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Abstract 

In this paper, we study phase transitions in a magnetoelectric bilayer with two order 

parameters using Monte Carlo simulation. We investigate the effects of temperature, 

magnetoelectric coupling, and anisotropy in the multiferroic bilayer formed by a 

frustrated antiferromagnetic layer with Heisenberg spins and a triangular lattice 

ferroelectric layer. We show that magnetic frustration induces creation of skyrmions 

and  a skyrmion lattice at moderate values of Dzyaloshinskii-Moriya interaction and 

interface magnetoelectric coupling with adjacent ferroelectric layer. The skyrmion 

crystal is stable up to relatively high temperatures. The effect of anisotropy is to 

cause only a shift of the critical temperature without changing the type of the phase 

transition.  The phase of the skyrmion lattice becomes more resistant and stable to 

temperature fluctuations in the case of a highly anisotropic frustrated film. 

Keywords: phase transition, bilayer, skyrmion, skyrmion lattice, Monte Carlo 

simulation, magnetoelectric interaction 

1. INTRODUCTION 

In the last few decades, nonuniform spin structures, such as skyrmions in 

nanofilms with magnetic or ferroelectric long-range ordering or systems with both 

types of ordering has become a central focus of condensed matter physics [1-11]. 

Although skyrmions were invented for the stablization of vortex configurations in the 

field theory, it allows for a number of generalizations, such as ferroelectric skyrmions 

[12] and magnetic skyrmions. Magnetic skyrmion is a topologically nontrivial local 



spin texture that forms at low temperature (in special cases at zero temperature) from 

competition among exchange interactions, exchange frustrations and external fields.  

On the one hand, skyrmions can be used to store, transmit, and manipulate 

information with high efficiency in terms of energy consumption due to their 

topologically protected textures [13-16]. On the other hand, magnetic skyrmions form 

lattices in antiferromagnetic, synthetic antiferromagnetic and compensated 

ferrimagnetic materials – it represents an exciting state of matter[17-18]. 

Experimentally, there is ample of evidence that thermodynamically stable skyrmion 

lattice phases occupy a wide region in the phase diagrams of many materials, most 

notably the thin films and superlattices [19-22]. They were observed [20,21] in several 

multiferroics, crystals (and epitaxial films) with certain symmetry [23].  For thin films 

with ferromagnetic long –range ordering skyrmions usually appear only as result a 

competition of  exchange and Dzyaloshinskii – Moriya interactions in the presence of 

magnetic field.  

Due to the magnetoelectric coupling effect of multiferroic materials, 

magnetoelectric interaction is an important force to modulate skyrmions. Recently, 

many works have been done on the mechanical control of skyrmions. For example, 

Wang et al. [24] have found that the ferroelectric proximity effect at the interface of 

heterostructure BaTiO3/SrRuO3 triggers a sizeable Dzyaloshinskii–Moriya 

interaction, thus stabilizing robust skyrmions. Legrand et al. [25] have successfully 

demonstrated that room-temperature antiferromagnetic skyrmions can be stabilized in 

synthetic antiferromagnets (SAFs). Shibata et al. [26] have observed very large 

anisotropic deformations of skyrmions induced by uniaxial strains, which indicates a 

large strain-induced anisotropy in DMI. Koretsune et al. [27] have demonstrated that 

the value of DMI coefficient, which controls the stability and size of skyrmions, can 

be controlled as a function of the external strain. Wang et al. [28] have explored the 

uniaxial strain modulation of topological phase transition in ferromagnetic thin films 

by using a phase field model, in which the ferromagnetic-to-skyrmion and skyrmion-

to-helical phase transitions take place sequentially as a uniaxial tensile strain increases 



under specific magnetic fields. In the above-mentioned mechanical control of 

skyrmions, however, only a uniform strain or stress has been employed and thus an 

external magnetic field is needed to stabilize the skyrmions. 

As already mentioned skyrmions are promising candidates for topological 

computation. Such binary and ternary memory device based on skyrmion (all-electric 

skyrmion-based devices, ultra-low dissipation devices) can be realized in different 

physical setups, such as ternary proccessor [29, 30]. The stability of topologically 

protected vortical spin textures can make the new memory devices based on skyrmions 

nonvolatile, and low energies for manipulation will reduce the cost of rewriting 

compared to current technologies. 

