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Abstract We study the effective properties of a linear elastic or perfectly vis-
coplastic composite consisting of a soft matrix reinforced by possibly very stiff
fibers. The effective material is characterized by the emergence of a discrep-
ancy between the displacement in the fibers and the overall averaged displace-
ment, giving rise to a concentration strain in the matrix. This phenomenon
is attended by the appearance a combination of stretching, bending and tor-
sional energies stored in the fibers. This work completes and corrects results
previously obtained by the author et al., who failed to notice the torsional
contribution.
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1 Introduction

In this paper, we determine the effective behavior of a two-phase linear elastic
composite made up of a very soft matrix reinforced by possibly very stiff fibers.
Our approach consists in first studying asymptotically a problem of the type

inf
uuuε∈W 1,p

0 (Ω;R3)
Fε(uuuε)−

∫
Ω

fff · uuudx, p ∈ (1,+∞), fff ∈ Lp(Ω;R3)

Fε(uuuε) = εp
∫
Ω\Tε

f(eee(uuuε))dx+ lε

∫
Tε

g(eee(uuuε))dx,

eee(uuuε) =
1

2
(∇∇∇uuuε +∇∇∇Tuuuε),

(1)

and subsequently particularizing the setting of linear elasticity (p = 2, f, g
quadratic). This perspective yields a simpler formulation of the limit problem
and a clearer mathematical insight. Moreover, the case p 6= 2 has an interesting
application in material sciences (see Remark 1 (v)). The functions f and g in
(1) are assumed to satisfy a growth condition of order p, Tε is an ε-periodic
distribution of fibers (parallel to eee3) of arbitrarily shaped cross-section of size
of order ε, and Ω := Ω′ × (0, L) a bounded Lipschitz domain of R3. We are
aiming at deriving the limit problem associated with (1) as ε → 0, for every
possible choice of the stiffness parameter lε. All results obtained for Problem
(1) are new.

Since the seminal work of Tod Arbogast, Jim Douglas Jr. and Ulrich Hor-
nung [2], high contrast homogenization problems of this type have attracted
a lot attention in a variety of physical contexts (see the many references in
[19]). Problem (1) has been investigated in [7, Example 1] in the case of a con-
nected stiff phase. The case of a vanishing volume fraction of very stiff fibers
embedded in a matrix of stiffness of order 1 was addressed in [5]. A common
feature between [5] and the present work lies in the study of the asymptotic
behavior of the displacement in the fibers. In this regard, whenever possible,
we will refer to the proofs developed in [5].

We show that the behavior of the solution uuuε to (1) is conditioned by the
order of magnitude of the coefficient lε in terms of the parameters k and κ
defined by

k := lim
ε→0

kε ∈ (0,+∞]; κ := lim
ε→0

εpkε ∈ [0,+∞]; kε := lε|S|. (2)

If κ > 0, we prove that the displacement in the fibers is locally approximated
to by a helicoidal vector field of resultant δeee3 and resulting momentum vvv on
their principal axes, vvv being orthogonal to these axes. This means, in simpler
words, that the fibers locally undergo a displacement vvv of their principal axes
and a rotation of angle δ around these axes. The field vvv approximates as ε→ 0
to the local average vvvε of the solution uuuε to (1) over the cross-sections of the
fibers, and δ to their mean angular rotation δε around eee3. We establish that
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uuuε and vε3
ε converge to uuu and w, respectively, where (uuu,vvv, w, δ) is the unique

solution to

inf
(uuu,vvv,w,δ)∈Lp(Ω;R3)×D2

Φ2(uuu,vvv, w, δ)−
∫
Ω

fff · uuudx,

Φ2(uuu,vvv, w, δ) =

∫
Ω

cf (uuu− vvv, 0) + κghom(τττ)dx, τττ =

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
,

(3)

the functions cf , ghom and the domain D2 being defined by (9), (10) and
(17), respectively. The second term of Φ2 describes a combination of bending,
extensional and torsional energies.

If κ = 0, we find that the effective angle of rotation of the fibers is much
larger, characterized by a function θ approximating to θε = δε

ε . We obtain a
limit problem of the form

inf
(uuu,vvv,θ)∈L2(Ω;R3)×D1

Φ1(uuu,vvv, θ)−
∫
Ω

fff · uuudx,

Φ1(uuu,vvv, θ) =

∫
Ω

cf (vvv − uuu, θ)dx+ kghom(τττ)dx, τττ =

Ü
0
0
∂v3
∂x3
∂θ
∂x3

ê
,

(4)

where D1 is defined by (16). The second term of Φ1 represents a combination of
extensional and torsional energies. This contribution corrects the results stated
in [7, Example 2], where the presence of torsional stored energy in the effective
material was disregarded. The limit field uuu is a solution, unique if κ > 0, to
infuuu∈Lp F (uuu) −

∫
Ω
fff.uuudx, where F (uuu) = inf(vvv,θ)∈D1

Φ1(uuu,vvv, θ) if κ = 0 (resp.
inf(vvv,w,δ)∈D2

Φ2(uuu,vvv, w, δ) if κ > 0). The functional F is the Γ -limit of the
sequence (Fε) in the weak topology of Lp (see [12]).

When κ = 0, the solution to (1) may fail to be bounded in Lp, depend-
ing on fff . Loosely speaking, the composite is insufficiently reinforced to resist
transversal body forces, and collapses. Its cohesion can be recovered by suit-
ably reinforcing it with extra stiff components. The equations ruling such
multiphase composites being straightforwardly deduced from those governing
two-phase ones (see Remark 1 (ii)), it is convenient to present our main result
in the context of two-phase composites under the assumption that the solution
uuuε to (1) is bounded in Lp(Ω;R3) if κ = 0. However, the reader should keep in
mind that the relevant physical context for the case κ = 0 lies in multiphase
composites.

We next particularize the case of linear elasticity: namely, we assume that
p = 2 and that f, g are given by

f(SSS) =
1

2
ASSS : SSS; g(SSS) =

1

2
BSSS : SSS ∀SSS ∈ S, (5)
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in terms of fourth order tensors A,B satisfying

Aijkh = Ajikh = Akhij , Bijkh = Bjikh = Bkhij ∀(i, j, k, h) ∈ {1, 2, 3}4,
ASSS : SSS ≥ c|SSS|2, BSSS : SSS ≥ c|SSS|2 ∀SSS ∈ S3, (c > 0).

(6)

Problem (1) is then equivalent to
− divσσσε = fff in Ω, σσσε = Cεeee(uuuε),

eee(uuuε) =
1

2
(∇∇∇uuuε +∇∇∇Tuuuε), Cε = ε2A1Ω\Tε

+ lεB1Tε
,

uuuε ∈ H1
0 (Ω;R3),

(7)

whose solution represents the displacement field at equilibrium of a clamped
elastic fibered composite submitted to a density fff of applied body forces.

In the case κ > 0, Problem (7) has been studied in [7, Example 3] in the
setting of linear isotropic elasticity, i. e. when CεSSS takes the form λε(trSSS)III +
2µεSSS, and in [10] in the anisotropic case for fibers of circular cross-sections.
The vibration problem associated with (7) has been investigated in [3] in the
isotropic setting for every values of k, κ. Here, we solve the case κ = 0 in
the anisotropic case, extend the case κ > 0 to arbitrary cross-sections, express
(w, δ) in terms of vvv, and synthesize the cases κ ∈ {0,+∞}.

If κ = 0, the homogenized Problem (4) obtained above takes the form

inf
(uuu,vvv,θ)∈L2(Ω;R3)×D1

Φ1(uuu,vvv, θ)−
∫
Ω

fff · uuudx,

Φ1(uuu,vvv) =

∫
Ω

1

2

Å
vvv − uuu
θ

ã
·CCC
Å
vvv − uuu
θ

ã
+
k

2

Ç
∂v3
∂x3
∂θ
∂x3

å
·GGG{3,4}{3,4}

Ç
∂v3
∂x3
∂θ
∂x3

å
dx.

where CCC and GGG are the 4 × 4 positive definite symmetric matrices associated
to the quadratic forms 2cf and 2ghom, respectively, and GGG{3,4}{3,4} denotes
the 2 × 2 submatrix of GGG deduced by removing its first and second rows and
columns. This problem is equivalent to a coupled system of equations of the
type 

CCC{1,2,3}{1,2,3,4}

Å
uuu− vvv
θ

ã
= fff in Ω,

CCC{1,2}{1,2,3,4}

Å
vvv
θ

ã
= 0 in Ω,

CCC{3,4}{1,2,3,4}

Å
vvv
θ

ã
− kGGG{3,4}{3,4}

(
∂2v3
∂x2

3
∂2θ
∂x2

3

)
= 0 in Ω,

(uuu,vvv, θ) ∈ L2(Ω;R3)×D1.

