.5 200 1.942 (0.0) 0.134 (0.4) 0.024 (0.6)
Reference 15000 1.942 0.134 0.024
Table 1: 1D analytical function: posterior Qol, with relative errors in %.
wo  5.2. Two degrees-of-freedom shear building
a0 5.2.1. Problem description
an1 The second case study was originally introduced in [85], and then studied in [30, 37, 25, 38|, and involves

a2 a two degrees-of-freedom shear building, shown in Fig. 5. The problem consists in estimating the posterior

a3 inter-story stiffnesses of the structure, based on measurements of the eigen-frequencies of the structure.

a7 The inter-story stiffnesses are set as k; = ©;k, for i € {1,2}, where k, = 29.7-10° N.m~! and 0,0,

21



475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

mo

ka

ks

Figure 5: Two degrees-of-freedom shear building

are random variables endowed with lognormal priors with modes 1.3 and 0.8, and standard deviations equal to
1. The masses of the two stories are supposed to be deterministic, and are set as m; = 16.531 - 10 kg and
ms = 16.131 - 103 kg. Two measured eigen-frequencies f = (fl, fg) will be used for Bayesian updating, with
fl = 3.13 Hz and fg = 9.83 Hz. The corresponding likelihood function writes:

L(6; f) = exp (— Jw)) (5.10)

202

where 0 = 1/16 and J(0) is the modal measure-of-fit function given by [85]:

50) = (fif” - 1) (.11)

i=1
with 1 = po = 1, and (fi(0))ieq1,2) are the eigen-frequencies obtained by solving the equation of motion for
un-damped free vibration applied to the structure. This equation is given by:

Mii + Ku = 0 (5.12)

my 0\ ) ki +ke —ko\ | . .
where M = is the mass matrix and K = is the stiffness matrix, and u = (u1,u2)7

0 meo _k2 kQ
the displacement vector.

The posterior distribution of the parameters @ = (©1,03) is bi-modal with significantly distant modes
[85, 37], which makes the problem difficult to solve when using classical MCMC sampling approaches.

5.2.2. Posterior distribution

The proposed approach is applied by considering Ky € {20,50, 100,200} and « € {0,0.1,0.2,0.5}.

Fig. 6 illustrates the proposed approach in the framework of the previously presented mechanical problem,
with Ky = 50 and K; = 10. Firstly, an initial ED formed by samples drawn from the prior is defined, and the
surrogate log-likelihood is subsequently trained. The first step of SuS procedure enables to identify P; K = 500

seeds, to generate the population of the first subset. As shown in Fig. 6a, most of these seeds lie outside
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Figure 6: Two DOF structure: misclassification probability of seeds and enrichment of the ED of the surrogate log-likelihood at
SuS levels 1 & 2.

the convex hull of the current ED. Moreover, the misclassification probability (see Eq. 4.8) of such seeds is
sensibly important, which indicates that log-likelihood predictions are classifying posterior points outside of the
ED convex hull, and/or predictions are significantly uncertain in such zones. The weighted k-means clustering
proposed in Section 4.2 enables to select enrichment points (white diamonds in Fig. 6a) which are quite uniformly
spaced outside from the convex hull of the current ED. The surrogate model is then updated, by using the new
ED. As shown in Fig.6b, the ED convex hull has been enlarged, and the seeds of SuS level 2 are mostly lying
in it, and form two clusters. Then, the point enrichment step proposes K; new candidate points which are
located in these clusters. In this way, the accuracy of predictions provided by the surrogate model is improved

specifically in these zones, which correspond to the posterior support.

Next, the convergence of aJSD (5.7) with respect to E[V.] is shown in Fig. 7. The proposed methodology is
significantly more efficient when « > 0, since aJSD values for k > 0 are about two orders of magnitude smaller
than those for k = 0, for a given ED size (see Fig. 7b). In the non-adaptive case (k = 0), the aJSD is converging
much more slower as the ED size increases. This is due to the fact that the posterior support is located in
low-probability zones of the prior (see Fig. 6). Then, without adaptive point enrichment, a very large ED size
K is required to draw a sufficient amount of informative points. In this context, the proposed point enrichment
method based on clustering is well suited to the problem, since it allows to enrich the surrogate log-likelihood

near the posterior high-probability zones, even in the case of a non-connected posterior support.

