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Zero-Sum Stochastic Games with
Vanishing Stage Duration and Public Signals

Ivan Novikov, Université Paris Dauphine (CEREMADE)

Abstract

We consider the behaviour of A-discounted zero-sum games as the discount factor A
tends to 0 (that is, the players are more and more patient), in the context of games with
stage duration. In stochastic games with stage duration h, players act at times 0, h, 2h, . . .,
and the payoff and leaving probabilities are proportional to . When A tends to 0, such
games approximate games in continuous time. The asymptotic behavior of the values
(when both A and h tend to 0) was already studied in the case of stochastic games with
perfect observation of the state and in the state-blind case.

We consider the same question for the case of stochastic games with imperfect obser-
vation of the state. In such games, players are given at each stage a public signal that
depends only on the current state. Our main result states that there exists a stochastic
game with public signals, with no limit value (as the discount factor A goes to 0) if stage
duration is 1, but with a limit value when stage duration h and discount factor A both tend
to 0. Informally speaking, it means that the limit value in discrete time does not exist,
but the limit value in continuous time (i.e., when A tends to 0) exists. Such a situation is
impossible in the case of stochastic games with perfect observation of the state.

Keywords: Stochastic games, Zero-sum stochastic games, Stochastic games
with public signals, Shapley operator, Varying stage duration, Viscosity solu-
tion, Continuous-time Markov games, Limit value
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Notation:

N* is the set of all positive integers; Ny := N* U {0};

R, :={zr:z€Randz >0}

If C is a finite set, then A(C') is the set of probability measures on C

If X is a finite set, and f, g : X — R are two functions, then (f(-),g()) := >_.cx f(2)g(2);
Ifo=(z1,....,20),y = (Y1, .., yn) € X, then (w1, 22) 1= > 1 | x;y;

e If X is a finite set, ( € A(X), and p is a | X| x | X| matrix, then for any x € X

(C * :U’) (SL’) = Z C(LL’/) © otz

r'eX

o If [, J are sets and g : I x J — R is a function, then

Valilg(i, )] i= sup inf (/IXJg(z',j) dx(z’)@dy(j)): inf  sup (/IXJg(z',j) dx(i)@dy(j)).

zeA(I) YEA() veA() zeA(D)

Le. Val;ys[g(7,7)] is the value of a one-shot zero-sum game with action spaces I, J and with payoff
function g. Note that we assume that the sets I, J, g are such that the value exists.
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1 Introduction

Zero-sum stochastic games with perfect observation of the state were first defined in [Sha5b3].
Such a game is played in discrete time as follows. At each stage, player 1 and player 2 perfectly
observe the current state and previous players’ actions, and choose their mixed actions. Depending
on players’ actions and the current state, player 1 receives some payoff, player 2 receives the opposite
of this payoff, and the next state is chosen according to a probability law. For a fixed discount factor
A € (0,1] and a given starting state w, player 1 wants to maximize the A-discounted total payoff

E{X> (1- A)i_lgi) , where g; is i-th stage payoff; player 2 wants to minimize it. Under some weak
i=1

conditions maxmin and minmax coincide, and the resulting quantity is called the A-discounted value
denoted by vy (w).

A similar model of stochastic games, in which players cannot perfectly observe the current state, is
called stochastic games with public signals ([MSZ15, §IV.1]). In such games, the players can observe
only the initial probability distribution p on the states, the previous actions, and a public signal given
to players at the start of each stage. One can define the value v)(p) in the same way as above. A
particular case of such games are state-blind stochastic games, in which there is a unique signal.

An interesting question is what happens if the players are more and more patient, i.e., what happens
with vy, when A tends to 0. In many frameworks v, (+) converges uniformly when X tends to 0. This was
proved for different types of stochastic games in [Eveb8], [MZT71], [Koh74], [BK76], [AMS95], [Ros00],
[RS01], [BGV15], [Zil23]. However, vy may diverge when A tends to 0, even in simple frameworks.
[Zil16b] shows an example of a finite state-blind stochastic game without the limit value. [RZ20]
develops the previous paper, considering another example of a game without a limit value, similar
to the one in [Zill6b]. See [Vigl3] for an example of a game with perfect observation of the state
and without a limit value, but with compact action spaces, finite state space, continuous payoff and
transition functions. See also [SV15] for a paper about a general idea to construct counterexamples in
different frameworks.

Zero-sum stochastic games with perfect observation of the state and with stage dura-
tion were introduced in [Neyl3]. Given a stochastic game I' (with perfect observation of the state)
with stage duration 1, Neyman considers a family ', of stochastic games in which players act at
time 0, h,2h, ..., and the payoffs and leaving probabilities are normalized at each stage, i.e. they
are proportional to h. This gives the value vy, » depending both on the discount factor A and the
stage duration h. It is interesting to consider small h, since in this case game with stage duration h
approximates a game played in continuous time with A-discounted payoff f0+°° e Mg, dt, see [Ney13,
§3], [SV16, §8], [Nov24, §6] for more details.

Neyman considered in [Ney13] the asymptotics of vy, , when either h or A tends to 0. Among other
things, he proved that when h is vanishing (i.e., h tends to 0), the value of a finite game with stage
duration h converges. A corollary of this result states that the limit value (when the discount factor
A tends to 0) of the game with stage duration 1 should coincide with the limit value of the game
with vanishing stage duration (i.e., limy_,lim,_0vp ), and one exists if and only if another exists.
Afterwards, the article [SV16] obtained new results; it considers a more general case in which the state
and action spaces may be compact, and stage durations h, may depend on the stage number n. In
our paper, we also assume that stage duration may depend on the stage number.

The study of zero-sum stochastic games with stage duration and public signals is the main
goal of this article. It is not evident how to generalize the definition of games with stage duration
to the case of public signals. So, we first consider a particular class of stochastic games with public
signals, and for this class we give a natural definition of games with stage duration. This particular
case is going to be sufficient for all of our main results. Afterwards, we give a definition of games with
stage duration for a general framework of stochastic games with public signals.



A particular case of games with stage duration are state-blind stochastic games with stage duration,
which were introduced and studied in [Nov24]. An example of a finite state-blind stochastic game from
[Nov24] shows in particular that the limit value (when the discount factor A tends to 0) of the game
with stage duration 1 does not coincide with the limit value of the game with vanishing stage duration
(i.e., hm)\_m hmh_)() ’Uh)\).

The above example alludes that there may exist finite games with public signals, in which the
limit value of the game with vanishing stage duration exists, but the limit value of the game with
stage duration 1 does not. Our main result, Theorem 1 from §4.4 gives an example of such a game.
Informally speaking, it means that the limit value of the game played in discrete time does not exist,
but the limit value of the game played in continuous time (i.e., when sup h; tends to 0) exists. Such a
situation is impossible in the case of stochastic games with perfect observation of the state.

The game from Theorem 1 is similar to the ones considered in [Zil16b] and [RZ20], which implies
that there is no limit value in the case when stage duration is 1. The existence of the limit value of
the game with vanishing stage duration is proved mainly by using a result from [Nov24| relating the
values of A\-discounted state-blind games with vanishing stage duration and viscosity solutions of a
differential equation, as well as techniques from [SV15].

2 Organization of the paper

In §3, we introduce a particular case of stochastic games with public signals that is enough to
construct an example from Theorem 1.

In §4, we introduce stochastic games with stage duration. In §4.1, we introduce and give some
known results about stochastic games with stage duration in the case of perfect observation of the
state. In §4.2, we do the same in the state-blind case. In §4.3, we give a new definition of stochastic
games with stage duration and with public signals. In §4.4, we give our main result about such games
(Theorem 1). In §5, we give a detailed proof of this result.

In §6, we give some final comments. In §6.1, we give a definition of stochastic games with stage
duration and with public signals for a general model of stochastic games with public signals. In §6.2,
we give an alternative definition, which is not very natural but makes games with stage duration
much easier to study. In §6.3, we briefly discuss why our main result also applies to the model from
[Sor17], in which players act in a continuous-time game, but are allowed to take actions only at times
t1,ta,t3,... In §6.4, we discuss some open questions and conjectures.

3 The model of zero-sum stochastic games with
public signals, in which the signal depends only
on the current state

A zero-sum stochastic games with public signals, in which the signal depends only on the current
state is a 7'tuple (A7 Q> fa {Lx}aéAa {Ja}a6A> {gm}mEN*a {Pm}mEN*)a where:

A is a finite non-empty set of signals;

() is a finite non-empty set of states;

f:Q — Ais a partition of {2;

I, (with o € A) is a finite non-empty set of actions of player 1, if the current state is in f~!(«);
Jo (with a € A) is a finite non-empty set of actions of player 2, if the current state is in f~'(«);
Gm  UpeaLfw) X Jfw) X w) — R is the m-th stage payoff function of player 1;

P UpeaUa x Jo) — {row-stochastic matrices |Q| x [Q|} is the transition probability function at
the m-th stage.

Recall that a matrix A = (a;;) is called row-stochastic if a;; > 0 for all 4, j, and ) a;; = 1 for any
fixed 1.



We denote by Py, (i, j)(wa,ws) the (w,,wy)-th element of the matrix P, (1, j).

The game (A, Q, f,{la}acas {Jatacas {gmtmen, { Pmtmen+) proceeds in stages as follows. Before
the first stage, an initial state w; € 2 is chosen according to some probability law pg, and players
receive the signal ay = f(wq). At each stage n € N*:

1. The current state is w, € 2. Players do not observe it, but they observe the signal a,, € A and
the actions of each other at previous stage;

2. Players choose their mixed actions. Player 1 chooses x, € A(l,,) and player 2 chooses y, €
A(Ja,);

3. An action i, € I,, of player 1 (respectively j, € J,, of player 2) is chosen according to the
probability measure z,, € A(l,,) (respectively vy, € A(J,,));

4. Player 1 obtains a payoff g, = ¢n(in, jn,wn), while player 2 obtains payoff —g,,. The new state
wp1 is chosen according to the probability law P(i,, 7, )(wy, -). The new signal is a1 = f(wpy1)-

The above description of the game is known to the players.
A state w is called absorbing if for any ¢, j we have P(i, j)(w,w) =1

Remark 1 (Special cases of the above construction). We fix a stochastic game
G = (A7 Qv fv {Ia}a€A7 {Ja}a€A7 {gm}mGN*v {Pm}mEN*)‘
1. If A is a singleton, then G is called a state-blind stochastic game;
2. If a, = w,, for all n € N*, then the game is called a stochastic game with perfect observation of
the state. Such games are widely studied in the literature.

