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CYCLICITY OF THE SHIFT OPERATOR AND A
RELATED COMPLETENESS PROBLEM IN DE
BRANGES-ROVNYAK SPACES

EMMANUEL FRICAIN AND ROMAIN LEBRETON

ABSTRACT. In this paper, we study the cyclic vectors of the shift
operator S, acting on de Branges—Rovnyak space H(b) associated
to a non-extreme point of the closed unit ball of H*. We highlight
an interesting link with a completeness problem that we study
using the Cauchy transform. This enables us to obtain some nice
consequences on cyclicity.

1. INTRODUCTION

If T is a bounded linear operator on a Banach space X', then T is
called cyclic if there exists a vector z € X such that the orbit of x under
T, that is {T™z : n > 0}, is dense in X'. Such a vector (if it exists) is
called a cyclic vector for T'. The characterization of cyclic vectors for a
given operator is a challenging problem. It has been completely solved
by A. Beurling [5] for the (forward) shift operator S on the Hardy space
of the unit disc H2. A function f in H? is cyclic for S if and only if f
is an outer function. A similar question can be stated (and has been
studied) in various Banach spaces of analytic functions where the shift
operator acts boundedly, e.g. in Bergman or Dirichlet spaces. However,
the situation in Hardy space is unique in the sense that in most other
spaces, there are no known characterizations despite numerous efforts
by many mathematicians. In [6], L. Brown and A. Shields conjectured
that a function f in the Dirichlet space D is cyclic if and only if f is
outer and its boundary zero set is of logarithmic capacity zero. This
conjecture is still open despite significant progress. See [§] in particular.

Recently, some authors began to be interested in cyclic vectors of the
shift operator on de Branges—Rovnyak spaces H(b) [2, 4, 12]. Recall
that when ||b||.c < 1 and log(1 — |b|) € L*(T) (corresponding to the
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non-extreme point of the closed unit ball of H>), the space H(b) is in-
variant with respect to the shift operator S, and since the polynomials
are dense in this case, the operator S, is cyclic (with the constant 1
as a cyclic vector). It is then natural to ask if one can characterize all
the cyclic vectors of Sp. In [9], the first author with S. Grivaux gave
a characterization of the cyclic vectors of S, when b is a rational func-
tion in the closed unit ball of H* but not a finite Blaschke product,
which generalizes some results of [12]. They also gave some sufficient
conditions when b = (1 + I)/2, where [ is an inner function. In [4],
A. Bergman gave deep results based on a theoretic description of the
invariant subspaces given by A. Aleman and B. Malman [2]. In par-
ticular, he completely solved the problem when b = (1 + I)/2, where
I is an inner function, with a nice characterization of cyclic vectors in
terms of the Aleksandrov—Clark measures of b.

In this paper, we shed new light to this problem of characterizing the
cyclic vectors of S, by making a link with the problem of completeness
in H(b) of families of the form {fk,, : n > 1} where f is a fixed
function in H(b), (A,)n>1 is a sequence of points in D which is not a
Blaschke sequence, and ky . is the Cauchy kernel of H? at point A,. A
difficulty with de Branges—Rovnyak spaces is the computation of the
norm because it is not given directly by an integral. In the non-extreme
case, usually one need to solve the equation T;f = T,f", where f is
given in H(b) and Tj and T} are the Toeplitz operators of symbols b and
a respectively and a is the Pythagorean mate of b. See Subsection 2.1
for more details. In particular, when one studies directly the cyclicity,
we are faced with the difficulty of getting a tractable formula for (pf)*
(where p is a polynomial), and this is not an easy task! However, we
shall see that we can obtain a nice formula for (fk,)", which will help
us, using Cauchy transform, to give a sufficient and simple condition
for completeness, and then deduce some nice results for cyclicity.

The paper is organized as follows. In Section 2, we recall some
useful properties of the de Branges-Rovnyak spaces and the Cauchy
transform. We also give a key lemma for the study of our completeness
problem. In Section 3, we introduce a completeness problem related
to the cyclic vectors for the shift operator. First of all, this issue will
be considered in the Hardy space H?, and then in the de Branges—
Rovnyak spaces H(b). In Section 4, we prove our main result which
gives a sufficient condition to solve our completeness problem. Finally,
the last section contains several consequences of our approach on the
cyclic vectors for Sy.
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In the rest of the paper, if A is a family of vectors in a Hilbert space
H, we shall denote by \/(A) the subspace consisting of finite linear
combinations of elements of A and by span,, (A) its closure in H.

2. PRELIMINARIES AND USEFUL ANALYTIC TOOLS

2.1. De Branges-Rovnyak spaces H(b). Let D={z € C: |z] < 1}
be the open unit disk in the complex plane and let T ={z € C: |z| =
1} its boundary endowed with normalized Lebesgue measure m. For
0 < p < oo, we consider the Hardy space H? = HP(D) which consists
of functions f holomorphic on D satisfying

1/p
111, = s ([ 1760F an(©) " < .