Then, the contours of the posterior joint PDF obtained with reference calculations and the proposed approach
for Ky = 200 and k = 0.2 are shown in Fig. 8. The shape of the joint posterior is well approximated by the
proposed approach, with a limited amount of model calls (~ 10?). Furthermore, the location of posterior modes
is well reproduced. Qol related to left and right clusters of the identified posterior are summarized in Tab. 2 &
3. An average number of model calls of E[NN,] = 320 is sufficient to provide an accurate approximation of the
posterior PDF, which represents a reduction of about 98.4% of the total cost of 2 - 10* model calls required by
using the full likelihood function.
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Figure 7: 2 DOF structure: convergence of aJSD with respect to E[N¢].
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Figure 8: Contours of the posterior joint PDF: (a) Reference; (b) Ko = 200 and K:/Ko = 0.2.

Ko Ki/Ko EIN) EGf]  E6f)  /Varlgilf] \/Varleslf] 2 (x107)
BUS-PCK 50 0.2 80.4  0.502 (0.0) 0.893 (0.7) 0.044 (18.8) 0.086 (23.9) 1.484 (1.3)
50 0.5 125 0.502 (0.0) 0.898 (0.1)  0.039 (3.5) 0.073 (3.9) 1474 (1.9)
100 0.2 160 0.505 (0.6) 0.887 (1.4) 0.045 (21.3) 0.085 (22.0) 1.618 (7.6)
100 0.5 250 0.502 (0.0) 0.899 (0.0) 0.039 (3.0) 0.072 (2.9) 1.485(1.2)
200 0.2 320 0.501 (0.2) 0.900 (0.1)  0.038 (2.1) 0.070 (0.9)  1.509 (0.4)
200 0.5 500 0.502 (0.0) 0.899 (0.0) 0.038 (0.6) 0.070 (0.3)  1.483 (1.3)
Reference 20000 0.502 0.899 0.037 0.070 1.503
Table 2: 2 DOF structure: posterior Qol related to the left cluster, with relative errors in %.
516
siz 5.8, Multimodal mixture of Gaussians
sis 9.3.1. Problem description
519 The third case study is introduced in [86], and involves a mixture of Gaussian distributions. A uniform prior
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K, K/Ky EINJ EGIf]  EBlf) \Varleilfl Varlolf) 2 (x107)
BUS-PCK 50 0.2 80.4 1.811 (0.2) 0.245 (0.8) 0.178 (25.7) 0.022 (17. 9) 1.484 (1.3)
50 0.5 125 1.812 (0.1) 0.246 (0.2)  0.144 (1.8) 0.020 (5.9) 1.474 (1.9)
100 0.2 160 1.801 (0.7) 0.246 (0.3) 0.154 (8.5) 0.021 (11.9) 1.618 (7.6)
100 0.5 250 1.813 (0.1) 0.246 (0.2)  0.144 (1.3) 0.019 (3.6) 1.485 (1.2)
200 0.2 320 1.814 (0.0) 0.247 (0.0)  0.143 (0.9) 0.019 (0.5) 1.509 (0.4)
200 0.5 500 1.814 (0.0) 0.247 (0.0)  0.144 (1.3) 0.019 (2.1) 1.483 (1.3)
Reference 20000 1.814 0.247 0.142 0.019 1.503
Table 3: 2 DOF structure: posterior Qol related to the right cluster, with relative errors in %.
over the square [0,a] x [0, a] is considered, whereas the likelihood function is defined by:
L(O;{p;}) =D wja(6; pj,0) (5.13)

where the {g;} are drawn from the prior U([0,a] x [0, a]), {w;} are the weights of the mixture, and @a(-; p;,0)
is the PDF of the bivariate Gaussian distribution ./\f(p,j, 0°I). We set a =10, 0 = 0.1, n = 10 and w; = 1/n for
all j € {1,...,n}. The corresponding posterior PDF 7(0; {p;}) o< 1jg 4)2(0)L(0;{p;}) is multimodal, with 10

modes. This is illustrated in Fig. 9, where contours of the likelihood function are presented.
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Figure 9: Multimodal Gaussian mixture: contours of likelihood function

5.3.2. Posterior distribution

The proposed approach is applied by considering Ky € {50,100, 150,250} and x € {0,0.1,0.2}. Fig. 10
presents a comparison between posterior samples drawn with the SuS procedure (see Section 2.3) and samples
drawn with the proposed approach, for Ky € {100, 150,250} and £ = 0.2. Firstly, as depicted by Fig. 10a, the
posterior samples obtained with the aBUS-SuS algorithm separate into 10 significantly spaced clusters. This

underlines the complexity of the posterior PDF, which would be difficult to sample by using classical MCMC
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Figure 10: Multimodal Gaussian mixture: reference (a) and BUS-PCK-based (b-d) posterior samples (sample size: 5-103). Black
crosses (X ) represent the modes {p;} of the posterior distribution.

approaches, for which the generated Markov chains may be trapped near few modes [86].

