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Abstract

We show that the boundary of a projectively compact Einstein manifold of di-
mension n can be extended by a line bundle naturally constructed from the projective
compactification. This extended boundary is such that its automorphisms can be
identified with asymptotic symmetries of the compactification. The construction
is motivated by the investigation of a new curved orbit decomposition for a n + 1
dimensional manifold which we prove results in a line bundle over a projectively
compact order one Einstein manifolds.
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1 Introduction

In the study of objects living on non-compact manifolds it is often enlightening to try
to make sense of their asymptotics. Curved orbit decompositions arising from holonomy
reductions of (normal) Cartan geometries, as first studied in full generality in [ČGH14],
provide a fascinating framework in which one can seemingly make sense of the asymp-
totics of geometric structures themselves. In many interesting cases, the orbit decom-
position has a large open orbit O equipped with a certain geometric structure, e.g. an
Einstein metric. Its complement can then be viewed as a boundary “at infinity” and
splits into pieces endowed with other geometries that one may interpret as “limits” of
the structure of O.

Defining and studying the asymptotics of pseudo-Riemannian manifolds (M, g) is
of particular interest due to their importance in physics. For instance, conformal com-
pactification is key for the formulation of a notion of isolated system in General Relativ-
ity [Ger77; PR84; Fra04; Val16]. It is also a way to approach the study of the asymptotic
behaviour to partial differential equations on non-compact pseudo-Riemannian mani-
folds, see for instance [GLW15; CG18; MN04; Nic16; BGN23; MN09] in the conformal
case or [Bor21] in the projective case, for examples of ideas and work in this direction.

In [ČGH12; ČGH14; ČGM14; ČG14; ČG16; FG18], a specific type of holonomy re-
duction of projective geometries is studied that gives rise to an Einstein metric on the
open orbit, suggesting that projective geometry could play an important role in un-
derstanding their asymptotics. This is intimately related to the notion of projectively
compact metric of order α introduced by Čap–Gover in [ČG14]. The order of a projec-
tively compact metric is related to its volume asymptotics, and can a priori take any
positive real value. For Einstein metrics, the cases α = 1 (vanishing scalar curvature)
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and α = 2 (non-vanishing scalar curvature) are the most relevant. Both cases were
thoroughly investigated by Čap–Gover in [ČG14]. In particular, it is shown in this ref-
erence that, for projectively compact Einstein metrics of order 1, this notion coincides
with asymptotic flatness at spatial infinity as introduced by Ashtekar and Romano in
[AR92], however with the restriction that only spacetime with vanishing mass aspect
can be obtained in this way.

Asymptotic flatness at spatial infinity is by now a classical subject in general rela-
tivity, see e.g. [BS82; CD11; MK21; CGW23]. A physically important feature of these
spacetimes is their asymptotic symmetry group: the – infinite dimensional – Spi group of
[AR92]. The identification of spatial infinity with projective compactifications of order
1 however presents us with a conundrum: at null infinity, the group of asymptotic sym-
metry (the BMS group of [BVM62; Sac62]) can be identified with the automorphisms
of the boundary geometry [Ger77; Ash15; DGH14] and act on the induced Cartan ge-
ometry [Her20; Her22b; Her22a] encoding the radiative data. On the other hand the
boundary geometry of projective compactification of order 1 of an Einstein metric is
again a normal projective geometry with a holonomy reduction corresponding to pro-
jective compactification of order 2 of an Einstein metric [ČG14] and thus necessarily
has a finite dimensional group of automorphisms. So how exactly does the Spi group of
Ashtekar–Romano plays a role in the projective compactification picture?

In this work we wish to resolve this tension by introducing an extended boundary
at spatial infinity. In doing so, we follow the footsteps of Ashtekar–Hansen [AH78]. We
will show that this idea fits perfectly with, and extends, the notion of projective com-
pactification. The properties of this boundary parallel exactly that of null infinity: its
geometry is not rigid and the corresponding group of automorphisms 1) coincides with
the Spi group, 2) acts on a space of induced Cartan geometry encoding some asymptotic
gravitational data. We also obtain a similar structure at time like infinity. In order
to introduce and motivate this step, we will study a closely related curved orbit de-
composition of Cartan geometries [ČGH14] generalising the work of Cap–Gover [ČG14].
The majority of this article will in fact be dedicated to the discussion of the curved
version of a flat model discussed in great detail by Figueroa-O’Farrill and collaborators
in [FHPS22a]. This homogeneous model generalises the projectively compactified 4D
model RP4 to a 5D model RP5 \ {pt} ≃ R × RP4 fibering over the usual projective
compactification.

RP5 \ {pt} ≃
(
R×M4

)
⊔

(
Ti4 ⊔ I 3 ⊔ Spi4

)
↓ ↓ ↓

RP4 ≃ M4 ⊔
(
H3 ⊔ S2 ⊔ dS3

)
.

(1.1)

This orbit decomposition will be discussed in more detail (and generic dimension) in the
core of this article, however we summarise here its essential features: while the action of
the Poincaré group has a trivial action along the fibres1 R×M4 →M4 over Minkowski

1Here M4 = ISO(1,3)
SO(3,1)

is the usual Minkowski spacetime.
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space, it has a non-trivial action over the extended boundary Ti4 ⊔ I 3 ⊔ Spi4:

Ti4 ≃ ISO(1,3)
R3⋊SO(3)

→ H3 ≃ SO(1,3)
SO(3)

I 3 ≃ ISO(1,3)
R3⋊(R∗×ISO(2))

→ S2 ≃ SO(1,3)
R2⋊(R∗×SO(2))

Spi4 ≃ ISO(1,3)
R3⋊SO(1,2)

→ dS3 ≃ SO(1,3)
SO(1,2) .

(1.2)

This points to the possibility of a non trivial geometrical extension of the boundary
geometry of projectively compactified order 1 Einstein metrics. We shall prove in this
article that this intuition is correct.

The article is organised as follows. In Section 2 we recall the elements of projective
tractor calculus that we will need and discuss in more details the homogeneous model
(1.1). In Section 3 we detail the different curved orbits of the corresponding holonomy
reduction, under suitable assumptions this results in a line bundle M → Q. In Section
4 we prove that the open curved orbit O is of the form R×QO where QO is canonically
endowed with an Einstein metric. We then prove, in Section 5, that as a submanifold of
Q, this is projectively compact of order 1 with boundary H. In Section 6 we investigate
the induced geometry of the extended boundary Σ → H, first as a submanifold ofM → Q
and then a natural extension of H ⊂ Q. Finally, in Section 7, we discuss asymptotic
symmetries and their action on the extended boundary.

Acknowledgements

The first author gratefully acknowledges that this research is supported by NSERC
Discovery Grant 105490-2018.

2 Projective tractors and the homogeneous model

It should be understood that all affine connections on the tangent bundle are torsion-free.
We make extensive use of the Penrose abstract index notation [PR84]. In index

notation, tractor indices (see below) will be denoted by capital Latin letters, A,B,C . . . ,.
The signature of a bilinear form will be written (q, p): “q ‘−’s and p ‘+’s”.

2.1 Projective tractor calculus

We here review the elements of projective tractor calculus that we will need in the rest
of the article.

LetM be a manifold of dimension n+1 endowed with an equivalence class of projec-
tively equivalent torsion-free connections [∇]. It is a standard result2 that two torsion-
free affine connections ∇̂ and ∇ are projectively equivalent if and only if there is a 1-form

2See, for instance, [Kob95, Proposition 7.2]
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Υa such that for any vector field ξb:

∇̂aξ
b = ∇aξ

b +Υaξ
b +Υcξ

cδba.

We will use ∇̂ = ∇+Υ as shorthand for this condition.
We denote by E(w) the associated vector bundle to the frame bundle P 1(M) deter-

mined by the 1-dimensional representation of GLn+1(R):

A 7→ |detA|
w

n+2 .

Sections of this bundle will be called projective densities of weight w. Their definition
is so that for any σ ∈ Γ(E(w)) under the projective change of connection ∇̂ = ∇+Υ,

∇̂σ = ∇σ + wΥσ.

For any vector bundle B with base M , we will write: B(w) = B ⊗ E(w) and we will say
that sections of B(w) are of weight w.

Let G = PGL(n + 2,R) and H = (Rn+1)∗ ⋊ GL(n + 1,R) the isotropy subgroup
of a given line. The class [∇] determines a reduction of the second-order frame bundle
P 2(M) to a H-principle bundle P , on which there is a unique normal Cartan connection
ω [Car24; Kob95]; this is a normal projective geometry modeled on projective geometry
as described in [Sha97].

The standard (projective) tractor bundle, T can be defined as the associated vector
bundle to P determined by the restriction to H of the (n+2)-dimensional representation

of G given by: A 7→ |detA|−
1

n+2A. The Cartan connection ω induces a linear connection
∇T on T .

The bundle T fits into a canonical short exact sequence of vector bundles:

0 E(−1) T TM(−1) 0.X

Y

Z

W

A choice of connection in the projective class [∇] provides a non-canonical isomorphism
T ≃ E(−1) ⊕ TM(−1), described above by the non-canonical maps Y and W . When
thinking of these maps as sections of T ∗ ⊗ E(−1) and T ∗M(1) ⊗ T respectively, they
transform under change of connection ∇̂ = ∇+Υ according to:

ŶA = YA −ΥaZ
a
A, ŴA

a =WA
a +ΥaX

A. (2.1)

Fixing a choice of connection ∇ in the projective class, sections of the standard tractor
bundle will be written:

TA = ξaWA
a + ρXA,

similar expressions will be used with sections of tensor powers of the tractor bundle.
The dual tractor bundle T ∗ is usually identified with the first jet prolongation J1E(1)

of the weight 1 projective density bundle [BEG94]. This description has the advantage of
being more direct than the principal bundle approach outlined above, and is independent
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of the projective structure. In addition, it allows for straightforward comparisons of
tractors on different manifolds; in particular, tractors in the “bulk” and on distinguished
hypersurfaces.

We also recall from [BEG94] the standard decomposition of the curvature tensor
R c

ab d:
R c

ab d =W c
ab d + 2δc[aPb]d + βabδ

c
d,

where the Weyl tensor W is trace-free and Pab is the projective Schouten tensor. It is
easily verified that:

nPab = Rab + βab, βab = − 2

n+ 2
R[ab] = −P[ab],

where Rab = R d
da b is the Ricci tensor. The tensor βab can be thought of as the curvature

tensor of the density bundle E(1).
A connection ∇ is said to be special if it preserves a nowhere vanishing density σ.

In this case βab = 0 (in particular all density bundles are flat) and we say that ∇ is the
scale determined by σ. Even when it does not preserve a nowhere vanishing density, we
will refer to a choice of connection in the class as a choice of scale.

Having fixed a projective connection ∇ in the class, and split the short-exact se-
quence, the action of the normal Cartan connection can be summarised conveniently by
the relations:

∇aX
A =WA

a , ∇aW
B
b = −PabX

B, ∇aYA = PabZ
b
A, ∇aZ

b
B = −δbaYB. (2.2)

The tractor curvature, defined by, the identity Ω C
ab DT

D = 2∇[a∇b]T
C , is known to

be given in an arbitrary scale by:

Ω C
ab D =W c

ab dW
C
c Z

d
D − YabdXCZ

d
D (2.3)

Where: Yabd = 2∇[aPb]d is the projective Cotton tensor.