We also define H* = H>(ID) to be the class of bounded analytic func-
tions on I, endowed with the sup norm defined by || f|| . = sup.cp | f(2)].
Throughout this paper, as usual, for every 1 < p < oo, we identify
(via radial limits) H?(ID) with the closed subspace of LP(T) defined as
HP(T) := {f € LP(T) : f(n) =0, ¥n < 0}. Recall that for p = 2, H?
is a reproducing kernel Hilbert space whose kernel is given by

1

kj/\(z)zl_xzv /\736]1)7

meaning that
<f|k>\>2:f()\)v f€H2>/\ED7

and (-]-), is the usual scalar product of L*(T).

For ¢ € L*(T), the Toeplitz operator T, : H*> — H? defined by
T,f = P.(pf) for every f € H?, is a bounded operator on H? of norm
equals to ||¢|le. Here Py is the orthogonal projection from L*(T) to
H?.

To every non-constant function b in the closed unit ball of H*, we as-
sociate the de Branges—Rovnyak space H(b) defined as the reproducing
kernel Hilbert space on D with positive definite kernel given by

k() = 17 0(Abz) b()\_)b(z)’ Az eD.
1 -z
The norm in #H(b) is denoted by || - ||, and the scalar product by (-|-),.
In this paper, we shall be interested in the cyclicity of the shift operator
on H(b). Let S be the shift operator on H? defined as (Sf)(z) = zf(z),
zeD, fe H? Tt is well-known that H(b) is invariant with respect to

S if and only if log(1 — |b]) € L*(T) [11], Corollary 20.20].
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So from now on, we will assume that b is a non-constant function
in the closed unit ball of H>* which satisfies log(1 — [b|) € L'(T). In
this case, there is a unique outer function a € H* such that a(0) > 0
and |a|* + |b]* = 1 almost everywhere on T. The function a is called
the Pythagorean mate of b and we say that (a,b) forms a Pythagorean
pair. Let us recall a useful characterization of the membership to H(b)
when log(1 — |b|) € L'(T): let f € H?, then

(2.1) feEHD) < Ift € H* Ty f =Taf".

Moreover, in this case, the function f* is unique (since a is outer, then
T; is one-to-one) and

(2:2) L1l = N1z + 11113

See [I1,, Corollary 25.10]. If f € H(b), according to ({2.1)), there exists
a (unique) function g € H? such that

(2.3) bf =af"t + zg, a.e. on T.

It is also known that for every A € D, k) and bk) belong to #H(b), and
for f € H(b), we have
b(A) ST

2.4 kxy, = f(N) + —5fT (A d bky), = ——.
24) Ul = FO)+ GO and (flbk), = S
We also recall that the set of polynomials P is dense in H(b) [11]
Theorem 23.13]. Moreover, if (A,)n>1 is a sequence of points in D, then
{kx, : n > 1} is complete in H(b) if and only if >~ (1 —|\,|) = oo
[3, Theorem 4.2].

An important tool in the study of a reproducing kernel Hilbert space
is its associated multiplier algebra. We denote by

M(H(b)) := {p € Hol(D) : of € H(b), Vf € H(D)},

the multiplier algebra of H(b). Using the closed graph theorem, it is
easy to see that if ¢ € MM(H(b)), then M, the multiplication opera-
tor by ¢, is bounded on H(b). The algebra of multipliers is a Banach
algebra when equipped with the norm [|¢loy 344y, = [Moll 3. Here
L(H(b)) is the space of all linear and bounded operators on H(b) en-
dowed with its usual norm. Using standard arguments, we see that
H(b) € H* NH(b). In general this inclusion is strict. Moreover, when
log(1 — |b]) € LY(T), it is known that there are plenty of multipliers.
More precisely, we have Hol(D) C 9(H(b)). See [I1, Theorem 24.6].
In particular, for every A € D and every polynomial p, the functions
k) and p are both multipliers of H(b).

In the theory of de the Branges-Rovnyak spaces, an important tool
is the concept of Alexandrov-Clark measures. Recall that given b in the
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closed unit ball of H* and a € T, there exists a unique finite positive
Borel measure p, on T such that

1—1b(2)]>  [1—]z?
1—ab(z)]2 Jplz—CP2 dua(¢),  z€D.