Next, for Ky = 100 and x = 0.2, the proposed approach completely misses 3 modes (see Fig. 10b). When
Ky = 150 and k = 0.2, the proposed approach correctly identifies the 10 modes of the posterior (see Fig. 10c),
even though the spread of the clusters near (0,0) and (10, 3) is roughly approximated. Lastly, the 10 modes of
the posterior are well reproduced when Ky = 250 and £ = 0.2 (see Fig. 10d).

The convergence of aJSD (5.7) with respect to E[N,] is shown in Fig. 11. First, when no surrogate model
adaptation is performed (i.e. k = 0), the aJSD stagnates around a value of 10~1. This may be explained by the
highly localized behavior of the likelihood function, which seems to be difficult to approximate with a fixed ED
built from the uniform prior ([0, a] x [0, a]). For a given number of full likelihood calls, significantly lower aJSD
values are obtained when x > 0. In particular, when E[N.] > 200, the aJSD with x = 0.2 is approximately two
orders of magnitude smaller than aJSD in the case xk = 0. This underlines the efficiency of the proposed adaptive
point enrichment scheme, as mentioned in the example presented in Section 5.2. The proposed approach takes
advantage of the local features provided by the Gaussian process of the PCK surrogate for better catching the
likelihood behavior near the modes {;} of the posterior.

Finally, Qol related to the posterior distribution are summarized in Tab. 4. For the sake of brevity, only the
components of the posterior mean E [0|{y,}] and the standard deviation ,/Var [8|{p;}] are considered as Qol,
rather than considering the statistics of each of the 10 clusters of the posterior. The proposed approach provides
correct estimates of E [0;|{;}] and |/ Var [6;|{p;}] from K¢ = 100 and & = 0.2. Moreover, fair estimates of

the model evidence Z are obtained with Ky = 150 and x = 0.2. Finally, it is worth noting that the proposed
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Figure 11: Multimodal Gaussian mixture: convergence of aJSD with respect to E[N¢]

method provides a quite good approximation of the posterior with a number of full likelihood evaluations of
about E[N,] ~ 240 (see Tab. 4), which corresponds to a reduction of about 98.8% of the total cost of 2-10% full

likelihood evaluations required by a direct application of the SuS procedure.

Ko Ki/Ko E[N] E0i[{n;}] El6:2l{p;}] /Vardil{u;}] +/Var[f[{u;}] Z
BUS-PCK 100 0.1 1274 4.323 (14.6) 4.309 (13.8)  2.730 (7.2) 2.960 (2.2)  0.063 (525.4)
100 0.2 158 4.584 (9.5)  4.778 (4.4) 2.825 (3.9) 2.986 (3.1)  0.046 (352.0)
150 0.1 1929  4.590 (9.4)  4.794 (4.1) 2.857 (2.9) 2.949 (1.8)  0.024 (138.0)
150 02 2388  5.069 (0.1)  4.921 (1.5) 2.954 (0.4) 2.852 (1.5) 0.012 (16.3)
250 0.1 325 5.053 (0.2)  4.830 (3.4) 2.901 (1.4) 2.843 (1.8) 0.011 (4.4)
250 0.2 400 5.058 (0.1)  4.953 (0.9) 2.927 (0.5) 2.885 (0.4) 0.010 (2.7)
Reference 20000 5.065 4.998 2.941 2.896 0.010
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Table 4: Multimodal Gaussian mixture: posterior Qol, with relative errors in %.

