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Abstract

We show that the boundary of a projectively compact Einstein manifold of di-
mension n can be extended by a line bundle naturally constructed from the projective
compactification. This extended boundary is such that its automorphisms can be
identified with asymptotic symmetries of the compactification. The construction
is motivated by the investigation of a new curved orbit decomposition for a n + 1
dimensional manifold which we prove results in a line bundle over a projectively
compact order one Einstein manifolds.
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1 Introduction

In the study of objects living on non-compact manifolds it is often enlightening to try
to make sense of their asymptotics. Curved orbit decompositions arising from holonomy
reductions of (normal) Cartan geometries, as first studied in full generality in [CGH14],
provide a fascinating framework in which one can seemingly make sense of the asymp-
totics of geometric structures themselves. In many interesting cases, the orbit decom-
position has a large open orbit O equipped with a certain geometric structure, e.g. an
FEinstein metric. Its complement can then be viewed as a boundary “at infinity” and
splits into pieces endowed with other geometries that one may interpret as “limits” of
the structure of O.

Defining and studying the asymptotics of pseudo-Riemannian manifolds (M, g) is
of particular interest due to their importance in physics. For instance, conformal com-
pactification is key for the formulation of a notion of isolated system in General Relativ-
ity [Ger77; PR84; Fra04; Vall6]. It is also a way to approach the study of the asymptotic
behaviour to partial differential equations on non-compact pseudo-Riemannian mani-
folds, see for instance [GLW15; CG18; MN04; Nic16; BGN23; MN09] in the conformal
case or [Bor21] in the projective case, for examples of ideas and work in this direction.

In [CGH12; CGH14; CGM14; CG14; CG16; FG18], a specific type of holonomy re-
duction of projective geometries is studied that gives rise to an Einstein metric on the
open orbit, suggesting that projective geometry could play an important role in un-
derstanding their asymptotics. This is intimately related to the notion of projectively
compact metric of order o introduced by Cap-Gover in [CG14]. The order of a projec-
tively compact metric is related to its volume asymptotics, and can a priori take any
positive real value. For Einstein metrics, the cases a = 1 (vanishing scalar curvature)



and o = 2 (non-vanishing scalar curvature) are the most relevant. Both cases were
thoroughly investigated by Cap-Gover in [CG14]. In particular, it is shown in this ref-
erence that, for projectively compact Einstein metrics of order 1, this notion coincides
with asymptotic flatness at spatial infinity as introduced by Ashtekar and Romano in
[AR92], however with the restriction that only spacetime with vanishing mass aspect
can be obtained in this way.

Asymptotic flatness at spatial infinity is by now a classical subject in general rela-
tivity, see e.g. [BS82; CD11; MK21; CGW23]. A physically important feature of these
spacetimes is their asymptotic symmetry group: the — infinite dimensional — Spi group of
[AR92]. The identification of spatial infinity with projective compactifications of order
1 however presents us with a conundrum: at null infinity, the group of asymptotic sym-
metry (the BMS group of [BVM62; Sac62]) can be identified with the automorphisms
of the boundary geometry [Ger77; Ash15; DGH14] and act on the induced Cartan ge-
ometry [Her20; Her22b; Her22a] encoding the radiative data. On the other hand the
boundary geometry of projective compactification of order 1 of an Einstein metric is
again a normal projective geometry with a holonomy reduction corresponding to pro-
jective compactification of order 2 of an Einstein metric [CG14] and thus necessarily
has a finite dimensional group of automorphisms. So how exactly does the Spi group of
Ashtekar—Romano plays a role in the projective compactification picture?

In this work we wish to resolve this tension by introducing an extended boundary
at spatial infinity. In doing so, we follow the footsteps of Ashtekar—Hansen [AH78]. We
will show that this idea fits perfectly with, and extends, the notion of projective com-
pactification. The properties of this boundary parallel exactly that of null infinity: its
geometry is not rigid and the corresponding group of automorphisms 1) coincides with
the Spi group, 2) acts on a space of induced Cartan geometry encoding some asymptotic
gravitational data. We also obtain a similar structure at time like infinity. In order
to introduce and motivate this step, we will study a closely related curved orbit de-
composition of Cartan geometries [CGH14] generalising the work of Cap-Gover [CG14].
The majority of this article will in fact be dedicated to the discussion of the curved
version of a flat model discussed in great detail by Figueroa-O’Farrill and collaborators
in [FHPS22a]. This homogeneous model generalises the projectively compactified 4D
model RP* to a 5D model RP? \ {pt} ~ R x RP* fibering over the usual projective
compactification.

RP°\ {pt} ~ (RxM*) u (Ti'u.73uSpi?)
+ b s (1.1)
RP* ~ MY U (HPuS?UdS?).

This orbit decomposition will be discussed in more detail (and generic dimension) in the
core of this article, however we summarise here its essential features: while the action of
the Poincaré group has a trivial action along the fibres! R x M* — M* over Minkowski

'Here M* = ISSOO &’13)) is the usual Minkowski spacetime.



space, it has a non-trivial action over the extended boundary Ti* U .#3 L Spi*:

VY 1SO(1,3) ~ SO(1,3)
" =~ R3%S0(3) - H’ ~ SO(3)
~ __150(13) ~ __S0(3)
I~ R3x(R* x1S0(2)) §? R2x(R*xSO(2)) (12)
4 L 1008 ~  sou3)
Spi® =~ msoty ds® o~ SO(1,2)°

This points to the possibility of a non trivial geometrical extension of the boundary
geometry of projectively compactified order 1 Einstein metrics. We shall prove in this
article that this intuition is correct.

The article is organised as follows. In Section 2 we recall the elements of projective
tractor calculus that we will need and discuss in more details the homogeneous model
(1.1). In Section 3 we detail the different curved orbits of the corresponding holonomy
reduction, under suitable assumptions this results in a line bundle M — Q. In Section
4 we prove that the open curved orbit O is of the form R x Qp where Q¢ is canonically
endowed with an Einstein metric. We then prove, in Section 5, that as a submanifold of
Q, this is projectively compact of order 1 with boundary . In Section 6 we investigate
the induced geometry of the extended boundary ¥ — H, first as a submanifold of M — Q
and then a natural extension of H C Q. Finally, in Section 7, we discuss asymptotic
symmetries and their action on the extended boundary.
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2 Projective tractors and the homogeneous model

It should be understood that all affine connections on the tangent bundle are torsion-free.
We make extensive use of the Penrose abstract index notation [PR84]. In index

notation, tractor indices (see below) will be denoted by capital Latin letters, A, B,C' .. ...
The signature of a bilinear form will be written (¢,p): “q ‘—’s and p ‘+’s”.

2.1 Projective tractor calculus

We here review the elements of projective tractor calculus that we will need in the rest
of the article.

Let M be a manifold of dimension n+ 1 endowed with an equivalence class of projec-
tively equivalent torsion-free connections [V]. It is a standard result? that two torsion-
free affine connections V and V are projectively equivalent if and only if there is a 1-form

2See, for instance, [Kob95, Proposition 7.2]



Y, such that for any vector field &°:
Vol = Vol + To&8 + 1800,

We will use V = V + T as shorthand for this condition.
We denote by £(w) the associated vector bundle to the frame bundle P(M) deter-
mined by the 1-dimensional representation of GL;,11(R):

A |det A|7+3.

Sections of this bundle will be called projective densities of weight w. Their definition
is so that for any o € I'(€(w)) under the projective change of connection V=V + 7T,

Vo = Vo +wYo.

For any vector bundle B with base M, we will write: B(w) = B® £(w) and we will say
that sections of B(w) are of weight w.

Let G = PGL(n + 2,R) and H = (R"")* x GL(n + 1,R) the isotropy subgroup
of a given line. The class [V] determines a reduction of the second-order frame bundle
P?(M) to a H-principle bundle P, on which there is a unique normal Cartan connection
w [Car24; Kob95]; this is a normal projective geometry modeled on projective geometry
as described in [Sha97].

The standard (projective) tractor bundle, T can be defined as the associated vector
bundle to P determined by the restriction to H of the (n+2)-dimensional representation

1
of G given by: A — |det A|”»+2 A. The Cartan connection w induces a linear connection
VT onT.
The bundle 7 fits into a canonical short exact sequence of vector bundles:

0 —— &(—1) i>_7'

—Z 5 TM(~1) — 0.

.

A choice of connection in the projective class [V] provides a non-canonical isomorphism
T ~ &E(—1) @ TM(—1), described above by the non-canonical maps Y and W. When
thinking of these maps as sections of 7* ® £(—1) and T*M (1) ® T respectively, they
transform under change of connection V = V 4+ Y according to:

Va=Ya—ToZ% WA=W3+71,X4 (2.1)

Fixing a choice of connection V in the projective class, sections of the standard tractor
bundle will be written:
T ='W, + px Y,
similar expressions will be used with sections of tensor powers of the tractor bundle.
The dual tractor bundle 7* is usually identified with the first jet prolongation J'£(1)

of the weight 1 projective density bundle [BEG94]. This description has the advantage of
being more direct than the principal bundle approach outlined above, and is independent



of the projective structure. In addition, it allows for straightforward comparisons of
tractors on different manifolds; in particular, tractors in the “bulk” and on distinguished
hypersurfaces.
We also recall from [BEG94] the standard decomposition of the curvature tensor
Ry’
Rap'a = Wapa + 20(,Pyja + Bavdg,

where the Weyl tensor W is trace-free and P, is the projective Schouten tensor. It is
easily verified that:

2
nPp = Rap + Babs  Bab = _mR[ab] = —Play)s

where Ry, = Rdadb is the Ricci tensor. The tensor £, can be thought of as the curvature
tensor of the density bundle £(1).

A connection V is said to be special if it preserves a nowhere vanishing density o.
In this case [, = 0 (in particular all density bundles are flat) and we say that V is the
scale determined by o. Even when it does not preserve a nowhere vanishing density, we
will refer to a choice of connection in the class as a choice of scale.