A projective class [∇] is said to bemetric, if it admits a solution ζab ∈ Γ(S2(T ∗M)(−2))
to the Mikeš-Sinjukov metrisability equation [Mik96; Sin79]:

trace-free
(
∇cζ

ab
)
= 0,

or equivalently ∇cζ
ab = 2δ

(a
c λb) for some λa. Solutions of this equation have been

shown [EM08; FG18] to be in one-to-one correspondence with tractors HAB that satisfy:

∇cH
AB +

2

n+ 1
X(AW

B)
cE FH

EF = 0, (2.4)

where W B
cE F = Zc

CΩ
B

ce F and Ω B
ce F is the tractor curvature. In this case HAB is of

the form:
HAB = ζabWA

a W
B
b + λaX(AW

B)
b + τXAXB.
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with

λa = − 2

n+ 2
∇cζ

ca, τ =
∇a∇bζ

ab

(n+ 1)(n+ 2)
+

1

n+ 1
Pabζ

ab. (2.5)

If ∇cH
AB = 0, then it can be shown that Eq. (2.4) is automatically satisfied; these

solutions are said to be normal. This is equivalent to

∇cζ
ab − 2δ(ac λ

b) = 0, ∇cλ
a + δac τ − Pcbζ

ba = 0, (2.6)

(and imply (2.5)). Normal solutions are known to correspond to Einstein metrics [ČGM14;
Arm08]. If one introduces3

det :
Eab(w) −→ E((n+ 1)(w + 2) + 2)
hab 7−→ ϵ2a1...an+1b1...bn+1

ha1b1 ...han+1bn+1

and4

det :
EAB −→ C∞(M)
HAB 7−→ ϵ2A0A1...An+1B1B1...Bn+1

HA0B0 ...HAn+1Bn+1

then det(ζ)ζab ∈ Eab is an Einstein metric with scalar curvature R = n(n+ 1) det(H).
It will also be useful to keep in mind the following algebraic result (which we take

from [FG18]):

Lemma 2.1. If HAB is invertible of inverse ΦAB then XAXBΦAB = det(H)det(ζ)

and if det(H) = 0 then the kernel is generated by DAτ with τ2 = det(ζ)
n+1 .

2.2 The Model

We now review from Figueroa-O’Farrill and collaborators [FHPS22a] the homogeneous
model on which is based the holonomy reduction of Cartan geometry which is considered
in this article. We only give a brief outline of the results that are of interest for this
article and refer the reader to [FHPS22a] for an extensive discussion and proofs.

We will write elements of the n+1-dimensional projective space RPn+1 ≃ SL(n+2)
Rn+1⋊GL(n+1)

in terms of homogeneous coordinates [X] with X ∈ Rn+2. Introducing a metric Φ of
signature (2, n) on Rn+2 together with a null element I ∈ Rn+2, Φ(I, I) = 0 picks a
Poincaré subgroup

ISO(1, n− 1) ⊂ SL(n+ 2). (2.7)

stabilising both Φ and I.

3ϵ2 is the section that realises the identification (Λn+1TM)⊗2 ≃ E(2(n+ 2)); if M is orientable, then
it can be thought of as the square of the volume form.

4We recall from [FG18] that the projective tractor volume form is defined by

ϵ2A0A1...An+1B1B1...Bn+1
:= ϵ2a1...an+1b1...bn+1

Y[A0
Za1

A1
...Z

an+1

An+1]
Y[B0

Zb1
B1

...Z
bn+1

Bn+1]
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Since by definition the action of the Poincaré group ISO(1, n − 1) stabilises I this
defines a point-like orbit [I] in RPn+1. Introducing

Mλ,σ = {X ∈ Rn+2 s.t. Φ(X,X) = λ,Φ(X, I) = σ,X ̸∝ I}

the orbit decomposition of RPn+1 under ISO(1, n− 1) is given by

RPn+1 ≃ (⊔λ∈RMλ,σ=1) ⊔ (M−1,0 ⊔M0,0 ⊔M1,0) ⊔ [I]. (2.8)

Each of the orbits in the first continuous set is isomorphic to n-dimensional Minkowski
space:

∀λ ∈ R, Mλ,σ=1 ≃
ISO(1, n− 1)

SO(1, n− 1)
. (2.9)

The next three orbits are “extended boundaries”, respectively denoted as Tin = M−1,0,
I n−1 = M0,0 and Spin = M1,0 in [FHPS22a]. These are naturally real line bundles
over hyperbolic space, the conformal sphere and de Sitter space respectively:

Tin ≃ ISO(1,n−1)
Rn−1⋊SO(n−1)

→ Hn−1 ≃ SO(1,n−1)
SO(n−1)

I n−1 ≃ ISO(1,n−1)
Rn−1⋊(R∗×ISO(n−2))

→ Sn−2 ≃ SO(1,n−1)
Rn−2⋊(R∗×SO(n−2))

Spin ≃ ISO(1,n−1)
Rn−1⋊SO(1,n−2)

→ dSn−1 ≃ SO(1,n−1)
SO(1,n−2) .

(2.10)

We now briefly recall how this orbit decomposition relates both to conformal and
projective compactifications of Minkowski space.

The action of the Poincaré group on the Klein quadricN = {[X] ∈ RPn+1 s.t. Φ(X,X) =
0} gives an orbit decomposition

N ≃ Mλ=0,σ=1 ⊔M0,0 ⊔ [I]. (2.11)

This realises the conformal compactification of Minkowski space and was taken as the
model for the holonomy reduction studied in [Her20; Her22b; Her22a].

On the other hand, as depicted in Figure 1, RPn+1\[I] is naturally a fibre bundle over
RPn, where the projection is obtained by quotienting by I. This results in a fibration
of the orbit decomposition (also depicted, in the dimensionally reduced n = 1 case, in
Figure 2):

RPn+1 \ [I] ≃ (⊔λ∈RMλ,σ=1) ⊔ (M−1,0 ⊔M0,0 ⊔M1,0)

↓ ↓ ↓

RPn ≃ Mn ⊔
(
Hn−1 ⊔ Sn−2 ⊔ dSn−1

) (2.12)

This quotient therefore realises the projective compactification of Minkowski space which
was the starting point for the holonomy reduction studied in [ČGM14; ČG14; FG18].

We therefore see that this extended model in a sense bridges between the conformal
and projective compactification of Minkowski space. The investigation of the corre-
sponding interplay between conformal and projective aspects in the associated curved
orbit decomposition is the subject of this article.

8



Rn+2 \ {RI}

RPn+1 \ [I]
“Lines in Rn+2

differing from [I] ”

Rn+1 \ {0}

RPn

“Planes in Rn+2

containing I”

/R /I

/I
/R

Figure 1: Fibration of RPn+1 \ [I] over RPn and their corresponding ambient spaces.

Figure 2: Dimensionally reduced depiction of RPn+1 \ [I]. The oriented lines indicate
the fibres of the projection RPn+1 \ [I] → RPn; apart from those along the extended
boundary at infinity – depicted here by a golden line – the fibres cross successive surfaces
of constant growing Φ(X,X)

(Φ(I,X)2
(ranging from −∞ to +∞).

3 Curved orbit decomposition

The object of this section is to study the curved picture of the previous homogenous
model. Throughout, M̃ is a compact manifold of dimension n + 1 equipped with a
projective structure [∇]. We assume that it is additionally endowed with a parallel non-
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degenerate tractor HAB of signature5 (2, n) corresponding to a normal of the metrisabil-
ity equation, and a nowhere vanishing parallel null-tractor IA:

∇aH
AB = 0, ∇aI

A = 0, (3.1)

with det(HAB) ̸= 0 and IAIBΦAB = 0, where ΦAB is the pointwise inverse of HAB.
From Eq. (2.2), it is easily seen that in an arbitrary scale ∇ the components of

IA = naWA
a + ρXA,

satisfy the equations:

∇cI
A = (∇cn

a + δac ρ)W
A
a + (∇cρ− Pcan

a)XA = 0 ⇔

{
∇cn

a = −δac ρ
∇cρ = Pcan

a
. (3.2)

We emphasise that na ∈ Γ(TM̃(−1)) is a scale-independent quantity whilst ρ is not.
On top of this vector field, we also have at our disposal two distinguished densities (of
weight 1 and 2 respectively) that will be central to our development:

σ = ΦABI
AXB, (3.3)

λ = ΦABX
AXB. (3.4)

These will allow us to state our main result concerning the curved orbits.

3.1 Resulting curved orbits

Theorem 3.1. Let M̃ be a (n+1)-dimensional closed manifold equipped with a projective
structure [∇], a non-degenerate parallel tractor HAB of signature (2, n) and a nowhere
vanishing parallel tractor IA, such that ΦABI

AIB = 0 where ΦAB is the pointwise inverse
of HAB. Define, na, σ and λ by Eqs. (3.2)–(3.4).

1. The nowhere-vanishing null parallel tractor IA determines a first decomposition of
M̃ into two parts:

M̃ =M ⊔ Z(n),

where Z(n) := {x ∈ M̃, na = 0} is composed of finitely many isolated points and
M is the complement.

2. The additional data of the parallel tractor HAB then provides a further decompo-
sition

M = O ⊔ Σ (3.5)

Here O is the open submanifold such that σ ̸= 0 and (if non-empty) Σ := Z(σ) \
Z(n) is a smooth embedded hypersurface.

5For definiteness, we work in this article with the physically interesting case of Lorentz signature.
However, most of our considerations are independent of this choice.
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3. Finally, Σ itself decomposes into further smooth submanifolds:

Σ = Σ− ⊔ Σ0 ⊔ Σ+

with Σ− := Z(σ)∩{λ < 0}, Σ+ := Z(σ)∩{λ > 0} and Σ0 := Z(σ)∩Z(λ) \Z(n).

Overall, in summary, we have:

M = O ⊔ Σ− ⊔ Σ0 ⊔ Σ+ ⊔ Z(n). (3.6)

It should be noted that M̃ also admits another curved orbit decomposition relative
to the data (λ,HAB):

M̃ = U− ⊔ Λ ⊔ U+, (3.7)

where U−, Λ and U− are the sets {λ < 0}, {λ = 0} and {λ > 0} respectively. In
particular, it follows from [ČG14; ČGM14; FG18] that Λ is the projective boundary
of U±. This would additionally lead to a further decomposition of O as O+ ⊔ O0 ⊔
O−, however, this will not be our central focus because the decomposition (3.7) is not
preserved by the flow6 of the densified vector field na. Rather we have:

Theorem 3.2. The flow of na preserves the decomposition (3.6). Furthermore, the
quotient QO of O by this flow is a n-dimensional manifold.

If we assume that the quotient Q of M = M̃ \ Z(n) is a manifold we obtain the
decomposition

M = O ⊔

Σ︷ ︸︸ ︷(
Σ− ⊔ Σ0 ⊔ Σ+

)
Q ≃ QO ⊔

(
H− ⊔H0 ⊔H+

)︸ ︷︷ ︸
H

generalising (2.12) in our curved setting.

Our present goal is to identify the geometric structures of each part and the rela-
tionships between them when they are all (save possibly Z(n)) non-empty.

3.2 Derivation of Theorem 3.1

We recall that the ThomasD-operator is defined by the following equation in an arbitrary
scale:

DAT
B = ∇aT

BZa
A + wTBYA. (3.8)

Where TB is a section of an arbitrary bundle with tractor indices, of weight w; note
that DA reduces weight by 1. The following lemma will be useful:

6in the sense described in Section 3.3
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Lemma 3.1. Let HAB, IA be the parallel tractors (see Eq. (3.1)) introduced at the be-
ginning of Section 3 and σ, λ the densities defined by Eqs.(3.3) and (3.4), then:

IA = HABDBσ, (3.9)

ΦABX
B =

1

2
DAλ, (3.10)

ΦAB =
1

2
DADBλ. (3.11)

Proof. In any scale, the identity tractor satisfies:

δAB =WA
a Z

b
Bδ

a
b +XAYB = DBX

A.

Since the Thomas D operator satisfies the Leibniz rule, we have:

DAσ = DAΦBCI
BXC +ΦBCDAI

BXC +ΦBCI
BDAX

C

However, Φ and I are weightless parallel tractors, so, by definition of the Thomas D
operator, DAΦBC = 0 and DAI

B = 0. Thus:

DAσ = ΦBAI
B.

Multiplying by HAB leads to the first equation.
In a similar fashion:

DAλ = 2ΦBC(DAX
B)XC = 2ΦACX

C

Applying DB once more to this equation gives the last identity.

We use this to prove the first elementary decomposition of the manifold M .

Proposition 3.1. For any connection ∇ in the projective class Σ ∩ Z(∇cσ) = ∅. Con-
sequently, when non-empty, Σ is a smooth hypersurface of M .

