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CYCLICITY OF THE SHIFT OPERATOR AND A
RELATED COMPLETENESS PROBLEM IN DE

BRANGES-ROVNYAK SPACES

EMMANUEL FRICAIN AND ROMAIN LEBRETON

Abstract. In this paper, we study the cyclic vectors of the shift
operator Sb acting on de Branges–Rovnyak space H(b) associated
to a non-extreme point of the closed unit ball of H∞. We highlight
an interesting link with a completeness problem that we study
using the Cauchy transform. This enables us to obtain some nice
consequences on cyclicity.

1. Introduction

If T is a bounded linear operator on a Banach space X , then T is
called cyclic if there exists a vector x ∈ X such that the orbit of x under
T , that is {T nx : n ≥ 0}, is dense in X . Such a vector (if it exists) is
called a cyclic vector for T . The characterization of cyclic vectors for a
given operator is a challenging problem. It has been completely solved
by A. Beurling [5] for the (forward) shift operator S on the Hardy space
of the unit disc H2. A function f in H2 is cyclic for S if and only if f
is an outer function. A similar question can be stated (and has been
studied) in various Banach spaces of analytic functions where the shift
operator acts boundedly, e.g. in Bergman or Dirichlet spaces. However,
the situation in Hardy space is unique in the sense that in most other
spaces, there are no known characterizations despite numerous efforts
by many mathematicians. In [6], L. Brown and A. Shields conjectured
that a function f in the Dirichlet space D is cyclic if and only if f is
outer and its boundary zero set is of logarithmic capacity zero. This
conjecture is still open despite significant progress. See [8] in particular.

Recently, some authors began to be interested in cyclic vectors of the
shift operator on de Branges–Rovnyak spaces H(b) [2, 4, 12]. Recall
that when ∥b∥∞ ≤ 1 and log(1 − |b|) ∈ L1(T) (corresponding to the
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non-extreme point of the closed unit ball of H∞), the space H(b) is in-
variant with respect to the shift operator Sb and since the polynomials
are dense in this case, the operator Sb is cyclic (with the constant 1
as a cyclic vector). It is then natural to ask if one can characterize all
the cyclic vectors of Sb. In [9], the first author with S. Grivaux gave
a characterization of the cyclic vectors of Sb when b is a rational func-
tion in the closed unit ball of H∞ but not a finite Blaschke product,
which generalizes some results of [12]. They also gave some sufficient
conditions when b = (1 + I)/2, where I is an inner function. In [4],
A. Bergman gave deep results based on a theoretic description of the
invariant subspaces given by A. Aleman and B. Malman [2]. In par-
ticular, he completely solved the problem when b = (1 + I)/2, where
I is an inner function, with a nice characterization of cyclic vectors in
terms of the Aleksandrov–Clark measures of b.

In this paper, we shed new light to this problem of characterizing the
cyclic vectors of Sb by making a link with the problem of completeness
in H(b) of families of the form {fkλn : n ≥ 1} where f is a fixed
function in H(b), (λn)n≥1 is a sequence of points in D which is not a
Blaschke sequence, and kλn is the Cauchy kernel of H2 at point λn. A
difficulty with de Branges–Rovnyak spaces is the computation of the
norm because it is not given directly by an integral. In the non-extreme
case, usually one need to solve the equation Tb̄f = Tāf

+, where f is
given in H(b) and Tb̄ and Tā are the Toeplitz operators of symbols b̄ and
ā respectively and a is the Pythagorean mate of b. See Subsection 2.1
for more details. In particular, when one studies directly the cyclicity,
we are faced with the difficulty of getting a tractable formula for (pf)+

(where p is a polynomial), and this is not an easy task! However, we
shall see that we can obtain a nice formula for (fkλ)

+, which will help
us, using Cauchy transform, to give a sufficient and simple condition
for completeness, and then deduce some nice results for cyclicity.

The paper is organized as follows. In Section 2, we recall some
useful properties of the de Branges–Rovnyak spaces and the Cauchy
transform. We also give a key lemma for the study of our completeness
problem. In Section 3, we introduce a completeness problem related
to the cyclic vectors for the shift operator. First of all, this issue will
be considered in the Hardy space H2, and then in the de Branges–
Rovnyak spaces H(b). In Section 4, we prove our main result which
gives a sufficient condition to solve our completeness problem. Finally,
the last section contains several consequences of our approach on the
cyclic vectors for Sb.
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In the rest of the paper, if A is a family of vectors in a Hilbert space
H, we shall denote by

∨
(A) the subspace consisting of finite linear

combinations of elements of A and by spanH(A) its closure in H.

2. Preliminaries and useful analytic tools

2.1. De Branges-Rovnyak spaces H(b). Let D = {z ∈ C : |z| < 1}
be the open unit disk in the complex plane and let T = {z ∈ C : |z| =
1} its boundary endowed with normalized Lebesgue measure m. For
0 < p < ∞, we consider the Hardy space Hp = Hp(D) which consists
of functions f holomorphic on D satisfying

∥f∥p = sup
0≤r<1

(∫
T
|f(rζ)|p dm(ζ)

)1/p

<∞.

We also define H∞ = H∞(D) to be the class of bounded analytic func-
tions on D, endowed with the sup norm defined by ∥f∥∞ = supz∈D |f(z)|.
Throughout this paper, as usual, for every 1 ≤ p ≤ ∞, we identify
(via radial limits) Hp(D) with the closed subspace of Lp(T) defined as

Hp(T) := {f ∈ Lp(T) : f̂(n) = 0, ∀n < 0}. Recall that for p = 2, H2

is a reproducing kernel Hilbert space whose kernel is given by

kλ(z) =
1

1− λz
, λ, z ∈ D,

meaning that

⟨f |kλ⟩2 = f(λ), f ∈ H2, λ ∈ D,

and ⟨·|·⟩2 is the usual scalar product of L2(T).
For φ ∈ L∞(T), the Toeplitz operator Tφ : H2 → H2, defined by

Tφf = P+(φf) for every f ∈ H2, is a bounded operator on H2 of norm
equals to ∥φ∥∞. Here P+ is the orthogonal projection from L2(T) to
H2.