The collection {jiq }aer is called the family of Alexandrov-Clark mea-
sures of b. When log(1 — |b|) € L!(T), denoting by

(2.5)

a
Fa S E— T;
—a ¢
and using standard facts on Poisson integrals, we see that
dp
(2:6) Fa(OF = 2-(¢),  forae. (€T,

where ,u((f) denotes the continuous part of the measure pu,, and du&a) /dm
denotes its Radon-Nikodym derivative with respect to Lebesgue mea-
sure m. In particular, F,, € H? for every o € T. Now, for € T, define
by

Tﬁk)\ = FO(()\)]{I)\, )\ S ]D)
Then T is a densely defined operator on H?. See [10, Section 13.6]
for more information on Toeplitz operators with symbols in L*(T). We
just mention here a useful result on the properties of 71 _aT7
Lemma 2.1. Let a € T. Then

(i) Ty—a Ty is an isometry from H? into H(D), and we have
T H? = spang ) ((1 —ab)z" :n > 0).

(i) Ty _—aTF is onto if and only if jio is absolutely continuous with
respect to m.

Proof. See [11l, Theorem 24.23] and [11], Theorem 29.16]. O

An important subspace of H(b) is M(a) = aH? equipped with the
range norm

lafllm@ = 1fll,  f€H.
It is known [II, Theorem 23.2] that M(a) is contractively contained
into H(b), which means that for every f € H? af € H(b) and

(2.7) laflls < llafllam@ = [1fll2-

Moreover, we can characterize the density of aH? in H(b) in terms of
rigid functions. Recall that a function f € H', f # 0, is said to be
rigid if, for any function g € H', g # 0, the assumption

arg(g) = arg(f), a.e. on T,
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implies the existence of a positive real constant A such that g = \f. It
turns out that rigid functions in H*', of unit norm, coincide with ex-
posed points of the closed unit ball of H' [T}, Theorem 6.15]. Note that
if 5(0) = 0 and if the Alexandrov-Clark measure f, of b is absolutely
continuous with respect to m for some o € T, then using and
([2.6), we see that the function F, = a/(1 —ab) has a unit norm in H'.
Recall also that for almost every a € T, p, is absolutely continuous
with respect to m [I1, Theorem 24.19].

Theorem 2.2. Assume that b(0) = 0 and let a« € T such that fi, is
absolutely continuous with respect to m. The following assertions are
equivalent:

(i) the subspace aH? is dense in H(b);
(ii) the function F? is rigid.

Proof. See [11I, Corollary 29.4]. O

As already said, when log(1 — |b|) € L'(T), the de Branges—Rovnyak
space H(b) is invariant with respect to S. We shall denote by S, the
restriction of S to H(b), and it is known [I1, Theorem 24.3] that

1 - [b(0)]?
|a(0)]

We shall be interested in the cyclic vectors of 5. Recall that a function
f € H(b) is said to be cyclic for Sy if

spany ) (Sy f :n > 0) = spang, (2" f : n > 0) = H(b).

This is of course equivalent to say that the set {pf : p € P} is dense
in #(b). By density of polynomials in #(b), the constant function 1
is clearly cyclic for S,. Moreover, standard arguments show that a
function f € H(b) is cyclic for S, if and only if there exists a sequence
of polynomials (p,), satisfying |1 — p,f|ls = 0 as n — oo. In other
words, it is sufficient to approximate the function 1 to get cyclicity. See
[9, Lemma 3.1]. We also recall the following known fact which follows
easily from Beurling’s result and the fact that H(b) is contractively
contained in H?Z.

Lemma 2.3. Let f € H(b). Assume that f is cyclic for Sy. Then f is
outer.

Proof. See [9, Lemma 3.2]. O

(2.8) ISyl = > 1.

We end these preliminaries on H(b) spaces by a computation which
will be a key result for the completeness problem related to the cyclic
vectors for .Sp.
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Lemma 2.4. Let f € H(b) and A € D. Then fky € H(b) and

Ag(A)

2.9 k)T = Tk,
(2.9) (fha)"=f +a(A)

k)m

where g € H? is defined by (2.3).

Proof. First recall that ky € 9M(H(b)) and thus fky € H(b). Now,
using (2.3), we have
Ty(fkx) = Pr(bfky) = Py(af " ky +Zgky) = Py(af k) + Py(Zgky).

Observe that P, (Zgky) = Ag(\)ky. Indeed, for all h € H*>, we have
(hIP; (Zgka))y = (Zgk), = (2ghlkn), = AgVA(N) = (AAGDkx ) |
and we conclude thanks to the density of H* in H?. Using now the

fact that ky = T3 <%>, we get

T(fh) = Tolf k) + T (Ag(_%)@ T, (f% + Ag( %) m) |

a a

The definition of (fky)* completes the proof. O

2.2. Cauchy transform and distribution function. A useful tool
in the proof of our main result on cyclic vectors of S, will be the Cauchy
transform. Recall that the Cauchy transform of a function f € L'(T)
is defined by

Cf(z) = i 1f_(%)z

Note that C'f € Hol(C\T) and in particular, for z € D, we have

Cf(z)=>_ fln)z".

n>0

dm(¢), z € C\T.