Distinctly different from ferromagnetic materials, the mobile skyrmions in 

antiferromagnetic nanofilms move along the expected trajectory (along of the acting 

force i.e. the external field or current) [31, 32]. Comprehensive studies of skyrmions 

in antiferromagnetic materials are important from the point of view of future technical 

applications, because apart from the dynamic resistance of skyrmions to the Hall effect, 

the sufficiently large values Dzyaloshinskii-Moriya interaction (DMI) are more 

commonly found in antiferromagnetic (AFM) materials than ferromagnetic (FM) 

materials. We note that Mohylna et al. explored the emergence of skyrmion lattice in 

the absence of DMI in classical overfrustrated Heisenberg antiferromagnet on 

triangular lattice under external magnetic fields, the presence of the skyrmion phase in 

a frustrated triangular lattice antiferromagnet in the absence of the DMI was confirmed 

experimentally very recently [33,34]. On the roadmap of skyrmion-based modern hi-

tech manufacturing, creation and stabilization of skyrmions are at the peak of necessity. 

In this article we show that magnetic frustration in the multiferroic bilayer system 

described by frustrated antiferromagnetic Heisenberg model on triangular lattice, 

induces creation of skyrmions and emergence of skyrmion lattice at moderate values 

of Dzyaloshinskii-Moriya interaction and interface magnetoelectric coupling with 

adjacent ferroelectric layer. Furthermore, we show that at zero magnetic field two kinds 

of exotic phases emerge according to the competition of different type interactions 



between spins and polarizations. For this purpose we employ two complementary 

approaches: the steepest descent method to calculate the ground state spin 

configuration and to explore the phase diagram at 𝑇 =  0, and Monte-Carlo (MC) 

simulations to incorporate thermal fluctuations and the effect of magnetoelectric 

coupling and anisotropy. The rest of the manuscript is organized as follows. In Sec. II 

we introduce the frustrated model of bilayer and present the 𝑇 =  0 magnetic phase 

diagram at zero field. Then we discuss skyrmion lattice and distributed skyrmion states. 

In Sec. III we show our simulations analysis at finite temperature, identify phase 

transitions and the influence of anisotropy on critical temperature regions at zero 

external magnetic field. Section IV is devoted to the summary and conclusions. 

2. MODEL SYSTEM AND SIMULATION METHODS 

A. Model  

Here we propose a model system which allows the existence of stable skyrmion 

lattice at moderate values of interface coupling and Dzyaloshinskii – Moriya 

interaction in the frustrated antiferromagnetic/ferroelectric ultrathin films, the model 

system is sketched in Fig. 1.  

 



Fig. 1. (a) Magneto-ferroelectric bilayer; (b) positions of the spins in the 𝑥𝑦 plane and 

the position of the non-magnetic ion, defining the Dzyaloshinskii-Moriya (DM) vector. 

Each layer has dimensions 𝐿 ×  𝐿 in 𝑥𝑦 plane. We assume periodic boundary 

conditions in all directions, the lattice sites of the antiferromagnetic layer of this bilayer 

are occupied by interacting Heisenberg spins 𝑆, while the lattice sites of the 

ferroelectric layer are occupied by interacting polarizations 𝑃⃗⃗. The Hamiltonian of the 

system is defined as follows: 

𝐻𝑚 = − ∑ 𝐽𝑖,𝑗
𝑚

𝑖,𝑗

𝑆𝑖
⃗⃗⃗ ⃗ ∙ 𝑆𝑗

⃗⃗⃗ ⃗ − ∑ 𝐽𝑖,𝑗
𝑓

𝑖,𝑗

𝑃𝑖
⃗⃗⃗ ∙ 𝑃𝑗

⃗⃗⃗ − ∑ 𝐷⃗⃗⃗𝑖,𝑗 ∙ [𝑆𝑖
⃗⃗⃗ ⃗ × 𝑆𝑗

⃗⃗⃗ ⃗]

𝑖,𝑗

− 𝐾 ∑(𝑆𝑖
𝑥𝑆𝑖+𝑦̂

𝑥 + 𝑆𝑖
𝑦

𝑆𝑖+𝑥̂
𝑦

)

