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Nonlinear polarimeters make it possible to measure
the polarization properties of multi-photon processes
and to characterize the nonlinear properties of materi-
als. However, existing measurement strategies are not
optimal and suffer from poor precision. In this Letter,
we develop a rigorous optimization model adapted to
nonlinear Stokes-Mueller polarimetry (SMP) in order
to improve the estimation precision of the nonlinear
Mueller matrix (MM) of two- and third- photon pro-
cesses. Based on the model, we design measurement
strategies that decrease the estimation variance of MM
coefficients by about 58.2% for second-harmonic gener-
ation polarimetry and by 78.7% for third-harmonic gen-
eration polarimetry. The optimization model opens a
door to improving the measurement precision of SMPs
in nonlinear optics and can be readily applied to any
multi-photon-based nonlinear polarimeters. © 2024 Opti-

cal Society of America
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The molecular organization and symmetry of materials can be4

probed by polarization measurements of nonlinear multi-photon5

processes occurring in assemblies of oriented molecules, such6

as second-harmonic generation (SHG), third-harmonic gener-7

ation (THG), coherent anti-Stokes Raman scattering (CARS),8

etc. [1–3]. Nonlinear polarimetry differs from traditional linear9

polarimetry since it involves higher-order polarization parame-10

ters, e.g., Stokes vector (SV) and Mueller matrix (MM), making11

measurements more complex but also richer [4–6]. However,12

polarization-dependent multi-photon processes always suffer13

from poor signal-to-noise ratio (SNR), due to insufficient excita-14

tion or conversion efficiency and to the presence of extra polariz-15

ing elements. Of course, effective solutions may focus on enhanc-16

ing the signal power and improving the excitation/conversion17

efficiency [7]. However, it is also of prime importance to design18

measurement strategies that get the most out of the incoming19

signal and reduce corruption by noise. Much effort has been20

made to design optimal measurement strategies in traditional21

linear Stokes-Mueller polarimetry (SMP) [8–11]. A similar work22

remains to be done for nonlinear polarimetry. This is the purpose 23

of this Letter, where we determine the incoming and analysis 24

polarization states (PS) that optimize the estimation precision of 25

the nonlinear MM. Our results show that the proposed optimal 26

solutions substantially improve estimation precision compared 27

to conventional measurement strategies. 28

Let us first introduce a general principle of nonlinear SMP. 29

Consider that several components of the incoming fundamental 30

light having frequencies ω1, ..., ωn (e.g., n = 2 for SHG and 31

n = 3 for THG) interact in a nonlinear material and give rise 32

to output light at frequency ωσ by a multi-photon process. The 33

fundamental equation in Eq. (1) connects the PS of the outgoing 34

radiation with the PSs of the incoming radiations. 35

s′ (ωσ) =M(n)S(n) (ω1, . . . , ωn) (1)

where s′ (ωσ) denotes the standard 4× 1 SV describing the PS 36

of the outgoing radiation at ωσ ( the symbol ′ signifies the mea- 37

sured outgoing signal). The (n + 1)2 × 1-dimensional vector 38

S(n) (ω1, . . . , ωn) is the nonlinear SV describing the PSs of the 39

interacting components of the incoming electric field. 40

Next, we introduce how S(n) is defined. Without loss of 41

generality, let us assumes that the waves propagate along the Y 42

direction. Their electric field vectors ẼT = (ẼX , ẼT
Z), where the 43

superscript T denotes transposition, lie in the orthogonal plane 44

defined by the normal directions X and Z (see Fig. 1 (a)). The 45

incoming electric fields induce a polarization Pi as: 46

Pi = χ
(n)
ijk···m Ẽi Ẽj · · · Ẽm = χ

(n)
iA Ψ(n)