To every non-constant function b in the closed unit ball ofH∞, we as-
sociate the de Branges–Rovnyak space H(b) defined as the reproducing
kernel Hilbert space on D with positive definite kernel given by

kbλ(z) =
1− b(λ)b(z)

1− λz
, λ, z ∈ D.

The norm in H(b) is denoted by ∥ · ∥b and the scalar product by ⟨·|·⟩b.
In this paper, we shall be interested in the cyclicity of the shift operator
on H(b). Let S be the shift operator on H2 defined as (Sf)(z) = zf(z),
z ∈ D, f ∈ H2. It is well-known that H(b) is invariant with respect to
S if and only if log(1− |b|) ∈ L1(T) [11, Corollary 20.20].
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So from now on, we will assume that b is a non-constant function
in the closed unit ball of H∞ which satisfies log(1 − |b|) ∈ L1(T). In
this case, there is a unique outer function a ∈ H∞ such that a(0) > 0
and |a|2 + |b|2 = 1 almost everywhere on T. The function a is called
the Pythagorean mate of b and we say that (a, b) forms a Pythagorean
pair. Let us recall a useful characterization of the membership to H(b)
when log(1− |b|) ∈ L1(T): let f ∈ H2, then

(2.1) f ∈ H(b) ⇐⇒ ∃f+ ∈ H2, Tb̄f = Tāf
+.

Moreover, in this case, the function f+ is unique (since a is outer, then
Tā is one-to-one) and

(2.2) ∥f∥2b = ∥f∥22 + ∥f+∥22.
See [11, Corollary 25.10]. If f ∈ H(b), according to (2.1), there exists
a (unique) function g ∈ H2 such that

(2.3) b̄f = āf+ + zg, a.e. on T.
It is also known that for every λ ∈ D, kλ and bkλ belong to H(b), and
for f ∈ H(b), we have

(2.4) ⟨f |kλ⟩b = f(λ) +
b(λ)

a(λ)
f+(λ) and ⟨f |bkλ⟩b =

f+(λ)

a(λ)
.

We also recall that the set of polynomials P is dense in H(b) [11,
Theorem 23.13]. Moreover, if (λn)n≥1 is a sequence of points in D, then
{kλn : n ≥ 1} is complete in H(b) if and only if

∑∞
n=1(1 − |λn|) = ∞

[3, Theorem 4.2].
An important tool in the study of a reproducing kernel Hilbert space

is its associated multiplier algebra. We denote by

M(H(b)) := {φ ∈ Hol(D) : φf ∈ H(b), ∀f ∈ H(b)},
the multiplier algebra of H(b). Using the closed graph theorem, it is
easy to see that if φ ∈ M(H(b)), then Mφ, the multiplication opera-
tor by φ, is bounded on H(b). The algebra of multipliers is a Banach
algebra when equipped with the norm ∥φ∥M(H(b)) = ∥Mφ∥L(H(b)). Here

L(H(b)) is the space of all linear and bounded operators on H(b) en-
dowed with its usual norm. Using standard arguments, we see that
H(b) ⊂ H∞ ∩H(b). In general this inclusion is strict. Moreover, when
log(1 − |b|) ∈ L1(T), it is known that there are plenty of multipliers.
More precisely, we have Hol(D) ⊂ M(H(b)). See [11, Theorem 24.6].
In particular, for every λ ∈ D and every polynomial p, the functions
kλ and p are both multipliers of H(b).

In the theory of de the Branges-Rovnyak spaces, an important tool
is the concept of Alexandrov-Clark measures. Recall that given b in the
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closed unit ball of H∞ and α ∈ T, there exists a unique finite positive
Borel measure µα on T such that

(2.5)
1− |b(z)|2

|1− αb(z)|2
=

∫
T

1− |z|2

|z − ζ|2
dµα(ζ), z ∈ D.

The collection {µα}α∈T is called the family of Alexandrov-Clark mea-
sures of b. When log(1− |b|) ∈ L1(T), denoting by

Fα =
a

1− αb
, α ∈ T,

and using standard facts on Poisson integrals, we see that

(2.6) |Fα(ζ)|2 =
dµ

(a)
α

dm
(ζ), for a.e. ζ ∈ T,

where µ
(a)
α denotes the continuous part of the measure µα and dµ

(a)
α /dm

denotes its Radon-Nikodym derivative with respect to Lebesgue mea-
sure m. In particular, Fα ∈ H2 for every α ∈ T. Now, for α ∈ T, define
by

TFα
kλ = Fα(λ)kλ, λ ∈ D.

Then TFα
is a densely defined operator on H2. See [10, Section 13.6]

for more information on Toeplitz operators with symbols in L2(T). We
just mention here a useful result on the properties of T1−αbTFα

.

Lemma 2.1. Let α ∈ T. Then

(i) T1−αbTFα
is an isometry from H2 into H(b), and we have

T1−αbTFα
H2 = spanH(b)((1− αb)zn : n ≥ 0).

(ii) T1−αbTFα
is onto if and only if µα is absolutely continuous with

respect to m.

Proof. See [11, Theorem 24.23] and [11, Theorem 29.16]. □

An important subspace of H(b) is M(a) = aH2 equipped with the
range norm

∥af∥M(a) = ∥f∥2, f ∈ H2.