5.4. Diffusion problem

5.4.1. Problem description

The last case study consists in a 1D diffusion problem introduced in [26], as the steady state version of the

problem studied in [33]. The problem is described by the following diffusion equation on the domain D = [0, 1]:

V (a(z)Vu(x)) + b(z) =0 (5.14)

where the diffusivity a(x) is represented by a random field, and the source term b(z) is given by:

b(z) = é \/28?0 exp <—(ZQ;2$)2) (5.15)

This term corresponds to N localized sources with locations (I;)1<i<ny and strengths (s;)i<i<ny and widths

(0i)1<i<n. One considers N = 3 sources at locations Iy = 0.25, s = 0.5 and I3 = 0.75. The strengths
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are assumed to be identical, and are set as s; = 10, as well as the widths, which are fixed to o? = 1073.
Furthermore, Dirichlet boundary conditions u(0) = u(1) = 0 are adopted for solving Eq. (5.14). The diffusion
1

equation (5.14) is solved by using linear finite elements, on a uniform grid with spacing Az = 55

The problem consists in inferring the diffusivity a(z) from noisy measurements of the field u(z), provided by
a set of n = 11 sensors uniformly spaced in D (excluding the endpoints). The prior of the log-diffusivity loga is
supposed to be a Gaussian stationnary random field, with mean pios o = 0.1 and standard deviation o1, = 0.2,

and an exponential correlation kernel:

o
Rioga(z,2') = exp (— @ 7 & |> (5.16)

with ¢, = 0.3.

The log-diffusivity random field is represented by a truncated Karhunen-Loeve (KL) [87, 57] expansion:
m
log a(x) ~ foga + Y V/Aiiti(x) (5.17)
i=1

where m = 10 [26], ({i)1<i<m are the m first KL eigenmodes, and (A\;, ¢;)1<i<m are the eigenvalues and eigen-
functions associated to the covariance kernel Eloga(x,m’ ) = ofogaRloga(:mx’ ). The latter are satisfying the

Fredholm integral equations of the second kind:

/ Zloga(x7x,)¢i($/)dx/ = A1¢Z($) (518)
D
which can be solved analytically in the case of exponential kernels [57].

Then, synthetic data is generated from a realization of the log-diffusivity random field, by computing the
corresponding field u(z) at sensors locations and adding to it a Gaussian noise term with zero mean and standard
deviation o, = 0.1. In order to avoid to commit an inverse crime [1], this synthetic data is generated by using
a much finer grid for solving Eq. (5.14). The m = 10 first KL eigenmodes ((;)1<i<m are subsequently inferred

from the generated data.

5.4.2. Posterior distribution

The proposed approach is applied by considering Ky € {50, 100,250,500} and « € {0,0.1,0.2}. The conver-
gence of aJSD (5.7) with respect to E[N,] is shown in Fig. 12. The performance of the approach depends less
on the adaptation step of the surrogate model, since the aJSD presents a similar behavior for k = 0 and s > 0.
However, for moderate to large ED sizes (= 250 — 500), the adaptive point enrichment provides a slightly smaller
aJSD than in the non-adaptive case (5-10~2 when x = 0 and 10~2 when x > 0). Such behavior may be explained
by the fact that most of the posterior mass is enclosed in high-probability zones of the prior. In this case, the

adaptive point enrichment targets zones in which samples are frequently drawn when sampling from the prior.
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This clearly underlines the difference of performance between the present diffusion problem and the mechanical

problem presented in Section 5.2, which presented a bi-modal with support located in low-probability zones of

the prior.
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Figure 12: Diffusion problem: convergence of aJSD with respect to E[N¢].

Then, it is worth noting that the active dimensionality of the problem is limited to 6, since the posterior
distribution of the four last KL eigenmodes is sensibly close to their prior distribution. This has been often
encountered in the framework of UQ benchmark problems related to diffusion with random diffusivity fields [23].

Consequently, the following analysis will be then focused on the six first KL eigenmodes.

The posterior univariate and bivariate PDF of the six first KL eigenmodes are shown in Fig.13. The reference
PDF and those obtained for Ky = 250 and x = 0.1 are compared. The shape of the posterior distribution is well
approximated with the proposed approach, with a quite limited amount of model calls (= 350). In particular,
the correlation structure is well reproduced, notably regarding to the couples (¢1,{3) and ({2, 4) which exhibit
quite strong linear correlations. Posterior mean and standard deviation values are summarized in Tab. 5 & 6.
It is also worthwhile noting that the following approach provides a fair estimate of the model evidence with a
quite moderate amount of model calls (= 350 — 500), as underlined by Tab. 7 which summarizes values of the
model evidence. As mentioned earlier, a quite important advantage of the proposed approach is that it enables
to compute the model evidence as a by-product of the SuS procedure (see Algorithm 1). Classical MCMC

approaches do not enable to estimate the model evidence once the sampling procedure is performed.