Remark 2 (Games with infinite state space). In the construction above, we assumed that the state
space () is finite. However, this is not always the case in this paper. If ) is not finite, then instead
of transition probability functions Py : I x J — {row-stochastic matrices || x ||} we are going to
consider Py, : I x J — € x Q such that:

1. Foreachi € 1,j € J wy,wy € 2 we have ﬁk(i,j)(wl,wz) > 0;

2. For each fixed 7, j,w; there is only finite number of wy such that ﬁk(i,j)(wl, wo) > 0;

3. For each fixed i, j,w; we have ) ¢ Py, ) (wy, we) = 1.

]Bk(z', J)(wr,ws) is still the probability to change the state from w; to ws, if at the current stage the
players’ action profile is (4, 7). So, we will still call ﬁk(z, j) the transition probability functions. Note
that if the state at the current stage is wi, there is only finite number of possible states at the next
stage. In the general model of stochastic games, this is not always the case, but we will need only this
particular case.

Remark 3. In the original construction given by Lloyd Shapley, the payoff functions g,, and the tran-
sition probability functions P, do not depend on the stage number. However, we need the dependency
on the stage number.

Remark 4. Usually I, = I and J, = J for all « € A. It is easy to see that such a model is equivalent
to the model presented here. (Indeed, one can add some ”duplicate” actions to the sets Iz with
15| < maxaea |1al)-

By Remark 4, in the remaining of this section we assume (without loss of generality) that I, = I
and J, = J for all @« € A. So, we are going to talk about the stochastic game
(A7 Q? fv [7 ']7 {gm}mEN*7 {Pm}meN*)

A history of length t € N for the stochastic game (A, Q, f, I, J,{gm}men+, { P }men+) 18
(01,01, J1, 02,02, J2y -+ -y Q—1, 44—1, Ji—1, @¢). The set of all histories of length ¢ is H; := A x (I x J x
A)=t A (behavior) strategy of player 1 (respectively player 2) is a function o : o, Hy — A(])
(respectively 7 : (,o; H — A(J)). Players’ strategies induce probability distribution on the set

b}



A x (I xJx AN, (Indeed, strategies induce a probability distribution on the set H;, then on the
set H,, etc. By Kolmogorov extension theorem, this probability can be extended in a unique way to
the set A x (I x J x A)N'). In particular, given an initial probability distribution p € A(Q), strategies
o Upsi He = A), 7 2 Uz He — A(J), and induced by them probability distribution P?_ on
Ax (I xJx AN, we can consider an expectation E? _ of a random variable on | J,s; H;.

Now, we need to choose how to compute a total payoff function. -

Definition 1 (Stochastic game I'({b;, }men+) with payoff Y °>°_ b,,0,,). Fix a sequence {by, }men- with
bm > 0 (m € N*) and with 0 < >~ b,, < co. Fix also a stochastic game

I'=(A,Q, f, I, J,{gm}men, { Pm}men+). The (normalized) total payoff of stochastic game I'({by, } men)
with payoff Y >°_, b,,¢,, depends on a strategy profile (o, 7) and initial distribution p € A(Q), and is
equal to

= Zbigi
> by i=1
m=1

EP

o,T

Remark 5 (A-discounted game I'*). The A-discounted game T is obtained if we set in the above
definition b, = (1 — \)™~! for all m € N*.

Analogously to single-shot zero-sum games, we may define the value and the (e-)optimal strategies
of stochastic games.

Definition 2. Fix a stochastic game I' = (A, Q, f, I, J, {gm }men+, { Pm}men+). The stochastic game
L'({bm }men+) with payoff >0° by gym, is said to have a (normalized) value v : A(Q) — R if for all
p € A(Q) we have

[e.e] 1 [ee]
v(w) =supinf E; | — Z bigi | = infsup B | — Z bigi
i > by i=t Toe S by, i=t
m=1 m=1

Sometimes instead of the transition probability function P, we consider the kernel
q: I x J— {matrices |Q| x ||} defined by the expression

. , . ,
(i) (0.) = {P(?’?)(“’w’ e
P, j)(w,w)—1 ifw=uw.
In particular, we are sometimes going to define a stochastic game by using kernels instead of transition
probability functions. Note that for any w € € we have }_ . q(i, j)(w,w’) = 0.
Now, let us discuss the above construction.
Figure 1 gives an example of a game with the same number of states, but with a different signalling
structure on the states.
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(a) The perfect observation of (b) The state-blind case. There ) Neither the perfect observa-
the state, i.e. there are 6 signals is only one signal «, and tlon of the state nor the state-
a1, ...,06; and f(w;) == q;. flw;) == a. blind case. There are 3 signals,
and

flwr) = f(wz) = f(w3) = a,
flws) = f(ws) = B,
flwe) = ~.

Figure 1: An example of different partition functions in a game with 6 states wq, ..., wg.

Remark 6 (Difference with the standard definition of stochastic games with public signals). Note
that the above definition is not standard. Usually, there is no partition function f, and instead of
function P : I x J — {matrices Q x Q} there is a function P’ : [ x J x Q@ — A(2 x A), and the
next state and signal is chosen according to P’. (The first state and signal are chosen according to
Py € A(Q2 x A)). Note that our definition is a particular case of the standard definition. To show this,
consider a O-players game with two states, S; and Sy, where S is the initial state. The probability to
go from the state S; to Ss is 1 and the probability to go from the state Sy to Sy is 1. In our definition,
we need to specify a partition of the set of the states (See Figure 2a). In the standard definition, we
need to specify a signal for each transition, and also an initial signal (See Figure 2b). If as = a3, then
two definitions are equivalent (Take 51 = oy and B3 = ay). The case as # a3 cannot be reproduced
with our definition.

Signal (3,

Signal 3
signal az signal am
O @e) @S
[nitial state

Initial state Given signal: o
(a) Our definition (b) The standard definition

Figure 2: Difference between the definition given by us and the standard definition.



4 Discounted zero-sum stochastic games with stage
duration and public signals

The goal of this section is to define and state some results about games with stage duration and
with public signals. We first recall two particular cases: the case of perfect observation of the state in
§4.1 and state-blind case in §4.2.

In §4.3, we generalize the above notions for the setting of stochastic games with public signals, and
in §4.4, we state our main result about such games.

Thus §4.1 and §4.2 consider already known notions and results, while §4.3 and §4.4 consider new
notions and results.

Let us fix the notation that will be used during the entire section. Let T, be a partition of R,;
in other words, T, is a strictly increasing sequence {t,},en+ such that t; = 0 and ¢, 2% +o0. For
each given partition T, denote h,, = t,,.1 — t,, for each n € N*.

Throughout this entire subsection, we fix a stochastic game (A, Q, f, I, J, g, q), where q is the kernel
of the game. (Note that payoff function g and kernel ¢ do not depend on the stage number).

4.1 Zero-sum stochastic games with stage duration in the

case of perfect observation of the state

This subsection is based on [SV16, Ney13], and the text is mostly taken from [Nov24].

In a stochastic game with n-th stage duration h,, state space (2 and strategy spaces I and J of
player 1 and player 2 are independent of the partition 7T,,,. Payoff function and kernel depend on T..
For n € N*, the n-th stage payoff function is g, = h, g, and the n-th stage kernel function is ¢, = h,q.
The following definition summarizes this.

Definition 3. Given a stochastic game (A, €, f,I,J, g,q) with perfect observation of the state and
a partition T, of R, , the stochastic game with perfect observation of the state and with n-th stage
duration h,, is the stochastic game (A, Q, f, I, J, {hng}nen+, {hnq}nen+) with perfect observation of the
state.

In the rest of this subsection, we assume that all stochastic games are with perfect observation of
the state, and we are going to omit the phrase “with perfect observation of the state”.

We are interested in behavior of games when the duration of each stage is vanishing, i.e., we want
to know what happens when sup;cy- h; — 0.

Definition 4 (A-discounted stochastic game with stage duration). Let «y, be an admissible family of
discount factors with asymptotic discount rate \.
A-discounted stochastic game with n-th stage duration h,, is a stochastic game with payoff

i=1 \j=1
Denote by vr,_ » the normalized value of such a game.

Remark 7 (Why such a definition of discounted stochastic games with stage duration?). We have
chosen the total payoff in such a way that when all h; are small, the value of the A-discounted stochastic

game with stage duration is close to the value of the analogous A-discounted continuous-time game.
See [Nov24, §3.3.3 and §6] for more details.

Now, we give some new results. We denote by v, ) the value of the A-discounted stochastic game
in which each stage has duration 1. The following two propositions are about discounted games. The
following proposition is [SV16, Proposition 7.4], it is a partial generalization of [Neyl13, Theorem 1].
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Proposition 1. For a fixed stochastic game (A,Q, f,1,J,g,q), there is K > 0 such that for any
A € (0,400) and partition Ty, of R, , we have

< K sup h;.

HUTOO,A — Uy -
1€

P14

The following proposition is [SV16, Proposition 7.6].

Proposition 2. For a fixed stochastic game (A,Q, f,1,J,g,q) there is K > 0 such that for any
partition T, = {t,}nen+ of R we have

lvren —vinl| < KA
Recall that if X is a finite set, and f, g : X — R are two functions, then (f(-), g(+)) := erx F(2)g(x).

Corollary 1. Fix a stochastic game (A, Q, f, I, J, g,q). We have

1. The uniform limit lim  wvgp  exists and is equal to v; x ;
sup;cy* hi—0 ’ R
hq+hot...=+o0

2. The uniform limit  lim w7 ) exists and is a unique solution of the equation (in v(w))
sup;cy* hi—0 ’
hq+hot...=+o0

Ao(w) = Valres [Ag(i, j,w) + (q(i, 5) (@, ), v ()] (1)

3. For any partition T, of Ry, the uniform limits limy_,o vy, and limy_,o vy, both exist or do
not exist simultaneously. In the case of existence, for any two partitions 7., T2 of R, we have
limy o v ) = limy0 v72 5

4. If the uniform limit limy_,o vy ) exists, then

lim (lim UTOO,A) = lim lim vroa | = lim o ).
sup;en* hi—0 \A—0 A—=0 \ sup;cnx hi—0 A—=0
h1+hg+...=+0c0 h1+hg+...=+o0

In particular, all the above limits exist. If the uniform limit limy_,o vy » does not exist, then no of
the above uniform limits exist.