Proof. From (3.9), we see that on Z(σ) ∩ Z(∇cσ) we must have:

0 = DAσ = ΦABI
B.

Since by assumption, ΦAB is non-degenerate this implies IB = 0 at such points. The
result follows as we assume IB non-vanishing.

The hypersurface Σ will be interpreted as points at infinity of the region {σ ̸= 0};
this is justified by:

Proposition 3.2. Let O± = {±σ > 0}, then the scale ∇σ determined by σ on O± is
projectively compact of order one and O± ∪ Σ is a projective compactification of O±.

Proof. This is a direct consequence of [FG18, Proposition 2.4].
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We recall from [ČG14, Proposition 2.3] that in this case the points are indeed “at
infinity” with respect to the (parametrised) geodesics of ∇σ, they cannot be reached for
a finite value of the affine parameter.

Whilst the decomposition of O associated with HAB and the density λ studied
in [FG18] is not of direct interest to us, the set Z(σ) ∩ Z(λ) is an important region.

Ideally, we would like it to be a codimension 2 submanifold of M̃ , the following propo-
sition studies some possible singular points.

Proposition 3.3. Recall that IA defines a weight −1 vector field na = Za
AI

A. The set
of points Z(n), or equivalently points at which I ∝ X, is composed of isolated points that

lie in Z(λ) ∩ Z(σ). Since M̃ is compact Z(n) is finite.

Proof. We introduce an arbitrary scale ∇, and recall that IA = ρXA + naZA
a . Thus n

vanishes exactly at points where I ∝ X.
Since I is null, and by definition of σ, when I ∝ X it follows that we have both

λ = ΦABX
AXB ∝ ΦABI

AIB = 0 and σ = ΦABX
AIB ∝ ΦABX

AXB = 0. So Z(n) ⊂
Z(λ) ∩ Z(σ). Let us prove that these are isolated points.

Using Eq. (2.2) we see that:

∇bn
a = ∇b(I

AZa
A) = −δabYAIA = −δab ρ.

Since I is nowhere vanishing, ρ does not vanish on Z(n) and for any vector field vb that
does not vanish on Z(n), we must have: vb∇bn

a = ρvb ̸= 0 therefore Z(n) consists of
isolated points.

The following justifies the introduction of Z(n):

Proposition 3.4. Let Σ0 be the relative complement of Z(n) in Z(σ) ∩ Z(λ), then Σ0

is a smooth submanifold of M with codimension 2.

Proof. From Eqs. (3.9) and (3.10) one has DAλ = 2ΦABX
B and DAσ = ΦABI

B. When
evaluated at points of Z(σ) ∩ Z(λ) these give

2ΦABX
B = 0YA +∇aλZ

a
A ΦABI

B = 0YA +∇aσ Z
a
A. (3.12)

To conclude the proof we need to show that there are no points of Σ0 where ∇aλ ∝ ∇aσ.
However, at such points we would have for some density f :

2ΦABX
B + fΦABI

B = 0. (3.13)

Since ΦAB is invertible by hypothesis, this would mean 2XB+fIB = 0 which is excluded
by definition of Σ0.

13



3.3 Derivation of Theorem 3.2

We will first need the following

Lemma 3.2. In a generic scale ∇, one has

na∇aσ = −ρσ (3.14)

na∇aλ = 2σ − 2λρ (3.15)

Proof. Since I is null, it follows from Eq. (3.9) that: IADAσ = 0. In a generic scale ∇
we have:

IA = naWA
a + ρXA, DAσ = σYA +∇aσZ

a
A,

and therefore
IADAσ = na∇aσ + ρσ = 0.

Similarly from Eq. (3.10), and by definition of σ, we have:

2σ = IBDBλ = na∇aλ+ 2ρλ.

The weight −1 vector field na determines a distinguished family of unparametrised
curves on M̃ . These are precisely the integral curves of any vector field Na obtained
from na by multiplying by a nowhere vanishing density ν of weight 1 on M̃ ; only the
parametrisation depends on the choice of ν. Since M̃ is compact, any choice of Na

leads to a complete vector field on M̃ which restricts to a complete vector field on M .
Lemma 3.2 shows that na is tangent to the submanifolds Σ and Σ0 from which it follows
immediately:

Corollary 3.1. For any choice of nowhere vanishing density ν of weight 1 on M̃ , the
action of (R,+) given by the global flow of the vector field N = νn on N , preserves the
decomposition (3.6).

Definition 3.1. Define Q to be the quotient space M/R, equipped with the quotient
topology, where the action of R is provided by the flow of any N = νn and ν is a
nowhere vanishing scale on M that has a smooth extension to M̃ .

Let π : M → Q be the natural projection, we define the distinguished open subset
QO = π(O) of Q (π is an open map). Since O is stable under the action of R this can
also be defined as the quotient space O/R where the action of R is that of the flow of
Nσ = σn equipped with the quotient topology.

We will now show that QO has a natural manifold structure.

Theorem 3.3. Let π : O → QO be the canonical projection. Then there is a unique
smooth structure on QO such that π has the structure of a (right) R-principal fibre
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bundle. The zero set of the function l := σ−2λ : O → R defines a global section and
yields a preferred global diffeomorphism

O ≃ R×QO
x 7→ (12 l(x), π(x))

.

In particular, ωa = 1
2∇al is a canonical principal connection.

Proof of Theorem 3.3. We apply the characterisation of principle fibre bundles [Sha97,
Theorem 4.2.4]. It suffices to show that action is free and proper. We shall work in the
distinguished scale determined by σ on O. We define l = σ−2λ, and let γ denote an
arbitrary integral curve of N = σn, then Eq. (4.5) leads to:

d

dt
λ(γ(t)) = (Na∇al)|γ(t) = 2. (3.16)

It follows that l = 2t+ l0 along the curve N , consequently l is strictly monotonous and
unbounded along such a curve. Thus the action is:

• free: the isotropy subgroup of any point x is either R (i.e. ∀t ∈ R, ϕNt (x) = x)
or TZ for some T ∈ R. The first case is excluded as na does not vanish on O. If
it was of the form TZ with T > 0 then the curve t 7→ ϕNt (x) would be periodic,
but this is excluded because l is strictly monotonous along such a curve. Hence,
T = 0.

• proper: Let K be a compact subset ofM \Σ, then, l, being continuous, is bounded
above and below on K say: ∀x ∈ K,m ≤ l(x) ≤M . Let x ∈ K, then:

l(ϕNt (x)) = 2t+ l(x) ≥ 2t+m.

So for any x ∈ K, when t ≥ (M−m+1
2 ) ϕNt (x) has definitively left K. This implies

that {t ∈ R, tK ∩K ̸= ∅} is compact.

Finally, Eq. (3.16) implies that 1
2 l(ϕ

N
t (p)) = 1

2 l(p) + t, which shows that 1
2 l provides a

canonical trivialisation of O.

Remark 3.1. For future computations it will be useful to note that N is by definition
a fundamental vector field on O. Recall that if P is a principal G bundle then the
fundamental vector fields X∗ associated with X ∈ g is defined at p ∈ P by

A∗
p =

d

dt
(p exp(Xt))

∣∣∣∣
t=0

,

in the simple case we consider of the abelian Lie algebra R, the exponential map satisfies
exp(1t) = t therefore:

1∗x =
d

dt
(p · t)

∣∣∣∣
t=0

=
d

dt
ϕNt (x)

∣∣∣∣
t=0

= Nx.
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It is not clear that Q itself can be equipped with a smooth structure, as the behaviour
of n near Σ (to which it is tangent) is unclear. However, to simplify our discussion we
shall make the assumption that Q can be equipped with a smooth structure such that
π :M → Q is a fibre bundle with fibre R.

We conclude this section by recording the following useful result.

Lemma 3.3. Let ν be any nowhere vanishing scale and Na = νna, gab = ν2ζab then

LNg
ab = 2N (aλb) + 2ρgab, (3.17)

where λa and ρ are respectively defined by equations (2.6) and (3.2).

Proof. For any vector field X, we have the identity

LXg
ab = ∇Xg

ab − 2∇cX
(agb)c.

Taking Xa = Na and making use of (2.6) and (3.2) one obtains

LNg
ab = 2N (aλb) + 2ρgab. (3.18)

4 Geometry of the open orbit O
In this section we restrict ourselves to the curved orbitO on which σ is nowhere vanishing.
We can therefore form the undensitised bi-vector, vector field and function

gab = σ2ζab, Na = σna l = σ−2λ. (4.1)

The scale ∇ determined by σ (i.e. such that ∇σ = 0) has the following important
properties:

Lemma 4.1. In the scale ∇ determined by ∇σ = 0, we have:

∇cn
a = −δac ρ = 0, (4.2)

λna = −1

2
σζab∇bλ, (4.3)

∇cζ
ab = −2σ−1δ(ac n

b). (4.4)

Proof. Equations (4.2) follows from Eqs. (3.2), (3.9), I2 = 0 and the definition of the
scale:

ρ = IAYA = IA(σ−1DAσ) = σ−1I2 = 0.

To prove the second relation (4.3) we remark that from Eq. (3.10) one has: XA =
1
2H

ABDBλ. Contracting with Za
A then gives

0 =
1

2
Za
AH

ABDBλ =
1

2
ζab∇bλ+ Za

A HABYB︸ ︷︷ ︸
σ−1HABDBσ

λ =
1

2
ζab∇bλ+ σ−1naλ,
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where we have used Eq. (3.9). Finally, the last relation (4.4) comes from:

∇cζ
ab = ∇cZ

a
AH

ABZb
B = −δacYAHABZb

B − δbcZ
b
BH

ABYB = −2σ−1δ(ac n
b).

Remark 4.1. Since σ is covariantly constant for the connection ∇, Eqs. (4.2),(4.3),
and (4.4) translate directly in terms of the quantities g,N, f :

∇cN
a = 0, Na = −1

2
l−1gab∇bl, ∇cg

ab = −2δ(ac N
b).

Equation (4.2) means that the integral lines of Na are geodesically parametrised for
∇. In fact, combining this with Lemma 3.2, one sees that

Na∇al = 2 (4.5)

in other terms l coincides with this parametrisation. This however fails to be a gradient
flow for gab: Eq. (4.3) recovers that gab is degenerate along l = 0, and one rather has
Na = −1

2g
ab(l−1∇bl). The last identity (4.4) is crucial to derive the following canonical

form:

Proposition 4.1.
gab = −lNaN b + h̃ab (4.6)

where h̃ab∇bl = 0 and LN h̃
ab = 0.

Proof. We recall from Lemma 3.3 that in a generic scale ν

LNg
ab = 2N (aλb) + 2ρgab, (4.7)

where λa is defined by the relation ∇cζ
ab − 2δ

(a
c λb) = 0. When evaluated in the scale σ

this becomes, by making use of (4.2) and (4.4),

LNg
ab = −2NaN b. (4.8)

Since Na∇al = 2, this is equivalent to LN (gab+ lNaN b) = 0 and therefore one can write

gab = −lNaN b + h̃ab (4.9)

with LN h̃
ab = 0. We conclude by computing h̃ab∇bl

h̃ab∇bl = gab∇bl + lNaN b∇bl (4.10)

= −2lNa + 2lNa = 0 (4.11)

where we made use of (4.3).

Using Lemma 4.1 we have:
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Proposition 4.2. At points of O where gab is invertible, the corresponding metric is
Ricci-flat.

Remark 4.2. Note that the Ricci flat metric σ2ζab of this proposition differs from the
Einstein metric with a non-vanishing scalar curvature λζab that is given by the projective
compactification of order 2 as in [ČGM14].

Proof. Calculating in the scale ∇,

0 = DBI
A = DB(H

ACDCσ) = HACDB(σYC),

since HAB is non-degenerate we conclude that DB(σYC) = 0, therefore,

0 = DB(σYC) = (DBσ)YC + σ(DBYC) = σPbcZ
b
BZ

c
C ,

hence, on O, Pbc = 0.
Define, when l ̸= 0, a torsion-free connection ∇̃ by:

∇̃cξ
b = ∇cξ

b +N bgcdξ
d, (4.12)

for any vector field ξb.

