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ABSTRACT

The polarization imagers based on linear division-
of-focal-plane (DoFP) polarization sensors are re-
ceiving much attention due to their integrated struc-
ture and their ability to capture polarization informa-
tion in real time. These cameras have manufactur-
ing defects that must be calibrated both in terms of
photometry and of polarimetry. We precisely quan-
tify the influence of these defects on the estima-
tion precision of the Stokes vector and on such po-
larimetric parameters as the degree of polarization
(DOP) and the angle of polarization (AOP). More-
over, commercial DoFP cameras can only measure
the linear Stokes vector. To perform full Stokes mea-
surements, one can use a retarder placed in front of
them. We show that the parameters of the retarder
can be optimized in order to minimize the estimation
variance of the Stokes vector.

1 INTRODUCTION

Polarimetric imaging consists in measuring the po-
larization state of the light coming from each point
of a scene. It can reveal contrasts that are not
visible in classical images and has many applica-
tions in remote sensing, medical imaging, or indus-
trial control. The complete polarization state can
be expressed by the Stokes vector and up to now,
various Stokes polarimeter architectures have been
proposed. In particular, as an emerging technology,
the polarization imagers based on linear division-
of-focal-plane (DoFP) polarization sensors have re-
ceived much attention due to their integrated struc-
ture and their ability to capture polarization informa-
tion in real time. Commercial DoFP cameras are
nowadays available at affordable cost. We address
in this article the ways to get the most out these sen-
sors in terms of polarization parameter estimation.

These cameras have manufacturing defects that
must be calibrated both in terms of photometry and
of polarimetry. We show that these defects have
an influence on estimation precision of the polari-
metric parameters. This influence can be precisely
quantified when the camera measurements are cor-
rupted by both additive noise and Poisson shot
noise. Moreover, commercial DoFP cameras can

only measure the linear Stokes vector. In order to
leverage the stable, integrated nature of available
linear DoFP cameras to perform full Stokes mea-
surements, it is possible to use a retarder placed
in front of them. Such setups have been recently
demonstrated and used in practice[1, 2]. We show
that the parameters of the retarder can be optimized
in order to minimize the estimation variance of the
Stokes vector.

The paper is organized as follows. In Section 2,
we describe DoFP polarization cameras and their
calibration. In Section 3, we determine the estima-
tion precision of the Stokes vectors, DOP and AOP,
as a function of the calibrated parameters of the
camera. In Section 4, we optimize a retarder for
estimation of the full Stokes vector in 2 shots.

2 Polarization cameras and their calibration

In polarimetric cameras, each pixel of the sensor
has a different polarimetric sensitivity linked to the
element of the micropolarizer array placed just in
front of it (Fig. 1). If grouped together, 2 × 2 sets of
neighbor pixels (called superpixels) can sense the
whole polarization state of the incoming light. In
most existing devices, the array is composed of lin-
ear polarizers, so that only the linear characteristics
of the polarization states (linear Stokes vector) can
be measured [3].

In order to use this type of cameras, the first step
is to perform calibration. This operation is more
complex than with a standard camera since the
polarimetric characteristics of the micropolarizer in
front of each pixel have to be calibrated. This issue
has been addressed and is well documented [4, 5].
We have recently proposed a calibration approach
that makes it possible to evaluate the effect of Pois-
son shot noise on estimation of polarimetric param-
eters [6]. This method yields the measurement ma-
trix W of each superpixel of the camera.



Figure 1: Schematic representation of the micropolarizers on the
camera sensor. A superpixel is composed of 4 pixels with mi-
cropolarizers oriented at 0◦, 45◦, 90◦ and 135◦.

3 Estimation precision with DoFP cameras

Let us consider a superpixel with measurement ma-
trix W, and let denote the Stokes vector of the light
impinging on this superpixel as:

S = S0[1, P cos(2α), P sin(2α)] (1)

where S0 is its intensity, P its degree of linear polar-
ization (DOLP) and α its azimuth, or angle of polar-
ization (AOP). The vector of the 4 intensities mea-
sured by the 4 subpixels of this superpixel is:

I = WS (2)

In practice, these intensity measurements are cor-
rupted by two main sources of noise: additive noise
and Poisson shot noise, the latter being dominant in
most practical cases. To estimate S from I, we uses
the pseudo-inverse estimator:

Ŝ = W+I (3)

Since the measurements I are perturbed by noise,
the estimator Ŝ of the Stokes vector is a random vec-
tor. The precision of this estimator can thus be rep-
resented by its covariance matrix ΓŜ . The variances
of the three components of the linear Stokes vector
are the diagonal values of this covariance matrix.
One can synthetically characterize the estimation
performance by the sum of these variances, i.e., the
trace of the covariance matrix which is also called
the equally weighted variance (EWV):

EWV = trace
[
ΓŜ
]

(4)