It is known [11, Theorem 23.2] that M(a) is contractively contained
into H(b), which means that for every f ∈ H2, af ∈ H(b) and

(2.7) ∥af∥b ≤ ∥af∥M(a) = ∥f∥2.
Moreover, we can characterize the density of aH2 in H(b) in terms of
rigid functions. Recall that a function f ∈ H1, f ̸≡ 0, is said to be
rigid if, for any function g ∈ H1, g ̸≡ 0, the assumption

arg(g) = arg(f), a.e. on T,
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implies the existence of a positive real constant λ such that g = λf . It
turns out that rigid functions in H1, of unit norm, coincide with ex-
posed points of the closed unit ball of H1 [11, Theorem 6.15]. Note that
if b(0) = 0 and if the Alexandrov-Clark measure µα of b is absolutely
continuous with respect to m for some α ∈ T, then using (2.5) and
(2.6), we see that the function Fα = a/(1−αb) has a unit norm in H1.
Recall also that for almost every α ∈ T, µα is absolutely continuous
with respect to m [11, Theorem 24.19].

Theorem 2.2. Assume that b(0) = 0 and let α ∈ T such that µα is
absolutely continuous with respect to m. The following assertions are
equivalent:

(i) the subspace aH2 is dense in H(b);
(ii) the function F 2

α is rigid.

Proof. See [11, Corollary 29.4]. □

As already said, when log(1−|b|) ∈ L1(T), the de Branges–Rovnyak
space H(b) is invariant with respect to S. We shall denote by Sb the
restriction of S to H(b), and it is known [11, Theorem 24.3] that

(2.8) ∥Sb∥ =

√
1− |b(0)|2
|a(0)|

> 1.

We shall be interested in the cyclic vectors of Sb. Recall that a function
f ∈ H(b) is said to be cyclic for Sb if

spanH(b)(S
n
b f : n ≥ 0) = spanH(b)(z

nf : n ≥ 0) = H(b).

This is of course equivalent to say that the set {pf : p ∈ P} is dense
in H(b). By density of polynomials in H(b), the constant function 1
is clearly cyclic for Sb. Moreover, standard arguments show that a
function f ∈ H(b) is cyclic for Sb if and only if there exists a sequence
of polynomials (pn)n satisfying ∥1 − pnf∥b → 0 as n → ∞. In other
words, it is sufficient to approximate the function 1 to get cyclicity. See
[9, Lemma 3.1]. We also recall the following known fact which follows
easily from Beurling’s result and the fact that H(b) is contractively
contained in H2.

Lemma 2.3. Let f ∈ H(b). Assume that f is cyclic for Sb. Then f is
outer.

Proof. See [9, Lemma 3.2]. □

We end these preliminaries on H(b) spaces by a computation which
will be a key result for the completeness problem related to the cyclic
vectors for Sb.
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Lemma 2.4. Let f ∈ H(b) and λ ∈ D. Then fkλ ∈ H(b) and

(2.9) (fkλ)
+ = f+kλ +

λg(λ)

a(λ)
kλ,

where g ∈ H2 is defined by (2.3).

Proof. First recall that kλ ∈ M(H(b)) and thus fkλ ∈ H(b). Now,
using (2.3), we have

Tb(fkλ) = P+(bfkλ) = P+(af
+kλ + zgkλ) = P+(af

+kλ) + P+(zgkλ).

Observe that P+(zgkλ) = λg(λ)kλ. Indeed, for all h ∈ H∞, we have

⟨h|P+(zgkλ)⟩2 = ⟨h|zgkλ⟩2 = ⟨zgh|kλ⟩2 = λg(λ)h(λ) =
〈
h|λg(λ)kλ

〉
2
,

and we conclude thanks to the density of H∞ in H2. Using now the

fact that kλ = Ta

(
kλ
a(λ)

)
, we get

Tb(fkλ) = Ta(f
+kλ) + Ta

(
λg(λ)

a(λ)
kλ

)
= Ta

(
f+kλ +

λg(λ)

a(λ)
kλ

)
.

The definition of (fkλ)
+ completes the proof. □

2.2. Cauchy transform and distribution function. A useful tool
in the proof of our main result on cyclic vectors of Sb will be the Cauchy
transform. Recall that the Cauchy transform of a function f ∈ L1(T)
is defined by

Cf(z) =

∫
T

f(ζ)

1− ζz
dm(ζ), z ∈ C\T.

Note that Cf ∈ Hol(C\T) and in particular, for z ∈ D, we have

Cf(z) =
∑
n≥0

f̂(n)zn.

We refer the reader to [7, 10] for more details about Cauchy transforms.
We shall here just recall the main useful properties for us. It is not
difficult to prove that for every f ∈ L1(T), Cf ∈

⋂
0<p<1H

p, and so,

in particular, Cf belongs to the Smirnov class N+. In general, Cf
does not belong to L1(T) but we have a weaker version due to A.N.
Kolmogorov. For that purpose, let us recall that L1,∞

0 (T) is the space
of measurable function h : T → C satisfying

λh(t) = o

(
1

t

)
, as t→ ∞,
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where λh(t) = m ({ζ ∈ T : |h(ζ)| > t}), t > 0, is the distribution func-
tion of h. It is easy to see that L1(T) ⊂ L1,∞

0 (T), and if h ∈ L1,∞
0 (T)

and φ ∈ L∞(T), then φh ∈ L1,∞
0 (T).

Theorem 2.5 (Kolmogorov). Let f ∈ L1(T). Then Cf ∈ L1,∞
0 (T).

Proof. See [7, Proposition 3.4.11]. □

In particular, the Cauchy transform C maps L1(T) into the space
H1,∞

0 = L1,∞
0 (T) ∩N+.

Two representations of functions in H1,∞
0 will be useful for us.

Theorem 2.6 (Aleksandrov). Let f ∈ H1,∞
0 . Then, for all z ∈ D, we

have

(2.10) f(z) = lim
A→+∞

∫
|f |≤A

f(ζ)

1− ζz
dm(ζ),

and

(2.11) f(0) = lim
A→+∞

∫
|f |≤A

f(ζ)

1− zζ
dm(ζ).