We refer the reader to [7, [I0] for more details about Cauchy transforms.
We shall here just recall the main useful properties for us. It is not
difficult to prove that for every f € LY(T), C'f € (., H?, and so,
in particular, C'f belongs to the Smirnov class N'". In general, C'f
does not belong to L'(T) but we have a weaker version due to A.N.
Kolmogorov. For that purpose, let us recall that L(l)’oo(T) is the space
of measurable function h : T — C satisfying

1
An(t) zo(g) , as t — oo,
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where A\ (t) = m ({¢ € T : |h(¢)| > t}), t > 0, is the distribution func-
tion of h. It is easy to see that L'(T) C Ly™(T), and if h € Ly™(T)
and ¢ € L®(T), then ph € Ly™(T).

Theorem 2.5 (Kolmogorov). Let f € LY(T). Then Cf € Ly™(T).
Proof. See [7, Proposition 3.4.11]. O

In particular, the Cauchy transform C maps L'(T) into the space
Hy™ = Ly™(T) NN+
Two representations of functions in Hy*™ will be useful for us.

Theorem 2.6 (Aleksandrov). Let f € Hy™. Then, for all z € D, we
have

(2.10) =g [ ),
and
211) FO)= Jim_ /f . L dmo)

Proof. See [1, Theorem 6] and [7, Lemma 5.13 and Lemma 5.22]. O
We shall use the following simple consequence.

Corollary 2.7. Let f, f € HS’OO. Then f is a constant function.

Proof. According to (2.10), since f € Hy™, we have

— JiG) L f(©)
Fz) = lim /|f|§A1_Zde<<>—Agrgw /f Tt

for all z € D. Now, since f € Hy™, ([2.11) gives

| SQ g
Jm [ g @)= 50),

for all z € D. Finally, we get that f(z) = f(0) for all z € D and f is a
constant function. O

Using F. and M. Riesz Theorem, it is easy to check that for f €
LY(T), then Cf = 0 on D if and only if f € H} = zH'. We end this
section on Cauchy transform by two simple identities.

Lemma 2.8.

(i) Let f € LX(T). Then C(f) — f = f(0) — C(f) a.e. onT.
(ii) For f,g € H?, (flgkr), = C(fg)(N\) for all X € D.
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Proof. (i) Let ( € T and z € D. Observe that

¢ ¢ _1-Jzf
SR SR T il

and then
¢ z
- [y amio [ 107 amior+ [ 1024

where Pf is the Poisson integral of f. In other words, we have

Fo+ [ L g+ [ L o) = )

Tl—(z2 Tl —2C

dm(C) = (Pf)(2),

and thus

~

—f(0) +(Cf)(2) + C(F)(2) = (Pf)(2),

for all z € D. Since C' maps L'(T) into N'*, C'f and C(f) have radial
limits almost everywhere on T. Moreover, P f tends radially to f almost
everywhere on T. Thus, we get that

-~ —

—-fO)+Cf+C(f)=f a.e. on T,

which proves (7).
(i1) Let f,g € H* and A\ € D. We have
9(¢

) e —
oz €)= O, 0

(Flgka), = /T £(0)

3. A COMPLETENESS PROBLEM RELATED TO CYCLICITY

We shall make an interesting connection between the cyclic vectors
for S, and a completeness problem. This link will enable us to use
Lemma to give some sufficient conditions for the cyclicity in the
next section. We first start with the situation in the Hardy space to
motivate our results on H(b).

3.1. A completeness problem in the Hardy space.

Lemma 3.1. Let f = Of. € H?, where © is inner and f. is outer.
Then, for every sequence (A,)n>1 C I satisfying > o~ (1 — |An|) = 00,
we have

spang: (fky, :n > 1) = OH.

Proof. Since fky, € ©H? and ©H? is a closed subspace of H?, the
inclusion spang2(fky, : n > 1) C ©H? is clear. Assume now, on
the contrary, that spang.(fky, : n > 1) C ©H?% Then there exists
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@ € H? ¢ # 0, such that ©¢p is orthogonal to fky, in H? for every
n > 1. According to Lemma [2.8] (i7), we have

0= (Op|fkr, )y = (@] fechr.)s = Clofe)(An)-

But, since C(¢f.) € N and Y22 (1 — |\,]) = oo, we deduce that
C(¢fe) = 0onD. In particular, there exists ¢ € Hy such that pf. = ¢,
which gives that ¢ = fi almost everywhere on T. In particular, we have

7 e LX(T)NN*t = H?, and then ¢ € H2N H2 = {0}, which gives the
desired contradiction. O

Corollary 3.2. Let (\,)n>1 C D satisfying Y - (1 — |A\,|) = o0, and
let f € H%. Then

spang: (fky, :n>1) = H* <= f is outer.
Proof. This follows immediately from Lemma [3.1} 0

Remark 3.3. It should be noted that if the sequence (\,)n,>1 is a
Blaschke sequence, that is >~ (1 — [A\,]) < oo, then it may happen
that the sequence (fky, )n>1 is no longer complete, even if f is an outer
function. Indeed, it is sufficient to observe that if B is the Blaschke
product, associated to the Blaschke sequence (A,,),>1, then

spangz(ky, :n >1)= H*© BH? # H*.