Having fixed a projective connection V in the class, and split the short-exact se-
quence, the action of the normal Cartan connection can be summarised conveniently by
the relations:

VaXA = Wf7 vaWbB = - abX37 VaYa = Pangv V(ZZ% = _62YB' (22)

The tractor curvature, defined by, the identity 2 abC DTD =2V [, Vy T, is known to
be given in an arbitrary scale by:

QabCD =W,

a

b AW 2 — YapaXo Z (2.3)

Where: Yopg = 2V, Pyjq is the projective Cotton tensor.
A projective class [V] is said to be metric, if it admits a solution (% € T\(S%(T*M)(—2))
to the Mikes-Sinjukov metrisability equation [Mik96; Sin79]:

trace-free (VcCab> =0,

or equivalently V.(% = 26£a)\b) for some A®. Solutions of this equation have been
shown [EMO08; FG18] to be in one-to-one correspondence with tractors H4P that satisfy:

2
VeHAY + XU T = 0, (2.4)

+1
where W _.B. = 7¢Q B _ and QB is the tractor curvature. In this case HAP is of
ckE F C*%ce F ce F

the form:
HAP = (PWAWE + e xUw?) 7 xAxE,



with

2 Vo V¢ 1 b
— (2, = P 2.
n+2VC T + bC (2.5)

A= m+1)(n+2)  n+l

If V.HAB = 0, then it can be shown that Eq. (2.4) is automatically satisfied; these
solutions are said to be normal. This is equivalent to

V(™ — 2502 =0, VA" + 087 = Pu(™ =0, (2.6)

(and imply (2.5)). Normal solutions are known to correspond to Einstein metrics [CGM14;
Arm08]. If one introduces®

Eab(w)

—
ab 2
h 6a1...an+1b1...bn+1

E(n+1)(w+2)+2)

det : ho1b1  pantibnin

and*
EAB — O%®(M)

det : AB 2
H " €4gAy..Apn41B1B1.

HA0Bo  FAnt1Bni1
Bri

then det(¢)(® € £% is an Einstein metric with scalar curvature R = n(n + 1) det(H).

It will also be useful to keep in mind the following algebraic result (which we take
from [FG18]):

Lemma 2.1. If HAB is invertible of inverse ® 45 then XAXBd,p = det(H)det(()
and if det(H) = 0 then the kernel is generated by DAt with 72 = dnL_i_(lC)

2.2 The Model

We now review from Figueroa-O’Farrill and collaborators [FHPS22a] the homogeneous
model on which is based the holonomy reduction of Cartan geometry which is considered
in this article. We only give a brief outline of the results that are of interest for this
article and refer the reader to [FHPS22a] for an extensive discussion and proofs.

We will write elements of the n+1-dimensional projective space RP" ! ~ #{%
in terms of homogeneous coordinates [X] with X € R""2. Introducing a metric ® of
signature (2,n) on R"*? together with a null element I € R"*2, ®(I,I) = 0 picks a
Poincaré subgroup

ISO(1,n —1) C SL(n +2). (2.7)
stabilising both ® and I.

3¢? is the section that realises the identification (A" T'TM)®? ~ £(2(n + 2)); if M is orientable, then
it can be thought of as the square of the volume form.
“We recall from [FG18] that the projective tractor volume form is defined by

An 41

2 2 ay by bn41
€ApAy...Apy1B1By...Bpiq T EalA.AanglmanY[AoZAI-~-ZAn+1]Y[BOZBI-- Z

““Bpt1]



Since by definition the action of the Poincaré group ISO(1,n — 1) stabilises I this
defines a point-like orbit [I] in RP™™. Introducing

Moo ={X eR" 5. (X, X) =\ ®(X,I) =0, X ¢ I}
the orbit decomposition of RP™ ! under ISO(1,n — 1) is given by
RP™ ~ (UyerMa,o=1) U (M_10 L Moo U M) U[I]. (2.8)

Each of the orbits in the first continuous set is isomorphic to n-dimensional Minkowski
space:

ISO(1,n —1)
SO(l,n—1)"
The next three orbits are “extended boundaries”, respectively denoted as Ti" = M_1,

gl = Moo and Spi” = M, in [FHPS22a]. These are naturally real line bundles
over hyperbolic space, the conformal sphere and de Sitter space respectively:

VAER, My oy ~ (2.9)

"~ 150(1,n—1) 1~ SO(1,n—1)
Ti" ~  gensopen 00O HUTD O~ o=
-1 ~ ISO(1,n—1) -2 SO(1,n—1)
jn - Rnflx(R*X?SO(n—Q)) — Sn = R"*2><1(R*>:LSO(7L—2)) (210)
Spi® ~ - 500m=h o, ggn-l o SO(1,n—1)

R*T%SO(1,n—2) = SO(1,n—2)"

We now briefly recall how this orbit decomposition relates both to conformal and
projective compactifications of Minkowski space.

The action of the Poincaré group on the Klein quadric N = {[X] € RP" ™ s.t. &(X, X) =

0} gives an orbit decomposition
N ~ M)\:()ﬁzl L Mo’o L [I] (2.11)

This realises the conformal compactification of Minkowski space and was taken as the
model for the holonomy reduction studied in [Her20; Her22b; Her22a].

On the other hand, as depicted in Figure 1, RP™ !\ [I] is naturally a fibre bundle over
RP", where the projection is obtained by quotienting by I. This results in a fibration
of the orbit decomposition (also depicted, in the dimensionally reduced n = 1 case, in
Figure 2):

RPN\ [I] ~ (UxerMaro—1) U (M_19U Mool Miy)

! ! ) (2.12)

RP" o~ M" U (H"tust2udstt)

This quotient therefore realises the projective compactification of Minkowski space which
was the starting point for the holonomy reduction studied in [CGM14; CG14; FG18].

We therefore see that this extended model in a sense bridges between the conformal
and projective compactification of Minkowski space. The investigation of the corre-
sponding interplay between conformal and projective aspects in the associated curved
orbit decomposition is the subject of this article.



Rn+2 \ {RI}

/1

RP™ 1\ [1] R\ {0}

“Lines in R™12
differing from [I] ?

RN

RP"
“Planes in R™12
containing I”

Figure 1: Fibration of RP""!\ [I] over RP™ and their corresponding ambient spaces.

~ ~\ Lines of constant %

— A=®(X,X)=0

o) ). W e o=®(,X)=0

........................... PY (E(X, X) = (I)(I, X) =0

............................ . :“".-----..... Integral lineS Of I

Figure 2: Dimensionally reduced depiction of RP™™!\ [I]. The oriented lines indicate

the fibres of the projection RP™*!\ [I] — RP™; apart from those along the extended

boundary at infinity — ((iepi():ted here by a golden line — the fibres cross successive surfaces
B(X,X

of constant growing @I (ranging from —oo to +00).

3 Curved orbit decomposition

The object of this section is to study the curved picture of the previous homogenous
model. Throughout, M is a compact manifold of dimension n + 1 equipped with a
projective structure [V]. We assume that it is additionally endowed with a parallel non-



degenerate tractor HAP of signature® (2,m) corresponding to a normal of the metrisabil-
ity equation, and a nowhere vanishing parallel null-tractor I4:

V.HAP =0, VoI =0, (3.1)

with det(HAP) # 0 and I I1B® 45 = 0, where ® 4 is the pointwise inverse of HAB,
From Eq. (2.2), it is easily seen that in an arbitrary scale V the components of

I = n WA + px4,
satisfy the equations:

Ven® = —02p

3.2
Vep = Pegn® (32)

VI = (Ven® 4 6%p) WA + (Vep — Poon) XA =0 & {

We emphasise that n® € F(T]Tf (—1)) is a scale-independent quantity whilst p is not.
On top of this vector field, we also have at our disposal two distinguished densities (of
weight 1 and 2 respectively) that will be central to our development:

o= X5, (3.3)
A=® X2XE.

These will allow us to state our main result concerning the curved orbits.

3.1 Resulting curved orbits

Theorem 3.1. Let M be a (n+1)-dimensional closed manifold equipped with a projective
structure [V], a non-degenerate parallel tractor HAB of signature (2,n) and a nowhere
vanishing parallel tractor IA, such that ® sgIATP = 0 where ® o is the pointwise inverse
of HAB. Define, n®, o and \ by Egs. (3.2)~(3.4).

1. The nowhere-vanishing null parallel tractor I A determines a first decomposition of

M into two parts: .
M =M U Z(n),

where Z(n) := {x € ]\7, n® = 0} is composed of finitely many isolated points and
M is the complement.
2. The additional data of the parallel tractor HAB then provides a further decompo-
sitton
M=0UuUX (3.5)

Here O is the open submanifold such that o # 0 and (if non-empty) ¥ = Z(o) \
Z(n) is a smooth embedded hypersurface.

For definiteness, we work in this article with the physically interesting case of Lorentz signature.
However, most of our considerations are independent of this choice.

10



3. Finally, ¥ itself decomposes into further smooth submanifolds:
Y=2"uxlyxst
with ¥~ := Z(o)N{A < 0}, Tt := Z(o) N{A > 0} and X° := Z(o) N Z(A\) \ Z(n).

Overall, in summary, we have:
M=0ux ux®uxtuzmn). (3.6)

Tt should be noted that M also admits another curved orbit decomposition relative
to the data (\, HAP):

M=U UAUUT, (3.7)
where U™, A and U~ are the sets {\ < 0}, {A = 0} and {\ > 0} respectively. In
particular, it follows from [CG14; CGMI14; FG18] that A is the projective boundary
of U*. This would additionally lead to a further decomposition of @ as O L1 O° L

O™, however, this will not be our central focus because the decomposition (3.7) is not
preserved by the flow’® of the densified vector field n®. Rather we have:

Theorem 3.2. The flow of n® preserves the decomposition (3.6). Furthermore, the
quotient Qo of O by this flow is a n-dimensional manifold.

If we assume that the quotient Q of M = ]T/f\ Z(n) is a manifold we obtain the
decomposition

X
= 0 U (Zuxluxh

M
L] 1
Q Qo U (H uH'uH™)

12

generalising (2.12) in our curved setting.

Our present goal is to identify the geometric structures of each part and the rela-
tionships between them when they are all (save possibly Z(n)) non-empty.

3.2 Derivation of Theorem 3.1

We recall that the Thomas D-operator is defined by the following equation in an arbitrary
scale:

DAT? =V ,T% 7% + wT?Y,. (3.8)

Where T% is a section of an arbitrary bundle with tractor indices, of weight w; note
that D4 reduces weight by 1. The following lemma will be useful:

5in the sense described in Section 3.3

11



Lemma 3.1. Let HAB T4 be the parallel tractors (see Eq. (3.1)) introduced at the be-
ginning of Section 3 and o, \ the densities defined by Eqs.(3.3) and (3.4), then:

I = H*8 Dpo, (3.9)
5 1
P X” = §DA>\, (3.10)
1
®ap = 5DaDp). (3.11)

Proof. In any scale, the identity tractor satisfies:
op =WAZLS? + XAYp = DpX™.
Since the Thomas D operator satisfies the Leibniz rule, we have:
Do =Da®pcIPXY + ®pcDAIP XY + ®pcIPDyXxC

However, ® and I are weightless parallel tractors, so, by definition of the Thomas D
operator, Da®pc = 0 and D4IP = 0. Thus:

Do = ®pgul®.