Remark 4.3. Note that this is not a projective change of connection.

It is straightforward to check that ∇̃ is the Levi-Civita connection of g. Let us
calculate the Ricci tensor R̃ab of ∇̃ with respect to that of ∇ which we denote by Rab.
In fact, Rab vanishes since σ is a special scale and Rab = (n− 1)Pab = 0. We have:

R̃ab = Rab︸︷︷︸
=0

+N c∇cgab︸ ︷︷ ︸
1
2
ΥaΥb

+
1

2
∇aΥb −

1

4
ΥaΥb −

1

2
(N cΥc)︸ ︷︷ ︸
2σ2λ−1

gab (4.13)

Thus:

R̃ab =
1

2
∇aΥb +

1

4
ΥaΥb − σ2λ−1gab (4.14)

where we have introduced: Υ = λ−1∇λ. Using HABΦBC = δAC and Equation (3.11) one
finds that:

λ−1σ2gab =
1

2

(
λ−1∇a∇bλ− 1

2
λ−2∇aλ∇bλ

)
=

1

2

(
∇aΥb +

1

2
ΥaΥb

)
,

which shows that:
R̃ab = 0.

Proposition 4.1 suggests that h̃ab might induce a smooth tensor on the quotient QO
of O by the integral lines of Na. In turn, Eqs (4.4) and (4.12) suggest that the connection
∇ factors to the quotient and this factorisation will yield the Levi-Civita connection of
such a tensor field; the following results confirm this intuition.
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Proposition 4.3. gab induces a bilinear form hab on QO which is everywhere non-
degenerate.

Proof. Let α, β be 1-form fields on QO and consider the smooth function on O defined
by g(π∗α, π∗β), Lemma 4.1 implies that g(π∗α, π∗β) = h̃(π∗α, π∗β) is constant on the
fibres of O → QO and so factorises to a well-defined smooth map on QO, that we denote
by h(α, β). It is clearly symmetric and tensorial so determines a bilinear form on T ∗QO.

Now ζab is degenerate exactly at points where λ = 0 and so gab = σ2ζab is invertible
at any point where l = σ−2λ ̸= 0. However, at any point of O, one has the decomposition
T ∗O = Span(∇al) ⊕ π∗(T ∗QO) and by Lemma 4.1 the corresponding decomposition of
gab is diag(−l, hab). Therefore gab can only be invertible at points where l ̸= 0 if hab

is.

Proposition 4.4. The connection ∇ is invariant under the flow of N .

Proof. First we consider instead the principal connection α determined by∇ on the frame
bundle P 1(O). The 1-parameter group of diffeomorphisms generated by N induces a
1-parameter group of diffeomorphisms on P 1(O). Since N is parallel, the infinitesi-
mal generator Ñ of the induced 1-parameter group of diffeomorphisms7 is precisely the
horizontal lift of N with respect to the principal connection α. This can be seen, for
instance, by a swift computation in a canonical coordinate system of P 1(O). Since the
Lie derivative satisfies the Leibniz rule we have:

(LÑα)(X̃) = Ñ(α(X̃))− α([Ñ , X̃]).

If X̃ = X∗, X ∈ gl(n+1,R) is a fundamental vector field, this vanishes entirely; indeed:
α(X∗) = X is constant and the Lie bracket between a fundamental field and a horizontal
vector field vanishes. Hence, LÑα is a horizontal and equivariant gl(n + 1,R) valued

1-form. In fact, restricting to the case where X̃ is horizontal (α(X̃) = 0), we see that it
reduces to

(LÑα)(X̃) = −α([Ñ , X̃]) = Ω(Ñ , X̃),

where Ω is the curvature 2-form. It follows that we should compute: NaR c
ab d.

Using Lemma 4.1, we see that although ∇ is not the Levi-Civita connection of g,
it does satisfy: ∇d∇cg

ab = 0, which leads to the following symmetry of the curvature
tensor:

Rabcd = −Rabdc,

where all indices are raised with gab. This implies that Rabcd has all the symmetries of
the curvature tensor of the Levi-Civita connection of a metric. In particular, at points
where l ̸= 0,

NaR bcd
a = −1

2
l−1∇alR

abcd =
1

2
l−1∇alR

cdba = −Rcdb
aN

a.

7This is also referred to as the complete or natural lift of N , see for instance [CL83].
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However, since Na is parallel, we must have: R c
ab dN

d = 0, thus at points where l ̸= 0
(at which gab is non-degenerate):

NaR c
ab d = 0,

but these points are dense in O, so the above identity extends to O by continuity.
Consequently:

LÑα = 0.

Before we state the immediate corollary, we first record a consequence of the final
steps of our computation:

Lemma 4.2. At every point of M :

naW c
ab d = 0

Proof. Both the Weyl tensor W c
ab d and na are projectively invariant, hence this is a

projectively invariant statement and it suffices to check in one particular scale. On O, σ
is a scale and we have seen above that the Riemann tensor of the connection ∇σ satisfies:

NaR c
ab d = σnaR c

ab d = 0,

therefore naR c
ab d = 0 where σ ̸= 0. However, we saw in the proof of Proposition 4.2

that Pbc = 0 in this special scale, i.e. βab = 0 too. Hence: R c
ab d = W c

ab d and thus the
result holds on O, since O is dense in M it extends to M by continuity.

The immediate corollary of Proposition 4.4 is that :

Corollary 4.1. ∇ induces a torsion-free connection ∇̄ on the quotient QO.

Proof. Let X̄, Ȳ be vector fields on QO, and X,Y their horizontal lifts to vector fields
O using the principal connection ω in Theorem 3.3 and define:

∇̄XY = π∗(∇XY )

By the previous proposition, this is independent of choice on the fibre and so is a well-
defined vector field on Q. This is clearly linear in X and satisfies the Leibniz rule in Y
and therefore is a connection. It is torsion-free as:

∇̄Ȳ X̄ − ∇̄X̄ Ȳ = π∗(∇XY −∇YX) = π∗([X,Y ]) = [π∗(X), π∗(Y )] = [X̄, Ȳ ],

by naturality of the pushforward.

Proposition 4.5. The induced connection ∇̄ on QO is the Levi-Civita connection of
the form h defined in Proposition 4.3; furthermore the Lorentzian geometry (Q, hab) is
Ricci-flat.
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Proof. If X̄ is a vector field on QO, X its horizontal lift to a vector field on O, and α, β
are 1-forms on QO, then at every point x ∈ O we have:

(∇̄X̄h)(α, β)(π(x)) = ∇X̄g(π
∗α, π∗β)(x)

= −(π∗α)(N)(π∗β)(X)(x)− (π∗β)(N)(π∗α)(X)

= 0.

This shows that ∇̄ is the Levi-Civita connection for h.
Now, if X̄, Ȳ and Z̄ are vector fields on QO and X,Y, Z their horizontal lifts to O

then, noting that ∇al[X,Y ]a = 0, and using that N is parallel for ∇, we have:

R̄(X̄, Ȳ )Z̄ = π∗(R(X,Y )Z).

If (Ēi) is an arbitrary local frame of TQO then lifting them horizontally to fields on
O, we obtain a local frame (Ei, N) of TM , with dual frame: (ωi, 12dl). Now:

Ric(Y, Z) =
∑
i

ωi(R(Ei, Y )Z) +
1

2
dl(R(N,Y )Z) =

∑
i

ωi(R(Ei, Y )Z).

By definition, ωi(Ej) = δij , ω
i(N) = 0 therefore: LNω

i(Ej) = −ωi([N,Ej ]) = 0. Thus,

the ωi are the pullbacks of a local frame ω̄i of QO and it follows that:

0 = Ric(Y,Z) = Ric(Ỹ , Z̃).

We can also check this in terms of the global trivialisation given in Theorem 3.3:

TO → Span(N)⊕ TQO
va 7→ (12(v

bdlb)N
a, vb∇bx

µ)
(4.15)

the decomposition of the tangent bundle given by l. At any point where λ ̸= 0 the
inverse of gab is, in this decomposition,

gab =

(
−1

l 0
0 hµν

)
. (4.16)

The local connection form of the Levi-Civita connection in coordinates (x0 = 1
2 l, x

µ)
adapted the global trivialisation is then given by

(ωi
j)c = ∇cx

0

(
− 1

2l 0
0 0

)
+∇cx

ρ

(
0 0
0 γµρν

)
(4.17)

where γµρν are the Christoffel symbols of the Levi-Civita connection of h. The local
curvature form is

(F i
j)cd = ∇cx

ρ ∧∇dx
σ

(
0 0
0 Rµ

νρσ

)
(4.18)

where Rµ
νρσ is the Riemann tensor of h. Since by Proposition 4.2 gab is Ricci-flat it

immediately follows that hab is also.
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5 Geometry of Q

We recall that M := M̃ \ Z(n) and assume, as in Theorem 3.2, that its quotient Q by
the flow of na can be equipped with a smooth manifold structure. It then decomposes
as

Q = QO ∪H− ∪H0 ∪H+. (5.1)

From the previous section, in particular Proposition 4.3 and Proposition 4.5, we
learned that QO is equipped with a Ricci flat Lorentzian metric. We will now show that
this metric is projectively compact of order 1 with H−∪H0∪H+ forming the projective
boundary.

In order to prove this we will proceed in 3 steps. First, we will discuss how to identify
densities and tractor bundles on Q with subbundles of bundles on M via pullback.
This first step can be thought as an infinitesimal version of the relations between the
homogeneous models as in Figure 1. In particular, since HAB and IA are covariantly
constant on the whole of M they will define corresponding tractor fields H̄AB and ĪA on
Q. As a result of the quotient by IA which is necessary for the identification, H̄AB then
is degenerate of kernel ĪA. Secondly, we will show that the projective tractor connection
∇ of M induces a normal projective tractor connection ∇̄ on Q and that ∇̄cH̄

AB = 0,
∇̄cĪA = 0. This will imply by [ČG14; FG18] that Q is equipped with a Ricci flat metric
projectively compact of order 1. Finally we will show that on QO this metric coincides
with the Ricci flat metric resulting from the previous section.

5.1 Densities and tractors of Q

We will first show how to relate densities on M with densities on Q. Extending this at
the level of 1-jets will yield the corresponding identification between projective tractors
TM on M with projective tractors TQ of Q.

5.1.1 Densities on Q

In the sequel, we shall assume that the flow of na ∈ Γ (TM(−1)) on M := M̃ \ Z(n)
defines a fibre bundle

π : M −→ Q (5.2)

with fibres given by the integral lines, and general fibre R.
Let EM (w) and EQ(w) be projective densities of M and Q respectively.

Proposition 5.1. There is a canonical isomorphism

π∗EQ(w) ≃ EM (w). (5.3)

Proof. By definition of projective densities (see Section 2.1), the bundle EM (w) is canon-

ically isomorphic to
(
Vol(M)

)− w
n+2 where Vol(M) =

(
Λn+1T ∗M ⊗ Λn+1T ∗M

) 1
2 is the

bundle of volume densities of M .

22



Therefore, there always exists a canonical nowhere vanishing section ε2a1...an+1,b1...bn+1

of [(Λn+1T ∗M)⊗ (Λn+1T ∗M)](2(n+ 2)) realising the canonical isomorphism

ε2a1...an+1,b1...bn+1
: EM (−2(n+ 2)) ≃ Λn+1T ∗M ⊗ Λn+1T ∗M (5.4)

We will note TM/n the fibre bundle over M = M̃ \ Z(n) obtained by taking the point-
wise quotient of TM by the span of sna where s is any “true scale”, i.e. nowhere vanishing
density of weight 1; the quotient is independent of the choice of s. By construction, the
annihilator N ∗ of na in T ∗M is identified with (TM/n)∗ as well as with the pull-back
bundle π∗(T ∗Q). It follows that:

νa1...an,b1...bn := ε2aa1...an,bb1...bnn
anb, (5.5)

is identified with a nowhere vanishing section of π∗
(
ΛnT ∗Q ⊗ ΛnT ∗Q

)
⊗ EM

(
2(n + 1)

)
and thus realises an isomorphism

EM
(
− 2(n+ 1)

)
≃ π∗

(
ΛnT ∗Q⊗ ΛnT ∗Q

)
≃ π∗EQ(−2(n+ 1)). (5.6)

Taking roots yields the desired isomorphism for arbitrary weights w.