3.2. A completeness problem in H(b). The cyclicity of S}, involves
the closed linear span generated by 2" f, n > 1, where f € H(b). We
shall make a connection with the closed linear span generated by k f,
Al < [1Sp]|7t. Recall that [|Sy]| > 1, see (2.8). The following lemma
will be the key to make this connection. It is inspired by [10, Theorem
5.5].

Lemma 3.4. We have
. 1
(3.1) Spanm(H(b))(z :n>0)= SPalgy(34(b)) kot lpl < 1Sl )

Proof. We shall prove the two inclusions separately. First, let u € C
such that || < ||Sy]| ™" Let us prove that k, € spalgy ) (2" 1 1 > 0).
Observe that

N
k=Y 2" < D " 12 ey = D 1l 11Sp ]
n=0

MHB)  n>N+1 n>Nt1
< > [ 156" - 0.

n>N+1
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Thus we get that k, € spangs ) (2" : n > 0), which gives the first
inclusion.

For the reversed inclusion, let n € N and let us prove that z™ belongs
to spang e (K : |pl < HSbH_l). For n = 0, this is trivial because
2% = ky = 1. Let us assume now that n > 1, and introduce the nth
root of unity ¢ = ¥/, For 0 < r < ||Sy|| ™", define

. kr+kr<+"'+kr<n—l —nk’o
n nrv

gr

which belongs to \/(k, : |u] < [|Sp||™). We shall prove that g, — 2"
r—
in M(H(b)). Indeed, for all z € D, we have

_ 1 ek Nk ok Ook;(n—l)kk
gr(z)—mm (Zrz —|—kz_%r§z+ —|—;TC 2" —n

k=0
00 n—1
b kk ik
_nT"ZT z (ZC )
k=1 i=0
Note that, for £ € N*, we have
nz_l i n, if k = nt for some ¢ € N*,
== _snk .
pare 11_C§k =0, if k¢ nN.
Thus we get that
_ 1 = n _In = (—1)n ¢n
gr(z)—r—n rz —Zr P
=1 =1
This implies
n —1n In n {+1)n
lgr — 2 ||£)Jt(’H(b)) < ZT(Z K 1S ]I = Zre ||Sb||( )
=2 =1
S
1— ][ Syl

and the last term tends to 0 as r goes to 0. Hence 2™ belongs to
SPallgn3(p)) (ky  |u| < ||Sb||71), and we get the reversed inclusion, and
then the equality (3.1). O

Corollary 3.5. Let f € H(b). Then

n 1
spatly ) (2" f 1 n > 0) = spany, (kuf Hul < m) :
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In particular, f is cyclic in H(b) if and only if

SpanH ( ,uf |:LL| < ||S ||> H(b)
Proof. This follows directly from Lemma 3.4} U

Lemma 3.6. Let (\,),>1 C D\{0} satisfying Y >, (1—|\,|) = oo, and
let f € H(b). Then spany,(fkx, : n > 1) is invariant with respect to
Sh.

Proof. Observe that, since A\, # 0, we have

1 1 (1-Ns-1
S k prm— = —— —TL_
o(fhn) =2/ . n ( 1— .- )

= (= Fa).

Thus it is sufficient to prove that f € spany, ( fEx, :m>1). Assume
on the contrary that f & spany (fky, : n 2 1). Then there exists
h € H(b) such that (h|fk,), = 0 for all n > 1, and (h|f), # O
According to (2.2)) and (2.9), we get
0 = (Alfk)y + (RTI(FRa) ™),
Ang(An)
= (h|fk Rt fTE
< ’f )\n>2+< ‘f )\n>2+ a()\ﬂ)
where ¢ satisfies (2.3). Now it follows from Lemma [2.8) (i7) that

=GP + OO + 22002

h+()\n)7

Wt (An).

Multiplying by a(A,) gives

0= a(A\)C(hf) (M) + a(X) O ) (An) + Aag (M) T (An)-

Observe that the function aC(hf) + aC(h* f+) 4+ zgh™ belongs to N+
and vanishes on the sequence (\,),>1. Since Y~ (1 — |\,|) = oo, we

(A
deduce that aC(hf) + aC(h+f+) + 2gh™ =0 on D. In particular,

a(0)C(h)(0) + a(0)C(h* TF)(0) = 0.