Multiplying by HAE leads to the first equation.
In a similar fashion:

D)\ =280 (D XB)XC =20 4 XC¢
Applying Dp once more to this equation gives the last identity. O
We use this to prove the first elementary decomposition of the manifold M.

Proposition 3.1. For any connection V in the projective class ¥ N Z(V o) = 0. Con-
sequently, when non-empty, ¥ is a smooth hypersurface of M.

Proof. From (3.9), we see that on Z(0) N Z(V.0) we must have:
0=Dyo =dapI".

Since by assumption, ® 45 is non-degenerate this implies IZ = 0 at such points. The
result follows as we assume I” non-vanishing. O

The hypersurface ¥ will be interpreted as points at infinity of the region {o # 0};
this is justified by:

Proposition 3.2. Let Or = {£o > 0}, then the scale V° determined by o on O4 is
projectively compact of order one and O+ U X is a projective compactification of O.

Proof. This is a direct consequence of [FG18, Proposition 2.4]. O

12



We recall from [CG14, Proposition 2.3] that in this case the points are indeed “at
infinity” with respect to the (parametrised) geodesics of V7, they cannot be reached for
a finite value of the affine parameter.

Whilst the decomposition of @ associated with HAP and the density X\ studied
in [FG18] is not of direct interest to us, the set Z(o) N Z(\) is an important region.
Ideally, we would like it to be a codimension 2 submanifold of M , the following propo-
sition studies some possible singular points.

Proposition 3.3. Recall that I defines a weight —1 vector field n® = fo‘IA. The set
of points Z(n), or equivalently points at which I o< X, is composed of isolated points that
lie in Z(\) N Z(0). Since M is compact Z(n) is finite.

Proof. We introduce an arbitrary scale V, and recall that I4 = pX4 + naZ{;‘. Thus n
vanishes exactly at points where I o« X.

Since [ is null, and by definition of o, when I =« X it follows that we have both
A= D XAXE & ®pIATP =0 and 0 = PapXAIP x 4pXAXP = 0. So Z(n) C
Z(A) N Z(0). Let us prove that these are isolated points.

Using Eq. (2.2) we see that:

Vyn® = Vy(I1Z%) = =68V AIA = —52p.

Since I is nowhere vanishing, p does not vanish on Z(n) and for any vector field v* that
does not vanish on Z(n), we must have: v*Vyn® = pv® # 0 therefore Z(n) consists of
isolated points. ]

The following justifies the introduction of Z(n):

Proposition 3.4. Let X° be the relative complement of Z(n) in Z(c) N Z(N\), then X°
18 a smooth submanifold of M with codimension 2.

Proof. From Egs. (3.9) and (3.10) one has Dy = 2® 45X ? and Do = ®45I"%. When
evaluated at points of Z(o) N Z(A) these give

20,45XB =0V, 4+ VoA Z4 PpIP =0Y 4 Voo Z4. (3.12)

To conclude the proof we need to show that there are no points of X° where V,\ o< V0.
However, at such points we would have for some density f:

2045X5 + fOpIP = 0. (3.13)

Since ® 4 is invertible by hypothesis, this would mean 2X 2 + fI® = 0 which is excluded
by definition of %°. O
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3.3 Derivation of Theorem 3.2
We will first need the following

Lemma 3.2. In a generic scale V, one has

n'Vao = —po (3.14)
NV =20 — 2X\p (3.15)

Proof. Since I is null, it follows from Eq. (3.9) that: 14D 0 = 0. In a generic scale V
we have:
I =n*WA + pXA, Dpo = oY+ Va8,

and therefore
IAD o0 = nV,o + po = 0.

Similarly from Eq. (3.10), and by definition of o, we have:
20 = IPDpA = n%V ) + 2pA.
O

The weight —1 vector field n* determines a distinguished family of unparametrised
curves on M. These are precisely the integral curves of any vector field N obtained
from n® by multiplying by a nowhere vanishing density v of weight 1 on M; only the
parametrisation depends on the choice of v. Since M is compact, any choice of N*
leads to a complete vector field on M which restricts to a complete vector field on M.
Lemma 3.2 shows that n® is tangent to the submanifolds ¥ and X9 from which it follows
immediately:

Corollary 3.1. For any choice of nowhere vanishing density v of weight 1 on M, the
action of (R, +) given by the global flow of the vector field N = vn on N, preserves the
decomposition (3.6).

Definition 3.1. Define Q to be the quotient space M/R, equipped with the quotient
topology, where the action of R is provided by the flow of any N = vn and v is a
nowhere vanishing scale on M that has a smooth extension to M.

Let m : M — Q be the natural projection, we define the distinguished open subset
Qo =m(O) of Q (m is an open map). Since O is stable under the action of R this can
also be defined as the quotient space O/R where the action of R is that of the flow of
N9 = on equipped with the quotient topology.

We will now show that Qp has a natural manifold structure.

Theorem 3.3. Let m : O — Qp be the canonical projection. Then there is a unique
smooth structure on Qo such that w has the structure of a (right) R-principal fibre
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bundle. The zero set of the function | := 072X : O — R defines a global section and
yields a preferred global diffeomorphism

0O ~ RXQO
z = (gla),7(2))

In particular, w, = %Val 18 a canonical principal connection.

Proof of Theorem 3.3. We apply the characterisation of principle fibre bundles [Sha97,
Theorem 4.2.4]. It suffices to show that action is free and proper. We shall work in the
distinguished scale determined by o on ©. We define I = o2, and let v denote an
arbitrary integral curve of N = on, then Eq. (4.5) leads to:

d a
SAGD) = (Nl =2 (3.16)
It follows that [ = 2t + [y along the curve N, consequently [ is strictly monotonous and

unbounded along such a curve. Thus the action is:

e free: the isotropy subgroup of any point x is either R (i.e. V¢t € R, ¢ (z) = )
or T7Z for some T € R. The first case is excluded as n* does not vanish on O. If
it was of the form TZ with T' > 0 then the curve t — ¢ () would be periodic,
but this is excluded because [ is strictly monotonous along such a curve. Hence,
T=0.

e proper: Let K be a compact subset of M \ X, then, [, being continuous, is bounded
above and below on K say: Vo € K,m <l[(x) < M. Let z € K, then:

Wl (x)) = 2t + I(z) > 2t +m.

So for any z € K, when t > (M=21) ¢N (1) has definitively left K. This implies
that {t € R,tK N K # (0} is compact.

Finally, Eq. (3.16) implies that 3I(¢{ (p)) = 3{(p) + ¢, which shows that 1 provides a
canonical trivialisation of O. O

Remark 3.1. For future computations it will be useful to note that IV is by definition
a fundamental vector field on O. Recall that if P is a principal G bundle then the
fundamental vector fields X* associated with X € g is defined at p € P by

. d
4= S (pexp(XD)

I

t=0

in the simple case we consider of the abelian Lie algebra R, the exponential map satisfies
exp(1t) =t therefore:

= N,.

_d N
= dtd)t (z) o

15



It is not clear that Q itself can be equipped with a smooth structure, as the behaviour
of n near ¥ (to which it is tangent) is unclear. However, to simplify our discussion we
shall make the assumption that Q can be equipped with a smooth structure such that

7 : M — Q is a fibre bundle with fibre R.
We conclude this section by recording the following useful result.

Lemma 3.3. Let v be any nowhere vanishing scale and N* = vn®, g*® = 12¢% then
Lang® = 2NN 4 2599, (3.17)
where \* and p are respectively defined by equations (2.6) and (3.2).
Proof. For any vector field X, we have the identity
Lxg™ = Vxg® — 2V, X (gD
Taking X* = N® and making use of (2.6) and (3.2) one obtains

Lng™ = 2N\ 1 2pg%, (3.18)

4 Geometry of the open orbit O

In this section we restrict ourselves to the curved orbit O on which ¢ is nowhere vanishing.
We can therefore form the undensitised bi-vector, vector field and function

ab _ 52 cab N =on® [ =02\ 4.1
g )

The scale V determined by o (i.e. such that Vo = 0) has the following important
properties:

Lemma 4.1. In the scale V determined by Vo = 0, we have:

Ven® = —6%p =0, (4.2)
An® = —%acabva, (4.3)
V(% = —20715nY. (4.4)

Proof. Equations (4.2) follows from Egs. (3.2), (3.9), I? = 0 and the definition of the
scale:
p=TIY,=I%0"'Dyo) =0 1? =0.

To prove the second relation (4.3) we remark that from Eq. (3.10) one has: X4 =
%HABDB)\. Contracting with Z4 then gives

1 1 1
0= *ZXHABDB)\ — 7gabvb)\ + Zféll HABYB A = 7<abvb)\ + O'_lna)\,
2 2 ——— 2

O'ilHABDBO'
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where we have used Eq. (3.9). Finally, the last relation (4.4) comes from:
V™ =V ZGHAB 2 = 52V HAP 28 — 22 HAPYp = —20~15("n").
O

Remark 4.1. Since o is covariantly constant for the connection V, Eqgs. (4.2),(4.3),
and (4.4) translate directly in terms of the quantities g, N, f:

1
V.N®=0, N®= —51—1gabvbz, Veg™ = —26NY).

Equation (4.2) means that the integral lines of N are geodesically parametrised for
V. In fact, combining this with Lemma 3.2, one sees that

NVl =2 (4.5)

in other terms [ coincides with this parametrisation. This however fails to be a gradient
flow for g?: Eq. (4.3) recovers that g? is degenerate along I = 0, and one rather has
N = —1g°(171V,l). The last identity (4.4) is crucial to derive the following canonical
form:

Proposition 4.1. .
g% = —IN®N? 4 pob (4.6)

where h®V,l = 0 and Lyh® = 0.
Proof. We recall from Lemma 3.3 that in a generic scale v

Lng® = 2NN 4 2pg% (4.7)

where A% is defined by the relation V(% — 25£a)\b) = 0. When evaluated in the scale o
this becomes, by making use of (4.2) and (4.4),

Lng® = —2N°N®. (4.8)
Since NVl = 2, this is equivalent to £y (g% +IN*N®) = 0 and therefore one can write
g% = —IN®N? + h®* (4.9)

with £yh® = 0. We conclude by computing R\,

hVyl = gVl 4+ IN NV, (4.10)
= —2IN® 4+ 2IN® =0 (4.11)
where we made use of (4.3). O

Using Lemma 4.1 we have:
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Proposition 4.2. At points of © where g is invertible, the corresponding metric is
Ricci-flat.

