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SEMI-CLASSICAL OBSERVATION SUFFICES FOR
OBSERVABILITY: WAVE AND SCHRODINGER EQUATIONS

NicoLAS BURQ', BELHASSEN DEHMAN?® AND JEROME LE ROUSSEAU®*
Abstract. For the linear wave and Schrédinger equations we show how observability can be deduced
from the observability of solutions localized in frequency with a dyadic scale.
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1. WAVES AND OBSERVABILITY
On a bounded smooth open set © of R%, consider the operator A = —A = — Zl<j<d (‘)JQ-. The associated wave

equation in the case of homogeneous Dirichlet boundary conditions is

(02 +A)u=0 in R x Q,
w=0 in R x 99, (1.1)

U= = u’, Spupy—g =u' in Q.

1.1. Strong and weak solutions

For u € H?(Q) N HE(Q) and u' € H}(Q), there exists a unique
ue (R, H*(Q) NHH(Q) NE (R; Hy(Q)) N 62 (R; L*(Q))

solution to (1.1). Such a solution is called a strong solution as (07 + A)u = 0 holds in L2 (R;L?*(2)). One
denotes by

E2()(t) = 5 (1 Au(t) |22y + 19ru(®)] s )

N | =
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the (strong) energy of u at time ¢. Since the equation (1.1) is homogeneous this energy is independent of time
t that is,

1 2 2
Ex(u)(t) = E(u)(0) = §(|\A@O||L2(Q) + ||Ml||H3(Q))~
One thus simply writes & (u). In particular this conservation of the energy states the continuity of the map

(HA(Q) 1 HY(Q) & HY(Q) — 6 (R HA(Q) N HY(Q) N6 (R HY Q) 62 (R L2(@) (1)

(u®, ut) = u.

For less regular intitial data one uses a notion of weak solution. For instance, if u® € H}(Q) and u! € L?(Q),
there exists a unique

ue GO(R; Hi(Q)) NG (R; L2(Q)),

that is a weak solution of (1.1), meaning up—g = u® and Oruji—g = u' and (87 + A)u = 0 holds in 2’ (]R X Q)
For such a solution one considers the following energy

Ex(u)(t) = 5 ([u(®) 372 ) + 10|72 ()

N | =

independent of time ¢ as above, that is,

E1(u) = & (u)(t) = & (u)(0) = §<||a0||25<m + w720y

With the density of H2(2) N H}(Q) in HE(Q) and of H} () in L?(€), one can approach u® and u! by smoother
data, and thus approach u(t) by strong solutions.

1.2. Observation operator, admissiblity and observability

An observation operator is an operator L on L?(£2), possibly unbounded, with values in a Hilbert space K.
Basic examples in the framework of the present introduction are the following ones.

Example 1.1.

1. If w is an open subset of 2 one can define L : v + 1,v, yielding a bounded operator on L?((2).
2. If T is an open set of 92 one can define L : v — 1rd,v)9q, where n is the outgoing normal vector at OM,
yielding an unbounded operator on L?((2).

The observation operator is said to satisfy an admissibility condition if an estimate of the following form
holds

S
/ I Lu()||dt < C&; (u),
0

for some S > 0, C > 0 and an energy level j = 1 or 2 (other energy levels are considered in the abstract
development in what follows).
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For example, let us assume here that j = 2, that is, admissibility is given at the level of strong solutions. One
says that observability holds with the operator L in time 7" > 0 if one has

T
Eu(u) < Cobs/ L u(t) |5t
0

with £ =1 or 2, for some Cyps > 0 for any strong solution to (1.1). If £ =1 one says that observability holds
with some loss of derivative, or some loss of energy, here, a loss of one energy level.

Observability estimates are important in applications such as inverse problems or controllability issues. In
particular, for waves, observability is equivalent to exact controllability; see e.g. [8]. For more aspects on admis-
sibility, observability and their connections with controllability, we refer the reader to the book of M. Tucsnak
et G. Weiss [23].

1.3. Derivation of an observability estimate

There are various methods to derive observability estimates for the wave equation. Some rely on a multiplier
approach going back to the seminal work of J.-L. Lions [20]. Others rely on microlocal methods following the
celebrated article of C. Bardos, G. Lebeau, and J. Rauch [2].

The purpose of the present article is not the derivation of observability per se. We are rather interested in
showing that observability, be it with energy loss or not, can be deduced from the observation of very particular
types of waves. The waves we shall consider are localized in a frequency band making them easier to handle
than general waves (in particular when applying microlocal techniques). The frequency band is indexed by an
integer k and ranges from apl*! to pl*! Ja for 0 < a < 1 and some p > 1. This framework is given a semi-classical
aspect by using the small parameter hy, = p~ 1%l

Wave equation solutions can be decomposed as a sum of two half-wave equation solutions corresponding
respectively to positive and negative time frequencies. For a wave u*, localized in frequency as described above,
a very pleasant property states that it fulfills the half-wave equation

(8, — sgn(k)iAY?)uF = 0. (1.3)

This is justified in Section 2. This can greatly simplify the analysis necessary for the derivation of an observation
inequality as compared to treating all solutions to the wave equation. Also, the frequency localization of u*
allows one to use powerful tools from semi-classical analysis that are often easier to handle than the analogous
tools from microlocal analysis. The use of such tools can allow one to treat the case of coefficients with limited
regularity; see for instance [5] for this last point. Having in mind the analysis of the HUM control operator
carried out in [9] the introduction of waves with frequencies limited to a narrow band is very natural. In [9], the
authors show that the control operator acts microlocally with a highly separated treatment of frequency bands
similar to those considered here.

The starting point of the present article is to assume that a uniform observability estimate holds for frequency
localized waves like u*(t), that is, for some Cyp,s > 0 one has

T
&) < Con [ LMt (1.4)
0

for all k sufficiently large. Our main result, under a unique-continuation property to be described below, is the
derivation from (1.4) of the observability inequality for general waves u(t) in the considered energy level

T/
&wamAMWMM
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for any 7" > T and some C/,_ > 0. We shall also show that an admissibility condition can be used to give the

proper energy level where this inequality holds.
To allow for a general use of this result, we present it in an abstract framework.

1.4. Schrodinger equation

In the same geometrical setting as above, the Schrodinger equation, in the case of Dirichlet boundary
conditions reads

(23t+A)u:0 iDRXQ,
w=0 in R x 09, (1.5)

Ujp=0 = u? in Q.
For u° € D(A) = H?(Q) N H}(Q) there exists a unique solution in
ue ¢ (R H*(Q) NHi(Q) Nne (R; L*(Q)),

solution to (1.1) and (id; + A)u = 0 holds in L (R; L?(Q2)). In fact, the norm

loc
(@)l pay = [ Au@)]l L2 (q)

is independent of t. As for the wave equation, other levels of regularity are possible. If u® € H{ () there exists
a unique solution to (1.5) in

ue (R Hy () Ne (R H (),
and the norm ||“(t)||H3(Q) remains constant. If u® € L?(€2) there exists a unique solution in
ue € (R; L*(Q)) N¢' (R; D(A)),

and the norm [|u(t)|| ;2 (g, remains constant.
For an observation operator as above, observability takes the form

T
1]l ey < Cons / Ll dt,

here at the regularity given by D(A’), for £ = 0,1/2 or 1 in the above levels of solutions. As for the wave
equation, under a unique-continuation property, we shall derive such an observability inequality from a similar
inequality holding for solutions localized in frequency.

The Schrédinger equation can be seen sometimes as a half-wave equation; compare (1.5) and (1.3). With
respect to the analysis we carry out in the present paper, this comparison is very relevant and the analysis is
more involved for the wave equation. In what follows, we shall thus cover the wave equation first and cover the
case of the Schrodinger on a second pass, yet with all necessary details.

1.5. Other settings

In this introductory section we have concentrated our attention on the case of the wave and the Schrodinger
equations stated on a bounded smooth open set  of R?, along with homogeneous Dirichlet boundary conditions,
that is, Bu = 0 with Bu = upq. This is done for the purpose of motivation. However, the abstract framework
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we present in what follows allows one to consider more general settings. We give a nonexhaustive list of such
settings.

1. One can consider the elliptic operator A to be the Lapace-Beltrami (up to principal part with the require-
ment that A be selfadjoint and nonnegative) on a smooth Riemannian manifold M without boundary. If
viewed as an unbounded operator on L?(M), one sees that 0 is an eigenvalue associated with constant
functions. Considering the operator acting on L?(M)/C one then obtains the setting developed in what
follows.

2. On a bounded smooth open set or on a smooth Riemannian manifold M with boundary, one can consider
Neumann boundary conditions, that is, Bu = 0 with Bu = dyujpr, with n the outgoing normal vector at
OM. The operator A can be the Laplace(-Beltrami) operator. Similarly to the case without boundary, 0 is
an eigenvalue of the elliptic operator A associated with constant functions. The same quotient procedure
yields a setting compatible with the analysis developed in what follows. More generally, one can consider
a boundary operator B that fulfills the more general Lopatinskii-Sapiro boundary condition that encom-
passes both Dirichlet and Neumann conditions, with the requirement that the considered elliptic operator
be selfadjoint and nonnegative; we refer for instance to [19], Chapters 2 and 4. Then, one has to consider
a quotient with respect to the kernel of the resulting unbounded operator if this kernel is not trivial.