𝑖

−𝐻𝑚𝑓              (1) 

We focus on the frustrated antiferromagnetic Heisenberg model on the triangular lattice 

which incorporates different levels of frustration in this lattice geometry. The first term 

here is the Hamiltonian of the antiferromagnetic subsystem, the second - of the 

ferroelectric subsystem, the third term is the DM  interaction between NN spins in the 

frustrated antiferromagnetic layer, the following $K$ term is the anisotropy interaction, 

and the last term is the Hamiltonian of their interlayer magnetoelectric interaction 

which is given below. We assume here 𝐽𝑖,𝑗
𝑚 < 0 characterizes the antiferromagnetic 

interaction between one spin and its six in – plane nearest neighbors (NN). We consider 

it to be the same for all NN within a layer. 𝑆𝑖
⃗⃗⃗ ⃗ is the spin vector on the i-th site. 𝑃𝑖

⃗⃗⃗ is the 

polarization z component at the i-th site assumed to have only two values ±1, 𝐽𝑖,𝑗
𝑓

> 0 - 

the NN interaction, similar for all NN.  Note that in  the DM interaction energy between 

two spins 𝑆𝑖 and 𝑆𝑗, 𝐷⃗⃗⃗𝑖,𝑗 =  −𝐷⃗⃗⃗𝑗,𝑖, is called ”DM vector” which results from the 

displacement of non magnetic ions located in the bisecting plane between 𝑆𝑖
⃗⃗⃗ ⃗  and 𝑆𝑗

⃗⃗⃗ ⃗ 

(see Fig.1). 𝐾 is called coefficient of compass-type anisotropy anisotropy.  In the 

following we will suppose that tensor  |𝐷⃗⃗⃗𝑖,𝑗| = 𝐷 independent of (𝑖, 𝑗) for simplicity.  



The last term in the Hamiltonian (1) is the energy of interface magnetoelectric 

interaction. We suppose that  

𝐻𝑚𝑓 = − ∑ 𝐽𝑖𝑗𝑘
𝑚𝑓

𝑃𝑘
𝑧 ∙ 𝑆𝑖 ∙  𝑆𝑗

𝑖,𝑗,𝑘

              (2) 

In this expression 𝐽𝑖𝑗𝑘
𝑚𝑓

 is the interaction parameter between the electric polarization 

component 𝑃⃗⃗𝑗 at the interface ferroelectric layer and its NN spins on the adjacent 

magnetic layer (See Fig. 1). Hereafter, for simplicity, we will assume that 𝐽𝑖𝑗𝑘
𝑚𝑓

= 𝐽𝑚𝑓 

We note that this interface coupling can be assumed to be large, as it has been observed 

experimentally [35] where an experimental value of a magnetoelectric coupling 

constant is of the same order of magnitude as typical exchange interactions (even twice 

larger) in a multiferroic heterostructure (PMN-PT).  

3. RESULTS AND DISCUSSION 

A. GROUND STATE  

Let us analyze the structure of the ground state (GS) in the case of multiferroic 

bilayer. We are interested in exploring the effect of competing frustrating interactions, 

so we fix 𝐽𝑖,𝑗
𝑚 = 𝐽𝑚  =  −1, 𝐽𝑖,𝑗

𝑓
= 𝐽𝑓 = 1 as the scale through the rest of this work. In 

the antiferromagnetic layer on the triangular lattice, for the nearest neighbor 

antiferromagnet (𝐽𝑚𝑓  = 𝐷 =  0), in the absence of the external field  the spins form a 

120◦ spin-structure and a trivial sixfold degeneracy related to permutations of the spins 

on each site. In the case when we take into account DMI and magnetoelectric coupling 

between antiferromagnetic and ferroelectric layers it is more convenient using the 

numerical minimization method called “steepest descent method” to calculate and 

represent the ground state spin configuration. This method consists in minimizing the 

energy of each spin by aligning it parallel to the local field acting on it from its NN. 

