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Optimal AC/DC Distribution Systems Expansion
Planning From DSO’s Perspective Considering

Topological Constraints
Heitor Farias de Barros , Student Member, IEEE, Marie-Cécile Alvarez-Herault , Member, IEEE,

Bertrand Raison , Senior Member, IEEE, and Quoc Tuan Tran, Senior Member, IEEE

Abstract—As the integration of DC distributed resources in-
creases in recent years, hybrid AC/DC topology emerges as a
promising alternative in the planning of distribution systems.
This article presents an AC/DC optimal expansion planning of
distribution networks from Distribution System Operator’s per-
spective with a special focus on grid architecture through In-
teger Programming-based topological constraints. The proposed
formulation aims to determine the optimal location and sizing of
converters and to select lines type (AC or DC) and state (closed or
open). The problem is formulated as a mixed integer second-order
conic programming model that guarantees global optimality and
verifiable exactness by using off-the-shelf solvers. A multi-scenario
approach with a Wasserstein distance-based scenario reduction
is applied to deal with resource uncertainty. Case studies based
on a 13 bus and IEEE 33 bus distribution networks were used to
verify the effectiveness of the model. The results show that a hybrid
architecture can improve the efficiency of the grid through optimal
active power flow and reduce the total network costs.

Index Terms—AC/DC distribution systems, distribution system
planning, optimal topology planning, radiality constraints, net-
work configuration, mixed-integer second order conic program-
ming.

NOMENCLATURE

Sets
N Set of nodes of distribution network.
NS Set of HV/MV AC substation nodes.
NNS Set of nodes except HV/MV AC substation

nodes, i. e. N \NS .
N (ij) Set of nodes connected by line ij, i. e. nodes i

and j.
L Set of directed lines/branches oriented from i

to j.
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Lin(i) Set of lines for which i is the child node.
Lout(i) Set of lines for which i is the parent node.
L(i) Set of lines connected to node i.
S Set of scenarios.
T Set of years of planning study.
Indices
�i, �j Index for nodes.
�ij Index for lines.
�s Index for scenarios.
�k Index for fictitious commodity.
�t Index for time in years.

Binary variables

αi AC node state (1 if there is an AC line con-
nected to node i, 0 otherwise).

βi DC node state (1 if there is a DC line connected
to node i, 0 otherwise).

δij AC/DC line state (1 if line ij is AC, 0 if DC).
γij Line state (1 if line ij is closed, 0 if open).
εij AC spanning tree line state (1 if line ij belongs

to AC spanning tree, 0 otherwise).
λij DC spanning tree line state (1 if line ij belongs

to DC spanning tree, 0 otherwise).
θij AC closed line state (1 if line ij is AC and

closed, 0 otherwise).
ζi Voltage Source Converter (VSC) node state for

line conversion into DC (1 if there is a converter
at node i, 0 otherwise).

Continuous variables
vsac,i, v

s
dc,i AC and DC squared voltage at node i in sce-

nario s in pu.
P s
ac,i, P

s
dc,i AC and DC net active power injection at node

i in scenario s in pu.
Qs

ac,i AC net reactive power injection at node i in
scenario s in pu.

P s
g,ac,i, Q

s
g,ac,i Active and reactive power injection of AC dis-

patchable distributed generation at node i in
scenario s in pu.

Qs
g,dc,i Reactive power injection of DC distributed

generation through local converter at node i
in scenario s in pu.

psac,ij , psdc,ij AC and DC active power in line ij in scenario
s in pu.
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qsac,ij AC reactive power in line ij in scenario s in
pu.

lsac,ij , lsdc,ij AC and DC squared current in line ij in sce-
nario s in pu.

P s
vsc,ac,i VSC active power injection at node i on AC

side in scenario s in pu.
P s
vsc,dc,i VSC active power injection at node i on DC

side in scenario s in pu.
Qs

vsc,ac,i VSC reactive power injection at node i on AC
side in scenario s in pu.

Svsc,rated,i VSC rated power at node i in pu.
P s
vsc,l,i VSC total losses at node i in scenario s in pu.

P s
vsc,l0,i VSC losses term proportional to its rated ap-

parent power at node i in scenario s in pu.
P s
vsc,l1,i VSC losses term proportional to its operating

apparent power at node i in scenario s in pu.
fk
ac,ij , fk

dc,ij AC and DC flow of fictitious commodity in line
ij.

CAPEX Capital Expenditures in $.
OPEX Operational Expenditures in $.
OCvsc VSC operational and maintenance cost in $.
Lvsc Weighted average of VSC losses in all the

scenarios in pu per year.
Llines Weighted average of lines losses in all the

scenarios in pu per year.
Binary parameters
ai AC node resource state (1 if there is an AC load

or generation at node i, 0 otherwise).
Continuous parameters
P s
g,dc,i DC active power generation at node i in sce-

nario s in pu.
P s
d,ac,i, P

s
d,dc,i AC and DC active power demand at node i in

scenario s in pu.
Qs

d,ac,i Reactive power demand at node i in scenario
s in pu.

rac,ij , rdc,ij AC and DC resistance of line ij in pu.
xac,ij Reactance of line ij in pu.
c0 VSC loss coefficient proportional to its rated

apparent power.
c1 VSC loss coefficient proportional to its oper-

ating apparent power.
d Discount rate in %.
ccvsc VSC capital cost coefficient in $/pu.
occ,vsc VSC operational and maintenance cost coeffi-

cient, as a % of capital cost.
lc Losses cost in $/pu.
ws Weight coefficient of scenario s.
ms

� Power output modulation coefficient for load
demand (LD), photo-voltaic (PV), wind tur-
bine (WT) and electrical vehicle (EV) of sce-
nario s.

�, � Maximum and minimum limits of variable.