Proof. See [1, Theorem 6] and [7, Lemma 5.13 and Lemma 5.22]. □

We shall use the following simple consequence.

Corollary 2.7. Let f, f ∈ H1,∞
0 . Then f is a constant function.

Proof. According to (2.10), since f ∈ H1,∞
0 , we have

f(z) = lim
A→+∞

∫
|f|≤A

f(ζ)

1− ζz
dm(ζ) = lim

A→+∞

∫
|f |≤A

f(ζ)

1− ζz
dm(ζ),

for all z ∈ D. Now, since f ∈ H1,∞
0 , (2.11) gives

lim
A→+∞

∫
|f |≤A

f(ζ)

1− ζz
dm(ζ) = f(0),

for all z ∈ D. Finally, we get that f(z) = f(0) for all z ∈ D and f is a
constant function. □

Using F. and M. Riesz Theorem, it is easy to check that for f ∈
L1(T), then Cf ≡ 0 on D if and only if f ∈ H1

0 = zH1. We end this
section on Cauchy transform by two simple identities.

Lemma 2.8.

(i) Let f ∈ L1(T). Then C(f)− f = f̂(0)− C(f) a.e. on T.
(ii) For f, g ∈ H2, ⟨f |gkλ⟩2 = C(fg)(λ) for all λ ∈ D.
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Proof. (i) Let ζ ∈ T and z ∈ D. Observe that

−1 +
ζ

ζ − z
+

ζ

ζ − z
=

1− |z|2

|ζ − z|2
,

and then

−
∫
T
f(ζ) dm(ζ)+

∫
T
f(ζ)

ζ

ζ − z
dm(ζ)+

∫
T
f(ζ)

ζ

ζ − z
dm(ζ) = (Pf)(z),

where Pf is the Poisson integral of f . In other words, we have

−f̂(0) +
∫
T

f(ζ)

1− ζz
dm(ζ) +

∫
T

f(ζ)

1− zζ
dm(ζ) = (Pf)(z)

and thus

−f̂(0) + (Cf)(z) + C(f)(z) = (Pf)(z),

for all z ∈ D. Since C maps L1(T) into N+, Cf and C(f̄) have radial
limits almost everywhere on T. Moreover, Pf tends radially to f almost
everywhere on T. Thus, we get that

−f̂(0) + Cf + C(f) = f a.e. on T,

which proves (i).
(ii) Let f, g ∈ H2 and λ ∈ D. We have

⟨f |gkλ⟩2 =
∫
T
f(ζ)

g(ζ)

1− λζ
dm(ζ) = C(fg)(λ). □

3. A completeness problem related to cyclicity

We shall make an interesting connection between the cyclic vectors
for Sb and a completeness problem. This link will enable us to use
Lemma 2.4 to give some sufficient conditions for the cyclicity in the
next section. We first start with the situation in the Hardy space to
motivate our results on H(b).

3.1. A completeness problem in the Hardy space.

Lemma 3.1. Let f = Θfe ∈ H2, where Θ is inner and fe is outer.
Then, for every sequence (λn)n≥1 ⊂ D satisfying

∑∞
n=1(1− |λn|) = ∞,

we have

spanH2(fkλn : n ≥ 1) = ΘH2.

Proof. Since fkλn ∈ ΘH2 and ΘH2 is a closed subspace of H2, the
inclusion spanH2(fkλn : n ≥ 1) ⊂ ΘH2 is clear. Assume now, on
the contrary, that spanH2(fkλn : n ≥ 1) ⊊ ΘH2. Then there exists
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φ ∈ H2, φ ̸= 0, such that Θφ is orthogonal to fkλn in H2 for every
n ≥ 1. According to Lemma 2.8 (ii), we have

0 = ⟨Θφ|fkλn⟩2 = ⟨φ|fekλn⟩2 = C(φfe)(λn).

But, since C(φfe) ∈ N+ and
∑∞

n=1(1 − |λn|) = ∞, we deduce that

C(φfe) ≡ 0 on D. In particular, there exists ψ ∈ H1
0 such that φfe = ψ,

which gives that φ = ψ

fe
almost everywhere on T. In particular, we have

φ ∈ L2(T) ∩ N+ = H2, and then φ ∈ H2 ∩H2
0 = {0}, which gives the

desired contradiction. □

Corollary 3.2. Let (λn)n≥1 ⊂ D satisfying
∑∞

n=1(1− |λn|) = ∞, and
let f ∈ H2. Then

spanH2(fkλn : n ≥ 1) = H2 ⇐⇒ f is outer.

Proof. This follows immediately from Lemma 3.1. □

Remark 3.3. It should be noted that if the sequence (λn)n≥1 is a
Blaschke sequence, that is

∑∞
n=1(1 − |λn|) < ∞, then it may happen

that the sequence (fkλn)n≥1 is no longer complete, even if f is an outer
function. Indeed, it is sufficient to observe that if B is the Blaschke
product, associated to the Blaschke sequence (λn)n≥1, then

spanH2(kλn : n ≥ 1) = H2 ⊖BH2 ̸= H2.

3.2. A completeness problem in H(b). The cyclicity of Sb involves
the closed linear span generated by znf , n ≥ 1, where f ∈ H(b). We
shall make a connection with the closed linear span generated by kλf ,
|λ| < ∥Sb∥−1. Recall that ∥Sb∥ > 1, see (2.8). The following lemma
will be the key to make this connection. It is inspired by [10, Theorem
5.5].

Lemma 3.4. We have

(3.1) spanM(H(b))(z
n : n ≥ 0) = spanM(H(b))

(
kµ : |µ| < 1

∥Sb∥

)
.