Proof of Corollary 1. Assertions 1, 3, 4 follow directly from Propositions 1 and 2. Assertion 2 follows
from assertion 1 by Proposition 4 below. O

Afterwards, we are going to see that many of statements of the above corollary do not hold if there
is no perfect observation of the state.

Remark 8. When defining stochastic games, we assumed that action sets I,.J and a set of states (2
are finite. In this case it is proven in [BK76] that the limit value lim,_,o vy always exists. However,
we can also consider games in which I, J, or € are not finite. In this case, the existence of even the
pointwise limit is not guaranteed. See [Zill6b] or [RZ20] for an example of a game with finite action
spaces and compact state space without such a limit, and see [Vigl3] or [Zil16b, §4.3] for an example
of a game with compact action spaces and finite state space without such a limit. See also [SV15] for
a construction which can build games without a limit value.

The above remark combined with Corollary 1(4) provides us with examples of games in which the

pointwise limit lim lim vr,. . does not exist.
A—0 sup;enx hi—0
hi4ho+...=4oc0



4.2 Zero-sum state-blind stochastic games with stage dura-
tion

In this subsection, we recall recent results from [Nov24].

Definition 5. Fix a zero-sum state-blind stochastic game (A, €, f, I, J, g,q), where ¢ is the kernel.
The state-blind stochastic game with n-th stage duration h, is the state-blind stochastic game

(A> Q> .fa [> J> {hmg}mEN*> {th}mEN*)-

We can define A-discounted total payoff as in §4.1.
Recall that if X is a finite set, ( € A(X), and p is a | X| x | X| matrix, then for any z € X

(o) (@)= 3 ¢ - o

z'eX

Definition 6. A function u : A(Q2) — R is called a viscosity solution of the partial differential equation

)\'U(p) = Val[xj[)\g(i,j,p) + <p * Q(Za])a V'U(p»]
if:
1. for any C! function 9 : A(Q) — R with u — 1 having a strict local maximum at @ € Q we have

)
M) (p) < valpug[Ag(i, 7, p) + (p x q(i, 5), VY (p))]:
2. for any C' function ¢ : A(Q) — R with v — ¢ having a strict local minimum at @ € Q we have
(

M)(p) > valr.g[Ag(i, 4, p) + (p x q(i, 5), Vib(p))].

The following proposition is [Nov24, Corollary 3], it is going to have an important role in the proof
of the main result.

Proposition 3. If (A,Q, f,1,J,g,q) is a state-blind stochastic game, then lirr}l . vy A (p) exists
sup; * hi—
hi+ho+...=+o0

and is a unique viscosity solution of a partial differential equation (in v(p))

M(p) = valr, s [Ag(i, 4,p) + (p* q(i,j), Vu(p))].

Remark 9. The state-blind case is more difficult than the case of perfect observation of the states.
If we denote by T}, the Shapley operator (see §5.1.3) of the game in which each stage has duration h,
then in the case of perfect observation of the state we have T), = hT; + (1 — h)Id. This makes studying
of such games relatively easy. In the case of state-blind stochastic games, such an equality is not true
anymore, and because of that many properties from Corollary 1 about stochastic games with perfect
observation of the state do not hold anymore.
For instance, in [Nov24, Example 2| we have lirr}l o VT, Ap) # vy, 2 (p), so that Corollary 1(1)
e
does not hold. Moreover, ) I;II}L . vroA(p) # vin(p) for any N € (0,1). Analogously, we have
Sup;en* Pi
hi+hg+...=4oc0
lim  lim  op, \(p) # }\1_% v1.(p), so that Corollary 1(4) does not hold.

A—0 sup;eyx hi—0
hy+hgt...=+co
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4.3 Zero-sum stochastic games with stage duration and pub-

lic signals

Definition 7. Fix a zero-sum stochastic game (A, €, f,I,J,g,q), in which the signal depends only
on the current state, where ¢ is the kernel. The stochastic game with n-th stage duration h, is the
stochastic game

(A7 Qv fu I, J7 {hmg}mGN*7 {th}meN*>-
We can define A\-discounted total payoff as in §4.1.

Remark 10. In §6.1 later, we generalize this definition for a more general model of stochastic games
with public signals.

4.4 Main result: an example of a game in which the point-
wise limit lim)_,yv; ), does not exist, but the uniform limit
im0 limgyp, e b0 V1,0 €X1SES

Remark 9 above alludes that there may be a stochastic game in which the limit value }\in}) U1\
%

does not exist, but the limit value of the game with vanishing stage duration (limy_,¢ lin}L . (Y
sup;en+ hi—
hi+hg+...=+co

exists. This is indeed the case, and we give an example of such a game here.

Example 1. Consider the following two-players zero-sum stochastic game G with two public signals.
The game has the states +,++,+*, —, ——, —*. The states +* and —* are absorbing. The states
+* +,++ have payoff 1, and the states —*, ——, — have payoff —1, for any actions of the players.
There are two public signals PLUS and MINUS, and we have f(+4) = f(+) = f(+*) = PLUS and
f(==) = f(=) = f(=*) = MINUS. Assume that the initial probability is p = (p1, p2, P3, P4, D5, D6,
where

( Probability that the starting state is +, ifi=1;

Probability that the starting state is ++, if i = 2;
Probability that the starting state is +*, if i = 3;
Probability that the starting state is —, if 1+ = 4;
Probability that the starting state is — —, if i = 5;
| Probability that the starting state is —*, if i = 6.

Di

See Figure 3.

In states ——, —, and —*, the actions of player 1 are T', B, (), and the actions of player 2 are L, R.
In states ++, +, and +*, the actions of player 1 are T, M, B, and the actions of player 2 are L, M, R, ).
The transition matrices for non-absorbing states are given by Tables 1-4:

L R L R
T — T - -
B — 1+ B -
Q — — Q| ++ [ ++

Table 1: State —— Table 2: State —

11



L M R Q
T | H{++}+3{+} ++ ++ +*
M ++ A+ 3 {+) ++ +*
B ++ ++ A [+

Table 3: State +-+

Player 1’s actions: T, B, ()
Player 2’s actions: L, R

pa(-) (+)pr

ps (=) G4 po
po () () ps

Signal MINUS
Payoff —1

LM R[]Q
T+ [++][++]—-
MI++] + [++][—-
Bl++[++] + [——

signal PLUS

Payoff +1
Player 1’s actions: T, M, B

Player 2’s actions: L, M, R, ()

Table 4: State +

Figure 3: Signalling structure on the states. The letter next to a state is the probability that this is

the initial state.

We denote by G7 the game G with A-disconted payoff.

Theorem 1. For the game G from Example 1:

1. The pointwise

limit lim vy x(p) does not exist;
A—0

2. The uniform limit lim  lim  wvp_ ,(p) exists, and we have

lim lim
A—0 sup;en+ hi—0
h1+ho+...=+o00

A—0 sup;enx hi—0
hy+hgt..=+co

)
1—71]?1 + 1—71292 +ps— %m - %Ps — D6
_35 _ By Dy

11P1 t P2 +P3— 17P4 — 17P5 — DPé

v A (D) = 4

1—71]?1 + 1—71292 +ps— 1—71294 +Ps — DPe

—1yP1 + D2+ P3 — 15Pa + D5 — Do

\

5 The proof of Theorem 1

In this section, we present the proof of Theorem 1. In §5.1, we give some preliminaires. In §5.2, we
show that the game from Example 1 has the same dynamics as a game from [RZ20, §3.4], for which

12
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p1+p2
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it is proven in [RZ20] that the pointwise limit }\in% v, does not exist. In §5.3, we use Corollary 1 to
%

prove that the uniform limit lim lim v exists and to find it.
A—0 sup;en+ hi—0 ’
hq+ho+...=+00

5.1 Preliminaires

5.1.1 General model of stochastic games with public signals
A zero-sum stochastic game with public signals is a 6-tuple (A, Q, I, J, {gm }men+, { P }men+ ), where:

A is a finite non-empty set of signals;

Q) is a finite non-empty set of states;

I is a finite non-empty set of actions of player 1;

J is a finite non-empty set of actions of player 2;

gm I X J x Q2 — R is the m-th stage payoff function of player 1;

PL:TxJxQ— A(Q x A) is the transition probability function in the m-th stage.

The game (A, Q, I, J, {gm }men, { PL }men+) proceeds in stages as follows. Before the first stage, an
initial state wy; €  and an initial signal «; is chosen according to some probability law py € A(2 x A).
At each stage n € N*:

1. The current state is w, € 2. Players do not observe it, but they observe the signal a,, € A and
the actions of each other at the previous stage;

2. Players choose their mixed actions. Player 1 chooses x, € A(l,,) and player 2 chooses y, €
A(Ja,);

3. An action i, € I, of player 1 (respectively j, € J,, of player 2) is chosen according to the
probability measure z,, € A(l,,) (respectively vy, € A(J,,));

4. Player 1 obtains a payoff g, = gn(in, jn,wn), while player 2 obtains payoff —g,. The new state
wni1 and new signal is chosen according to the probability law Pl (i, ., wn)-

The above description of the game is known to the players.

We can define strategies, A\-discounted and repeated finitely times games, total payoffs, values, in
the same way as in §3.

We say that a state w €  is controlled by player 1 if for any ¢ € I, 51,72, € J,n € N* we have
gn(2, Jj1,w) = gn(i, J2,w) and P, (i, j1,w) = P,(i, jo,w). Analogously, a state w is controlled by player 2
if for any 41,4 € 1,7 € J,n € N* we have g, (i1, j,w) = gn(ia, j,w) and P, (i1, j,w) = P,(ia, j,w).
5.1.2 Any stochastic game with public signals is equivalent to a stochastic

game with perfect observation of the state

Let (A,Q,1,J, g, P) be a finite stochastic game with public signals (we use the general definition
from §5.1.1).

The function g7 : I x J x A(Q) — R is defined by ¢7(i, j,p) = > _cqP(w)g(i, j,w).