A (2)

where χ(n) denotes the nth order nonlinear susceptibility tensor 47

of a material, and (Einstein) sumation is assumed over repeated 48

indices (i.e., A). The index i ∈ {X, Z} denotes the polarization 49

direction for the outgoing radiation and the remaining indices 50

j, k, · · · , m are polarization directions for the incoming electric 51

fields. Moreover, Ψ(n)
A is the Ath element of the state function 52

Ψ(n) of the incident electric field, and is expressed by Eq. (3). 53

Ψ(n) (ω1, ω2, · · · , ωn) =
(

ψ
(n)
1 , ψ

(n)
2 , · · · , ψ

(n)
n+1

)T
(3)

As an example, let us assume that the considered nonlinear 54

phenomenon is SHG, which is a two-photon process highly 55
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sensitive to the structure of ordered aggregates. In this case, one56

has n = 2, ω1 = ω2 = ω, and ωδ = 2ω in Eq. (1). The state57

function is Ψ(2) =
(
Ẽ2

X , Ẽ2
Z, 2ẼX ẼZ

)T : it has n + 1 = 3 elements58

and the indices A in Eq. (2) belong in the set {X, Z, XZ} [3,59

12]. Let us define, the dyad product (coherency matrix) C(n) =60 〈
Ψ(n) ·Ψ(n)†

〉
, where † denotes the Hermitian conjugate. In61

the same way as the standard SV is defined from the coherency62

matrix of the Jones vector [13], each element of the nonlinear SV63

S(n) can be defined from C(n) as:64

S(n)
N = Tr

(
C(n)λ(n)

A

)
= Ψ†λ

(n)
A Ψ, (4)

where N = 0, 1, ..., (n + 1)2 − 1, and λA denotes the (n + 1)×65

(n + 1) dimensional Gell-Mann matrices, which are hermitian66

and obey the orthogonality relation Tr
(

λiλj

)
= 2δij [14]. For67

SHG, the nonlinear SV has the following expression in Eq. (5) [3].68

S(2) =



√
2
3

(
Ẽ2

X Ẽ∗2X + Ẽ2
Z Ẽ∗2Z + 4ẼX ẼZ Ẽ∗X Ẽ∗Z

)√
1
3

(
Ẽ2

X Ẽ∗2X + Ẽ2
Z Ẽ∗2Z − 8ẼX ẼZ Ẽ∗X Ẽ∗Z

)
Ẽ2

X Ẽ∗2X − Ẽ2
Z Ẽ∗2Z

Ẽ2
X Ẽ∗2Z + Ẽ2

Z Ẽ∗2X

2
(
Ẽ2

Z Ẽ∗X Ẽ∗Z + ẼX ẼZ Ẽ∗2Z
)

2
(
Ẽ2

X Ẽ∗X Ẽ∗Z + ẼX ẼZ Ẽ∗2X
)(

Ẽ2
X Ẽ∗2Z − Ẽ2

Z Ẽ∗2X
)

i

2
(
Ẽ2

Z Ẽ∗X Ẽ∗Z − ẼX ẼZ Ẽ∗2Z
)

i

2
(
Ẽ2

X Ẽ∗X Ẽ∗Z − ẼX ẼZ Ẽ∗2X
)

i



=



√
1
6

(
3s2

0 − s2
1

)√
1
12

(
5s2

1 − 3s2
0

)
−s0s1

1
2

(
s2

2 − s2
3

)
s2 (s1 + s0)

−s2 (s1 − s0)

−s2s3

s3 (s1 + s0)

s3 (s1 − s0)


(5)

The last term in Eq. (5) expresses the nonlinear SV as a function69

of the standard Stokes vector of the fundamental incident light70

illuminating the material, whose elements are defined as st =71

Tr(ẼẼ†τt), t ∈ [0, 3], where τt are Pauli matrices, so that [13]:72

s =


s0

s1

s2

s3

 =


ẼZ Ẽ∗Z + ẼX Ẽ∗X
ẼZ Ẽ∗Z − ẼX Ẽ∗X
ẼZ Ẽ∗X + ẼX Ẽ∗Z(
ẼZ ẼX − ẼX ẼZ

)
i

 (6)