3. Above, the coefficients of the elliptic operator are considered smooth. This can be relaxed down to Lipschitz
regularity, yet preserving the properties needed in what follows. Similarly, the regularity of the open set
Q or the manifold M (and its boundary M) can be chosen as low as W2, Then, spectral properties of
the elliptic operator remain unchanged and solutions to the wave and the Schrodinger equations can be
defined similarly, for instance through a semigroup formulation and the Hille-Yosida theorem.
Observability of waves was obtained for ¢ 2-coefficients (¢3-boundary) in [4]. This was recently extended
by the authors [5] to the case of €!-coefficients (42-boundary). Both articles rely on the method presented
here to obtain observability from semiclassical observability. In case of Lipschitz coefficents (W?2:°-
boundary), observability is an open question. With the present article, proving such a result amounts
to achieving a semiclassical observability result.

1.6. Notation

Often to avoid introducing constants explicitely we use the notation a < b, with the meaning a < Cb for
some constant C' > 0. Similarly, the notation a = b reads Cb < a < C’b for some constants C' > 0 and C’ > 0.

2. ABSTRACT EQUATIONS AND SEMI-CLASSICAL REDUCTION

Let E be a Hilbert space. Consider a positive unbounded selfadjoint operator A on E with dense domain
D(A). Assume that there exists a real Hibert basis (e, ), en of E, associated with a nondecreasing sequence of
eigenvalues, (A, ),en, with A, — 400 as v — +o0, for instance if A has a compact resolvent map. In the example
of the introduction, one has E = L?(Q)) and A = —A with D(A) = H%(Q) N HZ ().

Any u € E reads u =Y, o Uy €, with u, = (u,e,)p and (u,), € £*(C). For s > 0 one has

D(A®) = {u € B; (Nu,) € ()}

For s < 0, D(A®) denotes the dual of D(AlI*l) using E as a pivot space, and if u € D(A®) then u =3 _yuye,
with convergence for the natural dual norm on D(A®) and Au = > _Aju,e, € E. In all cases, a norm on
D(A®) is given by

veN

lullbaey = IAullg = [Asw)ullpe ey = D A2 uwl?,
veN
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with the associated inner product (u,v)pas) = (A%u, A*v)p = ((Ajuy),, ()\,SJUV)V)EQ(C). One has the continuous

and dense injection D(A®) < D(A*) if s > s/, moreover compact if s > 5. In fact, one defines D(A®) =
Neer D(A®). If u =3 yuye, € D(A®), one sees that U, = >, ., use, € D(A®) and U, — u in D(A®) as
n — oco. Hence the injection D(A>) < D(A®) is dense for any s € R.

2.1. Abstract wave equation and energy levels

The wave equation reads
afu + Au =0, Uj—0 = u’, Oyuj—o = ul. (2.1)

With the initial conditions u® € E = D(A?) and u!' € D(A~'/2), the unique solution to (2.1) in €°(R; E) N
¢ (R; D(A=Y/2)) is given by

u(t) = 3 (eos(t/ A+ sin(ty/AJub e = 30 (€ e e, 22)
veEN v veN

with uf = (u¥ F iul /v/X,)/2. Moreover, one has u € N, €% (R; D(A~*/2)). Note that (u}),en € £2(C). In turn
the r.h.s. of (2.2) is solution to the wave equation (2.1) with «° and u' given by

and ul =iV (ul —u)). (2.3)

Note that u € L2 (R;E) N HL (R; D(A=Y/2)) n HZ (R; D(A™!)) and the equation in (2.1) is fulfilled in
LQ

e (]R; D(A_l)). The energy of the solution is given by

(lu(®) 1% + A= 20u(t)|[7).

N | =

(1)l + 10 Ha-1/2) =

N =

Eo(u)(t) =

It is constant with respect to ¢, that is,

1 2 2 1 _
Eo(u)(t) = Eo(u)(0) = i(HQO”E +ut I pa-1r2) = B > (P + A ) (2.4)
veN
=> (P + 1wy, %)
veN

We thus simply write £(u) and one has

Eow) = 3t =)™ [ (Rl + 10Ol piacsre) (25)

for any time interval [t1,t2], leading to a well defined energy if only considering the solution u in L (R; E) N
HE (R; D(AY?)) n HZ (R; D(A™Y)).

More generally, if s € R and u® € D(A%?) and u' € D(AG=D/2) the unique solution to (2.1) in
Me@* (R; D(AG=F)/2) is given by (2.2), and one can define the energy

. 2 _ 2
(IA*2u(®)[ + 1A~ D 20pu(t) ).

N =

() aeray + 10 ac-1/2)) =

N =

Es(u)(t) =
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that is also constant with respect to t. Note that if u(t) is such a solution then A%/2u(t) is a solution to (2.1) in
NkE* (R; D(A~*/2)) as above, with

Eulw) = E(Au) = 37 A5 (ju 1+, ). (2.6)

veN

We shall say that such a solution to the wave equation lies in the s-energy level. Similarly to (2.5) one has

to

1 -
Es(u) = 5 (t2 — 1) 1/ (&) IDae 2y + 10su(®) [ ac-1/2)) dt, (2.7)

t1

for any time interval [t1, t2].

If u®, u! € D(A>) the associated solution u(t) is such that u € €*(R; A®) for any k € N and s € R. One has
Es(u) < oo and one says that u(t) lies in all energy levels.

If u® € D(AY?) and u' € D(A“~1/2) and if one denotes by w(t) the unique solution to the wave equation
(2.1) that lies in the f-energy level, there exists a sequence u,(t) of solutions that lie in all energy levels and
such that

Eo(u—up) —0 as n — 400, (2.8)

from the density of D(A®) in D(A®) for any s € R. It suffices to consider two sequences (u?),, and (u}), both

Ln
in D(A*) such that ||u’ — H%||D(Af/z) — 0 and ||u! — %{LHD(AMfl)/z) — 0 and let u,,(¢) be the associated solution
to the wave equation.

2.2. Dyadic decomposition for waves

Let 0 < a < 1, p €]1,1/a[ and set
Je = {v; ad® < /A, < o*l/a}, kelZ.
Note that #J; < oo from the assumed properties of the eigenvalues. Set also hj, = o~ ¥I. Introduce
Ey = span{e,; v € Ji},

equipped with the norm [[ull, =3_ ;. lu, |2 for u = > ves, Uy € E. Observe that if u € Ey then A"u € E,
using that #Jj, < co. Hence, Ej, is a subspace of D(A>).
At this stage it is important to note that J_j = Jy implying E_; = Ej. However, we shall identify u € Ej

with the following solution of the wave equation

U= Z esen ()it Xy o (2.9)

veJy

The sign of k here becomes important. Yet, note that uw € Fj if and only if u € E_j through this identification

since the eigenfunctions e, are assumed real.
Following up, we identify dfu with u = Yo (z sgn(k;))é)\ﬁﬂu,,ey € E}, that is, its value at ¢ = 0. Similarly,
one identifies Ay with ZueJk Auye, € E.

Lemma 2.1. For u € Ey, the norms

histatrAsuHE, reN, seR,



8 N. BURQ ET AL.

are equivalent to ||ul| 5, uniformly with respect to k € Z*.

Proof. One writes

B opAculd = 3 IR P e 3 P = [l
= veJy

as hi\, =1 for v € Jj. O

For u € E, the identified solution to the wave equation given in (2.9) lies in all energy level. One has

2 _ 2 2
Es(u) = 5 (IA2u(®) |5 + IACTD200u(t) | g) = > ul -

N =

In particular, note that for u € E}, both terms in the energy coincide; this is not the case in general for a solution
of the wave equation for fixed time (while it is true in time average). The reason is that u € Fj is in fact solution
to the following half-wave equation

(8, — sgn(k)iA?)u = 0.

We introduce the following sets of sequences of functions
B = {(u")rez; u* € By and [[u*]| 2y < 1}, (2.10)

B* = {(u")resr; u* € By and [[u¥]|aq) < 1}

2.3. Abstract Schrodinger equation and dyadic decomposition

The Schrodinger equation associated with the operator A reads
Oyu — 1Au = 0, Upp—p = ul. (2.11)

With the initial conditions u® € D(AP), for some p € R, the unique solution to (2.11) in €°(R; D(A?)) N
¢! (R; D(AP™1)) is given by

u(t) = Z e e, (2.12)

veN

One has

2 2
”u(t)HD(AP) = ZAEPIQSF = ||M0||D(Ap)~
veN

Moreover, one has u € N €* (R; D(AP~F)).
As above let 0 < o < 1, ¢ €]1,1/a[ and set hy, = o~* and
I ={v; ad® <\, < 0"/a}, k e N*.
Note that #J,;g < oo from the assumed properties of the eigenvalues. Introduce

E,f = span{e,; v € J,f},
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equipped with the norm Hu||f3 = ZueJ,f |, |2 for u = ZueJ,f uye, € E7. Note that E} is a subspace of D(A>).
We shall identify u € E} with the following solution to the Schrédinger equation

u = Z eMrye,. (2.13)

The counterpart to Lemma 2.1 is the following lemma.