I. INTRODUCTION

THE high integration of DC Distributed Energy Resources
(DER) is likely to cause significant changes in planning and

operation of distribution systems. Indeed, networks operating
fully in AC at the distribution level are prone to several problems
caused by the presence of highly variable DC resources, such as
voltage control issues, line overload and high losses because of
excessive number of AC/DC conversion stages [1], [2], [3].

Furthermore, some AC distribution networks have ring topol-
ogy at MV level, but are predominantly required to operate
radially to avoid high short-circuit current and to simplify fault
management. In opposition, AC/DC distribution topology have
a superior meshing capacity, because DC links can be used
to connect AC feeders in normal operation while AC and DC
networks fault behavior can be nearly decoupled with an appro-
priate fault management, i.e. coordination between converter
blocking capability and circuit breakers [4]. For that reason, an
evolution of MV distribution networks into an AC/DC topology
emerges as a promising option in Distribution System Planning
(DSP) problems.

Hybrid distribution grid architecture is qualitatively discussed
in [5], but AC/DC DSP mathematical formulation as an opti-
mization problem is an ongoing subject in literature. Moreover,
because of the high degree of non-linearity and discreteness,
AC/DC DSP is a harder computational problem than traditional
AC planning [3]. Accordingly, structural hybrid DSP, where
Distribution System Operator (DSO) decides the sizing and
siting of converters and feeders, is an active research topic
with room for advances specially in problem formulation and
solving.

Most of publications in the field of structural hybrid AC/DC
DSP develops formulations to propose an optimal allocation
and sizing of Voltage Source Converters (VSCs) and selection
between AC and DC feeders [6], [7], [8], [9], [10], [11], [12],
[13]. The Net Present Value (NPV) is typically considered as
the objective function, but other operational metrics can be
targeted, such as network losses and voltage deviation. The set
of constraints regularly considers nonlinear power flow equa-
tions, operational limits and discrete decisions to optimally site
DER and consider topological restrictions. Therefore, AC/DC
DSP is frequently formulated as a Mixed Integer Nonlinear
Programming (MINLP), but Mixed Integer Second Order Conic
(MISOCP) relaxations and Mixed Integer Linear Programming
(MILP) approximations are commonly applied to cope with
intrinsic complexity of the problem and to avoid very time-
consuming models.

As a matter of fact, the trade-off between optimality, exactness
and computational burden is a fundamental aspect in AC/DC
DSP modelling. MINLP models are usually formulated as a
bi-level optimization problem and solved by meta-heuristic al-
gorithms combined with either a numeric formulation of power
flow or a nonlinear optimization solver to obtain exact results
in a restrained time, but with limited guarantees of optimal-
ity [6], [7], [8], [9], [10]. In the case of MISOCP and MILP
formulations, commercial off-the-shelf solvers are generally
used, providing global optimality by applying Branch-and-Cut
(B&C) or Branch-and-Bound (B&B) algorithms at the expense
of running time [14]. Since MILP models are approximations,
exactness is also disregarded. Thereupon, MISOCP relaxation
for power flow constraints represents a good compromise since
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Fig. 1. Illustration of an AC/DC distribution network (a) radial, (b) meshed but
piecewise radial with one AC line disconnected from substation and (c) meshed
but piecewise radial, with all AC lines connected to the substation.

it has been consistently shown to be exact for AC/DC power
flow applications (see [11], [12], [15], [16], [17]).

A. Topological Modeling of AC/DC DSP

The majority of AC/DC topology planning literature consid-
ers radial operation either only for the AC network or for the
whole AC/DC network. The first is done by Integer Program-
ming (IP)-based constraints in [12], i.e. expressed in a mathe-
matical programming model, whereas the latter is done by con-
sidering inherently radial case studies in [6], [11] and [18]. [7]
and [9] imposed radiality for the whole AC/DC grid through
Minimum Spanning Tree (MST) algorithms and [13] did the
same through IP-based constraints.

Notwithstanding, because of the AC/DC decoupling during
fault and other protection reasons previously mentioned, DSO
may require both AC and DC parts of the grid to be radial without
imposing radiality to the whole AC/DC grid. For instance, this
is a common premise in planning studies considering multiple
DC links/Soft Open Points (SOP) into distribution systems [19].
In this work, this AC/DC topology is henceforth referred as
piecewise radial, in opposition to (fully) radial. Fig. 1 depicts
the difference between an AC/DC grid (a) radial and (b)/(c)
meshed but piecewise radial.

It can also be required that AC distribution networks must
be connected to the transmission system through HV/MV
substation only by AC lines to ensure a simple and reliable
operation. For radial networks, this is equivalent to impose
that DC grid is downstream of AC grid, as proposed in [11].
For meshed grids, this requires a different set of constraints
that are further developed in this article. Fig. 1 illustrates the
difference between meshed AC/DC distribution system with
a part of the AC lines disconnected to the HV/MV substa-
tion (b) and another with all the AC lines connected to the
substation (c).

To the best of authors’ knowledge, none of aforementioned
AC/DC DSP formulations found in literature fully consider
specific topological requirements that can be stipulated by the
DSO for MV AC/DC networks here presented.

B. Cost Modeling

AC/DC DSP reviewed papers also typically consider case
studies from scratch to propose a distribution system to a newly
established area of load and generation (greenfield distribution

planning). For this reason, DER installation, line construction
and energy supply costs are considered in the planning (see [8],
[10], [12]). In opposition, [6] and [13] address expansion plan-
ning, where load growth and DER connection to an existing
system are considered rather from the DSO standpoint. Never-
theless, [13] predetermines AC and DC regions without eval-
uating the possibility of a full AC system and [6] considers
the costs of converters despite of the function performed in the
grid, i.e. either to simply connect a DC resource/load to the AC
system (local converter) or to convert a part of the system into
DC (system converter).