Finally, we calculate the nth order nonlinear MMM(n), which73

depends on the χ(n) of the material, by the expression in Eq. (7).74

M(n) characterizes the nonlinear properties of materials and75

its measurement can reveal, for example, the organization of76

protein structures within various biological tissues [14].77

M(n)
iA =

1
2

Tr
(

τtχ
(n)λAχ(n)†

)
(7)

Our purpose in this Letter is to find the polarimeter configu-78

ration that maximizes the estimation precision ofM(n). In prac-79

tice, the elements ofM(n) can be estimated by measuring the80

outgoing SVs, which are generated by various PSs of the funda-81

mental light illuminating the material. Figure 1 (a) displays the82

graphical representation of the S of the incoming fundamental83

light and the s̃′ of the output light generated by a multi-photon84

process. Figure 1 (b) presents a typical nonlinear polarimeter.85

The fundamental PS is prepared by a PS generator (PSG), while86

the nonlinear signal is analyzed by passing it through a PS an-87

alyzer (PSA). The PSG and PSA can be constructed by using a88

linear polarizer (P) and a quarter-wave plate (QWP) oriented at89

desired angles [3]. Notably, when using a polarized laser as the90

source, the optical elements in PSG can be replaced with a QWP91

and a half-wave plate [4].92

Fig. 1. (a) Graphical representations of the incoming S and
outgoing s̃′ PSs. (b) Nonlinear polarimeter.

In this section, we introduce the estimation modol of MM 93

based on the intensity measurements. Each column gp (p ∈ 94

[1, NG ], where NG denotes the column number of G) of PSG’s 95

measurement matrix G is one of the standard SVs used to illumi- 96

nate samples. The dimension of G is thus 4× NG . Notably, each 97

standard SV, i.e., gp, corresponds a nonlinear SV i.e., S(n)
p (see, 98

for example in the case of SHG, the last term of Eq. (5)). These 99

generalized SVs S(n)
p form a (n + 1)2 × 4 matrix denoted S (n). 100

Similarly, each column of the measurement matrix T of the PSA 101

is one of the standard SVs tq (q ∈ [1, NT ], where NT denotes 102

the column number of T ) used to analyze the output light. As 103

in standard polarimeters, several intensity measurements are 104

performed by illuminating the sample with a gp belonging to 105

the matrix G (corresponding to the S(n)
p belonging to S (n)) and 106

analyzing it with a tq belonging to T . The expression of the 107

measured intensity is: 108

ipq = tT
qM(n)S(n)

p . (8)

The values ipq form a NG ×NT matrix I , and Eq. (8) is equivalent 109

to the following relation: 110

I = T TM(n)S (n), (9)

The matrixM(n) is obtained by inverting this relation: 111

M(n) =
(
T −1

)T
I
[
S (n)

]−1
(10)

Of course, for this inversion to be possible, the matrices G and 112

T must be invertible. Hence, at least 4 analysis vectors have to 113

be used (so that T is square of dimension 4× 4) and (n + 1)2
114

illumination vectors have to be used (so that T is square of 115

dimension (n + 1)2 × (n + 1)2). Notably, it is of course possible 116

to use more analysis and illumination vectors; in this case, the 117

inversion in Eq. (10) must be replaced by the Moore-Penrose 118

pseudo-inversion [15]. To facilitate the discussion, Eq. (10) can 119

be rewritten as a vector-matrix product, as shown in Eq. (11). 120

M̂(n) = K−1I (11)

where K = T T ⊗ S (n), ⊗ denotes the Kronecker product, and I 121

denotes the 4(n + 1)2 × 1 intensity vector obtained by stacking 122

the elements of I in Eq. (9). 123

Since the intensity acquisitions are always corrupted by noise, 124

the estimate M̂(n) departs from the true value of M(n). One 125

of the mostly used performance criterion to characterize the 126

estimation precision of polarimeters is the Equally Weighted 127

Variance (EWV), which is defined by [11, 16]: 128

EWVK = trace
[(
KTK

)−1
]
= trace [DT ]× trace [DS (n) ] (12)

where DU = (UTU)−1 and U = {T ,S (n)}. In consequence: 129

EWVK = EWVT ×EWVS (n) (13)
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Table 1. (α, ε) values for the common (Com.) and optimal
(Opt.) configurations.