This identification enables us to construct a natural differential operator on projective
densities of M . Indeed, the action of the Lie derivative on π∗

(
ΛnT ∗Q⊗ ΛnT ∗Q

)
along

na induces a differential operator Dn on EM (w) by closing the following commutative
diagram:

π∗ (ΛnT ∗Q⊗ ΛnT ∗Q)
− w

2(n+1) π∗ (ΛnT ∗Q⊗ ΛnT ∗Q)
− w

2(n+1) (−1)

EM (w) EM (w − 1).

≃

Ln

≃

Dn

Figure 3: Defining diagram of Dn

Proposition 5.2. The maps appearing in the commutative diagram in Figure 3 are well
defined linear differential operators of order 1. In a given projective scale, we have

Dn : EM (w) −→ EM (w − 1)
τ 7−→ (∇n + wρ)τ

(5.7)

where ρ := − 1
n+1∇an

a = YAI
A.

Proof. Let s be an arbitrary non-vanishing density of weight 1 on M , and Xa = sna.
Since π∗(ΛnT ∗Q) can be identified with n-forms onM that vanish whenever at least one
of its arguments is a vertical vector, we can apply the Lie derivative in the usual sense.
Let ∇ be the scale determined by s in the projective class then for any α ∈ π∗(ΛnT ∗Q):

LXα = X⌟dα = ∇Xα− nsρα = s(na∇aα− nρα),
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where we recall ∇bn
a = −ρδab . Since this is proportional to the scale s, we see that this

yields a well-defined linear operator Ln : π∗(ΛnT ∗Q) → π∗(ΛnT ∗Q)(−1). According to
the commutative diagram in Figure 3, to define Dn on densities of weight −2(n+1), we
must set:

Dnτ = ν−1Ln(ντ) = ν−1 (∇n(ντ)− 2nρντ)

= ν−1 (ν∇nτ − 2ρντ − 2nρντ)

= ∇nτ − 2(n+ 1)ρτ.

where ν is a short-hand notation for the section (5.5). Eq. (5.7) follows for densities of
arbitrary weight w.

Proposition 5.1 allows us to identify projective densities EM (w) onM with pullbacks
of densities on Q. Since sections τ of π∗EQ(w) which are the pullback τ = π∗τ̄ of sections
of EQ(w) are precisely those with vanishing Lie derivative in the direction na we obtain,
from the commutative diagram 3, the following characterisation of densities on Q:

Proposition 5.3. Densities τ̄ of weight w on Q are canonically identified with densities
(of weight w) τ on M satisfying Dnτ = 0:

Dnτ = 0, τ ∈ Γ(EM (w)) ⇔ τ = π∗τ̄ , τ̄ ∈ Γ(EQ(w)). (5.8)

In the righthand side of the above equivalence, and throughout the following sections
of this article, we abuse notation and use the isomorphism (5.3) to identify sections of
EM (w) and π∗ (EQ(w)), i.e. we will think of π∗τ̄ as a section of EM (w).

Remark 5.1. This shows that whenQ can be equipped with a smooth manifold structure,
there is a nowhere vanishing density s of weight 1 on M such that ρ = YAI

A = 0 in
the scale ∇s. Indeed, let s̃ be a nowhere vanishing scale on Q; we have shown that this
corresponds to a nowhere vanishing density s = π∗s̃ such that IADAs = 0, writing this
last equation in the scale determined by s shows that sρ = 0 ⇒ ρ = 0.

The above remark motivates the following definition:

Definition 5.1. A nowhere vanishing 1-density on M that satisfies Dnν = 0 will be
called an adapted scale on M .

These scales are useful as they guarantee the most compatibility between the struc-
tures on M and Q; we record below of their some fundamental properties.

Lemma 5.1. Let s be an adapted scale on M , and ∇ the scale it determines in the
projective class. Then:

ρ = YAI
A = 0, Pabn

b = 0, ∇an
b = 0. (5.9)

Using their characterisation and Eq. (3.2), we can immediately identify some impor-
tant adapted scales on O and Σ \ {λ = 0}:

Corollary 5.1.
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• The density σ := HABXAIB on M induces a weight 1 density σ̄ on

Q = QO ∪H− ∪H0 ∪H+︸ ︷︷ ︸
H

such that σ̄(x) = 0 ⇔ x ∈ H = Σ/R; in particular it is a boundary defining
function for H.

• The density λ := HABXAXB on M induces a weight 2 density λ̄, on

H = H− ∪H0 ∪H+

such that λ̄(x) = 0 ⇔ x ∈ H0.

5.1.2 Tractors of Q

In the previous subsection we established an equivalence (5.8) between densities on Q
and densities on M which are in the kernel of (5.7). In this section we will extend
this equivalence to the corresponding tractor bundles TM =

(
J1EM (1)

)∗ → M and

TQ =
(
J1EQ(1)

)∗ → Q.

Proposition 5.4. The isomorphism of Proposition 5.1 extends at the level of 1-jet and
yields the canonical isomorphisms

π∗(TQ)∗ ≃ I◦ ⊂ T ∗
M , π∗TQ ≃ TM/I. (5.10)

Proof. As we have seen, any section τ of EM (1) that satisfies Dnτ = 0, arises as π∗τ̄
for some section τ̄ of EQ(1). Now 0 = Dnτ = IADAτ so that at each point p ∈ M ,
DAτ is in I◦p . Consider the map DAτ 7→ π∗DAτ̄ . By construction, DAτ̄π(p) only depends
on the 1-jet of τ̄ at π(p), and similarly for DAτ at p, therefore this defines a vector
bundle morphism I◦ → π∗T ∗

Q, which is injective in the fibres. Since they have the same
dimension this is a vector bundle isomorphism. The other isomorphism is obtained by
duality.

Working in adapted scales (see Definition 5.1), we can determine an analogue of Propo-
sition 5.3 that tells us when a section of I◦ ⊂ T ∗

M arises as a pullback of a section of T ∗
Q.

First, let us point out that the splitting sections Y are W determined by a connection
∇ in a projective class in fact only depend on the connection ∇ induces on the density
bundle E(1). Therefore, one can define Y and W even in the absence of a projective
structure by simply choosing a connection on E(1). In particular, for every nowhere
vanishing density ν, there is always a connection on E(1) for which it is parallel.

Corollary 5.2. A co-tractor field VA on M can be written as the pullback VA = π∗V̄A
of a tractor field V̄A on Q if and only if:

na∇aVA = 0 and IAVA = 0.

25



Let ν = π∗ν̄ be an adapted scale on M , by the preceding remark, ν and ν̄ determine re-
spectively connections on EQ(1), EM (1) and splitting operators Y ,W and Y,W on8 (TQ)∗
and (TM )∗; this is summarised by Figure 4. Using these connections to simultaneously
split TM and TQ, the sections

VA = ξYA + µcZ
c
A, V̄A = ξ̄ȲA + µ̄cZ̄

c
A,

of (TM )∗ and (TQ)∗ are identified via the relations π∗ξ̄ = ξ and π∗µ̄ = µ.

Proof. Writing out the conditions on VA in terms of its components in a generic scale
we have:

IAVA = 0 ⇔ naµa + ξρ = 0, ∇nVA = 0 ⇔

{
∇nξ = naµa,

∇nµa + naPabξ = 0.
(5.11)

Working in an adapted scale and making use of Lemma 5.1, the above equations become
equivalent to requiring that each components ξ and µ are the pullback of corresponding
fields ξ̄ and µ̄ on Q. Now, by construction, the isomorphism of Proposition 5.4 maps
DAν = νYA to DAν̄ = ν̄ ȲA. It follows that ξYA 7→ ξ̄ȲA and then by linearity: VA −
ξYA 7→ V̄A − ξ̄ȲA.

0 π∗T ∗Q(1) π∗T ∗
Q π∗EQ(1) 0

0 n◦ ⊂ T ∗M(1) I◦ ⊂ T ∗
M EM (1) 0

π∗Z̄a
A

π∗W̄A
a

π∗X̄A

π∗ȲA=s̄−1DAs̄

≃

Za
A

WA
a

IA=WA
a na

≃

XA

≃

YA=s−1DAs

Figure 4: Compatible splittings in adapted scales

5.2 The projective structure and the tractor connection of Q

5.2.1 The induced projective structure on Q

We have already established in Proposition 4.4 that the projective structure ofM induces
a projective structure on QO; we now extend this to all of Q.

Proposition 5.5. Each adapted scale s determines a connection ∇̄s on Q. Furthermore,
all such connections belong to the same projective structure.

8One has YAI
A = ν−1IADAν = ν−1Dnν = 0 and these are thus splitting operators on I⊥ ⊂ T ∗

M .
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Proof. Let s be an adapted scale and let us consider the connection ∇ it determines in
the projective class. As in the proof of Proposition 4.4, we can evaluate the Lie derivative
of the connection. It follows from Lemma 5.1 and Lemma 4.2 that:

(LNs∇s)abc = (N s)aPbc,

Let β be a 1-form on Q, and Z̄ a vector field on Q to vector fields on M . Locally lift Z̄
to a vector field Z on M with the property that ∇nZ = 0 and set:

π∗∇̄s
Z̄α = ∇Z(π

∗β).

To check that the definition make sense we must prove that right-hand side is indepen-
dent of the lift and can be written as the pullback of a form on Q. First note that
∇Ns(π∗β) = 0, hence, two such lifts differ by a vector that is proportional to N s, the
formula, if well-defined, is independent of the choice of lift. Second:

LNs∇Z(π
∗β) = ∇[Ns,Z](π

∗β) + π∗β (LNs∇s(Z, ·)) +∇ZLNsπ∗β = 0,

whilst (∇Z̄π
∗β)(N s) = 0, showing that the connection is well-defined.

If s1 is another adapted scale then

∇s1 = ∇s − s−1
1 ∇s1 = ∇s − f−1∇f,

where f = s1s
−1. As Dns1 = Dns = 0 it follows that f = π∗f̄ and df

f = π∗ df̄
f̄
, so that:

∇s1
Z π

∗β −∇s
Zπ

∗β = f−1df(π∗β)(Z) + f−1df(Z)π∗β

= (π∗f̄)−1d(π∗f̄)π∗(β(Z̄)) + (π∗f̄)−1d(π∗f̄)(Z)π∗β

= π∗
(
f̄−1df̄β(Z̄)

)
+ (π∗f̄)−1π∗(df̄)(Z)π∗β

= π∗
(
f̄−1df̄β(Z̄) + f̄−1f̄(Z̄)β

)
.

Therefore all connections constructed in this manner are projectively related.

The following is an immediate consequence of the definition the connection:

Proposition 5.6. If s = π∗s̄ is an adapted scale then the curvature tensors R and R̄ of
∇s and ∇̄s satisfy:

π∗(α(R̄(X̄, Ȳ )(−)) = (π∗α)(R(X,Y )(−)),

for every 1-form α and vector fields X̄, Ȳ , on Q and X,Y are arbitrary lifts of X̄, Ȳ
respectively that satisfy ∇nX = ∇nY = 0.

Corollary 5.3. Let s = π∗s̄ be an adapted scale then for any vector fields Ȳ , Z̄ on Q
we have:

π∗(P̄ (Ȳ , Z̄)) = P (Y, Z),

where P and P̄ are the Schouten tensors of ∇s and ∇̄s respectively and Y and Z are
lifts of Ȳ , Z̄ such that ∇nY = ∇nZ = 0.
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Proof. It follows immediately from the above that:

π∗(R̄(Ȳ , Z̄)) = R(Y, Z)︸ ︷︷ ︸

=

(n−1)P (Y,Z)

−P (Y,Z) = (n− 2)P (Y,Z).