If κ > 0, we show that the auxiliary variables w, δ can be expressed in
terms of vvv. Namely, Å

w
δ

ã
= EEE

∂

∂x3

Å
v1
v2

ã
,



Soft elastic or perfectly viscoplastic fiber composites with high contrast. 5

where EEE is defined by (24). Accordingly, the limit problem takes the form
inf

(uuu,vvv)∈D
Φ(uuu,vvv)−

∫
Ω

fff · uuudx

Φ(uuu,vvv) =

∫
Ω

1

2
(vvv − uuu) ·CCC{1,2,3}{1,2,3}(vvv − uuu) +

κ
2

∂2vvv′

∂x23
·HHH∂2vvv′

∂x23
dx,

where vvv′ = v1eee1 + v2eee2 and HHH is the symmetric positive definite 2× 2 matrix
given by (27). Equivalently, the couple (uuu,vvv) is the unique solution to

CCC{1,2,3}{1,2,3}(uuu− vvv) = fff in Ω,

CCC{1,2}{1,2,3}(vvv − uuu) + κHHH
∂4vvv′

∂x43
= 0 in Ω,

(uuu,vvv) ∈ D.

Our main result is presented in Section 3 and proved in Section 6. The
linear elasticity problem (7) is discussed in Section 4. Section 5 is devoted to
preliminary results and a priori estimates. The Euler-Lagrange equations of
the limit problem are derived, in the elasticity case, in Section 7.

2 Notations

In this paper, {eee1, eee2, ..., eeeN} stands for the canonical basis of RN . Points in
R3 or Z3 and real-valued functions are represented by symbols beginning with
a lightface minuscule (example x, i,detAAA...) and vectors and vector-valued
functions by symbols beginning by a boldface minuscule (examples: xxx, uuu, fff ,
divσσσε,...). Matrices and matrix-valued functions are represented by symbols
beginning by a boldface majuscule with the following exceptions: ∇∇∇uuu (dis-
placement gradient), eee(uuu) (linearized strain tensor). Fourth order tensors are
represented by sans-serif boldface majuscules (examples: A, B). We use up-
right symbols for operators (examples: vvvε, θε,...). We denote by ui or (uuu)i the
components of a vector uuu and by Aij or (AAA)ij those of a matrix AAA, by Aijkl or
(A)ijkl those of a fourth order tensor A (that is uuu =

∑3
i=1 uieeei =

∑3
i=1(uuu)ieeei;

AAA =
∑3
i,j=1Aijeeei ⊗ eeej =

∑3
i,j=1(AAA)ijeeei ⊗ eeej). For any two vectors aaa, bbb in

R3, the symmetric product aaa � bbb is defined by aaa � bbb := 1
2 (aaa ⊗ bbb + bbb ⊗ aaa). We

do not employ the repeated index convention for summation. We denote by
AAA :BBB =

∑3
i,j=1AijBij the inner product of two matrices, by εijk the three-

dimensional alternator, by uuu ∧ vvv =
∑3
i,j,k=1 εijkujvkeeei the exterior product in

R3, by Sm (m ∈ N∗) the set of all real symmetric matrices of order m. The
symbol III represents the 3 × 3 identity matrix. For every m × n matrix AAA,
α ⊂ {1, ...,m}, β ⊂ {1, ..., n}, we denote by AAAα,β the submatrix of AAA whose
entries lie in the rows of AAA indexed by α and in the columns of AAA indexed by

β
(

example:

Ñ
1 2 3
4 5 6
7 8 9

é
{1,2}{2,3}

=

Å
2 3
5 6

ã)
We denote by [s] the integer part
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of a real number s. The letter D denotes the open disc of R2 of center 0 and
radius 1. The letter C stands for different positive constants whose precise
values may vary.
For every x ∈ R3, we write x = (x′, x3) for x′ = (x1, x2). For any two weakly
differentiable fields ψψψ : R2 → R3 and uuu : R3 → R3, we set

eeey(ψψψ) :=
2∑

α,β=1

1

2

Å
∂ψα
∂yβ

+
∂ψβ
∂yα

ã
eeeα⊗ eeeβ +

2∑
α=1

∂ψ3

∂yα
eeeα � eee3,

eeex′(uuu) :=
2∑

α,β=1

1

2

Å
∂uα
∂xβ

+
∂uβ
∂xα

ã
eeeα⊗ eeeβ +

2∑
α=1

∂u3
∂xα

eeeα � eee3,

ψψψ′ := ψ1eee1 + ψ2eee2, uuu′ := u1eee1 + u2eee2.

(8)

For every (aaa, ζ) ∈ R3×R and every convex, p-positively homogeneous function
f : S3 → [0,+∞), we define

cf (aaa, ζ) :=

inf


∫
Y

f (eeey(ψψψ)) dy

∣∣∣∣∣∣∣
ψψψ ∈W 1,p

] (Y ;R3),

∫
Y

ψψψdy = 0,

ψψψ(y) = aaa+ ζeee3 ∧ yyy in S

 ,
(9)

where Y := [−1/2, 1/2[2 and W 1,p
] (Y ;R3) denotes the set of Y -periodic mem-

bers of W 1,p
loc (R2;R3).

For every convex, p-positively homogeneous function g : S3 → [0,+∞), we set

ghom(τττ) := inf
qqq∈W 1,p(S;R3)

∫
−
S

g (eeey(qqq) +MMM(τττ)) dy, ∀τττ ∈ R4,

MMM(τττ) :=

Ñ
0 0 −y2 τ42
0 0 y1

τ4
2

−y2 τ42 y1
τ4
2 τ3 −

∑2
α=1 ταyα

é
.

(10)

3 Main result

Let Ω := Ω′ × (0, L) be a bounded Lipschitz cylindrical domain of R3, S a
bounded Lipschitz domain of R2 satisfying

D ⊂ S, S ⊂ Y̊ , Y :=

ï
−1

2
,

1

2

ã2
,

∫
−
S

yyydy = 0,

Tε the ε-periodic distribution of fibers defined by (see fig. 1)

Tε := Sε × (0, L) =
⋃
i∈Iε

T iε , T iε := Siε × (0, L), Siε := ε(i+ S),

Sε :=
⋃
i∈Iε

Siε, Iε := {i ∈ Z2, Y iε ⊂ Ω′}, Y iε := εi+ εY,
(11)
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Fig. 1 The fibered structure

and f, g : S3 → R two strictly convex, p-positively homogeneous functions
satisfying

c|SSS|p ≤ f(SSS) ≤ C|SSS|p, c|SSS|p ≤ g(SSS) ≤ C|SSS|p ∀SSS ∈ S3, (12)

for some p ∈ (1,+∞) and some positive constants c, C. Under these assump-
tions, we show that the asymptotic behavior as ε → 0 of the solution uuuε of
(1) depends on the parameters k and κ defined by (2). We assume that (see
Remark 1 (i), (ii))

uuuε is bounded in Lp(Ω;R3) if κ = 0, (13)

and

k > 0. (14)

Case κ = 0. We prove that, up to a subsequence, uuuε converges to uuu and
(vvvε, θε) given by

vvvε(x) :=
∑
i∈Iε

Ç∫
−
Si
ε

uuuε(s, x3)dH2(s)

å
1Y i

ε
(x′),

θε(x):=
∑
i∈Iε

1∫
−
S
|y|2dy

∫
−
Si
ε

(−yε2uε1 + yε1uε2)(s, x3)dH2(s)1Y i
ε
(x′),

yyyε(x
′) :=

∑
i∈Iε

((x1 − εi1)eee1 + (x2 − εi2)eee2)1Y i
ε
(x′),

(15)
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converges to (vvv, θ), where (uuu,vvv, θ) is a solution to

(Phom1 ) : inf
(uuu,vvv,θ)∈L2(Ω;R3)×D1

Φ1(uuu,vvv, θ)−
∫
Ω

fff · uuudx,

Φ1(uuu,vvv, θ) =

∫
Ω

cf (vvv − uuu, θ)dx+ kghom(τττ)dx, τττ =

Ü
0
0
∂v3
∂x3
∂θ
∂x3

ê
,

D1 :=

®
(vvv, θ) ∈ Lp(Ω;R4)

∣∣∣∣∣ v3, θ ∈ Lp(Ω′;W 1,p
0 (0, L)),

v3 = θ = 0 if k = +∞

´
.

(16)

Case κ > 0. We show that the convergences of the case κ = 0 hold for the
entire sequences. Besides, the sequence

(
1
εvε3,

1
εθε
)

converges to (w, δ), where
(uuu,vvv, w, δ) is the unique solution to

inf
(uuu,vvv,w,δ)∈Lp(Ω;R3)×D2

Φ2(uuu,vvv, w, δ)−
∫
Ω

fff · uuudx,

Φ2(uuu,vvv, w, δ) =

∫
Ω

cf (vvv − uuu, 0) + κghom(τττ)dx, τττ =

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
,

D2 :=

(vvv, w, δ)∈Lp(Ω;R5)

∣∣∣∣∣∣∣
vα ∈ Lp(Ω′;W 2,p

0 (0, L)),∀α ∈ {1, 2},
v3 = 0,

(w, δ) ∈ Lp(Ω′;W 1,p
0 (0, L))2

 .

(17)

Theorem 1 Let uuuε be the solution to (1). Assume (2), (11), (13) and (14).
Then, up to a subsequence, (uuuε) weakly converges in Lp(Ω;R3) to uuu, (vvvε, θε) de-
fined by (15) weakly converges in Lp(Ω;R4) to (vvv, θ), and, if κ > 0, ( 1

εvε3,
1
εθε)

weakly converges in (Lp(Ω))2 to (w, δ), where
(i) if κ = 0, (uuu,vvv, θ) is a solution to (16),
(ii) if κ > 0, v3 = θ = 0 and (uuu,vvv, w, δ) is the unique solution to (17).