E[¢|d] Ky Ki{/Ko, E[N.] G G2 (3 Ca s Co

BUS-PCK 100 0.1 127 —055(234) —0.13(68.1) 0.71 (29.6) —0.57 (41.2) 0.05 (116.0) —0.54 (46.0)
100 02  159.6 —0.59 (17.2) —0.26 (33.0) 0.76 (24.4) —0.72 (24.7) —0.01 (95.9) —0.80 (20.1)
250 0.1 3425  —0.70 (2.9) 041 (3.0) 0.96 (4.3) —0.89 (7.8) —0.22 (27.0) —0.96 (5.1)
250 0.2 449  —0.70 (2.6) —0.40 (2.3) 0.97 (38) —0.93 (3.6) —0.23 (22.1) —0.96 (5.2)
50 01 730 —0.71(L1) —037(65) 099 (L7) —091(52) —0.28(5.0) —1.02(1.2)
50 02 968  —072(0.1) —038 (48) 1.01(0.3) —0.92 (43) —0.30 (2.8) —1.03 (2.6)

Reference 27600 —0.72 —0.39 1.00 —0.96 —0.30 —1.01

Table 5: Diffusion problem: posterior means of few KL eigenmodes.
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Figure 13: Diffusion problem: posterior univariate and bivariate marginal PDF of the six first KL eigenmodes

Var((;|d] Ko, K:;/Ko E[N.] G G2 3 Ca s e

BUS-PCK 100 0.1 127 0.45 (69.5) 0.71 (59.0) 0.87 (59.1) 0.98 (38.9) 1.13 (43.2) 1.07 (28.0)
100 0.2  159.6 0.38 (44.5) 0.62 (40.3) 0.77 (39.6) 0.86 (22.8) 1.00 (26.6) 1.04 (24.1)
(

250 0.1 3425  0.29 (8.9) 0.49 (10.7) 0.60 (9.1)  0.74 (4.8)  0.82(3.9)  0.84 (0.7)
250 0.2 449 028 (5.5) 048 (7.1) 058 (6.3) 0.72(27) 0.81(3.3)  0.85 (1.3)
500 0.1 730 0.26 (0.2) 0.45 (1.4)  0.55 (0.2)  0.69 (1.3)  0.79 (0.2)  0.85 (1.8)
500 0.2 968  0.26 (0.4) 0.45 (0.4) 055 (0.3) 070 (1.0)  0.77 (21)  0.83 (0.4)
Reference 27600 0.26 0.44 0.55 0.70 0.79 0.84

Table 6: Diffusion problem: posterior standard deviations of few KL eigenmodes.

Ky Ki/Ky E[N.] Z

BUS-PCK 100 0.1 127 87.09 (254.1)
100 0.2  159.6  29.41 (19.6)
250 0.1 3425  22.73 (7.6)

250 0.2 449 23.36 (5.0)

500 0.1 730 23.75 (3.4)

500 0.2 968 24.77 (0.7)
Reference 27600 24.59

Table 7: Diffusion problem: model evidence values.

603 Next, a comparison between the true log-diffusivity field, the reference posterior log-diffusivity field and that
s« Obtained with the proposed approach for Ky € {250,500} and x = 0.2 is given in Fig. 14. As a validation of
es the reference results, one observes that the posterior log-diffusivity field obtained from SuS procedure matches
ss well with the realization used for generating the synthetic data. Furthermore, the proposed approach provides
sor & fair approximation of the posterior log-diffusivity when Ky = 250 and x = 0.2, with a slight overestimation of
s the variance, though (see Fig.14a). Then, the posterior log-diffusivity field is well approximated when Ky = 500
oo and k = 0.2 (see Fig. 14b).

610 Then, contours of the reference posterior covariance kernel of the log-diffusivity field and its approximations
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Figure 14: Diffusion problem: posterior log-diffusivity field.

provided by the proposed approach for Ky € {250,500} and x = 0.2 are shown in Fig. 15. Approximately
450 model calls are sufficient to provide a quite accurate approximation of the covariance kernel, in its positive
correlation zones (see Fig.15a). The case Ky = 500 and x = 0.2 presents a sensibly accurate approximation of

the posterior covariance kernel, even in the zones which exhibit negative correlations (see Fig.15b).
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Figure 15: Diffusion problem: posterior covariance kernel of the log-diffusivity field. Continuous lines refer to reference results,
whereas dashed lines refer to ones provided by the proposed approach.
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Lastly, it is worth noting that a satisfactory approximation of the posterior PDF is obtained with an average
number of model calls of E[N,] = 730, which represents a reduction of about 97.4% of the total cost of 2.76 - 10*
required by an inversion using the full likelihood (see Tab. 5 & 6).