Since the Schouten tensor P is symmetric (∇s is special) it follows that the Ricci tensor R̄
is symmetric (therefore we recover that ∇̄s is special), and so R̄(Ȳ , Z̄) = (n−2)P̄ (Ȳ , Z̄)

Corollary 5.4. For any adapted scale s = π∗s̄: ∇̄ss̄ = 0.

Proof. Let ν = s−(2n+2) = π∗ν̄. By definition, we have s̄−(2n+2) = ν̄. These densities are
identified with sections of (ΛnT ∗Q)⊗2, we can apply the definition of ∇̄ and the Leibniz
rule to see that:

π∗∇̄Ȳ ν̄ = ∇Y π
∗ν̄ = ∇Y ν = 0.

5.2.2 The induced tractor connection on Q

The aim of this section is to show that the projective structures fit together nicely.

Proposition 5.7. The tractor connection on T ∗
M induces a connection on I◦ and a

connection ∇̄ on the bundle T ∗
Q.

Proof. Since IA is parallel if IAVA = 0 then IA∇aVA = 0, so ∇ restricts to a connection
on I◦. To define a connection on T ∗

Q, let Z̄ be a vector field on Q and let Z be any local
lift of Z̄ to M that satisfies ∇nZ = 0. Let ϕ : π∗TQ → I◦ denote the bundle morphism
established in the previous section and set:

π∗∇̄Z̄V = ϕ−1∇Zϕ(π
∗V ).

This is independent on the choice of lift Z as any other lift Z ′ is such that (Z −Z ′) ∝ n
and ∇nϕ(π

∗V ) = 0. This second identity can be seen using an adapted scale in which
the components ξ and µc of ϕ(π∗V ) must satisfy ∇nξ = 0, ∇nµc = 0 and µcn

c = 0.
Since in adapted scales Pabn

a = 0, this means precisely that the tractor is covariantly
constant in the direction of n. It remains to check that ∇n∇Zϕ(π

∗V ) = 0 so that the
right-hand side is indeed a pullback section.

For any choice of adapted scale ν, setting N = νn, we have the identity for cotractors
VA:

∇N (∇ZVA)−∇Z(∇NVA) = [Z,N ]a∇aVA −NaZbΩab
B
AVB (5.12)

Using this with V = ϕ(π∗V ) and our assumption on the lift:

∇N (∇ZVA) = −NaZbΩab
B
AVB. (5.13)

The vanishing of this last term, concluding the proof, will be given by the following
Lemma:
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Lemma 5.2.
naΩab

A
B = 0. (5.14)

Proof. The tractor curvature is a projectively invariant tensor which, in any given scale,
is, by Eq. (2.3), completely parametrised by the (projective) Weyl and (projective)
Cotton tensors. Evaluating their contraction with na in the scale σ one sees from (4.18),
(4.17) that their contraction with na always vanishes. This extends to the points where
σ = 0 by continuity.

It follows that ∇N (∇ZVA) vanishes and ∇̄ is well-defined.

Proposition 5.8.

1. HAB induces a parallel section H̄AB on Q. It is a symmetric pairing of rank n−1
on T ∗

Q.

2. IA = DAσ induces a parallel section ĪA of T ∗
Q and ĪA is in the radical of H̄AB.

3. ĪA = DAσ̄.

Proof. 1. Let H̃AB denote the induced metric in I◦, let V̄A, W̄B be sections of T ∗
Q

that we can pullback an identify with sections VA,WB of I◦ that satisfy, ∇nVA =
∇nWB = 0. Since HAB is parallel it follows that HABVAWB is constant along the
fibres of M → Q; this can this be used as the definition of H̄AB. To show that
H̄AB is parallel observe that we have the scalar identity:

∇̄a(H̄
ABV̄AW̄B) = ∇̄a(H̄

ABV̄AW̄B)− H̄AB∇̄aV̄AW̄B − H̄ABV̄A∇̄aW̄B,

which, by definition of ∇̄ and H̄AB, must pull back to the identity:

∇a(H
ABVAWB) = ∇aH

ABVAWB −HAB∇aVAWB −HABVA∇aWB = 0.

In the above we have defined9: VA = π∗V̄A and WA = π∗W̄B.

2. This follows from the fact that ∇cDAσ = 0 and IADAσ = ΦABI
AIB = 0. It is

immediate from the definition of ∇̄ that ĪA is parallel for ∇̄.

Proposition 5.9. The connection ∇̄ on T ∗
Q is the Cartan normal connection associated

to the projective class of [∇̄s] where s is any adapted scale.

Proof. Choose a fixed adapted scale s and introduce the splittings of T ∗
M and T ∗

Q as in

Corollary 5.2. Let V̄A = ξ̄ȲA+µ̄cZ̄
c
A be a section of T ∗

Q, we have from the aforementioned
Corollary that:

VA = π∗V̄A = ξYA + µcZ
c
A

9We omit, by abuse of notation, the bundle isomorphism
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where ξ = π∗ξ and µ = π∗µ. Let Z̄ be a vector field on Q and Z a lift to M such that
∇nZ = 0, then:

∇ZVA = (∇Zξ − µ(Z))YA + (∇Zµc + P (Z,−)cξ)Z
c
C .

By definition of the connection ∇̄, the Leibniz rule and Corollary 5.3 we have:{
∇Zξ − µ(Z) = π∗

(
∇̄Z̄ ξ̄ − µ̄(Z̄)

)
(∇Zµ+ P (Z,−)ξ) = π∗

(
∇Z̄ µ̄+ P̄ (Z̄,−)ξ

)
.

Hence, using again Corollary 5.2, it follows that:

∇̄cV̄A = (∇̄cξ̄ − µ̄c)ȲA + (∇̄cµ̄a + P̄ca)Z
c
A.

5.2.3 Projective compactification of order 1

It now follows from Proposition 5.8 and Proposition 5.9 that Q is equipped with a normal
solution to the metrisability equation of rank n−1 whose geometry is therefore described
by [FG18, Theorem 3.14]:

Theorem 5.1. Let gab = σ̄−2H̄ABZ̄b
AZ̄

b
B on Q ∩ {σ̄ ̸= 0}. Then the restriction of

gab to Q ∩ {±σ > 0} is projectively compact (Ricci-flat) Einstein metric of order 1 and
Q∩{±σ ≥ 0} is a projective compactification with projective boundary H = Q∩{σ̄ = 0}.

5.3 An additional induced tractor bundle on Q

The isomorphisms in Proposition 5.4 are convenient for the classical description of the
projective geometry on Q. However, the infinitesimal geometric structure on Q is richer
than that of the usual projective tractor geometry. We will first illustrate this by con-
structing from the ambient projective tractor bundle TM → M a vector bundle T̃ → Q
on Q, whose fibres of dimension n + 2 will be able to carry additional information
compared to TQ → Q (which is a rank n + 1 vector bundle). This might at first seem
incidental, but it turns out to be important in elucidating the geometry at the projective
boundary H ⊂ Q.

The bundle T̃ inherits a connection and parallel sections ĨA, H̃AB, mimicking the
original setup on M seen here, however, as a structure on Q. A natural question one
might ask is: does this vector bundle correspond to the tractor bundle of a Cartan
geometry on Q and what, if any, additional geometric structures may it induce?

The answer we propose is that this is in fact an alternative form of projective geometry
on Q, however, based on a non-effective homogeneous model.

Referring to the model of our holonomy reduction discussed in the Introduction and
Section 2.2, one might observe there that the base RPn arises equivalently as either the
set of planes containing the line generated by I or, the set of projective lines passing
through the fixed point [I]. It can then be described as the Klein geometry G̃/P̃ where
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G̃ is the isotropy subgroup of [I] in PGL(n+1) and P̃ the stabiliser of some given plane
containing RI. It is clear that the action has a relatively large kernel conjugate to:

K̃ =

{(
c υ
0 λIn+1

)
mod Z(GL(n+ 2))

}
.

Given any Cartan geometry10 (C → Q, ω) with this model, it is natural to construct
a bundle T associated to the restriction to P̃ of the (n+ 2)-dimensional representation

u 7→ |detu|−
1

n+2u of PGL(n + 1,R). There is also a canonical line bundle L → Q
associated to the 1-dimensional representation of P̃ given by:c υν υ0

0 Aµ
ν 0

0 Υµ a

 mod Z(GL(n+ 2)) 7→
∣∣∣ c
a

∣∣∣ 1
n+2

.

As with projective densities, let L (w) denote the w-th power of L . For simplicity, in this
brief discussion, we shall assume that the line bundle corresponding to the representation
G ∈ P̃ 7→ c

a is oriented and can therefore be identified with a power of the first. A
generic g̃-valued 1-form on Q can be parametrised as follows:− 1

n+2α
σ
σ + n+1

n+2κ υν υ0
0 αµ

ν − 1
n+2α

σ
σδ

µ
ν − 1

n+2κδ
µ
ν ωµ

0 Pν − 1
n+2α

σ
σ − 1

n+2κ

 . (5.15)

The 1-form κ parametrises a linear connection on L with local connection form 1
n+2κ.

Modulo the kernel k, this leads to the usual parametrisation of a projective connection
and a natural condition on ω is to require that ω̃ = ωmod k is the normal Cartan
connection of the corresponding projective class. We make this assumption in the rest
of the paragraph, thus Pν is completely determined in terms of the Projective Schouten
tensor.

Let us now make a few further general observations about these Cartan geometries.
First, we see that there is always a distinguished direction in T ; this should be identified
with the origin [I] in the definition of the non-effective homogenous model. Secondly,
we have a natural exact sequence realising T as an extension of a weighted version of
the usual tractor bundle TQ:

0 EQ(−n+1
n+2)⊗ L (n+ 1) T TQ( 1

n+2)⊗ L (−1) 0.

Now, if we assume that there is a distinguished parallel section Ĩ of T in the priv-
ileged direction there are local gauges in which κ = 1

n+1α
µ
µ and it is apparent that we

should identify L with E( 1
n+2). The short exact sequence then becomes:

10C is P̃ -principal bundle.
11We will abusively use the notation C∞(Q) to denote both the module of smooth real-valued functions

on Q and the (trivial) bundle of which they are sections.
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0 C∞(Q) T TQ 0Ĩ Π

Figure 5: Decomposition of T 11

Under the above compatibility assumption we therefore see that parallel sections of
T canonically project to parallel sections of TQ; so a holonomy reduction of the Cartan
geometry (C,ω) given by parallel sections of T leads to a holonomy reduction of the
underlying normal projective geometry. For instance, if we assume that there is a non-
degenerate parallel section H̃ÃB̃ of signature (2, n) such that Φ̃ÃB̃ Ĩ

ÃĨB̃ = 0, where Φ̃ is

the inverse of H̃, then we get a parallel section: HAB = ΠA
Ã
ΠB

B̃
H̃ÃB̃. Additionally, the

section: ΠB
B̃
H̃ÃB̃ induces an isomorphism T ∗

Q ≃ Ĩ⊥. Since Ĩ ∈ Ĩ⊥, it induces a cotractor

IA such that HABIA = 0, as expected.
There are few unresolved issues in pushing the general discussion further. For in-

stance, the general connection in Eq. (5.15) has unspecified components υ0, υν that do
not seem immediately linked to the underlying normal projective structure. However,
one may expect that the existence of a parallel section HÃB̃ could exhaust these remain-
ing degrees of freedom. Indeed, an argument in favour of this is that there will be an
induced Ricci-flat Einstein metric g on Q and, where g is non-degenerate, we will be
able to find local gauges of the form:0 −ωµηµν 0

0 αµ
ν ωµ

0 0 0

 ,

where α is the Levi-Civita connection form expressed in an orthogonal basis and η =
diag(−1, 1, . . . , 1).