Now we define P : I x J x Q2 — A(A x Q). For each w € Q,p € A(Q),i € I,j € J denote

P(i,j,p)(w,a) = Y p(w') - P(i, j,o) (w, ).

w’'eN

If players have belief p € A(€)) about the current state, then after playing (i, j) € I x J, the probability
to receive the signal « is

Pa(i,j,p) = ZP(i,j,p)(w,a).

weN

If players have belief p € A(2) about the current state, then after playing (i,j) € I x J and

13



receiving signal a € A their posterior belief that the current state is w is equal to

P@i,jp)(w,@) s po(; ;
. “Pal; i 7lfp (Zuj7p>#07
P(i, j, a)(p,w) := {O ot otherwise

The function P7: I x J — A(Q) x A(Q) is defined by

P(i,j,p) i p'(w) = Pald, j, o) (p,w) for all w €
0 , otherwise.

(i, j)(pp) = {

5.1.3 Shapley operator

Proposition 4 (Shapley operator for stochastic games with public signals with A-discounted total
payoff A> 02 (1 — A)*"!g;). Consider the stochastic game (A, Q, I, J, g, P) with public signals, where
P is the probability distribution function. The value v(p) of such a game exists and is a unique fixed
point of the operator

T : {Continuous functions on A(£2)} — {Continuous functions on A(Q)},

v(p) = Valpy [Ag7(,4,p) +(1=X) Y P76, 5)(p, 1) - o)
P'EA(R)

Remark 11. By §5.1.2 the sum in the proposition is finite, so the operator T" is well-defined.

This proposition follows from §5.1.2 and from [MSZ15, Theorem IV.3.2].

5.2 The pointwise limit limy_,yv; y does not exist

When considering stochastic games with signals in this and in the next subsection, we use the
general definition of stochastic games with public signals from §5.1.1.

We consider a two-signals game G from [RZ20], which does not have a value and whose dynamics
is analogous to the dynamics of the game which is considered in Theorem 1.

The game (1 has the states +, +4,+*, —, ——, —*. The states +, ++, +* have payoff +1, and the
states —, ——, —* have payoff —1, for any actions of the players. The states +* and —* are absorbing.
The signal set is {«, 5}, and the action set for both players is {C, Q}. Before the first stage, the players
receive the signal a (respectively () if the current state is +, ++, or +* (respectively —, ——, or —*).
The states —, —— are controlled by player 1, and the states 4, ++ are controlled by player 2. The
transition probabilities are described by Figure 4.

The arrow from state s; to the state s with label (X p,~) tells that if player that controls state
s1 chooses action X, then with probability p he goes to state sy and receives signal ~.

14



(C, 1/2, a) (C, 1/3, a)

(C’ 1/4’ a) (O, 2/9, a)

(C,1/4,0) (C,1/9,0)

(C,1/2,B) (C,2/3,8)

Player 2
Payoft +1

Player 1
Payoft —1

Figure 4: Transitions in the game él.

Note that in this game, players know if they are in the left or in the right side of the game. If the
current state is — or ——, and player 1 plays C, then players obtain public signal o with probability
1/2 and public signal § with probability 1/2. If the current state is + or ++, and player 2 plays C,
then players obtain public signal o with probability 1/3 and public signal § with probability 2/3.

Denote by v, the value of A-discounted game éi\ with starting state ——.

Proposition 5. For each fixed A € (0, 1], the value v, of the described above game éi\ coincides with
the value vy ) of the game Gi\ from Theorem 1 with starting state ——.

Proof. Assume that the initial probability distribution is p = (p1, p2, ps, P4, Ps, Ds), Where

( Probability that the starting state is + +, if i = 1;
Probability that the starting state is +, if i = 2;

) Probability that the starting state is +, if 1 = 3;
b= Probability that the starting state is — —, if i = 4;
Probability that the starting state is —, if i = b;

| Probability that the starting state is —*, if i = 6.

Note that before the first stage, the players know if the current state belongs to the set {+, ++, +*}
or not. So, it is sufficient to consider two cases:
Case 1: initial probability is p = (0,0, 0, py, ps, 0) with ps + p5 = 1;
Case 2: initial probability is p = (p1, p2,0,0,0,0) with p; + ps = 1.

15



Case 1: initial probability is p = (0,0, 0, p4, ps, 0).
By Proposition 4 the value 7 of the game G7 is a unique solution of the equation

B = A+ Nma{ TG+ R0 pReh) ¢ a1 |

S—— SN——
Player 1 plays Q, Player 1 plays Q,

——
Player 1 plays ¢, Player 1 plays C, = o signal is a the signal is 8

the signal is « the signal is

where

P = (00,05 s+ 250)5 5" = (0,0,0,1,0,0)5 p” = (1,0,0,0,0,0).

Now, we consider the game G from Theorem 1. Suppose that in the one-shot game from Proposi-
tion 4, player 2’s optimal strategy is a mixed action %L + %R. In this case by Proposition 4 the value
v1x(p) is a unique solution of the equation

1 1
)= A (= Nmaxd Toa6) = et @) nn ) @
~— ~— Player 1vplays Q

Player 1 plays T, Player 1 plays T,
Player 2 plays L Player 2 plays R
OR OR

Player 1 plays B, Player 1 plays B,
Player 2 plays R Player 2 plays L

Thus if in the one-shot game from Proposition 4 player 2 plays the mixed action %L + %R, then we
proved that vy = vy 5. So, it remains to prove that %L + %R is an optimal strategy of player 2 in this
one-shot game.

Note that if p = (0,0,0,75,,75,0) and if p; > ps, then from the structure of the game it follows
that v ,(p) > v1A(p). Now, suppose that a player 2’s optimal strategy in the above one shot game is
kL + (1 — k)R, where k € [0,1], k # 1/2. Without the loss of generality assume that k£ > 1/2. In that
case by playing a pure action T or a pure action (), player 1 can obtain at least the same quantity as
in (2).

Case 2: initial probability is p = (p1, p2,0,0,0,0).

By Proposition 4 the value vy of the game é{‘ is a unique solution of the equation

B = A=V RG) + B L pni”) ¢ p) |
——

3 ——"
Vv Player 2 plays Q, Player 2 plays Q,
Player 2 plays ', Player 2 plays C, = o signal is a the signal is 8
the signal is a the signal is 8

where

3 3

Now, we consider the game G7 from Theorem 1. Suppose that in the one-shot game from Propo-
sition 4, player 1’s optimal strategy is a mixed action %T + %M + %B . In this case by Proposition 4
the value vy \(p) is a unique solution of the equation

2
P':(&,szrﬂ,O,O,O,O)? p" =(1,0,0,0,0,0); p" =(0,0,0,1,0,0).

. 1 / 2 /! /1!
via(p) = A+ (1= A) mm{ gvl,)\(p) + gvl,x(p ) s P21 (P") +P1(+1Z}-
—_——

~
Players’ action profile is Players’ action profile is not Player 2 plays @

(T,L) OR (M,M) OR (B,R) (T,L) OR (M,M) OR (B,R)

Thus if in the one-shot game from Proposition 4 player 1 plays the mixed action %T + %M + %B,
then we proved that v = v; y. One can prove that %T + %M + %B is an optimal strategy of player 1
in this one-shot game in the same way as in case 1. O
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The following known result proves the first part of Theorem 1.

Proposition 6. [RZ20, §3.4]. lim,_,o vy does not exist.

Remark 12. Considered by us game él from [RZ20, §3.4] is very similar to a game from the paper
[Zil16b, §2], which is the first counterexample of a finite stochastic game with public signals for which
the limit value (when the discount fact A tends to 0) does not exist.

5.3 The uniform limit lim) ¢ limgyp, . 5,0 V7,1 €XISES

The proof of this part is quite long, so we are going to cut it into 5 parts:

e In §5.3.1, we consider a dissection of the game into two state-blind “half-games”, each of which we

are going to study.

e In §5.3.2, we consider a heuristic calculation of the value of each “half-game” with vanishing stage

duration.

e In §5.3.3, we consider a formal calculation of the value of each “half-game” with vanishing stage
duration, by checking that each heuristically obtained value from §5.3.2 is a classical solution of
the partial differential equation from Proposition 3.

e In §5.3.4, we finish the proof by calculating the value of the initial game with vanishing stage
duration through the values of two “half-games” with vanishing stage duration.

e In §5.3.5, we give some comments about the proof.

5.3.1 Start of the proof: Dissection of the game into two “half-games”

Here, we consider the game from Theorem 1 with n-th stage duration h,, denoted by Gr._,. The
transition matrices at stage n for non-absorbing states are given by Tables 5-8:

L

R

(S PIEeETe

(TR =1+ 5]

T
B
Q

(L= ) {==} + ha{="}

(L= ) { ==} + ha{="}

Table 5: State ——

L

R

(1= )=} + h{——}

(1= )=} + ha{=—}

Q|| S

(1 =h){=}+ ho{++}

(1—h){=}+ ho{++}

Table 6: State —

L M R Q
T | (1= 2) {44} + 2= {4} ++ ++ (1= ho){++} + ha{+"}
M ++ (1—22) {++} + {4} ++ (1 = h){++} + ha{+"}
B ++ ++ (0= Z) {3+ T {5} [ (0= h){+) + ha{+73

Table 7: State ++

17




L M R Q
T + (1 — hn){+} + hn{++} (1 — hn){+} + hn{++} (1 — hn){+} + hn{__}
M (1 — hn){+} + hn{++} + (1 — hn){+} + hn{++} (1 — hn){+} + hn{__}
B (1 — hn){+} + hn{++} (1 — hn){+} + hn{++} + (1 — hn){+} + hn{__}

Table 8: State +

Now, for each partition of T,,,, we are going to consider two families of auxiliary two-players state-
blind games, G7_(k-) and G}._ (k).

Definition 8. The game G, (k_) (where k_ € [~1,+1]) is a game with states —, ——, —*,k*. The
states —, ——, —* have n-th stage payoff —h,,, while the state k* has n-th stage payoft k_h,,, for any
actions of the players. The states —* and k* are absorbing. In states ——, —, the actions of player 1
are T', B, @), and the actions of player 2 are L, R. The transition matrices for non-absorbing states
are given by Tables 5-6, but in Table 6 one needs to replace ++ by k*.

Definition 9. The game G7,_(ky) (where ky € [—1,+1]) is a game with states +, ++,+*, k7. The
states +, ++, +" have n-th stage payoff +h,,, while the state £} has n-th stage payoff k h,, for any
actions of the players. The states —* and k% are absorbing. The actions of player 1 are T, M, B, and
the actions of player 2 are L, M, R, (). The transition matrices for non-absorbing states are given by
Tables 7-8, but in Table 8 one needs to replace —— by k7.

Informally speaking, G, is a combination of two ”half-games” G7._(k_) and G}._(k), see Figure 5.