Lemma 2.2. Foru € E,f, and r € N and s € R the norm
W07 At s

is equivalent to ||u|| p, uniformly with respect to k € N*.

We introduce the following set of sequences of functions
BY = {(u")ren; u* € BY and [|u*] 1) < 1} (2.14)

If u® € D(A®®) the associated solution u(t) is such that u € €*(R; A®) for any k € N and s € R. If u® € D(AP),
denote by u(t) the unique solution to the Schrodinger equation (2.11) that lies in 4 (R; D(A?)). From the density
of D(A>) in D(A®) for any s € R one can consider a sequence (u0),, C D(A>) such that ||u® — QELHD(A,,) — 0.
The associated solutions uy,(t) to the Schrédinger equation are such that

sup [[u(t) — un (D) pear) = [u” —up |l pasy =0 asn— +oo. (2.15)

3. MAIN RESULTS

3.1. Observation operator and unique-continuation assumption

For some Hilbert space K consider an observation operator L : E — K, possibly unbounded, with domain
given by D(L) = D(A™0) for some mg € R, with

[Lullg < COHU||D(Am0)' (3.1)

We introduce the following assumption.
Assumption 3.1 (unique-continuation). If u is an eigenvector of A such that L(u) = 0, then u = 0.

Observe that an eigenvector of A lies in D(A*°) and thus lies in D(L).

3.2. From semi-classical observation to observability for waves

Our starting point will be the following property.

Semi-classical observability property (wave equation). For some ¢; € R, C > 0, kY € N and some T > 0
one has

T
&w%sc/|umwﬁﬂu (*)iez € B, [k| > ko. (3.2)
0

Our main result in the case of the wave equation is the following theorem.
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Theorem 3.2. Let ¢4 € R with ¢1 < 2mg. Assume that there exists C > 0, kg > 0, and T > 0 such that (3.2)
holds for any U = (u")rez € B and any |k| > ko. Under the unique-continuation Assumption 3.1, for any
T’ > T there exists C' > 0 such that for any (u®,u') € D(A™) x D(A™~1/2) the solution to (2.1) given by
(2.2) satisfies

.
E0(u) < C' / | Lu()| dt. (3.3)

Note that the r.h.s. in (3.3) makes sense because of (3.1) and u(t) € L (R; D(A™)). Note that the
requirement ¢; < 2mg is natural since u(t) lies in the (2mg)-energy level.

Remark 3.3. The theorem states that semi-classical observation on an interval of length 7' implies classical
observation on any interval of greater length. In Remark 4.3 below (see Sect. 4, proof of Lem. 4.2), we explain
how our proof does not a priori provide classical observation at T’ = T. However, this calls for the following
comment. With microlocal techniques in mind, the time 7" > 0 that appears in the semi-classical observability
inequality (3.2) is any time T' > Tgoc where Tgoe > 0 is the time given by the celebrated geometrical control
condition (GCC); see for instance [2]. With the only condition on 7" being 7" > T one sees that one can also
obtain the observability result for any 77 > Tgoc. Having 77 > T is not a drawback.

Remark 3.4. Let @ denote the complex conjugate. In many cases one has
L@ = I L(u) - (3.4)

As uk € E_j if u* € Ey note that having
T 2
&, (uF) < c/ || L (2)]| 5 dt, () pew € B, k> ko, (3.5)
0

implies (3.2). Consequently, if (3.4) does hold, then assuming (3.5) suffices to reach the conclusion of
Theorem 3.2.

In the case ¢; = 2my, the argument we develop leading to a proof of Theorem 3.2 is based on [17] (see also
[4]), yet with more details provided here. The proof of Theorem 3.2 in this first case is given in Section 5.1. The
argument is further refined to treat the case {1 < 2my, that is, the case of an observability estimate with some
energy loss. The proof of Theorem 3.2 in this second case is carried out in Section 5.3. Even though the second
case contains the first one, we chose to provide a simpler proof in the first case for the benefit of the reader.

3.3. Comments and comparison with existing results

The splitting of high- and low-frequencies for observability and controllability issues is now classical. It
appeared for instance in the work of Bardos-Lebeau-Rauch [2]. There, high frequencies are observed by means
of microlocal techniques and low frequencies are handled by means of a unique-continuation property. Here,
the semi-classical observability inequality (3.2) states that one can uniformly observe high-frequency data: the
constant C' is uniform for |k| > ko. The general observability constant in (3.3) takes moreover low-frequency
phenomena into account. Thus, there is no a priori estimation of this second constant by that in (3.2). In the
proof, low-frequencies are handled by a unique-continuation property within a contradiction argument. In this
context, the approach is very similar to that of [2]. However, in [2] the notion of high-frequency observability is
different. Low frequencies are not removed but their contribution appears somehow in a compact term that is
removed by the unique-continuation argument.
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To obtain an estimation of the general observability constant in (3.3), a quantified version of the unique-
continuation property is needed. This approach is used in Theorem 1 in [14] where the observability constant
is estimated by a high-frequency observation and a low-frequency spectral property. The latter is precisely a
quantified unique-continuation property for eigenmodes. However, the notion of high-frequency observability
is also different in [14]. There, high-frequency means that low frequencies are removed, whereas, here, high-
frequency bands are considered. The present approach yields wave ‘packets’ that are much easier to handle for
the derivation of the semi-classical observability inequality. This turns out important when one faces further
technical difficulties if for instance considering coefficients with low regularity [5]. Compared with the result in
[14], the present result allows one to treat the case of observability inequalities with losses of derivatives.

One important aspect of the present article lies in its abstract form. An abstract treatment of observability
can also be found in [23], Section 6.9. There, a decomposition in wave packets is introduced and is quite similar
to what is done here in the high-frequency regime. In [23] observability is characterized through a Hautus test,
that is, an estimation that involves the resolvent operator of the semigroup generator. The property assumed
on wave-packets is different from the semi-classical observability inequality considered here. A further study
of the connections between the two approches would be of interest. In particular, in Proposition 6.9.5 in [23]
the property on wave-packets is allowed to be only assumed for high-frequency wave packets. Note that an
estimation of the observation time is given in [23], whereas here the observation time is any time 7" such that
T’ > T where T is the time that appears in the semi-classical observation inequality. In this approach we have
in mind a time 7" greater than a time given by a geometrical control condition. Such time is then not estimated
through some spectral properties as in [23].

Finally, for the purpose of a quantification of approximate controllability, splitting of low- and high-frequencies
is also a key ingredient of the result in [16].

3.4. Admissibility condition for waves

In the introduction we also considered admissibility conditions. Such conditions are useful in cases where Lu
makes sense in energy levels lower than 2mg. Note that the (2mg)-level is given by the boundedness of L on
D(A™0); see (3.1). Yet, since || Lu(t)| , appears in a time-integrated form in the sought observability estimates,
in some cases, one can expect some improvement as formulated with the following additional assumption. Denote

by F, the space of solutions to (2.1) that lie in L _(R; D(A%/2)) N HL _(R; D(A=D/2))n H (R; D(A%/271))

loc loc
equipped with the norm &, (u)'/2.

Assumption 3.5 (admissibility condition for waves at the y-energy level). For some ¢y < 2my, the operator L
extends as an unbounded operator on F% into LIQOC(]R; K), also denoted by L, and for some S > 0 and Cs > 0
one has

S
/0 ILa()|% dt < Cs &), e Fay. (3.6)

In other words, Assumption 3.5 states that L is bounded on the space of solutions that lie in the £y-energy
level. Considering only ¢y < 2my is natural since (3.6) holds for ¢y = 2mg by (3.1).

Example 3.6. A basic example where Assumption (3.5) is useful, meaning ¢y, < 2my, is the case of the Dirichlet
Laplace operator Ap as in the introduction and the observation operator L given by the Neumann trace operator
localized in an open subset I' of 92, Lu = 1rdyuj9q, as in Example 1.1-(2). With the trace map HY/?*(Q) —
H#(09), one can use D(L) = H?/?*¢ N H} () = D(A™0) with mg = 3/4+¢/2, for any ¢ > 0. If u® € HJ(Q) and
u! € L?(Q) the associated weak solution to the wave equation lies in €° (R; Hj (Q2)) N€™* (R; L2(£2)). One thus has
Vu € 6° (R; L? (Q)), a regularity too low to allow one to apply the trace theorem to define d,ujpo = (n- Vu)sq.
However, because of the so-called hidden regularity for such a solution to the wave equation, one finds that the

trace dyu9q makes sense and lies in L{ (R; L*(992)); see for example [15]. A weak solution lies in the 1-energy
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level we have defined and moreover one has, for any S > 0,

S
/0 ”]-l"anu\a(l”iz(ag) dt S & (u)

In this case, one has 1 = £y < 2mg = 3/2+¢.