Using a(0) # 0 and one more time Lemmal[2.8] (i) and (2.2), we deduce
that

= C(hf)(0) + C(h*FF)(0) = (Bl f)y + (BF[ ), = (Al f),
Thus we get a contradiction, and we can conclude that f belongs to
spang ) (fkx, 1 n > 1). O
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We may now link the problem of cyclicity with our problem of com-
pleteness.

Corollary 3.7. Let f € H(b). The following assertions are equivalent:
(i) f is cyclic for Sy;
(ii) for every sequence (An)n>1 C I satisfying Y- (1 —|\,]) = oo,
we have spany ) (fky, 1 n > 1) = H(b).

Proof. (i) = (i1): Assume that f € H(b) is a cyclic vector for S,
and let (A,)n>1 C D satisfying > 07 (1 —|\,]) = co. Without loss of
generality, we may suppose that for all n > 1, A, # 0. According to
Lemma Syspany ) (fk, 1 n > 1) C spanye (fky, :n > 1). In
particular, for all polynomials p, we have pf € spang ) (fkx, : n > 1),
which gives that

spany, (pf : p € P) C spany g (fky, :n > 1).
We conclude using the cyclicity of f.

(1) = (i): Let (\,)n>1 be any sequence such that |\,| < ||Sy|| "
Since ||Sy]| > 1, we obviously get that ">, (1 — |A,|) = oo, whence,
by hypothesis, we have spang,, (fkx, : n > 1) = H(b). It remains now
to apply Corollary to conclude that f is cyclic for S,. U

4. MAIN RESULT ON THE COMPLETENESS PROBLEM

In this subsection, we shall discuss the problem of completeness of
the sequence (fky,)n>1 in H(b), where f € H(b) and (Ap)p>1 C D
satisfies Y >° (1 — |\,|) = co. We start with a simple observation.

Lemma 4.1. Let (A,)n>1 C D such that 2 (1 — |\,|) = oo, and let
feHo). If

spany ) (fkx, 1 n > 1) = H(b),
then f is an outer function.

Proof. Let p be a polynomial and € > 0. Then there exists a function
g € \/(fkx, : n > 1) such that |[p — g||s < e. Using (2.2)), we see that
Ilp — gll2 < e, and then p € spang(fky, : n > 1). But P is dense in
H?, whence

spang:(fky, :n>1) = H>
Now Corollary [3.2] implies that f is outer. O

When one studies the problem of completeness of (fky, )n>1 in H(b),
we may therefore assume, without loss of generality, that f is outer.



14 EMMANUEL FRICAIN AND ROMAIN LEBRETON

Theorem 4.2. Let f € H(b) be an outer function and let (A,)pn>1 C D
satisfying Y o~ (1 — |A,]) = o0. ]f% € L>(T), then
(4.1) spany ) (fky, 1 n > 1) = H(D).
In particular, f is cyclic for Sy.
Proof. Let h € H(b) such that h L, fky, for all n > 1. Using the same
computations as in the proof of Lemma (3.6, we get
(4.2) aC(hf) +aC(h* f+) + zgh™ = 0, on D,
where ¢ satisfies bf = aft + Zg a.e. on T. Taking the radial limits in
(4.2) and using the definition of g, we deduce that
aC(hf) +aC(h* f*) —afth™ +bfht =0  ae. onT.
Multiplying by b and using the relation |a|?> + |b|> = 1 a.e. on T, we
obtain
a (bC(hf) +bC (AT fF) = bftht —afh™)+ fAT =0  ae onT.

Since a # 0 and f # 0 almost everywhere on T, we get

T h*
? (bC(hf) +bC (W fF) —=bftht —afht) = ——.
a

Using the fact that i € H(b), there exists hy € H? satisfying bh =
ah™ + zh; a.e. on T, which gives
1, - S — — h*
- (BC(hF + 1 FT) = B Th* = bfh + 2 f) = ——.

If o = hf + h* f+, we can rewrite this identity as

ht b(C(p) — h
(4.3) —=— (Cly) _SD) ALY a.e. on T.

a f
We claim that % € Hy™ N Hy*™. Indeed, on one hand, observe that
% € N7, and since ¢ € L(T), by Kolmogorov Theorem, C(p) — ¢

belongs to Ly (T). But using that % € L>(T), we get that

(C(p) = ¢) € Ly™(T).