Remark 4.2. Note that the Ricci flat metric 02¢® of this proposition differs from the
Einstein metric with a non-vanishing scalar curvature A(® that is given by the projective
compactification of order 2 as in [CGM14].

Proof. Calculating in the scale V,
0= Dpl? = D(HA“ Dco) = HA° Dp(oYe),
since HA4P is non-degenerate we conclude that Dp(cYc) = 0, therefore,
0= Dg(cYe) = (Dpo)Ye + o(DpYe) = 0Py 2% ZE,,

hence, on O, P,. = 0. .
Define, when [ # 0, a torsion-free connection V by:

Vet = Vel + Nbgeaé?, (4.12)

for any vector field ¢°.
Remark 4.3. Note that this is not a projective change of connection.

It is straightforward to check that V is the Levi-Civita connection of g. Let us
calculate the Ricci tensor Ry, of V with respect to that of V which we denote by Rgp.
In fact, Ry, vanishes since o is a special scale and Ry, = (n — 1) P, = 0. We have:

- 1 1 1
Rab = Rab + chcgab +§varb - iTaTb - 5 (NCTC) Gab (413)
= ir,7, 20221
Thus: 1 ]
Rap = 5Va Yo+ 1 LaTp — X gap (4.14)

where we have introduced: T = A"V \. Using HAB® o = §4 and Equation (3.11) one
finds that:

1 1 1 1
A oPga = = <A—1vam - 2/\_2Va)\vb/\> =3 <VaTb + QTaTb> ,

2

which shows that: }
R, = 0.

O

Proposition 4.1 suggests that hab might induce a smooth tensor on the quotient Qo
of O by the integral lines of N®. In turn, Eqs (4.4) and (4.12) suggest that the connection
V factors to the quotient and this factorisation will yield the Levi-Civita connection of
such a tensor field; the following results confirm this intuition.
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Proposition 4.3. ¢® induces a bilinear form h® on Qp which is everywhere non-
degenerate.

Proof. Let a, 8 be 1-form fields on Q¢ and consider the smooth function on O defined
by g(m*a,7*3), Lemma 4.1 implies that g(7*a, 7*5) = B(W*a,ﬂ*ﬁ) is constant on the
fibres of O — Qp and so factorises to a well-defined smooth map on Q», that we denote
by h(a, 3). Tt is clearly symmetric and tensorial so determines a bilinear form on T* Q.

Now (¢ is degenerate exactly at points where A = 0 and so g* = 02¢? is invertible
at any point where | = 02\ # 0. However, at any point of O, one has the decomposition
T*O = Span(V,l) @ 7*(T*Qp) and by Lemma 4.1 the corresponding decomposition of
g% is diag(—1, h®). Therefore ¢* can only be invertible at points where [ # 0 if h%
is. O

Proposition 4.4. The connection V is invariant under the flow of N.

Proof. First we consider instead the principal connection e determined by V on the frame
bundle P}(0). The l-parameter group of diffeomorphisms generated by N induces a
I-parameter group of diffeomorphisms on P'(Q). Since N is parallel, the infinitesi-
mal generator N of the induced 1-parameter group of diffeomorphisms’ is precisely the
horizontal lift of N with respect to the principal connection . This can be seen, for
instance, by a swift computation in a canonical coordinate system of P(0). Since the
Lie derivative satisfies the Leibniz rule we have:

(Lga)(X) = N(a(X)) - a([N, X]).

fFX=X*Xe gl(n+ 1,R) is a fundamental vector field, this vanishes entirely; indeed:
a(X™*) = X is constant and the Lie bracket between a fundamental field and a horizontal
vector field vanishes. Hence, £ga is a horizontal and equivariant gl(n + 1,R) valued
1-form. In fact, restricting to the case where X is horizontal ((X) = 0), we see that it

reduces to
(Lza)(X) = —a([N, X)) = Q(N, X),

where € is the curvature 2-form. It follows that we should compute: N*R ;.
Using Lemma 4.1, we see that although V is not the Levi-Civita connection of g,
it does satisfy: V4V.¢* = 0, which leads to the following symmetry of the curvature

tensor:
abed abdc
R = —R"%°,

where all indices are raised with g?®. This implies that R*°? has all the symmetries of
the curvature tensor of the Levi-Civita connection of a metric. In particular, at points
where [ # 0,

1 1
NaRabcd — —il_lvalR“de — il_lvalRCdba — —RCdbaNa.

"This is also referred to as the complete or natural lift of N, see for instance [CL83].

19



However, since N is parallel, we must have: R ;N 4 = 0, thus at points where [ # 0
(at which g% is non-degenerate):

NaRade == 0,

but these points are dense in O, so the above identity extends to O by continuity.
Consequently:
L N& = 0.

O]

Before we state the immediate corollary, we first record a consequence of the final
steps of our computation:

Lemma 4.2. At every point of M :
naWab cd =0

Proof. Both the Weyl tensor W, ¢, and n® are projectively invariant, hence this is a
projectively invariant statement and it suffices to check in one particular scale. On O, o
is a scale and we have seen above that the Riemann tensor of the connection V7 satisfies:

NaRabcd = UnaRade == 0,

therefore n®R_;°; = 0 where o # 0. However, we saw in the proof of Proposition 4.2
that Py = 0 in this special scale, i.e. B4 = 0 too. Hence: R ¢, = W, ¢ and thus the

a

result holds on O, since O is dense in M it extends to M by continuity. O
The immediate corollary of Proposition 4.4 is that :
Corollary 4.1. V induces a torsion-free connection V on the quotient Qp.

Proof. Let X,Y be vector fields on Qp, and X,Y their horizontal lifts to vector fields
O using the principal connection w in Theorem 3.3 and define:

vXY = Ty (VY?)

By the previous proposition, this is independent of choice on the fibre and so is a well-
defined vector field on (). This is clearly linear in X and satisfies the Leibniz rule in Y
and therefore is a connection. It is torsion-free as:

VyX = V3V =1 (VxY = VyX) = . ([X,Y]) = [ (X), m(Y)] = [X, Y],
by naturality of the pushforward. O

Proposition 4.5. The induced connection V on Qo is the Levi-Civita connection of
the form h defined in Proposition J.3; furthermore the Lorentzian geometry (Q, hqp) is
Ricci-flat.

20



Proof. If X is a vector field on Qp, X its horizontal lift to a vector field on O, and a, 3
are 1-forms on Qp, then at every point x € O we have:

(Vxh)(a, B)(m(x)) = Vxg(n*o, 7" B) ()
—(m"a)(N) (7" B)(X) () — (7" B)(N) (7" ) (X)
= 0.

This shows that V is the Levi-Civita connection for h.
Now, if X,Y and Z are vector fields on Qp and X,Y, Z their horizontal lifts to O
then, noting that V,I[X,Y]* = 0, and using that N is parallel for V, we have:

R(X,Y)Z = m(R(X,Y)Z).

If (E;) is an arbitrary local frame of TQe then lifting them horizontally to fields on
O, we obtain a local frame (E;, N) of TM, with dual frame: (w?, %dl). Now:

Ric(Y, Z) Zw (E;,Y)Z) + dl( Zw (E;,Y)Z).

By deﬁnltlon w'(E;) = 5” w'(N) = 0 therefore: Lyw'(E;) = —w'([N, E;]) = 0. Thus,
the w are the pullbacks of a local frame @' of Qp and it follows that:

0 = Ric(Y, Z) = Ric(Y, Z).
We can also check this in terms of the global trivialisation given in Theorem 3.3:

TO — Span(N) & T Qo
v (30l N 0Vt

the decomposition of the tangent bundle given by I. At any point where A # 0 the
inverse of g% is, in this decomposition,

_% 0
Jab = ( 0 hW> . (4.16)

The local connection form of the Levi-Civita connection in coordinates (z° = %l,x“)
adapted the global trivialisation is then given by

(W%)e = Ve a1 0 +var (00 (4.17)
]C C 0 0 C 0 ,_Y;)/LV

where 5, are the Christoffel symbols of the Levi-Civita connection of h. The local
curvature form is

(4.15)

; 0 0
i — P o
(F"j)ea = Vea’ ANV gz (O RH”J) (4.18)
where R¥,,, is the Riemann tensor of h. Since by Proposition 4.2 g4, is Ricci-flat it
immediately follows that hg, is also. ]
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5 Geometry of Q

We recall that M := M\ Z(n) and assume, as in Theorem 3.2, that its quotient Q by
the flow of n® can be equipped with a smooth manifold structure. It then decomposes
as

Q=QoUH UHUHT. (5.1)

From the previous section, in particular Proposition 4.3 and Proposition 4.5, we
learned that Qg is equipped with a Ricci flat Lorentzian metric. We will now show that
this metric is projectively compact of order 1 with H~ UH? UH™T forming the projective
boundary.

In order to prove this we will proceed in 3 steps. First, we will discuss how to identify
densities and tractor bundles on ) with subbundles of bundles on M via pullback.
This first step can be thought as an infinitesimal version of the relations between the
homogeneous models as in Figure 1. In particular, since H4P and I are covariantly
constant on the whole of M they will define corresponding tractor fields H4? and I4 on
Q. As a result of the quotient by I which is necessary for the identification, H4? then
is degenerate of kernel I4. Secondly, we will show that the projective tractor connection
V of M induces a normal projective tractor connection V on Q and that V. HAB = 0,
V.I4 = 0. This will imply by [CG14; FG18] that Q is equipped with a Ricci flat metric
projectively compact of order 1. Finally we will show that on Qp this metric coincides
with the Ricci flat metric resulting from the previous section.

5.1 Densities and tractors of O

We will first show how to relate densities on M with densities on Q. Extending this at
the level of 1-jets will yield the corresponding identification between projective tractors
Tar on M with projective tractors Tg of Q.

5.1.1 Densities on Q

In the sequel, we shall assume that the flow of n® € T (TM(—1)) on M := M \ Z(n)
defines a fibre bundle
T M — Q (5.2)

with fibres given by the integral lines, and general fibre R.
Let Ey(w) and Eg(w) be projective densities of M and Q respectively.