From the time invariance of the energy with (3.6) one finds

/MLuuwidtscgaaw,
J

for any interval J of length |J| = S. Moreover, for any bounded interval I one has

zuummiagcmaﬂw, (3.7)

for some C);; > 0 only function of |I|.
With Assumption 3.5 one obtains the following corollary to Theorem 3.2.

Corollary 3.7. Let {1 < {y < 2myg. Assume that there exists C > 0, kg > 0, and T > 0 such that (3.2)
holds for any U = (u*)ren € B and any k > ko. Assume also that (3.4) holds. Under the unique-continuation
Assumption 3.1 and the admissibility Assumption 3.5, for any T’ > T there exists C' > 0 such that for any
(u®,u') € D(A%/2) x D(A%=1D/2) the solution to (2.1) given by (2.2) satisfies

.
g < ¢ [ ILuar (3.8)

The proof simply uses the density of solutions in the (2myg)-energy level in the space of solution in the £o-
energy level and that both sides of the inequality (3.8) are continuous with respect to the ¢p-energy; continuity
of the r.h.s. is precisely (3.7) that follows from Assumption 3.5.

A remark similar to Remark 3.4 can be made for the result of Corollary 3.7.

3.5. Main result for the Schrodinger equation

We first state what is meant by semi-classical observability in the case of the Schrédinger equation.

Semi-classical observability property (Schrédinger equation). For some p; € R, C' > 0, kg € N and some
T > 0 one has

T
mwmmwscl ILab@)lldt,  (¥)ren € BS, k> ko. (3.9)

Our main result in the case of a the Schrédinger equation is the following theorem.

Theorem 3.8. Let p; < mg. Assume that there exists C > 0, ko > 0, and T > 0 such that (3.9) holds for any
U = (uF)reny € B® and any k > ko. Under the unique-continuation Assumption 8.1, for any T' > T there exists
C’" > 0 such that for any u® € D(A™) the solution to (2.11) given by (2.12) satisfies

T/
Il pgaony < € [ ILu(®) . (.10
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Recall that mg is as given by the continuity property (3.1) for L.

Denote by F; the space of solutions to (2.11) that lie in L (R; D(AP0)) N H!_(R; D(AP~1)) equipped with

the norm ||.[[ p(are)- Similarly to waves an admissibility assumption reads as follows.

Assumption 3.9 (admissibility condition the Schrédinger equation in D(AP?)). For some py < my, the operator
L extends as an unbounded operator on .7-'2) into L120c (R; K), also denoted by L, and for some S > 0 and Cg > 0
one has

S
A|uuwMau§cmm%mmw ue Ff

Then, for any bounded interval I one has

J IOl dt < Gl 1 (3.11)

for some Cj;; > 0 only function of |I].
With Assumption 3.9 one obtains the following corollary to Theorem 3.8.

Corollary 3.10. Let p; < po < myg. Assume that there exists C > 0, kg > 0, and T > 0 such that (3.9) holds for
any U = (uF)ren € B and any k > ko. Under the unique-continuation Assumption 3.1 and the admissibility
Assumption 3.9, for any T' > T there exists C' > 0 such that for any u® € D(AP°) the solution to (2.11) given
by (2.12) satisfies

T/
I pgaony < € [ ILu(®c . (3.12)

3.6. Existing and potential applications

In the introduction, we considered the wave equation on an open set of R?. This can be generalized to
the manifold setting. Consider a compact connected Riemannian manifold M of dimension d with boundary
endowed with a metric g = (g;;). Introduce the elliptic operator A = A, , = k1 divy(kV,), that is, in local
coordinates

Af = k™ (det g)~ /2 Z Oz, (K(det g)l/Qgij(x)azjf). (3.13)

1<id,j<d

where & is a positive function on M. The metric g and the function s can be assumed €% with k& > 1 or
Lipschitz. Recall that (g% (z)) is the inverse of (g;;(z)). The operator A is unbounded on E = L?(M). With the
domain D(A) = H*(M) N H}(M) one finds that A is selfadjoint, with respect to the L?-inner product, and A
is negative. With the elliptic operator A one also defines the wave operator

P=P,,=0} — A, (3.14)
and one can consider the associated homogeneous wave equation

Pu=0 in R x M,
u=0 in R x OM,

Ujp—g = u°, Optijp—og = u' in M.
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For an open set w C M one can consider the observation operator with K = L?(Q) and the action on a
solution to the wave equation given by L, u = 1gx,0:u. It maps a weak-solution as above into leOC (R X w). For
an open set I' C M one can consider the observation operator with K = L?(I") and the action on a solution
to the wave equation given by Ly u = 1gxr0hujsq, Where 0, is normal derivative at the boundary. In both cases
the admissibility Assumption 3.5 holds as one has

S S
/0 Lo u(t) 20t S E1(w), and / I e w(®) 2yt S & (1),

for a weak solution and for some S > 0. The second property is in fact the so-called hidden regularity property
of waves; see e.g. [15]. In both cases Assumption 3.1 holds with classical unique-continuation results for elliptic
operators; see for instance Theorem 2.4 in [11] and Theorems 5.11 and 5.13 in [18]. The result of Corollary 3.7
thus applies. It is used without loss of energy, that is, in the case £; = 1, in [4] for a boundary observation in the
case of €2-coefficients and in [5] for both types of observations in the case of %*-coefficients with also result for
Lipschitz coefficients by a perturbation argument. In these references, powerful tools of semi-classical analysis
and semi-classical measures are key to prove a semi-classical observability estimate as in (3.2).

Here, we also treat the case of the loss of derivatives, that is, if /1 < £y in the assumed semi-classical observ-
ability estimate (3.2) and in the resulting observability estimate in Theorem 3.2 and Corollary 3.7. Estimates
with such losses can be found in the literature. We refer for instance to the work of F. Fanelli and E. Zuazua
[10]. Their result is in the case of very rough coefficients (log-Lipschitz) and only concerns the wave equation in
one space dimension. Results in higher dimensions are open to our knowledge and the study of such cases could
benefit from the use of simpler localized-in-frequency waves and their semi-classical setting. Though observation
estimates with loss of derivatives are not so common for waves, they appear quite naturally for Schrodinger
equations. See [3, 6] for such results in the presence of weak (hyperbolic) trapping, or Sections 6.4 and 6.5 in
[7], and Section 4 in [21] for the observability of Schrédinger on the square with an observation in (say) the
vertical boundary.

4. TIME MICROLOCALIZATION

Let H be a Hilbert space, H = D(A®) for some s € R or H = K in what follows. For a function F' € € °(R*),
with F' > 0, set Fj(7) = F(sgn(k)7) for k € Z*, and consider the operator Fj(h;D;) that simply acts as a
Fourier multiplier on functions of time ¢ with values in H. Most often we shall write F/*(hyD;) to keep explicit
on which space the operator acts. Since F(hy7) is bounded, F}*(hyD;) maps L?(R;H) into itself. It also maps
L (R;H) (resp. ' (R; H)) into itself. We shall choose F' according to the following lemma.

Lemma 4.1. One can choose F supported in |o, ™[ with Y kezr Fe(hgr)? > 1 if |7] > 1.

Proof. Let o < a < p~' <1and F € €>°(Ja,a™!|) such that F =1 on [a,a!]. Let |7| > 1. With hy, = p~I*I,
one has Fy(hy7) = 1 if a < p~*I|7| < ™! and sgn(k) = sgn(7), or equivalently

M < |k < M and sgn(k) = sgn(7).

In(p) In(p)
The difference between the two bounds is 2In(a=1!)/In(p) > 2 and one has W > 1. Hence, there is at
least one value of k € Z* such that Fy(hy7) = 1. O

Let T > 0. For j € Z set

L=GT,G+1TL (4.1)
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Define Hy; as the space of functions w € LIQOC(R; ‘H) such that

w = sup ]_ij ) < 00, 4.2
Il = 500 1105 2

that is, the space of uniformly locally L2-bounded functions with values in H.
One has Hy C .'(R;H) and thus F*(h,D;)w is a well defined tempered distribution in time ¢ with values
in H. The following lemma improves upon this result.

Lemma 4.2. The operator FJ*(hxD;) fulfills the following properties.

1. One has

Fl(hDow(t) =Y F(hiDy)(1w)(t),  w € Hy, (4.3)
JEZ

and for any ¢ € € (R), there exists C > 0 such that
lFZ (hi De)w| oo (i) < Cllwllyg,, (4.4)

[eS)
loc

meaning that F*(hi.D;) maps Hy into LS (R;H) continuously.