We use a sample size N × N × L. For most calculations, we select N = 60-600 and L = 

2 using the periodic boundary conditions in the xy plane. We investigated the following 

range of values for the interaction parameters 𝐽𝑚𝑓 



The ground state spin configuration in the case of competition of in-plane 𝐃, lattice 

frustration, compass-type anisotropy and magnetoelectric coupling has been studied by 

using steepest descent method with different values of 𝐽𝑚𝑓 and 𝐾. We note that the 

steepest descent method calculates the real ground state with the minimum energy to 

the value 𝐷 =  −0.5. For larger values, the angle between nearest neighbors tends to 

π/2 so that all magnetic exchange terms (scalar products) will lead to zero, the 

minimum energy corresponds to the DM energy. Small values of 𝐷 and 𝐽𝑚𝑓  result in 

small values of angles between spins so that the GS configurations have noncollinear 

domains (not shown). Figure 2 shows the GS configurations of the magnetic interface 

layer for 𝐷 =  −0.5, 𝐽𝑚𝑓 =  −2.2 in the absence of anisotropy.  

 
Fig. 2. GS configuration of the surface antiferromagnetic layer for  𝐷 =  −0.5, 𝐽𝑚𝑓 =
 −2.2 and 𝐾 = 0. The right column shows the color distribution corresponding to the 

z-component of magnetization. 

 

In Fig. 2 one observes an almost perfect lattice of skyrmions on a triangular lattice with 

a same diameter, we see that the central spin 𝑆𝑧 =  −1 in each skyrmion, and for spins 

in between the skyrmions 𝑆𝑧 = 1. In the between, the 𝑥𝑦 components turn around the 

skyrmion center. A good periodicity of the skyrmion phase and perfect lattice structure 

is found here in the range of values case 𝐽𝑚𝑓 ∈ (1.25, 3.5).  



In Fig. 3, we show the stable ground states for different values of magnetoelectric 

coupling and anisotropy. A weak anisotropy (𝐾< 0.2) renders a stable skyrmion 

lattice. A sufficiently large anisotropy (𝐾≥ 0.3) suppresses the spin spiral, and the 

ground state becomes antiferromagnetic, as shown in the upper right corner of Fig. 3. 

When 𝐾≥ 0.3 and magnetoelectric interaction 𝐽𝑚𝑓 ∈ (2.0, 2.5)  as shown on the lower 

right corner of Fig. 3, the ground state becomes a vortex. On the opposite limit of 𝐾 =

0 and magnetoelectric interaction 𝐽𝑚𝑓 ∈ (2.0, 2.5), the lower left corner of Fig. 3, the 

ground state is dominated by skyrmion lattices. At moderate values of anisotropy 𝐾 ∈

(0.0, 0.2) at the ground state skyrmions increase in diameter, the skyrmion lattice is 

destroyed, forming randomly distributed skyrmions, which are transformed into 

magnetic vortices. 

 

Fig. 3. Effect of anisotropy. The spatial profile of the z-component of the magnetization 

on a skyrmion. Each cell represents the ground state, obtained by using steepest descent 

method. Horizontal axis is the value of the anisotropy constant 𝐾; the vertical axis 

is interface magnetoelectric coupling. DMI and exchange parameters remain the same 

as in Fig. 2. 

To understand the mechanism that enables a compass type magnetic anisotropy 

and magnetoelecric coupling to generate and stabilize skyrmion lattice phase, we must 

turn to the energies of the ground state. 

https://aip.scitation.org/doi/10.1063/5.0035622


The energy of different ground state as a function 𝐾 for 𝐽𝑚𝑓 =  −2.2   shown in Fig.4. 

When 𝐾 ∈ (0.0, 0.3) (blue area), the ground state energy increase with K. The 

skyrmion lattice state has the lowest energy as D < 1.0 mJ m−2 . As anisotropy 

K increases, a phase with randomly distributed skyrmions becomes the stable state 

(green ares), and it remains energetically more favorable (than skyrmion lattice state) 

even at D = 1.5 (not shown). 

 

Fig.  4. The total energy as a function of the compass anisotropy for 𝐽𝑚𝑓 =  −2.2 and 

𝐷 =  0.5.  

 As K increases above 0.4, the skyrmions are suppressed, and the antiferromagnetic 

state (red area) has the lowest energy even at large D. At K above 0.4 the ground state 

energy decreases with K. 