Proposition 5.1. There is a canonical isomorphism
7 Eo(w) =~ Epr(w). (5.3)

Proof. By definition of projective densities (see Section 2.1), the bundle £y (w) is canon-
w 1

ically isomorphic to (Vol(M))™ "#2 where Vol(M) = (A""'T*M @ A"'T*M)2 is the

bundle of volume densities of M.
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Therefore, there always exists a canonical nowhere vanishing section 53 b b
1---Gn+41,01...0n41

of [(A"MT*M) @ (A"T1T*M)](2(n + 2)) realising the canonical isomorphism
521__,an+17b1,_,bn+1 C Ev(=2(n+2)) ~ AMFIT*M @ AMHIT*M (5.4)

We will note TM/n the fibre bundle over M = M \ Z(n) obtained by taking the point-
wise quotient of T'M by the span of sn® where s is any “true scale”, i.e. nowhere vanishing
density of weight 1; the quotient is independent of the choice of s. By construction, the
annihilator N* of n® in T*M is identified with (T'M/n)* as well as with the pull-back
bundle 7*(T*Q). It follows that:

Vay..an,bi..bn = Egal...an,bbl...bnnanbv (5.5)

is identified with a nowhere vanishing section of 7* (A”T*Q ® A”T*Q) ® Enm (2(n + 1))
and thus realises an isomorphism

Ev(—2(n+1)) =" (A"T*Q ® A"T*Q) ~ 1" Eq(—2(n + 1)). (5.6)

Taking roots yields the desired isomorphism for arbitrary weights w. O

This identification enables us to construct a natural differential operator on projective
densities of M. Indeed, the action of the Lie derivative on 7* (A”T*Q ® A”T*Q) along
n® induces a differential operator D,, on Ey(w) by closing the following commutative
diagram:

7 (APT*Q ® APT*Q) 20—y o (APT*Q @ APT*Q) ™ 20D (—1)

! !

EM(w) *************************** 14 EM(w—l).

Figure 3: Defining diagram of D,

Proposition 5.2. The maps appearing in the commutative diagram in Figure 3 are well
defined linear differential operators of order 1. In a given projective scale, we have

D, : EM(QU) — SM(w—l)

T — (Vi +wp)T (5.7)

where p 1= —n#“vana = Y, T4,

Proof. Let s be an arbitrary non-vanishing density of weight 1 on M, and X% = sn®.
Since m*(A"T*Q) can be identified with n-forms on M that vanish whenever at least one
of its arguments is a vertical vector, we can apply the Lie derivative in the usual sense.
Let V be the scale determined by s in the projective class then for any a € 7*(A"T*Q):

Lxa=X.da=Vxa—nspa=s(n*V,a—npa),
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where we recall Vyn® = —pdy'. Since this is proportional to the scale s, we see that this
yields a well-defined linear operator £, : 7*(A"T*Q) — 7*(A"T*Q)(—1). According to
the commutative diagram in Figure 3, to define D,, on densities of weight —2(n+ 1), we
must set:
Dyt =v L, (v7) = v (V,(vr) — 2nprT)
= v WVt — 2p0T — 2npvT)
= Vo —2(n+ 1)pr.

where v is a short-hand notation for the section (5.5). Eq. (5.7) follows for densities of
arbitrary weight w. O

Proposition 5.1 allows us to identify projective densities Eyr(w) on M with pullbacks
of densities on Q. Since sections 7 of 7*Eg(w) which are the pullback 7 = 7*7 of sections
of Eg(w) are precisely those with vanishing Lie derivative in the direction n* we obtain,
from the commutative diagram 3, the following characterisation of densities on Q:

Proposition 5.3. Densities T of weight w on Q are canonically identified with densities
(of weight w) T on M satisfying Dy = 0:

D,r=0, 7eT(Em(w)) & T =T, TeT(Eg(w)). (5.8)

In the righthand side of the above equivalence, and throughout the following sections
of this article, we abuse notation and use the isomorphism (5.3) to identify sections of
Env(w) and 7y (Eg(w)), i.e. we will think of 7*7 as a section of &y (w).

Remark 5.1. This shows that when Q can be equipped with a smooth manifold structure,
there is a nowhere vanishing density s of weight 1 on M such that p = Y4I4 = 0 in
the scale V. Indeed, let 5 be a nowhere vanishing scale on Q; we have shown that this
corresponds to a nowhere vanishing density s = 7*§ such that 14D 4s = 0, writing this
last equation in the scale determined by s shows that sp =0 = p = 0.

The above remark motivates the following definition:

Definition 5.1. A nowhere vanishing 1-density on M that satisfies D,v = 0 will be
called an adapted scale on M.

These scales are useful as they guarantee the most compatibility between the struc-
tures on M and Q; we record below of their some fundamental properties.

Lemma 5.1. Let s be an adapted scale on M, and V the scale it determines in the
projective class. Then:

p=YaI* =0, Puyn®=0, V.n’=0. (5.9)

Using their characterisation and Eq. (3.2), we can immediately identify some impor-
tant adapted scales on O and ¥ \ {\ = 0}:

Corollary 5.1.
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o The density o := HAB X 41 on M induces a weight 1 density & on

Q=0pUH UH UHT
——
H

such that o(x) = 0 & x € H = X/R; in particular it is a boundary defining
function for H.

o The density A := H*BX,Xp on M induces a weight 2 density \, on
H=H UH'UN"
such that M(z) =0 < z € HO.

5.1.2 Tractors of O

In the previous subsection we established an equivalence (5.8) between densities on Q
and densities on M which are in the kernel of (5.7). In this section we will extend
this equivalence to the corresponding tractor bundles Ty = (J IEM(l))* — M and

To = (Jlgg(l))* — 0.

Proposition 5.4. The isomorphism of Proposition 5.1 extends at the level of 1-jet and
yields the canonical isomorphisms

Proof. As we have seen, any section 7 of £y/(1) that satisfies D,,7 = 0, arises as 7*T
for some section 7 of £o(1). Now 0 = D, 7 = I4D47 so that at each point p € M,
Darisin I;). Consider the map DaT — 7*DaT. By construction, D ATy, only depends
on the 1-jet of 7 at 7(p), and similarly for D47 at p, therefore this defines a vector
bundle morphism I° — 773, which is injective in the fibres. Since they have the same
dimension this is a vector bundle isomorphism. The other isomorphism is obtained by
duality. O

Working in adapted scales (see Definition 5.1), we can determine an analogue of Propo-
sition 5.3 that tells us when a section of I° C Ty arises as a pullback of a section of 75.
First, let us point out that the splitting sections Y are W determined by a connection
V in a projective class in fact only depend on the connection V induces on the density
bundle £(1). Therefore, one can define Y and W even in the absence of a projective
structure by simply choosing a connection on £(1). In particular, for every nowhere
vanishing density v, there is always a connection on £(1) for which it is parallel.

Corollary 5.2. A co-tractor field V4 on M can be written as the pullback V4 = 7*Vy
of a tractor field V4 on Q if and only if:

n*V,V4 =0 and IV, = 0.
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Let v = w*D be an adapted scale on M, by the preceding remark, v and v determine re-
spectively connections on Eo(1), Ear(1) and splitting operators Y ,W and Y, W on® (Tg)*
and (Tar)*; this is summarised by Figure 4. Using these connections to simultaneously
split Tar and Tg, the sections

VA = £YA + /-LCZfAv VA = E?A + ﬂCZfZD
of (Tar)* and (Tg)* are identified via the relations 7€ = & and T i = p.

Proof. Writing out the conditions on Vy in terms of its components in a generic scale
we have:

Vi€ = n%a,

(5.11)
Vitta +n*Pepé = 0.

TAVA =04 e+ Ep =0, VnVA:0<:>{

Working in an adapted scale and making use of Lemma 5.1, the above equations become
equivalent to requiring that each components £ and p are the pullback of corresponding
fields € and i on Q. Now, by construction, the isomorphism of Proposition 5.4 maps
Dav = vY, to Dav = v Y. It follows that Y4 — £Y4 and then by linearity: V4 —
fYA — VA — EYA O

- ~
"4 x 7a N %4 _ N

w7 *
0 —— PT*Q(l) — A Ty X%, re5(1) —— 0

| ] ]
Z4% A
0 —— n° CT*M(1) —25 I° C Ty —— En(1) —— 0
F\ // F\ //
e Ya=s~'Das
IA:Wl{‘na

Figure 4: Compatible splittings in adapted scales

5.2 The projective structure and the tractor connection of Q
5.2.1 The induced projective structure on Q

We have already established in Proposition 4.4 that the projective structure of M induces
a projective structure on Qu; we now extend this to all of O.

Proposition 5.5. Each adapted scale s determines a connection V® on Q. Furthermore,
all such connections belong to the same projective structure.

80mne has Yal4 = v ' I D v = v~ 1D, v = 0 and these are thus splitting operators on It C T;.
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Proof. Let s be an adapted scale and let us consider the connection V it determines in
the projective class. As in the proof of Proposition 4.4, we can evaluate the Lie derivative
of the connection. It follows from Lemma 5.1 and Lemma 4.2 that:

(‘CNSVS)I?C = (Ns)apbc’

Let 3 be a 1-form on Q, and Z a vector field on Q to vector fields on M. Locally lift Z
to a vector field Z on M with the property that V,Z = 0 and set:

TV5a = Vz(7*B).

To check that the definition make sense we must prove that right-hand side is indepen-
dent of the lift and can be written as the pullback of a form on Q. First note that
Vs (m*8) = 0, hence, two such lifts differ by a vector that is proportional to N¥, the
formula, if well-defined, is independent of the choice of lift. Second:

LnsVz(1°B) = Vns z)(7"B) + 7B (LnsV(Z,+)) + VzLNsT B = 0,

whilst (V;7*8)(N?®) = 0, showing that the connection is well-defined.
If 571 is another adapted scale then

Vi =V — 5 'Vs =V~ IV,
where f = s157'. As D, 51 = D,s = 0 it follows that f = 7*f and % = 7r*d7f, so that:

VT B =V B =f" ldf(ﬂ B)(2) + frAf(Z)m B
= (0" /)7l f)r*(B(2)) + (=" )~ A7 F)(Z)n" B

7 (fHAfB(Z)) + (x* )~ m* (df)(Z)m" B
m (f1afB(2) + 1 1(2)8).
Therefore all connections constructed in this manner are projectively related. O

The following is an immediate consequence of the definition the connection:

Proposition 5.6. If s = 7*5 is an adapted scale then the curvature tensors R and R of
V?® and V*® satisfy:

(U R(X,Y)(-)) = (7"a) (R(X,Y)(-)),

for every 1-form a and vector fields X,Y, on Q and X,Y are arbitrary lifts of X,Y
respectively that satisfy V,X = V,Y = 0.

