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SOLVING THE p-RICCATI EQUATION AND APPLICATIONS
TO THE FACTORISATION OF DIFFERENTIAL OPERATORS

RAPHAEL PAGES

ABSTRACT. The solutions of the equation f(P=1) 4 fP = AP in the unknown function f over
an algebraic function field of characteristic p are very closely linked to the structure and fac-
torisations of linear differential operators with coefficients in function fields of characteristic p.
However, while being able to solve this equation over general algebraic function fields is necessary
even for operators with rational coefficients, no general resolution method has been developed.
We present an algorithm for testing the existence of solutions in polynomial time in the “size”
of h and an algorithm based on the computation of Riemann-Roch spaces and the selection of
elements in the divisor class group, for computing solutions of size polynomial in the “size” of h
in polynomial time in the size of h and linear in the characteristic p, and discuss its applications
to the factorisation of linear differential operators in positive characteristic p.

1. INTRODUCTION

This article deals with some algorithmic questions related to the factorisation of linear differential
operators in positive characteristic p. Let K be a field equipped with an additive map a — a’
verifying the Leibniz rule (ab)’ = a’b + ab’. Such a map is called a derivation on K and K is
called a differential field. An example of such a field is k(x), where k is any field, equipped with

d

the derivation . We can consider the field K(0) of linear differential operators with coefficients

in K, whose elements are polynomials in the variable 0 of the form
and™ + ap_10"" 1+ + @10+ ag

with a; € K, and where the (noncommutative) multiplication verifies the commutation rule da =
ad + a' for any a € K. For operators with coefficients in K = C(x) or K = Q(z), the problem of
factorisation has been well studied and several algorithms have been proposed over the years [6,
10, 24]. The question of factorisation for operators with coefficients in F,,(z) has also been studied
in the perspective of developing modular algorithms to factor operators in Q(z){(9) [21, 7] after
van der Put published in [20] a full classification of finite dimensional differential modules in
characteristic p which serves as the basis of all factorisation algorithms for operators in F,(z)(9).
The most remarkable difference between operators in characteristic 0 and in characteristic p is the
size of the field of constants. Indeed, whereas it is reduced to C over C(z), the field of constants
of Fy(z) is Fp(2P) over which the field of rational functions F,(z) is of finite dimension p. As a
consequence, any operator L € Fp,(2)(0) is a divisor of an element N € F,(aP)[0P], the center of
F,(2)(0). Factoring those central elements is much easier as they behave as bivariate polynomials.
Furthermore, the factorisation of central multiples of L can be used to recover information on
the factorisations of L. This allows to reduce the problem of factorisation over F,(x)(9) to the
factorisation of divisors of some N(9”) where N is an irreducible polynomial over F,(«?). In the
case where N is of the form Y — a with a € F,(aP), it was shown [20, 7] that finding irreducible
factors of 9P — a is equivalent to solving the equation

dar—t
dxp—1
over F,(x). This result generalizes to higher degrees of N. For the sake of simplicity we shall
assume N to be separable. Let yy be a root of N in a separable closure of Fy,(zP). If N(9?) is not

itself irreducible, then irreducible factors of N(9P) with coefficients in Fj,(x) are in bijection with
the solutions of

(1)

[+1"=a

dqr—1!
dop—1

[+ =yn
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in F,(x)[yn]. We call this equation the p-Riccati equation relative to N. Furthermore, if L is a
divisor of N(9P) (not necessarily irreducible) then the solutions of the p-Riccati equation can be
used to recover irreducible divisors of L. One way of doing that is to notice that if f is a solution
of the p-Riccati equation relative to N then L(0 — f) has an algebraic solution b € F,(z)[yn~].
It follows that an irreducible divisor of L is given by the smallest left multiple of 9 — f — % in
F,(x)(0). The “size” of the irreducible divisor of L that this method returns thus depends at least
in part on the “size” of the solution to the p-Riccati equation used. In particular, while it is not
sufficient it is important in the perspective of developing modular methods for factorisation that
the “size” of the solution to the p-Riccati equation is independent from p.

Finally the existence of solutions to the p-Riccati equation acts as an irreducibility test for N(9P).

1.1. State of the art. An algorithm to solve the p-Riccati equation was proposed [23, §13.2.1] in
the rational case. In that setting, the p-Riccati equation can be written as

dr-1
dap—1

with g € Fp(z). This method consists in showing that if rational solutions exists then one of them
has the same denominator as g and a numerator of degree at most the maximum of the degrees of
the numerator and the denominator of g. Finding this solution is now an easy task since the map
fe % [+ fP is Fp-linear. This method returns a solution of degree polynomial (in fact linear
here) in that of g and a naive computational approach outputs the result in polynomial time in
the degree of g and linear time in p.

Over a general algebraic function field, the only known method was presented in an unpublished
manuscript of van der Put [22]. If L is a nontrivial divisor of N(9”) then one can consider

L, = ged(L, 0P — yn). By writing

f+fr=49

L.=0"4+by_10™ '+ 4+ b0+ b

bm—1

it can be shown that — is a solution to the p-Riccati equation relative to N.
This method can only be used if one already knows a nontrivial divisor of N(9?). In particular if
nothing else is known it cannot be used as an irreducibility test for N(9?). Furthermore, computing
the greatest common divisor of L with an operator of order p yields an operator whose coefficients
are of linear “size” in p. Thus the solution to the p-Riccati equation that this method returns has
linear size in p as well.

The case of the factorisation of central operators of the form N(0O”) has been ignored by the
previous works on factorisation. However, this case is highly nontrivial as we will see.

1.2. Contribution. We present two new algorithms regarding the p-Riccati equation on algebraic
curves of characteristic p. The first is a polynomial time irreducibility test for differential operators
of the form N(0P) where N is an irreducible polynomial over Fy(z?) (with ¢ being a power of p).
Precisely, we show the following result.

Theorem 1.1. Let ¢ € N* be a power of p and N, € F,[z,Y] be an irreducible bivariate polynomial
of degree d, with respect to x and d, with respect to Y. There exists an algorithm testing the
irreducibility of N¥(9) in polynomial time in d,d, and log(q).

We then use this irreducibility test to design a resolution algorithm of the p-Riccati equation
relative to N and discuss its implications for the factorisation of differential operators.

Theorem 1.2. Let g € N* be a power of p and let N, € Fy[z,Y] be an irreducible polynomial
of degree d, with respect to x and d, with respect to Y. We denote by N € F,[zP,Y] the unique
polynomial such that NE(Y) = N(YP).
o There exists a solution to the p-Riccati equation relative to N of size polynomial in d,
and dy and an algorithm taking N. as input and outputting this solution in linear time
in p and polynomial time in d, and d.
o N(97) has irreducible factors in Fq(x)(0) of size polynomial dy, and d,. There exists an
algorithm taking N, as input and outputting such a factor in linear time in p and polynomial
time in d; and d,.
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Remark 1.3. It should be noted that while we limit, for the sake of simplicity, our complexity study
to the case of operators whose coefficients are rational functions over P!, all of the aforementioned
algorithms can in fact be designed for factoring operators whose coefficients are rational functions
over an algebraic curve C.

Complexity basics. We use the soft-O notation O which indicates that polylogarithmic factors are
not displayed. More precisely, if A,u : N — R, are increasing functions, saying that A(n) =
O(u(n)) means that there exists an integer k € N such that A(n) = O(u(n)log"(u(n))). We will
also locally use the notation O,. With the same notations, saying that A(n) = O.(u(n)) means
that for any € > 0, A, = O(u(n)+e).

We denote by 2 < w < 3 a feasible exponent for matrix multiplication, that is, by definition,
a real number for which we are given an algorithm that computes the product of two m-by-m
matrices over a ring R for a cost of O(m®) operations in R. From [1], we know that we can take
w < 2.3728596. We shall also need estimates on the cost of computing characteristic polynomials.
Let denote €2 € R7 such that the computation of the characteristic polynomial of a square matrix
of size m with coefficients in a ring R can be done in O(m®) arithmetic operations in R. From
[13, Section 6], we know that it is theoretically possible to take Q ~ 2.697263. Finally, we assume
that any two polynomials of degree d over a ring R (resp. integers of bit size n) can be multiplied
in O(d) operations in R (resp. O(n) bit operations); FFT-like algorithms allow for these complex-
ities [5, 12].