6. Conclusion

In this paper, a Bayesian inversion method using adaptive surrogate models has been presented, based on

the BUS framework [25, 26], which aims at reformulating the classical Bayesian inference into the estimation of
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a rare event. In this framework, the method combines a well-known Structural Reliability (SR) method known
as Subset Simulation (SuS) [29, 30] and adaptive Polynomial Chaos Kriging (PCK) [42, 43], which provides
powerful surrogate models able to approximate both global and local behaviors of computational models. In
this context, a PCK surrogate model is firstly built in order to catch the global trend of the log-likelihood on
the prior support. This surrogate model is subsequently enriched throughout the SuS sampling procedure by
selecting points in informative regions, based on principles taken from active learning SR methods [39, 78, 41].
The Kriging part of the surrogate model then enables to better catch local variations of log-likelihood, as well

as provide an local error measure which can be used for enriching the surrogate model.

The proposed approach has been applied to three cases studies of increasing complexity, involving a one-
dimensional analytical function, a two degrees-of-freedom structure and a diffusion problem with moderate
active dimensionality. It appears from numerical investigations that the proposed approach provides accurate
approximations of the posterior distributions, even in the case of likelihood functions with localized behavior, or
multi-modal distributions, which are usually difficult to sample for many existing Bayesian inversion algorithms.
Moreover, such approximations have been obtained for a quite limited amount of model calls (i.e. = 50 — 500),
which makes the proposed approach suitable for computationally demanding models. For each test case studied,
the proposed approach has provided a reduction of at least 97.5% of the total number of model calls required by
aBUS-SuS inversions using the full likelihood function. Furthermore, classical MCMC-based Bayesian inversion
approaches do not enable to assess the performance of several models against observed data, since the compu-
tation of the model evidence is avoided [6]. A particular advantage provided by the BUS framework is that the
proposed approach enables to estimate the model evidence, as a by-product of the rare event estimation through

the SuS procedure. Therefore, the proposed method would be suitable for model selection [88].

Then, the proposed approach presents several shortcomings, which may be addressed in further works.
Firstly, the updating step of the BUS scaling constant is based on the computation of the convex hull of
the current experimental design of the PCK surrogate model, in order to filter points whose surrogate model
predictions are too uncertain. This is done for limiting the risk of making a wrong estimation of the maximal
likelihood value needed for updating the BUS scaling constant. As mentioned in [75], the Quickhull algorithm
[76] used for computing convex hulls significantly suffers from the so-called curse of dimensionality. Indeed,
for dimensions larger than ~ 15, the number of facets of the computed convex hull grows fast with dimension,
which considerably slows the overall procedure. Then, it would be necessary to define an alternative filter for
updating the BUS scaling constant, based on the distance to the current points of experimental design, and the
uncertainties associated to predictions of likelihood values. Moreover, the optimization problem involved in the
training of Kriging parameters may be difficult to solve in high dimensions [75, 38]. This is in line with results
from a recent survey and benchmark on surrogate-based active learning SR methods [84], which suggest that
PCK surrogate models are well suited for parameter dimensions d < 20, whereas PCE surrogates perform well
in higher dimensions d > 20. Thus, the proposed approach may be adapted to PCE for tackling problems with
higher dimensions, provided a local error estimate adapted to PCE is used. In this context, the Fraction of

Boostrap Replicates (FBR) introduced in [73] could be used in the framework of the proposed adaptive point
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enrichment scheme. Such guidelines might be considered in further work for tackling problems with higher

dimensions. Lastly, it appears from test cases results that the stopping criterion of the point enrichment step

has been rarely reached during calculations. This may be due to the fact that the adopted threshold value for

the misclassification probability (see Section 4.3) is too conservative, as underlined in [41]. Therefore, a more

precise stopping criterion may be defined in order to avoid unnecessary model calls throughout the Bayesian

updating scheme.
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