In practice, many electricity markets, such as the European
one, are regulated under a DSO unbundling policy [20], i.e.
separation of distribution system operation from other activities,
such as generation. This means that the DSO does not own
either DERs or related local converters, as they are installed at
DER sites and are solely used by DER owners to connect their
resources to the grid. In these cases, according to [21], network
planning with DER can be formulated from two perspectives:
the DER owners’ perspective, who are interested in minimizing
their own costs, and the DSOs’ perspective, who are performing
network planning under uncertainties caused by DER to min-
imize its own cost. Since topological planning is addressed in
this work and DSOs are the stakeholders able to perform it, this
paper focuses on expansion planning from the perspective of
DSOs.

In this context, the hypotheses assumed in the literature con-
sidering local converter costs artificially increase the total plan-
ning expenditures of full AC topology. Ultimately, this promotes
hybrid AC/DC architecture and limits results validity for DSOs
operating under unbundling regulation aiming to study hybrid
distribution system expansion. Therefore, to better model the
planning problem from the point of view of network operators,
DER and converter ownership aspects should be considered to
obtain accurate results.

C. Contributions

The main goal of this article is to develop a distribution system
expansion planning formulation that appropriately considers
topological constraints, with verifiable exactness and global
optimality guaranteed. In this way, the proposed formulation
aims to study the benefits of changing an AC network into a
hybrid topology focusing on DSO costs. Therefore, the main
contributions of this work is two-fold:
� Considering topological requirements such as radiality for

AC and DC parts of distribution network, but not necessar-
ily for the whole AC/DC grid, as well as enforcing AC lines
to be connected to the HV/MV susbtation. This is done
through an Integer Programming-based formulation that
can be incorporated to the optimization problem ensuring
optimality.

� Studying the cost-effectiveness of AC/DC topology from
a DSO perspective operating under unbundling regulation
by proposing a hybrid expansion planning considering the
difference between system converters and local converters;
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Fig. 2. Example of an AC distribution network (left) and corresponding
AC/DC optimal topology planning (right) with main binary decision variables.

II. PROBLEM DESCRIPTION

This study aims to optimally site, size and operate multiple
AC/DC converters, considering conversion of AC lines into DC
and network configuration in a distribution grid. Hence, the
optimal topology DSP problem consists of three main binary
decisions (see Fig. 2):

1) δ: Operation of each line as either AC (δ = 1) or DC
(δ = 0);

2) γ: Operation of each line as normally closed (γ = 1) or
normally open (γ = 0);

3) ζ: To install (ζ = 1) or not (ζ = 0) a system converter at
each node.

The planning is formulated to minimize the present value of
the total costs over the planning horizon for a set of representative
scenarios. The design of each converter rated apparent power
and corresponding setting of power reference on each scenario
constitute respectively the sizing and operational decisions of
this planning problem. Every node and line is a candidate
considered in the optimization. Thus, every node can become
AC/DC or DC node and every line can be AC or DC.

The method developed here is intended to be used to propose
modifications in distribution networks, in opposition to planning
from scratch. In this way, distribution network is presumed to be
originally operated in AC, no line construction is considered and
all the system converters used to form AC/DC nodes are sup-
posed to be installed and operated by the DSO. Local converters
used to connect DC resources to pure AC nodes are supposed
to be installed by the respective owners of DC resources and
are not considered in DSO cost computation. AC topology is
then prioritized because the system is already operated in this
way and clients will not be required to adapt their voltage to be
connected to the grid. Therefore, if there are AC resources in a
node, it cannot be a pure DC node and a system converter needs
to be installed in the substation. AC/DC, pure AC and pure DC
node topology are illustrated in Fig. 3.

Voltage control is assumed to be performed by HV/MV
AC substation through on-load tap changer transformer and
by distributed generation through optimal reactive power sup-
port. Thereby, conventional solutions easier to implement than
AC/DC topology are already considered in the DSP avoiding
excessive benefits of DC architecture coming predominantly

Fig. 3. Topology of (a) AC/DC node with a system converter (ζ = 1), pure
AC node (α = 1, β = 0) with only local converters (ζ = 0) and (c) pure DC
node (α = 0, β = 1).

from reactive power support by the power converters. Note that
only MVDC resources are addressed here, assuming that LVDC
resources have a stage of conversion to step up voltage to be
connected to the MVDC level which is not paid by the DSO.

III. FORMULATION OF THE PLANNING MODEL

The proposed optimal AC/DC DSP model aims to minimize
objective function described in (1), detailed by (2)–(6), subject
to the constraints defined by (8)–(60). The organization of this
section is then as follows. First, the objective function is pre-
sented and detailed in Section III-A. Next, the constraints are
presented in the following subsections. Topological constraints
are described in Section III-B, power flow equations for the
AC and DC networks as well as VSC constraints are presented
in Section III-C. Finally, operational limits are provided in
Section III-D.

A. Objective Function

In most part of literature, the DSP problem comes down to
an economic optimization considering the Net Present Value.
Subsequently, the objective function is formulated as in (1),
minimizing the sum of Operational Expenditures (OPEX) con-
verted into present value and Capital Expenditures (CAPEX)
over a set of scenarios S illustrating relevant operating points.
Therefore, topology is optimized with respect to these scenarios
considering a weight coefficient ws representing the probability
of occurrence obtained through a scenario reduction technique
discussed later.

The objective function is detailed in (2)–(6). CAPEX consid-
ers converters capital cost (see (2)), whereas OPEX contemplates
converter operational and maintenance cost (OCvsc), line losses
(Llines) and converters losses cost (Lvsc) (see (3)). Each of these
terms is detailed in (4)–(6).

min CAPEX +
∑
T

1

(1 + d)t
OPEXt (1)
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CAPEX = ccvsc
∑
N

Svsc,rated,i (2)

OPEXt = OCvsc + lc(Lvsc + Llines) (3)

OCvsc = occ,vscccvsc
∑
N

Svsc,rated,i (4)

Lvsc = 365× 24×
∑
S

ws
∑
N

P s
vsc,l,i (5)

Llines = 365× 24×
∑
S

ws
∑
L
(rac,ij l

s
ac,ij + rdc,ij l

s
dc,ij)

(6)

Next, in order to fully explore the technical potential of
AC/DC topology, a losses minimization planning was also
tested. Thus, (7) was used as objective function in this case.

min Lvsc + Llines (7)

B. Topological Constraints
� Basic topological constraints
The basic topological constraints establish the relation be-

tween binary variables and parameters concerning grid archi-
tecture ((8)–(13)). Eqs. (8)–(9) impose that if and only if an AC
line is connected to node i, then, αi = 1. The same relation is
imposed by (10)–(11) for DC lines connected to node i and βi.
Eqs. (12)–(13) impose ζi = 1 when there are DC lines and AC
lines or resources simultaneously connected to a node.