We denote by Gt the game Gr, with a A-discounted payoff. We denote by vy, (k,p) (respec-
tively, v3,_(k,p)) the value of the game G7._ (k) (respectively, G7._,(k)) with a A-discounted payoff,
if starting state is —— (respectively, ++) with probability p € [0,1] and — (respectively, +) with
probability 1 — p.

Lemma 1. For any p € [0,1] and any k_, ky € [-1,1], we have v, ,(k_,p) = (k- +1)vy_,(0,p) +k_
and UJJ:OO,,\(kJmp) =(1- k:+)v;5m,>\(0,p) + k.

Proof. Note that the structure of the game G7,_,(0) and the fact that k- > —1 implies that any
optimal in the game G7,_,(0) strategy is also optimal in the game G _,(k-). Thus there exists
a € [0,1] such that for any k_ € [~1,1] we have v, ,(k_,p) = ak_+ (-1)(1 — ). By taking k_ =0,
we obtain

v A(0,p) = —1+a <= a=v;_,(0,p)+ 1.

Analogously, any optimal in the game G;Xh ,(0) strategy is also optimal in the game G;Xh (ki) as
long as ky < 1. Thus there exists § € [0,1] such that for any k. € [-1,1] we have vy,_,(ky,p) =
Bky + 1(1 — ). By taking k, = 0, we obtain

U;W,A(O,p) =1-8 < f=1- U;Eoo,/\(O,p).

From this we easily obtain the assertion of the proposition. O
Thus if we want to find uniform limits lim lim v, (k- and lim lim v} (k
A—0 sup;en* hi—0 T‘X”)‘( ’p) A—0 sup;en* hi—0 T‘X”)‘( + p)
hi+hg+..=+oco hi+hg+..=+oco

with k_. k. € [0, 1], it is sufficient to find lim lim  v: ,(0,p)and lim lim & ,(0.p). In
T [ ’ ]’ A—0 sup;en+ hi—0 TOO’A( ’p) A—0 sup;en+ hi—0 TOO’A( ’p)
hi+hg+...=4oc0 hi4hg+...=+00

the next lemma, we are going to find these two functions.
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S ®
S &
S +)

Signal MINUS  signal PLUS
Payoff —1 Payoff +1

Game G with two public signals

Prob. 1 —p_ é @Prob. I —ps
Prob. p_ @ @ @ @ Prob. p.
S +)

(a) State-blind “half-game” G, (k-). (b) State-blind “half-game” Gio (k1).

Figure 5: Game G~ with two public signals, and received out of it state-blind “half-games” G7,_(k_)
and G7._ (k).

Lemma 2. We have

_ptA if p < AAE2,

1) lim vz \(0,p) = w(p) = - (4N /3 42/3 7 ii”’
. (o oh) ) - : +2

pupiee 1> 1+ aermymere 3p —2) i p 2> 3555

PEA lfp < IN+6.

. n — () o ) THA ’ 9A+87

2) “ .11II}L._>0 ,UToo,)\(O’p) = W, (p) = 1— 2(18))92/8 (8 . 6)—9)\/8 if > 9IN+6
Mt e 0 s+ O \OP P = s

Both limits are uniform.

This lemma is very important in the proof of Theorem 1. We will give a formal proof later, because
this proof only verifies that wy (p) and wy (p) satisfy some partial differential equations, but does it
not show how one can come up with these functions. So, first we are going to give an informal proof.
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5.3.2 Heuristic calculation of the value of each “half-game” with vanish-
ing stage duration

With the help of games similar to the game él from the previous subsection, we will derive w; (p)
and wy (p).

Heuristic (not a strict) proof of Lemma 2.
We consider two families (each parametrized by h € (0, 1]) of three-signals games, é; and é;[ respec-
tively, whose dynamics is analogous to the dynamics of games G (0) and G« (0) respectively.

The game G (respectively G+) has action space {C, @}, state space {—, —* 0*} (respectively
{—I—,—I——I—,—I—*,O*}), and the signal set is {«,3,0}. The states — ——, —* have payoff —h, the states
+,+4,+" have payoff +h, and the state 0* has payoff 0, for any actions of the players. The states
—*,+* 0" are absorbing. The states —, —— are controlled by player 1, and the states +,++ are
controlled by player 2. The transition probabilities are described by Figure 6.

The arrow from state s; to the state s with label (X, p,~) tells that if player that controls state
s1 plays action X, then with probability p he goes to state s, and receives signal .

(C) 1/2, a) (C, 1/3, a)
(Q,l—h,&) (Q’l_h76)

— h)/2, C,2(1—-h)/3,
)/2,B) o) @ e 0. (C,2(1—h)/3,B)

(e¢l

Prob. p
(Q,h, B)

Prob. p
(Q,h, B)

Player 1 Player 2

(a) Transitions in the game é; (b) Transitions in the game 6’;{
Figure 6: Transitions in games é}: and é;{
Informally speaking, the game él_ is the left half of the game Gh (considered in §5.2), while éf is

the right half of the game Gh. B B
We denote by Gh , (respectively G ) the game G, (respectively G;7) with a A-discounted payoff,

and denote by " (p) (respectively 7' ( )) the value of the game é}: , (respectively é; \)-

Proposition 7. For each fixed A € (0,1] and & € [0, 1], the value 7™ of the game Gh  coincides with
the value v, , of the game G._,(0), in which each stage has duration h.

Proposition 8. For each fixed A € (0,1] and h € [0, 1], the value i?_fﬁ’A of the game é; ) coincides with
the value vh ), of the game GT /\(O), in which each stage has duration h.
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The proof of these propositions are very similar to the proof of Proposition 5.

Remark 13. Note that the game G (respectively Gif ) is not a game G (respectively G7), in which
the duration of each stage is h. See Figure 7.

Game G- Stage duration , Game G7._ 'With
@raﬁon h

Equivalent game Equivalent game

b - b -

Game G, with |, Stage duration ~_ No connection ~
o T f——  Game (G;  K============--- G G
stage duration h | Game G ame Lo,

Figure 7: Connection between the game G, and the game éf. The analogous is true for games G;OO
and G .

Note that in the game é,:, if player 1 takes action C, then both players obtain public signal a with
probability 1/2 and public signal § with probability 1/2, while in the game é;{, if player 2 takes action
C', then both players obtain public signal a with probability 1/3 and public signal 8 with probability
2/3.

The value 7™ of the A-discounted game é;,,\ We assume that the starting state is —— with
probability p € [0, 1] and — with probability 1 — p.
By Proposition 4 we have

~ . 1. h 1.

UTA(p) = —Ah+(1—Ah) max { —hp +(1— h)vﬁ’)‘(p); 51}?”\ <p — 7})) + 51}?’)‘(1) + h — hp) }
Player 1 pl , N - . -~ _
theas};z;lalgsaf};s()?ﬁ Plt?leegiénlgla}i]ss 5Q Player 1 plays C, Player 1 plays C,

the signal is « the signal is 3

(3)
We assume that there exists p* € [0, 1] such that for p < p* player 1 prefers to play @, and for
p > p* player 1 prefers to play C'. In that case, we have for p < p*

(hA—1)p— A

M+ (1= M) (<hp+ (L= DT (p)) =Tp) <= Tp) = 5 ey
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p* is an approximate solution of the equation

—)\h+(1—>\h)(—hp+(1—h)%):
(A =1 (p—") =X (A= D(p+h—hp) =\
_M”(l_w( (1 + (1—h)A) 21+ (1— W)\ )

from which it is easy to find p* and see that
. ANH2— 2\ o 4N +2
PoDys—nn ot
= D42 For p > p*, 0" (p) is a solution of the equation (in f(p))

1) = =3 (=) (5 (p=2) + 10 -mm).

So we take p*

Assuming that " (p) is differentiable if p > p*, we have

~h,\ ~h,A ~nAY) L [ ~h,A

) = <1 (5 (7400 = gt (7)) + 5 (720 + 0= 1) (7)) ) 4ot
Thus we have for small h

NI p) == p (7)) + 31— ) (7)), ifp € (7, 1)

7 —p"—A

p*) = T+x -

By solving the differential equation, we obtain for small A

"M p) = —1+C3p—2)~M3,

where C' € R. Taking into account the border condition, we obtain for small h

/17h’)\( ) — 14 (4)\)4)\/3 (3 B 2)_4)\/3
- W= 1+ N3 + @ P '
Thus we have for small h
4+ : 4042,
fﬁhA(F) ~ i (AN)/3 ar/3 RN (4)
- - . AN+2
—1+ ey (3p—2) ifp > 555

The value E_}i”\ of the A-discounted game é,‘f/\ We assume that the starting state is +4 with
probability p € [0, 1] and + with probability 1 — p.
By Proposition 4 we have