We begin by recalling some facts about differential operators in characteristic p.

2. PROLEGOMENA

In this section we will work on differential operators with coefficients in a differential field (K, 9)
of characteristic p verifying the following hypothesis:

Hypothesis 2.1. Let C be the subfield of constants of K. We assume:
(1) [K:C]=p.
(2) There exists € K such that d(z) = 1.

Remark 2.2. Since we will work on operators in K(9), d will denote both a formal operator and a
derivation on K. For the sake of simplicity we will write

fi=0(f) and f*) = 0"(f)
for any f € K.
Notation 2.3. Let L € K(9). We denote
Dy, = K)/Kk(d)L
and for any right divisor L, of L,
DrL,. := KO L«/Kk (o)L
The quotient module Dy, is important because of its relation to the factors of L.

Proposition 2.4. The map
L,— DL,

s a bijection between the set of monic right divisors of L and the set of submodules of Dy, .
Proof. See [23, Section 2.2, page 47] O

As we previously mentioned, we restrain our study to operators L € K (9) for which there exists
a separable irreducible polynomial N € C[Y] such that L is a divisor of N(9?). For the rest of this
section we suppose that N is fixed.

Notation 2.5. We denote by Cy := CIY]/N(v) the splitting field of N over C' and by yn the image
of Y in C. We also set Ky = K[yn].

Proposition 2.6. i) Forany f € K, f®) =0.
i) K(9) is a free algebra of dimension p* over its center C[OP].
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iii) Dy ary s a central simple Cn-algebra of dimension p? (by identifying Cn = CIYl/N(v)
with C[ap]/zv(ap) C DN(BP))'
) Dy ary is either a division algebra or is isomorphic to M,(Cn).
v) If N(OP) is a division algebra then N (0P) is irreducible. If Dy gp) is isomorphic to My(C)
then all irreducible divisors of N(OP) are of order deg(N).

Proof. (i) and (i) are done in [20, Lemma 1.1]. (i4i) is [20, Lemma 1.2] and (iv) is [20, Corol-
lary 1.3].

Suppose that Dy gr) is a division algebra. Then in particular it has no nontrivial zero divisor.
Thus N (0”) has no nontrivial divisor.

Suppose now that Dy gey is isomorphic to M,(Cy) and let L be an irreducible divisor of N (97).
Then Dy, is a simple K(9)-module. We can apply [20, Proposition 1.7.1] to Dy. Since Dy, is
simple we must have Dy, ~ I(N) (with the notations of [20, Proposition 1.7. 1]). In particular,

dime,, Dy, = p and ord(L) = dimg Dy, = {525 dime, Dy, = deg(N). O

We now show how the p-Riccati equation appears when N is a polynomial of degree 1.

Proposition 2.7. Let a € C. If OP — a is not irreducible then its monic irreducible divisors are
the operators of the form 0 — f with f verifying

fe=N 4 r =g

Proof. Let us suppose that 0” — a is not irreducible. Then Dgr_, is isomorphic to M,(C). Let L
be a monic irreducible divisor of 9 —a. From Proposition 2.6 (v) we know that L is of order 1 so it
is of the form 9 —b. We consider the K-linear endomorphism ) of Dy, given by ¢} : M — 97 - M.
Since 0P is central in K (), this is indeed a K-linear map. Furthermore, Dy, is isomorphic to K
as a K-vector space so there exists g € K such that wﬁ is the multiplication by g. Then we have

0=0-0" (mod L)
=00 (mod L)
=g0 (mod L)

Thus dg — g0 = 0 (mod L). Since dg — g0 = ¢, it follows that ¢’ = 0 and g € C. Moreover, Y — g
is the characteristic polynomial of 1/15 , SO wﬁ — ¢gId = 0. In particular 9? — g = 0 (mod L). Thus
L is a common divisor of both 9P — a and 9P — g. This is possible only if g = a. According to [20,
Lemma 1.4.2], g = b~ 4 pP.

Conversely if L is of the form 9 — b with b®~1) 4 bP = ¢ then from what precedes it is a divisor of
P — P~ —pp = 9P —q. O

It follows that 9P — a is irreducible in K () if and only if the equation f»~ 4 fP = g has no
solution in K. We now extend this result to polynomials N of higher degree.

Proposition 2.8. i) Kn verifies Hypothesis 2.1 and [Ky : K] = deg(N).
ii) The canonical morphism Dy gry — KN (9)/ (07 —yy) is an isomorphism of Cn-algebras.
ii1) Dy (o) is isomorphic to My(Cn) if and only if the p-Riccati equation relative to N has a
solution in Ky .

Proof. i) Let « € K be such that 2’ = 1. Since [K : C] = p, we have K = C[x]. Furthermore,
noticing that P € C, we find that Y? — 2P is the minimal polynomial of z over C. In
particular, since N is supposed to be separable, x ¢ C. Thus we also have Ky = Cy]|x].
Furthermore, since the minimal polynomial of « over C' is inseparable, that must also be the
case of its minimal polynomial over Cy. Thus we have [Ky : Cn] = p. Furthermore, we
have [Ky : C] = [Ky : Cy][C : C] = [Ky : K][K : C] so [Ky : K] = 24200 = deg(N).

ii) Let on : Dn(ogry — KEn(9)/(97—yn) be the canonical morphism. We first show that oy is
injective.
Let L € ker(¢y) and L € K(9) be a lift of L. We can write L = Do<ijepi lig(OP)z' D
with the [;; € C[Y]. Since Ky verifies Hypothesis 2.1, we deduce that the family
(2°07)0<i j<p—1 is a Cn-basis of Kn(9)/op—yy. This means that for all 4,5 € [0;p — 1],
Y — YN divides li,j-
Thus yn is a root of all I; ;. But since the [; ; all have coefficients in C' and N is the
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minimal polynomial of yx over C, it follows that IV divides all I; ;.

Thus the ideal generated by N(9P) is precisely the kernel of the considered map. It follows
that ¢ is injective. Observe finally that dime, (D (o)) = p? and dime,, (K~ (0)/(07 —yn)) =
p- [Ky : Cn] = p?. Tt follows that ¢y is also surjective by dimensional analysis.

iii) Dy (gry is isomorphic to M,(Cy) if and only if K~ (9)/(97—yy) is isomorphic to M,(Cn)
which to say that 9” — yn admits an irreducible divisor of order 1 in Kn(9). From
Proposition 2.7, this is equivalent to the p-Riccati equation with respect to N having a
solution in K.

O

Notation 2.9. If N € C[Y] is an irreducible separable polynomial, we denote by Sy the set of
elements f € Ky verifying

FOY 4 1 =y
Lemma 2.10. Let N € C[Y] be an irreducible separable polynomial and f € Sn. Then Sy =
{f—%lge Kn}.

Proof. Let h be an element of K. The element h is in Sy if and only if h — f verifies (h —
£)®P=Y 4 (h — f)P = 0, which is the same as requiring that 0 — (h — f) is a divisor of 9P. Since
d® (Kx) = 0, this is further equivalent to saying that & — (h — f) has a solution g € Ky and is

daP
its minimal vanishing operator, that is to say is equal to 0 — %. Thus h € Sy if and only if h — f
is of the form h = %. O

In Section 4, we will also see how to use the solutions of the p-Riccati equation to compute
irreducible divisors of N(0P).

3. POLYNOMIAL TIME IRREDUCIBILITY TEST

We now present an irreducibility test for operators of the form N (97) with N being an irreducible
polynomial over C. We restrict ourselves to the case where K is a finite separable extension of

Fp(x).
d

Lemma 3.1. If K is a finite separable field extension of Fp(x) equipped with the derivation —-

then K wverifies Hypothesis 2.1. Furthermore its constants are the p-th powers of elements of K.