Moreover, cf and ghom defined by (9) and (10) satisfy

c(|aaa|p + |ζ|p) ≤ cf (aaa, ζ) ≤ C(|aaa|p + |ζ|p) ∀(aaa, ζ) ∈ R4,

c|τττ |p ≤ ghom(τττ) ≤ C|τττ |p ∀τττ ∈ R4,
(18)

for some C ≥ c > 0.

Remark 1 (i) In the case κ = 0, by (16) we have

Φ1(uuu,vvv, θ) = Φ1

(
uuu+ψψψ′, vvv −ψψψ′, θ

)
∀ψψψ ∈ Lp(Ω;R3),

hence, if fff ′ 6= 0, the infimum (16) is equal to −∞ and the minimization
problem (16) has no solution. Consequently, by Theorem 1, the assertion (13)
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fails to hold. Moreover, limε→0 |uuuε|Lp = +∞: otherwise (13) would hold for
a subsequence and, by Theorem 1, Problem (16) would have a solution. On
the other hand, if fff ′ = 0, Problem (16) has infinitely many solutions, but
even then, we only can prove that |uε3|Lp ≤ C. Indeed, when κ = 0, Fε
is not coercive in Lp, more precisely does not satisfy

∫
Ω
|www|pdx ≤ CFε(www)

for some C > 0. Coercivity of Fε and boundedness of uuuε are achieved when
considering multiphase composites reinforced, besides the fibers, by suitable
extra stiff components such as fibers distributed in two other independent
directions, fibers satisfying κ > 0, stiff plates, a connected stiff phase, or any
combination of these... (see [7, Examples 1 and 2], [4, Remarks 3.17, 3.18], [3,
Section 5]). Accordingly, the main application of the case κ = 0 of Theorem
1 lies in multiphase composites, the effective behavior of which being easily
deduced, as commented below, from Theorem 1 (i).
(ii) Multiphase media. When a multiphase medium comprising several families
of periodically distributed stiff components is considered, the effective energy
is deduced by adding up the effective energies stored in each family of stiff
component (second term of Φα) and taking into account, in the definition of
cf , the effective displacement in each stiff component. For instance, when two

ε-periodic disconnected families T
(1)
ε , T

(2)
ε of fibers parallel to eee3 embedded

in a soft matrix and satisfying κ(1) = 0, κ(2) > 0 and
∫
−
S(1)yyydy = 0 are

considered, the boundedness of uuuε in Lp is ensured and the effective problem
takes the form

inf
(uuu,%%%)∈Lp(Ω;R3)×D(1)

1 ×D
(2)
2

Φ(uuu,%%%)−
∫
Ω

fff · uuudx,

Φ(uuu,%%%) =

∫
Ω

cf (uuu,%%%) + k(1)ghom,(1)(τττ (1)) + κ(2)ghom,(2)(τττ (2))dx,

τττ (1) =

á
0
0

∂v
(1)
3

∂x3

∂θ(1)

∂x3

ë
, τττ (2) =

â
∂2v

(2)
1

∂x2
3

∂2v
(2)
2

∂x2
3

∂w(2)

∂x3

∂δ(2)

∂x3

ì
, %%% = ((vvv(1), θ(1)), (vvv(2), w(2), δ(2))),

where

cf (uuu,%%%) = inf


∫
Y

f (eeey(ψψψ)) dy

∣∣∣∣∣∣∣∣∣
ψψψ ∈W 1,p

] (Y ;R3),

∫
Y

ψψψdy = uuu,

ψψψ(y) = vvv(1) + θ(1)eee3 ∧ yyy in S(1),

ψψψ(y) = vvv(2) in S(2)

 .

(iii) Boundary conditions. When mixed boundary conditions are considered,
the analysis and the limit problem are the same, up to slight differences. How-
ever, Dirichlet boundary conditions should be enforced on a subset of ∂Ω
containing one of the extremity of the fibers to ensure the weak relative com-
pactness of the solution to (1) if κ > 0 (resp. of its third component if κ = 0).
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(iv) Metal Matrix Composites. When p 6= 2, Problem (1) is relevant to per-
fectly viscoplastic materials such as metals at high temperatures. In this con-
text, the solution uuu to (1) describes the velocity field in a hot metal matrix
fibered composite with high viscosity contrast undergoing a steady-state creep.
Steady-state creep denominates the quasi-static motion experienced by metals,
ceramics or alloys at high temperatures under the influence of applied body
forces. During this process, the stress tensor σσσ and the rate of strain eee(uuu) are
linked by a phenomenological constitutive relation of the type σσσ = l ∂g∂eee (eee(uuu))
discovered by Norton [18], where g is a convex function with p-growth at
infinity and l a viscosity parameter. Solids governed by this law, called the
Norton-Hoff model of viscoplasticity, are said to be perfectly viscoplastic. The
inverse relation, which takes the form eee(uuu) = h(σσσ) for some function h satis-
fying a growth condition of order q = 1

p−1 , is called a q-power law. In general,

q is about 5 (p ∼ 1, 2). In a steady state creep, the acceleration is negligible
and the linear momentum equation divσσσ+fff = 0 is equivalent to a minimiza-
tion problem of the type infD

{∫
Ω
lg(eee(uuu))− fff · uuudx

}
analogous to (1). Metal

matrix composites have numerous industrial applications. References on these
subjects can be found in the Materials Science and Engineering literature [11,
13,15].

4 Linear elasticity case

In this section, we particularize Theorem 1 when p = 2 and f , g are given
by (5). Then, cf and ghom are quadratic form on R4 associated with 4 × 4
symmetric matrices 1

2CCC and 1
2GGG which, by (18), are definite positive. Denoting

by qqq(τττ) the unique solution in H1(S;R3)/R3 to the minimization problem
(5,10), the components of GGG are given by (see Section 7.3)

Gij = −
∫
−
S

Beeey(qqq(eeei)) : eeey(qqq(eeej))dy +

∫
−
S

BMMM(eeei) : MMM(eeej)dy. (19)

Denoting by ψψψ(aaa, ζ) the unique solution in H1
] (Y ;R3) to the minimization

problem (5,9), and setting (aaa, ζ) =
∑3
i=1 aieeei + ζeee4, the components of CCC are

given by

Cij =

∫
Y

Aeeey(ψψψ(eeei)) : eeey(ψψψ(eeej))dy.

Case κ = 0

The limit problem (16) takes the form

inf
(uuu,vvv,θ)∈L2(Ω;R3)×D1

Φ1(uuu,vvv, θ)−
∫
Ω

fff · uuudx,

Φ1(uuu,vvv) =

∫
Ω

1

2

Å
vvv − uuu
θ

ã
·CCC
Å
vvv − uuu
θ

ã
+
k

2

Ç
∂v3
∂x3
∂θ
∂x3

å
·GGG{3,4}{3,4}

Ç
∂v3
∂x3
∂θ
∂x3

å
dx,

(20)
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equivalent to the system of linear elliptic equations

CCC{1,2,3}{1,2,3,4}

Å
uuu− vvv
θ

ã
= fff in Ω,

CCC{1,2}{1,2,3,4}

Å
vvv − uuu
θ

ã
= 0 in Ω,

CCC{3,4}{1,2,3,4}

Å
vvv − uuu
θ

ã
− kGGG{3,4}{3,4}

(
∂2v3
∂x2

3
∂2θ
∂x2

3

)
= 0 in Ω,

(uuu,vvv, θ) ∈ L2(Ω;R3)×D1.

(21)

Case κ > 0

The limit problem (17) takes the form

inf
(uuu,vvv,w,δ)∈Lp(Ω;R3)×D2

Φ2(uuu,vvv, w, δ)−
∫
Ω

fff · uuudx,

Φ2(uuu,vvv, w, δ) =

∫
Ω

1

2

Å
vvv − uuu

0

ã
·CCC
Å
vvv − uuu

0

ã
+

κ
2

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
·GGG

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
dx,

(22)
equivalent to

CCC{1,2,3}{1,2,3}(uuu− vvv) = fff in Ω,

CCC{1,2}{1,2,3}(vvv − uuu)+κ
Å
GGG{1,2}{1,2}

∂4vvv′

∂x43
+GGG{1,2}{3,4}

∂3

∂x33

Å
w
δ

ãã
=0 in Ω,

GGG{3,4}{1,2}
∂3vvv′

∂x33
+GGG{3,4}{3,4}

∂2

∂x23

Å
w
δ

ã
= 0 in Ω,

(uuu,vvv, w, δ) ∈ L2(Ω;R3)×D2.
(23)

The variables w, δ can be eliminated: we find thatÅ
w
δ

ã
= EEE

∂vvv′

∂x3
, EEE = −GGG−1{3,4}{3,4}GGG{3,4}{1,2}. (24)

We deduce that (uuu,vvv) is the unique solution to

inf
(uuu,vvv)∈D

Φ(uuu,vvv)−
∫
Ω

fff.uuudx

Φ(uuu,vvv) =

∫
Ω

1

2
(vvv − uuu) ·CCC{1,2,3}{1,2,3}(vvv − uuu) +

κ
2

∂2vvv′

∂x23
·HHH∂2vvv′

∂x23
dx,

D =
{

(uuu,vvv) ∈ L2(Ω;R3)× L2(Ω′;H2
0 (0, L;R3)), v3 = 0

}
,

(25)
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or equivalently to
CCC{1,2,3}{1,2,3}(uuu− vvv) = fff in Ω,

CCC{1,2}{1,2,3}(vvv − uuu) + κHHH
∂4vvv′

∂x43
= 0 in Ω,

(uuu,vvv) ∈ D,

(26)

being HHH the symmetric positive definite 2× 2 matrix defined by

HHH = GGG{1,2}{1,2} +GGG{1,2}{3,4}EEE. (27)

Corollary 1 Let uuuε be the solution to (7). Assume p = 2, (2), (13) and (14).
Then the convergences stated in Theorem 1 hold, where

(i) if κ = 0, (uuu,vvv, θ) is a solution to the problem (20) equivalent to (21),
(ii) if κ > 0, (uuu,vvv, w, δ) is the unique solution to the problem (22) equiv-

alent to (23). Equivalently, (w, δ) is given by (24) and (uuu,vvv) is the unique
solution to the problem (25) equivalent to (26).