Corollary 5.3. Let s = 7*5 be an adapted scale then for any vector fields Y, Z on Q
we have:
™(P(Y,Z2)) = P(Y,2),

where P and P are the Schouten tensors of V® and V* respectively and Y and Z are
lifts of Y, Z such that V,,Y =V, Z = 0.
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Proof. Tt follows immediately from the above that:
™(R(Y,Z)= R(Y,Z) —P(Y,Z)=(n—-2)P(Y,Z).
I
(n—1)P(Y,Z)

Since the Schouten tensor P is symmetric (V? is special) it follows that the Ricci tensor R
is symmetric (therefore we recover that V* is special), and so R(Y,Z) = (n—2)P(Y, Z)
O

Corollary 5.4. For any adapted scale s = 7*5: V5 = 0.

Proof. Let v = s~ (2712) — r* By definition, we have 5~ (2712 = . These densities are
identified with sections of (A"T*Q)®?2, we can apply the definition of V and the Leibniz
rule to see that:

W*vyﬂ =Vyrn*v =Vyr =0.

5.2.2 The induced tractor connection on Q
The aim of this section is to show that the projective structures fit together nicely.

Proposition 5.7. The tractor connection on Ty, induces a connection on I° and a
connection V on the bundle T5.

Proof. Since I is parallel if T4V, = 0 then 14V, V4 = 0, so V restricts to a connection
on I°. To define a connection on T3, let Z be a vector field on @ and let Z be any local
lift of Z to M that satisfies V,,Z = 0. Let ¢ : 7*Tg — I° denote the bundle morphism
established in the previous section and set:

V5V = ¢V 26(7*V).

This is independent on the choice of lift Z as any other lift Z’ is such that (Z — Z’) xn
and V,¢(m*V) = 0. This second identity can be seen using an adapted scale in which
the components & and . of ¢(7*V) must satisfy V,§& = 0, V,u. = 0 and pe.n® = 0.
Since in adapted scales P,yn® = 0, this means precisely that the tractor is covariantly
constant in the direction of n. It remains to check that V,Vz¢(m*V) = 0 so that the
right-hand side is indeed a pullback section.

For any choice of adapted scale v, setting N = vn, we have the identity for cotractors
Va:

VN(VZVA) = V2(VNVa) = [Z, NV, Va4 — N°Z°Q,, P 4 V5 (5.12)

Using this with V' = ¢(7*V') and our assumption on the lift:
VN (VzVa) = =N°Z°Q,, P 4 V5. (5.13)
The vanishing of this last term, concluding the proof, will be given by the following

Lemma:
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Lemma 5.2.
nQus = 0. (5.14)

Proof. The tractor curvature is a projectively invariant tensor which, in any given scale,
is, by Eq. (2.3), completely parametrised by the (projective) Weyl and (projective)
Cotton tensors. Evaluating their contraction with n® in the scale o one sees from (4.18),
(4.17) that their contraction with n® always vanishes. This extends to the points where
o = 0 by continuity. O

It follows that V y(VzVa4) vanishes and V is well-defined. ]
Proposition 5.8.

1. HAB induces a parallel section HAB on Q. It is a symmetric pairing of rank n — 1
on T3.

2. 14 = Do induces a parallel section I5 of 75 and I4 is in the radical of HAB.

3. jA = Dyo.

Proof. 1. Let HAB denote the induced metric in I°, let V4, Wg be sections of 75
that we can pullback an identify with sections V4, W of I° that satisfy, V,,V4 =
V,.Wg = 0. Since HAB is parallel it follows that HABV,Wp is constant along the
fibres of M — Q; this can this be used as the definition of H4Z. To show that
HAB is parallel observe that we have the scalar identity:

Va(HABVAWE) = Vo (HAPV, W) — HABV, VaWg — HABVLV W,
which, by definition of V and HA4B, must pull back to the identity:
Vo(HABV W) = V,HABV W — HAPV VAW — HAPV,V ,Wg = 0.
In the above we have defined”: V4 = 7V and Wy = 7*Wpg.

2. This follows from the fact that V.Da4o = 0 and [4Ds0 = ®aplAIB = 0. Tt is
immediate from the definition of V that I is parallel for V.
O

Proposition 5.9. The connection V on T4 is the Cartan normal connection associated
to the projective class of [V*®] where s is any adapted scale.

Proof. Choose a fixed adapted scale s and introduce the splittings of 7;; and 725 as in
Corollary 5.2. Let V4 = {Y a4+ 1.2 be a section of Té“, we have from the aforementioned
Corollary that:

Va=mVa=EYa+ pcZy

9We omit, by abuse of notation, the bundle isomorphism
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where ¢ = 7*¢ and u = 7*u. Let Z be a vector field on Q and Z a lift to M such that
VnZ =0, then:

VzVa = (Vz& = w(Z))Ya+ (Vzue+ P(Z,—)£) Z¢.

By definition of the connection V, the Leibniz rule and Corollary 5.3 we have:

{vzs — w(Z) =7 (Vz€ — 1(2))

Hence, using again Corollary 5.2, it follows that:

@CVA = (@céT - ﬂC)YA + (?cﬂa + Pca)Z,Cq-

5.2.3 Projective compactification of order 1

It now follows from Proposition 5.8 and Proposition 5.9 that Q is equipped with a normal
solution to the metrisability equation of rank n—1 whose geometry is therefore described
by [FG18, Theorem 3.14]:

Theorem 5.1. Let g% = ¢ 2HABZ52% on QN {6 # 0}. Then the restriction of
gab to QN {xT > 0} is projectively compact (Ricci-flat) Einstein metric of order 1 and
QN{xa > 0} is a projective compactification with projective boundary H = QN{a = 0}.

5.3 An additional induced tractor bundle on O

The isomorphisms in Proposition 5.4 are convenient for the classical description of the
projective geometry on Q. However, the infinitesimal geometric structure on Q is richer
than that of the usual projective tractor geometry. We will first illustrate this by con-
structing from the ambient projective tractor bundle Tj; — M a vector bundle T =0
on Q, whose fibres of dimension n 4+ 2 will be able to carry additional information
compared to Tg — Q (which is a rank n + 1 vector bundle). This might at first seem
incidental, but it turns out to be important in elucidating the geometry at the projective
boundary H C Q.

The bundle 7 inherits a connection and parallel sections 4, HAB, mimicking the
original setup on M seen here, however, as a structure on Q. A natural question one
might ask is: does this vector bundle correspond to the tractor bundle of a Cartan
geometry on Q and what, if any, additional geometric structures may it induce?

The answer we propose is that this is in fact an alternative form of projective geometry
on Q, however, based on a non-effective homogeneous model.

Referring to the model of our holonomy reduction discussed in the Introduction and
Section 2.2, one might observe there that the base RP™ arises equivalently as either the
set of planes containing the line generated by I or, the set of projective lines passing
through the fixed point [I]. It can then be described as the Klein geometry G / P where
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G is the isotropy subgroup of [I] in PGL(n+1) and P the stabiliser of some given plane
containing RI. It is clear that the action has a relatively large kernel conjugate to:

K= {(8 )\I:—i-l ) mod Z(GL(n + 2))} .

Given any Cartan geometry'’ (C' — Q,w) with this model, it is natural to construct
a bundle .7 associated to the restriction to P of the (n + 2)-dimensional representation
u +— |det u\fﬁﬁu of PGL(n + 1,R). There is also a canonical line bundle ¥ — Q
associated to the 1-dimensional representation of P given by:

C Uy Vo c 1

0 AY 0| mod Z(GL(n+2)) — |—|""*
a

0 Y, a

As with projective densities, let .2 (w) denote the w-th power of .. For simplicity, in this
brief discussion, we shall assume that the line bundle corresponding to the representation
GeP < is oriented and can therefore be identified with a power of the first. A
generic g-valued 1-form on Q can be parametrised as follows:

1 o n+1

“n42% T 2k . . UVu - vo
g
0 oy — mag(slj — mliéy ) wH . . (515)
o
0 P, — Q0 — g3k

The 1-form k parametrises a linear connection on .Z with local connection form n%ﬂn.

Modulo the kernel ¢, this leads to the usual parametrisation of a projective connection
and a natural condition on w is to require that & = wmod ¢ is the normal Cartan
connection of the corresponding projective class. We make this assumption in the rest
of the paragraph, thus P, is completely determined in terms of the Projective Schouten
tensor.

Let us now make a few further general observations about these Cartan geometries.
First, we see that there is always a distinguished direction in .7; this should be identified
with the origin [I] in the definition of the non-effective homogenous model. Secondly,
we have a natural exact sequence realising 7 as an extension of a weighted version of
the usual tractor bundle 7¢:

0 — EQ(—15) ® L(n+1) T » To(is) ® Z(—1) —— 0.

Now, if we assume that there is a distinguished parallel section I of .7 in the priv-

ileged direction there are local gauges in which x = Laﬁ and it is apparent that we

n+1
should identify . with &( . The short exact sequence then becomes:

1
=)

10 is P-principal bundle.
1We will abusively use the notation C*°(Q) to denote both the module of smooth real-valued functions
on Q and the (trivial) bundle of which they are sections.
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0—— Q) L5 7 1y 7,

~
o

Figure 5: Decomposition of 7!

Under the above compatibility assumption we therefore see that parallel sections of
7 canonically project to parallel sections of Tg; so a holonomy reduction of the Cartan
geometry (C,w) given by parallel sections of .7 leads to a holonomy reduction of the
underlying normal projective geometry. For instance, if we assume that there is a non-
degenerate parallel section HAB of signature (2,n) such that P i BIZ ATB = 0, where ® is

the inverse of H, then we get a parallel section: HAB = Hgﬂgfl AB, Additionally, the

section: Hgﬁ AB induces an isomorphism T5 ~ It. Since I € I+, it induces a cotractor
I4 such that HABT, = 0, as expected.

There are few unresolved issues in pushing the general discussion further. For in-
stance, the general connection in Eq. (5.15) has unspecified components vy, v, that do
not seem immediately linked to the underlying normal projective structure. However,
one may expect that the existence of a parallel section HAZ could exhaust these remain-
ing degrees of freedom. Indeed, an argument in favour of this is that there will be an
induced Ricci-flat Finstein metric ¢ on Q@ and, where ¢ is non-degenerate, we will be
able to find local gauges of the form:

0 —whnu O
0 ab wh |,
0 0 0

where « is the Levi-Civita connection form expressed in an orthogonal basis and n =
diag(—1,1,...,1).