Proof. Let C be the field of constants of K. F,(x) does verify Hypothesis 2.1 and its field of constant
is Fp(zP). Since K is a finite separable extension of F,(z), there exists F' € Fp[z,Y] irreducible
and a root r of F in a separable closure of F,(z) such that K = F,(z)[r]. But then 77 € C, thus
F,(xP)[r?] C C. Let ® denote the Frobenius endomorphism on F,(z). The element r? is a root of
O(F) so [Fy(aP)[rP] : Fp(2P)] = [K : Fp(z)]. We have [K : Fp(2P)] = [K : Fp(2)][Fy(2) : Fp(a?)] =
[K : Fp(zP)[r?]][F,(2?)[r?] : F,(2P)] which is to say that [K : F,(zP)[r?]] = %<& — ) Since

deg(F)
F,(aP)[rP] C C C K, and K # C (x € K) we have C' = F,(«?)[r?] and [K : C] = p. Furthermore
the elements of C' = F,,(aP)[rP] are exactly the p-th powers of elements of K = F,(x)[r]. O

Notation 3.2. Let NV be an irreducible polynomial over C'. For any place B of K we denote by
Ky the completion of K with regard to the associated valuation vz. We also denote Gy the
residue class field of K. Finally we will usually use the notation ty to refer to a prime element
of P in Ky.

For any place of P’ of Cn, we denote by Cn s the completion of (Cn, /).

For any algebraic function field F' we denote by Pr the set of places of F' and by Div(F') the group
of divisors of F'; we recall that it is the free Z-module generated by the elements of P(F). If f is
an nonzero element of F'; we denote by (f) the principal divisor of f, by (f)o its divisor of zeros
and by (f)eo its divisor of poles. If D is a divisor over F', we write L(D) = {f € F|(f) = —D} for
the Riemann-Roch space associated to D.

We denote by Diff (Kn/K) (or just Diff (Ky)) the different divisor of Ky over K.

Finally if k is a field, we denote by Br(k) the Brauer group of k.

The basis for our irreducibility test is the following proposition
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Proposition 3.3. Let N be an irreducible polynomial over C. Then, N(0P) is reducible in K{0)
if and only if the p-Riccati equation
f(p—l) + P =yn
has a solution in Ky g for all P € Py, .
Proof. We know that N (97) is reducible in K (9) if and only if Dy gr) =~ Kn(9)/(87—yy) is isomorphic

to M,(Cn), which amounts to saying that K~ (9)/(9?—yy) vanishes in the Br(Cy). We know that
D~ @mepc D ®cy Cn,g induces an injective group morphism [9, Corollary 6.5.4]
N

Br(Cyn) = @D Br(Cnyp).

PePcy

In particular this means that K~ (9)/(a? —yy) is isomorphic to M,(Cy) if and only if

9)/(0*~yn) ®cy Cnp

is isomorphic to M, (Cn ) for all P € Pc .

Besides we know that En(9)/(9? —yn) ®@cy Cngp is isomorphic to Ky .-1(3)(9)/(8?—yy). Thus
Kn(9)/(87 —yn) is isomorphic to M, (Cy ) if and only if Knv.x(9)/(8? —yy) is isomorphic to My (Cy . (p))
for all P € P, .

Lastly Ky g is of the form F,((tg)) for ¢ some power of p. In particular it is a field verifying
Hypothesis 2.1. Thus it is isomorphic to M,(Cn ) if and only if the equation

FO 4 7 =yn
has a solution in Ky . O
We now want to find a criteria for the p-Riccati equation relative to IV to have a solution in

Gy ((tg)). Over fields of Laurent series we can apply a Newton iteration to find solutions to a
higher precision from a given seed as illustrated by the following proposition.

Proposition 3.4. Let fy € Gp((ty)) and n € Z be such that
p—1
o+ 1§ = ux + 03

We set ey := 1 — vy (tyy). There exists fi € Gyp((ty)) such that f1 = fo+ O(tglﬂpil)em) and

dr—1

dzp—1
Proof. Let g : dzp Ao+ fo —yn. For any f € Gp((tp)), d;: £ f is a constant since dd - = 0.
Since yy € CN is also a constant, it follows that 9% = 0. Thus there exists Z(fo) € Gy ((tp))
such that {7=Z(fo) = g. Furthermore, we claim that we can take Z(fy) such that vp(I(fo)) =
pn+(p— 1)@43
Indeed, let h € Im (<L) and H = ZZO:W}(H) hkﬁfj3 € Gy ((ty)) such that L H = h. Then we set
Hy:=H-%,., hpktpmk. We have -L H; = L = h. Furthermore p does not divide vy (H).
But we also have

d / d - k / k
aHl = tqga Z hitys | =ty Z (k+ 1)hk+1tq3.
k=vgp (Hy) k=vgp(Hy)—1

fl +f1 =yNn +O(tP(P"+(P 1)313))

It follows that vy (h) = v (Hi) — 1+ vq(ty) which is to say that h admits a primitive H; verifying
vp(Hi1) = vgp(h) + esp. Applying this result p—1 times, we conclude that we can take Z(fy) such
that vp(I(fo)) =pn+ (p — 1)eyp.
Next, we consider fi := fo — Z(fo). By definition f; = fo + O(thy T®~ V) and
dr— dr—t
dZCp 1f1+f1: dp 1f0+f0 dp_lz(fo)*z:(fo)p
=g+yn —g—I(fo)
n+(p—1)e
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Corollary 3.5. The p-Riccati equation relative to N admits a solution in Ky g = Gyp((ty)) if
and only if there exists f € Gy ((ty)) such that
dr—1
dap—1
In particular if vy (yn) = p-vsp(ty) then the p-Riccati equation relative to N has always a solution
mn KN,q;g.

F+ 7 =yn + Ot ).

Proof. Let f be such that %:furfp = yN+O(t$1_em)) and set fo := 1. We construct a recursive
sequence (fr)ken € K%m such that the term fr.1 is constructed from fj using Proposition 3.4.

We set ny, := max{n € N|%;11f;€ + fi =y~ + O(t")} and show that the sequence ny, is strictly
increasing. Indeed we have ng > —eg. Thus ny > pno+(p—1)egp > no—(p—1)ep+(p—1)ep = no.
It follows that ny > ng and n; > —egp. By induction we show that ny > —esg for all £ and conclude
that ng+1 > ny the same way.
From Proposition 3.4 it also follows that f, = f; + O(t%’) for all £ > [. Thus a solution to the
p-Riccati equation in Ky g is given by limg o0 fi-

Let us now suppose that vg(yn) > pvg(ty). Then by definition of ey, the function f =0
verifies

dpil p p(l—eq)
so the p-Riccati equation relative to N must have a solution in Ky g by what precedes. ([

Corollary 3.5 is very important because it states that for almost all (all except a finite number)
place P € Pk, the p-Riccati equation has a solution in K g. Indeed, vy (tfp) being the valuation
of the divisor 2(x)s — Diff (K ), the only places where the existence of a solution is not obvious
are the places where the valuation of the divisor p~1 - (yn) + Diff (Kx) — 2(2) is negative. Since
the divisor Diff (K y) is effective, those places are either poles of yy or poles of x.

We now see how to check if the p-Riccati equation has a solution in those places.

Lemma 3.6. For any f € Ky sp, %f = C;i:pill (t/gg_1 ).
»

Proof. We consider the ring of differential operators Ky q(0«) where 0. f = f0. + de(f) for all

f € Ky . We know that & = t‘/anm so we want to show that (tjd.)P~" = 8f71t§§71. We know

that for all f € Ky, -5 f = 0. It follows that (g9.)Pf = >0, <IZ> dd;if(t;’nﬁ)p*i = f(gOx)P.