Remark 2 When the material constituting the fibers is isotropic, the matrix
GGG is diagonal hence GGG{3,4}{1,2} = 0 so that, by (24), w = δ = 0. It is not
diagonal, in general, otherwise (see [6, Remark 1] for explicit examples).

5 Preliminary results and a priori estimates

5.1 Two-scale convergence

A sequence (ϕε) ⊂ Lp(Ω) two-scale converges to ϕ0 ∈ Lp(Ω×Y ) if (see [1,16,
17])

lim
ε→0

∫
Ω

ϕε(x) · η0
Å
x,
yε(x

′)

ε

ã
dx =

∫
Ω×Y

ϕ0(x, y) · η0(x, y)dxdy,

∀ η0 ∈ C(Ω × S) (notation: ϕε ⇀⇀ ϕ0).

(28)

Any bounded sequence in Lp(Ω) admits a two-scale convergent subsequence.
A sequence (ηε) in Lp

′
(Ω) satisfying

lim
ε→0

∫
Ω

ϕε · ηεdxdt =

∫
Ω×Y

ϕ0 · η0dxdy (29)

for some η0 ∈ Lp
′
(Ω × Y ) and for every two-scale convergent sequence (ϕε)

is said to be admissible. Sequences of the form ηε = η0
Ä
x, yε(x

′)
ε

ä
with η0 ∈

L∞(Ω,C](Y ;R3)) ∪ L∞] (Y,C(Ω;R3)) are admissible [1] and satisfy, for every
sequence (ϕε) in Lp(Ω) [3, Section 5]

ϕε ⇀⇀ ϕ0 =⇒ ϕεηε ⇀⇀ ϕ0η0.
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In particular,

ϕε ⇀⇀ ϕ0 =⇒
®
ϕε1Tε ⇀⇀ ϕ01S

ϕε1Ω\Tε
⇀⇀ ϕ01Y \S .

(30)

If (ϕϕϕε) ⊂ Lp(Ω;Rk) two-scale converges to ϕϕϕ0 ∈ Lp
(
Ω × Y ;Rk

)
, then for

every convex function j : Rk → R, we have [5, Lemma 4.1]

lim inf
ε→0

∫
Ω

j(ϕϕϕε)dx ≥
∫
Ω×Y

j(ϕϕϕ0)dxdy ≥
∫
Ω

j

Å∫
Y

ϕϕϕ0(x, y)dy

ã
dx. (31)

If (ϕϕϕε) ⊂W 1,p(Ω;R3) is such that

ϕϕϕε ⇀ϕϕϕ weakly in Lp(Ω;R3), ϕϕϕε ⇀⇀ ϕϕϕ0, εeee(ϕϕϕε) ⇀⇀ ΞΞΞ0,

then [7, Section 3]∫
Y

ϕϕϕ0(., y)dy = ϕϕϕ, ϕϕϕ0 ∈ Lp(Ω;W 1,p
] (Y ;R3)),

ΞΞΞ0 = eeey(ϕϕϕ0), εeee(ϕϕϕε)1Ω\Tε
⇀⇀ eeey(ϕϕϕ0)1Y \S .

(32)

5.2 Existence and uniqueness of the solution to the limit problem (17)
(κ > 0).

In the following lemma, we establish the well posed character of the infimum
problems defining cf and ghom and of the limit problem associated with (1)
when κ > 0.

Lemma 1 (i) The infimum problems (9), (10) are achieved. The solution to
(9) is unique. Problem (10) has a unique solution satisfying rrr(qqq) = 0 (see
(34)).
(ii) The mappings cf and ghom satisfy the growth conditions 18.
(iii) Problem (17) (κ > 0) has a unique solution.

Proof (i) Problem (9). By [14, Theorem 4 p. 75], for any bounded Lipschitz
domain U of R2 and any subspace V of W 1,p(U ;R2) such that V ∩ R = {0},
where R is the space of infinitesimal rigid displacements of R2 (that is the
kernel of ϕϕϕ→ eee(ϕϕϕ)), the following Korn inequality holds∫

U

|ϕϕϕ|pdx+

∫
U

|∇∇∇ϕϕϕ|pdx ≤ C
∫
U

|eee(ϕϕϕ)|pdx ∀ϕϕϕ ∈ V. (33)

Applying this to V =
¶
ϕϕϕ ∈W 1,p

] (Y ;R2),
∫
Y
ϕϕϕdy = 0

©
, we infer∫

Y

|ϕϕϕ|p + |∇∇∇ϕϕϕ|pdy ≤ C
∫
Y

|eee(ϕϕϕ)|pdy ∀ϕϕϕ ∈W 1,p
] (Y ;R2),

∫
Y

ϕϕϕdy = 0.
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By the Poincaré-Wirtinger inequality in W 1,p(Y ), we have∫
Y

|η|p dy ≤ C
∫
Y

|∇∇∇η|pdy, ∀η ∈W 1,p(Y ),

∫
Y

ηdy = 0.

We deduced from the above inequalities, applied to ϕϕϕ = ψψψ′ and η = ψ3, that∫
Y

|ψψψ|p + |∇∇∇ψψψ|pdy ≤ C
∫
Y

|eeey(ψψψ)|pdy ∀ψψψ ∈W 1,p
] (Y ;R3),

∫
Y

ψψψdy = 0.

This, along with (12), implies that any minimizing sequence (ψψψn) of (9) is
bounded in W 1,p

] (Y ;R3) and weakly converges, up to a subsequence, to some

ψψψ∞ which, by the weak lower semicontinuity of ψψψ →
∫
Y
f (eeey(ψψψ)) dy and the

weak closedness of the set on which the infimum is taken, is a solution to (9).
By the strict convexity of f and the convexity of the set on which the infimum
is taken, this solution is unique.

Problem (10). We set

rrr(qqq)= r′r′r′(qqq′) +

Å∫
−
S

q3dy

ã
eee3,

r′r′r′(qqq′)(y)=

∫
−
S

qqq′dy +

Ç
1∫

−
S
|yyy|2dy

∫
−
S

(−y2q1(y) + y1q2(y)) dy

å
eee3 ∧ yyy.

(34)

One can check that{
qqq′ − r′r′r′(qqq′), qqq′ ∈W 1,p(S;R2)

}
∩R = {0} and eee(r′r′r′(qqq′)) = 0,

hence, by (33),∫
S

|qqq′ − r′r′r′(qqq′)|p + |∇∇∇(qqq′ − r′r′r′(qqq′))|pdy ≤ C
∫
S

|eee(qqq′)|pdy, ∀qqq′ ∈W 1,p(S;R2).

Using the Poincaré-Wirtinger inequality
∫
S

∣∣q3 − ∫−Sq3dy∣∣ dy ≤ C
∫
S
|∇∇∇q3|pdy

in W 1,p(S), we deduce∫
S

|qqq − rrr(qqq)|p + |∇∇∇(qqq − rrr(qqq))|pdy ≤ C
∫
S

|eeey(qqq)|pdy ∀qqq ∈W 1,p(S;R3).

Noticing that eeey(qqq − rrr(qqq)) = eeey(qqq), we can choose a minimizing sequence (qqqn)
of Problem (10) such that rrr(qqqn) = 0. The above inequality, along with (12),
implies that (qqqn) is bounded in W 1,p(S;R3) and weakly converges, up to a
subsequence, to some qqq∞ which, by the weak lower semicontinuity of qqq →∫
−
S
g (eeey(qqq) +MMM(τττ)) dy, is a solution to (10). The uniqueness of the solution to

(10) in the set {qqq ∈ W 1,p(S;R3), rrr(qqq) = 0} results from the strict convexity
of g.

(ii) The upper bounds result from (12). To prove the lower bounds, since
cf and ghom are positively homogeneous of degree p, we only have to check
that cf (aaa, ζ) > 0 for every (aaa, ζ) 6= 0 and ghom(τττ) > 0 for every τττ 6= 0: -
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If cf (aaa, ζ) = 0, the minimizer ψψψ of (9) satisfies eeey(ψψψ) = 0 in Y , thus ψψψ(y) =
ccc+ηeee3∧yyy in Y for some (ccc, η) ∈ R4. As ψψψ(y) = aaa+ζeee3∧yyy in S, (ccc, η) = (aaa, ζ),
hence

∫
Y
ψψψdy = aaa = 0 and the periodicity of ψψψ implies ζ = 0. - If ghom(τττ) = 0

and qqq is the minimizer of (10), then eeey(qqq) +MMM(τττ) = 0 a.e. in S. In particular
1
2
∂q3
∂y1
− y2 τ42 = 1

2
∂q3
∂y2

+ y1
τ4
2 = τ3 −

∑2
α=1 ταyα = 0 a.e. yyy ∈ S. The latter

equality implies τ1 = τ2 = τ3 = 0 ant the former, by the Schwarz theorem,
yields τ4 = 0.