α/ε (◦)

Com. 0/0, 90/0, 45/0, -45/0, 0/45,

0/-45, -22.5/0, 90/22.5, 45/-22.5

Opt. 120.3/166.4, 159.2/164.3, 45.0/177.2, 80.9/174.8,

61.5/71.6, 99.9/86.6, 41.7/32.5, 50.7/142.1, 17.8/70.8

As in the case of standard Mueller polarimetry, the goal of po-130

larimeter optimization is to maximize EWVK , which, according131

to Eq. (13), amounts to find the analysis states of the PSA that132

maximize EWVT , and the illumination states of the PSG that133

maximize EWVS . It has been shown in conventional linear SMP134

that the optimal PSA matrix T has regular tetrahedron structure135

when the minimal number of analysis states (i.e., 4) is used [10],136

and, more generally, a platonic polyhedron (PP) structure when137

an arbitrary number of illumination state is used [8]. In con-138

trast, the optimization of the PSG is different from traditional139

polarimeters, since one has to minimize EWVS (n) , that is, to solve140

the following optimization problem:141 (
αopt, εopt) = arg min

α, ε
EWVS (n) . (14)

where α and ε are (n + 1)2× 1 vectors representing, respectively,142

the azimuth and the ellipticity of SVs composing G. The optimal143

solution of Eq. (14) is obviously different from that of144 (
αopt, εopt) = arg min

α, ε
EWVG , (15)