2. There exists C' > 0 such that

2
D IE (D) ()l 2 gy < Cllvwl e
kezr

forw € Hy and ¢ € L*°(R) with compact support.
3. If o € €>°(]0, T[) and ¢ € L>°(R) is such that ¢ =1 in Iy, then for any M > 1, there exists Cpy > 0 such
that

| (0 D) (1 = ) | o gy < Carhd ], (45)

Proof. Let w € Hy and set w; = 1w. One has

1 3 ~ 1 1(t—s)T
F Dy (t) = 5 [ ¢ Fulhur)ij(rdr = o [ [ 0 By (s)ards,
Note that FJ*(hyDy)w;(t) € #(R; H) since its Fourier transform in ¢, Fy(h7)w;(7), is in €2°(R; H). One finds
IF2 0Dl < [ Felhur)ar [ s 9)llds S TR 1P ol s e (4.6)
STl pallwlly,,,  teR.

For the first part of the lemma we treat the case k > 0. The case k < 0 can be treated similarly. Consider
¢ € €°(R) and j € Z such that v; = dist(supp(¢), I;) > 0. Using that

—1

aTei(tfs)'r — ei(tfs)'r
t—s ’



16 N. BURQ ET AL.

for t # s, with N integrations by parts one writes

SR D) = 1 [ b ) S g

One finds
() (i Do )w; (1)1, S TV20y 9 Mol oo [IFN | [l t € R (4.7)

Observe that there exists jo € N such that v; > (|j] — jo)T if |j| > jo. If one chooses N > 2, one finds that
the series ), Ft(hyDy)wj(t) converges in L3S (R;H) thanks to the factor vij in estimation (4.7). Taking
into account that >~ F(hiDy)w; converges to Fjt(hyDy)w in .#'(R;H), one concludes that Fi*(h,D;)w €
L2 (R; M) and that (4.3) holds. Finally, using also (4.6) for a finite numbers of terms, with |j| < jo, one concludes

that estimate (4.4) holds
Let now ¢ € L>(R) have compact support. Then yw € L?(R;H) and the Fourier transform of F*(hy, D;)(vw)

is Fk(hkr)@ﬁu(ﬂ giving
VR (i DO (0) 2 ey = / Fi(hr )2 w(r) [ dr.

Since supp(F) C [a,a~'] and hy = p~!*! one finds that Fj(hy7) # 0 if 7 # 0 and

In(|7]) + In(«)

In(|7|) + In(a™ 1)
In(p) '

< k| <
== =50)

The difference between the two bounds is 2In(a™!)/In(p). Most important, it is constant. Hence, the sum
>4 Fi(hgT)? only involves a finite number m of terms that is independent of 7. Consequently

2 2 — 2 2 2
D IFE (D) ()l 2 gy < MUF e 10wl 2 gy < MUIF (o 10w][72 ingy-
keZx*

Finally, consider ¢ € €>°(]0, T[) and ¢ € L*°(R) such that ¢ = 1 in Iy. With (4.3) one has

FH (D) (1= )w) = Y FF (D) ((1 = )w;),  wj; =15w.

l71=1
Let N > 2. For |j| = 1 with (4.7) one obtains,
lo (W FE (hi Do) (1= 9)w;) (D] e gy < ONT20Y RN 0| oo ], (4.8)
with R = dist (supp(y), I§), using that [[(1 — V)wll g, S llwll g, For [j] > 2 one finds in turn
Il EZ (i De) (1 = 0)03) Ol e gy < O TR (= D) el oo 0l - (4.9)
Combining (4.8) and (4.9), one has

le ) FE (i Do) (1 = 9)w) e 20 (4.10)
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< ONT20Y Ml [ D2 (131 = D)™ + 2R,

l71=2

which yields (4.5) since 3715, (7] — 1)T)_N converges. O

Remark 4.3. Having supp(y) CJ0, T[ implies ¢ = 1 in a neighborhood of supp(y), which is of importance in
the proof and cannot be improved upon. Such localization is quite classical in microlocal techniques. In the proof
of Theorem 3.2 in Section 5 one sets T = (T 4+ 1")/2, giving T < T < T”, leaving room for a time-localization
function ¢ to be introduced. The use of the previous lemma therein is thus the technical reason for requiring
T < T’ in Theorem 3.2. This is however not an important loss of generality, as explained in Remark 3.3.

4.1. Action on waves

We now consider the action of Fi(hiD;) on a solution u(t) of the abstract wave equation (2.1) as given by
(2.2) that lies in the f-energy level for some £ € R. In such case, if one uses H = D(A/?), with (2.7) one sees that

¢/
u € Hpae2y as defined in (4.2). Thus, FkD(A 2)(tht)u(t) makes sense by Lemma 4.2. One has the following
result.

Lemma 4.4. Let u(t) be a solution to (2.1) that lies in the £-energy level for some £ € R. Let k € Z*. One has

F,?(AZ/Z)(tht)u(t) € Ei and

F (hk\/r)eit\/xlﬁe if k>0
FD(Az/z) b D N k v Uy Cv ? 4.11
g (e DeJutt) ; Fiy(— v A)e ™ uge, ifk<0. o

Proof. Observe that the series in (2.2) that defines u(t) converges in the space Hpae/2). Hence, with the first
part in Lemma 4.2 one finds

/ / . .
FPY O (heDoyu(t) = 3 EPAD (Do) (V% uf 4+ ey e,
veN

One has Fy,(hyDy)e'™ = Fy(hir)e’™, r € R; see for instance (18.1.27) in [12]. This gives

FPX O mDyut) = 3 (Bl N)e Y uf + Ful = /A%y ey,

veJy

since Fk(hk\/)\u) = 0 unless v € Ji. This gives the result using the dependency of the support of Fj upon the
sign of k. O]

0/2
Because of the form of u*(t) = FkD(A )(tht)u(t) one sees that u¥(t) is also solution to the wave equation.

Yet, as the sum is finite in (4.11) one has
uF(t) e €™ (R; D(A")), VmeN, reR, (4.12)

that is, the wave u*(t) lies in all energy levels.
We now consider the particular case of a solution w(t) that lies in the (2my)-energy level with mg as appearing
in the continuity property (3.1) of L.

Lemma 4.5. Let u(t) be a solution to (2.1) that lies in the mq-energy level. One has Lu* = FE(hyDy)Lu in
L (R: K) for k € Z*.

loc
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Proof. We treat the case k > 0; the proof for the case k < 0 is similar. With Lemma 4.4 one has Lu* =
>ves Fr (hev/ A )e™ v ut Le,, using that the sum is finite. For n € N* set

Un(t) = Z (eitmuj + e_itmu;)ey.

Av<n

One has

m _ o2
U (8) = u®) | Damey S D A ([ 1 + [y P)” = Eamo(u—Tn),  tER.

Au>n

One has Eoy (v — U,) — 0 as n — +o00 since ()\L”Oui)y € (%(C). Hence,

174
1Un = ullir, iy S 1Un = ull oo g pamoyy = 0, as n — +oo,
D(A™0) (R;D(A™0))

yielding in turn

F (heDy) LU, — B (mDy) Lu in Lig, (R; K), (4.13)
n o0
by Lemma 4.2. As the sum defining U, is finite one has

FE(MD) LU, = > Fe(hi/A)e™ ™ uf Le,,

Av<n

using the support property of Fy, for k > 0 and that Fy(hj,D;)e™ = Fy,(hgr)e'™, r € R; see for instance (18.1.27)
in [12]. One observes that Ff(hyD;) LU, = Lu* for n chosen sufficiently large. The limit in (4.13) hence gives
the result. O

4.2. Action on solutions to the Schrédinger equation

The counterpart results of Lemmata 4.4 and 4.5 for the Schrodinger equation are the following ones.

Lemma 4.6. Let u(t) be a solution to the Schridinger equation (2.11) with u® € D(AP) for p € R. Let k € N*.
One has F,?(Ap)(tht)u(t) € E} and

FPP) (mDeyult) = 3 Fi(huh)e™ e, (4.14)
velJy

Lemma 4.7. Let u(t) be a solution to (2.11) with u® € D(A™). One has Lu® = FE(hyD;)Lu in LS, (R; K)
for k € N* and uk(t) = F,f)(A 0)(tht)u(t).

The proof of Lemmata 4.4 and 4.5 can be adapted mutatis mutandis.
One sees that u*(t) is also solution to the Schrédinger equation and
u"(t) € €™ (R; D(A")), VmeN, reR, (4.15)

as the sum is finite in (4.14).
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5. PROOF OF THE MAIN RESULT FOR WAVES

As explained below Theorem 3.2, for the benefit of the reader, we have chosen to provide a proof for the case
{1 = 2mg and a proof for the case £; < 2mg. Even though the second case contains the first one, the proof in
the first case is less technical.

5.1. Case £1; = 2my.

Let T=(T+T')/2 and 6° = (T —T)/2 = (T’ — T)/2. Because of the time invariance of the energy, the
assumed semi-classical observation inequality (3.2) reads

T-46°
2
e <C [ L@l ez € By 1K > ko .1)
é

and we aim to prove that, for any ¢ €0, %],

T+s
enw < [ Luar

holds for any solution u to the wave equation (2.1) written in (2.2) that lies in the ¢;-energy level, that is,
u’ € D(A™) and u' € D(A™0~1/2) here. The simultaneous treatment of 0 < § < §° is used for a technical
argument in the proof of Lemma 5.1 below.