) = A -Mpmind - —@)+2~“<p+h hp>}

~~~ 3 3 “+
Player 2 plays @, Player 2 plays Q, ~~
the signal is o or 8 the signal is & Player 2 plays C, Player.2 plays C,
the signal is a the signal is 3
(5)
Now, by doing calculations anologous to the ones given above, we obtain that
ptA : 9A+6.
~h,A( )~ d TP if p < 5555 (6)
vy \P) =~ 2(18X)92/8 —9A/8 . 916
1— (8p — 6) if p > 2240
(1+X)(9A+8)1T(92/8) ) = 948"
O
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5.3.3 Strict calculation of the value of each “half-game” with vanishing
stage duration
Now, we give a formal proof.

Proof of Lemma 2. We prove assertion 1). First, note that w; (p) is continuously differentiable. If

p# %ﬁ,’, then it is clear. To prove the differentiability at p = %ﬁ,’, one may verify that

A (A2 L (4N)*/3 3 _2)_4A/3 4N\ +2 1
1+x) \ax+3) "~ L+ N3+ ar)=@s P Mm+3) 1+ n
Denote I = {T, B,Q},J = {L, R}. Denote also by p = (p1, p2, P3, p4) a probability distribution on
the states of the game G7._ ,(0). Here

Probability that the starting state is —, if 1 =1;
Probability that the starting state is — —, if i = 2;
Probability that the starting state is —*, if i = 3;
Probability that the starting state is 0%, if i = 4.

pi =

Denote by vz, A(p) the value of the A-discounted game G ,(0) with initial probability distribution
p. It is clear that

p1+ D2

Since G ,(0) is a state-blind game, by Corollary 3 we know that lim lim o7 _.(p) is a
005 A—0 sup;en+ hi—0 ’
hi+hg+...=4oc0

el = o+ prlor i (02 ) < 7)

unique viscosity solution of a partial differential equation

Av(P) = —A(p1 + p2 + ps) + valpe [(P* q(i, 5), Vo(P))]; (8)

We are going to check that

— _ b2
= (P + 0, -
UJ,\(P) (pl pz)wA ( Pl —l—pz) P3

is a classical solution of (8). First, we need to compute the kernel g for the game G, _,(0). By using
Tables 5-6 (with h,, = 1 and with replacing state ++ by state 0*), we obtain

0 ,if (4,5) = (T, R) or (B, L); 1
q(i,j)(———=)=q -3 ,if (4,7) = (T,L) or (B, R); q(i,j)(——,—) = {8
-1 if (i,7) = (Q, L) or (Q, R).

,if (i,5) = (T, L) or (B, R);

, otherwise.

qmﬁe--w:{;;igg;#%mo”@ﬂﬁ 60 =0 Y G3)
[0 i (i.g) = (T.L) or (B, R); 1 it (i) = (T.R) or (B,L);
4. 7)(= =) = {—1 , otherwise. 4, 5)(= )= {O , otherwise.
i) =) =0 V() q(@j)(—,O*):{é i) = (@b or (@)
dii)="5) =0 ¥ (i), s (D009 =0 V) s
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Hence

(%p27
p*q(i,j) =

_%p% 07 0)
(_p17p17 07 0)
(_pb _p27p27p1)

if (i,j) = (T, L) or (B, R);
if (i,j) = (T, R) or (B, L);
i (4, 7) = (@, L) or (Q, R).

Now, we need to find the value of the following one-shot matrix game

L
p_z BE _ BEA _ E
T 2 ( Op1 Op2 ) P1 )
o Owy  Owy p2 (O o 8wA
B D1 ( Op1 Op2 ) 2 ( 8101 8102 )
Q o Jwy dwy o Owy .
P15, Op1 D2 Opo b2 Pig,- Op1 Pz 8}’2 P2

Note that either @) or %T + %B is an optimal strategy of player 1 in this game. Indeed, if

P2 (3@A awx) I <8wA 8@,\)

2 \ O;m Op2 op1 Opa )’
then it is clear. Otherwise, if in an optimal strategy player 1 plays () with a probability pg € [0, 1],
then player 1 plays 7" with the same probability as he plays B. Since the payoff depends on pq linearly,
its maximum is achieved either at pg = 0 or pg =1 (or both).

Now, we consider two cases:

D2,
Case 1: p1+p2 < D)

S A2
Case 2: o +p2 > —4/\+3.

Case 1: - < %. By (7) we have
0wy _ A ) 0w,y _ 1 0wy _ 1 0w,y —0
Op1 L+ X Op2 ’ Ops 7 Op4 '

Hence the game (9) may be rewritten as follows.

L R
T | seny | T
Bl % 2(%%)
We have
(} P 1 —p ) A pe— (A2 (A 3)pa — (4N + 2)(p1 + p2)
2 214+X2) 2 142X 1+ A 414+ X) 41+ )
(X +3)(pn +p2) (22, — 52)

- A1+ A = 0.

Hence () is an optimal strategy of player 1. Now, it remains to verify that partial differential
equation (8) holds. We have

A0 (D) + A1 + p2 + p3) — valr [(P*q(i, 5), VoA (D))]

pllfpz - A )\pl
= | = Ap1 +p2) B —Aps | + A(p1 +p2 +p3) — T+

_ AP — A (p1 + p2) n Alpr+p2)1+A)  Ap

1+ A T+ T+
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Case 2: —22_ > 242 Tj thig case we have
p1+p2 40+3

O _ 14 1 ( AN(p1 + p2) )4” 5 palpy + po)e ( AN )1+<4A/3> .

om (AN +3)(A+1) \(4X +3)(p2 — 2p1) 11 T 3)(ps — 2p1) :

O _ 14 1 ( AN(p1 + p2) )4” P pilpy+p) ( AN )1+<4A/3>

Op: (X +3)(A+1) \ (4A+3)(p2 — 2p1) At 1 35 3) (s — 201 .
Hence

owy, OJw, 1 < 4\ (p1 + p2) H(M/g),
(

Opr  Opy, 1+ 4N+ 3)(p2 — 2p1) ’

aw}\—pamA—p =p1— D1+ P2 ( AN(p1 + p2) )4”3
pr Cope T (T A)B 4N \ (4N +3)(p2 — 2p1)

— P

A direct calculation shows that

1 py [OW)y 8EA) 1 <0EA 8EA)) ( 0wy 0wy )
- — — + = (= — + — +tpo— +
(2 2 < Opy Op 2 ( p1) op1 Op = opr b2 Opo b2

4r/3

P1 1 4\
=P +p2) | — +

+ AN+ 3 3p1

1+ 2 (4X+3) (1 . #)

) Since - > %ﬁ,’, it follows that -PL— < TlJrg < 3. Consider a function f :[0,1/3) — R, defined
y
1 AN 4r/3
W) ==+ 53 ((4>\+3) 1- 3p)) '
We have
/ AN 14(4)/3) / 1

Note that f{(p) is a strictly increasing function, with f5(0) < 0 and f}(p) — +oo as p — 1/3. Thus
for any p € [0,1/3) we have
1
> =0
1= 5 (3555)

Hence %T—i— %B is an optimal strategy of player 1. Now, it remains to verify that partial differential
equation (8) holds. We have

)\EA(]_?) -+ )\(pl + D2 +p3) — Val[><J [<p * Q(iaj)v V@)\(]_?»]

(4N P 3p2 s
) —1 —2 ) A
( e ( i (L4 A3+ 4N)HEV A py + py P | AP+ P2+ pa)

(o ( A\ (py+ p2) )”Wm:o
L+ X\ (4X+3)(p2 — 2m1) '

4 2

This is the end of the proof of assertion 1.
The proof of assertion 2 is analogous. So, we are only going to give a general plan.
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Denote I = {T, M, B},J ={L,M, R,Q}. Denote also by p = (p1, p2, 3, p4) a probability distribu-
tion on the states of the game G, ,(0). Here

Probability that the starting state is +, ifi=1;
Probability that the starting state is + +, if i = 2;
Probability that the starting state is +*, if 1 = 3;
Probability that the starting state is 0%, if 1 =4.

pi =

Consider the equation (in v(p))

Av(P) = —A(p1 +p2 + ps) + valras [4], (10)

where A is the one-shot matrix game

L M R Q

' ' ; p2 OAL6 Pz~ 96
Now, it remains to consider two cases (S22~ < g5t and - > 5522 to check that

o p
T2(5) 1= (p1 + pa)ust (o, : )+pg
P1+ P2

is a classical solution of (10). O

Finally, we are ready to prove Theorem 1.
5.3.4 The end of the proof: combining two “half-games” into a single one
Proof of Theorem 1. Recall that we denote p = (p1, ps, p3, P4, Ps, Ps), Where

( Probability that the starting state is +, ifi=1;
Probability that the starting state is + +, if i = 2;
Probability that the starting state is +*, if i = 3;
Probability that the starting state is —, if i = 4;
Probability that the starting state is — —, if i = 5;

| Probability that the starting state is —*, if 1 = 6.

Di

Denote also py = (0,1,0,0,0,0) and p_ = (0,0,0,0,1,0).

By Lemma 1 we have
v A (P1) = v A (vro A(p-), 1) = (1 = v A(p-))v7, A(0,1) + v a(p-);
v A (P-) = v A (VoA (P4), 1) = (1 + vn a(p4))vr, A(0,1) + vr, A(p4)-

By solving this system (with variables vr,_ \(p+), vr. A (p—)), we obtain

vr A(py) = v 2 (047 A0 —vr  (O0D)of (0,1)

o0, A v A0 D) =vr (0,1 —vy  (0,1)vr (0,1) (11)
v A(p) = ~up o nODFuf (0. +ur (0 Dvg 3 (01)

oo A= v 2O =vf (0,1 —vy (0,1)o  (0,1)
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By Lemma 2 we have

(4)\)4)\/3

1 o\—AA/3
TF NG oy G =2

lim vy (0,1)) = -1+
sup;enx hi—0 ( T°°’)‘( )) (
hq+hot...=+o0

2(181)9/8
li -~ +(0,1))=1—
supieﬁl;?}ti—)O (,UT"O’)\( ’ )) (1 + )\) (8 + 9)\)1+(9)‘/8)
hq+hot...=+o0

(8-1—6)""V8,

Hence

lim i (07 4(0,1)) = =1+ 1i (4N __2
320 g b0 o T TS TR A) B+ AN T F

hy+ho+...=+c0

2(18)\)9)\/8 . 2—9>\/8 3
. . + o T _°
}\IE)% supiellgr}zi—)O (,UTOO’)‘(O’ 1)) =1 }\IE)I%) (]_ + )\)(8 + 9)\)1+(9)\/8) 4"

hy+ho+...=+c0

By combining (11) and (12), we obtain

lim lim vy a(py)=7/11 and lim lim o \(p-) = —5/11.
A—0 sup;en+ hi—0 A—0 sup;en+ hi—0
hq+hg+...=+oc hq+hg+...=+oc

If p € [0,1] and starting state is p(+) = (1 — p,p,0,0,0,0), then by Lemmas 1 and 2 we have

5 16 5
lim i =lim i sl —=.p) =S lim i ; - =
)\1_% SUPieRlll;I}li—)() oot (p(_'_)) )\IE)% SUPiei:‘r}li_)O UTOO’)\ ( 11 ’p) 11 )\1—% SUPieil?}liﬁo UTOOA(O, p> 11

hi+hg+...=+o0 hi+hg+...=+o00 hi+hg+...=+o00
16 3 _ 5 _ 7 ; .
{11 f—a =1 »ifp=3/4

%p—% ,if p < 3/4.

If p € [0,1] and the starting state is p(—) = (0,0,0,1 — p, p,0), then by Lemmas 1 and 2 we have

7 18 7
lim lim  vp a(p(=)) =lim lim oy ( ,p) = —lim lim vy (0,p) + —

A—0 sup;epn+ hi—0 A—0 sup;ep+ hi—0 11 11 X—0 sup;eps hi—0 11
h1+ho+...=400 h1+hg+...=+o0 hi1+ho+...=+0
18 2 7 _ 5 : .
_)nosta = sifp>2/3
- 18 7 :
—aP+ 17 Jif p < 2/3.

Finally, we consider the most general starting probability distribution on the states
p = (p1, P2, P3, P4, D5, ps). Assuming that p; + py > 0 and ps + ps > 0, denote

_ P1 D2 _ oz D5
+) = , ,0,0,0,0) and p(—) = (0,0,0, , ,0) .
P(t) (P1+P2 D1+ D2 (=) Ps+ D5 Pat+DPs
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We have

lim lim vy, A(p)
A—0 sup;cn* hi—0
hy+hg+...=+o0

=p3 — p6+(p1+pz)hm lim va,A(z_ﬂ(+))+(p4+p5)hm lim  vr A(P(—))

A—0 sup;cn* hi—0 A—0 sup;en* hi—0
h1+ho+...=+00 h1+ho+...=+00
( 7 5 . 3 2.
p3 —P6 + 17(P1 + p2) — 13 (Pa + ps) ,1fplpT2mZZand B> 5
16 5 5 3 2.
ps—ps+ (p1+p2) (11 555 — —1) — 17 (Pa + p5) Af B < g and B > 5
- 7 18 _p 7 e p 3 2.
Ps—Pot ﬁ(pl +p2) = (Pa+ps) ( - Psfpfi + ﬁ) it pH?pz = 4 and Z"5 p4+po <3
p. 18  _ps 3 2
\p3 ~ Pt (pl —0—]92) <ﬁ . pl‘fm B _) (p4 +p5) ( P’+P6 ) if p1+pz <1 and 55 p4+p <3
Thus we obtained the expressions from Theorem 1. Doing the same for the cases when p; = py = 0
or/and py = ps = 0, one can see that the expressions from Theorem 1 also hold for these cases. O

5.3.5 A discussion of the proof

Here, we give several remarks discussing the above proof.

Remark 14 (The main idea of the proof). In order to prove that the limit value (when first sup h; — 0
and later A — 0) exists, we considered a “decomposition” of the game Gy from Theorem 1 into two