Thus (g0.«)P commutes with all the elements of Ky g so it is an element of Ky o3[0P] and is of the

form a10% + ag. But the leading coefficients a; is necessarily t%_l and ag = % = (0. Thus we have
(tp0s)P = t%(?f =ty OF t%’fl. We can simplify by #5,0. and get the desired equality. O

Theorem 3.7. Let P € P(Ky) and tp € Kn be a prime element of B. We suppose that n :=
v () —p~ ' up(yn) > 0. Let (go,g1,---9n—1) € G" be the first n coefficients of (15;’]3)1)_1 and
(ao,...,ay—1) € G" be the first n coefficients of a p-th root of yn. Let Gp = F,p with b > 0. We
identify Goy with FZ". We set

D;D—l(m) =
gr 9o

g’r]—l—p DR gO O DR 0
gn—1 T 9p Gp—1 - 9o

where Dp_1(P) € My, (F,) is a block matriz and the coefficient g; is the matriz of the multiplication
by gi in Gy. Let ® be the diagonal block matriz in My, (F,) whose diagonal block are all the matric
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of the Frobenius endomorphism over Gyz. Then the p-Riccati equation relative to N has a solution
in Ky if and only if the system

(® — Dp—1(P)X = ®'(ao, .., ay-1)

has a solution in g%.

Proof. Let f € Ky verifying %f + fP = yn. Then vyp(f) > p~lvgp(yn). Indeed we

know that vyp(yn) = min(pl/gp(f),l/gp(% )). If we had vy (f) < p~'vg(yn) then in par-

ticular v (f) < vp(ty) — 1. Since vy (%) > vyp(f) + (p — D(p(ty) — 1), we find that

v (%) > pry(f). Thus we would have vy (yn) = min(pry(f), Vq}(%f)) = puy(f), which
is a contradiction. Thus vy (f) = p~! - vp(yn).

We set f := >0, fktI;eril'Vm(yN). We claim that X = *(fo,..., fy—1) is a solution of the
system (® — D,_1(P))X = @ - *(ag,...,ay—1). It is in fact enough to check that the vector

—Dp_1(B) (fos-- -, fy—1) is the vector of the coefficients of t%k in gi;i{ for k € [p~t - vap; v (ty) —

1]. We know that %( f)= ;:;11 (tfg_l f) and the result follows from a straightforward compu-
»

tation.
Conversely, if (® — Dp_1(P))X = ®-*(ao,...,ay—1) has a solution (fo,..., fy—1) € Gy; then we set

o _ _
f= (Zz;é fktgg) tpqg “#8) and claim that %f +fF =y~ + O(tgg(l em)) which proves the
existence of a solution according to Corollary 3.5. From what precedes, we know that the equality

is true for the coefficients of tP* for k € [p~! - v (yn), —ep]. Furthermore, since %f + fP and

yn are constant, all the other coefficients before tpmflfe‘”) are equal to zero which gives the desired

result. O

We can now write an algorithm for testing the irreducibility of an operator N(97) where N is
an irreducible polynomial over C. From Lemma 3.1, we know that we can take N, € K[Y] such
that NP(Y) = N(YP) and Ky ~ K[Y]/n.. If we denote by a the image of Y in Ky then yy = aP.
This representation is easier to manipulate (because smaller by a factor p in all generality) so we
consider that the entry of our algorithm is the polynomial N,. The correctness of Algorithm 1 is

Input: N, € K[Y] a separable irreducible polynomial.
Output: Whether or not N?(9) in irreducible in K (9)

(1) Set Ky := K|[a] = K[Y]/N where a is a root of N.
(2) Compute S := Supp(a)_ U Supp(z)_.
(3) For B in S do:
(a) Compute ty a prime element of .
(b) Compute ty, and set n 1= vy (ty) — vy (a).
(c) If n > 0 do:
(1) Compute gy, the Taylor expansion of iy in g at relative precision 7.
ii) With fast exponentiation on compute the first n coefficients
(i) p g, comp U
(907 s ag’r]—l) of t/fg_l‘
(iii) Compute (ao,...,an—1) the first n coefficients of the Taylor expansion of
a in ﬁqg.
(iv) Check if the system (® — Dp_1(B)X = ®'(ao, . ..,a,—1 defined in
Theorem 3.7 has a solution in g%.
(v) If it doesn’t, return False and stop the algorithm.
(4) return True

Algorithm 1: irreducibility_test

easily deduced from the discussion that precedes. To evaluate its complexity, we must say a word
on the choice of the prime elements toz. To simplify the exposition, we assume that K = Fy(x)
with ¢ = p® and that N, € Fy[z,y] with d, = deg, N, and d, = deg, N.. It follows that Ky is
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a field extension of Fy(z) of degree d,. As such, any element f € Ky can be represented by d
rational functions in Fg4(z).

Notation 3.8. For any element f = Dif Zfial fia" € Ky such that Dy, fo,..., fa,—1 € Fylz]

with ged(Dy, fo, ..., fa,—1) = 1 we write
deg f := max(deg Dy, deg fo,...,deg fg,~1).

In 2011, Jordi Guardia, Jests Montes and Enric Nart presented in [11] an algorithm designed
for number fields called Montes algorithm. This algorithm takes in input a monic irreducible
polynomial f(x) € Z[x] which defines a number field K = Q[f], where 6 is a root of f, and a prime
number p € Z. The algorithm returns a full factorisation p{* ...pg" of the ideal pZy as a product
of prime ideals of Zk, where Z is the subring of elements of K which are integral over Z, as well
as generators oy, ..., a4 verifying p; = pZg + a;Zg. The settings of number fields and algebraic
function fields are actually very similar and Montes algorithm can be easily adapted to it. The
analogous algorithm takes as input a monic irreducible polynomial f(z,y) € Fy[z][y] generating
an algebraic function field of positive characteristic F' ~ Fo(@)[4]/f(2,y) together with an irreducible
polynomial P € F,[z]; and it returns the divisor (P) = e(P1|P) - P1 + ... + e(P4|P) - P, as well
as prime elements tq, for all the places in Supp(P).

Montes algorithm is the starting point of many algorithms dealing with number fields or algebraic
function fields. In [2], a version of Montes algorithm where the generators «; are not computed
is used as a key element to compute OM-representations, of the ideals dividing p, from which the
generators can be obtained as a byproduct. In [14, section 6], Adrien Poteaux and Martin Weimann
stated that for a number field K = Qlzl/(F), where F' is a monic integral polynomial, and a prime
p € Z, an OM-representation of the prime ideals dividing p can be computed in Os(degy(f)é)
operations in F,,, where 4 is the valuation of Disc(F) in p, if p > deg,(f) or O.(deg,(f)5 + 6%)
operations in F, otherwise. The analogous result for algebraic functions fields is that for an
algebraic function field F = Fq(#) W]/ f(2,y), where f is a monic integral polynomial, and an irreducible
polynomial P € F,[z], an OM-factorisation of the prime ideals dividing P can be computed
in O (deg(P)deg,(f)d) operations in Fy if char(F,) > deg,(f), and O.(deg(P)(deg,(f)d + §%))
operations in [, otherwise, where § is the valuation of Disc(f) in P.

In a personal communication, Martin Weimann explained to us that, as a consequence of [11,
Proposition 4.28] and of the results of a paper in preparation [15], a prime element ¢y of a place
B € Supp(P) can be computed with degty = O(deg(P)#y(f)) at the cost of an OM-factorisation

and O(deg(P)d) operations in F,.

Theorem 3.9. Let N, € Fu[z,y] be an irreducible polynomial and let d, := deg,(N.) and d, :=
degy(N*). Algorithm 1 determines whether N, is irreducible or not in , solving the local problems
can be done at the cost of computing (a)— and (x)— as well as O (dyd,blog(p)) bit operations from
computing OM-representations and prime elements, O(dy + dy) evaluation of functions in Kn of
degree O(d2dy + d.d2) and O, (b*(dy + dy)*® log?(p) + (d3d2 + d2d} + d.dy )blog(p)) bit operations.

Proof. Let [. be the leading coefficient of N,. We begin by the cost of computing prime elements
for all places P € S := Supp(a)oo U (2)oo. Let us first assume that Supp(a)ee NSupp(z)ee = &. Let
P be a pole of a. We can apply the OM-factorisation mentioned earlier to @ = lgy_lN*(z, y/le)
which is integral, monic and the minimal polynomial of l.a. We have Disc(Q) = jdvt Disc(N.)
which is of degree O(d.d,). There exists P € F,[z] irreducible such that B divides P. It follows
that the cost of using the OM-factorisation algorithm is O.(deg(P)(d,d(Q) + 4(Q)?) = O((d, +
deg(Disc(Q))) deg(Disc(Q)) = O((d»d,)?) operations in F,» and yields a prime element ¢y such
that deg(tp) = O(d,). The sum of these costs over the poles of a results in O(d3d;) operations in
F.