δij ≤ αi ∀ij ∈ L ∀i ∈ N (ij) (8)

αi ≤
∑
L(i)

δij ∀i ∈ N (9)

1− δij ≤ βi ∀ij ∈ L ∀i ∈ N (ij) (10)

βi ≤
∑
L(i)

(1− δij) ∀i ∈ N (11)

αi + ai − aiαi + βi − 1 ≤ ζi ∀i ∈ N (12)

ζi ≤ (αi + ai − aiαi + βi)/2 ∀i ∈ N (13)

� Piecewise radiality constraints
For protection simplicity reasons, DSOs typically operate

networks radially. Although several ways to impose a radial
topology using IP constraints have been carefully studied in
the AC reconfiguration problem [22], [23], [24], [25], IP-based
radiality and topological constraints for AC/DC network config-
uration have not yet been exhaustively explored in the literature.

Indeed, AC/DC distribution networks are not necessarily
required to be radial, but each sub-grid (AC sub-grid or DC
sub-grid) may be required to be radial. In practice, AC sub-grids
are required to be radial for the same reasons mentioned for full
AC distribution systems. In contrast, DC sub-grids can either
be required to be radial or allowed to be meshed depending
on the protection scheme, converters control and topology. In
hybrid HV transmission systems, meshed Multi Terminal DC
grids can be authorized because a more complex and expensive

protection scheme is allowed. Up to the moment, there is no
consensus whether future MVDC distribution grids will fol-
low AC distribution radial architecture or HVDC transmission
meshed architecture. In this article, a radial DC architecture is
also imposed for protection aspects previously underlined.

Hence, it is assumed here that both AC and DC sub-grids are
individually required to operate radially (piecewise radial), but
that the union of AC and DC networks can contain loops. In
other words, let G be the connected graph representing all lines
and nodes of the network and Gac and Gdc be the sub-graphs
representing AC and DC closed lines. Then, it is assumed here
that Gac and Gdc are enforced to be forests of G. There are no
requirements, however, for the set of closed lines of the network
(AC and DC), i.e. Gac ∪ Gdc can contain loops.

In fact, [25] developed a useful formulation with compatible
topological constraints for an AC microgrid formation applica-
tion, where each microgrid is required to operate radially. In
that case study, the set of microgrids graph can be seen as a
spanning forest of G. This is done by firstly defining a spanning
treeGac,st ofG by a directed multi-commodity flow formulation.
Thereupon, closed lines are enforced to be a sub-graph of
this spanning tree (Gac ∈ Gac,st). This is possible because a
spanning forest of a connected graph is also a sub-graph of a
spanning tree of the same connected graph [25].

In this article, this multi-commodity flow formulation is
adapted to create respectively AC and DC graphs Gac,st and
Gdc,st that are spanning trees of G through the constraints
depicted in (14)–(23). Eqs. (14)–(15) enforce spanning trees to
have the number of branches equal to number of nodes minus
the number of HV/MV substation nodes. Eqs. (16)–(17) assign
one fictitious commodity k to be provided by the source node
(HV/MV substation). Eqs. (18)–(19) assign one different ficti-
tious commodity k to be consumed by each sink node (MV/LV
substations) when k = i and (20)–(21) enforces no commodity
consumption otherwise (k �= i). Then, (22)–(23) impose that
fictitious commodity can only flow through branches belonging
to the spanning tree.

To make each AC/DC sub-grid radial, Gac and Gdc are re-
spectively required to be forests of G, i.e. sub-graphs of Gac,st

and Gdc,st (24)–(25). Finally, (26) is considered to allow loops
in the whole AC/DC grid. A simple example with the graphs G,
Gac,st, Gdc,st, Gac, Gdc and the union of Gac and Gdc is shown in
Fig. 4. These constrains can be easily adapted to allow loops in
DC sub-grid by neglecting (15), (17), (19), (21), (23) and (25).

∑
L

εij = |N | − |NS | (14)

∑
L

λij = |N | − |NS | (15)

∑
k∈NS

⎛
⎝ ∑

Lin(i)

fk
ac,ij −

∑
Lout(i)

fk
ac,ij

⎞
⎠ = −1 ∀i ∈ NNS (16)

∑
k∈NS

⎛
⎝ ∑

Lin(i)

fk
dc,ij −

∑
Lout(i)

fk
dc,ij

⎞
⎠ = −1 ∀i ∈ NNS (17)
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Fig. 4. Example of topological constraints applied to graph G and corre-
sponding relevant sub-graphs for the formulation: Gac,st, Gdc,st, Gac, Gdc

and Gac ∪ Gdc.