Another related issue is that it is not clear how to split the exact sequence in Figure 5.
From the strict of point of view of the bundle .7, this is a choice of a point in the affine
space a = {T; € F* |T;I* = 1}, directed by sections of I° ~ 75 However, it is
unclear how one may interpret this in terms of a geometric structure on Q. Supposing
a choice can be made, if we denote II the inverse induced splitting section, then we note
that it follows directly from Eq. (5.15) that the connection will act on T4 = fI4 +I14¢4
(f € C(Q),t € I'(Tg)) according to:

VT4 = (Vof + vept?) A + T4V 24, (5.16)

where v.4 is a co-tractor valued 1-form determined by the connection and depending on
the splitting.

In this section we construct a vector bundle ’f — @ that we conjecture carries the
structure of 7. In the case we study, the distinguished section I is parallel and we will
show that 7 has the same decomposition structure as in Figure 5.

The bundle 7 — Q is constructed as follows: if v is a density on M that restricts to
a nowhere vanishing density on M, the flow of N% = vn® defines a canonical action of R
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on the tractor bundle 77 : Tpy — M that parallel transports tractors along the integral
curve of N, t + ¢ (x). The quotient T, 7 @ Tu — T is a rank (n + 2) vector

bundle 7 — Q, with projection defined by factorisation of the map 7+ (see Figure 6);
this construction is independent of the choice of scale v. This leads to:

Definition 5.2. Define T to be the quotient space T /R constructed as above. It naturally
fits into the commutative square:

=T

Tt T
lTFT i’rf
M —"- Q

Figure 6: Defining diagram of the bundle 7 — Q.

A point in the fibre 7777_1({q}) can be thought of as a parallel vector field along the

integral curve ¢ € Q of N or, in other words, a covariantly constant section along

71({¢q}). From Figure 6, it can be seen that sections of Tj; which are covariantly
constant along the fibres of M — Q map to sections of 7.

Conversely, a section V of T gives rise to such a section of T;. Indeed, we can define
amapon M =[] om" L({q}), that to each = € 7~1({q}) gives the value of the section
V(q) at x. Using the maps ¢, ¢ of a local trivialisation 1 : 7= *(U;) — U; x R, locally this
coincides with V(x) = V(g(z))(t(z)) where for each ¢ € U; C Q, V(q) is the solution of
the ordinary differential equation,

ViV (1) =0,
V(0) = (@( '(g,0)),
() =¥ g, t) = ¢ (x0), where zo = ¢~ (g, 0).

Above, N is the image of the vector field d; on U; x Ry under the diffeomorphism
the section is smooth by smoothness with respect to initial conditions. We record this
observation in the following lemma.

Lemma 5.3. Sections of T are in one-to-one correspondence with sections of T that
are covariantly constant along the fibres of M — Q.

As claimed we see that the bundle comes equipped with a natural set of geometric
data.

Proposition 5.10. T inherits from T the follow data:

1. a natural linear connection defined by the relation:
VT, = (VxT)p,

where p € M, X is a vector field on Q near ¢ = w(p), T € F(7~'), X is lift of X
near p that satisfies V,X =0, and ~ denotes the correspondence of Lemma 5.3,
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2. canonical sections HAP and I* of T @ T and T.
Furthermore, the sections I and H are parallel for the connection defined in 1.
Proof. 1. The construction is similar to that in the proof of Proposition 5.7.

2. Since VM- AB — (0 and V,I4 = 0 these both descend to corresponding sections
HAB and 14,
That they are parallel follows immediately from the definition of the connection. [J

To develop further the idea that this data should be thought of as an intrinsic Cartan
geometry on Q modeled on G/P, we now confirm that we have the expected decompo-
sition sequence of Figure 5 realising it as an extension of the standard projective tractor
bundle.

Proposition 5.11. There are canonical isomorphisms:
I° ~ (7o), T/~ To. (5.17)

In particular, we have the decomposition sequence:

0—— Ty=1° y T —L C¢>(Q) —— 0

Proof. We refer the reader to the proof of Proposition 5.4 as the arguments are similar.
O

As in the discussion of the model, one can split the exact sequence with a choice of
section of 7* that does not annihilate the distinguished tractor I; in fact on Qp, we
have a canonical choice:

Lemma 5.4. The cotractor L¢c = %DC(U*IA) descends to a section f/é of T* such that
P _jC _
LaIY =1.
Proof. Using Lemma 3.1:
1 1
VLo = §IDDDDC(J_1)\) — §1D (207°ADpDco — 20 *D(pADcyo + o' DpDc )
1
= —o_2§IDDD>\DCU + o P ®pe
= —0’71Dco' + O’leco' =0.

The first claim then follows from Lemma 5.3 and a straightforward computation, using
again Lemma 3.1, shows the second. O

This provides us with the means to test the following statements on Qe:

Corollary 5.5.
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1. The bundle T with its connection ¥V and parallel tractor I, endows Q with a Cartan
geometry modeled on the non-homogenous model of projective geometry G/P.

2. The linear connection on T3 induced by the isomorphism T3 ~ I° coincides with
the normal projective connection V.

Proof. We only sketch the proof of 1 on Qp. Since I is parallel it follows from its
definition that the connection V will adopt the desired form given by Eq. (5.16), where
the connection on 7g is induced from V by the isomorphism of Proposition 5.11. In
particular, we may compute the connection cotractor 1-form v from the %ié. Working
in the scale determined by o on O, it can be determined from: %WbB DgDc(o7t)\) =
%U‘leBvaVb)\Zf}‘ = JgabZ%, in the notation of Section 4. Pushing down to Q» through
the different identifications of this and the previous sections, we arrive at:

UaB = _6'habZ%a
where h is the metric of Proposition 4.3. O

In this situation, where the geometry arises as an inherited structure from an ambient
space, there is an obvious interpretation of the additional degrees of freedom in the non-
effective Cartan geometry as the remnants of the projective degree of freedom of the
projective geometry on the ambient space; however it is still unclear how they should be
interpreted in terms of Q alone.

It should also be noted that Proposition 5.11 does not rely on the existence of the
parallel tractor H on 7. Taking it into account adds a further interesting element to the
geometric picture surrounding of 7T relating it to conformal geometry. By Proposition
4.3, Qo := QN {o # 0} is equipped with a conformal class of metrics [h%’] and therefore
defines a conformal tractor bundle.

Proposition 5.12. On Qo the bundle T is canonically isomorphic to the conformal
tractor bundle. What is more the induced connection V coincides with the normal con-
formal tractor connection.

Proof. By Theorem 3.3, the line bundle O — Qp has a preferred section s : Qp —
ON{\=0}. This map thus canonically identifies 7~ with the pull back of the projective
tractor bundle i*Tp — O N {X = 0} as well as the corresponding induced connections.
Now we recall that the submanifold O N {\ = 0} can also be thought as part of the
conformal boundary for a projective compactification of order 2. What is more the
corresponding conformal structure coincides with the conformal structure on Qp (this
follows from their respective definitions). However, by the results from [CG16, Section 4],
the pullback bundle i*7To of projective tractors along the projective boundary is canon-
ically identified with the conformal tractor bundle and the restriction of the projective
tractor connection coincides with the normal conformal tractor connection. O

In other terms 7 (and its induced connection V) are continuous extensions of the
conformal tractor bundle (and the conformal tractor connection) from Qp to the whole
of the projective compactification Q.
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The points we develop in this section are the first steps towards the desirable picture
in which this structure can be constructed from geometrical data on © alone; they
suggest an interesting picture and interplay between projective and conformal geometry
that we hope to unravel in future work [BH23].

6 The geometry of ¥ — H

6.1 The geometry of ¥

The hypersurface > C M is the projective boundary of O given by a holonomy reduction
from PGL(n + 1) to Aff(n + 1): this follows from V.I4 = 0 and I4 = D 4o (cf Lemma
3.1).

We have the following short sequences, dual to that in [FG18, Corollary 3.15],

Proposition 6.1.

Ex(-1) —=— FE(-) = E(- Dl

0 —— Te v i*(I4)° s Ty —2A7 5 C®(8) —— 0

Proof. Since ¢ is boundary defining function for ¥ we have J'&x(1) = i*(J'&y(1))/Jto
or equivalently (7x)* = i*(Tar)*/1a. Passing to the dual gives T, = i*(14)° C i*(Tr).
U

Recall that we denote by ®4p the inverse of H AB  Since we have V. ®4p = 0,
V.4 =0 and I? = 0 on M it follows from the isomorphisms in Proposition 6.1 that we
have

Proposition 6.2. The tractor bundle Ty of X C M inherits from M a projective tractor
connection V., a covariantly constant section I* and a covariantly constant pairing ® op
with one dimensional kernel such that ® 4gIP = 0.

Remark 6.1. We point out that contrary to what we observed in Proposition 5.9 for the
quotient Q, the projective tractor connection V. induced on the boundary, is generically
not normal (as a projective connection).
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The geometry induced on ¥ is far richer than just a projective geometry. Let us here
restrict to ¥* € M* where ) is nowhere vanishing and thus defines a preferred scale'?.
In this case, the induced geometries are known as Carrollian geometries [DGHZ14]:

Theorem 6.1. The hypersurface ¥+ C M is naturally equipped with
e q vector field N*
e a degenerate metric qq, of rank n — 1 satisfying g N® = 0, Lnqay = 0,
e a compatible affine connection V. satisfying V.N® =0, and V. gz = 0.
On X%, the signature of qup is (0, F, +...+).

Proof. Recall that, from Lemma 3.1, ® 45 = DaDpg) at every point of M. On M* it
follows from [CGH14; FG18] that, in the scale A, the representative connection V. in
the projective class is the Levi-Civita connection of the metric g, defined by

Oap = MYaYp + g Z4Z). (6.1)

What is more when ® 45 XAXB = £|)\| # 0, since ®4p has signature (— — +...4), gap
has signature (— F +...4). Now Lemma 3.2 implies, when evaluated in the scale A that
p=0onX*ie i*(I1) = n*WA. Since by Lemma 3.1 i*(D o) = i*(®apI?) we find,
in the scale A,

\F/\Vaa = gabNb

where
N :=*(VAn?) (6.2)
is therefore the normal to . Since 0 = I? = g, N®N? this normal is null and the pull
back
Qab = 1" Gab (63)
is degenerate with one dimensional kernel spanned by N* and signature (0 F +...+).