By the symmetry of the roles of z and a, the similar process over the poles of = costs Og(dgdi)
operations in ., and yields prime elements of degree O(d,) both in x and a.

If now 3 is a pole of both a and x we can replace a by a - 2¥ and N, (z,y) by N.(z,2~"y) where
v is the valuation of @ in 3. Thus we find ourselves in a situation where P is not a pole of x and
show that the result still holds. Thus this first phase has a cost of O ((d3dZ + d3d3)blog(p)) bit
operations.

Prime elements of poles of (x) created from this process are written in a basis of F,» (a)[z] and need
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to be written in the canonical basis of IF(x)[a]. This yields prime elements of degree O(d.d,)
which we now assume to be the size of all our prime elements.

To compute the Taylor expansions we use a naive algorithm which consist in extending the
constant base field pr to Gy and doing recursive evaluations of t;'q3 and a in Gy. This process
over P requires to do at most meq := —2wp(x) — vp(a) evaluations of function of a degree similar
to tgq} that is to say O(mepdzdy) and (m?ndmdy) operations in Gg. By definition, the sum of the
ma deg(P) is smaller than deg(2(2)o+(a)s) = O(dz+d,). Thus computing the Taylor expansions
requires to do O(d, + d,) evaluations of functions in K of degree at most O(d3d, + d,d;) and
O((did; + d,dy )blog(p) bit operations.

The final part is the resolution of multiple F,-linear systems of size mg deg(P)b each of which
can be solved in O(bwm% deg()“ log(p)?) bit operations. The factor log(p)? comes from the
computation of the Frobenius endomorphism over Gyz. The sum of these terms over the poles of a
and x gives the final result. O

4. SOLVING THE p-RICCATI EQUATION

The goal of this section is to present an algorithm to solve the p-Riccati equation relative to
an irreducible polynomial N € C[Y] over Ky. We discuss its complexity and its applications to
the factorisation of differential operators in K (). This algorithm makes use of algebraic geometry
tools such as Riemann-Roch spaces and the Picard group of K.

We recall that van der Put and Singer presented, in [23, §13.2.1], a method to compute solutions
of p-Riccati equations over Fq(x). Their method will serve as a guideline for the techniques we
develop in the general case.
We keep the notations of the previous section. In addition, we suppose that N € C[Y] is a fixed
irreducible polynomial and use the notations introduced in Notation 2.5. In particular, we recall
that Sy denotes the set of solutions of the p-Riccati equation fP—1 4 f7 = yy.
Proposition 4.1. Let B be a place of Ky, ty be a prime element of . Then, for all f € Sy,
we have vp(f) > min(p’lygp(yN),V;p(t;’n) —1).
Proof. We have

vp(yn) = vp(fP7Y + f7)

> min(vp (Y, pr(f)).

Furthermore equality holds if v (f*~1) # prp(f). Since v (fP~Y) = vp(f)+ (p—1) (vp(ty) —1)
if vy (f) < vp(ty)—1, we find in particular that prg (f) < v (f)+(p—1)(rp(ty)—1) < v (fP~Y)
so v (yn) = prg(f). O

In fact we can show that if solutions exists, some of them verify a slightly better bound.
Definition-Proposition 4.2. Let f € Sy and B be a place of Kn verifying vyp(yn) > pygp(tfp).
Then there exists k € T, such that for all g € Kn, if vp(g) = k (mod p) then f — %/ € Sy and

v (f - %) > vy(ty). We call k the ramified residue of f in P and write

meq;g(f) = k.

Proof. If vys(f) > vsp(ty) then we can take k& = 0. Indeed in this case, if vp(g) = 0 (mod p)
then there exists [ € N such that g = tgu with vgp(u) = 0. Then % = % erl%;’;— =

vp(u) = 0, we can write u = > uptiy and u' =ty 332 (04 Dupqaty. Thus vp(u') > vp(ty)

and vy (%) > vy (tﬁp) which yields the result.

Suppose now that v = vp(th) — 1. We set e = 1 — vp(thy), a = (t5 't and ¢ :=
B Bllp RUNDY B P

(tsf)(B). Let us show that ¢ € Fj'a. The characteristic p does not divide e, and we know that

vp(fP~Y) = —pe. Furthermore we know (Lemma 3.6) that fP~1) := ;%;1 (t%flf). It follows

that (t; f~V)(P) = —a~'c and (1 f7)(P) = . But 5 (f*~D + f7)(P) = (tyn)(P) = 0
since v (yn) > —pe. It follows that t&f(f(p’l) + fP)(P) = c? —aP 1k = 0. Thus »~ = aP~! and
ceFra. Weset k:=c-a™".
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Let g € Ky be such that vp(g) = k (mod p). There exists | € Z and u € Ky such that

vp(u) =0and g = tg“cu. Then %/ = k% + % Since vy (u) = 0, vp(u’) > —e and vy (%) = —e.

Then (t;%%) (B) = k(ts “tp)(R) = ka = c. Thus (t% ( f %)) () = 0, which is to say that
ng(f—%)}l—ezng(t;lp). O

In particular if 8 is neither ramified nor a pole of yx then Sy contains an element with no
pole in B. This local improvement on the bound provided in Proposition 4.1 is accomplished by

adding an element of the form < e . Unfortunately adding such an element makes new poles appear
in general so this local approach is not enough. We globalize it in the following theorem.

Theorem 4.3. Let f € Sy and S = {P € P |vp(yn) < prp(ty)}. Set

Y Rep(f) R

PEPK
BES

If there exist D', D, € Div(F) such that Re(f) ~ D' + pDp then Sy contains an element ¢
verifying for all places P outside S Usupp(D’) that vp(p) = vp (tfp)

Proof. Since Re(f) ~ D’ + pD,, there exists g € Ky such that Re(f) — D’ — pD, = (g). From
Lemma 2.10, we deduce that f — % € Sn. Let P € Px, \(S Usupp(D’)). Then we find

v (g) = vp(Re(f)) — vp (D) — prp(Dy)
= vp(Re(f)) — 0 — prp(Dp)
= vp(Re(f)) (mod p)
= Rep(f) (mod p)

By definition of Reg(f), f — % is an element of Sy verifying for any place 8 outside S USupp(D’)
that

vp(f — %) > v (ty)-
[l

Definition 4.4. We consider &%, = CI( (KNn)/pCI(K ). Since Ky is an algebraic function field of
characteristic p, %, is a finite commutative group of the form &%, ~ (Z/pZ) for some n € N*.

Corollary 4.5. For each place P € Px,, we denote by tz a prime element of °B.
Let (D1, ...,Dy) € Div(Kn)"™ be a lifting of a generating family of &%, viewed as a F,-vector space.
Let S = !, Supp Dn and set

A := max Z P + Diff (Kn) — 2(2) o, (4)-
PesS p

If Sy is not empty then it contains an element of L(A).
Proof. Let f € Sy and let Re(f) be defined similarly as in Theorem 4.3. Since Di,...,D, is a

basis of &%, there exists a linear combination D' = a; Dy + ... + a, D, such that Re(f) = D’
(mod &%;). Thus there exists D, € Div(Ky) such that

Re(f) ~ D'+ pD,,.

Besides supp(D’) C Ui, supp(D;) C S. According to Theorem 4.3, Sy contains an element
f* verifying for all places outside of S that vp(f*) > vp (tfp) The corollary now follows from
Proposition 4.1 and the fact that the valuation in B of the divisor Diff (Ky) — 2(x)c is precisely

—l/q3 (t‘/ﬁ) D
Definition 4.6. For any effective divisor D over Ky, we define

(yn)-
T p

AD):=max | > P+Diff(Ky) - 2(x)-
PBESupp D
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We say that D is a generating divisor of &% if and only if (P)qpesupp p is a generating family of
&%, In this case
Sy =9 & Sy ﬁE(A(D)) = J.
For a family of effective divisors (D1, ..., D;,) we define
A(D1,...,Dp)=A(D1+ ...+ Dy).