∑
Lin(i)

fk
ac,ij −

∑
Lout(i)

fk
ac,ij = 1 ∀i ∈ NNS ∀k = i (18)

∑
Lin(i)

fk
dc,ij −

∑
Lout(i)

fk
dc,ij = 1 ∀i ∈ NNS ∀k = i (19)

∑
Lin(i)

fk
ac,ij −

∑
Lout(i)

fk
ac,ij = 0 ∀i, k ∈ NNS ∀k �= i (20)

∑
Lin(i)

fk
dc,ij −

∑
Lout(i)

fk
dc,ij = 0 ∀i, k ∈ NNS ∀k �= i (21)

−εij ≤ fk
ac,ij ≤ εij ∀ij ∈ L (22)

−λij ≤ fk
dc,ij ≤ λij ∀ij ∈ L (23)

γij + δij − 1 ≤ εij ∀ij ∈ L (24)

γij − δij ≤ λij ∀ij ∈ L (25)
∑
L

γij ≥ |N | − |NS | (26)

� Connection of AC lines to the HV/MV substation con-
straints

The constraints presented in (14)–(25) force AC and DC
sub-grids to be forests. Thus, multiple AC sub-grids connected
to the transmission only through converters could be an optimal
solution considering only losses and converter costs. Nonethe-
less, this type of hybrid distribution grids can be difficult to
operate from a control and protection perspective. Indeed, such
an architecture would impact frequency stability in part of the
network requiring a grid-forming control for the VSCs. With
regard to protection, more circuit breakers would be required to
protect each AC microgrid individually, resulting in an expensive
protection scheme for the whole AC sub-grid.

To avoid this topology, it is necessary to require that the DC
grid is downstream of the AC grid. In this case, it is equivalent
to impose connectivity for the AC sub-grid and also impose at
least one AC closed line connected to the HV/MV AC substation.
Since the AC sub-grid is radial, this is the same as imposing a
tree topology for the AC sub-grid. This is done by adding the
supplementary variable θij , representing AC closed lines state,
and corresponding tree constraints in (27)–(29), which are based

on Theorem 1.

γij + δij − 1 ≤ θij ≤
γij + δij

2
∀ij ∈ L (27)

∑
L

θij =
∑
N

(αi)− |NS | (28)

∑
L(i)

θij ≥ 1 ∀i ∈ NS (29)

Theorem 1: A graph of order |N | is a tree if and only if it is
acyclic and contains |N | − |NS| edges [26] (30)–(39) shown at
the top of the next page.

The constraint for connection between DC sub-grids is less
useful than the AC case, because multiple DC disconnected sub-
grids are much easier to operate than multiple AC sub-grids.
Moreover, the implementation of different DC links in an AC
grid can be advantageous to balance distribution feeders loading
and reduce losses [2]. Nevertheless, in the case where there is a
HV/MV DC substation node, DC tree restriction can be useful to
impose the connection of DC sub-grids to this node and improve
voltage stability. Its formulation would follow same principle as
for AC tree constraint with an additional variable for DC closed
line state and related constraints.

C. Power Flow Constraints

Besides topological constraints, power flow constraints must
be also considered in the DSP. Eqs. (30)–(35) and (36)–(39)
present respectively AC and DC power flow constraints us-
ing SOCP relaxation of Branch Flow Model, also known as
DistFlow formulation [12]. The interface between AC and DC
networks is made by the VSC equations detailed in (40)–(44).
All the restrictions were adapted to extend the formulation to
consider logic constraints through binary variables and Big-M
method [12].
� AC PF constraints
(30)–(35) represent the AC power flow formulation. Eqs.

(30)–(31) set active and reactive power injection at the nodes
for each scenario. Note DC resources power is supposed to be
injected in AC grid through local converters unless the node is
DC (βi = 1). Additionally, generators are required to provide
optimal reactive power support. Eqs. (32)–(33) ensure balance
between active and reactive power injection and flow through
lines. Eqs. (34) represents voltage drop equation with a modifica-
tion to consider if nodes are separated by either a DC or an open
line. For instance, the constraint becomes an equality only if the
line is simultaneously AC and closed. (35) concludes AC power
flow formulation with a SOCP relaxation of apparent power
equation. This constraint relaxes original equation to convert the
problem into a convex formulation. Therefore, the exactness is
guaranteed only if this constraint is binding, i.e. if the constraint
holds with equality at the optimal point.
� DC PF constraints
In the same way as AC power flow constraints, (36)–(39)

represent the DC power flow constraints. Eqs. (36)–(37) respec-
tively set active power injection of DC resources and ensure
balance between injection at the nodes and flow through lines in
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P s
ac,i = P s

g,ac,i − P s
d,ac,i + (1− βi)(P

s
g,dc,i − P s

d,dc,i) ∀i ∈ NNS ∀s ∈ S (30)

Qs
ac,i = Qs

g,ac,i −Qs
d,ac,i ∀i ∈ NNS ∀s ∈ S (31)

∑
Lin(i)

(psac,ij − rac,ij l
s
ac,ij)−

∑
Lout(i)

(psac,ij) + P s
ac,i + P s

vsc,ac,i = 0 ∀i ∈ N ∀s ∈ S (32)

∑
Lin(i)

(qsac,ij − xac,ij l
s
ac,ij)−

∑
Lout(i)

(qsac,ij) +Qs
ac,i +Qs

vsc,ac,i = 0 ∀i ∈ N ∀s ∈ S (33)

−vac(2− δij − γij) ≤ vsac,i − vsj,ac − 2(rac,ijp
s
ac,ij + xac,ijq

s
ac,ij) + (r2ac,ij + x2

ac,ij)l
s
ac,ij ≤ vac(2− δij − γij)

∀ij ∈ L ∀s ∈ S (34)
√
(2psac,ij)

2 + (2qsac,ij)
2 + (lsac,ij − vsac,i)

2 ≤ lsac,ij + vsac,i ∀ij ∈ L ∀s ∈ S (35)

P s
dc,i = βi(P

s
g,dc,i − P s

d,dc,i) ∀i ∈ N ∀s ∈ S (36)
∑

Lin(i)

(psdc,ij − rdc,ij l
s
dc,ij)−

∑
Lout(i)

(psdc,ij) + P s
dc,i + P s

vsc,dc,i = 0 ∀i ∈ N ∀s ∈ S (37)

−vdc(1 + δij − γij) ≤ vsdc,i − vsj,dc − 2rijp
s
dc,ij + r2dc,ij l

s
dc,ij ≤ vdc(1 + δij − γij) ∀ij ∈ L ∀s ∈ S (38)

√
(2psdc,ij)