because of the nonlinear relationship between the elements of145

S and those of S (n). Indeed, the optimal solutions of Eq. (15),146

which correspond to traditional PSG optimization in linear SMP,147

form a PP structure on the Poincare sphere [8]. However, these148

solutions may not correspond to the minimization of EWVS . In149

the following , we will determine the optimal configurations150

for nonlinear SMPs of two- and three-photon processes, and151

evaluate the gain in performance compared to PSGs based on152

PP structure and common strategy [12].153

Let us first consider the SMP for SHG. The expression of the154

nonlinear SV as a function of the standard SV of the fundamental155

illumination has been given in Eq. (5). In this case,M(2) is a 4× 9156

matrix, and consequently, at least 36 intensity measurements are157

needed to obtain its 36 Mueller elements. Thus, the PSG has to158

generate nine different PSs, that is, G is a 9× 4 matrix, while the159

PSA generates four PSs and corresponds to a 4× 4 matrix T . The160

optimal PP structure for G leads to a minimal value of EWVG =161

1.11 , but to EWVS (2) = 92.1, which is too large and indicates162

that this solution is not a good choice. On the other hand, the163

most commonly chosen PSs in SHG polarimetry are shown in164

the first row of Table 1 [12]. They are slightly non optimal with165

respect to standard polarimetry, since EWVG = 1.18, but they166

are more favorable for SHG polarimetry since EWVS (2) = 16.7.167

However, this solution has no reason to be optimal for SHG168

polarimetry. The optimal solution has to be found by solving169

the problem in Eq. (14).170

To perform optimization searches for the problem in Eq. (14),171

one must note that the 18 parameters related to the 9 PSs of172

PSG need to be optimized simultaneously. Moreover, as the173

optimization criterion is nonconvex, it has numerous local min-174

ima. It is thus necessary to use an effective algorithm robust to175

the presence of local minima. After comparing different algo- 176

rithms, we have chosen to use the "inter point" method combined 177

with "Multi-Starting points" [17, 18]. Simultaneous optimization 178

of 18 PSG parameters
(
αopt , εopt) yields the result presented 179

in the second row of Table 1. The obtained criterion value is 180

EWVS (2) = 6.98. Compared with the common configuration of 181

SHG polarimetry (first row of Table 1), the value of EWVS (2) is 182

reduced by about 58.2%, while compared with the PP structure 183

(See Supplement 1,Note 1, for more information.), it reduced by 184

about 92.4%. We also calculate the estimation standard deviation 185

(STD) of each element ofM(2) by using the two configurations 186

in Table 1, that we put in two 4× 9 matrices STD [M]com and 187

STD [M]opt: the expressions are shown in the Supplement 1, 188

Note 2. To evaluate the improvement in estimation precision of 189

each Mueller element, we calculate the STD ratio between the 190

two configurations by the expression in Eq. (16). 191

STDR =
STD [M]com
STD [M]opt

, (16)

We have noticed that each row of the matrix STDR has the same 192

values, namely, 193

STDR(i, :) = [1.2, 0.7, 1.4, 0.6, 3.0, 4.1, 4.4, 3.1, 2.2], (17)

where i ∈ [1, 4]. It shows that, with the optimal configuration, 194

the estimation STD values of most Mueller elements (except 195

the 2nd and 4th columns of the nonlinear MM) are significantly 196

reduced, especially the 5th, 6th, 7th and 8th columns. Figure 2 (a) 197

and (b) display the SVs of the PSG matrices G of the commonly 198

used and optimal configurations on the Poincaré sphere. From 199

Fig. 2, we may observe that, although the solution with PP 200

structure is not optimal, the found optimal solution of Eq. (14) 201

has a structure similar to a regular polyhedron. This is because 202

the target matrix S (2) is related to the fundamental incoming SV, 203

i.e., the eigenvectors G of PSG, in an nonlinear way.

Fig. 2. PSs of PSG located on the Poincaré sphere with the
commonly used (a, c) and optimal (b, d) configurations.

204

The optimization model above can be also applied to two 205

other two-photon processes, namely, sum-frequency generation 206

(SFG) and difference frequency generation (DFG). Their nonlin- 207

ear SV (i.e., S(2)) are also comprised of nine components and the 208

related state functions are expressed in Eq. (18). 209(
ẼX,ω1 ẼX,ω2 , ẼZ,ω1 ẼZ,ω2 , ẼX,ω1 ẼZ,ω2 + ẼX,ω2 ẼZ,ω1

)T ,(
ẼX,ω1,Ẽ∗X,ω2

, ẼZ,ω1 Ẽ∗Z,ω2
, ẼX,ω1 Ẽ∗Z,ω2

+ ẼX,ω2 Ẽ∗Z,ω1

)T
(18)

Using Eq. (4) and Eq. (18), one can obtain the expressions of 210

S(2), which are listed in Supplement 1, Note 3. Subsequently, 211

we can obtain the optimal configurations by solving the same 212

problem in Eq. (14). Interestingly, we find that, in the case of SFG, 213

optimal configurations for the two fundamental illumination 214

beams (with frequency ω1 and ω2) are identical to that of SHG 215

(i.e., the second row of Table 1). This is because the nonlinear 216

SV of SFG (as shown in Eq. (S-3)) is similar to that of SHG (as 217



Letter Optics Letters 4

shown in Eq. (5)) and satisfies S(ω1,ω2) = S(ω2,ω1), which means218

that the two beams share the same PSG optimal structure.219

Let us now consider the SMP of three photon processes, i.e.,220

n = 3 in Eq. (1). Such processes (e.g., THG and CARS) are221

based on incoming radiations with three potentially distinct fre-222

quencies and result in an outcoming radiation determined by a223

third-order susceptibility tensor, i.e., χ(3), of the material. As an224

example, we first consider the optimization of THG polarimetry.225

Polarimetric measurements of THG in crystalline material, or-226

dered aggregates or isotropic media carry information related227

to the nonlinear optical properties and organization of the struc-228

ture in a material [19, 20]. In this case, ωi = ω, i ∈ [1, 3], and229

ωδ = 3ω in Eq. (1); and Ψ(3) =
(
Ẽ3

X , Ẽ3
Z, 3Ẽ2

X ẼZ, 3ẼX Ẽ2
Z
)T [1].230

Subsequently, each element of the nonlinear SV is calculated by:231

S(3)
N = Tr

(
C(3)λ

(3)
A

)
=
[
Ψ(3)