For such a solution u, one notes that Lu € Hx by (3.7) and one has

2 2 2
| LUHHK Sl Lu”Leo(R;K) S ||U||Leo(R;D(Amo)) S €y (u), (5.2)

since 1 = 2myg. Let F be chosen as in Lemma 4.1. With Lemma 4.4, for k € Z*, set

/ ity Ay, + i
k D(Af1/2) Fy (hk )\V)e ¢ U, €y if k>0,
t)=F hiDe)u(t) = . 5.3
W =B nDu) Z,{Fk(-hkﬁ)xﬂ itk <0. >3
One has u* € Ej. With the semi-classical observation property (5.1) one has
2
En () S llo Lt O sy for K] > o, (5.4)

where ¢ € €>°(]0, T[) with ¢ = 1 on a neighborhood of [§°, T — ¢°]. One has

F h VA 2 if k
5@1 Z /\51 k k ) |u ‘ 1 > 0,
— hevV/A ) lu, > if k<O0.

veEJy

Set u’ =37, < (e ( At eV vy )e,, With Lemma 4.1 one finds

Eo(u—u) = &g, (u) = €, (u°) = D N (luy |P + ] )

Ay>1

<SS ST N R e P ST ST AR (/) Yt

keZ* Ay >1 keZx Ay, >1
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Z ZAﬁle(*hk\/ﬁ)zmﬂer Z ZAﬁle(hk@)zluilz

ke—N- veN keN* veN
S Z &y (uk
keZx*
One thus obtains with (5.4)
€0, (u) S E, (u0) + Y & (u (5.5)
kez*
S & (u Z o, (u Z I Lu®(t ||L2(R K)

1<[k|<k1 |k| =k

for k1 > kg to be chosen below.
With Lemma 4.5, one can write

2
Enw) S D En )+ D NP (Do) Lull .- (5.6)

0<|k:|<k1 |E|>E1
Set 15 = 1|_5745)- With the third part of Lemma 4.2 and (5.2) one has
2 2 2
I E (Do) Lull 2z ey S (8 E (haDe) (s L)l 2,0y + B T Ll
2
S o) FE (hieDe) (5 L) || o gy + hic™ Eey ().

With the second part of Lemma 4.2 one finds

Z ||<P(t)FkK(tht) Lu”L?(R K) ~ ||¢6|—UHL2 R;K) T Z thgfl( )
|k =k [k|>k1

2
S s Lullpa ey + iy €e, ().
using that hy, = p~ ¥l with p > 1. With (5.6) one finds

&, (u Z &, (u +Hw5|-u||L2(RK +hk1 &e, (u).
0§|’<\<k1

For k1 > ko chosen sufficiently large one obtains

551 Z 541 + Hwﬁ Lu||L2(RK (5.7)
0§|k‘<k1

To remove the first term on the r.h.s. of (5.7) we shall use the following lemma that states that only the trivial
solution is invisible for the observation operator L.

Lemma 5.1 (absence of invisible waves). Let u € Ny&* (R; D(A™0~k/2)) be solution to (2.1) and such that
PsLu=0. Then u=0.

Recall that writing 15 L v = 0 makes sense by (5.2).
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Proof. For 0 < 6 < §° as above, set
N5 = {u € N&" (R; D(A™~*/2)); u solution to (2.1) and Lu(t) =0if t €] — 5, T + 48[},

that is, the space of invisible solutions in the sense of the observation operator ¢sL. We equip 45 with the
norm associated with the energy &;,. With (5.7) one has

Enw) S Y &b ongs 0<8 < (5.8)

0< k| <ky

As the maps u — u* have a finite rank, they are compact. With (5.8) it follows that .45 has a compact unit
ball and is thus finite dimensional by the Riesz theorem.
We claim that

ueEMN = uc ﬂ ¢"(R;D(A™)) and Oyu € A5. (5.9)

m,reN

The finite dimensional space .45 is thus stable under the action of the operator 0;. Consequently this operator
has an eigenvector v € #; with associated eigenvalue y. One finds Av = —92v = —p?v meaning that v(t) is an
eigenfunction for A for all t € R. As Lv(t) =0 if ¢ €] — §, T + §[, with the unique-continuation Assumption 3.1
one obtains v(t) = 0 for all t €] — 4, T+ 4[. Hence, v = 0 since the energy of this solution is zero and one concludes
that A5 = {0}.

We now prove our claim (5.9). Let 0 < ¢’ < ¢ and note that A5 C A5. Let u € A5. For 0 <e <6 — ¢,
observe that

w.(t) = M e N

On the one hand, as u € € (R; D(A™~1/2)), one has
we(t) — du(t) in D(A™Y2) VieR. (5.10)
On the other hand, if one applies the operator F,?(Amo)(tht), one has

wh(t) = uF(t +¢) —uk(t).

€
Note indeed that F,?(Amo)(tht)(u(. +e)(t) = FkD(Amo)(tht)u(t +¢) = uF(t +¢) since FkD(AmO)(tht) is a
simple Fourier multiplier. Since u* € M, ,ené” (R, D(A’”))7 one finds that, for any k, w¥(t) converges to 9;u”(t)
in %’“(J, D(A’”)), for any 7,m € N and any bounded interval .J. Hence, recalling that w* and d;u* are solutions
to the wave equation (2.1), and solving this equation from any initial time to € J, one finds w® — d;u* in the
norm associated with the ¢;-energy. With (5.8) one finds that (w.). is of Cauchy type in A5 for this latter
norm, as € — 0. It thus converges to some w € A5/, as A5 is complete since finite dimensional. Then, one has

we(t) — w(t) in D(A™), uniformly for ¢t € any bounded interval of R,

yielding w = dyu by (5.10). Consequently dyu € A5 meaning dyu € N%E* (R; D(Amo_k/Q)) and L dyu(t) = 0 for
t €] —0', T+ 6'[. Our choice of ¢’ €]0, d] is however arbitrary. Hence, one obtains L d;u(t) = 0 for t €] — §, T + 4],
meaning that dyu € 5.
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Iterating the argument, one obtains Au = —d?u € A4, thus Au € MpE* (R;D(Am"*kﬂ)) implying u €
NkE" (R; D(A™o+H1=F/2)) Tterations give u € My pen@” (R; D(A™)). O

We now conclude the proof of Theorem 3.2 by a classical argument by contradiction, assuming that the
observation inequality

E0, (1) S llabs Ll 7o gy (5.11)

does not hold. Then, there exists a sequence of initial conditions (u®",u"") € D(A™°) x D(A™0~1/2) with
associated solutions (un)nen to the wave equation such that &, (un) =1 and |[ths L up|| 2 (g, ) — 0. Some subse-
quence, that we also write (u%", ™) for simplicity, weakly converges to some (u’,u') € D(A™0) x D(A™0=1/2),
Associated with (u”,u') is a solution w, also in the f;-energy level, and wu, converges weakly to u in
L2( =6, T+8;D(A™)) N HY( — 6, T + 6; D(A™~1/2)). Moreover one has s Lu = 0. In fact, one considers
L: D(A™0) x D(A™~1/2) — Hy with L(¢°, v') = 45 Lv where v is the linear wave with initial conditions v°
and v! as given by (2.2). With (5.2) the map L is continuous. It is thus also continuous for the weak topologies;
see for instance [22], Proposition 35.8. Since L(QOV”,QL”) converges strongly to 0, and thus also weakly, this
gives E(go,yl) =0, that is, 95 Lu = 0. With Lemma 5.1 one concludes that u = 0, and thus u® = u' = 0.

As above, for a linear wave v with initial conditions (v°,v!) € D(A™) x D(A™~1/2) one observes that

(0,01 = R (t) = FkD(Amo)(tht)v(t) is compact since with a finite dimensional range; see the expression in
Lemma 4.4. As one has (u®,ul) — (0,0), one obtains that u* converges strongly to 0 in the norm given by the

“ny ZEn

& -energy, for 0 < |k| < k1. Here, one thus obtains

nh_}rrgo Z &, (uy) = 0.
0<|k|<k1

Estimate (5.7) applied to u,, thus leads to a contradiction since both terms on the r.h.s. converge to zero and
the L.h.s. is equal to 1. This concludes the contradiction argument and the proof of Theorem 3.2 in the case
51 = Qmo. O]

5.2. Refined time-microlocalization estimates

Here, we consider a solution u(t) to the abstract wave equation (2.1) with
u’ € D(A™) and u'e D(A™1/?),

for some m € R. Then, u(t) lies in the (2m)-energy level and u € NE*(R; D(A™=k/2), )
Let F € €°(Ja,a™![) be as given by Lemma 4.1. Consider F € €>°(Ja,a™!]) such that FF =1 in a
neighborhood of supp(F). A first result we shall use is the following one.