To our knowledge there exists no algorithm able to compute the cokernel of the multiplication by
p in the divisor class group of a curve C of genus g in polynomial time in g and the characteristic p.
We instead opt to choose enough uniformly random elements of &% to generate the whole group.
Since we know that &% is of the form [F;; with n being an integer smaller than g + 1, we know
that we only need to select O(g) elements on average. We use Algorithm 1 beforehand to ensure
the existence of a solution. We refer to [4, Section 3.5] in which the author present an algorithm
to select uniformly random elements in C1° (Kn). If Ky is seen as the regular function field of
a curve C, [4, Algorithm 3.7] presupposes the choice of a line bundle £ over C of degree at least
2g + 1. Since we are working over finite fields, line bundles of arbitrary degrees exists and we can
choose a line bundle of degree exactly 2g+ 1. Then we can use [4, Algorithm 3.7] to pick uniformly
random elements in ClO(K ~) represented by uniformly random effective divisors of degree 2g + 1
in polynomial time in g and log(q). However, [4, Algorithm 3.7] also suppose that the zeta function
of C is known in order to ensure the uniform distribution of the divisors. The computation of the
zeta function can be done in time polynomial in g and linear in b and p (precisely O(pbdgdi) bit
operations [19]).

Remark 4.7. In [8, section 13.2] the authors also state that C1°(K ) is generated by the places of
degree less than 1+ 21log, (49 —2). This in turns guarantees the existence of D a generating divisor
of szz)v* of degree O(dzdy). However the probability of generating &%, with O(g) uniformly chosen
effective divisors of degree less than 1+ logq(4g — 2) could be very low which is why we do not use
it for our algorithm.

From now on we will assume that we are able to pick uniformly random elements in C1°(K ). If
&~ is of dimension r over F,, then we only need on average to select O(r) elements to generate &%;.

We now discuss in more details the computation of the linear system representing the p-Riccati
equation over some L(A(D)). The main issue lies in the computation of the (p — 1)-th derivative
of the elements of a basis of L(A(D)). Instead of computing their exact value in Ky, we compute
their Taylor expansion up to a high enough precision.

Proposition 4.8. Let oy : Ky — Cn denote the Frobenius endomorphism over Ky and D €
Div(Ky). Let f € L(A(D)). Then &3 (fP~V + fP) € L(A(D)).

Proof. Let B € Pk,. If B ¢ Supp(A(D)) then by definition of A(D), f is not a ramified place
and f has no poles in 9P. Thus neither f®~) nor f? has a pole in P. Thus &' (fP~V + fP) has
no pole in PB. For P € Supp(A(D)), we let tgz be a prime element of P. We know that

v (N (SO 4 7)) 2 min(p~" - (v (f) + (0 — 1)(vp(t) — 1)), g (/)

Besides we know that if vy (f) < v (tyy)—1 then p=* (v (f)+(p—1) (v (t3)—1)) = wp(f) so in that
case we get that vy (P (fP~1 + fP)) = vy (f) which implies the desired result since f € L(A(D)).
If now we have v (f) > vp(ty) — 1 then p=' - (up(f) + (p — 1)(wp(ty) — 1)) > vp(ty) — 1. Since
valuations have to be integers we deduce that v (@' (f®~Y + f7)) > vp(ty) = —vp(A(D)).
Thus @' (fP~Y + fP) € L(A(D)). O
Notation 4.9. From this point forward we assume that K = [, (), for b € N*. We suppose that
N € FplaP,y] is a fixed separable irreducible polynomial and set N, (x,y) € Fpu[x,y] such that
NE(Y) = N(YP). Let a be the p-th root of yy € Ky. Then N,(a) =0 and Ky = K|a]. We set
d, = deg, N, and d, = degy N,.

Definition 4.10. Let f € Ky. There exist unique fo,..., fp,—1 € Kx such that

p—1
F=>
=0
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For all ¢ € [0;p — 1] We denote by S;(f) := f; the i-th section of f.

Although we define sections for all ¢ € [0;p — 1], we will really only be interested in Sp_1 as
shown in the following lemma:

Lemma 4.11. For any f € Ky,
SN (fP7Y) = =S (f).
Proof. Let f := Zf;ol fPat. Tt suffices to show that f=1) = —ff)’_l. But this is obvious since
fe=1 = (p— D!fy_; and (p—1)! = =1 mod p. O
Thus another way of writing p-Riccati equation is
b—Sp—1(b) =a.

We now use the fact that Lemma 4.11 also holds over Ky g for any P € P, . Let B be a place
over Ky that does not belong in Supp(A(D)). Then the injective homomorphism from Ky to
its PB-completion induces an injective homomorphism of F,-vector spaces L(A(D)) — Gy [[ty]]. It
follows that there exists a constant N € N such that for all f € L(A(D)), f = 0 if and only if

vp(f) = N.

Lemma 4.12. Let P € Div(Ky), let D be an effective divisor of Ky and set d := deg(A(D)).
For any f € L(A(D)),

d
f=0&uvp(f) > .
) deg(B)
Proof. Since f € L(A(D)), if f # 0 then we know that deg(f)so < d. But since deg(f)oo = deg(f)o
we know that vy (f) < % < ﬁ(‘ﬁ)' O

Thus it suffices for a function f € B (where B is a basis of L(A(D))) to compute the image
deg(A(D)) | ¢ .

of f — Sp—1(f) modulo tqg )+ in Gyl[typ]]. If one writes f = 3777 fity; then Sp_1(f)

| destaco |

mod tg dee ¥ can be deduced from the knowledge of the coefficients f,i4,—1 for k < %.
To that end we can compute the first p L%%)))J +p—1 coefficients of the Taylor expansion of f.

In practice, we compute the Taylor expansion of a of which we know the minimal polynomial, in
tg up to the desired precision by Newton iteration (note that by definition of A(D), a € L(A(D))).
This can be done in O(p deg(A(D))d,) operations in F,. Then, knowing that elements of £(A(D))
are given by polynomials F'(x,a) we get their Taylor expansions by composition for an additional
cost of O(pdeg(A(D))d,) operations in F,,.

Proposition 4.13. Let Q; be the quotient of the Euclidean division of N.(x,y) by y'™t for any
i1 € N. Then for any f := 221,261 fra® € Ky and any i € [0;d, — 1], fi = Trgy /F, (z) (%)

Proof. Let us fix N,.(z,y) = ZZLO nk(z)y*. From [16, Lemma 2 section III. 6] we know that
TrKN/pr(z) (m) = ,7%51'@1,—17 for all i < d — 1. Thus the result holds for i = d, — 1, since
Qd,—1 = 1na,- Then for all i we have Q; = Q;1+1y +n;+1. We assume the proposition to be true for

i+ 1. Then

Qi(z,a)f Qit1(w,a)af f
T Qilma)f A EY s .
rKN/pr(Z) (ayN* (.T, a) rKN/pr(z) ayN* (.T, a) + i rKN/]pr( ) ay]\f* (.T, a)

and by hypothesis Trg /r , (z) (7%%[(1(;)(1“)]0) is the coefficient of a'*! in af, which is given by
P y Vs (T,

Jdy—1mi41

Ji— ——

TrR— while TrKN/]pr(m) (m) is the coefficient of a® 1 of -L-

Ndy

fa,-1
+ Nigp1 —
Nd, Nd,

Qi(z,aﬁ)) _ gy o a1 = /i

TrKN/pr(z) (7811]\7* (z,a
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Corollary 4.14. Let D be an effective divisor over Ky and P be an irreducible polynomial in
Fu[x] coprime with Disc(N.) and the leading coefficient of N,. If none of the places in Supp(D)
divides P then for any f € L(A(D)), none of the coefficients of f in the basis (1,a,...,a%™1)

have a pole in P.