2 + (lsdc,ij − vsdc,i)
2 ≤ lsdc,ij + vsdc,i ∀ij ∈ L ∀s ∈ S (39)

each node for each scenario. Eqs. (38) represents voltage drop
equation decoupling nodes if they are separated by either an AC
or open line. Eqs. (39) depicts a SOCP relaxation for power flow
as a function of squared voltage and current.
� VSC constraints
VSCs can be modelled basically as AC and DC controllable

voltage sources coupled through active power on each side and
converter losses (see (40)). For planning purposes, these losses
can be approximated by two terms respectively proportional
to the rated power and to the apparent power of the converter
(see (41)–(43)) [27]. This model is especially accurate for high
loading operation of VSC, where efficiency is approximately
constant for most advantageous topologies for MVDC applica-
tions [28]. Note that (43) is a SOCP relaxation, but exactness
tends to be respected because losses in the system are minimized
by objective function. The converter apparent power is limited
by the SOCP constraint depicted in (44).

P s
vsc,i + P s

vsc,dc,i + P s
vsc,l,i = 0 ∀i ∈ N ∀s ∈ S (40)

P s
vsc,l,i = P s

vsc,l0,i + P s
i,vsc,l1 ∀i ∈ N ∀s ∈ S (41)

P s
vsc,l0,i = c0Svsc,rated,i ∀i ∈ N ∀s ∈ S (42)

c1

√
(P s

vsc,ac,i)
2 + (Qs

vsc,ac,i)
2

≤ P s
vsc,l1,i ∀i ∈ N ∀s ∈ S (43)

√
(P s

vsc,ac,i)
2 + (Qs

vsc,ac,i)
2

≤ Svsc,rated,i ∀i ∈ N ∀s ∈ S (44)

D. Operational Constraints

Additional constraints with regard to operational limits are
also considered. All these constraints use binary variables to
bind the continuous variables as a function of the choice between
AC or DC for the nodes and lines as well as open or closed for
the lines. Eqs. (45)–(46) impose AC and DC MV voltage limits.
Eqs. (47)–(52) define boundaries respectively to AC active and
reactive power and current setting both to zero if the line is DC
or open. Analogously, (53)–(56) impose limits respectively to
DC active power and current setting both to zero if the line is
AC or open. Eqs. (57) limits rated power of VSC to a maximum
and forces it to be zero if no system converter is installed at the
node. Eqs. (58)–(59) respectively limit reactive power support of
AC distributed generation and DC distributed generation local
converter according to their capacities. Eq. (60) imposes that
if there is a substation converter, there are no local AC/DC
converters and no reactive power support corresponding to these
resources is done.

vac(αi + ai − aiαi) ≤ vsac,i

≤ vac(αi + ai − aiαi) ∀i ∈ N ∀s ∈ S (45)

vdcβi ≤ vsdc,i ≤ vdcβi ∀i ∈ N ∀s ∈ S (46)

0 ≤ lsac,ij ≤ lac,ijδij ∀ij ∈ L ∀s ∈ S (47)

lsac,ij ≤ lac,ijγij ∀ij ∈ L ∀s ∈ S (48)

−pac,ijδij ≤ psac,ij ≤ pac,ijδij ∀ij ∈ L ∀s ∈ S (49)

−qac,ijδij ≤ qsac,ij ≤ qac,ijδij ∀ij ∈ L ∀s ∈ S (50)

−pac,ijγij ≤ psac,ij ≤ pac,ijγij ∀ij ∈ L ∀s ∈ S (51)

−qac,ijγij ≤ qsac,ij ≤ qac,ijγij ∀ij ∈ L ∀s ∈ S (52)
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TABLE I
CASE STUDY PLANNING PARAMETERS.

0 ≤ lsdc,ij ≤ ldc,ij(1− δij) ∀ij ∈ L ∀s ∈ S (53)

lsdc,ij ≤ ldc,ijγij ∀ij ∈ L ∀s ∈ S (54)

−pdc,ij(1− δij) ≤ psdc,ij

≤ pdc,ij(1− δij) ∀ij ∈ L ∀s ∈ S (55)

−pdc,ijγij ≤ psdc,ij ≤ pdc,ijγij ∀ij ∈ L ∀s ∈ S (56)

0 ≤ Svsc,rated,i ≤ Svscζi ∀i ∈ N ∀s ∈ S (57)
√
(P s

g,ac,i)
2 + (Qs

g,ac,i)
2 ≤ Sg,ac ∀i ∈ N ∀s ∈ S (58)

√
(P s

g,dc,i)
2 + (Qs

g,dc,i)
2 ≤ Sg,dc ∀i ∈ N ∀s ∈ S (59)

−Sg,dc(1− ζi) ≤ Qs
g,dc,i

≤ Sg,dc(1− ζi) ∀i ∈ N ∀s ∈ S (60)

IV. RESULTS

The goal of this planning is to determine the most eco-
nomical topology of a distribution system considering that the
DSO intends to expand an existing network to accomodate DC
distributed resources. To evaluate the presented AC/DC DSP
model, a case study of a distribution system with high penetration
of DER and close to its operational limits was considered.

The proposed formulation was implemented in the YALMIP
optimization toolbox [29] with MATLAB R2020b, solved by
Gurobi [30], on a laptop equipped with a 1.70 GHz Intel CoreTM

i5-10310 U CPU and 16 GB RAM. The MIP optimality gap was
set to 1% [12].

A. Case Study

In this work, a case study based on an AC distribution system
proposed by [8] is considered. All the voltage limits, type of DC
system and capacity, length and impedance of the lines are the
same as in the original study. The grid is connected to the trans-
mission system and it consists of several DER: photo-voltaic
power plants (PV), a wind turbine (WT), a diesel generator set
(DGS) and electrical vehicle charging stations (EV). Moreover,
AC and DC loads are also connected to this grid. The details of
planning parameters, generation and load data are respectively
presented in Tables I, II, and III.