Lemma 5.2. Let k € Z*. Let £ € R. There exists C = Cy, o > 0 such that
= D(A™ 2 2(0—2m
1ESA Doyl < CHET ™ Ex(w). (5.12)

The definition of the Fourier multiplier F,?(Am)(tht) is as in the beginning of Section 4 for FkD(Am)(tht).
Combined with the third part of Lemma 4.2 one has the following corollary.
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Corollary 5.3. If ¢ € €°°(]0,T[) and ¢ € L>®(R) is such that ¢ = 1 in a neighborhood of Iy, then for any
M >1 and ¢ € R there exists C = Cpy e > 0 such that

m ~ m 2
leF A (D) (1 = ) EZ N (i Do)l o g poamyy < ChAEx(w). (5.13)

R;D(A™

Proof of Lemma 5.2. We consider the case k > 0. The case k < 0 is treated similarly. With Lemma 4.4 one has

@F(t) = Y Fe(hiv/A) e ufe, € B, € DA®).

veJy
By Lemma 2.1 one has
— 2 _ . 2 . 2 2
his Huk(t)HD(Am) ~ hie”uk(t)HD(Af/?) ~ hif Z X, Fy (v M)t |
Vejk
2
Sy Nl
VEjk
using that F} is a bounded function since compactly supported. This gives
- 2 2(£—2m
188 ) pam) S b Enlw).

The result follows from the definition of H'HHD(Am) in (4.2). O

A second important result is given by the following lemma.

Lemma 5.4. Let p € €°(]0,T[) and ¢ € €>°(R) be such that v» = 1 in a neighborhood of Iy, then for any
M >1 and ¢ € R there exists C = Cpy .m0 > 0 such that

D(A™ ED(A™ 2
e F A (D) (1 = ) (1d = F ) (e D) Y| Lo g pamyy < O Exlw). (5.14)

Note that here one assumes the function v to be smooth as opposed to the results in Lemma 4.2 and
Corollary 5.3. In fact, the proof of Lemma 5.4 is based on a kernel regularization argument that requires
smoothness of the function .

Proof. As in other proofs we treat the case k > 0. The case k < 0 can be treated similarly. The proof is short
in the case ¢ > 2m. In fact, one writes

eFEP M) (D) (1 = ) (1d—EPA") (i D)) u = wy + ws,
with
wy = —pFPA ) (D) (1 — ) EPA) (hDy)u and wy = oFPA") (D) (1 — ¥)u.
The norm of w; is estimated by Corollary 5.3. An estimation of the norm of wy follows from the third part of
Lemma 4.2, taking into account that £ > 2m.

We shall thus only consider the case ¢ < 2m. Let r € N be such that r > m —¢/2 > 0. With u solu-
tion to the wave equation one has u = —9?A~'u = D?A7'u and thus u = DA "u. Set w = A~"u €
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NkE* (R; D(A™T7=F)) . Tt is also a solution to the wave equation. One has
Eom(w) = Eam—ar(u) < Er(u). (5.15)
One thus considers the action of the operator
P =F ™" (h.Dy)(1 = ) (1d = BN (hi D)) D,
on w. Note that P maps . (R; D(A™)) into itself. Thus the action of P on ),

convergence in .#” (R; D(A™)). Recall that I; = [jT,(j + 1)T[ and w; = 17, w.
The kernel of this operator is given by the following oscillatory integral

jez Wy yields 0., Pw; with

K(t,s) = (2m) 2p(t) /// =T H W =T (1 p(t)) iy (h') (1 — Fy(hyyr)) 72" dr’ dt’ dr.

References on the subject of oscillatory integrals are [1, 13, 18]. In particular, usual operations such as
integrations by parts are licit.
Since supp(Fy) Nsupp(l — Fy) = 0 one has 7" # 7 in the integrand. In fact one has the following estimation.

Lemma 5.5. There exists C > 0 such that for all k € Z* one has
|7—77_/|71 S Cmin(hka’ril)a (516)

if hyr' € supp(Fy) and hyr € supp(1 — Fy,).

A proof of Lemma 5.5 is given below.
With =L 9, e ("=7) = ¢ ("=7) ' N integrations by parts give

Kt,9) = (i em2e) [[ [ ety o OO RO 404 g

(r—7)N

This is the step of the proof where smoothness of the function v is used.
Observe that ¢ # t' if t € supp(p) and ' € supp(1 — ¢) or supp(xpV).
integrations by parts give

./ ’ ) ’
,eiT (t—t") — et™ (t—t )7 N’

—1
t—t' T

o 72 FN ) (hyr') (1 = Fo(hir))
K N+N N /// i(t—t" )T +i(t' —s)T, (N ) k ! 14/ :
(t,S) ( ) h ,(/} ( ) (7_ _ T/)N(t — t,)N, dT dt dT

Using N > 2r + 2 and Lemma 5.5, with this form of the kernel of P, a first estimate one can write is the
following

4 (N’
[ Pw; (¢ ST el e 0NN IE N 0l = Bl oo 0] oy pamyys ¢ € R (5.17)

Mpam <

For j such that dist(supp(¢),I;) > 0, we can proceed as in the proof of Lemma 4.2. Set Gy(c) = 02" (1 —
Fy)(o). One has

K(t,s)=(— )N+N’hN —2r (2m)~ /// i(t—t" )T it fs)rdj (t,)}; (h)k]z/—()tciki/};]j\;) d+ dt’ dr.
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Set v = dist(supp(¢), I;). One has %&ei(tl_sﬁ = ei(t—t) 7' +i(t' =) Thys N” integration by parts yield

Puw;(t) = (- )N+N +N”hN +N" —2r (2rm)~ //// A=) Hi(t =8)T ) (N) (4 (t')

FY) ()G (o)
(=Nt — )N (¢ — )N

wj(s)dr’ dt’ drds.

If N > 2r 4+ 1 then supp(GECN”)) C supp(F}) C supp(F},). Using Lemma 5.5 one obtains the following estimate

|| Puw;(t) (5.18)

)

’ "o N N’ N
STV AN =2 =2 =N o N IE N G O s | teR.

(R;D(A™))?

If one chooses N”' > 2, with the v~V " factor the sum with respect to j converges. Since > ; Wj converges to w
in .’ (R; D(A™)) one concludes that the action of P on w is equal to Y-, Pw; in .#/(R; D(A™)) and thus in

L2 (R; D(A™)) by estimate (5.18) for |j| sufficiently large and estimate (5.17) for the remaining finite number

of terms. Moreover, one has

HPw(t)HD(Am) < Cuhy! 316112) ||wj||L2(R;D(Am)) = CMh;cW”wHHD(Am) S OthMg2m(w)1/2a

for any M € N. As chkD(Am)(tht)(l — ) (1d —F,?(Am)(tht))u(t) = Pw(t), one concludes the proof with
(5.15). O

Proof of Lemma 5.5. If hpr' € supp(Fy) then a < hpr’ < o~ 1. If hyr € supp(l — Fy) then hylr — 7| > 1
yielding

=7 < . (5.19)

First, consider the case hyT < 2a~!. Then, hy < 771. With (5.19) one obtains the result.
Second, consider the case hiT > 2 L. Then, one has

1 1 1
hk|’7'—7'/|:hk7'—hk7' ihkT'i‘(QhkT_a_l) > §hk7,
implying |7 — 7/|7 < 771, yielding the result in this second case. O

5.3. General case: £; < 2my.

The assumed semi-classical observation inequality (3.2) reads

T—s
En(uh) < C / ILab@I%dt,  (F)ier € BY, k> ko, (5.20)
)

and we aim to prove that

T+6
en < [ ILular (.21
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holds for a solution u to the wave equation (2.1) written in (2.2) that lies in the (2mg)-energy level. Thus, we
consider u® € D(A™0) and u' € D(A™~Y/2). Then, u € N, €* (R; D(A™0~F/2)).

The beginning of the proof is similar to that given in Section 5.1 and one reaches the following estimate that
is the counterpart to (5.6)

2
En) S S &)+ S IeFE (D) Lul s e (5.22)
0§|k|<1€1 |k|>k1

for k1 > kg to be chosen below. The treatment of the terms in the second sum is dﬁerent from what is done in
Section 5.1. Consider ¢ € €°(] — 6, T + d]) such that ) = 1 in a neighborhood of Iy = [0, T]. One writes

2 2 2
I Fy* (hiDy) Lu||L2(R;K) < H‘kaK(tht)d} LuHL?(R;K) + ||90Fif((tht)(1 - v) LUHL2(R;K)7

yielding, with the second part of Lemma 4.2

2
Enw) S D () + [y LUHL?(R KT > lleFE (D) (1 — o) Lull s ryxy -
0§\k|<k1 |k| = k1

We now concentrate our attention on the terms in the last sum on the r.h.s.. First one writes
D(A™0
IO (Do) (1 = ) Ll ooy S 1A (Do) (1 = 9)ul o sy

using that L is bounded on D(A™0): see (3.1). This gives

D(A™0 2
Enw) S D En )+ 0 Lulfam + O IeFC (D)1 = 9)ull g poamor- (5.23)
0§\k\<k1 |k|>k1

Second, as in Section 5.2 consider F € €>°(R%) such that F' = 1 in a neighborhood of supp(F). With
Corollary 5.3 and Lemma 5.4 one has

D(A™ 2
o B A (i D) (1= )l 2 s p o

A™ ~ AT 2
N H<PFD( D (hiDy) (1 — ) F 0)(tht)uHL2(R;D(AmO)

~ m 2
B A (D)1 = ) (1 =F7 A (Do) s amo

< WM&, (u),
for any M € N. From (5.23) using that hy = p~!*/ with p > 1 one obtains

Eo, (u Z Eo, (u) + ||¢|-UHL2(RK) + hi €, (u).
OS\k|<k1

For k1 > ko chosen sufficiently large one obtains

841 Z 8@1 + ||¢LUHLQ(]R K)- (524)
0§"“|<k1
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With (5.24) the result of Lemma 5.1 holds here too. Arguing as in the proof given in Section 5.1 one obtains
the sought observability estimate. O
6. PROOF OF THE MAIN RESULT FOR THE SCHRODINGER EQUATION

6.1. Refined time-microlocalization estimates

The results of Section 5.2 can be adapted to a solution u(t) of a Schrédinger equation (2.11) with u® € D(A™),
for some m € R. Then, u € N, %" (R; D(A™™F)).