Proof. Let l. be the leading coefficient of N,.. The function l.a is integral and its minimal poly-
nomial is Ny = lgyle*(ac,Y/lc). We have Disc(Ny) = 1t Disc(N.) and (dy Ni(z,a))+ <
(Oy N1(z,1ca))o < (dy —1)(Ic)o + (Disc(Ny))o. This shows that for all ¢ (with the notations of the
previous proposition), % has no poles that divides P since the poles of a are among those
of I..

Let us now show that Supp(A(D)) does not contain any place that divides P. Let Diff(Ky, )o
be the different divisor of K, outside of the places at infinity. Since l.a is integral we know
that Diff (Kn, )o < (Oy N1(z,1ca))o < (dy — 1)(Ic)o + (Disc(N.))o. Thus Supp(A(D)) N Supp(P) C
(Supp(Diff (Kn)) N Supp(P)) U (Supp(a)s N Supp(P) C Supp(l.) N Supp(P) = &. Thus if we set
Op the valuation ring associated to P in . (x) and O its integral closure in Ky, then for all i

and all f € L(A(D)), % € O%. It follows that if f; denotes the i-th coefficient of f then

fi= TrKN/]pr(z) (%) € Op and f; has no pole in P. O

When knowing the Taylor expansion of a up to the desired precision, computing the Taylor
expansion of an element f of L(A(D)) by composition requires to compute the Taylor expansion
of its coefficients. This can be done in O(pmax(n,deg A(D))d,) operations in F,» where 7 is the
degree of the coefficients of f. As we show now, by construction of A(D), n and deg(A(D)) have
the same order of magnitude.

Lemma 4.15. Let f € Ky and P € Pp , ().

v (f) J
(BB ]

Proof. Let Oy be the valuation ring associated to the place 3 and (’){J3 be its integral closure in
K. For any f € Ky, if f € Oy then TrKN/pr(z)(f) € Og [17, Corollary 3.3.2].

It follows that if 3 is a pole of TrKN/Ipr(I)(f), then at least one of the places lying under 3 is a
pole of f. Let B* above B be such that

EiR el

Set k = [%‘%w and P € Ky a prime element of 3. Then for any ' above B we have

v (Tricy /5, () (£)) 2 min {

v (PP f) = ke(3'|9B) + v (f).

Y210 thus vy (PR f) > 0. Tt follows that

e(P'[B)
v (Trgey /v, () (PFS)) = v (PF Trpey /v, () (F))
=k +vp(Trgy/m , (0)(f))
0
—k

By definition k > —

VoWV

g (TYKN/pr(z)(f))
which is the desired result. O

Proposition 4.16. Let D be an effective divisor over Ky and f = i Zfial fiat € L(A(D))
where f_1, fo, ..., fa,—1 € Fqlx] are globally coprime polynomials.

Then for any i € [—1;d, — 1], both deg(f;) and deg(A(D)) are in O(deg(D) + d.d,).

Proof. Let P € Fy[x] be an irreducible polynomial and let Q; denote the quotient of the Euclidean
division of N, by Y**! applied to x and a. If P is a pole of Trx sk, (2)(Qif):
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VP(TYKN*/Fq(m)(Qif))deg( ) m‘ljlal {%J deg(P)
> Z(Vm(Qi) + vy (f)) deg(*B)
BIP
> > (r(Qi) — vp(A(D))) deg(¥F)
BIP

It follows that
deg(TrKN* JFq( (sz < deg(Qz)oo + deg(A(D))

But A(D) < D+ Diff(Kn) — 2(2) oo + (@)oo. Thus, since deg(Diff (Ky) — 2(2)s0) = 29 — 2, where
g denotes the genus of Ky, deg A( ) < deg(D) +dy + 29 — 2. Since g < (dy — 1)(dy — 1) (see [3,
Corollary 2.6]), it follows that deg(A(D)) = O(deg(D) + d.d,) and deg(Trx . /r,(2)(Qif))oo =
O(dzdy + deg(D)). Thus, according to Corollary 4.13, 9,N.(z,a)f has coefficients of degree
O(dyd, + deg(D)). Since (9, Ny (z,a)f)~" has coefficients of size O(d,d,), the result follows. [

Notation 4.17. Let B be a basis of L(A(D)) with D € Div(Ky), and P € F,[z] an irreducible
polynomial verifying the hypothesis of Corollary 4.14. Let P € P(Ky) be lying over P and typ
be a prime element of P and By be an F,-basis of Gyz. We denote by Ty (B) the matrix with
coefficient in F,, whose columns are the Taylor expansion of the image of elements of B by the map

[ f—=Sp—1(f), at precision {%&D)J + 1 written in the basis Bo X (t},); deg(P)<deg(A(D))-

We can now write the final version of our algorithm the solve the p-Riccati equation in Algo-
rithm 2.

Input: N, € F,u[z,y] an irreducible separable polynomial.
Output: f € K|[a], where a is a root of N, such that f®=1 4 fP = P, if such an f exists.
(1) Test if N¥(9) is irreducible using Algorithm 1.
2) If N¥(9) is irreducible return.
) Set dy := degy N, and Ky, := K[a] = Fp(@)Wl/(N.).
) Compute (a)eo-
) Compute A := Diff(Ky,) — 2(2)
) Set D:=0,n:=0and!=0.
) Select (D1,...,D,) € Div(Kyn)™ a family of n randomly chosen divisors
of degrees 2g + 1
8) D« D+Dy+...Dp, I+ 1l+n,n+ n+max(1l,l) and A(D) := A.
(9) For B Supp D do:
e A(D) < A(D) + %
(10) A(D) < max((a)—, A(D1,...,Dg+1)).
(11) Compute a basis B of L(A(D))
(12) Select P € Fy[z] an irreducible polynomial verifying the hypothesis of
Corollary 4.14 with respect to D and 3| P.
(13) Compute the Taylor expansion V of a in iy at precision {WJ +1
(14) Compute T (B) (see Notation 4.17).
(15) Solve Tp(B)X =V.
(16) If a solution X exists reconstruct a solution to the p-Riccati equation from it

and return it.
(17) Else redo from step 7

Algorithm 2: p-Riccati_with_irreducibility
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Theorem 4.18. Let r be the dimension of &%, over F,, where N(y?) = N£(y). We have r <
dudy and Algorithm 2 returns if it exists a solution of the p-Riccati equation relative to N whose
coefficients are of degree O(rd,d,) at the cost of

testing the irreducibility of NE(9) using Algorithm 1

factoring the divisors (a)eo and ()0

computing the different divisor of Ky

selecting O(r) uniformly random elements of Div(Ky,) of degree 2g + 1

computing O(logy (1)) basis of Riemann-Roch spaces of dimension O(rdd,).

O(bperidZ + (brdgd,)“) bit operations.

The total complexity of the computation is polynomial in b, d, and d, and linear in p.

Proof. The cost of steps (1) to (5) in Algorithm 2 is the cost of using Algorithm 1. The cost of
step (4) is the cost of computing (a)s, (z)se and Diff (Ky, ).

The degree of D roughly doubles at each repetition of steps (7) to (15) and are repeated on average
O(log,(r)) times after which we have selected O(r) uniformly random elements of &%, which form
a generating family of it. The cost of steps (7) to (10) is essentially the cost of selecting uniformly
random divisors of degree 29 + 1. By definition of A(D), it is of degree O(d.d, + rg). Since
g = O(dydy) we find that A(D) is of degree O(rd,dy).

Since we know that the solution of the p-Riccati equation constructed by Algorithm 2 is an element
of L(A(D)), Proposition 4.16 states that this solution has coefficients of degree O(rd,d,).

The cost of step (11) is thus the cost of computing a basis of L(A(D)) which is of dimension
O(deg(A(D)) C O(rdydy).

Step (11) requires the computation of Disc(V,) whose cost is negligible in regard of the final result.
The cost of steps (13) and (14) is the cost of computing the Taylor expansions of O(rd,d,) functions
in L(A(D)) using Newton iterations. The cost for one such function is O(bprdzdi) bit operations
so the total cost is O(bpr2d2d3). Using this we can compute the Taylor expansions of h — S,_1(h)

for h € B at precision O(gjg“”(';g)). We recall that B is an F,-basis of L(A(D)). Since we want
the result on an Fy-basis, we still need to multiply the result by an F,-basis of IF,,, which can be
done in O((brd,d,)?log(p)) bit operations. Thus steps (13) and (14) can be done in O(bpr%lidi +
(brd.d,)?) binary operations.