Since the additive and Poisson noise sources are
statistically independent, the covariance matrix can
be written as

ΓŜ = Γadd + Γpoi (5)

where Γadd is the covariance matrix in the presence
of additive noise only, and Γpoi the covariance ma-
trix in the presence of Poisson noise only. These
two matrices have the following expressions [7, 8]:

Γadd
ij = σ2

aδij (6)

Γpoi
ij =

2∑
k=0

Skγ
k
ij (7)

where

δij =
[
(WTW)−1

]
ij

γkij =

4∑
l=1

W+
ilW

+
jlWlk , ∀(k, i, j) ∈ [0, 2]3 (8)

Moreover, it is easily shown that

γ0ij =
1

2
δij (9)

Let us define the ideal configuration of a superpixel
as the configuration where the analysis vectors are
ideal (i.e with equal transmissions and unit diatten-
uations) and oriented exactly at angles 0, 45, 90, 135
degrees. In this case, it can be shown that [6]:

EWVideal = 5

(
σ2
a +

S0

2

)
(10)

Consequently, in this ideal case, the EWV only de-
pends on the input Stokes vector through its inten-
sity S0, and not its AOP nor its DOLP. This is no
longer the case when the four analyzers are not
ideal. Indeed, in the general case, that is, for an
arbitrary measurement matrix W, Eq. (7) leads to:

EWV =

[
σ2

a +
S0

2

] 2∑
i=0

δii +

2∑
k=1

Skβk (11)

with βk =

2∑
i=0

γkii

Using the parametrization of S defined in Eq. (1),
this relation can also be written:

EWV =

[
σ2

a +
S0

2

] 2∑
i=0

δii + C cos[2(α− θ)] (12)

with

θ =
1

2
arctan

[
β2
β1

]
(13)

C = P

√
β2
1 + β2

2

β0
(14)



It is seen in Eq. (12) that the EWV consists of the
sum of two terms. The first one is independent of
the AOP α. The second one varies sinusoidally with
α, the phase θ of this sinusoid depending on the
coefficient βk, and its contrast C depending on the
coefficients βk and of the degree of polarization P
of the input Stokes vector. One can define an "av-
erage" level of EWV, averaged over all the possible
AOP values, in the following way:

EWV =
1

π

∫ π

0

EWV(α) dα

=

[
σ2

a +
S0

2

] 2∑
i=0

δii (15)

Let us now consider estimation of the AOP. The
expression of this parameter as a function of the
Stokes vector is:

α =
1

2
arctan

[
S2

S1

]
(16)

It is a nonlinear function of the Stokes vector and
it is thus difficult to obtain a closed-form expression
of its variance. However, one can determine an ap-
proximate value of this variance that is valid in the
case of small perturbations. In the ideal configura-
tion, one obtains [9]:

VAR[α̂]ideal =
1

2P 2

[
σ2

a

S2
0

+
1

2S0

]
(17)

It it is seen that this variance depends on the sum
of two terms: (S0/σa)2, which can be seen as the
intensity signal to noise ratio (SNR) in the presence
of additive noise, and 1/(2S0), which is the intensity
SNR in the presence of Poisson noise. Moreover, it
is independent of the actual value of the AOP. This
is no longer the case in a non-ideal configuration.
Indeed, one has [6]:

VAR[α̂] =

1

4P 2

[
σ2

a

S2
0

+
1

2S0

]{
δ11s

2 + δ22c
2 − 2δ12cs

}
+

1

4P S0

{
c2
[
(γ222 − 2γ112)s+ γ122c

]
+ s2

[
(γ111 − 2γ212)c+ γ211s

]}
(18)

where the following notation has been used:

c = cos(2α) and s = sin(2α) (19)

It is seen in Eq. (18) that VAR[α̂] is a weigthed
sum of trigonometric functions of α: the estima-
tion variance thus depends on the actual value of
α. The amplitude of this variation with respect to

α depends on the degree of polarization P of the
incident Stokes vector, on S0, σa and on the mea-
surement matrix W through the coefficients δij and
γkij . One can define an "average" variance of α̂,
averaged over the azimuth values, in the following
way [6]:

VAR[α̂] =
1

π

∫ π

0

VAR[α̂](α) dα

=
1

8P 2

[
σ2

a

S2
0

+
1

2S0

]
(δ11 + δ22) (20)

Let us now turn to the estimation of the DOLP. In
the ideal case, one obtains [9]:

VAR[P̂ ]ideal =
σ2

a

S2
0

[2 + P 2] +
1

2S0
[2− P 2] (21)

It is seen that this variance is independent of the ac-
tual value of the AOP, and only depends on σa, S0

and P 2. This is no longer the case in a non ideal
configuration [6]:

VAR[P̂ ] =[
σ2

a

S2
0

+
1

2S0

] {
P 2δ00 − 2P (δ01c+ δ02s) + 2δ12cs

+δ11c
2 + δ22s

2
}

+
P

S0

{
P 2(γ100c+ γ200s)