(iii) Given (uuu,vvv, w, δ) ∈ Lp(Ω;R3)×D2, we notice that, by Poincaré inequal-
ities in W 1,p

0 (0, L) and W 2,p
0 (0, L), the norm of (vvv, w, δ) in D2, understood as

its norm in Lp(Ω′;W 2,p
0 (0, L;R3)) × Lp(Ω′;W 2,p

0 (0, L))2, is equivalent to the
Lp norm of τττ defined by (17) which, by the second line of (18) and (17), is
bounded from above by CΦ2(uuu,vvv, w, δ). Noticing that by the first line of (18),∫
Ω
|uuu− vvv|pdx ≤

∫
Ω
cf (uuu− vvv, 0)dx ≤ CΦ2(uuu,vvv, w, δ), we deduce that

|(uuu,vvv, w, δ)|pLp(Ω;R3)×D2
≤ CΦ2(uuu,vvv, w, δ), ∀(uuu,vvv, w, δ) ∈ Lp(Ω;R3)×D2.

Hence, any minimizing sequence (uuun, vvvn, wn, δn) of (17) is bounded in Lp(Ω;R3)×
D2 (identifyingD2 with Lp(Ω′;W 2,p

0 (0, L;R2))×Lp(Ω′;W 2,p
0 (0, L)2) and weakly

converges, up to a subsequence, to some (uuu,vvv, w, δ). The functional Φ2 is con-
vex and bounded on the unit ball of the Banach space Lp(Ω;R3)×D2, hence
strongly continuous, thus weak lower semicontinuous, therefore (uuu,vvv, w, δ) is
a solution to (17). By the strict convexity of Φ2, resulting from that of cf and
ghom, this solution is unique.

5.3 Auxiliary results for the upper bound

We state below a variant of [9, Theorem 1] proved in [8, Lemma 4.3]:

Lemma 2 Let H ⊂ L1(Ω) such that for every finite family (gi)i∈I of elements
of H and every family (αi)i∈I of non-negative functions of C1(Ω) satisfying∑
i∈I αi = 1, there exists g ∈ H such that g ≤

∑
i∈I αigi. Then

inf
g∈H

∫
Ω

g(x)dx =

∫
Ω

ess inf
g∈H

g(x)dx. (35)

The following two corollaries take a crucial part in the proof of the upperbound
inequalities (Section 6.2).

Corollary 2 For every (φφφ, ζ) ∈ D(Ω;R3) × D(Ω), the following holds (see
(9)) ∫

Ω

cf (φφφ, ζ)dx = inf

®∫
Ω×(Y \S)

f(eeey(ηηη(x, y)))dxdy, ηηη ∈ Dφφφ,ζ

´
,

Dφφφ,ζ =

ηηη ∈ C1
c (Ω;C∞] (Y ;R3))

∣∣∣∣∣∣∣
∫
Y

ηηη(x, .)dy = 0,

ηηη = φφφ+ ζeee3 ∧ yyy in Ω × S

 .

(36)
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Proof We consider the following subset of L1(Ω)

H :=

®
g(x) =

∫
Y \S

f(eeey(ηηη(x, y)))dy, ηηη ∈ Dφφφ,ζ

´
.

Let (gi)i∈I and (αi)i∈I be like in Lemma 2, and (ηηηi)i∈I ⊂ Dφφφ,ζ such that
gi(x) =

∫
Y
f(eeey(ηηηi(x, y)))dy for every i ∈ I. Then the function

g(x) =

∫
Y \S

f

(
eeey

(∑
i∈I

αi(x)ηηηi(x, y)

))
dy

belongs to H and, by the convexity of f , satisfies g ≤
∑
i∈I αigi. We deduce

from Lemma 2 that

inf

®∫
Ω×(Y \S)

f(eeey(ηηη(x, y)))dxdy, ηηη ∈ Dφφφ,ζ

´
= inf
g∈H

∫
Ω

g(x)dx =

∫
Ω

ess inf
g∈H

g(x)dx

=

∫
Ω

ess inf


∫
Y \S

f(eeey(ηηη(x, y)))dy,

∣∣∣∣∣∣∣
ηηη ∈ C1

c (Ω;C∞] (Y ;R3)),

∫
Y

ηηη(x, .)dy = 0,

ηηη = φφφ(x) + ζ(x)eee3 ∧ yyy in Ω × S

 dx

=

∫
Ω

inf


∫
Y \S

f(eeey(ηηη(y)))dy,

∣∣∣∣∣∣∣
ηηη ∈ C∞] (Y ;R3),

∫
Y

ηηηdy = 0,

ηηη(y) = φφφ(x) + ζ(x)eee3 ∧ yyy in Ω × S

 dx

=

∫
Ω

cf (φφφ(x), ζ(x))dx,

where the last equality follows from the strong continuity on W 1,p
] (Y ;R3) of

ϕϕϕ→
∫
Y
f(eeey(ϕϕϕ))dy and a density argument. The assertion (36) is proved. ut

In the same manner, we have:

Corollary 3 For every τττ ∈ D(Ω;R4), there holds (see (10))

∫
Ω

ghom(τττ)dx = inf
qqq∈C1

c (Ω;C∞(S;R3))

∫
Ω

∫
−
S

g (eeey(qqq) +MMM(τττ)) dxdy.

5.4 Apriori estimates, convergences and identification relations

In the following proposition, we analyze the asymptotic behavior of a sequence
(uuuε) satisfying (13) and

sup
ε>0

Fε(uuuε) < +∞, (37)
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of the sequence of its symetrized gradient, and of the auxiliary sequences (vvvε),
(θε),

(
vε3
ε

)
,
(
θε
ε

)
defined by (15). In what follows, the operators uuuε → vvvε and

uuuε → θε are denoted by vvvε and θε: more precisely, for every ϕϕϕ ∈ Lp(Ω;R3),
we set

vvvε(ϕϕϕ)(x) :=
∑
i∈Iε

Ç∫
−
Si
ε

ϕϕϕ(s, x3)dH2(s)

å
1Y i

ε
(x′),

θε(ϕϕϕ)(x):=
∑
i∈Iε

1∫
−
S
|y|2dy

∫
−
Si
ε

(−yε2ϕε1 + yε1ϕε2)(s, x3)dH2(s)1Y i
ε
(x′).

(38)

Proposition 1 Let uuuε be a sequence in W 1,p
0 (Ω;R3) satisfying (13) and (37).

Then, up to a subsequence, the following convergences hold:

uuuε ⇀uuu weakly in Lp(Ω;R3),

vε(uuuε) ⇀ vvv weakly in Lp(Ω;R3), θε(uuuε) ⇀ θ weakly in Lp(Ω),

uuuε1Tε
⇀⇀ (vvv + θeee3 ∧ yyy)1S(y),

uuuε1Tε ⇀ |S|vvv weakly in Lp(Ω;R3),

θ, v3 ∈ Lp(Ω′;W 1,p
0 (0, L))),

(39)

uuuε ⇀⇀ uuu0, εeee(uuuε) ⇀⇀ eeey(uuu0), εeee(uuuε)1Ω\Tε
⇀⇀ eeey(uuu0)1Y \S ,

uuu0 ∈ Lp(Ω;W 1,p
] (Y )),

∫
Y

uuu0(., y)dy = uuu,
(40)

and

eee(uuuε)1Tε
⇀⇀ (eeey(qqq) +MMM(τττ))1S(y), τττ =

Ü
0
0
∂v3
∂x3
∂θ
∂x3

ê
, (41)

for some qqq ∈ Lp(Ω;W 1,p(S;R3)), where MMM(τττ) is defined by (10).
If in addition κ > 0, then, up to a subsequence,

uε3
ε
1Tε

⇀ |S|w weakly in Lp(Ω),Å
vε3(uuuε)

ε
,
θε(uuuε)

ε

ã
⇀ (w, δ) weakly in Lp(Ω)2,

vvv ∈ Lp(Ω′;W 2,p
0 (0, L;R3)); δ, w ∈ Lp(Ω′;W 1,p

0 (0, L)),

and
uε3
ε
1Tε

⇀⇀

Å
w − ∂v1

∂x3
y1 −

∂v2
∂x3

y2

ã
1S(y),

1

ε
eee(uuuε)1Tε ⇀⇀ (eeey(lll) +MMM(τττ))1S(y), τττ =

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
,
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for some lll ∈ Lp(Ω;W 1,p(S;R3)). Besides (see (16), (17)),

(vvv, θ) ∈ D1 if κ = 0,

(vvv, w, δ) ∈ D2 if κ > 0.
(42)

Proof Let uuuε be a sequence in W 1,p
0 (Ω;R3) satisfying (13) and (37).