Finally, step (14) is a matter of solving a FF,-linear system of size O(brd,d,) x O(brd,d,) which
can be done in O((brd,d,)“) operations in F,.

Reconstructing the solution to the p-Riccati equation is a matter of summing O(rd, dz) polynomial

coefficients in I [x] of degree O(rd,d,) which can be done in O(erdidg log(p)) bit operations.
The sum of those cost yield the final result. O

Remark 4.19. In our experiments we often found that » = O(1) hence the expression of the
complexity in terms of this additional parameter and not purely in terms of d, and d,,.

5. APPLICATION TO FACTORISATION OF DIFFERENTIAL OPERATORS

Now that we have a working algorithm to solve p-Riccati equations and degree bounds for the
solutions, we discuss how it fits in the broader context of differential operators factorisation. We
begin by discussing how to go from a solution of the p-Riccati equation relative to N, to the
corresponding irreducible divisor of N(9P).

Proposition 5.1. Let N € C[Y] be a separable irreducible polynomial and f € Ky be a solution
to the p-Riccati equation relative to N. If L is a generator of the ideal of operators in K{0) which
are left multiple of @ — f then L is an irreducible divisor of N(9P).

Proof. We consider K(9)<aeg(n)y = {L € K(0)|ord(L) < deg(N)} and the K-linear map 9n :
K(0)<deg(ny — Kn(9)/Ky(0)(0—f) which maps an operator to its image modulo 9 — f.

Since dim g K(0)<deg(n) = deg(N) 41 and dim g K~ (9)/Kky (9)(0-f) = deg(N), ¢y has a nontrivial
kernel. In particular ord(L) < deg(N). Let us show that L is a divisor of N(9P). We claim that
gerd(L, N(0P)) is a multiple of 9 — f. Indeed, 0 — f is a divisor of 9 — yy which is a divisor of
N(0P) and is also a divisor of L. By definition of L, gerd(L, N(9?)) = L and L is a divisor of
N (0P). Since ord(L) < deg(N), it has to be irreducible according to Proposition 2.6.(v). O
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The proof of this result also points to an algorithmic way of deducing an irreducible divisor of
N (0P) from a solution to the p-Riccati equation relative to N.

Corollary 5.2. Let N € C[Y] be an irreducible polynomial and f € Ky be a solution to the
p-Riccati equation relative to N. Set d,, = deg(N).

Let ag = 1 and for all i € [0;dy — 1], aiy1 = a; f + a;. Consider the matriz M(f) in Ma, a,+1(kK)
whose columns are the coefficients of the a; (in some fized K basis of Ky ). Then for any nonzero
v = (vo,...,vq,) € ker(M), Z?io v;0% is an irreducible divisor of N(OP).

Proof. We consider K(0)<qeg(ny = {L € K(0)|ord(L) < deg(N)} and the K-linear map ¢n :
K(0)<deg(ny — Kn{0)/Kn(0)(0—f) which maps an operator to its image modulo 0 — f. For di-
mensional reasons, we know that ¢x has a nontrivial kernel. Besides, any nonzero element of the
kernel is a multiple of @ — f in K () of order less than deg(NN). From Proposition 5.1 and Proposi-
tion 2.6.(v) this means that it is a irreducible divisor of N(9P). We claim that the matrix M (f) is
the matrix of this restriction from the basis (1,9, . .., %) to the K-basis of K ~ Kn(9)/Ky(8)(0—f)
we have fixed.

Indeed let L' = 9%1j, + 0% 11 + - - -+ 1o be any differential operator in K (). Then there exists
an operator B = 0¥ 1by_; + -+ 0b; + by € Kn{(0) and b_; € Ky such that

L'=B@O-f)+b_;.

Then
k-1 k—1
L'=Y 0" =Y 0'(b;+ fbi) + by
i=0 i=0
k—1
= 6kbk_1 + Z ai(bi_l - b; — sz)
i=0

and we find that I; = b;—1 — b, — fb;, or equivalently b;_1 = I; + b, + fb; and by_1 = l. We apply
this result to L' = 9*. It immediately follows that the corresponding b_; is the k-th term of the
recursive sequence defined by ag = 1, a;41 = a;f + a;, which concludes the proof. O

It is now easy to see that the coefficients of gerd(N(9P), ' (0 — f)) are of size independent
from p as long as it is also the case for the coefficients of f, which we know to hold true from
Theorem 4.18.

Lemma 5.3. We keep the motation of Corollary 5.2 with the additional hypothesis that f €
L(A(D)) where D € Div(Ky) is a generating divisor of ®%;. Then for all i € [1;d,],

a; € L(1A(D) + (i — 1) max(Diff (K ) — 2(2)os, 0)).

Proof. We know that a1 = f € L(A(D)) so the proposition is verified here. We now suppose that
the conclusion of the lemma holds for the index 7. Let p € Pg, be a place and ¢ty be a prime
element of it. Then

vp(a;) = vp(ai) + vp(ty) — 1.

In all generality, 1 — vq(ty) is precisely one more than the valuation of Diff (Kv) — 2(z) in .
In particular if 9P is ramified then it is smaller than twice the valuation of Diff(Kx) — 2(2)eo
which is smaller than the valuation of A(D) + Diff (Ky) — 2(2)co. If it is not ramified then either
a; does not have a pole in B, in which case neither does a} or it has one and we have both
vp(a)) > vp(a;) — 1 and vp(A(D)) > 1. Thus vp(a;) — vp(a)) is once again smaller than the
valuation of A(D) + Diff (Kn) — 2(x)co. Therefore

a; € L((i +1)A(D) + i max(Diff (K n) — 2(2) o, 0)

Furthermore since f € A(D), so too does fa; and the result follows. O
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Input: N, € Fg(z)[Y] an irreducible separable polynomial, f a solution of the p-Riccati
equation relative to N.,.
Output: L € K(0) the smallest monic multiple of 9 — f with coefficients in K.
(1) Set Ky, = F4(z)[a] with a a root of N,.
(2) Set dy := deg N..
(3) Set ag := 1.
(4) For ¢ going from 1 to d, do:
o Set a;:=a,_;+ fa;_1
(5) Set M € Mgy q+1(Fq(x)) the matrix whose columns are the a;
written in the F,(z)-basis (1,a,...,a% 1) of Ky,.
(6) Solve MX = 0.
(7) Reconstruct L from a solution and return it.

Algorithm 3: Irreducible_factors

Theorem 5.4. Let N, € Fpu[z,y] be a separable irreducible polynomial. Keeping the notations
of the previous sections, we suppose that dimg, 0511’\,* = r. Using Algorithm 2 we can compute a
solution f of the p-Riccati equation relative to N whose coefficients are of degrees O(rdzdy). Then
Algorithm 3 computes an irreducible divisor of NY(9) whose coefficients are of degree O(Tdmdg) in

ON(rdzdz“) operations in F .

Proof. The coefficients of the irreducible divisor returned by Algorithm 3 can be expressed using
the minors of the matrix M whose columns are the a; written in the basis (1,a,...,a%~1). Since
we know that f has coefficients of degree O(rdgd,), by immediate recurrence we get that a; has
coefficients of degree O(rd,.d;,). Thus the minors of M are of degree O(d2rd,.d,) since M is a matrix
of size d x (d +1). Furthermore, the coefficients a; can all be computed in O(rd, d3) operations in
F,. It finally remains to solve a linear system of size d x (d+ 1) with coefficients in F,(z) of degree
O(rd,d). This can be done in in O(rdmdgj”) operations in F,» [18]. O

Remark 5.5. In practice we have observed that the growth of the size of the coefficients, from those
of the solution to the p-Riccati equation, to those of the corresponding irreducible divisor of N (9?),
is only linear in d, (and not quadratic as shown in Theorem 5.4). We infer that the situation is
similar to seeking the minimal polynomial of an algebraic function in some K/a).
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