“half-games”, GT (0) and G7,_(0). Afterwards, in Lemma 2 we found the limit value for each of these
two “half-games”. Afterwards in the above proof of Theorem 1 we found the limit value of the game
G by combining two “half-games”. The same idea was used in [SV15]. (However, there it was used
to prove the inexistence of the limit value).

Remark 15. In this (somewhat informal) remark, we try to understand for what reason the game G7
from Theorem 1 has no limit value in discrete time (if each stage duration is h = 1), but has a limit
value in continuous time (if stage durations h; all tend to 0).

First, we consider the discrete case (each stage duration is h = 1). Consider the game 51\ from
§5.2 with starting state ——. (Recall that games G} and é% are equivalent, see Proposition 5). It is
easy to see that by playing only C| after some time player 1’s belief that the current state is — may
be 1 — (1/2)", where n € Ny. Of course, the larger is n, the larger is the average time that player 1
needs to wait to achieve the belief 1 — (1/2)". However, the closer is the discount factor A to 0, the
longer player 1 may afford himself to wait. Thus, if A is close to 0, then he can with very high chance
go to the state ++, and do it in such a way that his payoff before going to the state ++ is almost 0.
See Figure 8. Now, consider the game G} with starting state ++. By playing only C, after some time
player 2’s belief that the current state is + may be 1 — (2/3)", where n € Ny. And as before, if \ is
close to 0, then player 2 can with very high chance go to the state ——, and do it in such a way that
his payoff before going to the state —— is almost 0. Thus, both player 1 and player 2 can (if discount
factor A is small) move the state from unfavorable position to favorable position, obtaining almost no
payoff while being in the unfavorable position. (In particular, the value when starting in the state ——
is equal to the value when starting in the state ++). Because of this quick change from one player to
another one, there is an oscillation when A tends to 0. See [Zil16b] and [RZ20] for more details. See
also [SV15].

Now, we consider the continuous case (sup h; — 0). Consider the game Gr._ , where starting state
is —— with probability p and — with probability 1 — p. The goal of player 1 is to quickly make his
belief p that the current state is —— smaller, and afterwards start playing (). Looking at (3) from
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§5.3.2, we see that after player 1 plays C, player 1’s a posteriori belief p is going to be either p — %, if
the public signal is «, or p+ h — hp, if the public signal is 8. Since the probability to obtain the signal
a and the probability to obtain the signal 8 are both equal to 1/2, the expectation of the a posteriori

belief p equals
1 1 —hp h
i(h—hp)+§~7 = 1(2—3]9)-

See Figure 9. Thus if p < 2/3, then player 1 immediately starts playing ) until he gets to the state
++. If p > 2/3, then player 1 may play C for some time in order to make p smaller. As \ becomes
smaller, he can wait longer and longer, thus allowing p to get closer to 2/3. See Figure 10.
Analogously, if in the game G » the starting state is 44 with probability p and + with probability
1 — p, then by looking at (5) from §5.3.2, we see that after player 2 plays C, player 2’s a posteriori
belief p is going to be either p — 23@, if the public signal is «, or p + h — hp, if the public signal is
B. Since the probability to obtain the signal a equals 1/3 and the probability to obtain the signal

equals 2/3, the expectation of the a posteriori belief p equals

2
3

1 —2hp h
(h hp)+3 5 = 9(6 8p).

See Figure 11. Thus if p < 3/4, then player 1 immediately starts playing () until he gets to the state
——. If p > 3/4, then player 1 may play C for some time in order to make p smaller. As A becomes
smaller, he can wait longer and longer, thus allowing p get closer to 3/4.

Thus, neither player 1 nor player 2 can (if discount factor A is small) move the state from unfavorable
position to favorable position for sure, because with high probability they are going to go to an
absorbing state, —* for player 1 and +* for player 2. (In particular, the value when starting in the
state —— is not equal to the value when starting in the state ++). Thus, there is no oscillation when
A tends to 0.

1}2 3/4 7/8 15/16 1

Possible beliefs that the current s.tateTisT—TW

— O =

Figure 8: Discrete case: Possible beliefs that the current state is —. As A becomes smaller, player 1
can wait longer and longer to achieve higher probabilities.

Player 1 plays C until it gets

Player 1 immediately starts playing ) sufficiently close to p = 2/3.

N N
- - =F
0

2/3 1

Figure 10: Continuous case with small A\: With probability p < 2/3 that the current state is ——,
player 1 should immediately start playing ). Otherwise, his belief p will start to increase until it
becomes p = 2/3, which is bad for player 1. With probability p > 2/3 that the current state is ——,
player 1 can very quickly decrease his belief p until it becomes p ~ 2/3, which is good for him.
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Prob.%

hp Prob.1
2 h— ho Prob.1 Prob.1
Wp\ hp h — hp
2
p— p p+h—hp

(a) p > 2/3 and player 1 plays C. In this case
p=3(h—hp) +1- _Thp = %(2 — 3p) < 0, thus if (b) p < 2/3 and player 1 plays C. In this case
A is small, then player 1 prefers to play C until p D= %(h — hp) + % . _Thp = %(2 —3p) > 0, thus
is close to 2/3. player 1 prefers to play @ until the state changes.

Figure 9: Continuous case with player 1 playing C: What happens with the probability p that the
current state is ——.

Prob.%
2hp Prob.2
3 h— ho Prob.1 Prob.2
M 2hp h — hp
3
| p-% P p+h-hp
(a) p > 3/4 and player 2 plays C. In this case
D= %(h — hp) + % . %hp = %(6 — 8p) < 0, thus if (b) p < 3/4 and player 2 plays C. In this case
A is small, then player 2 prefers to play C until p D= %(h — hp) + % . %hp = %(6 —8p) < 0, thus
is close to 3/4. player 2 prefers to play @) until the state changes.

Figure 11: Continuous case with player 1 playing C': What happens with the probability p that the
current state is ++.

6 Final comments

6.1 Definition of games with stage duration for a general

model of games with public signals

First, we need to give another general construction of games with public signals, which is equivalent
to the one given in §5.1.1.

A zero-sum stochastic game with public signals is a 7-tuple (A, Q, { fom }menes 1, J, {Gm tmen, { P2 b ment),
where:

A is a finite non-empty set of signals;

Q) is a finite non-empty set of states;

I is a finite non-empty set of actions of player 1;

J is a finite non-empty set of actions of player 2;

gm I X J x Q — R is the m-th stage payoff function of player 1;

P2 I x JxQ— A(Q) is the transition probability function at the m-th stage;
fm i I x JxQxQ— A(A) is the signalling function at the m-th stage.

The game (A, Q, {fitmens, L, J, {gm fmen+, { P2 }men+) proceeds in stages as follows. Before the
first stage, an initial state w; € €2 and an initial signal a; is chosen according to some probability law
po € A(2 x A). At each stage n € N*:

1. The current state is w, € 2. Players do not observe it, but they observe the signal a,, € A and
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the actions of each other at the previous stage;

2. Players choose their mixed actions. Player 1 chooses =, € A(l,,) and player 2 chooses vy, €
A(Ja,);

3. An action i, € I,, of player 1 (respectively j, € J,, of player 2) is chosen according to the
probability measure z,, € A(/,,) (respectively y, € A(Ja,));

4. Player 1 obtains a payoff ¢, = gn(in, Jn,wn), while player 2 obtains payoff —g,. The new state
W11 is chosen according to the probability law P2(i,, j,,w,). The new signal is chosen according
to the probability law f,, (i, jn, W, Wnt1)-

Remark 16. P2(i,, jn,wn)(Wny1) = 0 means that after playing (i,,7,) at n-th stage, the probabil-
ity to change the state from w, to w,i; is 0. Despite this, we still need to specify a distribution
Jrlin, Jns wWn, wnt1) € A(A). So, the construction of games with public signals presented here has more
information about the game compared to the construction from §5.1.1, but this new information is
useless.

Proposition 9 (Equivalence of the constructions). For each transition probability function P! from
construction given in §5.1.1, there is a transition probability function P? and a signalling function f,,
from construction presented here, such that the expected total payoff of both players coincide for any
pair of strategies. And vice versa, for any transition probability function P? and a signalling function
fm from construction presented here, there is a transition probability function P! from construction
given in §5.1.1 such that the expected total payoff of both players coincide for any pair of strategies.

Proof. Given P! from construction in §5.1.1, define for each n € N* 4, € [, j, € J,a € A, wy,, w1 € Q

Pr%(invjnuwn>(wn+1> = Z Pé(inujnawnan—l—la O/);

a’'eA

Pl .n .TL n n P2 >n7 .’ﬂ7 n n Y f P2 .’fl7 .TL7 n n 7
fn(imjmwmwnﬂ)(@:{ i s 00) @1, @) /P s ) (@nsa) 5 P s 0n) (n11) # 0

0, otherwise.

Vice versa, given P2 and f, from construction given here, define for each n € N* i, € I,j, € J,a €
A Wy, wpa € Q2

Py}(zna]na Wn)(wn-i-la Oé) - PS(Zm]na wn)(wn-i-l) ' fn(znajna Wn, Wn—i—l)(a)' 0

In §4.3, we gave the definition of games with stage duration and public signals. However, this
definition was for a very specific class of games with public signals, in which given signal is determined