If κ = 0, by (13) and (38) the sequences (uuuε), (vε(uuuε)) and (θε(uuuε)) are
bounded in Lp(Ω) (see (44)).

If κ > 0, by applying the inequality (see [5, (4.41)])∫
Tε

|ϕ1|p + |ϕ2|p +
∣∣∣ϕ3

ε

∣∣∣p dx ≤ C

εp

∫
Tε

|eee(ϕϕϕ)|p dx, ∀ϕϕϕ ∈W 1,p
0 (Ω;R3),

to ϕϕϕ = uuuε, taking (1) and (2) into account, we deduce∫
Tε

|uuuε|pdx ≤ CFε(uuuε) if κ > 0, (43)

thus (uuuε1Tε
) is bounded in Lp(Ω;R3). By (38) and Jensen’s inequality,∫

Ω

|vε(uuuε)|p dx =
∑
i∈Iε

∫ L

0

dx3

∫
Y i
ε

∣∣∣∣∣
∫
−
Si
ε

uuuε(s, x3)dH2(s)

∣∣∣∣∣
p

dx′

≤
∑
i∈Iε

∫ L

0

dx3

∫
Y i
ε

∫
−
Si
ε

|uuuε|p(s, x3)dH2(s)dx′

=
1

|S|

∫
Tε

|uuuε|pdx,

(44)

hence (vε(uuuε)) is bounded in Lp. The same holds for (θε(uuuε)). By making
suitable changes of variables in the Poincaré-Wirtinger inequality∫

Y

∣∣∣∣ϕ− ∫−
S

ϕds′
∣∣∣∣p dx′ ≤ C ∫

Y

|∇ϕ|pdx′ ∀ϕ ∈W 1,p(Y ),

we infer∫
Y i
ε

∣∣∣∣∣ϕ−
∫
−
Si
ε

ϕds′

∣∣∣∣∣
p

dx′ ≤ Cεp
∫
Y i
ε

|∇ϕ|pdx′ ∀ϕ ∈W 1,p(Ω), ∀i ∈ Iε.

By substituting uuuε for ϕ, summing with respect to i over Iε (see (11)) and
integrating with respect to x3 over (0, L), we deduce from (38) and Korn’s
inequality in W 1,p

0 (Ω;R3) that

∫
Yε×(0,L)

|uuuε − vε(uuuε)|p dx ≤ Cεp
∫
Ω

|∇∇∇uuuε|pdx ≤ Cεp
∫
Ω

|eee(uuuε)|pdx

≤ CFε(uuuε),
(45)
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where Yε =
⋃
i∈Iε Y

i
ε . However this, along with (43) and (44), only shows that

(uuuε1Yε×(0,L)) is bounded in Lp(Ω;R3). To circumvent this difficulty, we extend

uuuε by setting uuuε = 0 in R2 \Ω′ × (0, L) and substitute ‹Y =
[
− 3

2 ,
3
2

)2
for Y in

the above argument. Noticing that Ω ⊂
⋃
i∈Iε
‹Y iε × (0, L), |‹Y iε | = 9|Y iε |, and∑

i∈Iε
∫
Ỹ i
ε×(0,L)

|∇∇∇uuuε|pdx ≤ 9
∫
Ω
|∇∇∇uuuε|pdx, we infer∫

Ω

|uuuε|pdx ≤
∑
i∈Iε

∫
Ỹ i
ε×(0,L)

|uuuε|p dx′

≤ C
∑
i∈Iε

∫
Ỹ i
ε

∣∣∣∣∣
∫
−
Si
ε

uuuε ds
′

∣∣∣∣∣
p

dx′ + Cεp
∑
i∈Iε

∫
Ỹ i
ε×(0,L)

|∇∇∇uuuε|pdx

≤ C
∫
Ω

|vε(uuuε)|p dx+ CFε(uuuε).

Taking (43) and (44) into account, we infer∫
Ω

|uuuε|pdx ≤ CFε(uuuε) if κ > 0. (46)

Therefore, by (37), (uuuε) is bounded in Lp(Ω;R3) if κ > 0.
Revisiting their proofs, we then find that all assertions stated in [5, Propo-

sitions 4.5, 4.6, 4.7] hold, up to the modifications described below in Remark
3. We deduce that all assertions stated in Proposition 1 hold, (40) being a
consequence of (32).

Remark 3. Fibers of cross-sections of size rε � ε were considered in [5].

Here, we have rε = ε. The notation ϕε
mε⇀⇀ ϕ0 employed in [5] simply means

ϕε1Tε
⇀⇀ ϕ01S(y). In [5] the fields vε(uuuε) and θε(uuuε) are denoted by vvvSε (uuuε)

and (diamS)θ
S

ε (uuuε). The first line of [5, (4.58)] is irrelevant to our context and
must be replaced by the weak convergence in Lp(Ω;R3) of (uuuε) to uuu.

6 Proof of Theorem 1

In the spirit of the Γ -convergence method [12], we establish a lower bound in
Section 6.1, an upper bound in Section 6.2, and conclude the proof in Section
6.3.

6.1 Lower bound inequality

Proposition 2 Let (uuuε) be a sequence in W 1,p
0 (Ω;R3) satisfying (13), (37)

and, up to a subsequence, the convergences stated in Proposition 1. Then

lim inf
ε→0

Fε(uuuε) ≥ Φ1(uuu,vvv, θ) if κ = 0,

lim inf
ε→0

Fε(uuuε) ≥ Φ2(uuu,vvv, w, δ) if κ > 0.
(47)
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Proof. Assuming (13) and (37), we extract a subsequence of uuuεk of uuuε such
that lim infε→0 Fε(uuuε) = limk→+∞ Fεk(uuuεk), and then a further subsequence
(denoted uuuε for notational simplicity) such that all convergences stated in
Proposition 1 hold. Setting

Fε(uuuε) = Iε1 + Iε3; Iε1 :=

∫
Ω\Tε

εpf(eee(uuuε))dx; Iε3 := kε

∫
g(eee(uuuε))dmε,

we obtain (same proof as that of [5, (6.5)])

lim inf
ε→0

Iε3 ≥ k
∫
Ω

ghom(τττ)dx, τττ =

Ü
0
0
∂v3
∂x3
∂θ
∂x3

ê
if κ = 0;

lim inf
ε→0

Iε3 ≥ κ
∫
Ω

ghom(τττ)dx, τττ =

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
if κ > 0.

(48)

By (30) and the two-scale convergences, stated in (39) and (40), of the se-
quences (uuuε1Tε

) and (uuuε) to vvv(x) + θ(x)eee3 ∧ yyy and uuu0, respectively, we have

uuu0(x, y) = vvv(x) + θ(x)eee3 ∧ yyy a.e. in Ω × S. (49)

By the p-positive homogeneousness of f , Iε1 =
∫
Ω
f(εeee(uuuε1Ω\Tε

))dx hence,
by the two-scale convergence (εeee(uuuε1Ω\Tε

)) to eeey(uuu0) stated in (40) and the
lower bound (31) applied to j = f , the following holds

lim inf
ε→0

Iε1 ≥
∫
Ω×Y \S

f(eeey(uuu0))dxdy =

∫
Ω×Y \S

f(eeey(uuu0 − uuu(x)))dxdy.

On the other hand, by (40), (49), and the definition (9) of cf , we have∫
Ω×Y \S

f(eeey(uuu0 − uuu(x)))dxdy

≥
∫
Ω

inf


∫
Y

f (eeey(ψψψ)) dy

∣∣∣∣∣∣∣
ψψψ ∈W 1,p

] (Y ;R3),

∫
Y

ψψψdy = 0,

ψψψ = vvv(x)− uuu(x) + θ(x)eee3 ∧ yyy in S

 dx

=

∫
Ω

cf (vvv − uuu, θ)dx.

Collecting (42), (48) and the above inequalities, we infer

lim inf
ε→0

Fε(uuuε) ≥ Φ1(uuu,vvv, θ) if κ = 0,

lim inf
ε→0

Fε(uuuε) ≥ Φ2(uuu,vvv, w, δ) if κ > 0.