Let F € €°(Ja,a™![) be as given by Lemma 4.1. Consider F € €°(Ja,a ') such that F = 1 in a
neighborhood of supp(F).

Lemma 6.1. Let p € R. There exists C = Cyy, , > 0 such that

~DA77L —m %
IEPA (hy,Dy) < Ch ™ [u I parys R ENT (6.1)

uHHD(Am) =

The definition of the Fourier multiplier Z:_'kD(Am)(tht) is as in the beginning of Section 4.
Proof. With Lemma 4.6 one has

a*(t) = EPY (mDyu(t) = Y Fe(hh)e™ ule, € Ef € D(A®).

VGJS

With Lemma 2.2 one writes

P Ol pany = BRI @)l pary S Pellu®peary < BRlle’llpan)-

The result follows from the definition of ||.|| Hpgm, 1 (4.2). O

Combined with the third part of Lemma 4.2 one has the following corollary.

Corollary 6.2. If o € €>°(]0,T[) and ¢ € L>®(R) is such that ¢ = 1 in a neighborhood of Iy, then for any
M >1 and p € R there exists C = Curm,p > 0 such that

D AVYL ~D A?YL
leFL A" (heDy) (1 — ) EPA) (i Dy) < OB p - (6.2)

ul| L2(R;D(A™))

Lemma 6.3. Let ¢ € €>°(]0,T[) and ¢ € €>°(R) be such that ¢» = 1 in a neighborhood of Iy, then for any
M >1 and p € R there exists C' = Curm,p > 0 such that

eELA (D) (1 — ) (1d —EP ™) (g, Dy) < Ch |6 par- (6.3)

HLz(R;D(Am))

Proof. With Lemma 4.2 the proof is clear in the case p > m. We shall thus only consider the case p < m. Let
r € N be such that r > m — p. With u solution to the Schrodinger equation one has u = DA™ u. Set w = A~ u.
It is also a solution of the Schrodinger equation that lies in D(A°). One has

lw(®)ll peary = @)l pgarn—ry S Nuld)llpgary: ¢ ER. (6.4)

One thus considers the action of the operator

P = oFP ") (D) (1 — ) (10~ EP A" (1, D)) D
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on w. As in the proof of Lemma 5.4 one obtains

||Pw(t)HD(Am) S CMhlg/I 316112) ||wj||L2(]R;D(Am)) = CMh;qV[”wHHD(Am) < CMh]iM”w(O)HD(Am)-

As goFkD(Am)(tht)(l —)(1d —F,?(Am)(tht))u(t) = Pw(t), one concludes the proof with (6.4). O

6.2. Proof of Theorem 3.8

Here, we provide only one proof that treats the general case p; < mg. Let T = (T+T")/2and 6 = (T—-T)/2 =
(T — T)/2. The assumed semi-classical observation inequality reads

T-6
1l peaeny < C/5 ILa®@)lldt,  (WF)ren € B, k= ko, (6.5)

and we aim to prove that

T+6
I paeny < ' [ L0

holds for any solution u to the Schrédinger equation (2.11) written in (2.12) with u® € D(A™0). We thus consider
such a solution. One has u € €% (R; D(A™0~*)).
One has

| L“HHK Sl LU’HLOC(R;K) S ”’U‘HLO@(R;D(A’"O)) < ||QO||D(Amo)~ (6.6)
Let F be chosen as in Lemma 4.1. With Lemma 4.6, for k£ € N*, set

uF(t) = EPAD (De)ult) = 3 Fu(hid)e™ ue,. (6.7)

velJg
One has u* € Ej.. For k > ko with the semi-classical observation property (6.5) one has
HukHD(Apl) S ||<P|—Uk(t)HL2(R,K)a |k| > ko, (6.8)

where ¢ € €°(]0, T[) with ¢ = 1 on a neighborhood of [§, T — §]. In the cases k > 0 or k < 0, one has

2
[u¥ | pgarmy = D AP Fr(hah)?[ud].

VEJ;CS

Set u® = Yoa<1 e Y. With Lemma 4.1 one finds
2 2 2 1 1
= w02 pony = llogarsy — 160 D mery = 32 A2 02 S 3737 A By (e, )2 ul?

A,>1 kEN* A\, >1
k2
f, § ||’LL HD(API)'

keN*
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One thus obtains with (6.8)

2 2 2
”u”D(APl) < HUOHD(Am) + Z Huk”D(APl) (6.9)
kEN*
2 2 2
SIelp@my + D e llpamy + Y e Lu* O)llze ),
1< k| <k |k|>k1

for k1 > kg to be chosen below.
With Lemma 4.7 one has

2 2 2
||UHD(AP1) S Z ”uk”D(APl) + Z lpF (hiDy) LUHLZ(R;K)' (6.10)
0<|k|<k1 k| =k

Consider ¢ € €°°(] — 6, T + 4[) such that ) = 1 in a neighborhood of Iy = [0, T]. One writes

2 2 2
||90F19K(tht) L“”L?(R;K) S H‘PFkK<tht)¢ L“HL?(R;K) + ||<PFkK(h/th)<1 —v) LUHL?(R;K)»

yielding, with the second part of Lemma 4.2

2 2 2 2
”u”D(APl) < Z ||uk||D(AP1) + [l Lu||L2(R;K) + Z H‘PFkK(tht)(l ) LUHL2(]R;K)'
0<|k|<k1 [k =k

One writes
D(A™0
e FE (D) (1 = ) Lull ooy S IoFw ™ (D) (1= )ull Lo g piamo

using that L is bounded on D(A™°); see (3.1). This gives

2
lulDary S D M lpan) + 19 Lull7z (6.11)
0<|k|<k1
D(A™0 2
+ 3 1eF A (D) (1 = 9)ull 2 g, pareor
|k|>Fk1

Second, as in Section 5.2 consider F € €>°(R%) such that F' = 1 in a neighborhood of supp(F). With
Corollary 6.2 and Lemma 6.3 one has

D(A™0 2
HSDFk ( )(tht)(l - w)UHLz(R;D(AmO))
D(A™0 ~ D(A™0 2
< B D) (1 =) E A (Do s e
+ e (D) (1 = ) (1d =B (b D)

2
S hiM”uHD(APl)a

2
“HL?(R;D(Amo))

for any M € N. From (6.11) using that hy = p~!*/ with p > 1 one obtains

2 k2 2 2
”uHD(APl) S Z [|u ”D(Apl) + ||7/’|—U||L2(1R;K) + hiiw”uHD(APl)'
0<|k|<F1
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For k1 > ko chosen sufficiently large one obtains

2 2 2
HuHD(APl) S Z ||uk||D(AP1) + ¥ Lu”L?(R;K)' (6.12)
0<|k|<k1

The following lemma is the counterpart of Lemma 5.1.

Lemma 6.4 (absence of invisible solutions to the Schrédinger equation). Let u € Ni€* (R; D(A™ %)) be a
solution to (2.11) such that Y Lu = 0. Then u = 0.

The proof is very similar to that of Lemma 5.1.
Proof. Set 4% as the space of such invisible solutions (in the sense of the observation operator ¢ L) equipped with
. 2 . .
the norm [|u®| p(amey- With (6.12) one has [[u°]| pamoy S Do<kj<ky 4" p(ars) implying A5 = span{e,;v € T}

with #Y1 < co. Moreover, if u € A5 then u € €™ (R, D(AT)) for any m > 0 and r > 0, similarly to what one
has in (4.12). On this finite dimensional space one has ¢ L 9yu = 19; Lu = 0. Thus 0, maps A5 into itself and

consequently it has an eigenvector v with associated eigenvalue u. One finds Av = Dy;v = —iuv meaning that
v(t) is an eigenfunction for A for all ¢. With the unique-continuation Assumption 3.1 one obtains v(t) = 0 for
all t. Hence A5 = {0}. O

We conclude the proof of Theorem 3.8 by an argument by contradiction similar to that in the proof of
Theorem 3.2. Adaptation is left to the reader. O
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