and does not depend on the previous state. Now, we give a general definition.

Definition 10. Fix a zero-sum stochastic game (A, Q, {f, }nen+, I, J, g, ¢) with public signals, where ¢
is a kernel. The stochastic game with n-th stage duration h,, is the stochastic game

(A> Q> {fm}meN*> Ia Ja {hmg}meN*> {th}mEN*)

with public signals.

Remark 17. Even if P2(i,, jn, wn)(w,) = 0 in a game with stage duration 1, we have

P2(iy, jn,wn)(wn) > 0 in a game with stage duration h < 1. So, even if the knowledge of

folin, Jn, Wn, wn) € A(A) may be useless when stage duration is 1, it is never useless and is always
required when stage duration is h < 1.
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6.2 Alternative definition of stochastic games with stage du-

ration with public signals

In this section, we give a definition of stochastic games with stage duration, which is different from
the definition which we gave in §6.1 (and different from the one given in §4.3).

Fix a zero-sum stochastic game (A, Q, I, J, g, { P, }nen+) with public signals, where P, are transition
probability functions. (This time we use construction of stochastic games from §5.1.1).

We assume that A = {aq, ag, ..., @}

Definition 11. The stochastic game with n-th stage duration h,, is the stochastic game
(A, Qu I, J7 {hmg}mGN*a {Pm}meN*)u

where A = AU {an41} and for each n € N* i, € I, j, € J,a € ,Z’ Wn, Wna1 € €2 we have

Po(i, J, wn)(Wnat1, a) =
( J )( +1 ) 1— hn’ if Wn = Wnt1 and O = py1.

5 {h'hpn(za]a wn)(wn-‘rlaa)a if o 7é Opi1;
Remark 18. Informally speaking, in n-th stage, with probability h,, the next state is drawn according
to the transition probability p,, and players obtain the signal o # 41, and with probability 1 — h,
the state stays the same, and the players obtain the signal «,, 1. In this case the players know for sure
that the state has not changed.

Although this new definition does not seem to be very natural, it makes the stochastic games with
stage duration with public signals equivalent to the stochastic games with perfect observation of the
state and with stage duration.

Proposition 10. For any stochastic game G = (A,Q, I, J, g,{P,}nen+) there is a stochastic game
G such that for any partition Ts of [0,T) (with t,41 — tn = hy), the stochastic game G(Ts) with
n-th stage duration h, (considered as a stochastic game with state space A(f2)) coincides with the
stochastic game G(Th) with n-th stage duration h,,.

Proof. In §5.1.2 we showed that given a stochastic game G with public signals, we may consider an
equivalent stochastic game I'(G) with perfect observation of the state. Given a stochastic game I'(G)
with perfect observation of the state, we may consider the stochastic game (I'(G))(Tx) with perfect
observation of the state and with n-th stage duration h,. Analogously, given a stochastic game G
with public signals, we may consider a stochastic game G(T,) with public signals and with n-th stage
duration h,. Given a stochastic game G(T,,) with public signals, we may consider an equivalent
stochastic game I'(G(T)) with perfect observation of the state. Now note that the games I'(G(T))
and (I'(G))(T) coincide. See Figure 12. O

Remark 19. Thus with this alternative definition, all the proposition from §4.1 are true. In particular,
in [Nov24, Example 2] and in the example from Theorem 1, we will not obtain any inconsistencies
with stochastic games with perfect observation of the state and with stage duration.
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Stochastic game G'| observation of the state | Stochastic game I'(G)
with public signals "l with perfect observation of the state
stage duration stage duration
~- ~-
Stochastic Stochastic game
game G(Ty) observation of the state, ING(Tw)) = (IN(G)(Tw)
with public signals and ’ with perfect observation
with stage duration of the state and with stage duration

Figure 12

6.3 Theorem 1 for the discretization of continuous-time Markov

game

Theorem 1 also holds in the model from [Sorl7]. Let us introduce this model. As before, T is
a partition of Ry; in other words, T, a strictly increasing sequence {t,},en+ such that ¢t; = 0 and
tn —> +00. For each given partition T, denote h,, = tne1 — t, for each n € N*.

Loosely speaking, we want to consider continuous-time Markov game, in which players only allowed
to act at times t1,tq,t3,... At time t € [t;, t;41) players should act according to their decision at time

t;. Let us give a formal definition.

Definition 12. Fix A € (0,1) and a stochastic game (A, 2, f, I, J, g, q) with public signals, where ¢ is
a kernel. A discretization of a continuous-time Markov game with public signals, in which n-th action
is taken at time t, is the stochastic game (A, Q, f, I, J, {gm }men+, { Pm }men+) with public signals, where

G 0) = / e Mg jwdt and  Pu(iy)(w,6) = (exp{hma(i, )} (w, )

is the m-th stage transition probability function.

The total payoff is
+oo
%Z::C)\(p) = E;J,T (/ Ae_ktg(itajtawt)dt) .
0
cont cont

Denote by v$™ (p) the value of a game with such a total payoff, and denote by v{%*(p) the value of a
game with such a total payoff and in which ¢, =n — 1 for all n € N*.
Such games were studied in [Sor17], in which the following result was proved.

Proposition 11. [Sorl7, Proposition 5.3|. If (A, 2, f,I,J, g,q) is a discretization of a continuous-time

state-blind Markov game, then the uniform limit lim 0§ (p) exists and is a unique viscosity

sup;en* hi—0
hq+hot...=+co

solution of the partial differential equation (in v(p))

M(p) = valr, s [Ag(i, 4,p) + (p* q(i,j), Vo(p))].

It is straightforward to see that the differential equation in Proposition 11 coincides with the
differential equation in Proposition 3. The following theorem follows from Proposition 11 and the
structure of the proof of Theorem 1.

Theorem 2. For the game G; from Example 1:
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1. The pointwise limit /l\irr(l) v§%*(p) does not exist;
% )

2. The uniform limit lim  lim  v$™ (p) exists, and we have
A—0 sup;cys hs—0
hy1+hg+...=+o00

(Lpy + Lps+ps — 2ps— 2ps — pe Jif P> % or py = py = 0, and
L > 2 or py = ps = 0;
— 1+ D2+ p3 — P — 1qps —psif L2 < Forpr=py =0, and
y 2 2 _ N
fim RO = e e T
pen 11P1 T gP2 T P3 — 13P4 T DP5 — Pe I, =1 0T P1 = P2 , all
MPTSPS<§OTP4=]95:O;
—iPL T P2t Ps = 1iPa+Ds —ps if SE2- < or pr=py =0, and
\ mpT"’pE)<§orp4:p5:O.

6.4 Conjectures and questions for the future

In this section we discuss some open problems.

The next conjecture considers the game from Theorem 1. We showed that the uniform limit
lim lim  op_ \(p) exists, while the pointwise limit lim vy y(p) does not exist. The next conjecture
A—0 sup;enx hi—0 A—=0

hi+ho+...=4oc0
is a stronger variation of these two results.

Conjecture 1. For the game from Theorem 1, we have

1. For any fixed partition T, the pointwise limit ;ir% vr,. A (p) does not exist;
_>

2. We have |limsup vr,_ \(p) — hI}\n iglf v, A (p)| = 0 as sup h; tends to 0, uniformly in p.
A—0 -

Corollary 1(2) says that for any stochastic game with perfect observation of the state, the limit
limh ova’k(t’ p) exists and is a unique solution of an equation. Proposition 3 says that for state-
ieN* g —>

iy

blind games, the same limit exists and is a unique viscosity solution of a partial differential equation.

The natural question is to ask whether this is true for other signalling structures.

Question 1. Can we say that for any stochastic game with public signals (in the sense of definition
from §6.1 or at least in the sense of definition from §4.3), the uniform limit liIr}L vy, A(p) exists
SUp; en* Ng—>
hlihe;\}hu:+oo
for any fixed A € (0,1)7 In the case of existence, can this uniform limit be found as a unique viscosity

solution of some partial differential equation?
The following question asks how important is the order in which A and sup h; tend to 0.

Question 2 (Permutation of limits). Assume that the uniform limit }\in}) vy, A(p) exists for any fixed
%

partition T, and the uniform limit lim  wvp A(p) exists for any fixed A. Can we say that double
sup;enx* hi—0
h1+1h62+m:+oo
limits
lim lim VT A and lim (hm VT A )
A—0 \ sup;cyx hi—0 o (p) sup;en* hi—0 \A—0 o (p)
hq+ho+..=+occ hi+hg+..=+occ

exist or do not exist simultaneously, and in the case of the existence they are equal to each other?
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Remark 20. Note that:

1. Theorem 1 gives an example of a game in which one of the above double limits exists, whereas
the other one does not. This is the reason why we require the existence of both }\in}) vr, A (p) and
%
lim o, A(p);
sup;en* hi—0
h1+ho+...=400
2. In the case of stochastic games with perfect observation of the state and with stage duration this
conjecture is true, see Corollary 1(4).

For each fixed real positive number 7 and for each partition T, with ¢, —— T', we may consider
the stochastic game with public signals and with total payoff

in which n-th stage kernel is still equal to hgq. We denote by vr_ 1 the value of the game with such a
total payoff. Such games with stage duration were first studies in [SV16].

The next question motivated by Tauberian theorems for games in discrete time [Zill6a] and in
continuous time [Khl16].

Question 3 (Tauberian theorem for games with vanishing stage duration). Can we say that the limits

lim lim  vpA(p) and lim lim v 7(p)
A—0 \ sup;enx hi—0 T—o0 | sup;en+ hi—0
h1+hg+...=+0c0 hy+ho+...=T

exist or do not exist simultaneously, and in the case of existence they are equal to each other?
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