Moreover, zh; € L*(T) ¢ L*(T) c Ly™(T), whence it follows from
(4.3) that % € Ly™(T) and thus % € Hy™. On the other hand,
according to Lemma [2.8| (i), we have

b b

(4.4) Z -7 (W—@) —zhy = 7 <W‘ C(@)) — zhy.

b
7
T)
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Using once more Kolmogorov Theorem, this identity shows that % €
Hy™. Finally, we have % € Hy™NHy™. Tt follows from Corollary

that % is a constant function, say equals to ¢ € C. In particular, with

(4.4) and Theorem [2.10, we obtain that
b(2)

(W - C@)(Z)) —zh(2)=¢,  z€D.

f(z)
Evaluating at z = 0 gives
b(0) (—— _ _
70 (B0 - C@)0) ==
But

a@@—éaﬁmm—a»

whence ¢ = 0. In other words, h* = 0 and coming back to (4.2), we
deduce that C'(hf) =0 on D. In particular, there exists ¢ € Hj such

that hf = ¢. Hence h = £ € H?2 N H2 = {0}, which concludes the
proof. O

<l

Remark 4.3. The sufficient condition b/f € L*>°(T) implies that the
set

2(f) = {¢ € T limin | ()] = 0}

z€D

is included in the boundary spectrum of b, where we recall that the
boundary of b is defined as

o(b)={¢CeT: lim_)iélf |b(z)| < 1}.

z€eD

Indeed, let us assume that there exists ¢ € Z(f) and ¢ ¢ o(b). Then
there exists a sequence (z,),>1 in D satisfying z, — ¢ and |f(2,)] — 0,
n — oo, and since ¢ ¢ o(b), lim, ¢ |b(z)] = 1, which implies that
|b(z,)| — 1. This contradicts the fact that b/f € H™.

Remark 4.4. It should be noted that b/ f € L>°(T) is not necessary to
have ([(L.1). Indeed, let b(z) = (1+2)/2 and f(z) = z —i, z € D. Then
f € H(b) and since f(1) =1 —1i # 0, Corollary 4.2 from [12] implies
that f is cyclic for Sp. In particular, according to Corollary [3.7] the
property is satisfied. However, b/ f ¢ L>(T).
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5. SOME CONSEQUENCES ON CYCLICITY

In this section, we shall discuss some easy consequences of our main
theorem on cyclicity.

Corollary 5.1. (i) Let f € H(b) satisfying infp |f| > 0. Then f
1s cyclic for Sy.
(i) The function b is cyclic for Sy if and only if b is outer.

Proof. (i) First it is known that the condition infp | f| > 0 implies that
f is outer. See [13, Page 67]. Moreover, % € L>°(T) and Theorem
implies that f is cyclic.

(73) The second assertion follows immediately from Lemma [2.3| and
Theorem [4.2] O

Note that Corollary (1) generalizes [9, Corollary 3.4], which was

proved under the additional assumption that f € Hol(D).
Example 5.2. (a) Let A € D. Then
1 —b(\)b(2)

1— )z
Thus, it follows from Corollary that k% is cyclic for Sp.

(b) If b is outer and A € D, then bk, is outer (being the product
of two outer functions) and b/bky = 1/ky = 1 — Az € L>°(T). Thus
Theorem [4.2] implies that bk, is cyclic.

Note that these two results on k% and bk, were already observed in
[9, Proposition 5.7] but with the additional assumption that (a,b) is a
corona pair, meaning that infp(|a| + [b]) > 0. We see here that this
assumption can be omitted.

ey

5 > 0.

[k (2)] =

For the next result, recall the definition of the family of Alexandrov-
Clark measures {/i}eer associated to b. See (2.5).

Corollary 5.3. Let ¢ € C. The function 1 — ¢b is cyclic for Sy if and
only if we are in one of the following three cases:

(i) el < 1;
(i1) |c| =1 and pz is absolutely continuous with respect to Lebesque
measure m;

(111) |c| > 1 and 1 — cb is outer.
Proof. (i) Assume that |c¢| < 1. Observe that
i%f\l—cb\ >1—lc| >0,

and Corollary [5.1] implies that 1 — ¢b is cyclic for Sj.
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(74) Assume now that |c¢| = 1 and denote by ¢ = ¢. Using Lemma
(1), we have

spany ) (1 — b)z" :n > 0) = T\ g T H,

where Fy is the H? outer function defined by F; = I_Lgb Hence, 1 —¢b
is cyclic for Sy if and only if T} _gTr H 2 = H(b). But it follows from
Lemma [2.1] (i) that this is equivalent to the fact that p is absolutely
continuous with respect to m.

(¢4¢) Assume now that |¢| > 1. According to Lemma [2.3] we may
assume that 1 — ¢b is outer. According to Corollary [3.5] we have to
prove that

spatyg) (1= cb)ky = [A] < [|Sp]71) = H(D).
For that purpose, let f € H(b) and assume that f is orthogonal to
(1 — ¢b)ky in H(D), for every || < ||Sy||~". Then

0= {fI(1 = cb)kr), = (FlRr), =€ (fIbA),
and, according to ([2.4]), we deduce that

b(A) ¢ _fT(N)
O:f()\)erf (A)_CW7

for every |\ < ||Sb||71. Hence, af + bf™ — ¢f* vanishes on the disc
of center 0 and radius ||S,|| ", and by analytic continuation, it follows
that af +bfT —¢f™ =0 on D. Taking radial limits, we then get

af +bft —¢ft =0  ae onT.
Multiply by @ and use the fact that |a* + [b]*> =1 a.e. on T to get
(1— ) f+ab—-2o)f =0 a.e. on T.