Proof. We shall prove the two inclusions separately. First, let µ ∈ C
such that |µ| < ∥Sb∥−1. Let us prove that kµ ∈ spanM(H(b))(z

n : n ≥ 0).
Observe that∥∥∥∥∥kµ −

N∑
n=0

µnzn

∥∥∥∥∥
M(H(b))

≤
∑

n≥N+1

|µ|n ∥zn∥M(H(b)) =
∑

n≥N+1

|µ|n ∥Snb ∥

≤
∑

n≥N+1

|µ|n ∥Sb∥n −→
N→∞

0.
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Thus we get that kµ ∈ spanM(H(b))(z
n : n ≥ 0), which gives the first

inclusion.
For the reversed inclusion, let n ∈ N and let us prove that zn belongs

to spanM(H(b))

(
kµ : |µ| < ∥Sb∥−1). For n = 0, this is trivial because

z0 = k0 = 1. Let us assume now that n ≥ 1, and introduce the nth
root of unity ζ = e2iπ/n. For 0 < r < ∥Sb∥−1, define

gr =
kr + krζ + · · ·+ krζn−1 − nk0

nrn

which belongs to
∨
(kµ : |µ| < ∥Sb∥−1). We shall prove that gr −→

r→0
zn

in M(H(b)). Indeed, for all z ∈ D, we have

gr(z) =
1

nrn

(
∞∑
k=0

rkzk +
∞∑
k=0

rkζkzk + · · ·+
∞∑
k=0

rkζ(n−1)kzk − n

)

=
1

nrn

∞∑
k=1

rkzk

(
n−1∑
i=0

ζ ik

)
.

Note that, for k ∈ N∗, we have

n−1∑
i=0

ζ ik =

{
n, if k = nℓ for some ℓ ∈ N∗,
1−ζnk

1−ζk = 0, if k /∈ nN.

Thus we get that

gr(z) =
1

rn

∞∑
ℓ=1

rℓnzℓn =
∞∑
ℓ=1

r(ℓ−1)nzℓn.

This implies

∥gr − zn∥M(H(b)) ≤
∞∑
ℓ=2

r(ℓ−1)n ∥Sb∥ℓn =
∞∑
ℓ=1

rℓn ∥Sb∥(ℓ+1)n

=
rn∥Sb∥2n

1− rn∥Sb∥n
,

and the last term tends to 0 as r goes to 0. Hence zn belongs to
spanM(H(b))

(
kµ : |µ| < ∥Sb∥−1), and we get the reversed inclusion, and

then the equality (3.1). □

Corollary 3.5. Let f ∈ H(b). Then

spanH(b)(z
nf : n ≥ 0) = spanH(b)

(
kµf : |µ| < 1

∥Sb∥

)
.
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In particular, f is cyclic in H(b) if and only if

spanH(b)

(
kµf : |µ| < 1

∥Sb∥

)
= H(b).

Proof. This follows directly from Lemma 3.4. □

Lemma 3.6. Let (λn)n≥1 ⊂ D\{0} satisfying
∑∞

n=1(1−|λn|) = ∞, and
let f ∈ H(b). Then spanH(b)(fkλn : n ≥ 1) is invariant with respect to
Sb.

Proof. Observe that, since λn ̸= 0, we have

Sb(fkλn) = zf
1

1− λnz
= − 1

λn
f

(
1− λnz − 1

1− λnz

)
= − 1

λn
(f − fkλn).

Thus it is sufficient to prove that f ∈ spanH(b)(fkλn : n ≥ 1). Assume
on the contrary that f /∈ spanH(b)(fkλn : n ≥ 1). Then there exists
h ∈ H(b) such that ⟨h|fkλn⟩b = 0 for all n ≥ 1, and ⟨h|f⟩b ̸= 0.
According to (2.2) and (2.9), we get

0 = ⟨h|fkλn⟩2 +
〈
h+|(fkλn)+

〉
2

= ⟨h|fkλn⟩2 +
〈
h+|f+kλn

〉
2
+
λng(λn)

a(λn)
h+(λn),

where g satisfies (2.3). Now it follows from Lemma 2.8 (ii) that

0 = C(hf)(λn) + C(h+f+)(λn) +
λng(λn)

a(λn)
h+(λn).

Multiplying by a(λn) gives

0 = a(λn)C(hf)(λn) + a(λn)C(h
+f+)(λn) + λng(λn)h

+(λn).

Observe that the function aC(hf) + aC(h+f+) + zgh+ belongs to N+

and vanishes on the sequence (λn)n≥1. Since
∑∞

n=1(1− |λn|) = ∞, we

deduce that aC(hf) + aC(h+f
+
) + zgh+ ≡ 0 on D. In particular,

a(0)C(hf)(0) + a(0)C(h+f+)(0) = 0.

Using a(0) ̸= 0 and one more time Lemma 2.8 (ii) and (2.2), we deduce
that

0 = C(hf)(0) + C(h+f+)(0) = ⟨h|f⟩2 +
〈
h+|f+

〉
2
= ⟨h|f⟩b .

Thus we get a contradiction, and we can conclude that f belongs to
spanH(b)(fkλn : n ≥ 1). □
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We may now link the problem of cyclicity with our problem of com-
pleteness.

Corollary 3.7. Let f ∈ H(b). The following assertions are equivalent:

(i) f is cyclic for Sb;
(ii) for every sequence (λn)n≥1 ⊂ D satisfying

∑∞
n=1(1−|λn|) = ∞,

we have spanH(b)(fkλn : n ≥ 1) = H(b).

Proof. (i) =⇒ (ii): Assume that f ∈ H(b) is a cyclic vector for Sb
and let (λn)n≥1 ⊂ D satisfying

∑∞
n=1(1 − |λn|) = ∞. Without loss of

generality, we may suppose that for all n ≥ 1, λn ̸= 0. According to
Lemma 3.6, Sb spanH(b)(fkλn : n ≥ 1) ⊂ spanH(b)(fkλn : n ≥ 1). In
particular, for all polynomials p, we have pf ∈ spanH(b)(fkλn : n ≥ 1),
which gives that

spanH(b)(pf : p ∈ P) ⊂ spanH(b)(fkλn : n ≥ 1).