Another related issue is that it is not clear how to split the exact sequence in Figure 5.
From the strict of point of view of the bundle T , this is a choice of a point in the affine
space a = {TÃ ∈ T ∗ |TÃĨ

Ã = 1}, directed by sections of Ĩ◦ ≃ T ∗
Q. However, it is

unclear how one may interpret this in terms of a geometric structure on Q. Supposing
a choice can be made, if we denote

Π

the inverse induced splitting section, then we note

that it follows directly from Eq. (5.15) that the connection will act on T Ã = f ĨÃ+

ΠÃ
At

A

(f ∈ C∞(Q), t ∈ Γ(TQ)) according to:

∇cT
Ã = (∇cf + υcBt

B)ĨÃ +

ΠÃ
A∇ct

A, (5.16)

where υcA is a co-tractor valued 1-form determined by the connection and depending on
the splitting.

In this section we construct a vector bundle T̃ → Q that we conjecture carries the
structure of T . In the case we study, the distinguished section Ĩ is parallel and we will
show that T̃ has the same decomposition structure as in Figure 5.

The bundle T̃ → Q is constructed as follows: if ν is a density on M̃ that restricts to
a nowhere vanishing density on M , the flow of Na = νna defines a canonical action of R
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on the tractor bundle πT : TM →M that parallel transports tractors along the integral
curve of N , t 7→ ϕNt (x). The quotient πTM→T̃ : TM −→ T̃ is a rank (n + 2) vector

bundle T̃ → Q, with projection defined by factorisation of the map πT̃ (see Figure 6);
this construction is independent of the choice of scale ν. This leads to:

Definition 5.2. Define T̃ to be the quotient space T /R constructed as above. It naturally
fits into the commutative square:

TM T̃

M Q

πTM→T̃

πT πT̃

π

Figure 6: Defining diagram of the bundle T̃ → Q.

A point in the fibre π−1
T̃ ({q}) can be thought of as a parallel vector field along the

integral curve q ∈ Q of N or, in other words, a covariantly constant section along
π−1({q}). From Figure 6, it can be seen that sections of TM which are covariantly
constant along the fibres of M → Q map to sections of T̃ .

Conversely, a section Ṽ of T̃ gives rise to such a section of TM . Indeed, we can define
a map on M =

∐
q∈Q π

−1({q}), that to each x ∈ π−1({q}) gives the value of the section

V (q) at x. Using the maps q, t of a local trivialisation ψ : π−1(Ui) → Ui×R, locally this
coincides with V (x) = V̄ (q(x))(t(x)) where for each q ∈ Ui ⊂ Q, V̄ (q) is the solution of
the ordinary differential equation,

∇γ̇ V̄ (t) = 0,

V̄ (0) = Ṽ (q)(ψ−1(q, 0)),

γ(t) = ψ−1(q, t) = ϕÑt (x0),where x0 = ϕ−1(q, 0).

Above, Ñ is the image of the vector field ∂t on Ui × Rt under the diffeomorphism ψ;
the section is smooth by smoothness with respect to initial conditions. We record this
observation in the following lemma.

Lemma 5.3. Sections of T̃ are in one-to-one correspondence with sections of T that
are covariantly constant along the fibres of M −→ Q.

As claimed we see that the bundle comes equipped with a natural set of geometric
data.

Proposition 5.10. T̃ inherits from T the follow data:

1. a natural linear connection defined by the relation:

∇̃X̄T p = (∇X T̃ )p,

where p ∈ M , X̄ is a vector field on Q near q = π(p), T ∈ Γ(T̃ ), X is lift of X̄
near p that satisfies ∇nX = 0, and ˜denotes the correspondence of Lemma 5.3,
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2. canonical sections H̃AB and ĨA of T̃ ⊗ T̃ and T̃ .

Furthermore, the sections Ĩ and H̃ are parallel for the connection defined in 1.

Proof. 1. The construction is similar to that in the proof of Proposition 5.7.

2. Since ∇aH
AB = 0 and ∇aI

A = 0 these both descend to corresponding sections
H̃AB and ĨA.

That they are parallel follows immediately from the definition of the connection.

To develop further the idea that this data should be thought of as an intrinsic Cartan
geometry on Q modeled on G̃/P̃ , we now confirm that we have the expected decompo-
sition sequence of Figure 5 realising it as an extension of the standard projective tractor
bundle.

Proposition 5.11. There are canonical isomorphisms:

Ĩ◦ ≃ (TQ)∗, T̃ /Ĩ ≃ TQ. (5.17)

In particular, we have the decomposition sequence:

0 T ∗
Q ≃ Ĩ◦ T̃ ∗ C∞(Q) 0Ĩ

Proof. We refer the reader to the proof of Proposition 5.4 as the arguments are similar.

As in the discussion of the model, one can split the exact sequence with a choice of
section of T̃ ∗ that does not annihilate the distinguished tractor Ĩ; in fact on QO, we
have a canonical choice:

Lemma 5.4. The cotractor LC = 1
2DC(σ

−1λ) descends to a section L̃C̃ of T̃ ∗ such that

L̃C̃ Ĩ
C̃ = 1.

Proof. Using Lemma 3.1:

nd∇dLC =
1

2
IDDDDC(σ

−1λ) =
1

2
ID

(
2σ−3λDDDCσ − 2σ−2D(DλDC)σ + σ−1DDDCλ

)
= −σ−2 1

2
IDDDλDCσ + σ−1IDΦDC

= −σ−1DCσ + σ−1DCσ = 0.

The first claim then follows from Lemma 5.3 and a straightforward computation, using
again Lemma 3.1, shows the second.

This provides us with the means to test the following statements on QO:

Corollary 5.5.
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1. The bundle T̃ with its connection ∇̃ and parallel tractor Ĩ, endows Q with a Cartan
geometry modeled on the non-homogenous model of projective geometry G̃/P̃ .

2. The linear connection on T ∗
Q induced by the isomorphism T ∗

Q ≃ Ĩ◦ coincides with
the normal projective connection ∇̄.

Proof. We only sketch the proof of 1 on QO. Since Ĩ is parallel it follows from its
definition that the connection ∇̃ will adopt the desired form given by Eq. (5.16), where
the connection on TQ is induced from ∇̃ by the isomorphism of Proposition 5.11. In
particular, we may compute the connection cotractor 1-form υ from the ∇̃bL̃C̃ . Working
in the scale determined by σ on O, it can be determined from: 1

2W
B
b DBDC(σ

−1λ) =
1
2σ

−1WB
b ∇a∇bλZ

a
A = σgabZ

b
B, in the notation of Section 4. Pushing down toQO through

the different identifications of this and the previous sections, we arrive at:

υaB = −σ̄habZ̄b
B,

where h is the metric of Proposition 4.3.

In this situation, where the geometry arises as an inherited structure from an ambient
space, there is an obvious interpretation of the additional degrees of freedom in the non-
effective Cartan geometry as the remnants of the projective degree of freedom of the
projective geometry on the ambient space; however it is still unclear how they should be
interpreted in terms of Q alone.

It should also be noted that Proposition 5.11 does not rely on the existence of the
parallel tractor H̃ on T̃ . Taking it into account adds a further interesting element to the
geometric picture surrounding of T̃ ; relating it to conformal geometry. By Proposition
4.3, QO := Q∩{σ ̸= 0} is equipped with a conformal class of metrics [hab] and therefore
defines a conformal tractor bundle.

Proposition 5.12. On QO the bundle T̃ is canonically isomorphic to the conformal
tractor bundle. What is more the induced connection ∇̃ coincides with the normal con-
formal tractor connection.

Proof. By Theorem 3.3, the line bundle O → QO has a preferred section s : QO →
O∩{λ = 0}. This map thus canonically identifies T̃ with the pull back of the projective
tractor bundle i∗TO → O ∩ {λ = 0} as well as the corresponding induced connections.
Now we recall that the submanifold O ∩ {λ = 0} can also be thought as part of the
conformal boundary for a projective compactification of order 2. What is more the
corresponding conformal structure coincides with the conformal structure on QO (this
follows from their respective definitions). However, by the results from [ČG16, Section 4],
the pullback bundle i∗TO of projective tractors along the projective boundary is canon-
ically identified with the conformal tractor bundle and the restriction of the projective
tractor connection coincides with the normal conformal tractor connection.

In other terms T̃ (and its induced connection ∇̃) are continuous extensions of the
conformal tractor bundle (and the conformal tractor connection) from QO to the whole
of the projective compactification Q.
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The points we develop in this section are the first steps towards the desirable picture
in which this structure can be constructed from geometrical data on Q alone; they
suggest an interesting picture and interplay between projective and conformal geometry
that we hope to unravel in future work [BH23].

6 The geometry of Σ → H

6.1 The geometry of Σ

The hypersurface Σ ⊂M is the projective boundary of O given by a holonomy reduction
from PGL(n + 1) to Aff(n + 1): this follows from ∇cIA = 0 and IA = DAσ (cf Lemma
3.1).

We have the following short sequences, dual to that in [FG18, Corollary 3.15],

Proposition 6.1.

0 0

EΣ(−1) i∗E(−1) ≡ E(−1)|Σ

0 TΣ ≃ i∗(IA)
◦ i∗TM C∞(Σ) 0

0 TΣ(−1) i∗TM(−1) C∞(Σ) 0

0 0

≃

X X

Z

DAσ

Z ≃

∇aσ

Proof. Since σ is boundary defining function for Σ we have J1EΣ(1) = i∗(J1EM (1))/J1σ
or equivalently (TΣ)∗ = i∗(TM )∗/IA. Passing to the dual gives TΣ = i∗

(
IA

)◦ ⊂ i∗(TM ).

Recall that we denote by ΦAB the inverse of HAB. Since we have ∇cΦAB = 0,
∇cI

A = 0 and I2 = 0 on M it follows from the isomorphisms in Proposition 6.1 that we
have

Proposition 6.2. The tractor bundle TΣ of Σ ⊂M inherits from M a projective tractor
connection ∇c, a covariantly constant section IA and a covariantly constant pairing ΦAB

with one dimensional kernel such that ΦABI
B = 0.

Remark 6.1. We point out that contrary to what we observed in Proposition 5.9 for the
quotient Q, the projective tractor connection ∇c induced on the boundary, is generically
not normal (as a projective connection).
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The geometry induced on Σ is far richer than just a projective geometry. Let us here
restrict to Σ± ⊂M± where λ is nowhere vanishing and thus defines a preferred scale12.
In this case, the induced geometries are known as Carrollian geometries [DGHZ14]:

Theorem 6.1. The hypersurface Σ± ⊂M is naturally equipped with

• a vector field Na

• a degenerate metric qab of rank n− 1 satisfying qabN
b = 0, LNqab = 0,

• a compatible affine connection ∇c satisfying ∇cN
a = 0, and ∇cqab = 0.

On Σ±, the signature of qab is (0,∓,+...+).

Proof. Recall that, from Lemma 3.1, ΦAB = DADBλ at every point of M . On M± it
follows from [ČGH14; FG18] that, in the scale λ, the representative connection ∇c in
the projective class is the Levi-Civita connection of the metric gab defined by

ΦAB = λ(YAYB + gabZ
a
AZ

b
B). (6.1)

What is more when ΦABX
AXB = ±|λ| ̸= 0, since ΦAB has signature (− − +...+), gab

has signature (−∓+...+). Now Lemma 3.2 implies, when evaluated in the scale λ that
ρ = 0 on Σ± i.e. i∗(IA) = naWA

a . Since by Lemma 3.1 i∗(DAσ) = i∗(ΦABI
B) we find,

in the scale λ,
√
λ∇aσ = gabN

b

where
Na := i∗(

√
λna) (6.2)

is therefore the normal to Σ. Since 0 = I2 = gabN
aN b this normal is null and the pull

back
qab := i∗gab (6.3)

is degenerate with one dimensional kernel spanned by Na and signature (0∓+...+).
We already know that ∇a is the Levi-Civita connection of gab. To conclude that it

induces a connection on the tangent bundle of Σ which satisfies,

∇cqab = 0, ∇cN
a = 0.

we need only to verify that i∗(∇aN
b) = 0. However this follows from evaluating (3.2) in

the scale λ. One concludes by noting that LNqab = i∗(LNgab) = 2i∗(∇(aNb)) = 0.

Carrollian geometries have been extensively studied in e.g. [DGHZ14; BGRRt17;
BM18; Mor20; FHPS22b; Fig22]. As was shown in [Har15; Her22a] they define a unique
normal Cartan geometry modelled on the homogeneous spaces Tin and Spin of (2.10).