TABLE II
DISTRIBUTION SYSTEM GENERATION DATA [8]

TABLE III
DISTRIBUTION SYSTEM LOAD DATA.

TABLE IV
REPRESENTATIVE SCENARIOS USED IN THE DSP.

Because [8] allowed constraints violation in 5% of the scenar-
ios and also authorized meshed topology, the maximum load was
reduced by 35% to avoid infeasible scenarios for AC planning
in this article. Note that the wind turbine power plant was
considered as a DC source in this case because even though
this resource is typically embedded with AC generators, most
of variable speed wind turbine require a DC conversion stage to
be connected to the grid because of frequency mismatch.

The load demand (LD), PV, WT and EV active power are
modeled as stochastic parameters. Therefore, the maximum
power of each resource is modulated by a coefficient (ms

LD,
ms

PV , ms
WT and ms

EV ) for each scenario as represented in (61).
These modulation coefficients are respectively linked to a weigh
factorws which can be obtained with (62) and parameters shown
in Table IV, satisfying (63).

P s
� = ms

� × P s
� ∀� ∈ {LD,PV ,WT ,EV }∀s ∈ S (61)

ws = ws
LD × ws

PV × ws
WT × ws

EV ∀s ∈ S (62)
∑
S

ws = 1 (63)
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[8] generated a large number of random scenarios through the
empirical cumulative distribution function of stochastic param-
eters for each season and performed Monte Carlo simulations
to carry DSP. Here, a scenario reduction methodology based on
minimizing the Wasserstein distance was applied (see [19]) to ef-
fectively capture the inherent uncertainty of stochastic resources.
The approach used involves generating a limited number of
representative scenarios that are derived from the distribution
function coefficients previously established in [8]. 3 scenarios
(low, medium and high modulation coefficient) were considered
to represent the probability distribution function of each one
of the 4 stochastic resources. In addition, load growth was
modeled through time stages to represent accumulated effect in
the maximum demand, as it is often done in expansion planning
such as in [31]. To avoid computational burden associated to a
large number of scenarios, it has been decided to consider 2 time
stages with steps in demand in the beginning and in the middle
of planning time, making 6 scenarios for load demand in total.
This choice is done by the DSO and depends on the studied
area and relevant public information on load expansion. Then,
under the hypothesis that resources availability and load demand
are independent [32], scenarios were combined to generate
6× 3× 3× 3 = 162 representative scenarios.

In order to assess the robustness of the topology optimization,
two critical scenarios were simulated. The first scenario consid-
ered the maximum load demand and EV load without any gen-
eration. The second scenario considered maximum generation
from WT and PV with minimum load and EV. Through these
simulations, the worst-case scenario was evaluated to ensure the
system’s operation under worst-case scenarios.

Other changes are also considered in comparison to the orig-
inal case study. First, the network is required to be operated
radially. DGs are also required to optimally support the network
with reactive power respecting the power capacity limits of the
converter when connected to an AC bus. With respect to planning
parameters, load growth, discount rate and VSC cost and service
life are the same as in the original case study [8]. Finally, the
planning performed in this study is from a DSO standpoint
addressing the modification of an existing power system, where
DC DER owners can be required to be connected to a DC system.
Accordingly, neither DER installation and generation cost nor
cable cost are considered and only VSCs used to form the MVDC
network are considered in DSO costs.

B. Planning Results

To study the benefits of AC/DC topology, simulations were
performed to obtain AC and AC/DC planning. For the first
planning, δ was set to one to impose that all the lines are AC.
From other basic topological constraints, it follows that no VSC
is installed and the optimization becomes an AC reconfiguration
problem with reactive power support of DGs (PV and WT) and
voltage control in HV/MV AC substation through transformer
on-load tap changer. The result of AC planning is depicted in
Fig. 5(a).

The AC/DC optimal topology obtained is shown in Fig. 5(b).
This topology requires a new network configuration and the

Fig. 5. Optimal topology planning of case study: (a) AC DSP, (b) AC/DC DSP,
(c) AC/DC losses minimization with meshed topology but piecewise radial and
(d) AC/DC losses minimization losses with full radial topology.

conversion of the line connecting nodes 4 and 8 into a DC.
Losses are hence reduced in the operation of the grid by 33%
through active power transfer and conversion of one line into
DC using the system converters installed. Node 4 and 8 also
present a significant penetration of DC resources (DC load, PV
and EV), which are now supplied by the DC side of the system’s
converter. All these effects lead the system to a reduction of
approximately 20% in Net Present Value of the total costs (see
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TABLE V
DSO EXPENDITURES OF AC AND AC/DC DSP.

TABLE VI
AVERAGE LOSSES IN THE DISTRIBUTION SYSTEM.

Table V), confirming the interest of an AC/DC architecture for
the studied distribution system.

Furthermore, the distribution system is no longer radial,
because line connecting nodes 5 and 7 is henceforth closed.
Nonetheless, AC and DC sub-grids are radial and a simple
protection strategy can be employed. This shows the benefits of
using topological constraints for piecewise radiality instead of
enforcing radiality for the whole grid. This meshed but piecewise
radial AC/DC topology can also improve network reliability
against component failures, i.e. N-1 criterion [33].

It is important to note that only one line was converted into
DC at the optimal solution in the case study considered. This
happens because local converters costs are not considered in
DSO total expenditures. Thus, investing in system converters
to have DC lines and reduce losses over the network is less
advantageous than to demand DC resources holders to connect
to AC nodes through local converters. This result is actually
more aligned with reality at MV level, where AC/DC distribution
networks are rather in demonstration stage (see [34] and [35])
and appear to be an optimal solution in the planning of new
networks from scratch, but not necessarily in expansion planning
under a unbundling regulation.

Losses minimization was also tested as objective function
(see (7)) to analyze the full capability to increase efficiency of a
hybrid distribution grid despite of economic aspects and to com-
pare proposed topological constraints with existing literature.
The optimization with meshed but piecewise radial topology
results in a higher presence of DC lines, forming a DC grid in
the area of high penetration of DC DER (see Fig. 5(c)).