We conclude using the cyclicity of f .
(ii) =⇒ (i): Let (λn)n≥1 be any sequence such that |λn| < ∥Sb∥−1.

Since ∥Sb∥ > 1, we obviously get that
∑∞

n=1(1 − |λn|) = ∞, whence,
by hypothesis, we have spanH(b)(fkλn : n ≥ 1) = H(b). It remains now
to apply Corollary 3.5 to conclude that f is cyclic for Sb. □

4. Main result on the completeness problem

In this subsection, we shall discuss the problem of completeness of
the sequence (fkλn)n≥1 in H(b), where f ∈ H(b) and (λn)n≥1 ⊂ D
satisfies

∑∞
n=1(1− |λn|) = ∞. We start with a simple observation.

Lemma 4.1. Let (λn)n≥1 ⊂ D such that
∑∞

n=1(1− |λn|) = ∞, and let
f ∈ H(b). If

spanH(b)(fkλn : n ≥ 1) = H(b),

then f is an outer function.

Proof. Let p be a polynomial and ε > 0. Then there exists a function
g ∈

∨
(fkλn : n ≥ 1) such that ∥p − g∥b ≤ ε. Using (2.2), we see that

∥p − g∥2 ≤ ε, and then p ∈ spanH2(fkλn : n ≥ 1). But P is dense in
H2, whence

spanH2(fkλn : n ≥ 1) = H2.

Now Corollary 3.2 implies that f is outer. □

When one studies the problem of completeness of (fkλn)n≥1 in H(b),
we may therefore assume, without loss of generality, that f is outer.
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Theorem 4.2. Let f ∈ H(b) be an outer function and let (λn)n≥1 ⊂ D
satisfying

∑∞
n=1(1− |λn|) = ∞. If b

f
∈ L∞(T), then

(4.1) spanH(b)(fkλn : n ≥ 1) = H(b).

In particular, f is cyclic for Sb.

Proof. Let h ∈ H(b) such that h ⊥b fkλn for all n ≥ 1. Using the same
computations as in the proof of Lemma 3.6, we get

(4.2) aC(hf) + aC(h+f+) + zgh+ ≡ 0, on D,
where g satisfies bf = af+ + zg a.e. on T. Taking the radial limits in
(4.2) and using the definition of g, we deduce that

aC(hf) + aC(h+f+)− af+h+ + bfh+ = 0 a.e. on T.
Multiplying by b and using the relation |a|2 + |b|2 = 1 a.e. on T, we
obtain

a
(
bC(hf) + bC(h+f+)− bf+h+ − afh+

)
+ fh+ = 0 a.e. on T.

Since a ̸= 0 and f ̸= 0 almost everywhere on T, we get

1

f

(
bC(hf) + bC(h+f+)− bf+h+ − afh+

)
= −h

+

a
.

Using the fact that h ∈ H(b), there exists h1 ∈ H2 satisfying bh =
ah+ + zh1 a.e. on T, which gives

1

f

(
bC(hf + h+f+)− bf+h+ − bfh+ zh1f

)
= −h

+

a
.

If φ = hf + h+f+, we can rewrite this identity as

(4.3)
h+

a
= −b(C(φ)− φ) + zh1f

f
a.e. on T.

We claim that h+

a
∈ H1,∞

0 ∩H1,∞
0 . Indeed, on one hand, observe that

h+

a
∈ N+, and since φ ∈ L1(T), by Kolmogorov Theorem, C(φ) − φ

belongs to L1,∞
0 (T). But using that b

f
∈ L∞(T), we get that

b

f
(C(φ)− φ) ∈ L1,∞

0 (T).

Moreover, zh1 ∈ L2(T) ⊂ L1(T) ⊂ L1,∞
0 (T), whence it follows from

(4.3) that h+

a
∈ L1,∞

0 (T) and thus h+

a
∈ H1,∞

0 . On the other hand,
according to Lemma 2.8 (i), we have

(4.4)
h+

a
= − b

f

(
C(φ)− φ

)
− zh1 = − b

f

(
φ̂(0)− C(φ)

)
− zh1.
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Using once more Kolmogorov Theorem, this identity shows that h+

a
∈

H1,∞
0 . Finally, we have h+

a
∈ H1,∞

0 ∩H1,∞
0 . It follows from Corollary 2.7

that h+

a
is a constant function, say equals to c ∈ C. In particular, with

(4.4) and Theorem 2.10, we obtain that

− b(z)

f(z)

(
φ̂(0)− C(φ)(z)

)
− zh1(z) = c, z ∈ D.

Evaluating at z = 0 gives

− b(0)

f(0)

(
φ̂(0)− C(φ)(0)

)
= c.

But

C(φ)(0) =

∫
T
φ(ξ) dm(ξ) = φ̂(0),

whence c = 0. In other words, h+ = 0 and coming back to (4.2), we
deduce that C(hf) ≡ 0 on D. In particular, there exists ψ ∈ H1

0 such

that hf = ψ. Hence h = ψ

f
∈ H2 ∩ H2

0 = {0}, which concludes the

proof. □

Remark 4.3. The sufficient condition b/f ∈ L∞(T) implies that the
set

Z(f) := {ζ ∈ T : lim inf
z→ζ
z∈D

|f(z)| = 0}

is included in the boundary spectrum of b, where we recall that the
boundary of b is defined as

σ(b) = {ζ ∈ T : lim inf
z→ζ
z∈D

|b(z)| < 1}.

Indeed, let us assume that there exists ζ ∈ Z(f) and ζ /∈ σ(b). Then
there exists a sequence (zn)n≥1 in D satisfying zn → ζ and |f(zn)| → 0,
n → ∞, and since ζ /∈ σ(b), limz→ζ |b(z)| = 1, which implies that
|b(zn)| → 1. This contradicts the fact that b/f ∈ H∞.