12The Cartan geometry induced on M0 is similar to that of null infinity, the conformal boundary of an
asymptotically flat spacetime. This has been studied in details in [Her20; Her22b] and can be thought
as a conformal version of the geometries induced on M±, see [Her22a].
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Proposition 6.3. ([Her22a]) Carrollian geometries, as obtained on Σ− and Σ+ by
Theorem 6.1, define unique normal Cartan connections respectively modelled on the ho-
mogeneous spaces Tin and Spin defined by Eq (2.10)).

Without much surprise these Cartan geometries coincide with the induced tractor
geometries given by Proposition 6.2.

Proposition 6.4. The tractor connections respectively induced on TΣ− → Σ− and
TΣ+ → Σ+ coincides with the normal Cartan connections associated with the geome-
try of Theorem 6.1.

Proof. In the proof of Theorem 6.1 we already saw that, in the scale given by λ, the
induced tractor pairing ΦAB is in the diagonal form (6.1) while IA is simply proportional
to na. Moreover, the linear connection ∇a induced by the tractor connection is metric
compatible. It follows that the induced tractor connections define Cartan geometries
modelled on M±1,0.

We thus only need to prove that the induced tractor connection is normal, which in
this case just reduces to torsion-freeness. However it is straightforward to see that the
induced tractor connection on Σ is torsion-free as a result of the fact that the tractor
connection on M is.

6.2 The geometry of H

By definition H± are obtained by taking the quotient of Σ± by the flow of na. What is
more, by Corollary 5.1 the boundary defining function σ of Σ descends to a boundary
defining σ̄ function for H.

By taking the corresponding quotient by na and IA, the short sequences of Proposi-
tion 6.1 then descends to

Proposition 6.5.

0 0

EH(−1) i∗E(−1) ≡ E(−1)|H

0 TH ≃ i∗(ĨA)
◦ i∗TQ ≃ i∗(T̃ /Ĩ) C∞(H) 0

0 TH(−1) i∗TQ(−1) C∞(H) 0

0 0

≃

X X

Z

D̄Aσ̄

Z ≃

∇̄aσ̄

Proof. This follows from Proposition 5.11, Proposition 6.1 and the fact that ĨA = DAσ̄.
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The relationship between the different tractor bundles that we discussed up to now
are summarised by the following commutative diagram

i∗(TM ) TΣ ≃ i∗(IA)
◦

i∗
(
π∗TQ

)
≃ i∗(TM/I) π∗TH ≃ i∗(IA)

◦/I.

Figure 7: The tractor bundles along the boundary Σ → H.

From Proposition 4.1 the tractor connection on Σ induces a tractor connection on
H. Now, by Theorem 5.1, H is the projective boundary of a projectively compact
Einstein metric which, by [ČG14], also induces a tractor connection on H. From the
above relationship between the tractor bundle and our previous results these connections
coincide and, by the results of [ČG14] one has:

Corollary 6.1. The projective tractor connections induced on TH− → H− and TH+ →
H+ inherit a holonomy reduction to SO(n− 2, 1) and respectively define normal Cartan
connections modelled on Hn−1 and dSn−1. From [ČG14] these correspond to projectively
compact Einstein manifolds with projective boundary H0.

6.3 The geometry of I → H

According to Corollary 5.1, σ̃ ∈ Γ(EQ(1)) is a boundary defining function for H =
H− ∪H0 ∪H+. This implies the short sequence (dual to the second line of (6.5)):

C∞(H) i∗(TQ)∗ ≃ i∗(J1EQ(1)) i∗(J1EQ(1))
i∗(J1σ̄)

≃ J1EH(1) ≃ (TH)∗.J1σ̄ Π

What is more, from Corollary 5.1,
√
λ̄ ∈ Γ(EH±(1)) is a nowhere vanishing smooth

density on H±. This defines a section

ϕ : H± J1
√
λ̄−−−→ J1EH(1) ≃

i∗(J1EQ(1))
i∗(J1σ̄)

. (6.4)

However, there is no canonical way to extend
√
λ̄ as a density in a neighbourhood

of H in Q and therefore no preferred way to extend J1
√
λ̄ to a section of i∗(J1EQ(1)),

that we will view as a line bundle over J1EH(1). This fact is the basis of the following
definition.

Definition 6.1. The line bundle I± → H± is defined as the pull-back bundle

ϕ∗
(
i∗(J1EQ(1))

)
→ H±. (6.5)

Sections of I± therefore correspond to choosing an extension of J1
√
λ̄ as a section

of i∗(J1EQ(1)). This is naturally a R-principal bundle: if one notes J1
√
Λ the 1-jet

39



extension of
√
λ̄ in i∗(J1EQ(1)) corresponding to a point in I±, then the R-action is

given by
R × I± → I±

(k , J1
√
Λ) 7→ J1

√
Λ + k J1σ.

(6.6)

This bundle is intrinsic to H± as a submanifold of Q in the sense that it only depends
on data coming from the projective compactification. Nevertheless it also nicely ties up
with the geometry of M .

Proposition 6.6. I± is canonically isomorphic to Σ±.
Furthermore, the action (6.6) coincides, through this isomorphism, to the R-action

induced on Σ± by the flow of
√
λna.

Proof. In the previous sections we found that points in the fibre i∗(J1EQ(1))x at x ∈ H±

correspond to covariantly constant sections of (IA)◦π−1(x) ⊂ (TM )∗π−1(x) while points in

the fibre J1EH(1)x correspond to covariantly constant sections of
(
(IA)◦/IA

)
π−1(x)

. In

particular, since we have

∇nDA

√
λ = IBDB

(
1
2λ

− 1
2DAλ

)
= −λ− 3

2

4 IBDBλ DAλ+ λ−
1
2 IBDBDAλ (6.7)

which implies (by making use of Lemma 3.1)(
∇nDA

√
λ
)∣∣∣

Σ
= 0 + λ−

1
2 IA (6.8)

it follows that DA

√
λ
∣∣
Σ
defines a covariantly constant section of i∗

(
(IA)◦/IA

)
≃ (TH)∗.

One can easily prove that this section is identified with the section (6.4).
From this remark and the definition of I± we thus find that sections of I± are

identified with sections of i∗(IA)◦ ⊂ i∗(TM )∗ of the form

DA

√
λ+ χIA, (6.9)

where χ is a function on Σ, and which are covariantly constant along the fibres of
Σ± → H±. This last condition is equivalent to requiring that χ satisfies

∇Nχ = −1 (6.10)

where Na = λ
1
2na. In a coordinate system (s, y) adapted to Σ± → H±, and such that

Na = ∂s, solutions are of the form

χ = ξ(y)− s. (6.11)

It follows that the set of points where χ vanishes defines a section y 7→ (ξ(y), y) of
Σ± → H±. Such sections are thus in one-to-one correspondence with solutions of (6.10)
and therefore in one-to-one correspondence with sections of I±.

Finally comparing (6.6) with (6.9) one sees that the R-action (6.6) amounts to adding
k ∈ R to χ. The coordinate expression (6.11) then shows that this is equivalent to the
action of the flow of Na = ∂s.
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Definition 6.2. The R-action allows to parallel transport 1-jets J1EI±(1) on I±, we
note

(TH)
∗ → H

the resulting bundle on H.

Proposition 6.7. TH → H∓ coincides with the bundle T̃H → H∓ obtained by taking
the quotient of TΣ → Σ∓ by the flow of na (as in section (5.1.2)). In particular it is
equipped with a normal tractor connection modelled on the homogeneous space Tin, Spin

(see (2.10)).

Proof. It follows from the definition and Proposition 6.6.

From the diagram in Figure 7 we then find:

Lemma 6.1. One has a canonical isomorphism

TH ≃ i∗(ĨA)
◦ ⊂ i∗T̃ .

Since, on QO and by Proposition 5.12, T̃ is isomorphic to the conformal tractor bundle,
the preceding Lemma means that TH is in a certain sense the extension by continuity of
this conformal tractor bundle along the projective boundary. Similarly the Cartan con-
nection induced on these bundles by Proposition 6.7 must be an extension by continuity
of the conformal tractor connection.

The importance of these last results stems from the fact that normal tractor con-
nections modelled on the homogeneous space Tin and Spin are not unique, see e.g.
[Her22a], not even after fixing a flat normal tractor connection on H±. The resulting
freedom encodes asymptotic data at space/time-like infinity induced by the projective
compactification.

7 Asymptotic symmetries of projectively compact Einstein
manifolds of order 1

Let (Q, ∇̄, H̄AB, ĪA) be a projectively compact order 1 Einstein manifold (i.e. as obtained
in the previous sections13). We will denote by Sym(Q) the space of diffeomorphisms
Φ : Q → Q preserving the boundary Φ(H±) = H± and such that(

Φ∗H̄AB
) ∣∣

H± = H̄AB
∣∣
H± ,

(
Φ∗ĪA

) ∣∣
H± = ĪA

∣∣
H± . (7.1)

In particular, these diffeomorphisms must induce an isometry ϕ : H± → H± of (H±, λζab)
and therefore preserve the induced Cartan geometry given by Proposition 6.1 (but will
not in general preserve the Cartan geometry induced on I± by Proposition 6.7). We
will note Sym0(Q) the space of diffeomorphisms Φ : Q → Q which act trivially on the
boundary up to first order i∗(dΦ) = Id.

13We have not shown in this article that all such manifolds arise in this way. There is, however, a
sense in which this is true; it turns out that all such manifolds admit a canonical non-effective Cartan
geometry of the type conjectured in Section 5.3. This result will appear in [BH23].
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Definition 7.1. We define the set of asymptotic symmetries of a projectively compact
Einstein manifold (Q, ∇̄, H̄AB, ĪA) to be the quotient Asym(Q) = Sym(Q)/Sym0(Q).

Theorem 7.1. The action of the asymptotic symmetries on I± coincides with the action
of the principal bundle automorphisms of I± preserving the Einstein metric on H± and
we thus have

Sym(Q)/Sym0(Q) ≃ C∞(H±)⋊ ISO(λζab)

In particular, the group of asymptotic symmetries naturally acts on the normal Car-
tan connections induced on I± by Proposition 6.7.

Proof. Let Φ : Q → Q be an asymptotic symmetry, we note ϕ : H → H the induced
action on H. Since Φ preserves i∗(H̄AB) it follows that ϕ must be an isometry of λζab.

We recall that along the boundary H the restriction of the tractor metric H̄AB to
TH is invertible of inverse 1

2DADBλ̄ and that DAλ̄ = (DADBλ̄)X
B. It follows that an

asymptotic symmetry must preserve both i∗IA and DA

√
λ̄.

Let J1
x

√
Λ be a point in I± i.e. a point in J1

xEQ(1) whose quotient by J1
x σ̄ coincides

with J1
x

√
λ. By the previous remark, the image of this point by an asymptotic symmetry

must of the form
Φ∗(J1

√
Λ)x = J1

x

√
Λ + χJ1

xσ (7.2)

where χ is some function that might at this stage depend on the points of the fibres of
J1
x

√
Λ → J1

x

√
λ. To conclude we need to prove that symmetry is compatible with the R

action J1
√
Λ 7→ J1

x

√
Λ + kJ1

xσ, k ∈ R. However,

Φ∗(J1
x

√
Λ + kJ1

xσ) = J1
ϕ(x)

√
Λ + (χ+ k)J1

ϕ(x)σ (7.3)

follows from the fact that a symmetry must preserve i∗(IA). Therefore, the asymptotic
symmetry induces an automorphism of the bundle. One concludes the proof by observing
that such automorphism completely fixes the first order jets of the symmetry and is thus
equivalent to an asymptotic symmetry.
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[ČG14] A. Čap and A. R. Gover. “Projective Compactifications and Einstein Met-
rics”. Journal für die reine und angewandte Mathematik (Crelles Journal)
2016.717 (2014), pp. 47–75. doi: https://doi.org/10.1515/crelle-
2014-0036.
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