If g is the H? function satisfying (2.3]), we can rewrite the last identity
as

f(1—cb)=(b—0)zg a.e. on T,
whence
;=
b—c¢ 1-—c¢b
Observe now that infp [b—¢| > |¢|—1 > 0, whence b%z € H?. Moreover,

a.e. on T.

using that 1— cb is outer, we have Eéfc =L e L*(T)NN* = H?, and
since it vanishes at 0, % € H3. Hence ;L= € H*>n HZ = {0}. This
concludes the proof of the fact that if |¢| > 1 and 1 — ¢b is outer, then
1 — ¢b is cyclic for Sp. U
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Aleman and Malmann have shown in [2, Theorem 5.11] that if £

is a closed invariant subspace of Sy, then dim(€ © S€) = 1 and if
Y e & SE, Y #0, then

(5.1) E=E, = {gEH(b):%eHQ,%@WEH?}.

Using this description, we can give a nice characterization of spaces
H(b) in which the sequence (fky, )n>1 is complete for every outer func-
tion f € H(D).
Theorem 5.4. Let (\,)n>1 C D satisfying > .- (1 —|\,|) = co. Then
the following assertions are equivalent:

(i) for every outer function f € H(b), we have

spany ) (fky, 1 n > 1) = H(D);
(ii) the subspace aH? is dense in H(b).
Proof. (ii) = (i): Let f be an outer function in H(b). Without loss

of generality, we may assume that for all n > 1, A\, # 0. Since aH? is
assumed to be dense in H(b), it is sufficient to show that

(5.2) aH? C spany ) (fka, 1 n > 1),

to get that (fky,)n>1 is complete in #H(b). Observe that, according to
Lemma , the closed subspace spany g, (fky, 1 n > 1) is invariant
with respect to Sp. Thus, it follows from (5.1]) that

spang ) (fky, 1 n>1) =&y = {g € H(b) : % € H{%zﬁ € H2},

for some v € H(b). Moreover, since aH(b) C aH? C H(b), the function
a is a multiplier of H(b), and then it is easy to see that a&, C &,. In
other words, we have

(5.3) aspang ) (fky, 1 n > 1) Cspang ) (fky, 1n>1).

In order to prove (5.2), let h € H? and € > 0. According to Corol-
lary there exists ¢ € \/(ky, : n > 1) such that

€
(5.4 Ih—afl < 5
Using (5.3), we see that aqf € spany,(fkx, : n > 1), and so there
exists p € \/(ky, : n > 1) such that

(5.5) lagf —pfly <

Thus, it follows from (2.7 that
lah —pflls < llah —aqfllo + llagf — pflly < [1h = afll2 + llagf — pfll,

DN ™
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which gives by (5.4) and ({5.5),

€ 9
lah—pfll < 5+ 5

2
Hence for every h € H?, ah € spany, (fkx, : n > 1), which proves

(5.2) and then (3).

(1) = (ii): Note that
\/(ak,\n :n>1) CaH? C H(b).

=E£.

Since a is outer, it follows from (i) that \/(ak,, : n > 1) is dense in
H(b), which implies that aH? is dense in H(b). O

Corollary 5.5. Let (\)n>1 C D satisfying Y - (1 —|A\,]) = 00. As-
sume that b(0) = 0 and let o € T such that p, is absolutely continuous
with respect to m. Then the following assertions are equivalent:

(i) spany ) (aky, :n > 1) = H(b);

(ii) the function F? is a rigid function.

Proof. (i) = (it): Since
\/(ak,\n :n > 1) C aH? C H(b),

it follows from (i) that aH? is dense in H(b). Thus, according to
Theorem F? is a rigid function.

(i1) = (i): Assume now that F? is rigid. Hence, using one more
time Theorem the subspace aH? is dense in H(b). Then Theorem
implies that spang (aky, : n > 1) = H(D). O

Remark 5.6. After completing this research work, we learned of the
existence of Bergman’s article [4]. We thank him for sharing his preprint
with us. Note that his results on the cyclic vectors for S, are much more
general than those obtained in our paper. However, our method is (in a
sense) more direct and easier and may therefore be of interest. On the
other hand, the link with the completeness problem is also interesting.
Finally, note that by combining results of [4] and Corollary .7} we
can obtain some generalizations of Theorem [£.2] and get more general
sufficient conditions for the completeness of (fky,)n>1 in H(b). Since
it is just an application of results contained in [4], we leave the details
to the reader.
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