B. MONTE CARLO RESULTS 

 We have used the Metropolis algorithm to observe the thermal fluctuations of the 

ground state spin configuration and to calculate physical quantities of the system at 

finite temperatures. It has been shown above that for 𝐷 = 0.5, the skyrmion crystal 

phase exists for 2.0 < 𝐽𝑚𝑓 < 4.2 at zero 𝑇. In the case of in-plane 𝐃 in a magnetoelectric 

bilayer for MC simulations we use a sample size 𝑁 × 𝑁 × 𝐿 with 𝑁 = 40 − 400 and 

𝐿 = 2. Below, we study the phase transition of the skyrmion lattice phase shown above 

when we increase the temperature 𝑇. To see if the skyrmions and its lattice structure 

are stable at finite temperatures, we use MC simulations to calculate the averaged 



energy per spin ⟨𝐸⟩, the specific heat 𝐶𝑣 and the order parameter 𝑄. These quantities 

are defined as follows 

〈𝐸〉 =
〈𝐻〉

2𝑁
, 𝐶𝑣 =

〈𝐸2〉 − 〈𝐸〉2

𝑘𝐵𝑇2
  

𝑄(𝑇) =
1

𝑁(𝑡𝑎 − 𝑡0)
∑ |∑ 𝑆𝑖(𝑇, 𝑡) ∙ 𝑆𝑖(𝑇 = 0)

𝑡𝑎

𝑡=𝑡0

|

𝑖

 

Where |∑ 𝑆𝑖(𝑇, 𝑡) ∙ 𝑆𝑖(𝑇 = 0)𝑡𝑎
𝑡=𝑡0

|  - the scalar product of spin at current temperature 

and the same spin at the ground state, which we have previously calculated using 

steepest descent method. These order parameters’ temperature dependences for 𝐽𝑚𝑓 =

 −1.75, 𝐽𝑚𝑓 =  −2.0 and 𝐽𝑚𝑓 =  −2.25 are shown in Fig. 5(a). The energies of 

ferromagnetic subsystem versus T for the same values of  𝐽𝑚𝑓 are shown in Fig. 5(b). 

 

Fig. 5. a) Order parameter of antiferromagnetic layer versus 𝑇.  b) Energy of 

antiferromagnetic layer versus T. The green, red and yellow dotted lines correspond to 

𝐽𝑚𝑓 =  −1.75, 𝐽𝑚𝑓 =  −2.0 and 𝐽𝑚𝑓 =  −2.25 respectively. Here 𝐷 =  0.5, 𝐾 =  0. 

As the curves indicate, the antiferromagnetic layer undergoes a second order phase 

transitions at 𝑇𝐶 = 1.45 𝐽𝑚/𝑘𝐵 for 𝐽𝑚𝑓 = (−1.75, 2.25). For the same set of 

parameters with non-zero anisotropy (𝐾 =  0.3) we obtain for the critical temperature   

𝑇𝐶 = 1.99 𝐽𝑚/𝑘𝐵 (not shown). 



In other words, the effect of anisotropy is reduced to a shift in the critical temperature 

without changing the type of phase transition. The results of Monte Carlo simulations 

allow us to conclude that the phase of the skyrmion lattice becomes more resistant to 

temperature fluctuations in the case of a highly anisotropic frustrated film.  

4. CONCLUSIONS 

In this paper, we have studied numerically using the steepest-descent method the 

magnetoelectric bilayer, composed of the non-frustrated ferroelectric film and the 

frustrated antiferromagnetic film. The latter is described by Heisenberg triangular 

lattice including a Dzyaloshinskii–Moriya interaction with an in-plane DM vector. We 

found  that this system gives birth to a skyrmion lattice at T=0. We have studied the 

phase transition of this skyrmion crystal by using Monte Carlo simulations. Order 

parameter 𝑄 together with other physical quantities indicate that the skyrmion crystal 

is stable up to a rather high temperature. The effect of anisotropy is found to shift the 

critical temperature without changing the type of phase transition.  The phase of the 

skyrmion lattice becomes more resistant and stable to temperature fluctuations in the 

case of a highly anisotropic frustrated film. This is very important because energy-

efficient applications and devices based on skyrmions can operate only at finite 

temperatures.  
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