]†
λ
(3)
A Ψ(3), (19)

where N = 0, 1, ..., 15, and λ
(3)
A are 4× 4 matrices [1]. Similar232

to SHG, one can obtain the expression of the nonlinear SV as a233

function of the illuminating standard SV [1, 19], which is shown234

in Eq. (20).235

S =
1
4



√
2s0
(
5s2

0 − 3s2
1
)

√
6
(
− 4

3 s3
0 + 3s2

0s1 + 2s0s2
1 − 3s1

3
)

√
3
(
− 8

3 s0
3 − 3s0

2s1 + 4s0s1
2 + 3s1

3
)

s1
(
3s2

0 + s2
1
)

s2
(
s2

2 − 3s2
3
)

3 (s0 − s1)
(
s2

2 − s3
2)

9s2
(
s2

2 + s2
3
)

3s2 (s0 − s1)
2

3s2 (s0 + s1)
2

3 (s0 + s1)
(
s2

2 − s3
2)

s3
(
3s2

2 − s3
2)

−6s2s3 (s0 − s1)

9s3
(
s2

2 + s3
2)

−3s3 (s0 − s1)
2

3s3 (s0 + s1)
2

6s2s3 (s0 + s1)



. (20)

The most commonly used PSs of the PSG in THG polarimetry236

are defined as α = (0◦, 90◦, 45◦, −45◦, 0◦, 0◦, −22.5◦, 90◦, 45◦,237

22.5◦, 67.5◦, 22.5◦, 90◦, 45◦,0◦,−22.5◦) and ε = (0◦,0◦,0◦,0◦,45◦,238

−45◦, 0◦, 22.5◦, −22.5◦,0◦,0◦,22.5◦,−22.5◦,22.5◦,22.5◦,22.5◦).239

With this configuration, one has EWVS = 79.2. By apply-240

ing the same optimization approach as for SHG polarimetry,241

we can get the optimal solution of THG polarimetry, which242

results in EWVS (3) = 16.9. Compared with the most com-243

monly chosen one, the value of EWVS is reduced by about244

78.7%. A similar visual comparison for THG polarimetry is245

shown in Figs. 2 (c) and (d). Besides, compared with the246

PP structure (EWVS = 22.5), the EWV value reduced by247

about 24.9% (See Supplement 1, Note 1, for more informa-248

tion.) The optimization approach can be extended to other249

three-photon processes by redefining the state function Ψ(3)
250

(e.g.,
(

Ẽ2
X,ωp

Ẽ∗X,ωs
, Ẽ2

Z,ωp
Ẽ∗Z,ωs

, 3Ẽ2
X,ωp

Ẽ∗Z,ωs
, 3ẼZ,ωp Ẽ∗X,ωs

)T
for 251

the CARS process, where ωp and ωs respectively denote the 252

frequencies of the pump Stokes beams [21].) 253

All the results verify the necessity of optimization for non- 254

linear SMPs in improving the estimation precision. In addition, 255

as the signal’s SNR is inversely proportional to the EWV value, 256

i.e., SNR ∝ 1/ EWV, optimal configurations increase the SNR 257

values by about 1.4 and 3.7 times for SHG and THG, respectively. 258

These improvements also present interesting opportunities for 259

counteracting the adverse effects of the polarizing elements on 260

signals’s SNR and increasing the measurement precision. 261

In conclusion, we have developed an optimization model for 262

nonlinear SMP setups. The estimation precision can be signif- 263

icantly increased by adopting the proposed optimized config- 264

uration, i.e., improve by 58.2% for SHG- and 78.7% for THG- 265

polarimetry. The main perspectives of this work are experi- 266

mental validation and to further extend to three-dimensional 267

nonlinear SMPs [5, 6], which are of interest in both biological 268

and physical contexts. 269
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