Proposition 2 is proved ut
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6.2 Upper bound inequality

Proposition 3 Let (ϕϕϕ,ψψψ, ζ, a, b) ∈ D(Ω;R3)2 × (D(Ω))3 such that

ψ3 = ζ = 0 if (k,κ) = (+∞, 0),

(ψψψ, ζ, a, b) = 0 if κ = +∞,
(50)

and let α > 0. Then, there exists a sequence (ϕϕϕε) in C1
c (Ω;R3) satisfying

ϕϕϕε ⇀ϕϕϕ weakly in Lp(Ω;R3),

vε(ϕϕϕε) ⇀ψψψ weakly in Lp(Ω;R3), θε(ϕϕϕε) ⇀ ζ weakly in Lp(Ω),

1

ε
(vε3(ϕϕϕε), θε(ϕϕϕε)) ⇀ (a, b) weakly in Lp(Ω)2 if 0 < κ < +∞,

(51)

and
lim sup
ε→0

Fε(ϕϕϕε) ≤ Φ1(ϕϕϕ,ψψψ, ζ) + α if κ = 0,

lim sup
ε→0

Fε(ϕϕϕε) ≤ Φ2(ϕϕϕ,ψψψ, a, b) + α if κ > 0.
(52)

Proof. We fix α > 0, (ϕϕϕ,ψψψ, ζ, a, b) ∈ D(Ω;R3)2× (D(Ω))3 satisfying (50), and
ϕϕϕ0 ∈ Dψψψ−ϕϕϕ,ζ (see (36)) such that∫

Ω×(Y \S)
f(eeey(ϕϕϕ0))dxdy ≤

∫
Ω

cf (ψψψ −ϕϕϕ, ζ)dx+
α

2
. (53)

Setting

T ε
2

ε := {x ∈ Ω, dist(x, Tε) < ε2},
we fix (ξε) ⊂ C∞(Ω) satisfying

0 ≤ ξε ≤ 1, ξε = 1 in Tε, ξε = 0 in Ω \ T ε
2

ε , |∇∇∇ξε| ≤
C

ε2
,

and consider the sequence (ϕϕϕε) ⊂ C1
c (Ω;R3) defined by

ϕϕϕε(x) := (1− ξε)ϕϕϕ0

Å
x,
yε(x

′)

ε

ã
+ ξεχχχε, (54)

where χχχε is obtained, depending on k, κ, by substituting ε for rε in [5, (6.28),
(6.29) or (6.31)] if κ < +∞ and by setting χχχε = 0 if κ = +∞. Namely,
• if 0 < k < +∞, by Corollary 3 we can fix qqq ∈ C1

c (Ω;C∞(S;R3)) such that

k

∫
Ω

∫
−
S

g (eeey(qqq) +MMM(τττ)) dxdy ≤ k
∫
Ω

ghom(τττ)dx+
α

2
, τττ =

Ü
0
0
∂ψ3

∂x3
∂ζ
∂x3

ê
,

(55)
where MMM(τττ) is defined by (10). We set

χχχε:= ψψψε+ζεeee3 ∧
yyyε
ε
− ε
Ç
∂ψε1
∂x3

yε1
ε

+
∂ψε2
∂x3

yε2
ε

å
eee3 + εqqq

Å
x,
yε(x

′)

ε

ã
, (56)
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where

hε(x) :=
∑
i∈Iε

Ç∫
−
Si
ε

h(s1, s2, x3)ds1ds2

å
1Y i

ε
(x1, x2) ∀h ∈ Lp(Ω). (57)

• If k = +∞ and κ = 0, we set

χχχε := ψψψε − ε
Ç
∂ψε1
∂x3

yε1
ε

+
∂ψε2
∂x3

yε2
ε

å
eee3. (58)

• If 0 < κ < +∞, applying Corollary 3 we fix qqq ∈ C1
c (Ω;C∞(S;R3)) sat-

isfying the inequality deduced from (55) by replacing k by κ and setting

τττ =

à
∂2ψ1

∂x2
3

∂2ψ2

∂x2
3

∂b
∂x3
∂a
∂x3

í
, and define

χχχε(x):= ψψψε(x) + ε

Ñ
−2aε

yε2
ε

2aε
yε1
ε

bε(x)− yε1
ε

∂
∂x3

ψε1 −
yε2
ε

∂
∂x3

ψε2

é
+ ε2qqq

(
x,
yε
ε

)
. (59)

• If κ = +∞, we set χχχε = 0. We split Fε(ϕϕϕε) into the sum of three terms:

Fε(ϕϕϕε) = Iε1 + Iε2 + Iε3; Iε1 :=

∫
Ω\T ε2

ε

f(εeee(ϕϕϕ0(x, yε(x
′)/ε)));

Iε2 :=

∫
T ε2
ε \Tε

f (εeee (ϕϕϕε)) dx; Iε3 := lε

∫
Tε

g (eee (χχχε)) dx.

For every ΞΞΞ0 ∈ Cc(Ω × Y ;S3), we have

lim
ε→0

∫
Ω\T ε2

ε

ΞΞΞ0

Å
x,
yε(x

′)

ε

ã
dx =

∫
Ω×(Y \S)

ΞΞΞ0(x, y)dxdy,

hence, by the estimate εeee
Ä
ϕϕϕ0

Ä
x, yε(x

′)
ε

ää
= eeey(ϕϕϕ0)

Ä
x, yε(x

′)
ε

ä
+ O(ε),

lim
ε→0

Iε1 =

∫
Ω×(Y \S)

f(eeey(ϕϕϕ0))dxdy.

One can check that |eee(εϕϕϕε)| ≤ C in T ε
2

ε \ Tε, therefore

|Iε2| ≤ C|T ε
2

ε \ Tε| ≤ Cε.
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Substituting ε for rε in the proofs of [5, (6.23), (6.24)], we find

lim inf
ε→0

Iε3 ≤ k
∫
Ω

ghom(τττ)dx+
α

2
, τττ =

Ü
0
0
∂ψ3

∂x3
∂ζ
∂x3

ê
if κ = 0,

lim inf
ε→0

Iε3 ≤ κ
∫
Ω

ghom(τττ)dx+
α

2
, τττ =

à
∂2ψ1

∂x2
3

∂2ψ2

∂x2
3

∂b
∂x3
∂a
∂x3

í
if κ > 0.

Combining the above inequalities, we obtain (52). Proposition 3 is proved. ut

6.3 Conclusion of the proof of Theorem 1

Let uuuε be the solution to (1). Then, Fε(uuuε)−
∫
Ω
fff.uuuεdx ≤ Fε(0) = 0, thus,

Fε(uuuε) ≤ C|uuuε|Lp(Ω;R3). (60)

We deduce from (13) if κ = 0, and from (46) and (60) if κ > 0, that
(uuuε) is bounded in Lp. This, along with (60), implies that (uuuε) satisfies (37),
hence there exists a subsequence (uuuεk)k∈N satisfying the convergences stated
in Propositions 1. Applying Proposition 2, we infer

lim inf
k→+∞

Fεk(uuuεk)−
∫
Ω

fff · uuuεkdx ≥ Φ1(uuu,vvv, θ)−
∫
Ω

fff · uuudx if κ = 0,

lim inf
k→+∞

Fεk(uuuεk)−
∫
Ω

fff · uuuεkdx ≥ Φ2(uuu,vvv, w, δ)−
∫
Ω

fff · uuudx if κ > 0.

(61)

Let us fix α > 0. The functionals Φi are convex and bounded on the unit ball
of the Banach space Lp(Ω;R3) × Di (i ∈ {1, 2}), hence strongly continuous.
By density, there exists (ϕϕϕ,ψψψ, ζ, a, b) ∈ D(Ω;R3)2×D(Ω)3 satisfying (50) and
such that

Φ1(ϕϕϕ,ψψψ, ζ)−
∫
Ω

fff ·ϕϕϕdx ≤ inf(Phom1 ) + α if κ = 0,

Φ2(ϕϕϕ,ψψψ, a, b)−
∫
Ω

fff ·ϕϕϕdx ≤ inf(Phom2 ) + α if κ > 0.

Applying Proposition 3, we fix (ϕϕϕε) ⊂ C1
c (Ω;R3) verifying (51) and (52). Since

uuuε is the solution to (1), we have

lim sup
ε→0

Fε(uuuε)−
∫
Ω

fff · uuuεdx ≤ lim sup
ε→0

Fε(ϕϕϕε)−
∫
Ω

fff·ϕϕϕεdx,
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thus, by (52),

lim sup
ε→0

Fε(uuuε)−
∫
Ω

fff · uuuεdx ≤ inf(Phom1 ) + 2α if κ = 0,

lim sup
ε→0

Fε(uuuε)−
∫
Ω

fff · uuuεdx ≤ inf(Phom2 ) + 2α if κ > 0.

(62)

We deduce from (61), (62) and the arbitrariness of α that (uuu,vvv, θ) is a solution
to inf(Phom1 ) if κ = 0, and (uuu,vvv, w, δ) is a solution to inf(Phom2 ) if κ > 0.
Theorem 1 is proved. ut

7 Proof of Corollary 1

7.1 Case κ = 0

If (uuu,vvv, θ) is a solution to (20), then for all (ϕϕϕ,ψψψ, ζ, t) ∈ D(Ω;R3)2×D(Ω)×R,

Φ1(uuu,vvv, θ)−
∫
Ω

fff · uuudx ≤ Φ1(uuu+ tϕϕϕ,vvv + tψψψ, θ + tζ)−
∫
Ω

fff · (uuu+ tϕϕϕ)dx.

Dividing this inequation by t 6= 0 and sending t to ±0, we infer

∫
Ω

Å
vvv − uuu
θ

ã
·CCC
Å
ψψψ −ϕϕϕ
ζ

ã
+ k

Ü
0
0
∂v3
∂x3
∂θ
∂x3

ê
·GGG

Ü
0
0
∂ψ3

∂x3
∂ζ
∂x3

ê
dx =

∫
Ω

fff ·ϕϕϕdx.

Choosing ψψψ = ζ = 0, we obtain∫
Ω

Å
vvv − uuu
θ

ã
·CCC
Å
−ϕϕϕ
0

ã
dx =

∫
Ω

fff ·ϕϕϕdx,

and, letting ϕϕϕ vary in D(Ω;R3), deduce

CCC{1,2,3}{1,2,3,4}

Å
uuu− vvv
θ

ã
= fff in Ω.