Remark 4.4. It should be noted that b/f ∈ L∞(T) is not necessary to
have (4.1). Indeed, let b(z) = (1 + z)/2 and f(z) = z − i, z ∈ D. Then
f ∈ H(b) and since f(1) = 1 − i ̸= 0, Corollary 4.2 from [12] implies
that f is cyclic for Sb. In particular, according to Corollary 3.7, the
property (4.1) is satisfied. However, b/f /∈ L∞(T).
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5. Some consequences on cyclicity

In this section, we shall discuss some easy consequences of our main
theorem on cyclicity.

Corollary 5.1. (i) Let f ∈ H(b) satisfying infD |f | > 0. Then f
is cyclic for Sb.

(ii) The function b is cyclic for Sb if and only if b is outer.

Proof. (i) First it is known that the condition infD |f | > 0 implies that
f is outer. See [13, Page 67]. Moreover, b

f
∈ L∞(T) and Theorem 4.2

implies that f is cyclic.
(ii) The second assertion follows immediately from Lemma 2.3 and

Theorem 4.2. □

Note that Corollary 5.1 (i) generalizes [9, Corollary 3.4], which was
proved under the additional assumption that f ∈ Hol(D).

Example 5.2. (a) Let λ ∈ D. Then

|kbλ(z)| =

∣∣∣∣∣1− b(λ)b(z)

1− λz

∣∣∣∣∣ ≥ 1− |b(λ)|
2

> 0.

Thus, it follows from Corollary 5.1 that kbλ is cyclic for Sb.
(b) If b is outer and λ ∈ D, then bkλ is outer (being the product

of two outer functions) and b/bkλ = 1/kλ = 1 − λz ∈ L∞(T). Thus
Theorem 4.2 implies that bkλ is cyclic.

Note that these two results on kbλ and bkλ were already observed in
[9, Proposition 5.7] but with the additional assumption that (a, b) is a
corona pair, meaning that infD(|a| + |b|) > 0. We see here that this
assumption can be omitted.

For the next result, recall the definition of the family of Alexandrov-
Clark measures {µξ}ξ∈T associated to b. See (2.5).

Corollary 5.3. Let c ∈ C. The function 1− cb is cyclic for Sb if and
only if we are in one of the following three cases:

(i) |c| < 1;
(ii) |c| = 1 and µc is absolutely continuous with respect to Lebesgue

measure m;
(iii) |c| > 1 and 1− cb is outer.

Proof. (i) Assume that |c| < 1. Observe that

inf
D
|1− cb| ≥ 1− |c| > 0,

and Corollary 5.1 implies that 1− cb is cyclic for Sb.
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(ii) Assume now that |c| = 1 and denote by ξ = c. Using Lemma
2.1 (i), we have

spanH(b)((1− cb)zn : n ≥ 0) = T1−ξbTFξ
H2,

where Fξ is the H
2 outer function defined by Fξ =

a
1−ξb . Hence, 1− cb

is cyclic for Sb if and only if T1−ξbTFξ
H2 = H(b). But it follows from

Lemma 2.1 (ii) that this is equivalent to the fact that µξ is absolutely
continuous with respect to m.

(iii) Assume now that |c| > 1. According to Lemma 2.3, we may
assume that 1 − cb is outer. According to Corollary 3.5, we have to
prove that

spanH(b)((1− cb)kλ : |λ| < ∥Sb∥−1) = H(b).

For that purpose, let f ∈ H(b) and assume that f is orthogonal to
(1− cb)kλ in H(b), for every |λ| < ∥Sb∥−1. Then

0 = ⟨f |(1− cb)kλ⟩b = ⟨f |kλ⟩b − c ⟨f |bkλ⟩b ,

and, according to (2.4), we deduce that

0 = f(λ) +
b(λ)

a(λ)
f+(λ)− c

f+(λ)

a(λ)
,

for every |λ| < ∥Sb∥−1. Hence, af + bf+ − cf+ vanishes on the disc
of center 0 and radius ∥Sb∥−1, and by analytic continuation, it follows
that af + bf+ − cf+ ≡ 0 on D. Taking radial limits, we then get

af + bf+ − cf+ = 0 a.e. on T.

Multiply by a and use the fact that |a|2 + |b|2 = 1 a.e. on T to get

(1− |b|2)f + a(b− c)f+ = 0 a.e. on T.

If g is the H2 function satisfying (2.3), we can rewrite the last identity
as

f(1− cb) = (b− c)zg a.e. on T,
whence

f

b− c
=

zg

1− cb
a.e. on T.

Observe now that infD |b−c| ≥ |c|−1 > 0, whence f
b−c ∈ H2. Moreover,

using that 1− cb is outer, we have f

b−c =
zg

1−cb ∈ L2(T)∩N+ = H2, and

since it vanishes at 0, f

b−c ∈ H2
0 . Hence f

b−c ∈ H2 ∩ H2
0 = {0}. This

concludes the proof of the fact that if |c| > 1 and 1− cb is outer, then
1− cb is cyclic for Sb. □
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Aleman and Malmann have shown in [2, Theorem 5.11] that if E
is a closed invariant subspace of Sb, then dim(E ⊖ SbE) = 1 and if
ψ ∈ E ⊖ SbE , ψ ̸= 0, then

(5.1) E = Eψ :=

{
g ∈ H(b) :

g

ψ
∈ H2,

g

ψ
ψ+ ∈ H2

}
.

Using this description, we can give a nice characterization of spaces
H(b) in which the sequence (fkλn)n≥1 is complete for every outer func-
tion f ∈ H(b).

Theorem 5.4. Let (λn)n≥1 ⊂ D satisfying
∑∞

n=1(1−|λn|) = ∞. Then
the following assertions are equivalent:

(i) for every outer function f ∈ H(b), we have

spanH(b)(fkλn : n ≥ 1) = H(b);

(ii) the subspace aH2 is dense in H(b).