−P
[
+2γ101c

2 + 2γ202s
2 + 2(γ201 + γ102)cs

]
+

+(γ211 + 2γ112)c2s+ (γ122 + 2γ212)cs2

+γ111c
3 + γ222s

3
}

(22)

This variance is the sum of two terms that are
weigthed sums of trigonometric functions of α: the
estimation variance thus depends on the actual
value of α. One can define an "average" variance
of P̂ over the azimuth values in the following way:

VAR[P̂ ] =
1

π

∫ π

0

VAR[P̂ ](α) dα

=

[
σ2

a

S2
0

+
1

2S0

] [
P 2δ00 +

δ11 + δ22
2

]
−2P 2(γ101 + γ202) (23)

To summarize the results obtained in this section,
we have shown that it is possible to predict the
polarimetric estimation performance of each super-
pixel of a micropolarizer grid-based camera in the
presence of additive and Poisson shot noise by us-
ing the results of its calibration. It is noticed that
manufacturing imperfections can lead to an increase
of the estimation variance. It is also apparent that
with a non-ideal superpixel, the estimation variance
does depend on the AOP of the input state. This



variation can be experimentally observed, although
it is in general slight compared to the average value
of the variance [6].

4 MEASUREMENT OF THE FULL STOKES
VECTOR

Commercial DoFP cameras based on microgrids of
polarizers are available, but since the array is com-
posed of linear polarizers, only the linear Stokes
vector can be measured [10, 11, 12, 6]. To measure
the full Stokes vector, some imagers based on bire-
fringent micro-grids have been demonstrated [13,
14, 15] but are still prototypes. In order to lever-
age the stable, integrated nature of available lin-
ear DoFP cameras to perform full Stokes measure-
ments, it is possible to use a retarder placed in front
of them (Fig. 2). Such setups have been recently
demonstrated and used in practice [1, 2, 16]. Our
objective is to determine the parameters that mini-
mize estimation variance in the presence of additive
white noise and Poisson shot noise.

Figure 2: Configuration for measuring the full Stokes vector with
a linear DoFP camera and a retarder.

Let S = (S0, S1, S2, S3)T denote the full Stokes
vector to be measured. A retarder is placed in front
of the DoFP camera and depends on two param-
eters: its retardation ϕ and its orientation θ. For
a given value of these parameters, the measurable
set of Stokes vectors lies on a circle on the Poincaré
sphere, since the effect of a retarder is to perform
a 3D rotation of the input polarization state. Conse-
quently, with a single measurement, it is impossible
to estimate the full Stokes vector: at least two mea-
surements are needed. One thus loses the prop-
erty of instantaneous measurement. However, there
exists fast polarization modulators, such as Liquid
Crystal Variable Retarders (LCVRs) or rotating re-
tarders that can switch polarization very rapidly.

These two measurements are performed with
two different parameter settings of the retarder. It

can be show that there is a continuum of optimal pa-
rameters that lead to a minimal EWV, thus to an op-
timal estimation precision of the Stokes vector [16].
Moreover these optimal configurations are the same
in the presence of additive noise, Poisson noise or
a combination of both. The two following configura-
tions are particularly interesting:

• Solution 1: one measurement is performed
without retarder, and one measurement with a
linear retarder of retardance equal to ϕ = 90◦

(quarter wave plate) and arbitrary orientation
θ.

• Solution 2, the two measurements are per-
formed with a quarter wave plate at orienta-
tions θ1 and θ2 = θ1 + 45◦, θ1 being arbitrary.

For these two optimal configurations, the EWV is
equal to:

EWVmin = 5.5

(
σ2
a +

S0

2

)
(24)

where σ2
a is the variance of additive noise. For this

relation to hold, both σ and S0 have to be expressed
in number of electrons. This equation represents the
fundamental limit on estimation variance of the full
Stokes vector for this type of architectures. The ex-
pressions of the estimation variances of AOP, DOP
and ellipticity in this configuration can be obtained
by using the formulas derived in [17, 18].

5 CONCLUSION

DoFP cameras are a promising new technology that
opens up new application fields to polarization imag-
ing. Depending on the technology, they may have
polarimetric defects that can be calibrated. We have
derived simple closed form formulas giving the vari-
ance of estimated Stokes parameter, AOP and DOP.
They take into account the actual calibrated polar-
ization characteristics of the camera. Moreover, in
applications where it is necessary to measure the
full Stokes vectors, it is possible to use a DoFP cam-
era and a retarder to get this information in 2 acqui-
sitions instead of 4 in a classical polarization imager.
These results show that commercial DoFP cameras
are versatile sensors that can be easily adapted to
the needs of the application at hand.

The authors acknowledge the support of the
Délégation Générale de l’Armement and of the
Agence Nationale de la Recherche under the POL-
NOR project.
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