Selecting ϕϕϕ = ζ = 0, we get

∫
Ω

Å
vvv − uuu
θ

ã
·CCC
Å
ψψψ
0

ã
+ k

Ü
0
0
∂v3
∂x3
∂θ
∂x3

ê
·GGG

Ü
0
0
∂ψ3

∂x3

0

ê
dx = 0,

and, integrating by parts and letting ψψψ vary, infer

CCC{1,2}{1,2,3,4}

Å
vvv − uuu
θ

ã
= 0 in Ω,

CCC{3}{1,2,3,4}

Å
vvv − uuu
θ

ã
− kGGG{3}{3,4}

(
∂2v3
∂x2

3
∂2θ
∂x2

3

)
= 0 in Ω.
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Choosing ϕϕϕ = ψψψ = 0 leads to

∫
Ω

Å
vvv − uuu
θ

ã
·CCC

Ü
0
0
0
ζ

ê
+ k

Ü
0
0
∂v3
∂x3
∂θ
∂x3

ê
·GGG

Ü
0
0
0
∂ζ
∂x3

ê
dx = 0,

yielding, by the arbitrary nature of ζ,

CCC{4}{1,2,3,4}

Å
vvv − uuu
θ

ã
− kGGG{4}{3,4}

(
∂2v3
∂x2

3
∂2θ
∂x2

3

)
= 0 in Ω,

thus (uuu,vvv, θ) is a solution to (21).

7.2 Case κ > 0

In the setting of linear elasticity, the effective problem (17) takes the form

inf
(uuu,vvv,w,δ)∈L2(Ω;R3)×D2

Φ2(uuu,vvv, w, δ)−
∫
Ω

fff.uuudx, (63)

where

Φ2(uuu,vvv, w, δ) :=

∫
Ω

1

2

Å
vvv − uuu

0

ã
·CCC
Å
vvv − uuu

0

ã
+

κ
2
τττ·GGGτττdx, τττ =

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
,

D2 :=
{

(vvv, w, δ) ∈ L2(Ω′;H2
0 (0, L))3 × L2(Ω′;H1

0 (0, L))2, v3 = 0,

vvv = 0 and w = δ = 0 if κ = +∞
}
.

(64)
If (uuu,vvv, w, δ) is a solution to (63), then for every (ϕϕϕ,ψψψ, a, b) ∈ D(Ω;R3)2 ×
D(Ω)2 with ψ3 = 0 and every t ∈ R,

Φ2(uuu,vvv, w, δ)−
∫
Ω

fff ·uuudx ≤ Φ2(uuu+ tϕϕϕ,vvv+ tψψψ,w+ ta, δ+ tb)−
∫
Ω

fff · (uuu+ tϕϕϕ)dx.

Dividing this inequation by t 6= 0 and letting t tend to 0, we get

∫
Ω

Å
vvv − uuu

0

ã
·CCC
Å
ψψψ −ϕϕϕ

0

ã
+ κ

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
·GGG

à
∂2ψ1

∂x2
3

∂2ψ2

∂x2
3

∂a
∂x3
∂b
∂x3

í
dx =

∫
Ω

fff ·ϕϕϕdx.
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Choosing ψψψ = a = b = 0, and letting ϕϕϕ vary in D(Ω;R3), we infer

3∑
k=1

Cik(uk − vk) = fi in Ω, ∀i ∈ {1, 2, 3}.

Setting ϕϕϕ = a = b = 0, we get

∫
Ω

Å
vvv − uuu

0

ã
·CCC
Å
ψψψ
0

ã
+ κ

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
·GGG

á
∂2ψ1

∂x2
3

∂2ψ2

∂x2
3

0
0

ë
dx = 0,

then, integrating by parts and letting ψψψ vary, deduce

3∑
k=1

Cαk(vk − uk) + κ
2∑

β=1

Gαβ
∂4vβ
∂x43

+ κGα3
∂3w

∂x33
+ κGα4

∂3δ

∂x33
= 0 in Ω,

for α ∈ {1, 2}. The choice ϕϕϕ = ψψψ = b = 0 leads to

∫
Ω

κ

à
∂2v1
∂x2

3
∂2v2
∂x2

3
∂w
∂x3
∂δ
∂x3

í
·GGG

Ü
0
0
∂a
∂x3

0

ê
dx = 0,

yielding

2∑
α=1

−κG3α
∂3vα
∂x33

− κG33
∂2w

∂x23
− κG34

∂2δ

∂x23
= 0 in Ω,

while ϕϕϕ = ψψψ = a = 0 yields

2∑
α=1

−κG4α
∂3vα
∂x33

− κG43
∂2w

∂x23
− κG44

∂2δ

∂x23
= 0 in Ω.

Collecting the above equations, we infer that (uuu,vvv, w, δ) is the unique solution
to the system of equations

CCC{1,2,3}{1,2,3}(uuu− vvv) = fff in Ω,

CCC{1,2}{1,2,3}(vvv − uuu) + κ
Å
GGG{1,2}{1,2}

∂4vvv′

∂x43
+GGG{1,2}{3,4}

∂3

∂x33

Å
w
δ

ãã
= 0 in Ω,

GGG{3,4}{1,2}
∂3vvv′

∂x33
+GGG{3,4}{3,4}

∂2

∂x23

Å
w
δ

ã
= 0 in Ω,

(uuu,vvv, w, δ) ∈ L2(Ω;R3)×D2.
(65)
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Since GGG is invertible, so is GGG{3,4}{3,4}. Setting EEE = −GGG−1{3,4}{3,4}GGG{3,4}{1,2}, the

third line of (65) implies that ∂2

∂x2
3

Å
w
δ

ã
= EEE ∂3vvv′

∂x3
3

in the sense of distributions in

D′(Ω;R2). By [6, Remark 1 (iv), (v)]), the matrices GGG{3,4}{1,2} and EEE vanish
in the isotropic case but not, in general, in the anisotropic case. We deduce

that ∂
∂x3

Å
w
δ

ã
= EEE ∂2vvv′

∂x3
3

+ kkk(x1, x2), for some distribution kkk ∈ D′(Ω′;R2). The

last line of (65) then implies that kkk ∈ L2(Ω′;R2). Integrating with respect
to x3 over (0, L), taking into account the homogeneous Dirichlet boundary

conditions satisfied by w, δ, ∂vvv
′

∂x3
on Ω′ × {0, L}, we infer that kkk = 0, henceÅ

w
δ

ã
= EEE ∂vvv′

∂x3
. The system (65) is thus equivalent to (24,26), where

HHH = GGG{1,2}{1,2} +GGG{1,2}{3,4}EEE; EEE = −GGG−1{3,4}{3,4}GGG{3,4}{1,2}.

One can check thatHHH is symmetric. A straightforward computation shows that

τττ ·GGGτττ = ∂2vvv′

∂x2
3
·HHH ∂2vvv′

∂x2
3

, hence HHH is definite positive (because GGG is so). Coming

back to (64), we deduce that the limit couple (uuu,vvv) is the unique solution to
(25). The relative simplicity of the effective strain energy Φ in (25) covers the
interesting torsional and extensional phenomena emerging in the fibers. The
effective strain energy Φ2 yields a better insight into the effective behavior of
the fibers.

7.3 Justification of (19)

The components of the matrix GGG associated to the quadratic form 2ghom on
R4 defined by (5,10) are given by

Gij =

∫
−
S

B (eeey(qqq(eeei)) +MMM(eeei)) : (eeey(qqq(eeej)) +MMM(eeej)) dy, (66)

where qqq(τττ) denotes the solution to the minimization problem (5,10) associated
to the Euler-Lagrange equation®

− divyBeeey(qqq(τττ)) = divyBMMM(τττ) in S,

(Beeey(qqq(τττ))) ·nnn = − (BMMM(τττ)) ·nnn on ∂S,
(67)

equivalent to∫
−
S

B (eeey(qqq(τττ)) +MMM(τ)) : eeey(lll)dy = 0 ∀lll ∈ H1(S;R3). (68)

By (66) and (68), we have

Gij =

∫
−
S

Beeey(qqq(eeei)) : MMM(eeej)dy +

∫
−
S

BMMM(eeei) : MMM(eeej)dy.
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By (67), denoting by nnn′ the outward normal to ∂S and setting nnn =

Å
nnn′

0

ã
,

∫
−
S

Beeey(qqq(eeei)) : MMM(eeej)dy =

∫
−
S

eeey(qqq(eeei)) : BMMM(eeej)dy

=
1

|S|

∫
∂S

qqq(eeei)⊗nnn : BMMM(eeej)dH1 −
∫
−
S

qqq(eeei) · divy(BMMM(eeej))dy

= − 1

|S|

∫
∂S

qqq(eeei)⊗nnn : Beeey(qqq(eeej))dH1 +

∫
−
S

qqq(eeei) · divy(Beeey(qqq(eeej)))dy

On the other hand,∫
−
S

qqq(eeei) · divy(Beeey(qqq(eeej)))dy

=
1

|S|

∫
∂S

qqq(eeei) · (Beeey(qqq(eeej))nnn)dH1 −
∫
−
S

eeey(qqq(eeei)) : Beeey(qqq(eeej))dy

=
1

|S|

∫
∂S

qqq(eeei)⊗nnn : Beeey(qqq(eeej))dH1 −
∫
−
S

Beeey(qqq(eeei)) : eeey(qqq(eeej))dy.

The above equations imply (19).
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