Proof. (ii) =⇒ (i): Let f be an outer function in H(b). Without loss
of generality, we may assume that for all n ≥ 1, λn ̸= 0. Since aH2 is
assumed to be dense in H(b), it is sufficient to show that

(5.2) aH2 ⊂ spanH(b)(fkλn : n ≥ 1),

to get that (fkλn)n≥1 is complete in H(b). Observe that, according to
Lemma 3.6, the closed subspace spanH(b)(fkλn : n ≥ 1) is invariant
with respect to Sb. Thus, it follows from (5.1) that

spanH(b)(fkλn : n ≥ 1) = Eψ =

{
g ∈ H(b) :

g

ψ
∈ H2,

g

ψ
ψ+ ∈ H2

}
,

for some ψ ∈ H(b). Moreover, since aH(b) ⊂ aH2 ⊂ H(b), the function
a is a multiplier of H(b), and then it is easy to see that aEψ ⊂ Eψ. In
other words, we have

(5.3) a spanH(b)(fkλn : n ≥ 1) ⊂ spanH(b)(fkλn : n ≥ 1).

In order to prove (5.2), let h ∈ H2 and ε > 0. According to Corol-
lary 3.2, there exists q ∈

∨
(kλn : n ≥ 1) such that

(5.4) ∥h− qf∥2 ≤
ε

2
.

Using (5.3), we see that aqf ∈ spanH(b)(fkλn : n ≥ 1), and so there
exists p ∈

∨
(kλn : n ≥ 1) such that

(5.5) ∥aqf − pf∥b ≤
ε

2
.

Thus, it follows from (2.7) that

∥ah− pf∥b ≤ ∥ah− aqf∥b + ∥aqf − pf∥b ≤ ∥h− qf∥2 + ∥aqf − pf∥b,
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which gives by (5.4) and (5.5),

∥ah− pf∥b ≤
ε

2
+
ε

2
= ε.

Hence for every h ∈ H2, ah ∈ spanH(b)(fkλn : n ≥ 1), which proves
(5.2) and then (i).

(i) =⇒ (ii): Note that∨
(akλn : n ≥ 1) ⊂ aH2 ⊂ H(b).

Since a is outer, it follows from (i) that
∨
(akλn : n ≥ 1) is dense in

H(b), which implies that aH2 is dense in H(b). □

Corollary 5.5. Let (λn)n≥1 ⊂ D satisfying
∑∞

n=1(1− |λn|) = ∞. As-
sume that b(0) = 0 and let α ∈ T such that µα is absolutely continuous
with respect to m. Then the following assertions are equivalent:

(i) spanH(b)(akλn : n ≥ 1) = H(b);

(ii) the function F 2
α is a rigid function.

Proof. (i) =⇒ (ii): Since∨
(akλn : n ≥ 1) ⊂ aH2 ⊂ H(b),

it follows from (i) that aH2 is dense in H(b). Thus, according to
Theorem 2.2, F 2

α is a rigid function.
(ii) =⇒ (i): Assume now that F 2

α is rigid. Hence, using one more
time Theorem 2.2, the subspace aH2 is dense in H(b). Then Theorem
5.4 implies that spanH(b)(akλn : n ≥ 1) = H(b). □

Remark 5.6. After completing this research work, we learned of the
existence of Bergman’s article [4]. We thank him for sharing his preprint
with us. Note that his results on the cyclic vectors for Sb are much more
general than those obtained in our paper. However, our method is (in a
sense) more direct and easier and may therefore be of interest. On the
other hand, the link with the completeness problem is also interesting.
Finally, note that by combining results of [4] and Corollary 3.7, we
can obtain some generalizations of Theorem 4.2, and get more general
sufficient conditions for the completeness of (fkλn)n≥1 in H(b). Since
it is just an application of results contained in [4], we leave the details
to the reader.
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[4] Alex Bergman. On cyclicity in de branges-rovnyak spaces, 2023.
[5] Arne Beurling. On two problems concerning linear transformations in Hilbert

space. Acta Math., 81:239–255, 1948.
[6] Leon Brown and Allen L. Shields. Cyclic vectors in the Dirichlet space. Trans.

Amer. Math. Soc., 285(1):269–303, 1984.
[7] Joseph A. Cima, Alec L. Matheson, and William T. Ross. The Cauchy trans-

form, volume 125 of Mathematical Surveys and Monographs. American Math-
ematical Society, Providence, RI, 2006.

[8] Omar El-Fallah, Karim Kellay, and Thomas Ransford. On the Brown-Shields
conjecture for cyclicity in the Dirichlet space. Adv. Math., 222(6):2196–2214,
2009.

[9] Emmanuel Fricain and Sophie Grivaux. Cyclicity in de Branges-Rovnyak
spaces. Moroccan Journal of Pure and Applied Analysis, 2023.

[10] Emmanuel Fricain and Javad Mashreghi. The theory of H(b) spaces. Vol. 1,
volume 20 of New Mathematical Monographs. Cambridge University Press,
Cambridge, 2016.

[11] Emmanuel Fricain and Javad Mashreghi. The theory of H(b) spaces. Vol. 2,
volume 21 of New Mathematical Monographs. Cambridge University Press,
Cambridge, 2016.

[12] Emmanuel Fricain, Javad Mashreghi, and Daniel Seco. Cyclicity in non-
extreme de Branges–Rovnyak spaces. In Invariant subspaces of the shift op-
erator, volume 638 of Contemp. Math., pages 131–136. Amer. Math. Soc.,
Providence, RI, 2015.

[13] Nikolai K. Nikolski. Operators, functions, and systems: an easy reading. Vol. 2,
volume 93 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 2002. Model operators and systems, Translated from
the French by Andreas Hartmann and revised by the author.

Laboratoire Paul Painlevé, Université de Lille, 59655 Villeneuve
d’Ascq Cédex
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