In opposition, optimal AC/DC full radial topology commonly
found in the literature only has one DC line, as presented in
Fig. 5(d). This line enabled the reduction of losses in a line with
high power flow due to the presence of a DGS in node 13 and
both AC and DC loads in node 10. The AC/DC grid architecture
with topological constraints led to an average reduction of losses
of 55% and 17% losses in comparison to full AC planning and
full radial AC/DC losses minimization respectively, as depicted
Table VI. Thus, it is clear that incorporating proposed constraints
can lead to efficient hybrid architectures for distribution grids,

TABLE VII
MODIFIED IEEE 33 BUS DISTRIBUTION SYSTEM GENERATION DATA.

Fig. 6. Optimal topology of modified IEEE 33 bus distribution system case
study.

TABLE VIII
COMPUTATION TIME OF OPTIMAL DSP.

emphasizing the importance of including them in the modeling
process.

C. Computational Efficiency

To study computation performance of proposed model, an-
other case study based on modified IEEE 33 bus distribution
system [6] was simulated. Only PV connection was considered
in the network according to Table VII. Same planning parameters
and uncertainty modelling as previous case study were adopted.
Therefore, 3 scenarios for PV uncertainty and 6 scenarios for
LD uncertainty and load growth were considered, resulting 18
scenarios. Both AC and AC/DC DSP optimization result in a
full AC topology as shown in Fig. 6. As previously discussed,
this occurs because, from an economic point of view of DSO,
converting part of a system into DC may not be as beneficial if
the network losses are relatively low in AC operation.

Regardless, the present findings offer means to evaluate the
running time of AC and AC/DC DSP models for a larger system,
as presented in Table VIII. In the AC/DC case, the considerable
number of topologies generating feasible solutions contributes
to a much longer computation time. As such, the utilization of
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TABLE IX
EXACTNESS OF AC/DC DSP.

clustering techniques may be required to solve AC/DC DSP with
topological constraints for larger networks by dividing them into
smaller grids. An alternative approach to decrease running time
is to enhance scenario reduction methods to obtain fewer rep-
resentative scenarios without compromising information about
resources uncertainty.

Moreover, it is also important to note that MISOCP models
privilege accuracy and optimality over running time. Indeed, the
computation time obtained has been reported in the literature
for similar methods [11] and is justifiable as long-term planning
studies are typically conducted for decision-making purposes on
a multi-year timescale.

With respect to model accuracy, the exactness of SOCP relax-
ations used in the modelling of AC (35), DC (39) and VSC ( (43))
can be evaluated respectively through the computation of the gap
for each line/VSC according to (64)–(66). The gap is a metric
representing the relaxation error, i.e. it indicates how close the
relaxed constraints are to be satisfied as an equality at the optimal
solution. It is not computed whenever the denominator of its
expression is zero.

gapac =

max

⎛
⎝ lsac,ij + vsac,i√

(2psac,ij)
2 + (2qsac,ij)

2 + (lsac,ij − vsac,i)
2
− 1

⎞
⎠

(64)

gapdc = max

⎛
⎝ lsdc,ij + vsdc,i√

(2psdc,ij)
2 + (lsdc,ij − vsdc,i)

2
− 1

⎞
⎠ (65)

gapvsc = max

⎛
⎝ P s

vsc,l1,i

c1
√

(P s
vsc,ac,i)

2 + (Qs
vsc,ac,i)

2
− 1

⎞
⎠ (66)

The gap obtained for each equation for each case study is very
small (see Table IX), indicating a nearly exact relaxation.

D. Discussions on Market Regulation

The performed numeric studies show that AC/DC converter
ownership aspects are relevant in hybrid expansion planning
under unbundled electricity market regulation. In this context,
since the DSO is responsible for topological planning, its per-
spective needs to be considered. Indeed, converters costs can
shift from DER holders to the DSO in hybrid topology, jeop-
ardizing AC/DC planning economic viability. Furthermore, the
results indicate that the advantages of hybrid AC/DC topology is
restricted to cases where the system operates close to its opera-
tional limits, as in real-life case study studied in [35]. Therefore,

expansion planning costs sharing between DER holders and
DSO needs to be further investigated to better assess the interest
of AC/DC topology. In future work, market regulation design
can be addressed to study the impact of market structure on the
MV optimal topological choice.

V. CONCLUSION

In this article, a novel formulation for hybrid AC/DC plan-
ning of distribution system is proposed. The model developed
considers topological constraints to guarantee that AC and
DC sub-grids are radial. The connectivity of AC grid to the
HV/MV substation is also implemented in the optimization
problem formulation. A realistic and innovative approach from
DSO perspective is adopted for the case study, considering the
modification of an existing distribution system and converters
ownership issues to model unbundled market regulation impact
on optimal topology. The effectiveness of the proposed model
specially for overloaded systems is demonstrated by decreasing
total costs through reduction of losses in the case study.

Moreover, the exactness of the relaxation is verified and global
optimality is guaranteed by the solver used. The results indi-
cate the interest of topological constraints, showing that grids
with hybrid loops are potentially a good compromise between
flexibility in the power flow and protection simplicity. The
formulation also allows an easy inclusion of other customized
topological constraints, such as imposing certain lines or nodes
to be AC or DC for specific reasons. In summary, the developed
model provides a systematic tool for long-term planning studies
for DSOs to optimally identify economic target architectures for
existing distribution grids.

In future work, scenario generation can be improved to reduce
the number of scenarios while keeping information about the
stochastic parameters and clustering methods to divide large
distribution systems in small ones to solve the problem could
improve computational performance. Additionally, N-1 crite-
rion analysis may be considered to assess AC/DC distribution
topology from a reliability point-of-view. Finally, market regu-
lation and planning costs sharing can be investigated to better
assess the potential value of AC/DC hybrid topology.
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