We already know that V, is the Levi-Civita connection of g,;. To conclude that it
induces a connection on the tangent bundle of ¥ which satisfies,

Veqay =0, V.N®=0.

we need only to verify that i*(V,N®) = 0. However this follows from evaluating (3.2) in
the scale . One concludes by noting that Lnqap = " (Lngap) = 20" (V (o Vp)) = 0. O

Carrollian geometries have been extensively studied in e.g. [DGHZ14; BGRRt17;
BM18; Mor20; FHPS22b; Fig22]. As was shown in [Harl5; Her22a] they define a unique
normal Cartan geometry modelled on the homogeneous spaces Ti" and Spi” of (2.10).

12The Cartan geometry induced on M? is similar to that of null infinity, the conformal boundary of an
asymptotically flat spacetime. This has been studied in details in [Her20; Her22b] and can be thought
as a conformal version of the geometries induced on M, see [Her22al.
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Proposition 6.3. ([Her22a]) Carrollian geometries, as obtained on ¥~ and X7 by
Theorem 6.1, define unique normal Cartan connections respectively modelled on the ho-
mogeneous spaces Ti" and Spi" defined by Eq (2.10)).

Without much surprise these Cartan geometries coincide with the induced tractor
geometries given by Proposition 6.2.

Proposition 6.4. The tractor connections respectively induced on Tys- — X7 and
Ts+ — X7 coincides with the normal Cartan connections associated with the geome-
try of Theorem 6.1.

Proof. In the proof of Theorem 6.1 we already saw that, in the scale given by A, the
induced tractor pairing ® 45 is in the diagonal form (6.1) while I 4 is simply proportional
to n®. Moreover, the linear connection V, induced by the tractor connection is metric
compatible. It follows that the induced tractor connections define Cartan geometries
modelled on M4 .

We thus only need to prove that the induced tractor connection is normal, which in
this case just reduces to torsion-freeness. However it is straightforward to see that the
induced tractor connection on X is torsion-free as a result of the fact that the tractor
connection on M is. O

6.2 The geometry of H

By definition H* are obtained by taking the quotient of ©* by the flow of n*. What is
more, by Corollary 5.1 the boundary defining function o of ¥ descends to a boundary
defining & function for H.

By taking the corresponding quotient by n® and I, the short sequences of Proposi-
tion 6.1 then descends to

Proposition 6.5.

@)
@)

Proof. This follows from Proposition 5.11, Proposition 6.1 and the fact that [4 = D4a.
O
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The relationship between the different tractor bundles that we discussed up to now
are summarised by the following commutative diagram

i*(Tar) < > Ty~ i%(14)°

l |

* <7T*TQ) ~ P (Tar /1) —— 7T ~ i*(14)°/1.
Figure 7: The tractor bundles along the boundary > — H.

From Proposition 4.1 the tractor connection on 3 induces a tractor connection on
H. Now, by Theorem 5.1, H is the projective boundary of a projectively compact
Einstein metric which, by [CGM], also induces a tractor connection on H. From the
above relationship between the tractor bundle and our previous results these connections
coincide and, by the results of [CG14] one has:

Corollary 6.1. The projective tractor connections induced on Tyy- — H™ and Ty+ —
H* inherit a holonomy reduction to SO(n —2,1) and respectively define normal Cartan
connections modelled on H" ' and dS™~'. From /C’GM/ these correspond to projectively
compact Finstein manifolds with projective boundary HP.

6.3 The geometry of 7 — H

According to Corollary 5.1, ¢ € I'(€g(1)) is a boundary defining function for H =
H~UHYUHT. This implies the short sequence (dual to the second line of (6.5)):
00 J'e * i I i*(JEo(1 *
Co(H) L0 i (T)* = i*(J Eg(1) —Th» EUERD ~ Jlgy (1) = (To)*.
What is more, from Corollary 5.1, VA € T'(Ex+(1)) is a nowhere vanishing smooth
density on H*. This defines a section
J1Eo(1))

o HE LY pie gy~ T

(1) (64)

However, there is no canonical way to extend VX as a density in a neighbourhood
of H in Q and therefore no preferred way to extend J'VX to a section of i*(J'Eg(1)),
that we will view as a line bundle over J'&(1). This fact is the basis of the following
definition.

Definition 6.1. The line bundle T — H* is defined as the pull-back bundle
o (z'*(Jngu))) o HE, (6.5)

Sections of Z*F therefore correspond to choosing an extension of J 1V/X as a section
of i*(J'€g(1)). This is naturally a R-principal bundle: if one notes J'v/A the 1-jet
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extension of VX in i*(J'€g(1)) corresponding to a point in Z%, then the R-action is
given by
R x I — T+

(k, J'VA) — JWA+EJ o

This bundle is intrinsic to H* as a submanifold of Q in the sense that it only depends
on data coming from the projective compactification. Nevertheless it also nicely ties up
with the geometry of M.

(6.6)

Proposition 6.6. Z% is canonically isomorphic to ©*.
Furthermore, the action (6.6) coincides, through this isomorphism, to the R-action
induced on ¥ by the flow of V/An®.

Proof. In the previous sections we found that points in the fibre i*(J'Eg (1)), at x € H*
correspond to covariantly constant sections of (I A);_l @ C (Tar):— (@) while points in

the fibre J'&3(1), correspond to covariantly constant sections of ((1 Ao /I A) ()" In

-1
™
particular, since we have

_3
VaDaVA = 17D (33 3DaN) = =22 IPDpA DAX+ A3 IPDpDax  (6.7)
which implies (by making use of Lemma 3.1)
(vnDAﬁ) ‘E — 0+ A3, (6.8)

it follows that Dav/A ‘2 defines a covariantly constant section of i*((14)°/14) ~ (T)*.
One can easily prove that this section is identified with the section (6.4).

From this remark and the definition of Z* we thus find that sections of ZF are
identified with sections of i*(I4)° C i*(Tas)* of the form

DaVA+ xIa, (6.9)

where x is a function on ¥, and which are covariantly constant along the fibres of
Y+ — H*. This last condition is equivalent to requiring that y satisfies

Vyx = —1 (6.10)

where N® = \2n%. In a coordinate system (s,7) adapted to ©* — H*, and such that
N® = 0, solutions are of the form

x =&(y) —s. (6.11)

It follows that the set of points where x vanishes defines a section y — (£(y),y) of
»* — H*. Such sections are thus in one-to-one correspondence with solutions of (6.10)
and therefore in one-to-one correspondence with sections of Z+.

Finally comparing (6.6) with (6.9) one sees that the R-action (6.6) amounts to adding
k € R to x. The coordinate expression (6.11) then shows that this is equivalent to the
action of the flow of N% = 0,. O
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Definition 6.2. The R-action allows to parallel transport 1-jets J'E7+(1) on I+, we

note
(Ty)" = H

the resulting bundle on H.

Proposition 6.7. Ty — HT coincides with the bundle Ty — HF obtained by taking
the quotient of Ts, — XF by the flow of n® (as in section (5.1.2)). In particular it is
equipped with a normal tractor connection modelled on the homogeneous space Ti", Spi”
(see (2.10)).

Proof. Tt follows from the definition and Proposition 6.6. O
From the diagram in Figure 7 we then find:
Lemma 6.1. One has a canonical isomorphism
Ty~ i*(I4)° Ci*T.

Since, on Qp and by Proposition 5.12, T is isomorphic to the conformal tractor bundle,
the preceding Lemma means that T} is in a certain sense the extension by continuity of
this conformal tractor bundle along the projective boundary. Similarly the Cartan con-
nection induced on these bundles by Proposition 6.7 must be an extension by continuity
of the conformal tractor connection.

The importance of these last results stems from the fact that normal tractor con-
nections modelled on the homogeneous space Ti" and Spi” are not unique, see e.g.
[Her22a], not even after fixing a flat normal tractor connection on H*. The resulting
freedom encodes asymptotic data at space/time-like infinity induced by the projective
compactification.

7 Asymptotic symmetries of projectively compact Einstein
manifolds of order 1

Let (Q,V, HAB I,) be a projectively compact order 1 Einstein manifold (i.e. as obtained
in the previous sections'?). We will denote by Sym(Q) the space of diffeomorphisms
d : Q — Q preserving the boundary @(Hi) = H* and such that

(‘I)*ﬁAB) "Hi = HAB‘Hi’ ((I’*IA) "Hi - jA}Hi' (7.1)

In particular, these diffeomorphisms must induce an isometry ¢ : H* — HE of (H*, A\¢?)
and therefore preserve the induced Cartan geometry given by Proposition 6.1 (but will
not in general preserve the Cartan geometry induced on Z* by Proposition 6.7). We
will note Symo(Q) the space of diffeomorphisms ® : @ — Q which act trivially on the
boundary up to first order i*(d®) = Id.

13We have not shown in this article that all such manifolds arise in this way. There is, however, a
sense in which this is true; it turns out that all such manifolds admit a canonical non-effective Cartan
geometry of the type conjectured in Section 5.3. This result will appear in [BH23].
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Definition 7.1. We define the set of asymptotic symmetries of a projectively compact
Einstein manifold (Q,V, HAB I,) to be the quotient Asym(Q) = Sym/(Q)/Symo(Q).

Theorem 7.1. The action of the asymptotic symmetries on I coincides with the action
of the principal bundle automorphisms of I+ preserving the Einstein metric on H* and
we thus have

Sym(Q)/Symo(Q) ~ C®(HF) x ISO(A™)

In particular, the group of asymptotic symmetries naturally acts on the normal Car-
tan connections induced on ITF by Proposition 6.7.

Proof. Let ® : Q — O be an asymptotic symmetry, we note ¢ : H — H the induced
action on H. Since ® preserves i*(HAP) it follows that ¢ must be an isometry of A(?.
We recall that along the boundary # the restriction of the tractor metric H4Z to
Ty is invertible of inverse %DADBS\ and that Dg\ = (DADpA)XP. It follows that an
asymptotic symmetry must preserve both i*/4 and D AV
Let J!v/A be a point in Z* i.e. a point in J!Eo(1) whose quotient by J1& coincides
with J1v/A. By the previous remark, the image of this point by an asymptotic symmetry
must of the form
*(JWA), = JWVA + xJlo (7.2)

where x is some function that might at this stage depend on the points of the fibres of
JIWA — Tl V/A. To conclude we need to prove that symmetry is compatible with the R
action J'WA — JA 4+ EkJlo, k € R. However,

O (VA + kJyo) = T VA + (X + k) Ty 0 (7.3)

follows from the fact that a symmetry must preserve i*(I4). Therefore, the asymptotic
symmetry induces an automorphism of the bundle. One concludes the proof by observing
that such automorphism completely fixes the first order jets of the symmetry and is thus

equivalent to an asymptotic symmetry. O
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